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Multiscale Petrov-Galerkin Method for
High-Frequency Heterogeneous
Helmholtz Equations

Donald L. Brown, Dietmar Gallistl, and Daniel Peterseim

Abstract This paper presents a multiscale Petrov-Galerkin finite element
method for time-harmonic acoustic scattering problems with heterogeneous
coefficients in the high-frequency regime. We show that the method is pollution-
free also in the case of heterogeneous media provided that the stability bound
of the continuous problem grows at most polynomially with the wave number
k. By generalizing classical estimates of [Melenk, Ph.D. Thesis 1995] and
[Hetmaniuk, Commun. Math. Sci. 5 (2007)] for homogeneous medium, we
show that this assumption of polynomially wave number growth holds true for
a particular class of smooth heterogeneous material coefficients. Further, we
present numerical examples to verify our stability estimates and implement an
example in the wider class of discontinuous coefficients to show computational
applicability beyond our limited class of coefficients.
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1 Introduction

The time-harmonic acoustic wave-propagation is customarily described by
the Helmholtz equation, which is of second-order, elliptic, but indefinite. Its
numerical solution therefore exhibits severe difficulties especially in the regime
of high wave numbers k. It is well-known that the mesh size h required for
the stability of a standard finite element method must be much smaller than
a mesh size H which would be sufficient for a reasonable representation of the
solution. The phenomenon that the ratio H/h tends to infinity as k grows, is
known as the pollution effect [1]. A method is referred to as pollution-free,
if h and H have the same order of magnitude and so proper resolution of
the solution — usually a certain fixed number of grid points per wave length —
implies quasi-optimality of the method.

When studying acoustic wave-propagation, it is often assumed to have
constant material properties such as density and speed of sound, while in
real complex materials, such as composites, these may be heterogeneous.
Therefore, in this paper we study a multiscale Petrov-Galerkin method for the
Helmholtz equation with large wave numbers k£ and possibly heterogeneous
material coefficients as a generalization of [7, 16]. Standard first-order piecewise
polynomials on the scale H serve as trial functions in this method, whereas the
test functions involve a correction by solutions to coercive cell problems on the
scale h. The size of the cells is proportional to H, where the proportionality
constant m —the oversampling parameter— can be adjusted. Typically m =
log k, depending on the stability of the problem, leads to a quasi-optimal
method. These local problems are translation invariant. Therefore, in periodic
media only a small number of corrector problems must be solved depending
on the number of local mesh configurations.

The stability of the method requires that the stability constant of the
continuous operator depends polynomially on k. Such results are very rare in
the literature even for the case of homogeneous media. We shall emphasize
that such an assumption does not hold true in general [2]. The first positive
estimates of this type go back to [14] for convex planar domains with pure
Robin boundary. They were later generalized to other settings and three
spatial dimensions in [4, 11]. For instance, in the particular case of pure
impedance boundary conditions with 92 = I'g, it was proved in [4, 6, 14],
by employing a technique of [12], that the inf-sup constant is bounded, i.e.
v(k, 2, A, V?) < k. Further setups allowing for polynomially well-posedness
in the presence of a single star-shaped sound-soft scatterer are described in
[11]. For multiple scattering and, in particular, for scattering in heterogeneous
media, the situation is completely open. To show that the assumption is
satisfiable for non-trivial heterogeneous media, in this work we determine a
class of smooth heterogeneous coeflicients that allow for explicit-in-k stability
estimates.
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1.1 Heterogeneous Helmholtz Problem

We begin with some standard notation on complex-valued Lebesgue and
Sobolev spaces that applies throughout this paper. The bar indicates complex
conjugation and i is the imaginary unit. The L? inner product is denoted by
(v,w)r2(0) = /. o VW dzx. The Sobolev space of complex-valued L? functions
over a domain w whose generalized derivatives up to order [ belong to LP
is denoted by W'P(w) and H'(w) := W'2(w). Further, the notation A < B
abbreviates A < CB for some constant C' that is independent of the mesh-
size, the wave number k, and all further parameters in the method like the
oversampling parameter m or the fine-scale mesh-size h; A =~ B abbreviates
A< B<A.

We now begin with some notation and problem setting. Let 2 C R? be an
open bounded Lipschitz domain with polyhedral boundary for d € {1, 2, 3}.
We wish to find a solution u that satisfies

—div (A(z)Vu) — k*V3(z)u = f in 2, (1)

along with the boundary conditions

u=0on Ip, (23)
A(z)Vu-v=0on Iy, (2b)
A(x)Vu-v —ikp(z)u = g on I'g. (2¢)

Here, v denotes the outer normal to 92 = I'p U I'y U I'g, where the boundary
sections are assumed disjoint. We suppose that |I'z| > 0, but allow the other
portions of the boundary to have measure zero. Although the results in
this paper hold for a weaker dual space here we suppose f € L?(£2) and
g € L*(I'g). For the coefficients, we suppose A(z), VZ(x) € W1*(£2), and
B(xz) € L*°(£2) are real valued. Moreover, we suppose there exist positive
constants A,in, Amaz, Bmins Bmazs Vimin, and V4. independent of & such that
for almost all x € 2 we have

W w
(o)
=

mln <A( ) S mazxs
/Bmzn <ﬂ( ) S
Vi <V2(2) < VZ

min

maxs (

—
w
o

~

ax*®

We denote the space
Vi={uc H(2)|u=0o0n I'p}

and denote the norm weighted with A(x), V(x), and k to be for w C £2
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where if w = 2, we simply write ||u||,,. We have the following variational form
corresponding to (1): Find u € V such that

a(u,v) = (f,v)r2(2) + (9,0)12(rp) for allv e V, (5)

where the complex-valued sesquilinear form a : V x V' — C is given by

a(u,v) = (A(x)Vu, Vo) 20y — (kQVQ(x)u,v)Lz(Q) — (ikﬁ(m)u,v)Lz(pR).(G)

Here we write (u,v)r2(0) = [, uddz and similarly (u,v)r2(r,) = fFR uvds.

1.2 Motivation for a Multiscale Method and Stability
Analysis

It is well known [1] that the pollution effect cannot be avoided in standard
methods. However, it may be overcome by coupling the polynomial degree
of the method with the wave number & [15]. Therefore, multiscale methods
appear to be a natural tool to incorporate fine-scale features in a low-order
discretization. Moreover, the parameters of this method must be coupled
logarithmically with the wave number and therefore require the stability
constant of the continuous problem to be polynomially dependent of k& to
arrive at a computationally efficient method. Hence, the stability of the
continuous heterogeneous problem (1) is critical to the analysis of the related
algorithms. In general, it is often shown (or possibly assumed) that there exists
some constant Cyyap(k, £2, A, V?) > 0, which depends on k, the geometry, and
the coefficients, such that

lully < Corank, 2, 4,V2) (11l + 9o ) - (7)

Further, turning to the inf-sup type lower bound, it is often shown, or pos-
sibly assumed, that there exists some constant (k, §2, A, V?), related to
Cstap(k, £2, A, V?), such that

v(k,$2,A, V)7L < inf sup M. (8)
veV\{0} wev\o} [[vllv llwllv

As noted, it is often the case that these constants depend merely polynomially
on k. However, it has been demonstrated that there are special instances of
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exponential k dependence on Ciqp(k, 2, A, V?) |2], and thus, highly unstable
inf-sup constants y(k, 2, A, V?).

2 Stability of the Heterogeneous Helmholtz Model

As discussed in Section 1, the stability and regularity of the continuous
problem has been investigated for constant coefficients in various contexts. In
this section, we shall investigate the stability of the continuous problem with
respect to wave number in the case of heterogeneous coefficients. We proceed
using the variational techniques with geometric constraints [11].

As noted in Section 1, in the case of constant coefficients, there exist various
methods to bound 7(k, £2, A, V?) from (8) in terms of k. Most importantly,
the possible exponential dependence discussion in [2], will be excluded here.
We will show in this section, that for certain classes of coeflicients, we are
able to obtain a favorable polynomial bound for v(k, 2, A, V2). To this end,
we will employ variational techniques and so-called Rellich type identities
with restrictions on the types of geometries similar to the work of [11] and
references therein.

As we use the variational techniques we will make the geometric assumptions
made by [11]. That is we suppose that there exists a z9g € R? and an > 0
such that

(x —x9)-v<0on Ip, (9a)
(x —x0)-v=0on Iy, (9b)
(x —xg)-v>non Ig. (9¢)

For a summary of such possible domains, we refer the reader to [11]. However,
to get some sense of a geometry the reader may envision a convex domain
with pure impedance boundary conditions. This of course may be weakened.

2.1 Statement of Stability, Connections to Inf-Sup
Constants, and Boundedness

In this section we present our main stability result. The variational techniques
employed require assumptions on the class of coefficients to remain valid. We
outline these constraints and obtain a bounded-in-k result. We further relate
these to the inf-sup constants and explore the boundedness of the non-constant
coefficient case.

Theorem 1. Suppose 2 C R?, is a bounded connected Lipschitz domain and
satisfies the geometric assumptions (9). Let u be a solution of (1) with the



6 Donald L. Brown, Dietmar Gallistl, and Daniel Peterseim

boundary conditions (2), coefficients satisfying the bounds (3), and k > ko > 0,
for some ko. Further, we suppose the reqularity u € H3/>1%(82) for some § > 0.
Define the following function

S(z) = div ((22(%)) (- x0)> (10)

and further, we will denote C¢q to be the minimal constant so that

VA VA
2 / (A> Vu((z — xo) - Va)dz| < Cq (A) ||Vu||2Lg(Q). (11)
[0 Le=(£2)
We suppose that
Smin = min S(x) >0, (12a)
A 2
Smin — | (d—2)+ Cq <V> Vinaz > 0. (12b)
A Lo (02) Amin
We then have the following estimate
hll?, < ¢ (1425 ) (1 Begey + gl (13)
Ully = L2 r2(2) T 92 (rs) ) >

where C* depends only on the (3) and 2, but not on k.
Proof. See Appendix below. 0O

Remark 1. The assumption from Theorem 1 that u satisfy the regularity
u € H3/?19(£2) is an assumption on the configuration of the boundary decom-
position into I'p, 'y, I'r. It is not a further restriction on the coefficients A
or V2.

Now that we have an explicit bound for a class of constant variable coeffi-
cients, we now will relate the constant Cyp(k, 2, A, V?) := C* (1 + 1%2) to
v(k, 2, A,V?) given by (8).

Theorem 2. Supposing the assumptions in Theorem 1, we have the following
estimate R
EP<371 < inf sup waw,w) a(v, w) . (14)
veV\{0} wev{o} [[vllv[lwllv
Where, 5 := (1+C* (k+ 1) V,2,.)-

Proof. We proceed by a standard argument from [6], adapted to the hetero-
geneous case. Given u € H1(£2), define 2 € H'(£2) as the solution of

2k (v, V2u) 12(0) = a(v, z), for allv € V. (15)
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Then, from the estimate (13), we have

ol <0 (14 ) Vi e (16)
Note that
Rea(u,u) = (A(x)Vu, Vu)r2(0) — (k2v2<$)u,u)L2(Q)
and using (15) and taking v = u + z implies
Rea(u,v) = Rea(u, u) + Rea(u, z) = ||ul)? . (17)

Using (16) we obtain
* 1 2 2
ol <lully +llzlly < llully, +C7 {1+ %2 Vinaazk ||U||L2(Q)
1
<0 (ke ) ad
Hence, Rea(u,v) = ||u\|%/ >(1+C* (k+ 1) V2.) " vlly llully . taking

1
y:=(14C* <k+k> V2.) =k

yields the result. O

Finally, for completeness, we include a brief proof of the boundedness of the
variational from.

Theorem 3. Supposing the assumptions in Theorem 1, the variational form
(6) has the following boundedness property

la(u, )| < Ca [Jully vl - (18)

Here C, may depend on the bounds (3), multiplicative trace constants, and {2,
but not k.

Proof. From the variational form we have
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la(u,v)| < ‘(A%VU,A%VU)LQ(Q)‘ + ’(k‘Vu, kV’U)Lz(Q)‘
+ |((BR) u, (BR) )y

<t

1
2Vv’

,t [EVull 2oy IEV ]l 120

L2(Q)H L2(Q

gl ORGP

S Nl Nelly + || 8w, | 8m)Eo]

L2(T'R) L2(Tgr)
We have from the multiplicative trace inequality

| 2

<cu (|14

1
kiu‘

< O Wl oy + s o + iomn(2)

+ diam(())*l‘

1
kiu‘

2
o)
2

)

S Car (Jlully + diam(2) " lkulFaq) ) S Car llullf

L2(I'r) L2(92) H1(02)

since k > 1. Applying this to the I's terms we arrive at (18). O

2.2 Example Coefficients

In this subsection, we will provide a few examples that satisfy the assumptions
on the coefficients (12). Hence, the set of bounded smooth coefficients that
yields polynomial-in-%k bounds is non-trivial. We show that for some coefficients,
as the oscillations become more frequent we violate the conditions (12). In
particular, it appears that the restriction on the amplitude of the coefficients
is related to the restrictions on the frequency of oscillations.

To simplify things, yet provide non-trivial coefficients, we will only consider
radially symmetric conditions in R?. Indeed, even with this symmetry, we are
able to highlight the complexities and restrictiveness in these conditions. We
will see that the frequency of oscillations play a considerable role in violation
of these conditions, as well as the amplitude.

We take 2 C R? to be given by the unit circle 2 := {(z,y) € R? | 22 +3? <
1} and 92 = {(z,y) € R? | 2% + y? = 1}. Further, we will take I'y = I'p = 0,
so that I'r = 0f2. We take zo = (0,0) € 2, and so m = (x — xg) = 17,
where 72 = 22 4+ y? and 7 is the standard unit normal in radial coordinates.
Then, clearly, m - v = 1 on I'g and so the geometric assumptions (9) are
satisfied with this domain. We will take 5(z) = 1, g(x) = 0, and suppose that
f:= f(r), is a given radially symmetric forcing. We finally suppose that the
heterogeneities are radially symmetric, V2(x) = V2(r), and A(x) = A(r). We
briefly recall in radial coordinates that for a function A and a vector field
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o = (or,09)

. 10 180’9
div(o) = ;a—(ra,») + ~50
8A IBA .
VA= r 90

27r
/Ada:dy—/ / Ardrdd,

where 6 is the standard angular coordinate. By examining the conditions (12),
we are able to produce a few interesting examples.

Case 1: A = 1. Note that from condition (12b), that if A = 1 (or constant),
we see that the conditions simplify slightly since the gradient terms in A will
vanish. Indeed, now we see that only condition (12a) must be satisfied. In
this setting, we must have that div(V2m) > 0 for our estimates to hold, or
rewritten in radial coordinates as

190

=5 (V2(r)r?) > 0. (19)

From this condition we may choose a few possible coefficients for V(r). A
trivial example is when V2(r) = r + 1. Clearly,

10

Lo
e (r® +r)f;(37' +2r)=3r+2>0.

Many such polynomial in r choices exist as long as they do not violate
boundedness and positivity.

More interesting examples come from oscillatory coefficients. Suppose, for
€ > 0, we take now the innocent looking example

Vi(r) = %sin (?) +5, (20)

and so

1 2 2 2 2
Lo (r sin [ 25 ) 4502 ) =sin [ —— ) + " cos [ 2= ) + 10. (21)
ror \ 2 € € € €

A quick investigation shows that if e = 1, then (19) is satisfied, however, when
e = .1 it is violated. Hence, if the coefficient becomes highly oscillatory, the
stability condition is not satisfied. Also note that if we fix € = 1, but extend
the domain from a unit circle to one of radius R, we will eventually enter a
negative region. Hence, the domain size also may have an effect on stability
from the viewpoint of conditions (12).

Case 2: A = V2. Turning to the definition of S(z) in (10), we see that if
A = V2, the functions simplifies to S(x) = d. Thus, condition (12a) is always
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satisfied. For d = 2, (12b) becomes

VA A
Ca ( > > 0. (22)
( A Loo(_Q)) Amzn

Taking a closer look at the terms related to Cg from Theorem 1, we have in
radial coordinates

/Q (?) Vu((z - z9) - Va)dz

2

27 2 2
/ / ( T 8A ) Au(r) drdd
or
1 614(7') 2
IVullz2(0) -
‘ or L>(R) LA

Hence, we may take here Cg = 2. Noting that

0 1 9A(r)
En(/u_A(r) or ’

then the condition (22) becomes

(s

V3(r) = A(r) = exp ( (sm ( ) + 5)) (24)

) = >0 &

Taking

for €, a, and § positive, then

@ r @
=||—cos |- =—.
€ e/llLe(2) €

Note further that A,,.; = exp(a(d + 1)) and A, = exp(a(d — 1)), and so

f‘m” = exp(2«). Hence,

(s

or aexp(2a) < e. We see from this calculation that the frequency of oscillation
in the coefficients is related to the amplitude as far as the conditions (12) are
concerned. The more oscillatory the function, the smaller the amplitude must
be in this example.

0

Lo ()

H) maz _ 1 % exp(2a) > 0 (25)
€

min
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3 The Multiscale Method

In this section, we will introduce the notation on finite element spaces and
meshes that define the multiscale Petrov-Galerkin method (msPGFEM) for
the heterogeneous Helmholtz problem. This method is based on ideas in an
algorithm developed for homogenization problems in [13, 10, 3| also known as
Localized Orthogonal Decomposition. The ideas have been adapted to the
Helmholtz problem for homogeneous coefficients in [16], and later presented in
the Petrov-Galerkin framework [7, 17]. We will stay in line with the notation
and presentation of [7], as this is the basis for the algorithm applied to a
heterogeneous medium. We begin by defining the basic components needed,
then define the multiscale method as well as some computational aspects.
Finally, we will briefly discuss the error analysis for the method, however, this
will not differ too far from the homogeneous coefficient algorithm and as thus,
will refer the reader to technical proofs in [7].

3.1 Meshes and Data Structures

We begin with the basic notation needed regarding the relevant mesh and
data structures. For the sake of clarity and completeness, we will briefly
recall the notation used in [7]. Let Gy be a regular partition of 2 into
intervals, parallelograms, parallelepipeds for d = 1, 2, 3, respectively, such that
UGr = 2 and any two distinct T, 7’ € Gy are either disjoint or share exactly
one lower-dimensional hyper-face (that is a vertex or an edge for d € {2, 3}
or a face for d = 3). We suppose the mesh is quasi-uniform. For simplicity,
we are considering quadrilaterals (resp. hexahedra) with parallel faces, this
guarantees the non-degeneracy of the elements in Gy . Again, the theory of this
paper carries over to partitions satisfying suitable non-degeneracy conditions
or even to meshless methods based on proper partitions of unity [9].
Given any subdomain S C £2, we define its neighborhood to be

N(S) := int (U{Te Gy : TNS# (2)}).
Furthermore, we introduce for any m > 2 the patch extensions
N(S) := N(S) and N™(S) := N(N™~1(S)).

Note that the shape-regularity implies that there is a uniform bound denoted
Colm, on the number of elements in the mth-order patch, #{K € Gy
K CN™(T)} < Copm for all T € Gy. We will abbreviate Cy) := Cop 1. The
assumption that the coarse-scale mesh Gy is quasi-uniform implies that Co .,
depends polynomially on m. The global mesh-size is H := max{diam(7T)} for
all T € Gy.
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We will denote Q,(Gr) to be the space of piecewise polynomials of partial
degree less than or equal to p. The space of globally continuous piecewise
first-order polynomials is given by S'(Gx) := C°(£2) N Q1(Gx), and by
incorporating the Dirichlet condition we arrive at the standard @, finite
element space denoted here as

Vg = Sl(QH) nv.
The set of free vertices, or the degrees of freedom, is denoted by
Ny :={2€02: zisavertex of Gy and z ¢ I'p}.

To construct our fine-scale and, thus, multiscale spaces we will need to define
a coarse-grid quasi-interpolation operator. For simplicity of presentation,we
suppose here that this quasi-interpolation is also projective. This assumption
may be lifted c.f. [9] and references therein. We let Iy : V' — Vi be a surjective
quasi-interpolation operator that acts as a stable quasi-local projection in
the sense that I% = Iy and that for any T' € Gy and all v € V the following
local stability result holds

H71||1} — IHUHLZ(T) + ||VIHU||L2(T) <Cry, ||V'U||L2(N(T))- (26)

Under the mesh condition that

kH <1
is bounded by a generic constant, this implies stability in the || - ||y norm
Huvlv < Cryvivly forallveV, (27)

with a k-independent constant Cy,, . However, Cy,, v, will depend on the
constants in (3).

One possible choice and which we use in our implementation of the method,
is to define Iy := Ey o Iy, where ITy is the piecewise L? projection onto
Q1(Gy) and Eg is the averaging operator that maps Q1(Gy) to Vg by
assigning to each free vertex the arithmetic mean of the corresponding function
values of the neighbouring cells, that is, for any v € Q1(Gy) and any free
vertex z € Ny,

En@)(x) = S olr(2) / 4{K €0y : 2 e K).

TeGH
with zeT

Note that with this choice of quasi-interpolation, Eg(v)|r, = 0 by con-
struction. For this choice, the proof of (26) follows from combining the
well-established approximation and stability properties of IIy and Eg shown
in [5].
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3.2 Definition of the Method

The multiscale method is determined by three parameters, namely the coarse-
scale mesh-size H, the fine-scale mesh-size h, and the oversampling parameter
m. We assign to any T € Gy its m-th order patch Q27 := N"™(T'), m € N, and
define for any v, w € V the localized sesquilinear forms of (6) to {2 as

,V)
A(@)Vu, V) 120, — (K2VZ(@)u,0) 12 (00 — ((kB(2)U, 0) L2(rrnoor)-

and to T, we have

a0 (u
(

aop (u,v) = (A(z)Vu, Vo) 21— (K2V? (@), v) L2 (7) — (ikB(2)u, v) L2 (rpnoT) -
Let the fine-scale mesh Gy, be a global uniform refinement of the mesh Gg
over {2 and define

Vi(27) :={v € Q1(Gr) NV : v =0 outside 2r}.
Define the null space

Wh(QT) = {’Uh S Vh(QT) : IH(vh) = 0}

of the quasi-interpolation operator Iy defined in the previous section. This is
the space often referred to as the fine-scale or small-scale space. Given any
nodal basis function A, € Vi, let A\, 7 € Wy, (£27) solve the subscale corrector
problem

anr(w, A1) = ar(w,A,) for all w € Wy (02r). (28)

Let )\, := ZTGQH Az, v and define the multiscale test function

A, = A, — X,
The space of multiscale test functions then reads
Vi = Span{/L :z€Ng}.

We emphasize that the dimension of the multiscale space is the same as the
original coarse space, dim Vg = dim Vg. Moreover, it is independent of the
parameters m and h. Finally, the multiscale Petrov-Galerkin FEM seeks to
find ug € Vi such that

a(um,m) = (f, 0m)r2(0) + (9, 00) 12(rp  for all oy € Vi (29)

As in [7], the error analysis and the numerical experiments will show that
the choice H < k=1, m =~ log(k) will be sufficient to guarantee stability and
quasi-optimality properties, provided that k*h < 1 where a depends on the
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stability and regularity of the continuous problem. This constant o was the
subject of Section 2. The conditions on h are the same as for the standard
@1 FEM on the global fine scale. For example, in 2 dimensions, in the case
of pure Robin boundary conditions on a convex domain, it is required that
k3/2h < 1 for stability [18] and k2h < 1 for quasi-optimality [14] is satisfied.

4 Error Analysis

The error analysis for the algorithm presented in Section 3, is very similar
to that developed in [16] and references therein, and in particular for the
Petrov-Galerkin formulation we discuss now in [7]. It is clear the proofs are
unaffected by the coefficients as the arguments rely on very general constants
being bounded such as Cy, Cypap(k, 2, A, V?), and v(k, £2, A, V?), for example.
This is primarily due to the upper and lower boundedness on the coefficients
(3). However, we will highlight the main themes of the analysis here as this
will be useful to refer to in our discussion on Numerical Examples in Section
5 as well as general completeness of the discussion.

We begin the error analysis with some notation. We denote the global finite
element space on the fine scale by Vj, := V},(2) = §'(G,) N V. We denote the
solution operator of the truncated element corrector problem (28) by Cr .
Then, any z € Ny and any T € Gy satisfy A, 1 = Crm(A.) and we refer
to Cr,m as the truncated element correction operator. The map A, — A,
described in Subsection 3.2 defines a linear operator C,, via C,,(A4,) = A, for
any z € Ny, referred to as correction operator.

For the analysis we introduce idealized counterparts of these correction
operators where the patch {21 equals 2. These global corrections are never
computed and are merely used in the analysis. We define the null space

Wpi={v eV, : Iyg(v) =0},

also referred to as the fine-scale space on the global domain. For any v € V,
the idealized element corrector problem seeks Crv € W}, such that

a(w,Crv) = ar(w,v) for all w € Wy, (30)

Furthermore, define

Cv:= Z Crv. (31)

TeGu

Recall, we proved in Section 2 that the form a with heterogeneous coeffi-
cients given by (6), is continuous and there is a constant C, such that

a(v,w) < Cyllv|lv|w|ly for all v,w e V.
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The following result implies the well-posedness of the idealized corrector
problems.

Lemma 1 (Well-posedness for idealized corrector problems). Pro-
vided

CryVCaHE <1, (32)
we have for all w € Wy, equivalence of norms
1 1

A2 IVl 20y < llwlly < (Ve + Amaz) ? V0l L2(0),

and coercivity
(‘/772“13: + Amaac) ”vw”i%ﬂ) S Re a(wvw)'

Proof. The lower bound is trivial, indeed we have that

lwlly = 1EVw]F20) + 142 Vol 3z (o) > Al Voll?

wily Wil L2(02) WiL2(2) Z Aminll VW L2(0)-
For the upper bound, we note for any w € W), the property (26) implies

k2||Vw||2L2(Q) = k’2||V(1 - IH)w||2L2(Q) <V

max

Ct, CaH?I? Vw720
Thus, using (32) we arrive at
1
[wlly = KV wl|Z2 ) + |42 VwllZa g
< VinawCly Ca K2 ||V || ) + Amac || Vl|Z2(o)
< (vamz + Amaw) ||Vw||%2(9)'

Note from this we have

1
1EVwl|iz(2) < (Viiae + Amaz) IVwlZ2(0) — |42 V|72 )
< (Viaz T Amaz — Amin) [V0[L2 (),

and so

Rea(w, w) = [|AZVw||72o) — [FVw]Fz 0
2 (Vnzlam + Amaz) va||%2([2)

Thus, equivalence and coercivity is proven. 0O

Lemma 1 implies that the idealized corrector problems (31) are well-posed
and the correction operator C is continuous in the sense that

||C’UH||V < CCHUHHV for all vy € Vg
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for some constant Ce = 1. Since the inclusion W}, (27) € W}, holds, the
well-posedness result of Lemma 1 carries over to the corrector problems (28)
in the subspace W}, (£27) with the sesquilinear form ag,..

Again as with the homogeneous coefficient case [7], the proof of well-
posedness of the Petrov-Galerkin method (29) is based on the fact that the
difference (C — C,,)(v) decays exponentially with the distance from supp(v).
In the next theorem, we quantify the difference between the idealized and
the discrete correctors. As the proof is a bit technical and does not differ
fundamentally from the homogeneous case, we refer the reader to Appendix
of [7] and references therein. The proof is based on the exponential decay of
the corrector CA, and requires the resolution condition (32), namely kH < 1.

Theorem 4. Under the resolution condition (32), there exist constants Cy ~
1~ C5 and 0 < 8 <1 such that anyv € Vg, any T € Gy and any m € N
satisfy

[V(Crv — Crmv)|z2(2) < C10™ Vol L2(1y, (33)
||V(C'U - Cm’l))HLz(_Q) S CQ\/ Col’mem”V’U”Lz(Q). (34)

Proof. See Appendix of [7]. O

Provided we choose the fine-mesh h small enough, the standard finite
element over the mesh Gy, is stable in the sense that there exists a constant
Crgm such that with y(k, 2, A, V?2) from (8) it holds that

(Cramr(k, 2,A,V2)) " < inf  su Rea(v, w)

< p LW 35
e o e Tl el )

Recall, this is actually a condition on the fine-scale parameter h. In general,
the requirements on h depend on the stability of the continuous problem [14].
We now recall the conditions on the oversampling parameter for the well-
posedness of the discrete problem. Again, the proof here does not rely heavily
on the coeflicients, just the general boundedness and ellipticity constants etc.
Thus, we again refer the reader to [7].

Theorem 5 (Well-posedness of the discrete problem). Under the res-
olution conditions (32) and (35) and the following oversampling condition

m 2 Jlog (Crmny(k, 2, 4,V2)| /[log(6)], (36)

problem (29) is well-posed and the constant Cpg := 2C1, vCeCrum satisfies

(Crav(k, 2,A,V?) " < Rea(vi, brr)

inf sup - .
va€VE\O} 5 7\ {0} lvellv]omllv

Proof. See [7]. O
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The quasi-optimality requires the following additional condition on the
oversampling parameter m,

m 2 llog (Cray(k, 2, 4,V%))]| /log(0)]. (37)

Theorem 6 (Quasi-optimality). The resolution conditions (32) and (35)
and the oversampling conditions (36) and (37) imply that the solution uy
to (29) with parameters H, h, and m and the solution uy, of the standard
Galerkin FEM on the mesh G, satisfy

lun —unllv S (X = Ig)upllv & min |lup —vallyv.
vHEVH

Proof. See [7]. O

The following consequence of Theorem 6 states an estimate for the error
u—ug.

Corollary 1. Under the conditions of Theorem 6, the discrete solution uy
to (29) satisfies with some constant C' =~ 1 that

lu —ugllv < |lu—up|ly +C min ||up —vgllv.
vEEVH

For the class of coefficients described in Theorem 1, this leads to the follow-
ing convergence rates. Provided that the geometry allows for H? regularity of
the solution and that h is sufficiently small such that the standard FEM is
quasi-optimal on the fine scale h and the error is dominated by the coarse-scale

part, we have

5 Numerical Examples

In this section, we present the results from our numerical experiments on
a smooth coefficient for both cases when the conditions are satisfied and
when it is violated. Further, we implement the method on discontinuous
periodic coefficients to highlight broader applicability of the method. We give
3 example coefficients; based on (20), (24), and a discontinuous example. In
all three experiments we took 2 = (—1,1)? to be the unit square. We use
triangular meshes and continuous P; finite elements as trial functions. We
used k = 2%, g = 0, and the approximate point source

fl) = {eXp (‘W) for |z| < 1/20

0 else.
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(a) The coefficient V2 for example 1. (b) Plot of the solution for example 1.

Fig. 1 Plots for example 1.

The coarse-scale mesh-sizes are H = 273,274, 27° 276 and the fine-scale
mesh-size is h = 2785,

The convergence history plots display the errors in the || - ||y norm as
well as L? norms. We compare the multiscale Petrov-Galerkin method for
oversampling parameters m = 1,2,3 with the standard P; finite element
method and the best-approximation. To compute the error quantity we take
the standard finite element solution at the fine scale h to be the overkill
solution.

For the first example, we take A = 1 and V2 as (20). with € = 1 and refer to
this as example 1. Note that this does not violate the stability condition. The
coefficient V2 is displayed in Figure 1(a) and the corresponding computational
solution is displayed in Figure 1(b). Figures 2(a)-2(b) display the convergence
history in the V-norm and the L? norm for example 1. In general, we see that
the multiscale method appears to perform much better than the corresponding
standard P, finite element. However, there appears to be some resonance
effects of some sort that is particularly pronounced in the V' norm just before
the resolution condition is satisfied. This is not in contradiction with the
theory. It has been demonstrated in [7] that there is no decay of the corrector
functions if the resolution condition is not satisfied, so that in this regime the
localization is not justified and leads to unreliable results.

For the second example, we take A = V? and V? as (24), and refer to this
as example 2. For the parameters we took § = 1, e = 0.1, @« = 0.08, and note
that the corresponding stability condition cvexp(2«a) < € is narrowly satisfied.
The coefficient V2 is displayed in Figure 3(a) and the computational solution
is displayed in Figure 3(b). Figures 4(a)-4(b) display the convergence history
in the V-norm and the L? norm for example 2. We see that in this example,
we achieve faster convergence and do not see the resonance effects. This is
also the case for the standard finite elements.
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(a) Convergence in V norm: example 1. (b) Convergence in L? norm: example 1.

Fig. 2 Convergence history for example 1.
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(a) The coefficient V2 for example 2. (b) Plot of the solution for example 2.

Fig. 3 Plots for example 2.

We now present a numerical example outside of our stability theory. We
take V2 = 2 except at periodically placed blocks where V2 = 1 and plot the
function in Figure 5(a). We refer to this as example 3. The computational
solution is displayed in Figure 5(b). Figures 6(a)-6(b) display the convergence
history in the V-norm and the L? norm for example 3. We observe that the
method performs particularly well in this example, especially when compared
against the corresponding P; finite element. We do not see the resonances as
with example 1.
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Fig. 4 Convergence history for example 2.
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Fig. 6 Convergence history for example 3.
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6 Conclusions

In this work, we developed a multiscale method to efficiently solve the het-
erogeneous Helmholtz equation at high frequency. The primary challenge
was establishing k-explicit bounds for the continuous problem as these are
critical in the analysis of the patch truncation parameter. We established
these bounds for a class of smooth coefficients given some restrictions that
appear to depend heavily on the frequency of oscillations and the amplitude
of the coefficients. We then presented our multiscale method whose error
analysis is not significantly modified by the heterogeneities assuming standard
upper and lower boundedness. Finally, we implemented the algorithm on two
coefficients that fit inside the class of coefficients in our main theorem and one
that is discontinuous. We see that the method performs well in these cases.
Future work includes exploring if these stability estimates apply to a greater
class of more heterogeneous coefficients with less smoothness.

Appendix: Proof of Stability

Technical and Auxiliary Lemmas

We will now proceed by recalling and demonstrating a few technical and
auxiliary Lemmas used in the proof of Theorem 1. We begin with two critical
technical lemmas that remain unchanged from the homogeneous case examined
in [11] and are repeated here for completeness.

Lemma 2. Let m € WH® () and for all ¢ € H'(£2) we have

/ |q|2m~1/ds:/ div(m)|q|2dx+2Re/ qm - Vqdz. (38)
o2 2 2

Proof. See [11], Lemma 3.1. O

Lemma 3. Let m € Wh>(2)4 and for all g € H}, (£2) N H3/?%3 5> 0, we
have

/ |Vql*m - vds — / 10,q*m - vds
AO\I'p o

:/ div(m)|Vq|2dx—2Re/ Vq - (VqV)mdzx
2 2

-2 Re/ Ag(m - Vq)dx + 2Re/ Oyq(m - Vq)ds (39)
N BQ\FD

Proof. See [§]. O
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Here we will present a few auxiliary Lemmas.

Lemma 4. Let 2 C R? be a bounded connected Lipschitz domain. Let u €
HY(£2) be a weak solution of (1), with f € L*>(2) and g € L>(I'r). Then, we
have for any € > 0

2 1 1 2 2 1 2
k2||u||L2(FR) < 57 EHf“L?(.O) Jrkzﬁ”“”m(ﬁ) +Bf||g||L2(FR) - (40)

Proof. Taking v = w into the variational form (5) and looking at the imaginary
part we have

S(a(u,u)) = —(kB(x)u,u) = %((Q,U)Lz(rﬁ,) +(fs U')L2(Q))7

and so

2
kBmin ||UHL2(FR)

< IIuIILz WAl L2y + llell 2y 1911 L2 (1

k&1

2 S22
||f||L2(n) + - ||UHL2(Q + EHQHLQ(FR) + §||U||L2(FR)-

- 2k§
Multiplying by k, dividing by Bmin, and setting £ = Binmink we obtain

1 k&

1
kQHU”iz(pR) < /3mm<2§1“f|i2(m

)2, g

b glaryy + B g2,
2/8177,271 L*(I'r) 2 L2(Iw) )2

and we obtain

/{52

2 1 1 2 k2 51 1
—_ < | =
9 ||UHL2(FR) = Boin (2& Hf||L2(Q) + =

2
el 72 ) + %WLHQHB(FR)) :
Taking & = € > 0 we arrive at the estimate. O
We will also need the estimate below.

Lemma 5. Let 2 C R? be a bounded connected Lipschitz domain. Let u €
H'(2) be a weak solution of (1) with f € L*(2) and g € L*>(I'r). Then, we
have

2
Vullz20)
1 &4 &3
< o [ (Ve 5 + S ) Ml

1 1 2 1 1 9
\awg T e ) Wz (52— + 332 ) l9lecrm |
(a1)
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for any &3,&4 > 0.

Proof. Taking v = u into the variational form (5) and looking at the real part
we have

Re(a(u,u)) = (A(z)Vu, V) r2(0) — (K*V(2)u,u)r2(0)
= Re ((ga )LZ(FR (f’ )L2(Q))7

and so we have
1 2 2
|4t wu] . < RIValEao + Tl iz + Hell ool

Using the maximal and minimal values we have for any £5 > 0 that

2 2
AmmHqum(Q) < kz”‘/u”m(g) + Hu||L2(Q)||f||L2(Q) + ||U||L2(FR)||9||L2(FR)
2§ 1
3 2 2
< (V2 + 52 Il + g 11
1 2 2
+ 472||g||L2(rR) + k2||uHL2(FR)' (42)

Using estimate (40) we may write for any ¢ > 0

2 1 2 Lo 1 2
k2||u||L2(FR) < Bonim kQEHU”LZ(Q) + E”f”rﬁ(n) + %HQHL%FR) - (43)
Inserting the above inequality into (42) we obtain

2
Amin”vu”L?(Q)

k23
27/2
< (BV2art 52 ) Wl + 5 1 + gzl

1 1
+ B <k2€||uiz(9) + z”f”iﬁ(ﬂ) + B,HQHiz(FR)) ’

Taking € = &4 the above inequality becomes

& 53
Ainl Vel < K (v o ullZa e

+(smet s ||f||2 + L + LY e
2k%&3  Bminba L B2, 4k? INL2(re):

Thus, we obtained our estimate. 0O
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Proof of Main Stability Result

We are now in a position to prove Theorem 1. The key observation is that
the Laplacian may be rewritten using (1) and combined with the technical
and auxiliary lemmas. This leads to the conditions on the coefficients (12).

Proof (Proof of Theorem 1).
Using (39) where we write

1
—Au = Z(f + E*V?u + VA - Vu),
Oyu=0on I'y, and 0,u = ikBu + g on ', we obtain

/ |Vul*m - vds — / |0, ul*m - vds
0O\T'p o

= / div(m)|Vu|*dz — 2Re/ Vu - (VaV)mdz

(] . (9] (44)

+ 2Re/ Z(f + k2V2u+ VA - Vu)(m - Va)dr
2

+2Re / (ikBu + g)(m - Vi)ds.
I'r

Using (38) with the transform m — V72m, we have

V2
k2/ u2<>m-yds
an' | A
2 2
= k2/ div <‘;m> lu?dz + 2k* Re/ u <2) m - Vidz.
Q Q

Using this to replace the term Re fQ (VT;Z) u(m - Vu)dz, we have

/ |Vul?m - vds — / |0, ul*m - vds
6Q\FD FD

:/ div(m)|Vul*dz — 2Re/ Vu - (VaV)mdx
2 7

+ 2Re/Q <1{1> (m - Va)dx + QRe/Q <VAA) -Vu(m - Va)dx
+2Re /FR(ikBu +g)(m - Vu)ds

2 2
- kz/ div (Vm) |u|?dx + kz/ |u|? (V) m - vds.
o) A o9 A

Expanding out the boundary terms in each of the portions we have
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—/ |8Vu|2m-1/ds+/ |Vul*m - vds
I'p

I'n

V2
—|—/ |Vu|*m - vds + k2/ div (m) lu|?dx
I'r (%} A

:/ div(m)|Vu|2dm—2Re/ Vu - (VaV)mdx
2 2

+2Re/ﬂ (j;) (m-Vu)dx—l—QRe/Q(ij) Nu(m - Va)dz

2 2
+k:2/ 2 (‘;)m.uds+k2/ 2 (‘;)m.yds
FN FR

+2Re / (ikBu + g)(m - Vi)ds.
I'r

(45)

Now we suppose we make the geometric assumptions made by [11] outlined
in (9). Recall, we have for m = x — x¢, thus we compute

div(z — z9) = d in {2,
Vu - (VaV)(z — z0) = |Vul? in £,

(x —x0)-v<0on Ip,

(x —xzg)-v=0on Iy,

(x —xg)-v>non Ig.

Using the above relations in (45) we obtain

2
17/ |Vu|?ds + k2/ div (V(x - x0)> |u|?dx
In 2 A

g(d—2)/Q|Vu|2d:c+2Re/Q<£> (z — 20) - Vi) da

(46)

+ 2Re/ <VA) Vu((z — xo) - Va)dz

o\ A
V2
+ kz/ |ul? (A) (x — o) - vds + 2Re/ (tkBu+ g)(m - Vu)ds.
FR FR
Recall, (10), where we define the following function
2
S(z) :=div Vi) (x — x0)
A(z)

(47)

() (g v

and from (12), we have a minimum for S(x) exists and is positive
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Smin = gélg S(x) > 0.

Further, from (12), we have Cg to be the minimal constant so that

VA VA
Q L>=(£2)
Returning to inequality (46), we obtain
77||qui2(FR) + kQSminHUHiz(n)
VA
< (d—2)|[Vulj2g) + Ca (> IVullZ2 (o)
A )l (o)

1
+ G <Amm”f|L2(Q)|vuL2(Q) + ||9||L2(FR)|VUL2(FR))

V2
.00 (2 (322 ) 1l iy + 8080y Bl 1952 )
(49)
where C is independent of k£ and the bounds (3). Note that on the right hand
side we have for any &5, &g > 0 the terms

k2o &5 1 o112 2
kBN Loo () 1wl L2 (rpy IV Ul L2 ppy < T&)lluHL?(FR) t3 1Bz (rmy IVl 2
1 2 €6 2
191l L2 (rpy VUl L2y < T&||9||L2(FR) + S IVullzzrpy-

We choose &5, & so that

n &5 a2 _ 86
2~ O WPl = G5
and so 2 o
1 2 2
%, < m ||5||Loo(FR) k=
We then obtain
2 CVl 2 Vnzzax 2
K2 Sminlull 72y < C1 | 5o 1Bl (rgy + 7225 ) K 221y
2’17 Amzn
1 Cy
+C (WU”L%Q)HVUHB(Q) + 277|9|?12(FR))
VA
+(d = 2)||Vull72() + Co (A> IVl 720
Lo (£2)

(50)
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. V2 . .
Taking C5? = Oy (% ||,6’||ioo(FR) + A";”) and letting € = B,,in&7/C5¢ in the
inequality (40) we have the relation

C’ C
éz )anLzm + e lulzey + 5ol (51

Applying this above inequality to (50), we obtain

C3'k? Hu||L2(FR)

2
kQ(Smin - f’f)H’U‘HLz(Q)
1
< 1 (o Ml [Vl + 5

ot
VA
A

) IVull72 0
L= ()
L@y oy

f g
ﬂﬁm | ||L2 o) %mll ||L2 (I'n)*

Gy

(52)

+ ((d—Q)-l—CG

Recall the estimate (41), with C% = ((df 2)+Cq H(%)Hmo(g))ﬂ and
taking &4 = § = &

2
C3 IVl 20

ngkz <

2 &s

e Bmzn

N iy ey + B2 (1 LY gl
Apin \4k%Es Bmmg L2 (e Am ﬂ72n7,n 4k2 IlL>(rr):

and so, using the above estimate (52)we obtain

&8
Bmin

1 C
<O (%”ﬂﬂ(n)nvunm(m + Q;HQHQLQ(FR))
a1 1 /11 )
a1+ s ) W + 1 (2 * 1) e
(C

)2 O
e . 1F 172 g 191172 (-

<

+§8> ||U|\i2(9)

C
K2 (Sin — 61 (vm +ss)>nu||iz<m

Amzn

(53)
Finally to deal with the remaining term on the right hand side that contains
— 53 — V??La:z 3 ]
= 3 = -2, and multiplying by

Vu, we note using (41),
€9/ (2Amin), &9 > 0, we obtain
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§o
2A ||vu||L2(_(2
&9 2 2 1 9
< 242 . 2Vn21a;ck2”u”L2(Q) + Vr%,az + 2k2Vn21ax ||f||L2(Q)
1 1 2
+ 2 + e 191172 (rp) |
and so

1
m||f”L2(Q)”quL2(Q)

1
<
= %A ||fHL2(_Q) + HVU||L2(Q)
59 maz 2
< SV 22, )
1 &9 2 1 )
i <2Amzn§9 - QA%’L’LTL ( mznvrgma: * 2k2V73mw>> ||f||L2(Q)

& 1 1
Toaz B T e ||g||L2(FR)’

min

Applying this into (53), we obtain

k2( min 57 - (V;?mm f + E8> - 1597)”u|&2(9)

Amln /Bmln A'IQTLZT],
1 &9 2 1 )
<
a Cl <2Amzn€9 " 2A72nzn ( mzn‘/jr%ou - kavrgzaub)) ||fHL2(Q)

Cy &9 1 2
+C ( T 942 (@%m + 4k2)> 9172 (1)

min

Ccbd 1

chd 1 1 (C )2 Ccbd
+ Ain \ B2 T2 ||g||L2(1"R) + B2 & ||f||L2(Q) + 2 HgHL2(1"R)
(54)
L. . dev2
Hence, we see that the critical term is S,;p — W Recall,
A
Ch = [ (d—2)+ Cq (V> :
A ) L)
thus, from (12), we have
VA V2
Smin — | (d—2)+ Cq ( ) —mat ~ (. (55)
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Since (55) is assumed to hold, we take &7, &g, and &g, so that

chiv? Ccbd 1 C1&V2 .,
(Smin a ilmin B 67 a ABmfj (ﬂmzn * 1) a 15192 ) ~ 0

for some 6 > 0, and taking C%? to be the global constant bound for (54) we
obtain

min

il 1
Clulae < 5 (14 5) (1010 + ). 60

and using (41), and taking ng to be the global constant bound we obtain

1
IVulaq) < €& (1 + k) (R ) R

as desired. 0O
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