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MULTIFRACTAL ANALYSIS OF SUPERPROCESSES
WITH STABLE BRANCHING IN DIMENSION ONE

BY LEONID MYTNIK! AND VITALI WACHTEL?

Technion—Israel Institute of Technology and University of Munich

We show that density functions of a («, 1, §)-superprocesses are almost
sure multifractal for « > g + 1, 8 € (0, 1) and calculate the corresponding
spectrum of singularities.

1. Introduction, main results and discussion. For 0 <a <2 and 14+ 8 €
(1,2], the so-called («,d, B)-superprocess X = {X;:t > 0} in R? is a finite
measure-valued process related to the log-Laplace equation

d
(1.1) —u=Aqu~+au — bu'*P,

dt
where a € R and b > 0 are any fixed constants. Its underlying motion is described
by the fractional Laplacian A, := —(—A)%/? determining a symmetric a-stable

motion in R? of index « € (0, 2] (Brownian motion corresponds to o = 2), whereas
its continuous-state branching mechanism

(1.2) vi> —av + by A, v>0,

belongs to the domain of attraction of a stable law of index 1 4 8 € (1, 2] (the
branching mechanism is critical if a = 0).
Letd < % Then, for any fixed time ¢, X;(dx) is a.s. absolutely continuous with

respect to the Lebesgue measure (cf. Fleischmann [3] for a = 0).

In the case of § = 1, there is a continuous version of the density of X;(dx) for all
o > 1; see Konno and Shiga [12]. A careful examination of their arguments shows
that this density is Holder continuous with any exponent smaller than (o — 1) /2.

Now we consider the case § < 1. As shown in Fleischmann, Mytnik and Wach-
tel ([4], Theorem 1.2(a), (c)), there is a dichotomy for the density function of the
measure (in what follows, we just say the “density of the measure”): there is a con-
tinuous version of the density of X;(dx) if d =1 and @ > 1 + B, but otherwise the
density is unbounded on open sets of positive X;(dx)-measure. Note that the case
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of « =2 had been studied earlier in Mytnik and Perkins [15]. In the case of conti-
nuity, Holder regularity properties of the density had been studied in [4, 5].

From now on, we always assume thatd = 1, 8 < 1 and o > 1 4 3, that is, there
is a continuous version of the density at fixed time ¢. This density, with a slight
abuse of notation, will be also denoted by X;(x), x € R.

Let us first recall the notion of pointwise regularity (see, e.g., Jaffard [7]). We
say that a function f has regularity of index n > 0 at a point x € R, if there exists
an open neighborhood U (x) of x, a constant C > 0 and a polynomial P, of degree
at most | 17| such that

(1.3) ) =P =Cly—x|" forally e U(x).

For n € (0, 1), the above definition coincides with the definition of Holder conti-
nuity with index 7 at a point. Note that sometimes the class of functions satisfy-
ing (1.3) is denoted by C"(x). Now, given f one would like to find the supremum
over all n such that (1.3) holds for some constant C and polynomial P,. This leads
to the definition of so-called optimal Holder exponent (or index) of f at x:

(1.4) H¢(x):=sup{n>0:feCl(x)},

and we set it to 0 if f ¢ C"(x) for all n > 0. To simplify the exposition, we will
sometimes call H¢(x) the Holder exponent of f at x.

Let us fix # > 0 and return to the continuous density X; of the («, 1, 8)-
superprocess. In what follows, Hy (x) will denote the optimal Holder exponent
of X; at x € R. In Theorem 1.2(a), (b) of [4], the so-called optimal index for local
Holder continuity of X; had been determined as

o
(1.5) e .:m—l € (0,1).

This means that inf,cx Hx(x) > n. for any compact K and, moreover, in any
nonempty open set U C R with X;(U) > 0 one can find (random) points x such
that Hx (x) = n.. Moreover, it was proved in [5] that for any fixed point x € R we
have

1+«
1+8
in the case of 8 > (o — 1)/2, and

Hy(x)>1 a.s.on {X;(x) > 0}

Hx(x) =1 := 1 a.s.on {X;(x) > 0}

if B < (a—1)/2.

REMARK 1.1. In [5], the classical definition of Holder exponent was used,
which can take only values between 0 and 1. Hence, the result in [5] states that the
optimal index of Holder continuity (in classical sense) equals min{}]:—g —1, 1}, for
any B € (0, — 1).
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The purpose of this paper includes proving that on any open set of positive X;
measure, and for any n € (n¢, 7¢) \ {1} there are, with probability one, (random)
points x € R such that the optimal Holder index Hy (x) of X; at x is exactly 7.
Moreover, for an open set U C R, we are going to determine the Hausdorff dimen-
sion, say Dy (n), of the (random) set

5U7X,,7 = {x € U:Hx(x) = 17}.

We will show that the function n — Dy (n) is independent of U it reveals the
so-called multifractal spectrum related to the optimal Holder index at points.

To formulate our main result, we need also the following notation. Let M;
denote the set of finite measures on R, and for € My, || will denote the total
mass (R). Our main result is as follows.

THEOREM 1.2 (Multifractal spectrum). Fix t > 0, and Xo = u € My. Let
d=1and a > 1+ B. Then, for any n € [1nc, 7ic) \ {1}, with probability one,

Dy(m) =B+ 1Dm—nc)  foranyopensetU CR,
whenever X;(U) > 0.

REMARK 1.3. Let us consider the case n = 1. First note that if 7. < 1 then,
for every fixed x, Hx (x) = 1. almost surely on the event {X;(x) > 0}, see Theo-
rem 1.1 from [5]. We conjecture that this statement is also valid whenever 7, > 1.
This would imply that Dy (5:) = 1 almost surely on {X,(U) > 0}. Indeed, for
B being an arbitrary interval in (0, 1) define

A (EB,x,7i.) =/B Liay (0)=nc) A,

where A is the Lebesgue measure on R. Then, by the Fubini theorem, we have
E[A(Enx] inf X,0) > 0] =E| [ 1y da] inf X, ) = 0]

= [ P(Hx() =ic] inf X,(3) > 0) dx
= A(B),

in the last step we used our conjecture that Hx (x) = 7. with probability one for
every fixed point x. That is, given {infycp X;(y) > 0}, we get that, with probability
one, Dp(n.) = 1. We may fix w outside a P-null set so that this holds for any
rational ball B, that is, for any ball with a rational radius and center. Let U be an
arbitrary open set such that {inf,cyy X;(y) > 0}. Then there is always a rational ball
B in U such that {inf,cp X;(y) > 0}, and so the result follows immediately from
what we derived for the fixed ball.
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REMARK 1.4. The fact that our proof fails in the case n = 1 is even more
disappointing. Formally, it happens for some technical reasons, but one has also
to note, that this point is critical: it is the borderline between differentiable and
nondifferentiable functions. However, we still believe that the function Dy (-) can
be continuously extended to n = 1, that is, Dy (1) = (8 + 1)(1 — 1) almost surely
on {X,(U) > 0}.

REMARK 1.5. The condition @ > 1 4+ § excludes the case of the quadratic
super-Brownian motion, that is, « =2, § = 1. But it is a known “folklore” result
that the super-Brownian motion X,(-) is almost surely monofractal on any open
set of strictly positive density. That is, P-a.s., for any x with X;(x) > 0 we have
Hy(x) = 1/2. For the fact that Hy (x) > 1/2, for any x, see Konno and Shiga [12]
and Walsh [17]. To get that Hx (x) < 1/2 on the event {X;(x) > 0}, one can show
that

’ | X (x +8) — X; (x)]
im sup =
5—0 o

for all x such that X,(x) > 0, P-a.s.,

for every n > 1/2. This result follows from the fact that for 8 = 1 the noise driving
the corresponding stochastic equation for X; is Gaussian (see (0.4) in [12]) in
contrast to the case of 8 < 1 considered here, where we have driving discontinuous
noise with Lévy type intensity of jumps.

The multifractal spectrum of random functions and measures has attracted at-
tention for many years and has been studied, for example, in Dembo et al. [1],
Durand [2], Hu and Taylor [6], Klenke and Mérters [11], Le Gall and Perkins [13],
Morters and Shieh [14] and Perkins and Taylor [16]. The multifractal spectrum
of singularities that describes the Hausdorff dimension of sets of different Holder
exponents of functions was investigated for deterministic and random functions in
Jaffard [7-9] and Jaffard and Meyer [10].

We now turn to the description of our approach. We would like to verify
the spectrum of singularities of X;(-) on any open (random) set U whenever
X:(U) > 0. Based on the ideas of the proof of Theorem 1.1(b) in [15], it is enough
to verify the spectrum of singularities of X;(-) on any fixed open ball U in R. In
what follows, we fix, without loss of generality, U = (0, 1). The extension of our
argument to general open U is trivial.

Next, we derive a representation for the density X,(-), which will be used in
the proof. Let p* denote the continuous «-stable transition kernel related to the
fractional Laplacian A, = —(=A)*?in R, and (87, t > 0) the related semigroup,
that is,

SEfx) = /R pl(x—y)f(y)dy for any bounded function f

and

Sfv(x) = / p¥(x — y)v(dy) for any finite measure v.
R
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Fix Xo = n € Mg\ {0}. First, we want to recall the martingale decomposition
of the («a, 1, B)-superprocess X (valid for any « € (0, 2], 8 € (0, 1); see, e.g., [4],
Lemma 1.6): for all sufficiently smooth bounded nonnegative functions ¢ on R and
t>0,

t
(1.6) (Xe ) = (. 0) + /0 ds(Xy. Aag) + My (@) +al;(p)
with discontinuous martingale
(1.7 t > M () :=/ N(d(s,x,r))rex)
(0,11 xRxRt

and increasing process
t
(1.8) t— I;(p) :='/0 ds{Xs, @).

Here, N := N — /\A/' where N (d(s, x, r)) is a random measure on (0, 00) x R x
(0, 00) describing all the jumps ré, of X at times s at sites x of size » (which are
the only discontinuities of the process X). Moreover,

(1.9) N(d(s,x,r)) =odsX(dx)r 2P dr

is the compensator of A/, where ¢ := b(1 + B)B/T'(1 — B) with " denoting the
Gamma function.

Under our assumptions, the random measure X;(dx) is a.s. absolutely continu-
ous for every fixed ¢ > 0. From the Green function representation related to (1.6)
(see, e.g., [4], (1.9)), we obtain the following representation of a version of the
density function of X,(dx) (see, e.g., [4], (1.12)):

X, (x) = p# p2(x) + M(d(s, y)) p&y(y — x)
(0,1xR
(1.10) ta /( RGO RCESS

= Z ')+ Z%(x) + Z3 (%), x €R

(with notation in the obvious correspondence). Note that although Zli=1,2,3,
depend on ¢, we omit the corresponding subscript since 7 is fixed throughout the pa-
per. M(d(s, y)) in (1.10) is the martingale measure related to (1.7) and I (d(s, ¥))
the random measure related to (1.8). Note that by Lemma 1.7 of [4] the class of “le-
gitimate” integrands with respect to the martingale measure M (d(s, y)) includes
the set of functions i such that for some p € (1 + 8, 2),

T
(1.11) ]0 dsdeSf‘/L(x)|1//(s,x)}p<oo VT > 0.

We let Ef:)c denote the space of equivalence classes of measurable functions sat-

isfying (1.11). For o > 1 + B, it is easy to check that, for any ¢+ > 0,z € R,
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(5, x) = pf_(z—x)1(5 isin £ff)c for any p € (1+ 8, 2), and hence the stochas-

tic integral in the representation (1.10) is well defined.

Z! is obviously twice differentiable. Moreover, it turns out (see Corollary 2.7)
that Z* is Holder continuous of index a1, 1} + 1{7.<1;- Noting that this index
is not smaller that 7., we conclude that the multifractal structure of X; coincides
with that of Z2. Recalling the definitions of Z?% and M (ds, dy), we see that there
is a “competition” between branching and motion: jumps of the martingale mea-
sure M try to destroy smoothness of X;(-) and p® tries to make X,(-) smoother.
Thus, it is natural to expect that {x : H,2(x) = n} can be described by jumps of
a certain order depending on 7.

In Section 3, we construct a random set S, such that dim(S,) < (14 B8)(n —n¢)
and {Hz2(x) = n} € S;4.. This, after some simple manipulations, allows us to
obtain the bound dim({H,2(x) =n}) < (1 4+ B)(n —nc).

It turns out that S, is not very convenient for the derivation of the lower bound
for dim({H,2(x) = n}). For this reason, in Section 4, we introduce an alterna-
tive random set f,,,l with dim(f,,,l) > (B + 1)(n — nc), on which we show exis-
tence of jumps which should lead to H,2(x) < n for x € jn,l- However, if several
jumps occur in a proximity of a point x then they can compensate each other. To
show that this possible scenario does not affect the Hausdorff dimension of the set,
{H ;2 (x) = n} is the most difficult part of our proof. This is not unexpected: in our
previous papers [4, 5], the proofs of the optimality of Holder indices were much
harder than the derivation of the Holder continuity. More precisely, we prove that
such a compensation is possible only on a set of the Hausdorff dimension strictly
smaller than (8 4+ 1)(n — n¢), and hence this does not influence the dimension
result.

2. Preliminaries.

2.1. Estimates for the transition kernel of the «-stable motion. The symbol C
will always denote a generic positive constant, which might change from line to
line. On the other hand, C#) denotes a constant appearing in formula line (or
array) (#).

Throughout the paper, we will need the following bound; see [4], Lemma 2.1.

LEMMA 2.1. Forevery § € [0, 1], there exists a constant C > 0 such that

Y
2.1) |pf‘<x>—p?‘<y>!sC'xt5/3 Cpr @D+ pE0/), 1505,y €R.

By methods very similar to those used for the proof of the previous lemma, one
can get the following result.
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LEMMA 2.2. (a) For every § € [0, 1], there exists a constant C > 0 such that,
forallt >0and x,y €R,

(2.2)

o o —y|°
’ap, 0 _0PrON | _ o= o) 4 ).

ox ay [(1+5)/a

(b) There exists a constant C > 0 such that

' api (x) ‘
ox

(2.3) <Cr Ve p%(x)2), t>0,x €R.

An immediate corollary from the above lemma is as follows.

COROLLARY 2.3. Foreveryd €1, 2],

apr(y)
dy

pr(x) = pi(y) —(&x—y)
2.4)

x — yl°
= C 2 (Pr /D + pi(3/2). 1> 0.xyER.

With Lemma 2.2(b) at hand, it is easy to check that if 8 < (o — 1)/2, then for

any t >0,z € R, (s,x) — %S—MHK,} is in Eloc for any p € (1 + B, 1+°‘)
Then, using again condition (1.11), it is easy to show the following result.

LEMMA 2.4. Let B < (o — 1)/2. Then for any fixed t > 0, x € R, the stochas-
tic integral

pt s(y _x)
M _
/(O,I]XR (d(S, y)) 0x

is well defined.

In what follows, we let BZ (x ) denote the integral f(o xrMd(s,y)) 7817 s 00

2.2. Bound for stable processes. Let L ={L;:t > 0} denote a spectrally posi-
tive stable process of index « € (1, 2). That s, L is an R-valued time-homogeneous
process with independent increments and with Laplace transform given by

(2.5) Ee Mt =™ 3 t>0.

Let ALy := Ly — Lg— > 0 denote the (positive) jumps of L. The next technical
result gives an exponential upper bound for the tail of supy.,, [L,| under the
condition that all the jumps of L are not too large.
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LEMMA 2.5. There exists a constant C 2.6y = C(2.6)(k) such that

P( sup |Lu|1{sup0§v5u AL,<y} = x)

O<u<t

(2.6)
Caet\*"” K/ (k=1)
and
Ca.ot \*”
2.7) P(Oiliyﬂ{suposusuALUSy} > X) = (xy;c—l)

forallt,x,y>0.

This bound (2.7) has been proven in [4] (see Lemma 2.3 there). To prove the
inequality for supy-, <, | Ly, one has to combine (2.7) with Lemma 2.4 from [4].

2.3. Analysis of Z' and Z3. Consider Z!, Z3 on the right-hand side of (1.10).
Clearly, Z' is twice differentiable. Noting that 7. < 2 for all o, 8, we see that
Z! does not affect the optimal Holder exponent of X;. As for Z3, we have the
following result.

LEMMA 2.6. Let B < (o — 1)/2. Then P-a.s., Z>(x) is differentiable for any
x € (0, 1), and the mapping

d
x> —Z3(x), x €(0,1),
dx
is, P-a.s., Holder continuous with any exponent n <o — 1.

PROOF. Using Lemma 2.12 in [4] with § = & = 1, we see that Z>(x) is differ-
entiable and, furthermore,

d t 0
az%w=aﬁdgﬁxww5;ﬁﬂu—w.

Therefore, for any xy, x € (0, 1),
‘d?()df<ﬂ
—Z°(x1) — —Z(x
dx ! dx 2

<Hfd/xuﬂ8“( )= g =)
a s — X|—y)— — X2 —y)|.
= 0 R s\ay 8)61 pt—s 1 y axz pt—s 2 y
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Applying now Lemma 2.2 with § < o — 1, we obtain

d d
LBy L
‘dx (x1) I (x2)

t
< Claljx1 — xaf? / ds(t — s)~ 1+
0

x fRXs(dy)(p?‘_s(xlz_y)+p;"_s(x22_y)>

t
= Clal|x] —x2|‘3/ ds(t — s)~1+d/e
0

X (Sg“(z—s)Xs (x1) + Sﬁ‘a(t_s)Xs (xz))

t
§C|Cl||xl—)€2|(S sup Sg“(t—s)Xs(x)/O dss—1+8)/a

s<t,x€(0,1)

=Ca(@—1-8""allxi —x2° sup S5 ,_yXs(x).

s<t,xe(0,1)
Taking into account Lemma 2.11 from [4], which states that

(2.8) Vi= sup  Shuq_oXs(x) < o0, P-as.,

s<t,x€(0,1)

we see that x — %Z 3(x) is Holder continuous with the exponent §. [
Combining this lemma with [4], Remark 2.13, we obtain

COROLLARY 2.7. P-a.s., for any x € (0, 1) we have
2.9 Hyz3(x) > alg 1y + 15.<1)-

From this corollary and the fact that the right-hand side in (2.9) is not smaller
than 7., we conclude that Z 3 does not affect the multifractal structure of X, either.
More precisely, the spectrum of singularities of X, coincides with that of Z2. Con-

sequently, to prove Theorem 1.2, we have to determine Hausdorff dimensions of
the sets

522’,’ = {x (S (O, 1) . H22(x) = T]},
Epy={x e, 1):Hpx) <nl,

and this is done in the next two sections.

3. Upper bound for the Hausdorff dimension. The aim of this section is to
prove the following proposition.
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PROPOSITION 3.1. Forevery n € [n¢,1.),

dim(£z,) <dim(€, ) <(1+ B —n.),  P-as.

We need to introduce an additional notation. In what follows, for any n €
)
(e, 1) \ {1}, we fix an arbitrary small y = y () € (0, 100[_;70) such that
-2
—mln{l_nvn}v 1f7’)< 1’
o

1072 ,
——min{n — 1,2 — n}, ifn>1,
a

Yy <

and define
Sy = {x € (0, 1) : there exists a sequence (sy, y,) — (¢, x)
with AX, ({yn}) > (r — sp)/AFB=Y | — yal"77).

To prove the above proposition we have to verify the following two lemmas.

LEMMA 3.2.  Forevery n € (n., n.) \ {1}, we have
P(Hz2(x) > n — 2wy forallx € (0, 1)\ S,) = 1.

LEMMA 3.3.  Forevery n € (nc, n.) \ {1}, we have
dim(Sy) < (1 + B)(n — ne), P-a.s.

With Lemmas 3.2 and 3.3 in hand, we immediately get the following.

PROOF OF PROPOSITION 3.1. It follows easily from Lemma 3.2 that fzz’n C
Sy+2ay+e for every e > 0 and every n € (¢, 7.) \ {1}. Therefore,
dim(E2,,) < lim dim(Sy42ay +¢)-
’ e—0
Using Lemma 3.3, we then get
dim(€52 ) < (14 B) (1 + 20y — no), P-as.
Since y can be chosen arbitrary small, the result for n # 1 follows immediately.

The inequality for n = 1 follows from the monotonicity in 7 of the sets €52 ,. [

Let ¢ € (0, nc/2) be arbitrarily small. We introduce a “good” event A® which
will be frequently used throughout the proofs. On this event, with high probability,
V from (2.8) is bounded by a constant, and there is a bound on the sizes of jumps.
By Lemma 2.14 of [4], there exists a constant C(3.1) = C(3.1)(€, ) such that

3.1) P(|AX,| > Ci.1)(t — )7 7 for some s < 1) < /3.
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Then we fix another constant C(32) = C(32)(¢, y) such that
(3.2) P(V <Cp2) = 1—¢/3.
Recall that, by Theorem 1.2 in [4], x — X,(x) is P-a.s. Holder continuous with

any exponent less than n.. Hence, we can define a constant C(33) = C(3.3)(€) such
that

3.3) P( sup —
X1x0e©, D), x £ 1X1 — X2l

X - X
X, (x1) tug|fcﬁa)zl_eﬂ'

Now we are ready to define
A® = {|AX,| < Cay(t — )P forall s < 1)
[X:(x1) — X; (x2)]

ﬂ{V§C3.2)}ﬂ{ sup §C3.3)}-
( X1xe(0,1),x£x X1 — X2[e T8 (

Clearly, by (3.1), (3.2) and (3.3), P(A®) > 1 — ¢. See (3.4) in [4] for the analogous
definition.
The proof of Lemma 3.3 is rather short, so we will give it first.

(3.4)

PROOF OF LEMMA 3.3. To every jump (s, y,r) of the measure N (in what
follows in the paper we will usually call them simply “jumps”) with

(s,y,7)€Djn=[t =277t =277 x 0, 1) x [27"71,27")

we assign the ball

3.5) BS») .= B(y 27" 1/(n=nc)
. : ) (Z—j—l)l/(1+l3)_y .

We used here the obvious notation B(y, §) for the ball in R with the center at y and
radius §. Define ng(j) := j[ﬁ — %]. It follows from (3.1) and (3.4) that, on A?,
there are no jumps bigger than 2700) in the time interval [t — 27/, r —27/71),

It is easy to see that every point from S, is contained in infinitely many balls
B-Y")_ Therefore, for every J > 1, the set

U U B

j=J.n>1(s,y,r)eD;,

covers S,,. From (3.1) and (3.4), we conclude that, on A®, there are no jumps bigger
than C(3 )2~ U+DW/U+A=Y) in the time interval s € [t — 27/, —27/~1) for any
j = 1. Define no(j) := j[ﬁ — %]. Clearly, there exists Jo such that for all j > Jy
there are no jumps bigger than 270() in the time interval [t — 27/, —27/71),
Hence, for every J > Jy, the set

SH= U U BE

j=J.n=ng(j) (s,y,r)€D; p

covers S, for every w € A®.
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It follows from the formula for the compensator that, on the event {sup, ., X((0,
1)) < N}, the intensity of jumps with (s, y,r) € D; , is bounded by

27" No@'*tA —1)

N2~/ / or > Pdr= 21+P=J = )
2—n—1 2(1 —+ ﬂ)

Jsn

n1(j)

Therefore, the intensity of jumps with (s, y,r) € Un:no(j) Dj, =: ﬁj, where

ni(j) = j[ﬁ + L1, is bounded by

mG) 5
3 < Ne2” sjapri iy,
n=no(j) B+

The number of such jumps does not exceed 2A; with the probability 1 —
e~ (17210g2)Aj " Thjs is immediate from the exponential Chebyshev inequality
applied to Poisson distributed random variables. Analogously, the number of
jumps with (s, y,r) € D;, does not exceed 21;, with the probability at least
1 — (17210224 Since

00
Z(e—(1—210g2)Aj+ Z e_(l_Zlng))\j*”><OO,

J n=ni(j)
we conclude, applying the Borel-Cantelli lemma that, for almost every w from the
set A° N {sup,_, X;((0, 1)) < N}, there exists J(w) such that for all j > J(w) and
n > ny(j), the numbers of jumps in f)j andin D; , are bounded by 2A ; and 24 ; ,,
respectively.
The radius of every ball corresponding to the jump in D j is bounded by r; :=
C2-Gv)/(A4=n))J  Thus, one can easily see that

00 ) 00 2—n 0/(m—nc)
Z 2Ajrj+ Z 2)‘j’”((2—j—1)1/(1+ﬂ)—y) <

Jj=1 n=n1(j)

for every 6 > (1 4+ B)(n — n.). This yields the desired bound for the Hausdorff
dimension for almost every w € A% N {sup;, X5((0, 1)) < N}. Letting N — o0
and ¢ — 0 completes the proof. [J

The remaining part of this section will be devoted to the proof of Lemma 3.2.
Since S, =1 Sy (J),

{Hp2(x) >0 —2ay,Vx € (0, 1)\ Sy}

= ({Hz(x) =n—2ay,¥x € (0, 1)\ S())}.
J>1

Thus, it suffices to show that
(3.6) P(Hz(x) > n —2ay,Vx € (0, D)\ S,(J)) =1

for every J > 1.
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Before we start proving (3.6), let us introduce some further notation. For any
x1,x2 € R, 1 € (3¢, 1), define

py (x) — pg(y), ifn<1,5s>0,

aps (y)

%1 = . -
P y): {pﬁ‘(x)—p?(y)—(x—y) S el >0,

dpe(x)  Bpt(y)
dx dy

Z?’n(XI,X2)2=‘/é /};M(d(u,Y))ﬁ;ij(xl—y,xz—)’)7 S€[07t]a

ﬁg’n’/('x’ y)= k] ne(l,ﬁc),

~ ~ ~2’
AZ>M(x1, x0) = Z2M(x1, x0) — 22" (x1,x2), s €(0,1],
- N
721 (xy, xy) 1= /O fR MG, )% (1 — yoxa —y), s el0.1],

AZX" (x1,x2) i= 227 (1, x0) — 28 (1, x), e (1, i), s € 0, 1],
Also forany N, J > 1, let
Sy (N, J) :={(x1,x2) € R*:3x0 € (0, )\ S,(J)

such that x1, x2 € B(xo, 2_N)}

and
Sp(1) = {(x1.x2) € R*:3x0 € (0, 1) \ Sy(J)
such that x1, x2 € B(xo, 4|x1 — x2])}.
We split the proof of (3.6) into several steps.

LEMMA 3.4. Fix arbitrary (deterministic) x1, x2 € R, and n € (3¢, nc). Then
forany N, J > 1, there exists a constant C37)(J) > 1 such that

_, ]
|AZ; n(xl’x2)|1A51{(x1,x2)€S,](N,J)}

3.7
< Ca7y(D)|x1 — xa|Te™r 2~ N(=ne) Vs <t.

PROOF. Let (y,s,r) be the point of an arbitrary jump of the measure N

with s < ¢. Then for the corresponding jump of Z?’"(xl, x2) we get the follow-
ing bound:

(3.8) |AZZ"(xy, x0)| < 7|5 (x1 — ¥, %2 — V)]

Now on the event {(x1, x2) € S‘n(N, J)}, there exists a point xo € (0, 1) \ $,(J)
such that x1, xp € B(xg, 2~V), and for s >t — 2~/ we have

r<(t— S)l/(1+ﬂ)*7/|y — xo|" e,
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This and (3.8) imply that for s > — 2~/

I=1(s,y,x1,x):= MZ?’"(’“»x2)|1A81{(xl,xz)es,,uv,f)}
o < (t = )Ty — x| (e = v, 22 = )

Applying Lemma 2.1 (if n < 1) or Corollary 2.3 (if n > 1) with § =n — ay to
prl;Z (x1 — ¥, x2 — y), we conclude from (3.9) that, for s > — 2=/,

I <@t —s5)" 0710y — x| "]y — x] "7

() ()

< Cia0)(t — 8) 71|y — x| 17 3y — xp |17V

(vl =yl T
(t—s)l/“ ’

(3.10)

where the last inequality follows from the standard bound

3.11) P <Cam(lzlv)™ !, zeR

One can easily check by separating the cases |x; — y| + |x2 — y| < (t — s)1/*
and |x; — y| + [x2 — y| > (¢ — 5)/* that

lx1 — y[+ [x2 — ¥l
(t —s)l/e

—a—1
X1 — le"_""( % 1) < (t —5)mN

and hence

(3.12) I < Caaoylxr —x2|7*7 |y — xo|" ", s>t—277.
If |y — xo| <27N*!, then we obtain the bound

(3.13) 1 <2C.10)|x1 — xo|Te™ @72~ N@=e), s>1—277.

Now consider the case |y — x| > 2~V+!. Here, we treat separately two sub-
cases: |y —xo| < (t —s)"/® and |y — xo| > (r —s)"/*. First, if |y — xo| < (t —5)1/¢,
then it follows from (3.10) that

I < Cai0)(t — )" M1y — x0T | x| — xp| 17V
(3.14) < Ca.a0)lx1 — x|
< Ci.10)|x1 — xa |77 2~ (N=Dl1=ne) s>t —277.

Second, if |y — xo| > (¢ — s)/%, then we recall that |y — xo| > (r —s)1/* v 2N+l
and |x; — x| <27V,i=1,2, to get that

(3.15) lxi =yl =1Ixo—yl/2, i=12.
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Combining this with (3.10), we obtain

Ixo — V| )‘“—1

I <C t— )" m=ned/ayy, ey n—ay(
= Ciao( —s) [y = xol" ¥ [x1 — x2 )i/

[xo — | )W‘“

<C X1 —x ”_ay<4
= Caaolxr — x2f )i/

(3.16) »
< Ca.ao)lxr — x|

< Cia0)lx1 — x|y 2~ N=D0=n0e) s>1—2"7.
Finally, we consider the jumps (y, s, r) with s <t — 2=/ On the event A%,

r S (t — s)l/(l'i‘ﬂ)_y.

Using Lemma 2.1 (or Corollary 2.3) with § = n —ay once again, we see from (3.8)
that

I < Caanlxt —xa|"7 (t — s) =N/
(B.17) < Crp2/ M7 |xy — xp| 1Y
< Cia.q7)27 /ey — xp|re=ey 2= (N=D1=nc) s<t—27N,

Combining (3.13)—(3.17), we get the desired result. [
By a similar argument, we can get the following result.

LEMMA 3.5. Let n. > 1. Fix arbitrary (deterministic) x1,x» € R, and n €
(1,n¢c). Then for any J > 1, there exists a constant C3.18)(J) such that

71,2,/ -
[AZP™ G x) [ Taet (g ey )

(3.18) 1
<Caxag)(N)|x1 — x| 7% Vs <t.

Having an upper bound for absolute values of the jumps of Z%(x1, x2), we can
give some estimate for th (x1, xp) itself.
LEMMA 3.6. Fix arbitrary (deterministic) x1, x3 € (0, 1), and n € (nc, N¢).
(a) Then there exists a constant C(3.19), such that for any N, J > 1,
P(1Z8" (1, x2)| = 2Ca7) (D)) — xp |27 27N 010 g

(x1,x2) € S)(N, J))
(3.19) »
< (C(3.19)2—OlyN)|xl_x2| .
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(b) Letn. > 1 and assume n € (1, 1¢). Then there exists a constant C 3 20y, such
that for any J > 1,

520 P(|ZP" (x1,x2)| = 2CGas) (D) ]x1 — 027172V AR, (a1, x2) € 8} ()

_ —ay
< (Canylx1 — xp| @7 )17 22!

PROOF. (a) According to Lemma 2.15 from [4], there exist spectrally positive
(1 + B)-stable processes L+ and L~ such that

(3.21) Z2M(xy,x)=LF, —L

<
e e S=h

where
S
622) 1) i= [ du [ Xu@n(Fhe =y =) 0ss <t

(Note that L™, L™ also depend on n; however, we omit the corresponding su-
perindex 7 to simplify the notation.) Therefore, we get

P(’Zzzvn(xlaxz)‘ >2Ca 7 ()X —x2|'70_20‘V2—N(77—m-)’ AS.
(x1,x2 € S W (N, J)))

<P(lL T”()|>C(37)(J)|x1—x2|’7‘ 2ayp=N(=ne) g
3.23
o (x1,x2 € S(N, ))))
+P(|L ()|>C<37>(J)Ix1—x2|'% 2ay9=N(=1c) g2,

(X1,)C2 € SU(N, J)))

By going through the derivation of (3.43) in [5], one can easily get that in our
setting, on the event A?, for any n € (¢, 1) and any & € (0, ®8y), there exists
a constant C(3.24) = C(3.24)(¢, €1, n) such that

(3.24) TL(1) < Caomlri — x2 P70 = T (x1, x2).
From this bound, Lemmas 2.5 and 3.4 we get

P(|L7y | = Com(Dlxt —xo 724727 NOT1) A% (), x5 € §, (N, )

— xo|Me—20y»=N@—nc) 7€
5P(|LT£(,)! > Cia.7(Dlx1 — x2 2 ,Af,
sup ALY < Cary(Jlx —XQI”C‘“Vz—N("—’ic))
szJl

< P( sup |Lsi|1{ sup ALE < Ci37)(D)|x1 — X2|’7¢—a72_N(77—'7c)}

0<s<T(x1,x2) O<v=s

> Can(Dlx1 — x2|"0_2°‘V2—N(17—nc))
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- < C2.6C324y)lx1 — xp|% P81 )'xl_”'_w
T \x1 — x| 727 (Capy (J)|x1 — xp|e=@y2=N=ne))1+5

(Car()|x1 — xp |20y =N —=nc)y(1+6)/B }

(&
+ XP{ C2.6)(C32ay|x1 — x| B—e1)1/B

x| — xp|@¥ @HB) —e1+1 lxi—xa
:<C 2—-N=n)(1+B) )

+exp{—c|x1 _ x2|—1/ﬁ+€1/5—206)’(1+/3)/52—N(77—?7c)(1+ﬂ)//3}
_ 0((2fayN)|X1—X2\_w)

where the last equality follows since (n — n.)(1 + B) < 1,e1 <aBy, |x1 —x2| <
2-N+1 (We omit here some elementary arithmetic calculations.)

The claim follows now from (3.23).

(b) The proof goes along the similar lines. [J

LEMMA 3.7. Let J > 1, 5. > 1, n € (1,1n:). For almost every w € A®, there
exists No = Na(w) such that for all n > N, and
(x1,x2) € S, (N N {27, j27"), i, j € Z, i — jl =1}
the following holds:

. o
|Z;™ (x1, x2)| < 2C@.18) () |x1 — xp| 1717207

PROOF. Define
My, == max{|Z;" (x1, x2)|: (x1, x2) € {(i27", j27")is j € Zo i — jl =1}
N, NS N}
Applying Lemma 3.6(b), we obtain
P(M,, > 2C3.15)(J)27" 17172070 A%) < on (C(3.20)2_"W)2my-
Let
Ay :={M, > 2C(3.1g)(J)2_”(”_1_2°”’) for some n > N}.

It is clear that

oo
D> P(AyNA%) <
N=1

P(M,, > 2C3.15)(J)27 17172070 A%)

M2
2

=
N
3
Il
=

onay

IA
2
2

2"(C3.20)27")

=
l
3
Il
=
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0o 00 noty
Y 2(Caa027")?
N=1n=N

o0
C Z 27YN g

N=1

IA

[A

and we are done by the Borel-Cantelli lemma. [J
LEMMA 3.8. Let J > 1, n € (n,nc). For almost every w € A%, there exists
N1 = Ni(w) such that for alln > N > Ny,
(x1,x2) € Sy(N, J)N{(i2™", j2™"),i, j € Z}

. log? . .
with |x1 —xp| <2 log”n e have the inequality

=2, _ _ _
| Z7 " (x1, x2)| < 2Ca.7) () |x1 — x|t 207 2= N0=10),

PROOF. Define events
=2, _ —N(m—n,
B(x1,x2) == {Z;"(x1,x2) = 2C3.7)(J)|x) — xp| e 7207 2= N =)y
and

Ay N = U B(x1, x2).

x1,X€{i27"ieZ}
N, DNS, (N, J):

{lx1—xa| <2~ log? n})

Applying Lemma 3.6(a), we obtain

o 0, 2n
P(A, v N A®) <221 (C3.10)2- VN2
Let
Ay = U A N.
n>N

It is clear that

and we are done by the Borel-Cantelli lemma. [J
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LEMMA 3.9. Let J > 1, n.> 1, n € (1,nc). Fix an integer kg > max{l +

ﬁ, 3}. For almost every w € A® and for all x € (0, 1) \ S,(J), there exists

V'(x) = V'(x,w) and C325)(J, ®) such that
1Z2() = Z° (@) = (y =0V ()|
(3.25)
< Caas)(Dly —x|""2Y  VyeB(x,27™),
where
N3 = max{Na(w), N1 (@), logy(|V'(x)]), (ko)'°} +2
and Ny, Ny are from Lemmas 3.7 and 3.8.
REMARK 3.10. Z2%(x) [similarly for Zz(y)] at a random point x is defined

via Z2(x) = X;(x) — Z'(x) — Z3(x), where all the terms on the right-hand side
are well defined.

REMARK 3.11. The lemma shows that V’(x) is in fact a spatial derivative of
Z2%(x) at the point x.

PROOF OF LEMMA 3.9.  First, we will define V'(y) for fixed points y. For any
y €R, let

V()= AZLM(d(u,z))%P?_u(y - 2).
Let x and w be as in the statement of the lemma. For any n > 1, take x,, € {i27",i €
Z)} satisfying the following conditions:
(3.26) X, — x| <27", IXn — Xpp1] =27"""1 Vn>1.
Applying Lemma 3.7, we get for every n > N3 the bound
V' Gn) = V/ Con )] = | 25" G )|
<2C;.8)(J)2 " 1=2e7),

Then for any m > n > N3 we have

m—1

V' () = V)| < DIV (i) = V(1) |
(3.27) k=n
< Cay(J)2"=1=2a),

This implies that {V'(x,)},>1 is a Cauchy sequence and we denote the limit by
V'(x). Moreover, it is easy to check that

(3.28) V' (xp) = V/(x)| < Caapy()27"0=1=207) -y > N3,
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Now let us check (3.25). Let
y € B(x,27V3)\ {x).
Then we can fix an integer N* > N3 such that
(3.29) 2N <y —y| <27V,

Fix a sequence {x,},> satisfying (3.26), and {y,},>1 satisfying the same con-
dition with y instead of x. Then for any n > N3 we have

1Z*(0) — 22 () = (y — 1) V' ()
<|Z*(m) = Z*(t) = G — x) V' (x) |
(3.30) +|Z2(Gn) — 22| + | 2% (o) — 22 ()|
1y = Y X [V + = x| x [V ()]
+ 1y = Xal X [V/(x) = V' (xn)].
In what follows fix
(3.31) n=koN*.
Then we have
lyn — Y X [V ()] + 1xn — x| x [V'(x)]
<2. 27Ny (x))

<2. 27N 020Ny ()| (since n <2, ko = 3)
(3.32) , .

<@ —y)" T2V V0] by 3:29)]
(v = y)" 727NV )|

o=y V= Ny,

IA

A

where the last inequality follows from N* > log,(|V'(x)|) 4+ 2. Now by triangle
inequality and (3.31) we get

IXn — yul <287 4 |x — y)
(3.33) <l=N"
<4|x =yl
This, (3.31) and (3.28) imply
|y — Xl - |[V/(x) = V' ()| < 4lx — y| - Caomy ()2~ N Foln=1=2ay)
(3.34) <8C()x — y| - |x — y[17 172
<8C(J)|x — y|"7>7.
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Now recall that Z? is Holder continuous with any exponent less than 7 (see
Theorem 2 in [4]) to get that there exists C = C(w) such that
122 (m) = Z2(0)| + |22 @) — 22 ()|
< C(@)(lyn — y|17c—(20<)/)/k0 + X — x|nc—(2067/)/ko) Vy e B(x, 2—N3)_
Recalling that
(3.35) |yn — ¥l Jxp — x| <277
and (3.31) we get
|22 () = Z2 )| + |22 () = Z2(0)] = 2C ()27 e Cen)/l0
< 2C ()2~ V" tkone=2ay)
< 2C(w)2~ N (1=2a7),

where the last inequality follows since by assumption kg > 1 + 1/(a — 1 — 8) and
hence kone > 1. > n. By (3.29), we immediately get

(3.36)  [Z2() = Z2 | + |22 (i) = Z* ()| < 8C(@)|x — y|"27.
Now use again (3.35) and triangle inequality to get that
[yn = x| < lyw =yl + 1y —x| <2770
This together with the (3.35) and the definition of 5’,7 (N, J) implies that
(3.37) (Xn, yu) € Sy(N* =1, J)n {27, j27™),i, j € Z}.
Note that
n = yal <2770 by (3.33)]
(3.38) < 27 Tog? ko)
— p—log?(n)

where the first inequality follows by (3.33) and the second inequality follows easily
by our assumption N* > (ko)'?, ko > 3. By (3.37), (3.38) and since N* — 1 > N,
we can apply Lemma 3.8 to get

| Z%(yn) — Z%(xn) — n — X) V' (x)|
=|Z2" ns ya)|
< Clyn _xnln—ZOl}/

< C/|y _xln—Zay’

(3.39)

where the last inequality follows by (3.33).
By (3.30) and the bounds (3.32), (3.34), (3.36), (3.39), we complete the proof.
O
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LEMMA 3.12. Let J > 1, n € (n;, min{ij¢, 1}). For almost every w € A® and
forall x € (0,1)\ S,(J),

|Z2(y) = Z2(0)| < Ci(D)ly —x|"27  Vye B(x,27M),

where N| = Ni(w) is from Lemma 3.8.

PROOF. For any n > 1, take x,, y, € {i27",i € Z} satisfying the following
conditions:
b = x| <27 = x| <2707
lyn =yl <27", |¥n — Yn+1 52_n_1-

Applying Lemma 3.8, we get for every N > N the bound

127" (y, %)
2 = 12 2
<1Z;7"(yn, xn)| + Z (1Z7" v,y |+ 127" (v g1, X8)|)
n=N

(3.40)

9]
<2C()2 N (|xN — NI 42 2—n<nﬂ._ay>>
n=N

< C/(J)Z_N("_”“)(IxN _ yN|np—2ay + 2—N(nc—2ay))'

Choosing N so that |y — x| € [27¥~!,27N], we complete the proof. [
Now we are able to complete the following.

PROOF OF LEMMA 3.2. Lemmas 3.9, 3.12 imply that
P(Hz(x) > n —2ay,Vx € (0, 1)\ S,(J); A®) > 1 —e.

Letting here ¢ — 0, we complete the proof of the lemma. [J

4. Lower bound for the Hausdorff dimension. The aim of this section is to
prove the following proposition.

PROPOSITION 4.1.  Foreveryn € (n., 1)\ {1},

dim(Ez2 ) > (1 + B)(n — ne), P-a.s. on {X((0, 1)) > 0}.

REMARK 4.2. Clearly, the above proposition together with Proposition 3.1
completes the proof of Theorem 1.2.
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As we have already mentioned in the Introduction, the proof of the lower bound
is much more involved then the proof of the upper one. Due to the mentioned
complexity of the proof we give, for the reader’s convenience, a short descrip-
tion of our strategy. Section 4.1 is devoted to deriving some uniform estimates on

“masses” of X of dyadic intervals at times s close to 7. In Section 4.2, we con-
struct a set J77 1 with dlm(J,7 1) > (B + 1)(n — nc), on which we show existence
of “big” jumps of X that occur close to time ¢. These jumps are “encoded” in the
jumps of the auxiliary processes L:{, 1. and they, in fact, “may” destroy the Holder

continuity of X,(:) on fn,l for any index greater or equal to n (see Lemma 4.7 and
Lemma 4.8). However, there are also other jumps of the process X (they will be
encoded in processes L, ; ) which may compensate the impact of the jumps of X

encoded in L. The most difficult part of the proof is to show that there is no such
compensation, and this is done in Section 4.3. More precisely, we prove in Sec-
tion 4.3 that such a compensation is possible on a set of the Hausdorff dimension
strictly smaller than (8 + 1)(n — 1), and hence does not influence the dimension
result. It is done in Lemmata 4.9, 4.10 and 4.13.

4.1. Uniform estimates for values of X on dyadic intervals. In this subsec-
tion, we derive some bounds for X (/ ,f")), where

I = [k27", (k+1)27").
In what follows, fix some
(4.1) m > 3/a,
and let 8 € (0, 1) be arbitrarily small. Define
0, = {a):there exists k € [0,2" — 1] such that
sup Xs(Ik(")) > 2_”n2m0‘/3}
se(t—2-anpa®n/3 )
and
B, =B,(0) = [a):there exists k € [0,2" — 1] such that

IN{x: X (x) > 60) £ @

and inf X, (") <2772

se([_Z*(Xnnfam’t)
LEMMA 4.3. There exists a constant C such that

P(0,) < Cn~m/3, n>1.

The proof is an almost word-by-word repetition of the proof of Lemma 5.5 in
[4], and we omit it.
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LEMMA 4.4. There exists a constant C = C(m) such that, for every 6 € (0, 1),
P(B,(0) N A%) <COn™mB3  n>7q),

for some n(0) sufficiently large.

PROOF. Define
T, ;= infls € (£ —27%"n 79" 1) : X, (1) <270~
for some k € [0,2" —1]}.

Fix an arbitrary 6 € (0,1). If w € B, = B,(0), then there exists a sequence
{(sj, Ik(;l))} such that X, (Ik(f)) <27"n=2" forall j > 1, and s; | 7y, as j — oo.

Since for each n > 1 the number of intervals I,g") is finite, there exist Izn and a
subsequence j, such that k;, = lzn for all » > 1. Therefore,

: (n) )
Jim X, (1];: ) <27,
By the right continuity of the measure valued process {X;},>0, we get that
M\ (7 ~— -n, -2
X, (I];:’ \ {kn27"}) <27,

Since X has only positive jumps in the form of atomic measures and these jumps do
not occur with probability one at dyadic rational points of space, we immediately
deduce that, in fact,

X, (II;(")) <2 "pTm, P-as.

Put

B, := + —27"n", — +

- ky 1 ky
2_11 on+l ’ on 2n+1

+ 2_”n_m:|,
and

(n) . ) .

E™ .= {w: 1" 0 {x: X, (x) > 6] # 2.
Recall that, on A®, X,(-) is locally Holder continuous on (0, 1) with exponent
ne — € and Holder constant C 3 3y [see (3.4)]. Therefore, on the event A* N E ™) we
have X;(x) > 0/2forall x € B, and all n > n(6), where 71(6) is chosen sufficiently

large.
Thus, for n > n(6),

. 0 - . =
027" "P(t, <1, 0¢, E™, A®) = §|Bn|P(rn <1,05 E™, A%)
(4.2) [X: B, <1 00 500 ae))

<E
= E[XI(B”)1{T,1<I,0,§}]’
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where

0¢ = {X,, (1Y) <27"n?"/3 forallk =0,...,2" — 1},

n

and the last inequality in (4.2) follows since O¢ C OF.
Using the strong Markov property, we then obtain

(43) 027" "P(r, <t, 05, EM™, A%) gE[S,_,nX,n(Bnﬂ{ . }]e‘“'f,

T, <t,0f

for all n > n(0). It is clear that

4.4 E[St—TnXTn(B")1{Tn<tﬁér€}]

4.5) = E|:/R X, (dz)/é P, (v —2) dy1{r,,<z,6,§}] Vn > 1.

Since X, (I];(")) <27"n~=2" on the event {1, < t}, we have
(4.6) E[ /1 o X0, (d2) fB P (v —dyt, 65}] a2 g1
kn n

Recalling that 7, > t —27*"'n~%" and using the scaling property of the kernel p®
together with the bound (3.11) we get

_ y—z
Pl (=2 = (=) pt (W)
n
<Clt—t)ly—zI7"!

< Cz—ann—amly _ Zl_a_l-
Further, if z € 1 /Z(n:_tj and y € B, then

ly—z|>(G—-D27"+(1/2—n"")27"=(j—1/2—n"")27"

> %27 Vnz2,j>1

Combining the last two bounds, we get

[ Xat@d [ pi,=2dy
I: By
kntj
< [ Xol@d) [ cjretaerinyman,angy
I-n n E”
kntj

_ i—o—1 —(a+l (n) ;
—Cj a—ly, (a )ern( /;n:tj) vn 22,_] > 1.
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On the event {7, <t} N 0,‘1' we then have

/(n) (n) )(Tn(dz)/A~ P?_fn(y _Z) dy
1= UL B,

kn—j  kn+j
(4‘7) < Cj—ot—lz—nn—(a+l)m+2ma/3

_ Cj—a—lz—nn—((1/3)a+1)m Vn>2j>1.

Consequently, by summing up (4.7) over j > 1, we get

(v — . —n —((1/3)a+1)m
E|:/|;\I~(”) X‘L'n (dZ) /én pt—Tiz (y Z) d}’1 {Tn <l‘,0’§}:| S C2 n ,

n

4.8)
n>?2.

This and (4.6) imply that (4.4) is bounded by
(4.9) C27 (= (/DA Dm y py=2my =y >0,
Combining (4.3), (4.9) and using the trivial bound for n = 1, we obtain
OP(z, <1, 05, EMW A®) < C(n= VD9 p=my < cp=em > 7(6).
In view of Lemma 4.3,
P(t, <1, E™, A®) <P(0,) +P(z, <1, O, E™, A®)
<CoO'nTR i =i(o).
This completes the proof of the lemma. [

4.2. Analysis of the set of jumps which destroy the Holder continuity. 1In this
subsection, we construct a set J; 1 such that its Hausdorff dimension is bounded

from below by (8 + 1)(1 — 1) and in the vicinity of each x € f,,,l there are jumps
of X which destroy the Holder continuity at x for any index greater than 7.
We first introduce J;,1 and prove the lower bound for its dimension. Set

(+3)m
B+ 1(1m—mnc)

and define
AI((n) = {AXS ([]5’1)2”(1_2) > 2_(7]+1>n
for some s € [t — 27%p =" ¢ — 7@MD (4 yTam))
k+1
2)1

k
[y

+ (nq2_”)r].



MULTIFRACTAL ANALYSIS OF SUPERPROCESSES 2789

Let us introduce the following notation. For a Borel set B and an event E, define
a random set

R F,
Now we are ready to define random sets
21
Jy.r = limsup U Jk(’n,)1A<n>, r>0.
N0 dnd 42 k

As we have mentioned already, we are interested in getting the lower bound on
Hausdorff dimension of J; 1. The standard procedure for this is as follows. First,

show that a bit “inflated” set jn,r’ for certain r € (0, 1), contains open inter-
vals. This would imply a lower bound r on the Hausdorff dimension of jn, 1 (see
Lemma 4.5 and Theorem 2 from [7] where a similar strategy was implemented).
Thus, to get a sharper bound on Hausdorff dimension of J;, 1, one should try to
take r as large as possible. In the next lemma, we show that, in fact, one can
choose r = (B + 1)(n — ne).
LEMMA 4.5. On the event A¢,
[x €0, 1):X,(x) >0} C Ty g+1)(9—ne)»  P-as.

forevery 8 € (0, 1).

PROOF. Fix an arbitrary 6 € (0, 1). We estimate the probability of the event
E, N A%, where

|
Eyvi=1o{xe0.D):X@ =01 | L0l (-
k=2n9+2 k
It follows from Lemma 4.4 that, for all n > n(6),
P(E;NA®) <P(E.NB,NA%)+P(ESN BN A®)
(4.10)
< CO~'nmm3 L P(ES N BEN A®).

For any k =0, ..., 2" — 1, the compensator measure N (dr,dy, ds) of the random
measure N (dr, dy, ds) [the jump measure for X—see discussion after (1.8)], on

jl(n) « Ik(n) « 2(n)
= [0 o0) s I x [1 — 279 pem - 27D gy g yTem),
is given by the formula

4.11) oy, s) € T x IV x T3 or =278 dr X (dy) ds.



2790 L. MYTNIK AND V. WACHTEL

If

keKo:={l:1"N{xe©1):X,(x) >0} #2],
then, by the definition of B, we have
@.12)  X,(IV) = 27", for s € 7,", on the event A® N BE.
Define the measure F(dr, dy,ds) on Ry x (0, 1) x Ry, as follows:
(4.13) C(dr,dy,ds):=or > Pdrn=>"dyds.
Then, by (4.11) and (4.12), on A® N By, and on the set

T x{y e ©0,1): X:(y) =0} x 7"

we have the following bound:

C(dr, 1", 7)< N(dr, 1, 7)., ke Ky.

By standard arguments, it is easy to construct the Poisson point process I"(dr, dx,
ds) on Ry x (0, 1) x R4 with intensity measure I" given by (4.13) on the whole
space R4 x (0, 1) x Ry such that on A® N B,

M(dr, 1", 73") < N(dr, 1", 73"

forr € jl(”) and k € Ky.
Now, define
g = . k>2n1 42

@O, x 7=y

Clearly, on A° N Bf and for k such that k — 2n? — 2 € Kp,

g <1 AP
Moreover, by construction {& ,fn) }i:gi’;(rgl is a collection of independent identically

distributed Bernoulli random variables with success probabilities

R () B )
P =TT x 1102 x T
— 2= (A+Bn—ny —(a+2)m

From the above coupling with the Poisson point process I, it is easy to see that
(4.14) P(E; N B, N A%) < P(E}),

where
2142941

= :(O, 1)C U ]k(n)1{§]£n):1}}.

k=2n+2
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Let L(n) denote the length of the longest run of zeros in the sequence

n q
(g2 41 Clearly,

P(E~2) < P(L(”) > 2n—(ﬁ+1)(n—nc)nnm(a+3))
and it is also obvious that
P(L(n) > ]) < an(n)(l _ p(n))j Vj>1.
Use this with the fact that, by (4.1), m > 1, to get that
(4.15) P(ES) <exp{—3n™}

for all n sufficiently large. Combining (4.10), (4.14) and (4.15), we conclude that
the sequence P(ES N A®) is summable. Applying Borel-Cantelli, we complete the
proof of the lemma. [

Define

(1) 1= 2 B0 002 1
K X

and
00 )
Hy(A) :zgli_rR)inf:Zhn(Hﬂ), Ae U Ijand |I;| < e}.
j=1 j=1
Combining Lemma 4.5 and Theorem 2 from [7], one can easily get.
COROLLARY 4.6. On the event A* N {X;((0, 1)) > 0},
Hy (Jp1) > 0, P-a.s.
and, consequently, on A* N{X;((0, 1)) > 0},
dim(Jy,) = (B+ D@ —n),  Peas.
PROOF. Fix any 6 € (0, 1). If w € A? is such that By :={x € (0, 1): X,(x) >

0} is not empty, then by the local Holder continuity of X, (-) there exists an open
interval (x1(w), x2(®)) C By/2. Moreover, in view of Lemma 4.5,

(x1(@), 22(@)) C Iy, g+ (-n0) (@), Pas.

on the event A® N {By is not empty}. Thus, we may apply Theorem 2 from [7] to
the set (x1(w), x2(w)), which gives

Hy((x1(@), x2(w)) N J~,7,1) >0, P-a.s.
on the event A® N {By is not empty}. Thus,
dim((x1 (@), 22(@)) N Jy1) = B+ D0 —ne),  Pas.
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on the event A® N {By is not empty}. Due to the monotonicity of H,(-) and dim(-),
we conclude that H,(J, 1) > 0 and dim(J,.1) > (8 + 1)( — n.), P-a.s. on the
event A® N {By is not empty}. Noting that 1(p, is not empty} T 1(x,0,1)>0y as 6 | 0,
P-a.s., we complete the proof. [J

Now we turn to the second part of the present subsection. By construction of
J,7 1, we know that to the left of every point x € J, 1 there exist big jumps of X at
time s “close” to ¢: such jumps are defined by the events A,(( ). We would like to
show that these jumps will result in destroying the Holder continuity of any index
greater than 7 at the point x. To this end, we will introduce auxiliary processes

L, , that are indexed by a grid finer than {k27",k =0, 1, ...}. That is, take some
integer Q > 1 (note, that eventually Q will be chosen large enough, depending
on 1). According to Lemma 2.15 from [4] [see also (3.21), (3.22)], there exist
spectrally positive (1 4 §)-stable processes Li 1. such that

e Z2(1279 279 = Lt (T () — Ly, (T (),

0<l<r<29"0<s<t,

where
)
T ) = [Cdu [ Xulan (0270 =y 272 =) s <

The goal of the remaining part of this subsection is to show that, in fact, “big”
jumps of X defined via A,((") imply “big” values of L:[’ ., forcertain /, r.

We need to introduce additional notation related to the event A,(c"). If A,(c") oc-
curs, then there is a jump of the process X at time s;’ such that

(417) AX ( Pl 2n’1 2) >2—(77+1)n’
and
(4.18) S]? € [l‘ — QMM 2—oz(n+1)(n + 1)—0{}’}1)‘

Letyf €1 k(’i)znq _, denote the spatial position of that jump. Now put
Ik = 129"y ].
and for every x € (0, 1) define
kn(x) = |_2Q"xJ.

To simplify notation, in what follows, for any n,[, r, we denote by ALn ..r the
maximal jump of Ln,l . that s,

ALS, = supAL,1 2T L ().
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Also set

(4.19) LE,, =LE (12 @)

Now we explain briefly why we look at fine dyadic intervals (122", 2~ ?”).
First, we can not work directly with increments of Z> at random points x € In.1-

However, if we show that Holder continuity is destroyed at 2~2"k,, (x), then we
will be able to infer that, at the point x, the Holder continuity of any index greater
than 7 is destroyed as well: to show this we need Q to be sufficiently large. Also,
on this finer scale, we can show that LI o has “large” jumps for all » which are

close to k, (x). This property is quite important because of a possible compensation
effect, which will be investigated in the next subsection.

In the next two lemmas, we start to fulfill the above program. In Lemma 4.7,
we show that on the event A,E”), L:: I has “large” jumps of order 27" n™ for all

r’s sufficiently close to &, (x) with x € Jk("l). As a consequence, in Lemma 4.8, we
obtain, by pretty standard arguments, that L:’ i CA0 also take “big” values of the
same order, for certain n, [}/, r.

LEMMA 4.7. Let n € (n¢, 0c), and fix an arbitrary integer R > 0. There exist
constants C420) and N7 sufficiently large, such that for all n > N47 and all

e {kn(x) — R kn(x) — R+ 1, ..., kn(x)},

4.20) A" {ALS) 0= Clazg2 "n™ Vx € I k=2nT42,..0m

PROOF. Fix n sufficiently large (to be chosen later) and k € {2n? 42, ...,2"}.

In what follows, we assume that A,((”) occurs. Then we have to show that
+ — (n)
ALn,l,’c’,r}(’ > C(4,20)2 7 Vx € ‘]k,l .

Fix an arbitrary x € Jk(’"l). Recall that (s}, y;) denotes a space-time location of a
jump of X that appears in the definition of A,((”). To simplify notation, to the end of
the lemma, we will suppress the superindex n in [, r[!, y. If A,({”) occurred, then

@21)  ALf, =270 (EEN (27O — 270" — )

So to verify the lemma, we have to obtain a suitable strictly positive lower bound
for p;7h (k279" — yi, 279" — yp).
First, we will obtain a lower bound for pf‘_Sk (2= 9" — Vi):

Py (1279 — i) = (t — s pr (= s~V (k279" — i)

(4.22) 1
> 20" py ((t — 1)~ V4 (279" — wi)),
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where the last inequality follows by (4.18). By definition of /i, we get
(4.23) 279" — | <279n,

and this with again (4.18) and monotonicity of p;(-) implies

@24) pi(t =50~ U272" =) = p1 27T e+ 1D)M) = pi (D)

for all n sufficiently large. Let N4.24) be sufficiently large such that (4.24) holds
for all n > N(4.24). Then (4.22), (4.24) imply

Py (k278" — yi) = 2" pr(Dn™
(4.25)
=Cu4.252"n™  VYn> Nuyog).

Next, by definition of A,(("), Vk("), we easily get, for all sufficiently large n,
4.26) —yk+n2” 9" >27"(2n? + 1) — (27" + R279") > 27" 1pd,
Use this and the bound on ¢ — s to get
Py (k272" — i) = (t — sV pr((t — sV (me27 2" — )
< Caun @ —s0) V(@ — s~ (272" — ) !
(4.27) = Caan( —su) (22" — y) !
< C311)2 "% emE D@D g+ D)
_ C(4.27)2"n_am_q(a+l)~
Next, we will bound from above the quantity

’

(k272" — 279" ptl (279" — )

where p'(z) 1= %Z(Z) It is easy to check that
P (r27 2" = )| < €t — s p§ (= sV (re27 2" — i) /2)
(4.28) = C( =) py, (272" = )/2)
< C(4.2g)2nnm2nn_am_q(a+l),
where the last inequality follows by (4.27) and the bound on ¢ — s;. Since
279" — 279" <3.27"pd,
this implies

4.29) |k 279" — 127 P (r2 72" — yi)| < 3Ca08)2"n AT,



MULTIFRACTAL ANALYSIS OF SUPERPROCESSES 2795

Then by definition of p;"", (4.25), (4.27), (4.29), we immediately get that there
exists an N(4.30) > N(4.24), such that, for any n € (¢, 1¢),

~U, 1]

Pils (279" — yi, 279" — )
(430) = Cu252"'n™ — C407)2"n M7 4@FD _3C 4 952" n M@ g
= %C(4.25)2nl’lm Vn > N(4.30).

Substitute the above lower bound into (4.21) and the result follows immediately.
O

LEMMA 4.8. Let n € (¢, 1)), and fix an arbitrary integer R > 0. On A%, for
every x € Jy 1 there exists a (random) sequence {(n;, k;)}, such that

Lt . .. =C27Mip?
n<ljrj_ J
J’kj’kj

for all r,:l]',i € [lznj(x) — R,lznj(x) — R+ 1,...,/2,,].()6)].

PROOF. Recall (3.24) to get that on A, and for any [, r,
@31) TP < P (12790 1290 = C g (17 — 1127 97)* PR,

and take €] < (. —n)(B +1)/2. This, Lemma 4.7 and Lemma 2.4 from [4], imply
that for all n sufficiently large, and for any k € [2n9 4-2,2" — 1],

P(A8 N A}({n) N {L+ < C(4,20)2_’7n_1nm})

n,lp .y
< P(A‘g N {ALIZZJ]:, > C(4.20)2_"”nm} N {thl;':,r;? < C(4,20)2_’7"_1nm})
< Z P(AE N {ALII’}, > C(4.20)2—nnnm}

1:2-0nier™,

r Z*Q”rejk(."l)

N{LS

n,l,r

< Ca2027 ™ 'n™})

< Z P( inf L:l r(s) < _C(4.20)2—nn—1nm>
<Tnlr 12-0n y2—0n "
po-oney,  CETTERTELIETED

- (n)
r:2 Q”rEJk’1

< 2@ D54 exp(— 2= (B+D/ P
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Consequently,
P(A°N AN (Lfy < Caxp2™'n™)
< 2G0-n5,0 expl U= (F+Dn/CH)
< exp{_z(ﬁc—n)(ﬂ-kl)n/(ﬁrﬂ)}7

for all n sufficiently large. Using Borel-Cantelli, we get that with probability one

2]
U {aA*na™n {L:J,’J,r;’ < Cu202 " 'n"})
k=2n9+2

occurs only a finite number of times. Let x € jn,l be arbitrary. By definition of
Jy,1, there exists a (random) sequence {(n}, k;)} such that

(nj) . .
X € ka”l and 1A§(nAj> =1 Vi>1.
J
Therefore, on the set A° we have
L+ n; n;

1 J J

> C(4.20)2_""j_1nT,
LY
J J

for all j sufficiently large and all ry! € [y, (x) — R, Ky, (¥)]. O

4.3. Effect of compensation. 1f we recall (4.16), then Lemma 4.8 implies that
it is maybe possible to destroy the Holder continuity, of any index greater than 7,
of the process on the set Jj, 1. For this purpose, we use processes Ln k.- 1tis also
clear from (4.16) that in addition one should show that (loosely speaklng) on a
“significant” part of Jn, | there is no compensation of “big” values of L™ by “big”
values of L.
First, fix arbitrary positive constants p, ¢, v such that

0 1
432) p <102y, ve(m,10_1>, ce(—o,—).
e 2—n 10p

Define

G,(C") : {there exist at least two jumps of M, of the form rdy, ),

(4.33)  satisfying r > 271 1F202000m g o [y pmall=coin p _ p=alltcon)
and y € [E _pn=epi-w KL 2—n<1—cp>(1—v>“
on Coon
and
2n—1

G :=limsup U I( )1G(n)

n—oo k=0
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Informally, G,, is such that in certain proximity of every x € Gn there are at least
two “big” jumps of M. If one of the jumps, appears in L™, and another in L™,
they may compensate each other; however, in the next lemma we will show that
the Hausdorff dimension of Gn is small.

LEMMA 4.9. On A®,

dim(Gy) < 2B+ D —ne) — )T +2(v+8(c+ p),  P-as.

PROOF. On the event O;;, we have the following upper bound for the intensity

of the jumps in G,(C"):

_p—a(l+cp)n
fl dsX ([ﬁ _ p—n(l—cp)(1-v) k41 I 2—n(l—cp)(1—v):|)
t—2—a(l—cp)n § on ’ on

x/ Ql”_z_ﬁ dr
2—(n+1+2p+2co)n
< C2n—n(l—c,o)(l—v)z—nn2m2—a(l—pc)nz(ﬂ+l)(n+l+2p+20p)

< C2—n+n(ﬁ+1)(n—nc)+5n’

where § =v + 7(c 4 1) p. Since the number of such jumps can be represented by
means of a time-changed standard Poisson process, the probability to have at least
two such jumps is bounded by the square of the above bound, that is,

P(0S NG < o2 H+2nBHDa—n+28n ;o).
Combining this bound with Lemma 4.3 and the Markov inequality, we get

2" —1 2"—1
P( > gm = 2”“”;9(”)) <P(0,) + P( > 1gm Z 2, 0,2)
k=0 k=0

s R
<Cnmel3 yomen,
If2(8 4+ 1)(n — ne) + 26 < 1, then, choosing ¢ sufficiently small, we obtain
2" —1
P(;;) 1GI<{,L) > 1) <C27mr T

Applying finally Borel-Cantelli, we conclude that én = & almost surely. In par-
ticular, dim(G) = 0 with probability one.
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Assume now that 2(8 + 1)(n — n.) + 26 > 1. Applying Borel-Cantelli once
again, we see that the number of indices k with 1 o = 1 is bounded by 2" t¢" p(”).
k

Noting that Gn can be covered by U,%nzl 1 ,f”) 1 o and
k

o0
Yo omten Mo < 0o forall @ > 2(B + 1)(n —ne) +28 — 1 +e,
n=1
we infer that
dim(G,) <2(B+ D(n—ne) +25 — 1 +¢.
Letting ¢ — 0, we get the desired result. [

The remaining part of the subsection is devoted to the proof of the fact that, on
the set (J,1\ Sy—20) \ G, “enough” of big values of L:; 1. cannot be compensated

by L, ; ;- This will lead later to the desired upper bound for Holder exponents for

points from (J~,7,1 \ Sp—20) \ Gn-
As usual, we start with the analysis of jumps. For N > 1, define

N = [AX () = (0 = )V |y — (e 127 N1
for some s >1—2"%N ye IIEN)},

k=0,...,28N —1,

and
2N 1 w
(N) ._
F ._l |(| |Fk+j).
k=0 “j<R

Note that we use N (and not n) above, and at some point we will take N = QOn.

LEMMA 4.10. Forevery R > (1 —(1+ B)(n —ne))~!, there exists a constant
C = C(R) such that

PrROOF. It follows from Lemma 4.3 that

P( U 0n> < 3 PO, <N

n>N n=N
Therefore,
P(F™M) < P(F(N) N ( N 0;)) +P< U 0n>
(4 34) n>N n>N

2N_R—1
< > P(( N F,ff}) N ( N 0;)) + NS
n>N

k=0 Jj<R
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Consider a jump characterized by the triple (y, s, r). We first assume that
=" <y—(k+1)27" <0.

This jump affects £ if and only if r > (1 — s)/A+A=y+0-n/a 1f we

consider s € [r — 27%,r — 27¢U+D) " then r should be greater than
2—a(+DA/A+B) =y +0—=10)/@) _Since

sup X, ([(k4+ 127" =277 (k+1)27")) < j*m27/

s>t—270
on the event 0;-', we have the following bound for the intensity of jumps described
above:

t_z—a(j+1)

/ duX,([(k+ 127" =277, (k+1)27"))
t

_2—0(]'

o 2
x/ or~ —Bar
2—a(j+D1/(A+B)—y+m—nc)/c)

(4.35) . .
< Cj2m2—j(oz+1)21 (@=ya(B+1)+n—nc)(B+1)

— Cj2m2—j(l—(ﬂ—nc)(ﬂ—i-l))—jya(ﬁ-i-l).

If (k+1)2~N — y € [a277, (a 4+ 1)277/) with some a > 1, then r should be bigger
than 2~*U+DA/A+A)=y) gn=ncp—=i(1=nc) Then, on the event oS,

f—2—a(+)

/ duX,([a277, (a+ 1)277))
t

_z—aj

o 2
x/ or~ P dr
2—a(j+D(A/A+B) =) gn—nc2—jm—nc)

(4.36) _ _
< Cjsz_‘/ (a+1D)gjla—ya(B+D+m—n)(B+D) ;—m—n)(B+1)

= Cj2mp i (1=0=n) B+ D)= jya(B+D) = (r=n) (B+1)

Combining (4.35), (4.36) and noting that we can cover the interval I,EN) by the
union of intervals [(k+ 1)27N — (@ + )27/, (k+ )27V —a27/) witha < 2/=N,
we see that the intensity of jumps with y € Ik(N), s >t — 27N is bounded
by

00 2/=N_1
ZCj2m2—j(1—(n—r;c)(ﬂ+1))—jyu(/3+l)(1+ Z a—(n—nc)(ﬁﬂ))

j=N a=1

e.¢]
<cy jAmo i A=m=n B+ D)=jya(p+D) (o] =NyI=0=n) (D)
j=N
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o0
_ C(2—N)1—(U—nc)(ﬂ+1) Z j2m2—j)/¢¥(/3+1)
j=N

< C(2—N)1*(77777€)(ﬂ+1).

This implies that
P<F,§N) A ( N Of,)) < (2 V) =B+,
n>N

Since the jumps can be represented by a time-changed Poisson process, we then

get
N _N\R(=(—ne)(B+1))
(([] ,§+j>m({]05)>5c(2 NyRA=0=n)(BHD)

J<R n>N

Applying this bound to summands in (4.34), we complete the proof of the lemma.
O

From this lemma and the Borel-Cantelli lemma, we obtain:

COROLLARY 4.11. Let R be as in the previous lemma. For P-a.s. v € A®
there exists N4.11 = N4.11(w) such that for every N > N411 and every k: R <k <

2N there exists j = j(k,N) €{l,..., R} with lF(N) 0.
k—j

We need to introduce additional notation. Let
(4.37) ky(x) = LZ”xJ.

Recall A,((")(x), and let § = sk @) [see (4.17), (4.18)] be the time and y = yk )
[defined below (4 18)] be the spatlal position of a jump described in the definition

of the event Ak (x)- Then on A,i’:)(x), fix

(4.38) I (x) :=[29"5].
Moreover, since Q > 1, for every n > N4.11 we can define
(4.39) Fn () = ki (x) = j (kn (x), On),

where j (-, -) is defined in Corollary 4.11, and recall that kn(x) = kon(x).

REMARK 4.12. Note that above definition of [, (x) and especially the con-
struction of 7, (x) are crucial for the proof of the lower bound. In the sequel, we
will show that for x € (J; 1\ S;-25) \ Gy, there exists subsequence {n;} such

+
that big values of L 3, (07 ) are not compensated by L (see

Lemma 4.14 below and Lemma 4.8 above).

joln ;07 (%)
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We also will define three sets in [0, #) x R. For any x € R, set
S;i,x ={(s5,y) €[0,7) xR:|y —x| > (t — s)I7V/},
Sr%,x ={(s,y) € ([0,0)\ (t — p—all=con 4 2—a(1+cp)n)) < R:
ly —x| < (t —s)1 /),
Sy ci={(s,y) e[t —27edmeon p _pmelltain] y g:

ly — x| < (t — )T/ AX(y) < (& — 5) T30/},

and note that the last set is random. In the next lemma, we will show that, under
certain conditions, the jumps of L are small on the above sets. We will

njn (), 7 (x)
also need an additional piece of notation. Let

§*:={(s,y) €10,1) x R: AX4({y}) > 0}

be the set of points in space xtime where the jumps of X, or equivalently of M,
occur.

LEMMA 4.13. Let n € (nc,nc) \ {1}, and p, v, ¢ be as in (4.32). For P-a.s.
w € A, there exists N4.13 = Na.13(w) such that for every n > N4 13 the following

holds. Fix arbitrary x € (0, 1) \ S,_2, such that 1A(n) = 1. Then there exists a
kn

(x) .
constant C4.40) = C4.40)(p, v, ¢) such that for any (s, y) € (U?:1 S,ll’x) NS4, we
have

(4.40) AL™

o i
1,0, (%), 7 (%) (Tf (x).7 (x)(s)) < C440)2 (1+2p)n_

PROOF. Fix some w € A¢ and choose Ny 13 > N411; the choice of Ny 13 will
be clear from the proof. Take arbitrary n > N4 13. Fix also some x € (0, 1) \ $;—2,
satisfying 1, = 1. Recall (4.38), (4.39) and in what follows to simplify the

kn (x)

notation denote
[=h),  r=rf.
Itis clear that a jump, which appears in the definition of A,({:)(x), does not produce

ajumpof L, .
Recall that x € (0, 1) \ S;,_2, means that, for any y € R,

(4.41) AX;(y) < (t —5)/PHDTV |y — 12070,

We will treat the three regions S,"L o

i =1, 2,3 separately.
(i) Let (s, y) € S} , N S*, that is,
(4.42) ly —x| = (=)

First assume |y — x| < n927". We will consider the cases of n < 1 and n > 1
separately. We start with the following.
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Case n < 1. For all x1, x, € R,

r7(0)

(p?LZ(Xl,XZ))_ = (p;x_s(x]) - P?_s(xl))_ = m-
Combining this inequality with (4.41) and (4.42), we get

AL, (T ””(s))<p1 0)(r — 5)1/BF+D~ Y|y — x| 20=ne(y — )~/

n,l,r
et p(lx(o)([ — s)(m-—ay)/aly _ x|n_2p_7]c
< pY(0)]y — x| Wemen)/A=)Fn=n=2p

We choose Ny 13 sufficiently large such that, for any v € (22 10~!) and |y —

x| <n927", (4.40) holds, for all n > Ny 13.
Case n > 1. Here, we have

P20 =y, r2m 0 —y)
= P (1279 =) = P (27" = y) + = D27 P (r27 9" — ).
Note that p{*’ (z) > 0 for all z < 0. Consequently,
(P (1279 — y, 272" —y))”

(4.43) < (P (1279 —y) — pi(r272" —y))”

r7(0)
~(t—s)l/e

for all y > r279",
In the complementary case y < r2~2", one can easily get

(prh (1279 — y,r279" —y))~

P 7(0)
(t—s)l/

If y<(r—1)272", then 272" — y > (x — y)/(R + 1). Thus, using the bound
p‘f”/(z) < C|z|~*~2 and the scaling property, we obtain
r2—Qn _ y>—<x—2
(t —s)l/e
<CR*P(t —s)lx —y| ™72

From this, (4.43) and (4.44) we conclude that, for all y satisfying |y — r2=9" >
2-0n,

(4.44)
= D272 p (1272 — ).

20— y) = Ca -
(4.45)

(P (1279 — y,r279" — y))~
<C(t—s) V" +(r—D272" 1 —5)|x —y|7*7?).
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Combining this with (4.41) we conclude that the corresponding jump
AL7, (T™"" (s)) is bounded by

Clt =) PV |y — 172070 (0 =)™V 4 (r = D279 (1 = 5)|x — y[7*72).

Taking into account (4.42), we see that the expression on the right-hand side does
not exceed

C(|y _ xl(nc—ay)/(l—V)-i—n—nc—Zp + @ — 1)2—Qn|y _ x|(77—1)/(1—v)+va—2p).

Now it is easy to see that (4.40) remain valid for > 1 under additional assumption
y<(@r—12"2" ory>r279"

Now we will take care of the case y € ((r — 1)272",r2792"). By Corol-
lary 4.11 and our definition of r = 7, (x) [recall again (4.39) and n > N4.13 > Na11,
0 > 1], we obtain

(4.46) AX,(y) < (t — S)l/(ﬂJrl)—y‘y _ rZ_Qn}ﬂ_UC

forall y € (r — 1)272%, 272" and s >t — 27%2"_ It is clear that y € ((r —
1)2727 272" implies that |y — x| < (R + 1)272". From this and (4.42), we
infer that (r — s) < (R + 1)%/(0=v)2-2@n/(=v) apnd_ consequently, s >t — 292"
for all sufficiently large n. Repeating all the arguments after (4.44) and using (4.46)
instead of (4.41), we obtain (4.40).

Summarizing, (4.40) is valid for all |y — x| <n927".

Incase |y — x| > n927", we apply Corollary 2.3 if n > 1, or Lemma 2.1 if n < 1
with § = n + 3p (recall the bounds on p and y to getthat 6 < lifn<1land§ <2
if n > 1) to get

—1 82—Q8n _ 2—Qn
e =y =) < DR e (L

- (t— s)(é—i—l)/oz (t — s)l/oz

Since (r — )279" <4p927" and r2~ 9" < x, we then have

q82—8n _
~, 7] —-0n __ —Qn _ n a y—X
pis(12 y,r2 y)|SC(;_S)(HB)/WPI((t—s)l/O‘)'

From this bound and (3.11), we obtain

ALy, (T""(5))

q52—8n _
_ A/ BED=y 2o __ " o y—x
SC(I S) |y Xl (I—S)(3+1)/apl((t—s)1/a

< qu82—8n(t _ S)1/(/3+1)—y—(8+1)/a+(a+1)/a|y _ x|17—27¢—2p—a—1.
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As aresult, for |y — x| > (t — s)1 ™"/ we have
ALy, (TM(5))

< qu82_5”((t — S)l/a)“/(ﬁ‘f'l)—a)/—5+a+(n—nc—2p—a—1)(l—v)
< C2_(77+2)O)ﬂ ((t _ s)1/O‘)n"'H_O‘V_’7_3p+0‘+(ﬂ—nc—2p—a—1)(1—u)
— C27(77+2,0)ﬂ((t _ S)l/a)v(OH_I_77+77c+2;0)—0[)/—5p.

Finally, recall that v > , and then (4.40) holds with an appropriate con-

stant C (4.40)-

(i1) Let (s,y) € S5, N S*. We start with the subset of S,% N
(t —s)1™"/* and s <1 - gati=eom

If n < 1 then, applying Lemma 2.1 with 6 = 1, we obtain

Sp+ay
Ne
where |y — x| <

4pd2="

(t —s)%/
<Cni27"(t — s)l/(ﬂ-f-l)—l/—z/a(t _ s)(l—v)(n—nc—Zp)/Ol

AL

n,l, r( " r(S)) <C@— s)l/(ﬁ“)_?’b; _x|17—m-—2p
=Cn927"((t — S)1/a)a/(ﬁ+1)—ay—2+(1—v)(n—m,-—2p)
= Can2—l’l((t _ S)l/a)ﬁ*l*ay—prv(nfnciLo)
< Cni2™" (2—n(l—cp))n—1—ay—2p_v(,7_nc_2p).

If n > 1, then we can apply Corollary 2.3 with § = 2, which gives
160242721
< Cn?2721 (¢t — s)V/BHD=y =3/ _ oy(A=v)(=ne=2p)/

AL~ ( n 1, r(s)) < C(t S)l/(ﬁ+1)—)/|y . x|’l—77c—2;0

n,l,r

— Cp2ap—2n ((t . s)1/a)0l/(ﬂ+1)—ay—3+(l—V)(n—m-—Qp)
— anqz—Zn ((t _ s)1/01)'7*2*0!)/*20*“(77*%*2/0)
< Cn2q2—2n (2—n(1—cp))U—Z—GV—ZP—V(U—%—ZP)'

Hence, for n € (¢, nc) \ {1}, and with ¢, p,v as in (4.32), we immediately
get (4.40) with an appropriate constant C(4 40).
Now we consider the complimentary subset of S% o
ly —x|<(@—5)17% and s>r—270Fonm
It follows from the definition of ﬁ;x,ny that, for n > 1,
P (1279" =y, r279" —y)|

2p10)
(t—s)l/e

where

(4.47)
+ =02 Q"sup

P ri (@)

/([ _ S)Z/oz
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With this and recalling that (r — [ )2~9" < 4p927" we obtain
A, — o
AL, (T2 (9)) < Ct — ) /DT |y — xr=ie=20
x ((t — )V 4 n927" (1 — 5)72/%)
<Cni27"(t — s)l/(ﬂ+1)—1/—2/0l|y _ x|n—nc—2p
< quzfn((t _ S)l/a)nc—l—017+(1—v)(7)—17c—20)
<Ccnio™" (2—(1+cp)n)77*1*051/*2/0*”(77*7%*2/?).

Again, with ¢, p, v as in (4.32), we immediately get (4.40) with an appropriate
constant C4.40). If n < 1 then, instead of (4.47), we have a simpler inequality

. - 2pi(0)
|y (1270 =y, 270" — )|—( ls)l/ot
Thus,
AL N ( nlr(s))<c(2 (1+cp)n)77 ay=2p—v(n—nc— 2/3)
n,l,r

Consequently, (4.40) holds also for n < 1.

(iii) Let (s, y) € S; NS

Recall that on this set, AX(y) < (t — s)T1+32)/¢ Then applying Corol-
lary 2.3 (if n > 1) or Lemma 2.1 (if n < 1) with § = n + 3p, and by using that
¢, p, v are as in (4.32), one can easily get (4.40) in this case as well. [

Recall that L_ =L (Tf’l’r(t)). In the next lemma, we will deal with re-

n,l,r

gions where {L.— }n>1 may take “big” values infinitely often.

ln(x) T (X)
LEMMA 4.14. For x € (0, 1) define events

B,(x)=[L~ >27m=1 N {1

n == 1 5 > 1
0Ty ()P () = A, =h "=

For any n € (e, nc) \ {1}, we have
P({x € (0, 1)\ Sy—2) : B, (x) i.0.} € G,|A®) =1

PROOF. First, we will show that on w € A®

(4.48) [x €0, 1)\ S;—2,:Bi(x)i0.} C Gy,
where for x € (0, 1),
B*(x)_{AL_ C(440)2 (n+2p)n}m{1 w =1}, n>1.

o (), 7 (x) — kn(’f)

On w € A®, take n > N4 13, and fix some x € (0, 1) \ S,—2, satisfying T,w = 1.
kn (x)

First of all, by definition of Ak ) if 1, =1 then there exists a jump of M
kn (x)
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of the form 7§ 5) with 7,5,y as in Gk ) [see (4.33)]. Moreover, again by

the definition of A,(( )( )» the spatl.al Pos1t10n of the jump,' y, is in Ili:()gc)—Zn‘l—Z'
Hence, it is easy to see that this jump does not contribute to the jumps of
- ()P () 2y
Ln (002 () that is, AL (). rn(x)(T (5)) = 0. Thus, we have to show
that, if AL~ o () 2 > C4.40)2~ M+2p)n and 1 Al(:,?(\e) = 1, then there exists at least
one another big jump of M with properties described in G(").
By Lemma 4.13, we get that if there exists s such that

- ln n
AL 1o T W (5)) = Caan 27T,

then the corresponding jump of M, of the form 4§ y), has to satisfy
|y . x| < (t . s)(l—v)/oc, = [t . 2—a(1—cp)n’ t— 2—a(1+c,0)n]’
r Z (t _ s)(’?+1+3/0)/01‘

This yields that on A¢ (4.48) holds.
Second, it follows from the second inequality in Lemma 2.5 and (4.31), that

P(L;,l,r > 27)7’171; AL;,l,r < C(4'40)27(17+2p)n) < exp{—c22"’”}

for all [, r satisfying (r — [)2~2" < 4n927". (Recall that (7,(x) — I,(x))2-2" <
4p927")
Applying now Borel-Cantelli, we conclude that, with probability one,
U (Ly,, =27 L ALy, < Cuaag2” 20"
O§l<r§2Q”—1,(r—l)2*Q” <4p42—n

occurs only finite number of times. This completes the proof of the lemma. [J

4.4. Proof of Proposition 4.1. Fix arbitrary n € (¢, c) \ {1}. Also fix
Q:[max{4i,4 7 }+2},
Ne |n—1|

where [x] denotes the integer part of x. _ _
It follows from Lemmas 4.8 and 4.14, that for every x € (Jy;,1\ $y-25) \ Gy, for
P-a.s. w on A?, there exists a (random) sequence {7} ;>1 such that

+ pMo—nnj - (nnj—1)
nj l (x) rn (x) 2 b L”} ln (%), rn (x) <2 ! ’

for all n; sufficiently large. This implies that, on the event A®, we have

ZZ n<lnj(x) rnj(x))‘ — oo,
2Qn] 2Qn]

(4.49) lim inf 27 +9n;

J—>00
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for any § > 0. Recall that, X;(-) and Z,Z(-) are Holder continuous with any expo-
nent less than 7. at every point of (0, 1). Therefore, recalling that Q > 477—'76, we
have

lim sup 207X, (x) — X, (Fo, (x)272)|
J= 0 xe(0,1)
(4.50)
= lim C(w)2~1/2Cnenjpm+dn; — P-a.s. on Af.

j—o0

If n <1, then th’"(xl,xz) = th(xl) — th(xz). Therefore, combining (4.49)
and (4.50), we conclude that

(451)  Hp(x)<n  forallx € (Jy1\ Sy-2) \ G, P-as. on A%
Assume now that n > 1. In this case, we infer from (3.28) that P-a.s. on A?,

(4.52) limsup  sup  2Q0m1=2m2en (R 90—V (x)| = 0.
J—>00 xe(0,1D)\S;-2,

Combining (4.49), (4.50) and (4.52), and recalling that Q > 4n/(n — 1), we get

liminf 2079 Z2 (279 ], (x),x)| =00 on A%, P-as.
Jj—00

This implies that (4.51) holds.
We know, by Lemma 3.2, that

Hpyx)>=n—ay —2p forall x € (0, 1)\ §,—2p,P-a.s.
This and (4.51) imply that on A%, P-a.s.,
n—ay —2p<Hpn(x)<n
for all x € (Jy.1 \ Sy—2p) \ G, V0 € (e, 71c) \ {1}.
It follows easily from Lemma 3.3, Corollary 4.6 and Lemma 4.9 that on A®
dim((Jy.1\ Sy—20)\ Gp) = B+ D —ne),  P-as.
Thus, by (4.53),

(4.53)

dim{x: Hyp(x) <n} > B+ 1D —n) on A¢, P-as.

It is clear that

{x:Hpx)=ntu U x:Hpx)em—ntn—m+1]}

n=ngo

={x:n—ny' < Hpx)<n).
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Consequently,
Hy({x:n— nal <H,(x) <n})
=Hy({x:Hp(x) =n})

+ Z Hy({x:Hzpx)e(n —n -+ 1)_1]}).

n=ng

Since the dimensions of S, >, and Gn are smaller than 7, the H,-measure of these
sets equals zero. Applying Corollary 4.6, we then conclude that on A®

Hn((jn,l \ Sp—2p) \ én) >0, P-a.s.

And in view of (4.53), H,({x:n — ngl < H,2(x) <n}) > 0. Furthermore, it fol-
lows from Proposition 3.1, that dimension of the set {x: H,2(x) € (n — n~tn—
(n + 1)~} is bounded from above by (8 + 1)(n — (n + 1)~' — n.). Hence, the
definition of #H, immediately yields

Hy(lx:Hp@x)e(n—n"tn—m+1)71]})=0  on A%, P-as,
for all n > ng. As a result, we have
(4.54) Hy({x:Hpp(x)=n})>0 P-a.s. on A®.

Since ¢ > 0 was arbitrary, this implies that (4.54) is satisfied on the whole proba-
bility space P-a.s. From this, we get that

dim{x: Hyp(x)=n}> B+ D1 —ne), P-a.s.
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