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Symplectic homology and the Eilenberg—Steenrod axioms

KA1 CIELIEBAK
ALEXANDRU OANCEA

APPENDIX WRITTEN JOINTLY WITH PETER ALBERS

We give a definition of symplectic homology for pairs of filled Liouville cobordisms,
and show that it satisfies analogues of the Eilenberg—Steenrod axioms except for the
dimension axiom. The resulting long exact sequence of a pair generalizes various
earlier long exact sequences such as the handle attaching sequence, the Legendrian
duality sequence, and the exact sequence relating symplectic homology and Rabi-
nowitz Floer homology. New consequences of this framework include a Mayer—
Vietoris exact sequence for symplectic homology, invariance of Rabinowitz Floer
homology under subcritical handle attachment, and a new product on Rabinowitz
Floer homology unifying the pair-of-pants product on symplectic homology with a
secondary coproduct on positive symplectic homology.

In the appendix, joint with Peter Albers, we discuss obstructions to the existence of
certain Liouville cobordisms.
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1954 Kai Cieliebak and Alexandru Oancea

1 Introduction

To begin with, a story. At the Workshop on conservative dynamics and symplectic
geometry held at IMPA, Rio de Janeiro in August 2009, the participants had seen in the
course of a single day at least four kinds of Floer homologies for noncompact objects,
among which were wrapped Floer homology, symplectic homology, Rabinowitz—Floer
homology and linearized contact homology. The second author was seated in the
audience next to Albert Fathi, who at some point suddenly turned to him and exclaimed:
“There are too many such homologies!”. Hopefully this paper can serve as a structuring
answer: although there are indeed several versions of symplectic homology (non-
equivariant, S'—equivariant, Lagrangian, each coming in several flavours determined
by suitable action truncations), we show that they all obey the same axiomatic pattern,
very much similar to that of the Eilenberg—Steenrod axioms for singular homology.
In order to exhibit such a structured behaviour we need to extend the definition of
symplectic homology to pairs of cobordisms endowed with an exact filling.

We find it useful to explain immediately our definition, although there is a price to pay
regarding the length of this introduction.

We need to first recall the main version of symplectic homology that is currently in
use, which can be interpreted as dealing with cobordisms with empty negative end.
This construction associates to a Liouville domain — meaning an exact symplectic
manifold (W?",w, ), @ = dA such that @ = A|yp is a positive contact form (see
Section 2.1) —a symplectic homology group SH. (W) which is an invariant of the
symplectic completion (W, @)= (W,w)U ([1,00) x dW, d(ra)). The generators of
the underlying chain complex can be thought of as being either the critical points of
a Morse function on W which is increasing towards the boundary, or the positively
parametrized closed orbits of the Reeb vector field Ry on W defined by do(Ry,-) =0
and a(Ry) = 1. Since the generators of the underlying complex are closed Hamiltonian
orbits, we also refer to symplectic homology as being a theory of closed strings (compare
with the discussion of Lagrangian symplectic homology, or wrapped Floer homology,
below). We interpret a Liouville domain (W, w, 1) as an exact symplectic filling of its
contact boundary (M, £ = ker«a), or as an exact cobordism from the empty set to M,
which we call the positive boundary of W, also denoted by M = 0T W.

The implementation of this setup is the following. One considers on W (smooth
time-dependent 1—periodic approximations of) Hamiltonians H; which are identically
zero on W and equal to the linear function tr—t for r € [1, 0c0) on the symplectization
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part [1,00) x M, where T > 0 is different from the period of a closed Reeb orbit on M.
One then sets

T—>00

where FH. (H;) stands for Hamiltonian Floer homology of H, which is generated by
closed Hamiltonian orbits of period 1, and the direct limit is considered with respect to
continuation maps induced by increasing homotopies of Hamiltonians. The dynamical
interpretation of these homology groups reflects the fact that the Hamiltonian vector
field of a function h(r) defined on the symplectization part [1,00) x M is equal
to Xp(r,x) = h'(r)Ry(x). A schematic picture for the Hamiltonians underlying
symplectic homology of such cobordisms with empty negative end is given in Figure 1,
in which the arrows indicate the location of the two kinds of generators for the underlying
complex, constant orbits in the interior of the cobordism and nonconstant orbits located
in the “bending” region near the positive boundary. The vertical thick dotted arrow in
Figure 2 indicates that we consider a limit over 7 — o0.

A
N,/
w M T

Figure 1: Symplectic homology of a domain

Key to our construction is the notion of Liouville cobordism with filling. The definition
of a Liouville cobordism W?2" is similar to that of a Liouville domain, with the notable
difference that we allow the volume form a A (da)”~! determined by o on dW to
define the opposite of the boundary orientation on some of the components of dW,
the collection of which is called the negative boundary of W and is denoted by 0~ W,
while the positive boundary of W is YW = W \ 0~ W. In addition, we assume
that one is given a Liouville domain F whose positive boundary is isomorphic to the
contact negative boundary of W, so that the concatenation F' o W is a Liouville domain
with positive boundary 9+ W.

Given a Liouville cobordism W with filling F, the output of the closed theory is
a symplectic homology group SH.(W). Although we drop the filling F from the
notation for the sake of readability, this homology group does depend on F. The
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dependence is well understood in terms of the geometric augmentation of the contact
homology algebra of 0~ W induced by the filling; see Bourgeois and Oancea [15].
Symplectic homology SHx« (W) is an invariant of the Liouville homotopy class of W
with filling, and the generators of the underlying chain complex can be thought of as
being of one of the following three types: negatively parametrized closed Reeb orbits
on 3~ W, constants in W, and positively parametrized closed Reeb orbits on 9T W.

To implement this setup one considers (smooth time-dependent 1—periodic approxima-
tions of) Hamiltonians H, ; described as follows: they are equal to the linear function
Tr —1 on the symplectization part [1, 00) x 3T W, they are identically equal to 0 on W,
they are equal to the linear function —ur 4+ p on some finite but large part of the
negative symplectization (8, 1] x 3~ W C F with § > 0, and finally they are constant
on the remaining part of F. Here t > 0 is required not to be equal to the period of a
closed Reeb orbit on 9T W, and p > 0 is required not to be equal to the period of a
closed Reeb orbit on 0~ W. Finally, one sets

SHo (W)= lim lim lim FH?(Hy0),

bh—00 A—>—00 [, T—>00
where FHSf”b) denotes Floer homology truncated in the finite action window (a, b).

Though the definition may seem frightening when compared to the one for Liouville
domains, it is actually motivated analogously by the dynamical interpretation of the
groups that we wish to construct. Let us consider the corresponding shape of Hamil-
tonians depicted in Figure 2. (The vertical thick dotted arrows in Figure 2 indicate
that we consider limits over ;4 — oo and T — o0.) A Hamiltonian H,, ; has 1-
periodic orbits either in the regions where it is constant, or in the small “bending”
regions near {§} x 3~ W and 3T W where it acquires some derivative with respect to
the symplectization coordinate r. The role of the finite action window (a, b) in the
definition is to take into account only the orbits located in the areas indicated by arrows
in Figure 2: as p and t increase, the orbits located deep inside the filling F' have very
negative action and naturally fall outside the action window. The order of the limits
on the extremities of the action window, first an inverse limit on a — —oo and then a
direct limit on b — o0, is important. It has two motivations:

(i) The inverse limit functor is not exact except when applied to an inverse system
consisting of finite-dimensional vector spaces. Should one wish to exchange
the order of the limits on a and b, such a finite-dimensionality property would
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typically not hold on the inverse system indexed by a — —oo, and this would
have implications on the various exact sequences that we construct in the paper.

(i) With this definition, symplectic homology of a cobordism is a ring with unit (see
Section 10). Should one wish to reverse the order of the limits on a and b, this
would not be true anymore.

F ow W atw d
Figure 2: Symplectic homology of a cobordism

It turns out that the full structure of symplectic homology involves in a crucial way a
definition that is yet more involved, namely that of symplectic homology groups of a
pair of filled Liouville cobordisms. To give the definition of such a pair it is important to
single out the operation of composition of cobordisms, which we already implicitly used
above. Given cobordisms W and W’ such that 37 W = 9~ W’ as contact manifolds,
one forms the Liouville cobordism W o W/ = W a4y Ug—w+ W' by gluing the two
cobordisms along the corresponding boundary. The resulting Liouville structure is
well-defined up to homotopy. A pair of Liouville cobordisms (W, V') then consists
of a Liouville cobordism (W, w, 1) together with a codimension-0 submanifold with
boundary V C W such that (V, w|y, A|y) is a Liouville cobordism and (W \ V, w|, A|)
is the disjoint union of two Liouville cobordisms Wb°t™ and WP such that W =
pbotom o 17 o WP We allow any of the cobordisms WP 0Uom WP or V' to be empty.
If V = &, we think of the pair (W, @) as being the cobordism W itself. A convenient
abuse of notation is to allow V = 0T W or V = 0~ W, in which case we think of V
as being a trivial collar cobordism on 9*W. This setup does not allow for V = aW
in case the latter has both negative and positive components, but one can extend it in
this direction without much difficulty at the price of somewhat burdening the notation;
see Remark 1.1 and Section 2.6. A pair of Liouville cobordisms with filling is a pair
(W, V) as above, together with an exact filling F of 0~ W. In this case the cobordism
V inherits a natural filling F o WM See Figure 3.

Given a cobordism pair (W, V') with filling F, we define a symplectic homology group
SH« (W, V) by a procedure similar to the above, involving suitable direct and inverse
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W Vv atv atw

F Wbollom 174 W top

w

Figure 3: Cobordism pair (W, V) with filling F

limits and based on Hamiltonians that have the more complicated shape depicted in
Figure 4. The Hamiltonians depend now on three parameters i, v, T > 0 and the vertical
thick dotted arrows in Figure 4 indicate that we consider limits over p, v, 7 — 0o. One
sets
SH«(W,V)= lim lim lim lim FH? (Hy, o).
b—>00 A—>—00 [, T—>00 V—>00

This is as complicated as it gets. The definition is again motivated by the dynamical
interpretation of the groups that we wish to construct. For a given finite action window
and for suitable choices of the parameters, the orbits that are taken into account
in FH«(Hy,»,) are located in the regions indicated by arrows in Figure 4. They
correspond (from left to right in the picture) to negatively parametrized closed Reeb
orbits on 9~ W, to constants in W™ to negatively parametrized closed Reeb orbits
on 37V, to positively parametrized closed Reeb orbits on 97V, to constants in WP,
and finally to positively parametrized closed Reeb orbits on a9 W (see Section 6).

We wish to emphasize at this point the fact that the above groups of periodic orbits
cannot be singled out solely from action considerations. Filtering by the action and
considering suitable subcomplexes or quotient complexes is the easiest way to extract
useful information from some large chain complex, but this is not enough for our
purposes here. Indeed, getting hold of enough tools in order to single out the desired
groups of orbits was one of the major difficulties that we encountered. We gathered
these tools in Section 2.3, and there are no fewer than four of them: a robust maximum
principle (Lemma 2.2) due to Abouzaid and Seidel [3], an asymptotic behaviour lemma
(Lemma 2.3) which appeared for the first time in Bourgeois and Oancea [15], a new
stretch-of-the-neck argument tailored to the situation at hand (Lemma 2.4), and a
new mechanism to exclude certain Floer trajectories asymptotic to constant orbits
(Lemma 2.5). The simultaneous use of these tools is illustrated by the proof of the
excision theorem, Theorem 6.8.
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Figure 4: Symplectic homology of a cobordism pair

Important particular cases of such relative symplectic homology groups are the sym-
plectic homology groups of a filled Liouville cobordism relative to (a part of) its
boundary. Recalling that we think of a contact-type hypersurface in W as a trivial
collar cobordism, we obtain groups SH, (W, 3T W). It turns out that these can be
equivalently defined using Hamiltonians of a much simpler shape, as shown in Figure 5.
It is then straightforward to define also symplectic homology groups SH. (W, W),
which play a role in the formulation of Poincaré duality; see Section 3.2. We refer to
Section 2.4 for the details of the definitions.

\ \ \ L
FaW W atw F oW W I r /Mzﬁw
r r F ow w r

SH..(W, aW) SH*(W, W) SH, (W, 0T W)

Figure 5: Symplectic homology of a cobordism relative to its boundary

Remark 1.1 Our previous conventions for Liouville pairs do not allow us to interpret
SH..(W, W) as symplectic homology of the pair (W, [0, 1] x dW) if W has both
negative and positive components. To remedy for this one needs to further extend the
setup to pairs of multilevel Liouville cobordisms with filling; see Section 2.6.

The mnemotechnic rule for all these constructions is the following:
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To compute SHy (W, V') one must use a family of Hamiltonians that vanish
on W\ 'V, that go to —oo near dV and that go to +00 near oW \ dV.

Some of these shapes of Hamiltonians already appeared, if only implicitly, in Viterbo’s
foundational paper [68], as well as in Cieliebak [24]. We make their use systematic.

These constructions have Lagrangian analogues, which we will refer to as the open
theory. The main notion is that of an exact Lagrangian cobordism with filling, meaning
an exact Lagrangian submanifold L C W of a Liouville cobordism W which intersects
dW transversally and is such that 0~ L = L Nd~ W is the Legendrian boundary of an
exact Lagrangian submanifold Lz C F inside the filling F' of W. We call LF an
exact Lagrangian filling. There is also an obvious notion of exact Lagrangian pair
with filling. The open theory associates to such a pair (L, K) a Lagrangian symplectic
homology group SHy« (L, K), which is an invariant of the Hamiltonian isotopy class
preserving boundaries of the pair (L, K) inside the Liouville pair (W, V). (In the
case of a single Lagrangian L with empty negative boundary this is known under
the name of wrapped Floer homology of L.) Formally the implementation of the
Lagrangian setup is the same, using exactly the same shapes of Hamiltonians for a
Lagrangian Floer homology group. The generators of the relevant chain complexes
are then Hamiltonian chords which correspond either to Reeb chords with endpoints
on the relevant Legendrian boundaries, or to constants in the interior of the relevant
Lagrangian cobordisms. One can also mix the closed and open theories together as
in Ekholm and Oancea [39] — see Section 8.3 — and there are also S —equivariant
closed theories; see Section 8.2. In order to streamline the discussion, we shall restrict
in this introduction to the nonequivariant closed theory described above.

Remark (grading) For simplicity we shall restrict in this paper to Liouville domains
W whose first Chern class vanishes. In this case the filtered Floer homology groups are
Z—graded by the Conley—Zehnder index, where the grading depends on the choice of a
trivialization of the canonical bundle of W for each free homotopy classes of loops.
If ¢y (W) is nonzero, the groups are only graded modulo twice the minimal Chern
number.

As announced in the title, one way to state our results is in terms of the Eilenberg—
Steenrod axioms for a homology theory. We define a category, which we call the
Liouville category with fillings, whose objects are pairs of Liouville cobordisms with
filling, and whose morphisms are exact embeddings of pairs of Liouville cobordisms
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with filling. Such an exact embedding of a pair (W, V) with filling F into a pair
(W', V") with filling F’ is an exact codimension-0 embedding f: W <> W', meaning
that f*A’— A is an exact 1—form, together with an extension f: FoW <> F'o W’
which is also an exact codimension-0 embedding, such that f (V) C V'. A cobordism
triple (W, V,U) (with filling) is a topological triple such that (W, V') and (V,U) are
cobordism pairs (with filling).

Theorem 1.2 Symplectic homology with coefficients in a field K defines a contra-
variant functor from the Liouville category with fillings to the category of graded
K —vector spaces. It associates to a pair (W, V') with filling the symplectic homology
groups SH« (W, V), and to an exact embedding f: (W, V) < (W', V') between pairs
with fillings a linear map

fi SHL (W', V') = SHL (W, V),

called the Viterbo transfer map or shriek map. This functor satisfies the following
properties:

(i) Homotopy If f and g are homotopic through exact embeddings, then
f=

(ii) Exact triangle of a pair Given a pair (W, V) for which we have the inclusions
V s W L (W, V), there is a functorial exact triangle in which the map d has
degree —1:

SH« (W, V) - SH. (W)
[ 1]
SH. (V)
(Here we identify as usual a cobordism W with the pair (W, @).)
(iii) Excision For any cobordism triple (W, V, U), the transter map induced by the
inclusion (W \/int(U), V \/int(U)) - (W, V) is an isomorphism

ir: SHe (W, V) =5 SH.(W \ int(U), V \ int(U)).
These are symplectic analogues of the first Eilenberg—Steenrod axioms [34] for a
homology theory. The one fact that may be puzzling about our terminology is that we

insist on calling this a homology theory, though it defines a contravariant functor. Our
arguments are the following. The first one is geometric: With Z /2—coefficients we have
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an isomorphism SH.(T*M) ~ H,(LM) between the symplectic homology of the
cotangent bundle of a closed manifold M and the homology of LM, the space of free
loops on M. Moreover, the product structure on SHy (7* M) is isomorphic to the Chas—
Sullivan product structure on Hyx(L£M), and the latter naturally lives on homology since
it extends the intersection product on Hyx(M) = Hy4+«(T*M,T*M \ M). The second
one is algebraic and uses the S!—equivariant version of symplectic homology (see
Section 8.2): We wish that S!—equivariant homology with coefficients in any ring R be
naturally a R[u]-module, with u a formal variable of degree —2, and that multiplication
by u be nilpotent. In contrast, S —equivariant cohomology should naturally be a R|[u]—-
module, with u of degree +2, and multiplication by u should typically rot be nilpotent.
This is exactly the kind of structure that we have on the S!—equivariant version of our
symplectic homology groups. The third one is an algebraic argument that refers to the
0-level part of the S!—equivariant version of a filled Liouville cobordism: Given such
a cobordism W2 this 0-level part is denoted by SH]fl’zo(W) and can be expressed
either as the degree n + k part of H.(W,dW) ® R[u~!], with R the ground ring and
u of degree —2, or as the degree n —k part of H*(W)® R[u]. Since H*(W) ® R[u]
is nontrivial in arbitrarily negative degrees, it is only the first expression that allows
the interpretation of SH;?I’:O(W) as the singular (co)homology group of a topological
space via the Borel construction. This natural emphasis on homology determines our

interpretation of the induced maps as shriek or transfer maps.

Our bottom line is that the theory is homological in nature, but contravari-

ant because the induced maps are shriek maps.

Note that in the case of a pair (W, V') the simplest expression for SHg 1’=0(W, V)
is obtained by identifying it with the degree n — k part of the cohomology group
H*(W,V)® R[u"!]. To turn this into homology one needs to use excision followed
by Poincaré duality, and the expression gets more cumbersome. A similar phenomenon
happens for the nonequivariant version SHZ °(W, V). In order to simplify the notation
we identify the O-level part of symplectic homology with singular cohomology.

Remark (coefficients) The symplectic homology groups are defined with coeffi-
cients in an arbitrary ring R, and statement (i) in Theorem 1.2 is valid with arbitrary
coefficients too. Field coefficients are necessary only for statements (ii) and (iii). As a
general fact, the statements in this paper which involve exact triangles are only valid
with field coefficients, and the proof of excision does require such an exact triangle;
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see Section 6. The reason is that we define our symplectic homology groups as a first-
inverse-then-direct-limit over symplectic homology groups truncated in a finite action
window. The various exact triangles involving symplectic homology are obtained by
passing to the limit in the corresponding exact triangles for such finite action windows,
at which point the question of the exactness of the direct limit functor and of the inverse
limit functor arises naturally. While the direct limit functor is exact, the inverse limit
functor is not. Nevertheless, the inverse limit functor is exact when applied to inverse
systems consisting of finite-dimensional vector spaces, which is the case for symplectic
homology groups truncated in a finite action window. In order to extend the exact
triangle of a pair (and also the other exact triangles which we establish in this paper) to
arbitrary coefficients one would need to modify the definition of our groups by passing
to the limit at chain level and use a version of the Mittag-Leffler condition, a path that
we shall not pursue here. See also the discussion of factorization homology below, the
discussion in Section 4 and Remark 8.2. More generally, one can define symplectic
homology with coefficients in a local system with fibre K — see Abouzaid [1] and
Ritter [63] — and most of the results of this paper adapt in a quite straightforward way
to that setup. One notable exception is the duality results in Section 3, in which the
treatment of local coefficients would be more delicate.

In view of the above discussion, we henceforth adopt the following convention:
Convention (coefficients) In this paper we use constant coefficients in a field K.

Let us now discuss briefly the two other Eilenberg—Steenrod axioms, namely the direct
sum axiom and the dimension axiom, and explain why they do not, and indeed cannot,
have a symplectic counterpart.

(I) The direct sum axiom expresses the fact that the homology of an arbitrary disjoint
union of topological spaces is naturally isomorphic to the direct sum of their homologies,
whereas in contrast a cohomology theory would involve a direct product. The distinction
between direct sums and direct products is not relevant in the setup of Liouville domains,
which are by definition compact and therefore consist of at most finitely many connected
components. Passing to arbitrary disjoint unions would mean to go from Liouville
domains to Liouville manifolds as in Seidel [66], and the contravariant nature of the
functor would imply that it behaves as a direct product. This is one of the reasons
why [66] refers to the same object as “symplectic cohomology”. However, in view
of the extension of the definition to cobordisms this appears to be only a superficial
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distinction. The deeper fact is that, whichever way one turns it around, symplectic
homology of a cobordism with nonempty negative boundary is an object of a mixed
homological-cohomological nature because its definition involves both a direct limit
(on b — 00) and an inverse limit (on @ — —o0). We actually present in Section 3.3 an
example showing that algebraic duality fails already in the case of symplectic homology
of a trivial cobordism.

(II) The dimension axiom of Eilenberg and Steenrod expresses the fact that the value of
the functor on any pair homotopy equivalent to a pair of CW—complexes is determined
by its value on a point. This fact relies on the homotopy axiom and illustrates the strength
of the latter: since any ball is homotopy equivalent to a point, the homotopy axiom
allows one to go up in dimension for computations. As a matter of fact, the dimension
of a space plays no role in the definition of a homology theory in the sense of Eilenberg
and Steenrod, although it is indeed visible homologically via the fact that the homology
of a pair consisting of an n—ball and of its boundary is concentrated in degree n. In
contrast, symplectic homology is a dimension-dependent theory. Moreover, it cannot
be determined by its value on a single object. No change in dimension is possible, and
no dimension axiom can exist. For example, symplectic homology vanishes on the
2n—dimensional ball since the latter is subcritical, but the theory is nontrivial. The
symplectic analogue of the class of CW—complexes is that of Weinstein manifolds, and
the whole richness of symplectic homology is encoded in the way it behaves under
critical handle attachments; see Bourgeois, Ekholm and Eliashberg [13]. One could
say that it is determined by its value on the elementary cobordisms corresponding to a
single critical handle attachment, but that would be an essentially useless statement,
since it would involve all possible contact manifolds and all their possible exact fillings.
The complexity of symplectic homology reflects that of Reeb dynamics and is such
that there is no analogue of the dimension axiom.

We show in Section 3.2 how to interpret Poincaré duality by defining an appropriate
version of symplectic cohomology, and we establish in Section 7.4 a Mayer—Vietoris
exact triangle.

It is interesting to note at this point a formal similarity with the recent development
of factorization homology; see Ayala and Francis [7]. Roughly speaking, a factoriza-
tion homology theory is a graded vector space valued monoidal functor defined on
some category of open topological manifolds of fixed dimension n, with morphism
spaces given by topological embeddings and which obeys a dimension axiom involving
the notion of an FE,—algebra. (Such a category includes in particular that of closed
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manifolds of dimension n — 1, which are identified with open trivial cobordisms of
one dimension higher, a procedure very much similar to our viewpoint on contact
hypersurfaces as trivial cobordisms.) If one forgets the monoidal property then one
essentially recovers the restriction of an Eilenberg—Steenrod homology theory to a
category of manifolds of fixed dimension. Conjecturally, the symplectic analogue of a
factorization homology theory should involve some differential graded algebra (DGA)
enhancement of symplectic homology in the spirit of Ekholm and Oancea [39], and the
axioms satisfied by factorization homology should provide a reasonable approximation
to the structural properties satisfied by such a DGA enhancement.

One other lesson that the authors have learned from Ayala and Francis [7] is that
the Eilenberg—Steenrod axioms can, and probably should, be formulated at chain
level. More precisely, the target of a homological functor is naturally the category of
chain complexes up to homotopy rather than that of graded R—modules. This kind of
formulation in the case of symplectic homology seems to lie at close hand using the
methods of our paper, but we shall not deal with it.

A fruitful line of thought, pioneered by Viterbo [68] in the case of Liouville domains,
is to compare the symplectic homology groups of a pair (W, V) with the singular
cohomology groups, the philosophy being that the difference between the two measures
the amount of homologically interesting dynamics on the relevant contact boundary.
The singular cohomology H"~*(W, V) is visible through the Floer complex generated
by the constant orbits in W \ V' of any of the Hamiltonians H,, , . (see Figure 4) with
the degree shift being dictated by our normalization convention for the Conley—Zehnder
index, and this Floer complex coincides with the Morse complex since we work on
symplectically aspherical manifolds and the Hamiltonian is essentially constant in
the relevant region; see Salamon and Zehnder [65]. Note also that these constant
orbits are singled out among the various types of orbits involved in the computation of
SH..(W, V) by the fact that their action is close to zero, whereas all the other orbits
have negative or positive action bounded away from zero. Accordingly, we denote the
resulting homology group by SHZ (W, V), with the understanding that we have an
isomorphism
SHIO(W, V)~ H" *(W, V).

In the case of a Liouville domain (Figure 1) we see that these constant orbits form a
subcomplex since all the other orbits have positive action. As such, for a Liouville
domain there is a natural map H"~*(W) — SH«(W). In the case of a cobordism or
of a pair of cobordisms such a map does not exist anymore since the orbits on level
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zero do not form a subcomplex. The correct way to heal this apparent ailment is to
consider symplectic homology groups truncated in action with respect to the zero level,
which we denote by

SH;°(W,V), SHZ°(W,V), SHI°(W,V), SHI°(W.,V).

Their meaning is the following: each of them, respectively, takes into account, among
the orbits involved in the definition of SH«(W, V'), the ones which have strictly positive
action (on 7V and T W), nonnegative action (on 3V, 3*W and W \ V), non-
positive action (on 0~ V, d~W and W \ V'), and negative action (on d~V and 9~ W).
We refer to Sections 2.4 and 2.5 for the definitions.

We have maps SHZO(W, V) — SH=O(W, V) — SH,(W, V) induced by inclusions of
subcomplexes, and also maps SH. (W, V) — SHZ%(W, V) — SH°(W, V) induced
by projections onto quotient complexes. The group SHZ (W, V) can be thought of
as a homological cone since it completes the map SH® (W, V) — SHS®(W, V) to an
exact triangle. The various maps which connect these groups are conveniently depicted
as forming an octahedron as in

SH.

ey

SHZ?

SH;O ~ H"—*

The continuous arrows preserve the degree, whereas the dotted arrows decrease the
degree by 1. Among the eight triangles forming the surface of the octahedron, the
four triangles whose sides consist of one dotted arrow and two continuous arrows
are exact triangles (see Proposition 2.18), and the four triangles whose sides consist
either of three continuous arrows or of one continuous arrow and two dotted arrows
are commutative. The structure of this octahedron is exactly the same as the one
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involved in the octahedron axiom for a triangulated category — see Kashiwara and
Schapira [54, Chapter 1]—and for a good reason: this tautological octahedron can be
deduced from the octahedron axiom of a triangulated category starting from (the chain
level version of) a commuting triangle which involves SHE?, SHZ? and SH., and
in which the composition of the natural maps SH? — SHE0 — SH, is the natural
map SH® — SH,. Turning this around, this action-filtered octahedron can serve as
an interpretation of the octahedron axiom for a triangulated category fit for readers
with a preference for variational methods over homological methods.

Our uniform and emotional notation for these groups is
SHY(W,V), Qe{®,>0,>0,=0,<0,<0},
with the meaning that SHZ = SH,.

Definition 1.3 A functor from the Liouville category with fillings to the category of
graded K—vector spaces satisfying the conclusions of Theorem 1.2 is called a Liouville
homology theory.

Theorem 1.4 For Q € {&,> 0,> 0,=0,< 0, < 0} the action-filtered symplectic
homology group SH,? with coefficients in a field K defines a Liouville homology
theory.

The octahedron (1) defines a diagram of natural transformations which is compatible
with the functorial exact sequence of a pair.

In particular, each of the symplectic homology groups SHS defines a Liouville ho-
motopy invariant of the pair (W, V). Note that such an invariance statement can only
hold provided we truncate the action with respect to the zero value, which is the
level of constant orbits. Indeed, answering a question of Polterovich and Shelukhin,
we can define symplectic homology groups SHia’b)(W, V) truncated in an arbitrary
action interval (a,b) C R (see Section 2.5) and the exact triangle of a pair still holds
for SHSfl’b). However, the homotopy axiom would generally break down and the
resulting homology groups would not be Liouville homotopy-invariant, except if the
interval is either small and centred at 0, or semi-infinite with the finite end close enough
to 0, which are the cases that we consider. Failure of Liouville homotopy-invariance
for most truncations by the action can be easily detected by rescaling the symplectic
form. We believe this action filtration carries interesting information for cobordisms in
the form of spectral invariants, or more generally persistence modules; see Polterovich
and Shelukhin [62].
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What do we gain from this extension of the theory of symplectic homology from
Liouville domains to Liouville cobordisms, and from having singled out the action-
filtered symplectic homology groups SHS? Firstly, a broad unifying perspective.
Secondly, new computational results. We refer to Sections 8, 9 and 10 for a full
discussion, and give here a brief overview.

(a) Our point of view encompasses symplectic homology, wrapped Floer homology,
Rabinowitz—Floer homology, S!—equivariant symplectic homology, linearized contact
homology and nonequivariant linearized contact homology. Indeed:

In view of Cieliebak, Frauenfelder and Oancea [29], Rabinowitz—Floer homology of a
separating contact hypersurface X in a Liouville domain W is SH«(X), understood
to be computed with respect to the natural filling int(X).

We show in Section 8.2 that Viterbo’s S'—equivariant symplectic homology SHf l
and its flavours SHfl’O define Liouville homology theories, and the same is true for
negative and periodic cyclic homology. The Gysin exact sequences are diagrams of
natural transformations which are compatible with the exact triangles of pairs and with
the octahedron (1).

In view of Bourgeois and Oancea [18, Theorem 1.3], linearized contact homology
is encompassed by SH:EI’>0 and nonequivariant linearized contact homology is en-
compassed by SH.®. Moreover, our enrichment of symplectic homology to (pairs of)
cobordisms indicates several natural extensions of linearized contact homology theories
which blend homology with cohomology and whose definition involves the “banana”,
ie the genus-zero curve with two positive punctures; see also Bourgeois, Ekholm and
Eliashberg [12] and Remark 9.22. Indeed, such an enrichment should exist at the level
of contact homology too, ie nonlinearized.

(b) Most of the key exact sequences established in recent years for symplectic invariants
involving pseudoholomorphic curves appear to us as instances of the exact triangle of a
pair. Examples are the critical handle attaching exact sequence (see Bourgeois, Ekholm
and Eliashberg [13]), the new subcritical handle attaching exact sequence of Section 9.6
(see also Bourgeois and Koert [19]), the exact sequence relating Rabinowitz—Floer
homology and symplectic homology (see Cieliebak, Frauenfelder and Oancea [29]),
and the Legendrian duality exact sequence (see Ekholm, Etnyre and Sabloff [36]). We
discuss these in detail in Section 9. Our point of view embeds all these isolated results
into a much larger framework and establishes compatibilities between exact triangles,
eg with Gysin exact triangles; see Section 8.2.
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(c) Since our setup covers Rabinowitz—Floer homology, it clarifies in particular its
functorial behaviour. Unlike for symplectic homology, a cobordism does not give rise
to a transfer map but rather to a correspondence

SH. (0™ W) < SH4 (W) — SH. (0T W).

This allows us in particular to prove invariance of Rabinowitz—Floer homology un-
der subcritical handle attachment and understand its behaviour under critical handle
attachment as a formal consequence of [13]. See Section 9.

(d) We describe in Section 10 which of the symplectic homology groups carry product
structures, with respect to which transfer maps are ring homomorphisms as in the
classical case of symplectic homology of a Liouville domain. As a consequence we
construct a degree —n product on Rabinowitz—Floer homology which induces a degree
1 —n coproduct on positive symplectic homology.

(e) We give a uniform treatment of vanishing and finite-dimensionality results in
Section 9.3.

(f) We establish in Section 7.4 Mayer—Vietoris exact triangles for all flavours SHS?.
To the best of our knowledge such exact triangles have not appeared previously in the
literature.

A word about our method of proof. We already mentioned the confinement lemmas of
Section 2.3. There are two other important ingredients in our construction: continuation
maps and mapping cones. We now describe their roles. It turns out that the key map of
the theory is the transfer map

ir: SHY(W) — SHY (V)

induced by the inclusion i: V' < W for a pair of Liouville cobordisms (W, V') with
filling; see Section 5.1. It is instrumental for our constructions to interpret this transfer
map as a continuation map determined by a suitable increasing homotopy of Hamilto-
nians. (Compare with the original definition of Viterbo [68] of the transfer map for
Liouville domains, where its continuation nature is only implicit and truncation by the
action plays the main role.) The next step is to interpret the homological mapping cone
of the transfer map as being isomorphic to the group SHS(W, V') shifted in degree
down by 1 (Proposition 7.13). This is achieved via a systematic use of homological
algebra for mapping cones (see Section 4) in which a higher homotopy-invariance
property of the Floer chain complex plays a key role (Lemma 4.7). While it is possible
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to show directly, starting from the definitions, that the groups SHy (W, V), SH.(W)
and SH, (V) fit into an exact triangle, we did not succeed in proving this directly
for the truncated versions SHS. The situation was unlocked and the arguments were
streamlined upon adopting the continuation map and mapping cone point of view.

We implicitly described the structure of the paper in the body of the introduction, so we
shall not repeat it here. The titles of the sections should now be self-explanatory. We
end the introduction by mentioning two further directions that unfold naturally from the
present paper. The first one is to extend symplectic homology, which is a linear theory
in the sense that its output is valued in graded R—modules, possibly endowed with a
ring structure, to a nonlinear theory at the level of DGAs. This is accomplished for
SH:O in Ekholm and Oancea [39], but the other flavours may admit similar extensions
too. The second one is a further categorical extension of the theory to the level of the
wrapped Fukaya category, in the spirit of Abouzaid and Seidel [3], where this is again
accomplished for Liouville domains. We expect in particular a meaningful theory of
wrapped Fukaya categories for cobordisms, with interesting applications.
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2 Symplectic (co)homology for filled Liouville cobordisms
Symplectic homology for Liouville domains was introduced by Floer and Hofer [42; 26]

and Viterbo [68]. In this section we extend their definition to filled Liouville cobordisms.
Since symplectic homology is a well-established theory, we will omit many details of
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the construction and concentrate on the new aspects. For background we refer to the
excellent account [1].

2.1 Liouville cobordisms

A Liouwville cobordism (W, 1) consists of a compact manifold with boundary W and
a 1-form A such that dA is symplectic and A restricts to a contact form on dW. We
refer to A as the Liouville form. If the dimension of W is 2n, the last condition means
that A A (dA)*~! defines a volume form on dW. We denote by d*W C 0W the
union of the components for which the orientation induced by A A (dA)"*~! coincides
with the boundary orientation of W and call it the convex boundary of W. We call
"W = 0W \ 0T W the concave boundary of W. The convex/concave boundaries
of W are contact manifolds (0 W, a® := A|aiW).l We refer to [25, Chapter 11] for
an exhaustive discussion of Liouville cobordisms and their homotopies. A Liouville
domain is a Liouville cobordism such that W = a1 W.

Example 2.1 Given a Riemannian manifold (N, g), its unit codisk bundle DN :=
{(g. p) e T*N : | p|lg <r} is a Liouville domain with the canonical Liouville form
A = pdq, whereas TN := DR N \int DN for r < R is a Liouville cobordism
with concave boundary given by S¥N := 90D’ N.

Define the Liouville vector field Z € X(W) by iz dA = A and denote by a¥ the
restriction of A to d*W. It is a consequence of the definitions that Z is transverse
to W and points outwards along 9 W, and inwards along 9~ W. The flow ¢, of the
vector field Z defines Liouville trivializations of collar neighbourhoods N'* of 9% W,
U (1—e 1] xdTW,ra™) - (N7, 1),
U ([I,14e)x0” W,ra™) — (N, ),
via the map

(r, x) = 93" (x).

Given a contact manifold (M, ), its symplectization is given by (0, 00) x M with
the Liouville form ro. We call (0, 1] x M and [1, 00) x M (both equipped with the
form ra) the negative and positive parts, respectively, of the symplectization.

IUnless otherwise stated our contact manifolds will be always cooriented and equipped with chosen
contact forms.
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Given a Liouville cobordism (W, 1), we define its completion by
W = ((0,1] x 3~ W) Ug- W g+U[1,00) x 3T W,
with the obvious Liouville form still denoted by A.

Given a contact manifold (M, «a) we define a (Liouville) filling to be a Liouville
domain (F, 1) together with a diffeomorphism ¢: dF — M such that ¢*a = A|yF .

We view a Liouville cobordism (W, w, A) as a morphism from the concave boundary to
the convex boundary, W: (3~ W,a~) — (37 W, a™). We view a Liouville domain W
as a cobordism from & to its convex boundary. Given two Liouville cobordisms W
and W’ together with an identification ¢: (3"W,a~) => (3T W', o’T), we define
their composition by

WoW' =W Uy gy = gep W'

The gluing is understood to be compatible with the trivializations ¥~ and ¥'*, so
that the Liouville forms glue smoothly.

2.2 Filtered Floer homology

A contact manifold (M, «) carries a canonical Reeb vector field Ry € X (M) defined
by the conditions iz, do = 0 and «(Ry) = 1. We refer to the closed integral curves
of Ry as closed Reeb orbits, or just Reeb orbits. We denote by Spec(M, o) the set of
periods of closed Reeb orbits. This is the critical value set of the action functional given
by integrating the contact form on closed loops, and a version of Sard’s theorem shows
that Spec(M, «) is a closed nowhere dense subset of [0, 00). If M is compact, the set
Spec(M, «) is bounded away from O since the Reeb vector field is nonvanishing.

Consider the symplectization ((0,00) x M, ra) and let h: (0,00) x M — R be a
function that depends only on the radial coordinate, ie /(r, x) = h(r). Its Hamiltonian
vector field, defined by d(ra)(Xy,-) = —dh, is given by

X (r,x) = h' (r)Ry(x).

The 1—periodic orbits of X on the level {r} x M are therefore in one-to-one corre-
spondence with the closed Reeb orbits with period A’(r). Here we understand that a
Reeb orbit of negative period is parametrized by —R,, whereas a O—periodic Reeb
orbit is by convention a constant.
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Let (W, 1) be a Liouville domain and W its completion. We define the class
HOV)

of admissible Hamiltonians on W to consist of functions H: S x W — R such that in
the complement of some compact set K D W we have H(r,x) =ar +c witha,c e R
and a ¢ £Spec(dW, ) U {0}. In particular, H has no 1-—periodic orbits outside the
compact set K.

An almost complex structure J on the symplectization ((0,00) x M, re) is called
cylindrical if it preserves § = kera, if J|¢ is independent of r and compatible
with d(ra)|g, and if J(rd,) = Ry. Such almost complex structures are compatible
with d(ra) and are invariant with respect to dilations (7, x) — (cr, x) for ¢ > 0. In the
definition of Floer homology for admissible Hamiltonians on W we shall use almost
complex structures which are cylindrical outside some compact set that contains W,
which we call admissible almost complex structures on w.

Consider an admissible Hamiltonian H and an admissible almost complex structure J
on the completion W of a Liouville domain W. To define the filtered Floer homology
we use the same notation and sign conventions as in [29], which match those of
[24; 3; 39]:

dA(-,J-)=gyJ (Riemannian metric),

dA(Xyg,-)=—-dH, Xyg=JVH (Hamiltonian vector field),
LW :=C®(SLW), S'=R/Z (loop space),

Ag: LW >R, Ap(x):= /Sl x*A _/Sl H(t,x(t))dt (action),
VAg(x) =—-J(x)(x — Xg (¢, x)) (L>—gradient),

u:R— LW, osu=VAgu(s,-)) (gradient line),

where the last equation is equivalent to
2) osu + J(u)(d;u — Xg(t,u)) =0 (Floer equation),
and

P(H) := Crit(Ag) = {l1-periodic orbits of the Hamiltonian vector field Xz},
MG, xy H, J)={u: Rx St — W | du = VAg (u(s,-)), u(+oo,-) =x4+}/R

(moduli space of Floer trajectories connecting x4 € P(H)),
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dm M(x_,x4; H,J) =CZ(x4+)—CZ(x-) — 1,
AH(x+)—AH(x_):/ |3Su|2dsdz:/ u*(dA—dH Adt).
RxS1 RxS1

Here the formula expressing the dimension of the moduli space in terms of Conley—
Zehnder indices is to be understood with respect to a symplectic trivialization of u*TW.

Let K be a field and a < b with a, b ¢ Spec(dW, o). We define the filtered Floer chain
groups with coefficients in K by

FCP(H)= @ Kex. FCUP(H) =FC(H)/FC*(H),
x€P(H)
AH(x)<b

with the differential 9: FC*? (H) — FCia_’l{)(H ) given by

oxy = Z #M(x—,x4;H, J)-x_.
CZ(x—)=CZ(x4)—1

Here # denotes the signed count of points with respect to suitable orientations. We
think of the cylinder R x S as the twice-punctured Riemann sphere, with the positive
puncture at 400 as incoming, and the negative puncture at —oo as outgoing. This
terminology makes reference to the corresponding asymptote being an input and an
output, respectively, for the Floer differential. Note that the differential decreases both
the action Ay and the Conley—Zenhder index. The filtered Floer homology is now
defined as

FH®Y) (H) = ker 8/ im 0.
Note that for a < b < ¢ the short exact sequence
0— FC@D () - rC®9 (H) — FC®(H) — 0
induces a tautological exact triangle

3) FH*? (1) — FH (H) — FHYO (H) — FHED (H)[-1).

Remark We will suppress the field K from the notation. As noted in the introduction,
the definition can also be given with coefficients in a commutative ring, and more
generally with coefficients in a local system as in [63; 1].
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2.3 Restrictions on Floer trajectories

We shall frequently make use of the following three lemmas to exclude certain types of
Floer trajectories. The first one is an immediate consequence of Lemma 7.2 in [3]; see
also [64, Lemma 19.3]. Since our setup differs slightly from the one there, we include
the proof for completeness.

Lemma 2.2 (no escape lemma) Let H be an admissible Hamiltonian on a completed
Liouville domain (W, w,A). Let V C W bea compact subset with smooth boundary
dV such that A|yy is a positive contact form, J is cylindrical near dV and H = h(r)
in cylindrical coordinates (r, x) near 0V = {r = 1}. If both asymptotes of a Floer
cylinder u: R x 1 — W are contained in V, then u is entirely contained in V.

The result continues to hold if Hg depends on the coordinate s € R on the cylin-
der R x S' such that d;Hy < 0 and the action Ap, (r) = rhi(r) — hg(r) satisfies
05 Ap, (r) <0 for r near 1.

Proof Assume first that H is s—independent. Arguing by contradiction, suppose
that u leaves the set V. After replacing V' by the set {r < ro} for a constant ro > 1
close to 1, we may assume that u leaves V' and is transverse to dV. In cylindrical
coordinates near dV we have Xz = h/(r)R and A = ra, where R is the Reeb vector
field of & = A|yy, so the functions H = h(r) and A(Xg) = rh’(r) are both constant
along dV. Note that their difference equals the action Ay(r).

Now S :=u~! (W \int V') is a compact surface with boundary. We denote by j and 8
the restrictions of the complex structure and the 1—form d¢ from the cylinder R x S'!
to S, so that on S the Floer equation for u can be written as (du —Xg (u)® B)%! =0.
We estimate the energy of u|g:

E(u|s)=%[s|du—xH ® BI2 volg
2/(u*dk—u*dH/\,3)
S
=/ d(u*k—(u*H),B)—i—/(u*H)d,B
S S
- f (WA — (u* H)B)
aS
=/ A — X1 () ® B)
S
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:/aS)L(Jo(du—XH(u)®ﬂ)°(—j))
:/ droduo(—j)
aS

<0.

Here the equality in the 4™ line follows from Stokes’ theorem and df = 0. The
equality in the 5 line holds because the r—component of u|yg equals ro and thus

f W ((Xg) — H)B = / A(ro)B = / An(ro) df = 0.
Ay aS S

The equality in the 6™ line follows from the Floer equation, and the equality in the
7% line from Ao J = dr and dr(Xg) = 0 along dV. The last inequality follows
from the fact that for each tangent vector £ to dS defining its boundary orientation,
j €& points into S, so du(j§&) points out of V and dr odu(j€) > 0. Since E(ul|s)
is nonnegative, it follows that E(u|s) = 0, and therefore du — Xy (u) ® 8 =0. So
each connected component of u|g is contained in an Xz —orbit, and since Xg is
tangent to 0V, u(S) is entirely contained in dV. This contradicts the hypothesis that u
leaves V' and the lemma is proved for s—independent H.

If Hy is s—dependent, we get an additional term [¢(u*dsHy) ds Adt <0 in the 3th
line, so the equality in the 4™ line becomes an inequality <. The equality in the 5%
line also becomes an inequality < due to the nonpositive additional term in

/ Ap,(ro)p =/ Ap,(ro) d,3+/ dsAp, (ro) ds Adt <0.
N s s

This proves the lemma for s—dependent H. |

Remark The proof shows that Lemma 2.2 continues to hold if the cylinder R x S'!
is replaced by a general Riemann surface S with a 1-form f satisfying H dff <0
and Ay (r)dp <0 for all r near 1. In this case we can allow H to depend on s in
holomorphic coordinates s +i¢ on a region U C S in which 8 = c dt for a constant
¢ >0, with the requirements d; Hy <0 and 054 (r) <0 as before. This generalization
underlies the definition of product structures in Section 10.

The second lemma summarizes an argument that appeared first in [15, pages 654—655].

Since the conventions in [15] differ from ours, we include the short proof for complete-
ness.
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Lemma 2.3 (asymptotic behaviour lemma) Let (R xM, ra) be the symplectization
of a contact manifold (M,«). Let H = h(r) be a Hamiltonian depending only on
the radial coordinate r € R4, and let J be a cylindrical almost complex structure.
Let u = (a, f): R+ x S — Ry x M be a solution of the Floer equation (2) with
limg_ 4 oo u(s,-) = (r4, y+(-)) for suitably parametrized Reeb orbits y. .

(i) Assume h”(r_) > 0. Then either there exists (sg,tp) € R x S! such that
a(sg,to) > r—, or u is constant equal to (r—, y_).

(i) Assume h"(ry) < 0. Then either there exists (so,t9) € R x S! such that
a(so,to) > r4, or u is constant equal to (r4, y+).

Proof In coordinates (s,7) € R4 x S, the Floer equation for u = (a, f) with
Hamiltonian H = h(r) expands to

4) dsa—a(d; f)+h'(a)=0, da+a(dsf)=0, mgdsf +J(f)mgd, f =0,

where 7g: TM — £ = ker « is the projection along the Reeb vector field R. In case (i),
suppose h”(r—) >0 and a(s,t) <r_ forall (s,t) e R_x S'. After replacing R_ x S'!
by a smaller half-cylinder we may assume that 4" (a(s,t)) >0 for all (s,z) e R_xS!.
Then the average a(s) := fol a(s,t)dt satisfies

1
c_l/(s)=/0 dsa(s,t) dt

1 1
=/ oz(asf)(s,t)dt—/ K (a(s. 1)) dt
0 0

1 1
> /0 Fra(s) —/0 W(r_) di
> / a—h(o)=h(r-)—h(r-)=0.

Here the second equality follows from the first equation in (4), the first inequality from
a(s,t) <r— and h"(a(s,t)) > 0, and the second inequality from Stokes’ theorem and
f*da > 0. For the third equality observe that x_(¢) = (r—, y—(t)) is a 1—periodic
orbit of Xz = h'(r)R if and only if y_ = h'(r-)R, so that [, o =h'(r-).

Now a’(s) > 0 and a(—o0) = r— imply that @(s) > r— for all s, which is compatible
with a(s,t) <r_ onlyif a(s,t) =r_ forall (s, ¢). Then all of the preceding inequalities
are equalities; in particular, f*da =0, and therefore u(s,z) = (r—, y;(¢)) forall (s,1).
This proves case (i). Case (ii) follows from case (i) by replacing # by —h and u(s, )
by u(—s, —t). O
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Lemma 2.3 can be rephrased by saying that nonconstant Floer trajectories must rise
above their output asymptote if the Hamiltonian is convex at the asymptote, and they
must rise above their input asymptote if the Hamiltonian is concave at the asymptote.
Combined with Lemma 2.2, it forbids Floer trajectories of the kind shown in Figure 6.

/\ N\ H
7 + _ .
W

Figure 6: Such Floer trajectories are forbidden by Lemma 2.3 in combination
with Lemma 2.2.

The third lemma follows from a neck-stretching argument using the compactness
theorem in symplectic field theory (SFT). We refer to Figure 7 for a sketch of a
situation in which a certain kind of Floer trajectory is forbidden by this technique.

Lemma 2.4 (neck-stretching lemma) Let H be an admissible Hamiltonian on a
completed Liouville domain (W A). Let V C W be a compact subset with smooth
boundary dV such that H = ¢ near dV and Al|yy is a positive contact form. Let
JR be the compatible almost complex structure on W obtained from J by inserting
a cylinder of length 2R around 0V. Then for sufficiently large R there exists no
Jr—Floer cylinder u: R x S — W with asymptotic orbits x+ at oo such that

(1) x—=CintV and x4 C W\V with Ag(x4+) < —c, or
(2) x4 CVand x_ CW\V with Ag(x_) > —c.

Proof Let us first describe more precisely the neck-stretching along M = dV. Pick
a tubular neighbourhood [—¢,¢] x M of M in W on which H = ¢ and A = e”a,
where o = A|ps and p denotes the coordinate on R. Let J be a compatible almost
complex structure on W whose restriction Jo to [—¢, €] x M is independent of p and
maps § =kero to § and d, to Ry. Let ¢g be any diffeomorphism [-R, R] — [—¢, €]
with derivative 1 near the boundary. Then we define Jg on w by (¢r xid)xJo on
[—¢, €] x M, and by J outside [—e¢, ] x M.
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H
Y+
Y-
') w

Figure 7: Such Floer trajectories are forbidden if —c > Ay (x4).

Consider a Jg—Floer cylinder u: R x S — W with asymptotic orbits xy . Its Floer
energy is given by

Ane) = () = [

\0gu|?ds dt = / w*(dA—dH A dr).
RxS!

RxS!

Set ¥ =u~!([—¢, &] x M) and write the restriction of u to X as

uls =(proa, f), (a,f): T —[-R, Rl xM.

Let ¥: [-R, R] — [e~¢, €] be any nondecreasing function which equals e?® on the
boundary. Using nonnegativity of the integrand in the Floer energy, vanishing of d H
on [—&,¢] x M and Stokes’ theorem, we obtain

AH(x+)—AH(x_)z/ u*(d)k—dH/\dt):/ u* dx
) X

_ / (@, f)* d(e?Ra) = / @. ) d(ye)
> z
:L(W(a)da/\f*am/f(a)f*da)-

Since (a, f) is Jo—holomorphic, da A f*« and f*da are nonnegative 2—forms
on X. Since ¥'(a) >0 and Y (a) > e~ %, and ¢ was arbitrary with the given boundary
conditions, this yields a uniform bound (independent of R) on the Hofer energy
of (a, f) (see [14, Section 5.3; 30, Section 4.1]).

Now suppose there exists a sequence Ry — oo and Jg,—Floer cylinders ug: R xS 1
W with asymptotic orbits x4+ lying on different sides of M. By the SFT compact-
ness theorem [14; 30], u; converges in the limit to a broken cylinder consisting of
components in the completions of V' and w \ V satisfying the Floer equation and
Jo—holomorphic components in R x M, glued along closed Reeb orbits in M. Since x4
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lie on different sides of M, the punctures asymptotic to x4 lie on different components.
Hence, for large k there exists a separating embedded loop 8 C R x S such that
uy o8y is C!—close to a (positively parametrized) closed Reeb orbit y on M (which
we view as a loop in W lying on dV'). Here §y is parametrized as a positive boundary
of the component of R x S! that is mapped to V. Now we distinguish two cases.

Case (i) (x_CV and x; C W \ V) Then §; winds around the cylinder in the
positive S!—direction, and since the Hamiltonian action increases along Floer cylinders
we conclude

Ap(x4) = Aa(y) = Ag(x-).
Since fy )szy a >0, we obtain Ag (y) =fy )L—fol cdt>—c andthus Ag (x+)>—c.

Case (ii) (x; CV and x_ C W \ V) Then & winds around the cylinder in the
negative S —direction, and since the Hamiltonian action increases along Floer cylinders

we conclude
Ag(x4) > Ag(—=y) = Ag(x-).

Since fyk = fyoc > 0, we obtain Ag(—y) = —fyk —folcd[ < —c¢ and hence
Ag(x-) = —c. m

Our fourth lemma prohibits certain trajectories asymptotic to constant Hamiltonian
orbits. We consider the setup consisting of a completed Liouville domain W, a cobor-
dism V C W such that (W, V) is a Liouville pair, ie W = WP o |/ o WP and a
Hamiltonian H: W — R which is constant on V, which depends only on the radial
coordinate r in an open neighbourhood of dV and which is either strictly convex
or strictly concave as a function of r outside V' in each component of the given
neighbourhood of dV. Denote by ¢ the value of H on V.

Let f: V — R be a Morse function which depends only on the radial coordinate r in
some neighbourhood of 3V and such that 3%V are regular level sets. We require the
gradient of f to point inside/outside V' along 0~V if H is concave/convex near 0~ V,
and to point inside/outside V' along 01V if H is concave/convex near 37 V.

Given ¢ > 0 we denote by V& = ([1 —&, 1] x 0" V)UV U (1,1 +¢] xdTV) an
e—thickening of V inside W. For & > 0 small enough let

Hp,: SIxW >R

be a smooth Hamiltonian which is equal to ¢ + &2 f on V, which is equal to H
outside V¢ and which smoothly interpolates between H and c+&% f on [1—¢, 1]x3~V
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and [1,14¢] x @1V as a function of r which is either concave or convex, according
to H being concave or convex on each of these regions.

We consider admissible almost complex structures on W which are time-independent
on V, cylindrical near 0V, and such that the gradient flow of f is Morse—Smale.

Lemma 2.5 Let f: V — R be a Morse function and Hy, a Hamiltonian as above.
For & > 0 small enough the following hold:

(1) If the gradient of f points inside V along 0™V, then there is no Floer trajectory
for Hy, which is asymptotic at the positive end to a constant orbit given by
a critical point of f and which is asymptotic at the negative end to an orbit
in Wbottom‘

(2) Ifthe gradient of f points outside V along 0~ V, then there is no Floer trajectory
for Hy, which is asymptotic at the negative end to a constant orbit given by
a critical point of f and which is asymptotic at the positive end to an orbit
in Wbottom'

Proof To prove (1) we argue by contradiction and assume without loss of generality
that there is a sequence of positive real numbers &, — 0 and a sequence of Floer
trajectories u,: R x ST — 1% solving dsun + J¢(un)(0run — Xg,,, (un)) = 0 such
that limg— o0 Up (s,1) = p+ and limg—s_ oo Uy (s,1) = x_(t), with p4+ a critical point
of f, x_: S'— W a 1-periodic orbit of H inside WM and J = (J;) an admissible
almost complex structure which is time-independent on V' and such that the flow of
the gradient of f for the corresponding Riemannian metric is Morse—Smale.

We interpret V' as a Morse—Bott critical manifold with boundary for the action functional
Ap and we view Hy, , n > 1 as determining a sequence of Morse perturbations
of Ay along V. The Morse—Bott compactness theorem, proved in a more restricted
Hamiltonian setting in [16, Proposition 4.7] and in a general SFT setting in [14; 30],
applies to our situation. Indeed, the fact that the Morse—Bott manifold V' has boundary
plays no role and the proof of [16, Proposition 4.7] carries over mutatis mutandis.

It follows that, up to extracting a subsequence, the sequence u, converges in the
terminology of [16, Definition 4.2] to a broken Floer trajectory [u] with gradient
fragments. The critical manifold V' may be disconnected, but all its components are
located on the same action level Ay = —c. Since Floer trajectories for H strictly
increase the action from the asymptote at the negative puncture to the asymptote at the
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positive puncture, we infer that each level of the limit [u#] contains at most one gradient
trajectory of f. Moreover, [u] has a representative # = (uy,...,u;) described as
follows: There exists 1 <i </ such that:

® uy,...,u;— are Floer trajectories for H, with u;(—00) = x_ and u;(400) =
ujp1(—oo) for 1 <j <i-2.

e u; is a Floer trajectory with one gradient fragment, ie u; = (u;,y;) with u; a
Floer trajectory for H and y;: [0, +00) — V anegative gradient trajectory for f,
ie solving y; = —Vf(y;), subject to the following conditions: u;_;(400) =
uij(—oo) if i > 1 and u;(—o0) = x— if i = 1; u;(4+00) = y;(0) € V; and
yi(+oo)=pyifi =1.

® ujy1,...,u; are negative gradient trajectories u; = y;: R — V for f, ie
solving y; =—Vf(y;) for j =i+1,...,[ subject to the conditions y; (—o0) =
Yj—1(4+00) for j =i +1,...,1 and y;(+00) = p4.

We now focus on the level u; = (u;, y;). Three situations can arise:

Casel (y(0) € V\dV) Then the Floer trajectory u; solves the Cauchy—Riemann
equation dgu + J(u) d;u = 0 on some half-cylinder [sq, +00) x ST with s¢ > 0. We
identify biholomorphically [sg, +00)x S! with a punctured disc D and, by assumption,
u: D — V admits a continuous extension at the puncture. Thus, 0 € D is a removable
singularity and we can view u;: R x S1 — W as being defined on a Riemann sphere
with a single negative puncture, on which it solves a Floer equation. The asymptote
at the negative puncture is located in W™ by assumption, and the image of u;
intersects 0~ V. Then Lemma 2.2 gives a contradiction.

Case2 (y(0)€dtV) Pick § >0 such that [1—§,1]x 3TV does not contain critical
points of f. Since [u] is the limit of the sequence u,, there exists no > 1 such that
the image of u,, intersects the set (1 —§, 1] x 3" V. By assumption, both asymptotes
of u, are located in WPmy 1\ ([1 —§,1] x 97 V), and Lemma 2.2 again gives a
contradiction.

Case3 (y(0) € a7 V) The map y;: [0,00) — V solves y; = —Vf(y;) and enters
V' in positive time, but at the same time —Vf points outwards along dV, which is a
contradiction.

The proof of (2) is entirely analogous: Cases 1 and 2 are treated exactly in the same
way, while Case 3 is proved similarly to (1) using that negative gradient trajectories
of a Morse function on V' whose gradient points outwards along 0V must exit V' in
negative time. O
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Remark 2.6 The conclusions of Lemma 2.5 most likely do not hold if one exchanges
“positive” and “negative” in either of the statements (1) or (2). Although we do not
have an explicit example involving Floer trajectories, ie twice-punctured spheres,
we can easily give an example involving pairs of pants. Consider to this effect a
Liouville domain W and the trivial cobordism V = [% 1] x W over the boundary.
As discussed in Section 10, the symplectic homology group SH=(V) = SHS? (W)
is a unital graded commutative ring, and the unit maps to 1 € H"~*(dW) under
the projection SH=(V) — SHI(V) ~ H"*(0W). Assume now that the map
SH%(V) — SH=(V) is nontrivial — which holds for example in the case of unit
cotangent bundles of closed manifolds — and consider a class « # 0 in its image. Since
1-o = a # 0 we infer the existence of at least one solution to a Floer equation defined
on a pair of pants with two positive punctures and one negative puncture, asymptotic at
one of the positive punctures to a constant orbit inside V, and asymptotic at the two
other punctures to orbits located in WM = W\ V.

2.4 Symplectic homology of a filled Liouville cobordism

Let (W, 1) be a Liouville cobordism and (F, A) a Liouville filling of (0" W, @™ =A5-w).
We compose F' and W to form the Liouville domain

Wg:=FoW
and denote its completion by Wr . We define the class
H(W; F)

of admissible Hamiltonians on WF with respect to the filling F to consist of functions
H: S'xWr — R such that H € H(WF) and H =0 on W. When there is no danger
of confusion we shall use the notation

H(W)

for the set H(W; F) and refer to its elements as admissible Hamiltonians on W.

Remark 2.7 For the purposes of this section it would have been enough to define
admissible Hamiltonians by the condition H < 0 on W. This would have allowed for
cofinal families consisting of Hamiltonians with nondegenerate 1—periodic orbits. The
definition that we have adopted requires us to use small perturbations in order to define
Floer homology and is slightly cumbersome in that respect. However, it will prove very
convenient when we come to the definition of symplectic homology groups for pairs.
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Next we consider continuation maps. Let H_ > H_ be admissible Hamiltonians
and Hy for s € R be a decreasing homotopy through admissible Hamiltonians such
that Hy = Hy near o0. Let Jg be a homotopy of admissible almost complex
structures. Solutions of the Floer equation dsu + Js(u)(0;u — Xp, (1)) = O satisfy
a maximum principle in the region where all the Hamiltonians H; are linear and all
the almost complex structures are cylindrical, and their count defines continuation
maps FH«(H+) — FH.(H_-). Since the homotopy is decreasing, the action increases
along solutions of the preceding s—dependent Floer equation, so it decreases under
the continuation map. We infer from this the existence of filtered continuation maps
FHg_w’b)(H+) — FHi_oo’b)(H_) for b € R, and more generally the existence of
filtered continuation maps

FH? (0, ) — FHYD (H.), a <b.

For an admissible Hamiltonian H we also have natural morphisms determined by
inclusions of and quotients by appropriate subcomplexes

FHY? (H) - FHY P (H), a<d. b<b.

These morphisms commute with the continuation morphisms, and we obtain more
general versions of the latter,

FHD (1) - FHY P (H.), a<d', b<Vb.

Given real numbers —oco0 < a < b < 0o, we define the filtered symplectic homology
groups of W (with respect to the filling F') to be

(5) SHPW)=1lim  FHSP(H).
HeH(W;F)

The direct limit is taken here with respect to continuation maps and with respect to the
partial order < on H(W; F') defined as follows: H < K ifandonlyif H (¢, x) < K(t, x)
for all (¢, x). Note that in a cofinal family the Hamiltonian necessarily goes to +o0
on F U ([1,00) x 3T W). Recall also that, in order to achieve nondegeneracy of the
1—periodic orbits, the Hamiltonian H needs to be perturbed on W, where it is constant
equal to zero. Our convention is that we compute the direct limit using a cofinal family
for which the size of the perturbation goes to zero.

Taking the direct limit in (3) we obtain for a < b < ¢ the tautological exact triangle

©) SHP (W) — sH® (W) — SHP O (W) — sHE? (W) [-1].
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Definition 2.8 We define six versions of symplectic homology groups of W (with
respect to the filling F):

SH«(W) = lim lim SHD) (W) (full symplectic homology),

b—>oo0 a—>—0

SHO(W) = lim lim SHSf”b)(W) (positive symplectic homology),
b—00 a\(0

SHZO(W) = lim lim SH,(ka’b)(W) (nonnegative symplectic homology),
b—o0a /0

SHZ°(W) = lim lim SHD) (W) (zero-level symplectic homology),
b\0a, 0

SHEO(W) = lim lim Skaa’b)(W) (nonpositive symplectic homology),
b\0 a—>—00

SHIO(W) = lim lim Skaa’b)(W) (negative symplectic homology).
b,/0a—>—00

Since the actions of Reeb orbits are bounded away from zero, the direct/inverse limits
as a (or b) goes to zero stabilize for a (respectively b) sufficiently close to zero, so
they are not actual limits. Note that the actual inverse limits as a — —oo in these
definitions are always applied to finite-dimensional vector spaces when considering
field coefficients. This ensures that the inverse and direct limits preserve exactness of
sequences; see [28] for further discussion of the order of limits, and also [34, Chapter 8]
for a discussion of exactness.

The geometric content of the definition is the following: Let H be a Hamiltonian as
depicted in Figure 8, which is constant and very positive on F \ ([§, 1] x dF) with
0 < § < 1, which is linear of negative slope with respect to the r—coordinate on
[6, 1] x 0F, which vanishes on W, and which is linear of positive slope with respect
to the r—coordinate on [1,00) x 3T W. The 1-periodic orbits of H fall in four
classes, denoted by F (orbits in the filling), /™ (orbits that correspond to negatively
parametrized closed Reeb orbits on 9~ W), 19 (constant orbits in W), and I (orbits
that correspond to positively parametrized closed Reeb orbits on 3T W). As § — 0
and as the absolute values of the slopes go to co, Hamiltonians of this type form a
cofinal family in H(W; F). The action of orbits in the class F becomes very negative
and falls outside any fixed and finite action window (a, b), so the homology groups
SHSﬁa’b)(W) take into account only orbits of type /%% . Each flavour of symplectic
homology group SHS(W) for Q € {@,>0,>0,=0,<0, <0}, with SHZ(W) as

Algebraic € Geometric Topology, Volume 18 (2018)



1986 Kai Cieliebak and Alexandru Oancea

a notation for SH. (W), takes into account orbits in the class 70+ 1+ 0t J0,
179, I~ respectively, for arbitrarily large values of the slope. As such, each of these
symplectic homology groups corresponds to a certain count of negatively parametrized
closed Reeb orbits on d~ W, of constant orbits in W, and of positively parametrized
closed Reeb orbits on 9T W.

Figure 8: Cofinal family of Hamiltonians for SHY (W)

The next proposition will be proved as Proposition 5.5 below.

Proposition 2.9 Each of the above six versions of symplectic homology is an invariant
of the Liouville homotopy type of the pair (W; F).

The following computation is fundamental in applications.

Proposition 2.10 Let dim W = 2n. Then we have a canonical isomorphism

SH;O(W) =~ H" *(W).

Proof Consider a Hamiltonian K of the shape as in Figure 8. Since W is symplecti-
cally aspherical, it follows from [65, Theorem 7.3] (see also [68, Proposition 1.4]) that
if K is sufficiently C2—small on W, then its Floer chain complex reduces to the Morse
cochain complex for an appropriate choice of almost complex structure. Fix such a K
and denote by ¢ > 0 its constant value on the filling F. Pick ¢ with 0 < ¢ < ¢, so that
the constant orbits in F have action —c¢ < —¢. Since the Conley—Zehnder index of
a critical point is related to its Morse index by CZ = n — Morse, we get a canonical
isomorphism FHSK_S"E)(K) ~ H" *(W).

Consider any other Hamiltonian H of the shape as in Figure 8 with K < H. We choose
¢ smaller than the smallest action of a closed Reeb orbit on dW. Then all nonconstant
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orbits of H have action outside (—¢, &) and a monotone homotopy from K to H

yields a continuation isomorphism FHi_S’s)(K ) = FH,(k_s’s) (H), which induces in
the direct limit over H a canonical isomorphism

FH® (K) =5 SHSD (W) = SHZO(W). O

Remark 2.11 If W is a Liouville domain, we have
SHE®(W) =0, SHE’(W)=SH;°(W), SHZ(W)=SH.(W),

and the group SH ®(W) coincides by definition with the group SH;" (W) of [15]. If W
is a Liouville cobordism with Liouville filling F, we have (by a standard continuation
argument)

SHZO(W) =~ SHZ®(Wr).

Proposition 2.12 The following “tautological” exact triangles hold for the symplectic

homology groups of W :
SH" — SH, SHE —  , SH,
[_k / [—’k /
SHZ? SH;?
SHO —  SHO SH;® —— SHZO
NP N
SH? SHZ?

Proof We prove the exactness of the triangle
(7) SH=O(W) — SH, (W) — SH. (W) — SH=(W)[-1].
The proofs for the other three triangles are similar and left to the reader.

Let &€ > 0 be smaller than the minimal period of a closed characteristic on 9T W. It
follows from the definitions that
SHE(W) = lim SH (W)
a—>—0o0
and
SHZ®(W) = lim SHEP (w).

b—o0
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For fixed a,b € R such that —co <a <0 < &€ < b < 0o we have from (6) an exact
triangle

SHD (W) — SH@D (W) — SHED (W) — SH®D (W)[-1].

All the terms in this exact triangle are finite-dimensional vector spaces. The inverse
limit functor is exact on directed systems consisting of finite-dimensional vector spaces,
and the direct limit functor is always exact. We then obtain (7) by first taking the
inverse limit on ¢ — —o0, and then taking the direct limit on b — oo. a

Symplectic homology groups relative to boundary components Let A C oW be a
union of boundary components of W and write

AT = Anotw.

We further assume that A~ is a union of boundaries of components of F. We refer to
such an A as an admissible subset of W .

Examples One obvious choice is A~ = 0~ W, which satisfies the assumption for
any F. If each component of F has connected boundary then one can take A~ C 9~ W
arbitrarily. If F consists of a single connected component then the only possible
choices are A~ =0~ W or A~ = @. Note also that, if A satisfies the assumption, then
A€ := dW \ A also does.

Let F4- denote the filling of (A™,a™) consisting of the union of the components
of F with boundary contained in A~ . Let

(Wr \ W)4 = int F4— U((1,00) x AT),
so that
W \W = (Wp \ W)4U(Wp\ W)ye.

Given real numbers —oco < a < b < 00, we define the filtered symplectic homology
groups of W relative to A (with respect to the filling F') to be

(8) SH&a,b)(W’ A) = h—n} lﬁ’ FHia’b)(H)
HeH(W;F) HeH(W;F)

H—00 on (Wp\W) 4¢ H—>—00 on (Wp\W)4

Definition 2.13 We define six flavours of symplectic homology groups of W relative
to A, or symplectic homology groups of the pair (W, A),

SHY(W, A), Qe{@,>0,>0,=0,<0,<0},

Algebraic € Geometric Topology, Volume 18 (2018)



Symplectic homology and the Eilenberg—Steenrod axioms 1989

SH, (W, W)

0 W = = -~ 8+W

Ny A 7
SH. (W, W) SH, (W, 9t W)
W~ oW W = = < W
< 7 N - 7

Figure 9: Shape of Hamiltonians for SH. (W, A) with A = @, dW,d~ W, ot w

by the formulas in Definition 2.8 with SH@"?) (W) replaced by SH?) (W, A). The
notation SHi9 with O = & refers to SHs.

We refer to Figure 9 for an illustration of several significant cases of Hamiltonians
used in the computation of relative symplectic homology groups. The case A = &
corresponds to Figure 8. In each case, in the limit the orbits that appear in the filling
either fall below or fall above any fixed and finite action window, so that only orbits
appearing near W are taken into account. As an example, SHy (W, 9~ W) corresponds
to a certain count of positively parametrized closed Reeb orbits on 9~ W, of constant
orbits in W and of positively parametrized closed Reeb orbits on T W. Similar
interpretations hold for SH, (W, 9T W) and SH4 (W, W), and also for all their QO—
flavours. In Figure 9 we encircled with a dashed line the region which contains the
orbits that are taken into account. The mnemotechnic rule is the following:

To compute SHS(W, A) one must use a family of Hamiltonians that go
to —oo near A and that go to +00 near W \ A.
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Our notation is motivated by the following analogue of Proposition 2.10, which is
proved in the same way.

Proposition 2.14 Let dim W = 2n and A C W be admissible. Then we have a
canonical isomorphism

SH;O(W, A) =~ H" *(W, A). o

The tautological exact triangles described in Proposition 2.12 also exist for the relative
symplectic homology groups SHS,?(W, A) (same proof). Also, the relative symplectic
homology groups SHS(W, A) are invariants of the Liouville homotopy type of the pair
(W, F) (see Section 7.3; compare Propositions 2.9 and 2.16).

2.5 Symplectic homology groups of a pair of filled Liouville cobordisms

A Liouville pair, or pair of Liouville cobordisms, is a triple (W, V, A1) where (W, 1) is
a Liouville cobordism and V' C W is a codimension-0 submanifold with boundary
such that

(1) (V,Aly) is a Liouville cobordism;

(i) W\ V is a disjoint union of two (possibly empty) Liouville cobordisms W botom

and W'P gsuch that
W = Wbottom oVo Wtop.
We fix a filling F' of W and define WF and VT/F as above. We define the class
HW,V; F)

of admissible Hamiltonians on (W, V') (with respect to the filling F') to consist of
elements H: S1 x WF — R such that H € ’H(WF) and H =0 on W\ V (see
Figure 14). Given real numbers —oo < a < b < oo, we define the action-filtered
symplectic homology groups of (W, V) (with respect to the filling F') to be

) SH@D (W, v) = lim lim  FH?(H).

Hen(W,ViF) HeH(W,V;F)
H—00on (Wp\W) H—>—ocoonintV

Definition 2.15 We define six flavours of symplectic homology groups of the Liouville
pair (W, V),
SHY(W,V), Qe{@,>0,>0,=0,<0,<0},
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by the formulas in Definition 2.8 with SH**®) (W) replaced by SH? (W, V). The
notation SHi9 with Q = & refers to SH.

To describe the geometric content of the definition we consider a cofinal family of
Hamiltonians H of the shape described in Figure 14. Heuristically, each of the groups
SHS(W, V') represents a certain count of negatively parametrized closed Reeb orbits on
0~ W and 97V, of constant orbits in W—\V, and of positively parametrized closed Reeb
orbits on TV and 9T W, which correspond to generators of type I ~° and 11/ ~°F in
Figure 14. However, unlike in the case of (relative) symplectic homology groups for a
single cobordism, it is not possible to arrange the parameters of the Hamiltonians in the
cofinal family so that for a fixed and finite value of the action window (a, b) the group
FH{*?) (H) takes into account only orbits of types =0+ and [I/ ~°F . Instead, we will
use in Section 6 an indirect argument relying on the confinement lemmas in Section 2.3
and on the properties of continuation maps in order to prove an isomorphism between
SHY (W, V) and SHY (Whotom 5=y ¢ SHY (WP, 91 V) (Theorem 6.8). There we
will also see (Corollary 6.9) that Definition 2.13 is a special case of Definition 2.15 by
taking for /' a tubular neighbourhood of a union of boundary components A.

The following three results generalize the corresponding ones for a single cobordism.

Proposition 2.16 Each of the above six versions of symplectic homology is an invari-
ant of the Liouville homotopy type of the triple (W, V, F).

Proof See Proposition 7.14. m|

Proposition 2.17 Let dim W = 2n. Then we have a canonical isomorphism

SHIO(W, V)=~ H" (W, V).

Proof The proof of Proposition 2.10 does not carry over to this situation because
Hamiltonians as in Figure 14 may have nonconstant orbits of action zero of type Il .
Instead, we combine the excision theorem, Theorem 6.8, with Proposition 2.14 and
excision in singular cohomology to obtain canonical isomorphisms

SHIO(W, V) = SHO(wbotem 5=y @ SHIO(W'P 9T V)
~ Hn—*(Wbottom’ o V) D Hn_*(me, a-i— V)
~ H" (W, V). 0
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The proof of the following proposition is verbatim the same as that of Proposition 2.12.
Recall to this effect that we are using field coefficients, and note that SHgfl’b)(W, V)
is finite-dimensional for any choice of parameters —co < a < b < co. This holds
because in the nondegenerate case there are only a finite number of closed Reeb orbits
on (W \ V) with action smaller than max(|a|, |b|), and only these orbits contribute to
the relevant Floer complex for the cofinal family of Hamiltonians described in Section 6.

Proposition 2.18 The tautological exact triangles

SH® — SH, SHE® — . SH,
[—rl]\ / [—’/1]\ /
SHZ? SH*
SH;® ——— SH;? SH;® ——— SH?
[—k / [—k /
SH? SH;°
hold for the symplectic homology groups of a pair (W, V). O

2.6 Pairs of multilevel Liouville cobordisms with filling

As mentioned in the introduction, according to our conventions for pairs of Liouville
cobordisms the symplectic homology group SH. (W, dW) cannot be interpreted as
SH. (W, [0, 1] x W) if W has both negative and positive components. We explain in
this section a further extension of the setup which removes this limitation.

Let / > 0 be an integer. A Liouville cobordism with [ levels is, if | > 1, a disjoint
union W = WU W, LU---UW; of Liouville cobordisms, called levels, and is the empty
set if [ = 0. We think of W) as being the “bottom-most” level, and of W; as being
the “top-most” level. Each W; may itself be disconnected. Our previous definition of
Liouville cobordisms corresponds to the case [ = 1. We also refer to such a W as
being a multilevel Liouville cobordism.

Let V and W be two Liouville cobordisms with / levels. We say that V' and W can be
interweaved if 37 V; =0~ W fori=1,...,l and 3t W; =0~ Vg fori=1,...,1—1.
The interweaving of V and W, denoted by V ¢ W, is the Liouville cobordism with
one level Vi oWjo---0V;oW;. We allow in the definition the bottom-most or the
top-most level of V' or W to be empty, and in that case the condition for interweaving
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14} W Vi 14

0~ 8+I/Vl

Figure 10: Interweaving of two multilevel cobordisms

V' and W which involves that level has to be understood as being void. In the case of
cobordisms with one level, interweaving specializes to composition. See Figure 10.

Given a Liouville cobordism W with [ > 1 levels, a Liouville filling for W is a
Liouville cobordism with / levels F = Fi U---U F; such that F; is a nonempty
Liouville domain and F and W can be interweaved. In the case / = 1, this notion
specializes to our previous notion of a Liouville filling.

Given a Liouville cobordism W with one level, a Liouville subcobordism V C W is a
codimension-0 submanifold such that, with respect to the induced Liouville form, V
and V¢ = W—\V are multilevel Liouville cobordisms that can be interweaved. If V'
has only one level then (W, V') is a Liouville pair in the sense of Section 2.5.

Given a multilevel Liouville cobordism W, a Liouville subcobordism V C W consists
of a collection of (possibly empty) multilevel Liouville subcobordisms, one for each
of the levels of W. We speak in such a situation of a pair of multilevel Liouville
cobordisms. If W has a filling, we speak of a pair of multilevel Liouville cobordisms
with filling.

Let (W, V) be a pair of multilevel Liouville cobordisms with filling F. Let Wgp = FoW
and consider the symplectization WF . We define the class

H(W,V; F)

of admissible Hamiltonians on (W, V') (with respect to the filling F') to consist of
elements H: S! x Wg — R such that H € ’H(WF) and H =0 on W\ V (see
Figure 11). Given real numbers —o0 < a < b < oo, we define the action-filtered
symplectic homology groups of (W, V) (with respect to the filling F) to be

(10) SHD (W, v) = lim lim  FHP(H).

HeH(W,V;F) HeH(W,V;F)
H-—>00 on (Wp\W) H—=>—0cconintV
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Figure 11: Hamiltonian in #(W, V; F) for a multilevel cobordism

Definition 2.19 We define six flavours of symplectic homology groups of the multilevel
Liowville pair (W, V),

SHY(W,V), Qef{@,>0,>0,=0,<0,<0},

by the formulas in Definition 2.8 with SHSfl’b)(W) replaced by SHgfl’b)(W, V). The
notation SHS? with Q = & refers to SHs.

The above definition obviously specializes to Definition 2.15 when W is a filled
Liouville cobordism with one level.

Within the paper we state and prove all the results for pairs of one-level Liouville
cobordisms with filling. However, all these results hold more generally for pairs (W, V)
of multilevel Liouville cobordisms with filling. The formulation of these more general
statements is verbatim the same. The proofs are only superficially more involved: a
repeated application of the excision theorem, Theorem 6.8, allows one to restrict to
the case where W is a one-level cobordism with filling, and the case of a multilevel
subcobordism V is treated in exactly the same way as that of a one-level subcobordism.
For these reasons, we will not give in the sequel any more details regarding multilevel
Liouville cobordisms and will restrict to one-level pairs.

3 Cohomology and duality

3.1 Symplectic cohomology for a pair of filled Liouville cobordisms

We continue with the notation of the previous section. Our definition of symplectic
cohomology for a pair of filled Liouville cobordisms extends the one for Liouville
domains used in [29, Section 2.5].

Algebraic € Geometric Topology, Volume 18 (2018)



Symplectic homology and the Eilenberg—Steenrod axioms 1995

The starting point of the definition is the dualization of the Floer chain complex with
coefficient field K. We write

FCX,(H)= [] K-x.

x€P(H)
Ag (x)>a

The grading is given by the Conley—Zehnder index, and the differential §: FC]; J(H)—
FCKH1(H) is defined by

Sx_ = Z HM(x—, x4+ H, J) x+.
CZ(x4+)=CZ(x_)+1
The differential increases the action, so FCZ,(H) C FCZ ,(H) is a subcomplex if
a < b. We define filtered Floer cochain groups
FC{, ) (H) = FCE,(H)[FC,, (H).
We have a natural identification
b
FCy, 4 (H) 2 FCD(H)Y, § =0,
where FC?) (H)Y = Homg(FC“? (H), R).

We have natural morphisms at the filtered cochain level defined by shifting the action
window
FC{, (H) = FC{, ;) (H), a<a’ b<b

These morphisms are dual to the ones defined on Floer chain groups. Also, given
admissible Hamiltonians H_ > H and a decreasing homotopy from H_ to Hy, we
have filtered continuation maps, which commute with the differentials,

These continuation maps are dual to the ones defined on Floer chain groups, and
commute with the morphisms defined by shifting the action window. The homotopy
type of the continuation maps does not depend on the choice of decreasing homotopy
with fixed endpoints.

Let W be a Liouville cobordism with filling F, and let A C dW be an admissible
union of boundary components as in Section 2.4. Recall also the notation A€ = dW \ A
and (WF \ W)4 = int F4— U ((1,00) x A™), and recall also the class H(W; F) of
admissible Hamiltonians from Section 2.4. Let —oo < a < b < 0o be real numbers.
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We define the filtered symplectic cohomology groups of W relative to A (with respect
to the filling F') to be

() SHy WA= lin lim  FH, ().
HeH(W;F) HeH(W;F)

H—>—00 on (WF\W)A H—00 on (WF\W)Ac

The mnemotechnic rule is the same as in the case of symplectic homology:

To compute SH’("a b)(W, A) one must use a family of Hamiltonians that go
to —oo near A and that go to +o00 near dW \ A.

Definition 3.1 We define six flavours of symplectic cohomology groups of W relative
to A, or symplectic cohomology groups of the pair (W, A),

SHE(W, 4), Qe{@,>0,>0,=0,<0,<0},
by the following formulas (the notation SHZ; refers to SH*):
SH*(W, A) = lim lim SH’("a’ b)(W, A) (full symplectic cohomology),

a—>—00 h—>00

SHZo(W,A) = lim lim SH{, , (W, A) (negative symplectic cohomology),
a—>—00p A0 ’

SHE,(W, A) = lim lim SHZ"a b)(W, A)  (nonpositive symplectic cohomology),

- a——00 p\,0 ’

SHZ (W, A) = lim lim SH?a,b)(W’ A) (zero-level symplectic cohomology),
a/"0b\0

SHL (W, A) = lim lim SHz‘a’b)(W, A) (nonnegative symplectic cohomology),
a,/'0 b—>o0

SHZ,(W, A) = lim lim SHE, , (W, 4) (positive symplectic cohomology).
a\\0 b—>o0 '

Now let (W, V) be a pair of Liouville cobordisms with filling F as in Section 2.5,
and recall the class H(W, V; F) of admissible Hamiltonians for the pair (W, V) with
respect to the filling F. Let —co < a < b < oo be real numbers. We define the filtered
symplectic cohomology groups of (W, V') (with respect to the filling F') to be

(12) SHY, ,,(W. V)= lim lim FH{, ;) (H).

HeH(W,V;F) HeH(W,V;F)
H——ocoonV H_s00 on (Wr\W)
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Definition 3.2 We define six flavours of symplectic cohomology groups of the Liouville
pair (W, V),
SHo,(W. V), Qe{3,>0,>20,=0,<0,<0},

by the formulas in Definition 3.1 with SHZ:, py(W. A) replaced by SH’("a, py(W. V). The
notation SH; refers to SH*.

The discussion from Section 2.5 regarding the geometric content of the definition
holds for cohomology as well. The following proposition is proved similarly to
Proposition 2.17.

Proposition 3.3 Let (W, V) be a pair of Liouville cobordisms with filling of dimen-
sion 2n. Then we have a canonical isomorphism

SHE (W, V) = Hy_ (W, V). O
3.2 Poincaré duality

The differences and the similarities between symplectic homology and symplectic
cohomology are mainly dictated by the order in which we consider direct and inverse
limits. We illustrate this by the following theorem, which was one of our guidelines for
the definitions.

Theorem 3.4 (Poincaré duality) Let W be a filled Liouville cobordism and A C oW
be an admissible union of connected components. Then we have a canonical isomor-
phism

SHY (W, A) = SHZ(W, A°).

Here the symbol Q takes the values @, >0, >0, =0, <0 and <0, and —Q is by
convention equal to &, <0, <0, =0, >0 and > 0, respectively.

Proof Given a time-dependent 1—periodic Hamiltonian H: ST x W — R we define
H: S'xW >R, H(t,x)=—H(—t,x). Given a time-dependent 1—periodic family
of almost complex structures J = (J;);eg1 On W, we define J = (J;) fort € ST,
where J; = J_;. Given a loop x: S! — W, we define x: S' — W, x(t) = x(-1).
Given a cylinder u: R x S! — W, we define : R x ST — W, u(s,t) =u(—s,—t).

The key to the proof of Poincaré duality for symplectic homology is the canonical
isomorphism, which will be also referred to as Poincaré duality,

(13) FCY? (H,J) = FC %, (H. ).
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obtained by mapping each 1-periodic orbit x of H to the 1—periodic orbit of H given
by the oppositely parametrized loop X, and each Floer cylinder u for (H, J) to the
cylinder u, which is a Floer cylinder for (H, J). Note that the positive and negative
punctures get interchanged when passing from u to u, so that a chain complex is
transformed into a cochain complex. It is straightforward that Az (X) = —Ag (x). It
is less straightforward, but true, that CZ(x) = —CZ(x). The proof follows from [29,
Lemma 2.3], taking into account that the flows of H and H satisfy the relation
gb% = d)I;’ . We refer to [29, Proposition 2.2] for a discussion of this Poincaré duality
isomorphism in the context of autonomous Hamiltonians, and for a precise statement
of its compatibility with continuation maps.

The isomorphism (13) directly implies a canonical isomorphism
(14) SHP (W, 4) 2 SH, _ ) (W, A°).

To see this, note that the class of admissible Hamiltonians H (W ; F) is stable under
the involution H — H. It follows that we can present SH(__*b,_ a)(W, A€) as a first-
inverse-then-direct limit on FH %, _ a)(ﬁ ) for H € H(W; F), whereas SH®? (W, 4)
is presented as a first-inverse-then-direct limit on FHSfl’b) (H). In view of (13) it is
enough to see that the inverse and direct limits in the definitions are taken over the same
sets. Indeed, for SHia’b)(W, A) the inverse limit is taken over Hamiltonians H that go
to —oco on (WF \ W)4, which is equivalent to H going to co on (Wg \ W)4, and this
is precisely the directed set for the inverse limit in the definition of SH(__*b’_ a)(W, A°).
A similar discussion holds for the direct limit.

The isomorphisms SH,?(W, A) = SH:’Q;(W, A€) follow from (14) and from the defini-
tions. We analyze the case that Q is “> 0” and leave the other cases to the reader. In
the definition of SH®(W, A) the inverse limit is taken over @ \ 0 and the direct limit
is taken over b — oo, which is equivalent to —a ' 0 and —b — —o0. After relabelling
(—b,—a) = (a’,b’), this is the same as b’ /' 0 and a’ — —o0, which corresponds to
the definition of SH_g (W, A°). O

3.3 Algebraic duality and universal coefficients

We discuss in this section the algebraic duality between homology and cohomology in
the symplectic setting that we consider. Recall that we use field coefficients.

The starting observation is that, given a degree k, real numbers a < b, admissible
Hamiltonians H < H’, an admissible decreasing homotopy (Hy) for s € R connecting
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H’ to H, and a regular homotopy of almost complex structures (Js) for s € R
connecting an almost complex structure J’ which is regular for H’ to an almost
complex structure J which is regular for H, there are canonical identifications

b
Ky (H. 1) = FCEP (H, )Y, 6% = (op)".

where o3 : FC* b)(H J)—>FCEP)(H', ') and 6% FCE, , (H' J")—>FCK , (H.J)
are the continuation maps induced by the homotopy (Hj, Js). These identifications
follow from the definitions and hold with arbitrary coefficients.

We now turn to the relationship between SH(a b)(W V) and SH( . b)(W, V). Since we
work in a finite action window (a, b), both the direct and the inverse limits in the defini-
tion of SH(a b) (W,V) and SH( 4 b)(W, V') eventually stabilize, so that we can compute
these groups using only one suitable Hamiltonian. The universal coefficient theorem
then implies with coefficients in a field K the existence of a canonical isomorphism
(see for example [20, Section V.7])

(15) HE, 4y (W, V1K) 2 SHP (W, V1K)V

The issue of comparing SHEK oW, V) and SHO(W V) becomes therefore a purely
algebraic one, as it amounts to comparing via duality the various double limits involved
in Definitions 2.8 and 3.1 (see also Definitions 2.15 and 3.2). The key property is the
following: given a direct system of modules My and a module N over some ground
ring R, the natural map

(16) Homg (lim My, N) = lim Homg (M, N))

is an isomorphism. However, it is generally not true that, given an inverse system My,
the natural map
Homg(lim My, N) < limHomg (Mg, N)

is an isomorphism (the two sets actually have different cardinalities in general). In our
situation, N = R is the coefficient field K.

We omit in the sequel the field K from the notation.

Proposition 3.5 Let (W, V) be a pair of Liouville cobordisms with filling. Using
field coefficients we have canonical isomorphisms

SHE(W, V) = SHY (W, V)Y, Qe {>0,>0,=0},
and
SHY (W, V) = SHE(W. V)Y, Qe{<0,<0,=0}.
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Proof Assume first Q € {> 0, > 0, = 0}. In all three cases, the limit over ¢ — 0 in the
definition of SH?(W, V) and SHE;(W, V') stabilizes, and the result follows from (15)
and (16) applied to the limit » — oo.

Assume now Q € {< 0, < 0,= 0}. In all three cases, the limit over b — 0 in the
definition of SHS(W, V) and SH@(W, V) stabilizes, and the result follows again
from (16) applied to the limit @ — —oo, by rewriting (15) as

(a,b) ~ ek
SH (W, V) = SH{, (W, V)V,
This holds because the vector spaces which are involved are finite-dimensional. O

Corollary 3.6  (a) Let (W, V) be a pair of filled Liouville cobordisms with vanish-
ing first Chern class. Suppose that 0V and 0W carry only finitely many closed
Reeb orbits of any given degree. Then with field coefficients we have for all
flavours of Q) canonical isomorphisms

SHE(W, V) = SHY(W. V)Y and SHY(W,V) = SHE(W, V).

(b) Let W be a Liouville domain. Then with field coefficients we have canonical
isomorphisms
SHK (W) = SH (W)Y

Proof Part (a) follows from the proof as Proposition 3.5, using that all inverse limits
remain finite-dimensional. Part (b) holds because for a Liouville domain we have
SHy (W) = SHF (W). 0

Remark 3.7 Proposition 3.5 illustrates the fact that the full symplectic homology
and cohomology groups of a cobordism or of a pair of cobordisms are of a mixed
homological-cohomological nature. This is due to the presence of both a direct and
an inverse limit in the definitions. As such, the full version SH« (W, V) does not
satisfy in general any form of algebraic duality. In fact, in Example 9.8 we construct
a Liouville cobordism W for which, in some degree k (and with Z,—coefficients),
neither SH* (W) = SH; (W)Y nor SHy (W) = SH* (W)Y holds.

4 Homological algebra and mapping cones

4.1 Cones and distinguished triangles

Let R be a ring. Let Ch denote the category of chain complexes of R—modules.
The objects of this category are chain complexes of R—modules, and the morphisms
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are chain maps of degree 0. Let Kom denote the category of chain complexes of R—
modules up to homotopy. The objects are the same as the ones of Ch, and the morphisms
are equivalence classes of degree 0 chain maps with respect to the equivalence relation
given by homotopy equivalence. We use homological Z-grading, and we use the

following notational conventions:

(i) Given a morphism X — Y in Kom, we use the notation X S ¥ fora specific
representative f of this morphism. Thus f is a morphism in Ch.

(i) All diagrams are understood to be commutative in Kom. If we specify represen-
tatives in Ch for the morphisms, we say that a diagram is strictly commutative if
it commutes in Ch.

(iiil) We use the notation

X/T>Y/

for a diagram in Ch which is commutative modulo a specified homotopy s, ie
such that ¥ f — g¢p = s dx + dy- s. In particular, the diagram

X ——Y

is commutative in Kom.
(iv) Given a chain complex X = {(X,),dx} and k € Z, we define the shifted
complex X[k] by
X[Kln = Xnike neZ,  oxp=(-1Fdx.
Given a morphism f: X — Y, we define f[k]: X[k] — Y[k] by f[k]= f.
Our conventions for cones and distinguished triangles follow the ones of Kashiwara

and Schapira [54, Chapter 1], except that we use dual homological grading. Given a
chain map f: X — Y, we define its cone to be the chain complex

C(f)=Y e X[-1], 8c<f>=(80Y aX{_I])=(80Y _3{()
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We have in particular a short exact sequence of chain complexes

(17) 0= Y oL x>0,

o(f) = (I‘(‘)Y)

is the canonical inclusion and B( f) = (0 Idy[—1j ) is the canonical projection. For

where

simplicity we abbreviate in the sequel the identity maps by 1, eg we write a( f) = ((1))

and B(f)=(0 1).

One of the key features of the cone construction is that the connecting homomorphism
in the homology long exact sequence associated to the short exact sequence (17) is
equal to fx, the morphism induced by f.

By definition, a triangle in Kom is a sequence of morphisms

(18) x Loy &7 x-.

A distinguished triangle is a triangle which is isomorphic in Kom to a triangle of the
form

(19) x Loy 29 o) By

We call (19) a model distinguished triangle.

It follows from the definition that a distinguished triangle (18) induces a long exact
sequence in homology

(20) o Ho (X)L Ho (V) 25 Ho(2) 25 v (X) L

We shall often represent such a long exact sequence as

H(X) /- H(Y)

[-1]
hy 8

H(Z)

We call such a diagram an exact triangle.

The above definition of the class of distinguished triangles makes Kom into a triangu-
lated category in the sense of Verdier. This means that the class of distinguished triangles
satisfies Verdier’s axioms (TRO)-(TRS) (see for example [54, Sections 1.4—1.5]). One
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of the essential axioms is (TR3): a triangle (18) is distinguished if and only if the
triangle

Yy &5z s x5y

is distinguished. This follows from Lemma 4.1(i); see also [54, Lemma 1.4.2].

Lemmad4.1 Let f: X — Y be a morphism in Ch.
(i) [54, Lemma 1.4.2] There exists a morphism in Ch
®: X[-1] = C(a(f))

which is an isomorphism in Kom, with an explicit homotopy inverse in Ch,
denoted by

v Cla(f)) — X[-1],
and such that the diagram below commutes in Kom:

a(f) B(S) —fl-1]

Y ——— C(f) ———— X[-1]] ——— Y [-1]
N N
d a(f) D~ a(@(f) c@() Ba(f)) Y=l

(i1) There exists a morphism in Ch

Y[=1] = C(B(f))

which is an isomorphism in Kom, with an explicit homotopy inverse in Ch,
denoted by

o: C(B(f)) = Y[-1],

and such that the diagram below commutes in Kom:

o) L x5 e

T |

CD =35 B() X a(B(N[-1] CEIY BB(S)) =
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Proof (i) (following [54]) Taking into account that C(a(f))=Y & X[-1]®Y[-1],
we define in matrix form

0
o= 1], v=(010).
—f
(Here 1 stands for Idy[_}, according to our convention.) A direct verification shows
that these are chain maps, and also that the third square in the diagram commutes
in Ch, ie B(a(f))® = —f[—1]. Such verifications formally amount to elementary
multiplications of matrices. For example,

iy f 1 0 0
Ic@n®=| 0 dx-13 O L)l=| -y
0 0 Oy -f —0y-11f
and
0
Bla(fN®=(001) L |=—f
—f

The second square in the diagram is commutative in Kom. Indeed, direct verification
shows that Yo (a(f)) = B(f). On the other hand, the maps ® and ¥ are homotopy
inverses to each other. Indeed, direct verification shows that W® = Idy [} and

100
ldc@ry —®V =10 0 0 ) =dc@)K +Kic@r):
0 f1
where K: C(a(f)) = C(a(f))[1] is a homotopy given in matrix form by
000
K=1000
100

(ii) Taking into account that C(B(f)) = X[-1]®Y[-1]® X[-2], we define in matrix

form
0

t=|-1], o=(—-f -1 0).

Here 1 stands for Idy[_;. Direct verification shows that these are chain maps, that
B(B(f))t = —a(f)[—1], so that the third square is commutative in Ch, and that

oa(B(f) =—f[-1].
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Commutativity in Kom of the second square follows again from the fact that o and t
are homotopy inverses to each other. Indeed, we have ot = Idy[_1}, whereas

=dc(rn L+ Lacpr

(=R R e)
- O O

1
lde@ry—to=|—f
0

where L: C(B(f)) — C(B(f))[1] is a homotopy defined in matrix form by

000
L=]1000]. i
100

Remark 4.2 One consequence of Lemma 4.1 (ie axiom (TR3)) is that a triangle
x Loy .7k xio]
is distinguished if and only if the triangle

X[—1] =2y =g 7o 2 v g

is distinguished. The triangle
X125 y oy 2 7 AL, o)

is in general not distinguished, but rather antidistinguished in the sense of [54, Defini-
tion 1.5.9]. The class of distinguished triangles is distinct from that of antidistinguished
triangles, as explained to us by S Guillermou.

We use Lemma 4.1 in order to replace by cones in Kom the kernels and cokernels of
certain maps in Ch.

Lemma 4.3 Let

1) 0>A4A-5B2C—>0

be a short exact sequence in Ch which is split as a short exact sequence of R—modules.

(i) Given a splitting s: C — B, ie a degree 0 map such that ps = Idc, there is a
canonical chain map f: C[1] — A and there are canonical identifications in Ch

B=C(f). i=a(f). p=B(f).
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(i) The maps
o: C%C(i), T: A[—l]i>C(p)

defined in Lemma 4.1(i)—-(ii) are isomorphisms in Kom and they determine
isomorphisms of distinguished triangles

i g N | RN
A B s C(1) —5 e A1)
and
B e IEN g e
C c Bl—1
» () P) =50 1]

In particular, the homology long exact sequences determined by the top and
bottom line in each of the above diagrams are isomorphic.
(iii)) Assume that the splitting s: C — B is a chain map. We then have an isomorphism

in Kom
A= C(s).

(The same holds if we assume that the splitting s is homotopic to a chain map.)

Proof Foritem (i) let (i s): C(f) =A@ C => B be the isomorphism of R—modules
induced by s. Since p(dps—sdc) =0 and i is injective, we can define f: C[1] > A
uniquely by if = dp s —s dc and one checks that this map has the desired properties.
Item (ii) is simply a rephrasing of Lemma 4.1.

Item (iii) is a consequence of (ii) as follows: Let us write s = (‘f) with ¢: C — A.
Viewing B as the cone of f as in (i), the condition that s is a chain map translates
into ¢ dc = d4 ¢ + f. (This in turn can be reinterpreted as saying that —¢ is a chain
homotopy between f and 0.)

We consider the map 7: B=A® C — A givenby m = (1 —¢ ). Then x is a chain
map and ker w = im s, so we have a split short exact sequence

0>C=25BZ54—->0

and we conclude using the first assertion in (ii).
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The class of chain maps is closed under homotopies: if s is homotopic to a chain map,
then it is an actual chain map. |

Remark It is not true that a short exact sequence of complexes 0 — A-BZ5C >0
can always be completed to a distinguished triangle A B2 A[—1]. Thus
the splitting assumption in Lemma 4.3 is necessary. Indeed, consider the example of
the short exact sequence of Z-modules

0>Z-572-257/2-0,

where p is the canonical projection and i is multiplication by 2, thought of as an
exact sequence of chain complexes supported in degree 0. The cone of i is equal
to Z in degrees 0 and 1, with differential (8 XOZ). The map (p 0): C(i) —> Z/2
is a quasi-isomorphism, yet Z/2 is not homotopy equivalent to C(i) since the only
morphism Z /2 — C(i) is the zero map. This shows that the above short exact sequence

cannot be completed to a distinguished triangle.

Proposition 4.4 Let

X/T>Y/

be a commutative diagram in Kom. This can be completed to a diagram whose rows and
columns are distinguished triangles in Kom and in which all squares are commutative
(in Kom), except the bottom-right square, which is anticommutative:

X Y Z X[-1]

¢ ¥ X
x —f% Ly A X'[-1]
X" h y” z" X"[-1]
X[-1] Y[-1] Z[-1] — X[-2]
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Remark 4.5 This statement, attributed to Verdier, is proved in Beilinson, Bernstein
and Deligne [8, Proposition 1.1.11] by a repeated use of the octahedron axiom (TRY).
This is also proved in [57, Lemma 2.6] under the name “3 x 3 lemma”, where it is
shown that it is actually equivalent to the octahedron axiom. The same statement
appears as Exercise 10.2.6 in [69]. Our proof is more explicit and produces a diagram
in which all the squares except the initial one and the bottom-right one are commutative
in Ch, and in which the bottom-right square is anticommutative in Ch. This result
encompasses [18, Lemma 2.18] and [17, Lemma 5.7]. For completeness, we will
reprove [17, Lemma 5.7] as Lemma 4.6 below as a consequence of Proposition 4.4
(under an additional splitting assumption).

Proof of Proposition 4.4 We start with the square

x—L .y

|
XN— Vv
which is commutative modulo the homotopy s, meaning in our notation that
(22) Vf —gp=s0x +dy’s.

We construct the grid diagram in the statement by a repeated use of the cone construction.
The first two lines and the first two columns are constructed as model distinguished
triangles. More precisely, we define

Z=C(f)=Y@X[-1] Z'=Cl®=YoX[-1]. x= (ﬁ ;)

The condition that y is a chain map is equivalent to (22), and the second and third
square formed by the first two lines are then commutative in Ch:

x f Y a(f) 7 B() X[=1]
¢l llfl XJ ¢[—1]l
X & Ly a(g) 7 B(g) X'[-1]

Similarly, we define

X'=C@¢)=X'@X[-1. Y'=Cy)=Y@®Y[-1], h=(§ _;’)
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Again, the condition that % is a chain map is equivalent to (22) and the first two columns
determine a diagram in which the second and third square are commutative in Ch:

x—7 .y

¢ v
X —f5 Ly

a(e) ()
h V4

X'——Y

B(#) B(Y)

P A Y

We define
Z" =C(y).

We construct the third and fourth columns of the grid diagram as model distinguished
triangles, and we are left to specify the morphisms A, B, C and D below:

X f y a(f) c(f) B() X[=1]
¢ 4 X o[-1]
X’ g Y’ a(g) C(2) B(g) X/[—1]
() a(y) a(x) a(s[-1])
h A B
C(p) ——— C(Y) iy C(y) ooy C(P[—1])
B(#) BG) BGO B@[—1]D)
X[-1] ﬂ) Y[—1] - C., C(f)[-1] -~ D .. X[-2]

The key point is that we have isomorphisms of chain complexes

I C(y=Y eX[-leY[-]eX[-2=Ch) =Y oY[-1]&X[-1]®X[-2],

100 O
7= 001 0’
010 O
000 -1
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and

J(N): C(NHI-=Y[-1]@X[-2] = C(f[-1)) =Y [-1]® X[-2],
(23) 1 0
J(f)::(o _1).

One checks directly that the maps I and J(f) commute with the differentials.

The third line in our diagram, involving the maps A and B, is defined using the
isomorphisms / and J(¢) from the model distinguished triangle associated to #, ie
A=1"a(h) and B = J(¢)B(h)I:

C(#) —— C) s C(p) s CG[-1)

B(h)

c) —— cw) 22 ey LY ey

In matrix form we have
10

00 0100
A=1o1 | B‘(oom)‘

The fourth line in our diagram, involving the maps C and D, is defined using the
isomorphism J( f) from the model distinguished triangle associated to f[—1], ie

C=J(f)"'a(f[-1]) and D = B(f[-1])J(f):

X122 Y1) S (N1 P X2
| bl |
Xlot] L5y SYED, oy BYED, iy

In matrix form we have

1
= D = —-1).
A direct check shows that

Aa(Y) = a(a(g). Bal(y) =a(@[-1)B(g).
CBW) =p(nA.  DB() =—-Pd[-1DB. O
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For later use, we recall [17, Lemma 5.7] and show how it follows from Proposition 4.4
under an additional assumption.

Lemma 4.6 [17, Lemma 5.7] Let

0 A B C 0
PR
0 PN AN 0

be a morphism of short exact sequences of complexes. We then have a diagram whose
rows and columns are exact and in which all squares are commutative, except the
bottom-right one, which is anticommutative:

Ho(A) —— Ho(B) — 2 Ho(C) ———— Ho1(A)

fu g he s
Ho(A) — s (B — " HA(C) —— Ho  (A))

(/) w(g)s a(h)s (/)
Hy(C(f)) — H«(C(g)) — H«(C(h)) —— Hx—1(C(f))

B(f)« B(g)« B«  — B(f)«

Haor(A) —— Hye y(B) — 2 Ho_1(C) —— Han(A)

Proof Up to changes in notation, this is exactly Lemma 5.7 in [17].

To wrap up the story, we show here how this result follows from Proposition 4.4 under
the additional assumption that the short exact sequences are split as sequences of
R-—modules (this is always the case if R is field or, more generally, if we work with
chain complexes of free R—modules).

Choose splittings s: C — B and s’: C’ — B’. By Lemma 4.3, these determine canonical
chain maps ¢: C[1] — A and ¢’: C’[1] — A/, together with canonical identifications
B=C(),i=a(¢p), p=p$), B'=C(¢), i" =a(¢’) and p’ = B(¢").

The map g: B — B’ can then be identified with a map C(¢) — C(¢’), written in

matrix form as

g=(£ 2):A€BC—>A’@C/,
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The condition that g be a chain map is then equivalent to the three relations
fo4=04af hdc=0c'h, fop—¢'h=041t—10c.

We interpret the last relation as f'¢ —¢'h[1] = 4/ t 4t d¢c1], which means that the

square

cul—2— 4

(25) h[l]l t lf

C/[l] T A’

is commutative up to a homotopy given by 7: C — A’. The initial diagram (24)
appears then as the horizontal extension of this commutative square in Kom to a map
of distinguished triangles.

We now apply Proposition 4.4 to the square (25) in order to obtain the grid diagram

¢ i p

cly A B c

h[1] t f g h
cp—Y L g P e

C(h[1]) C(f) C(g) —— C(h)

C — A[-1] —— B[-1] —— C[-1]

The anticommutativity of the bottom-right corner can be traded for anticommutativity
of the bottom-left corner by changing the sign of the two bottom-middle vertical
arrows. The grid diagram in the statement of the lemma is then obtained by passing to
homology. |

4.2 Uniqueness of the cone

We now spell out what is the additional piece of structure that is needed in order for
the cone of a map to be uniquely and canonically defined up to homotopy.
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(i) Hom complexes Let X and Y be chain complexes of R—modules and denote
by
Homy,(X,Y), deZ,

the R—module of R-linear maps of degree d . This is a chain complex with differential
9: Homy(X,Y) —> Homy_; (X, Y), 9® =3y ®—(—1)I®Iday,

where |®| = d denotes the degree of a map ® € Hom,; (X, Y). The space of degree d
cycles
Z4(X,Y) =ker(0: Homy(X,Y) - Homy_;(X,Y))

is the space of degree d chain maps X — Y. Two degree d chain maps are homologous,
ie they differ by an element of

B;(X,Y):=im(0: Homgz4(X.,Y) - Homy(X,Y)),
if and only if they are chain homotopic.
Remark/Notation We denote a degree d map f from X to Y by
x5y

We do not use the notation f: X — Y[d], which we reserve for chain maps. This
distinction is relevant in practice when using cones because the differential of the
complex Y [d] is not dy, but (—1)%dy .

(ii) Chain maps between cones Let

x—' .y

Jf o]
X’ T> Y’
be a diagram of degree 0 chain maps which is commutative modulo a prescribed

degree 1 homotopy s € Homj (X, Y’), meaning that ¥ f — g¢ = d(s). We have an
induced chain map

45 = (13 ¢[S_1] ): CH=Y®X[-1]->Ce=Y"®X'[-1].

The homotopy class of the map ys depends only on the equivalence class of the
homotopy s modulo B(X,Y’). Indeed, if 1 € Hom; (X, Y”’) is another map such that
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Vf—gp=20(t) thens—t e Z(X,Y'). If s—t € B1(X,Y’), meaning that

s—t=209(b)
with b € Homy (X, Y"), then

re=1=9( o ) € BCOCo.

meaning that yy and y; are chain homotopic.

(iii) Lifts of Bo modulo By Let By = B1(X,Y), Z; = Z1(X,Y) and Hom; =
Hom;(X,Y). Let
V1 C Hom;

be a subspace such that V1 N Z; = B and V; + Z1 = Hom; . Equivalently, By C V;
is a subspace and d induces an isomorphism V7/B; =5 By. We call V; a linear lift
of By modulo B;.

Let such a linear lift V; C Hom; (X, Y) be given. Given two homotopic maps f, g €
Homgy(X,Y),ie f —g = d(s), we can assume without loss of generality that s € V7.
The map s is uniquely defined modulo Bj, which implies that the homotopy class of
the map ys: C(f) — C(g) is well-defined.

Thus, given a lift V3 C Hom; (X, Y), the cone of any map X — Y is uniquely defined
in Kom.

4.3 Directed, bidirected and doubly directed systems

We now explain a setup in which one can speak of limits of ordered systems of mapping
cones. The motivation for the definitions to follow lies in the definition of symplectic
homology as a direct/inverse limit over directed systems in which the morphisms are
Floer continuation maps in Floer homology. To this effect, the reader my find it useful
to refer to Sections 4.4 and 5.1. We begin with a few definitions.

A directed set is a partially ordered set (/, <) such that for any i and j there exists k
with i, j < k. An inversely directed set is a partially ordered set (I, <) such that for
any i and j there exists [ with [ < i, j. Equivalently, we require that / with the
opposite order be a directed set. A bidirected set is a partially ordered set (I, <) which
is both directed and inversely directed. Our typical example is / = R.

A system in Kom indexed by I is a collection of chain complexes X (i) for i € I to-
gether with chain maps ¢ij: X(i)— X(j) for i < j such that ¢J’-‘¢ij :qblk fori <j <k
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and ¢)£ = Idy(;) in Kom. More precisely, there exist maps x;;x € Homy(X(i), X(k))
for i < j <k and x; € Homy (X (i), X(i)) such that

oF — ¥ ¢! = 0(xij).  ldy) — ol = d(xy).

We speak of a directed system, of an inversely directed system and of a bidirected system
if (1, <) is a directed set, an inversely directed set or a bidirected set, respectively. We
call the maps d)iJ structure maps.

More generally, let (I, <) be a directed set and (/~, <) be an inversely directed set.
A doubly directed set modelled on I* is a subset I C I~ x It with the following two
properties:

o If(i,j)el then (i’,j) el foralli’ <i and (i, j’) €I forall j/ < ;.
e Forevery j € It there exists i € I~ such that (i, j) € I.

Our typical example is I+ = RY and I = {(a,b) € RX xR% :a < f(b)}, where
f:RE — R is a decreasing function such that f(b) — —o0 as b — oo.

A doubly directed system in Kom indexed by the doubly directed set I is a collection of
chain complexes )/( (i, ) for (i, j) € I together with chain maps ¢l’{] XG0 j))—X(G,j)
for i’ <i and q)llj : X(@i,j)— X(i, ') for j < j’ with respect to which every X(i,-)
is a directed system and every X(-, j) is an inversely directed system, and such that
all diagrams

X@' j) — X@i.))

]

X(i/’j,) I X(l’],)

are commutative in Kom for any choice of indices such that i" < i, j < j’ and
@, 7).G"J), @G j", @, j") e I. We call the maps qﬁgfj and ¢lljj structure maps.

Given a map of bidirected systems or a map of doubly directed systems, which means a
collection of chain maps indexed by the relevant indexing set which commute in Kom
with the chain maps defining each of the systems, we are interested in understanding
conditions under which the cone of that map is itself a bidirected or a doubly directed
system, respectively. The two situations are similar, except for more cumbersome
notation in the case of doubly directed systems since we need to work with two
indexing variables (i, j) rather than with just one index variable i . For this reason we
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shall focus in the sequel on bidirected systems and indicate how the discussion adapts
to doubly directed systems.

Let {X(i ),¢l.j } and {Y (i), wl.j } be two bidirected systems in Kom with the same
index set /. A map of bidirected systems in Kom is a collection of chain maps
fi: X(i) > Y(@) for i € I such that wij fi and quﬁlj are homotopic for all i < j.
Given sl.j € Hom(X(i),Y(j)) for i < j such that wijf,-—quﬁij = 8(sl.j), let )(lj =X -
We then have a commutative diagram

X(@i) L Yi) —— C(fi) — X(@{)[-1]

o/ J s? l W/ l x! J

X(J) 7 Y(j) —— C(fj) —— X(DI1]

J

We are interested in finding conditions under which {C( f;), X,j } is a bidirected system
in Kom.

Let us consider the following condition:
(B) There exists a collection {b;;} for i < j <k with b;;x € Hom{(X(i), Y(k))
such that
k_ kgl _gkg/ =y fi = (b ik
S; W, S; =S ¢i +kaljk yl]kfl ( ljk)’ L, ], K.
Here it is understood that {x;;x}, {yijx} and {sij } are given as above. A direct
computation then shows that
k_ ok j_of Yiik Dijk .
Xi —XjX; 3( 0 —xijk)’ i, ], k.
Indeed, the off-diagonal term on the left-hand side is slk - wlesl.j — s]].c ¢ij , while the
off-diagonal term on the right-hand side is 9(b;;x) — frX;ijk + Vijk fi -

Remark Condition (B) is motivated both by the outcome of preliminary computations
for bidirected systems in Ch and by the example of Floer continuation maps discussed
below.

Condition (B) is clearly independent of the choice of {sl.j ¥, {Xijkt and {y;;r} up to

homotopy. This motivates the stronger condition (C) below, of a more intrinsic nature.
For the statement, recall the notion of a lift of By mod B from Section 4.2(iii).
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(C) We are given the data of collections of lifts of By mod B

(X/ CHomy(X(i), X(j))}, i< J,
(Y/ cHomy(Y(i), Y(j)}, i<,
(V/ CHom (X(i),Y(j))}, i<

such that (YX). v/ C VK, (¢))*VFECVE. (f«XFcVF and (i) vFcVE.

We claim that
(©) = (B).

For the proof we start by choosing sj € Vj Xijk € X and y;jx € Yk We then remark
that —Yijk fi + s + JiXijk and wksj +sk¢’ are both contracting homotopies for
wk w f, fkquk 7, so that their dlfference is a cycle. Now condition (C) implies that
both these homotopies lie in Vl.k, which implies that their difference is a boundary

9(bijk)-

Condition (B) implies that {C( f;), ij } is a bidirected system in Kom. The same holds
in particular under condition (C).

We now indicate how the discussion adapts to the case of amap { f;;: X(i, j) =Y (i, j)}
between doubly directed systems indexed by the same doubly directed set /. Denote
by <,‘bllf ; and ¢; 7 the structure maps for {X(, j)}, and denote by v ij ; and ¥ i7" the

structure maps for {Y (i, j)}. Denote by al.,/- and rl, j " the homotopies that express the
commutativity in Kom of the diagrams (26):

ol — ol ol =00, v vl =),

. .
Denote by sll{ j and sll; the homotopies that express the fact that f.; and f;. are maps
of directed systems.

The analogue of condition (B) for doubly directed systems is the following:

(B) We require condition (B) to hold for each of the maps of directed systems fi
and f.;, and in addition we require that there exists a collection {B } with

Bl’{; € Hom (X(i’, j), Y (i, j')) such that

ij’ 1/ l/ ij’ ij’ _ ij’
Vi S+ 8i ¢ —wlj ZJ —s, +f,] — 17, firj = 0(B;7;).
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Similarly to the case of bidirected systems, a direct computation shows that

ij’ pij’
l'j/ l] l]/ i/j/ ‘E~/- B‘/'
Xl‘j Xi’j_Xi’j’Xi’j =0 = ll-j-/ s
0 —o;7;
J
where sz(lj C(fap) = C(fea) are the maps induced between cones, as before. It is
important to note that condition (B) is of the same nature as condition (B), and the
only difference between the two is that condition (B) takes into account the additional
conditions of commutativity up to homotopy which are involved in the definition of a

doubly directed system.

One can also phrase for doubly directed systems an analogue (C) of condition (C) for
bidirected systems, but we shall not need it and therefore we do not make it explicit.

Limiting objects Now let the coefficient ring be a field K, and recall [34] that
the inverse limit functor is exact on inversely directed systems consisting of finite-
dimensional vector spaces. Let { f;;: X(i, j) — Y (i, j)} be a map of doubly directed
systems, and assume that each X (i, j) and Y (i, j) has finite-dimensional homology
in each degree. Under condition (B) we obtain in the first-inverse-then-direct-limit a
homology exact triangle

. . lim ; m, (fij)= . .

lim , lim, H(X(i. j)) lim , lim, H(Y(i. /)

[-1]

lim  lim, H(C(f;j))
Remark The following question is relevant: When is
limlim X (7, j) — limim Y (¢, j) — lim lim C(f;;) — limlim X (7, j)[~1]
J 1 J 1 J o Jooi

a (model) distinguished triangle? This is related to exactness criteria for the inverse
limit functor and to the so-called Mittag-Leffler condition; see for example [28].

4.4 Floer continuation maps

‘We now show how condition (E) above is satisfied in the case of Floer continuation maps
for a doubly directed system of Hamiltonians. In order to streamline the discussion we
shall actually treat the case of a directed system of Hamiltonians, the case of doubly
directed systems being conceptually equivalent, except for the more complicated
notation.
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Higher continuation maps Let K < L be two Hamiltonians and let (FC(K), 0g)
and (FC(L), d1,) be the Floer complexes for some choice of regular almost complex
structures Jx and Jr . An s—dependent Hamiltonian H = H for s € R such that
Hg =L for s €0, Hy = K for s > 0, and d; H <0, together with an s—dependent
almost complex structure interpolating between J;, and Jg, determines a degree 0
chain map

¢r: FC(K) — FC(L).

We refer to H as a decreasing Hamiltonian homotopy (from L to K ), and to ¢ as
the associated continuation map.

Given two decreasing Hamiltonian homotopies H 0 and H! from L to K, the choice
of a homotopy {H*} for A € [0, 1] between the two, together with the choice of a
homotopy of almost complex structures which we ignore in the notation, determines a
degree 1 map

¢ gry: FC(K) =5 FC(L).

We refer to {H*} as a homotopy of homotopies, or 1-homotopy, and to Gy as the
associated degree 1 continuation map. This is in general not a chain map. However, it
is a chain homotopy between ¢go and ¢g1:

Pr1 — Qo = (Pepry) = 0k Grpry + Pemay 0l -

We now go one step further. Given two 1-homotopies {H 3} and {H plL} for u €0, 1],
the choice of a homotopy {H lf} for A € [0, 1] connecting them, together with the
choice of a homotopy of homotopies of almost complex structures which we ignore in
the notation, determines a degree 2 map

a2y FC(K) *2, FC(L).

We refer to {H p'}} as a 2—homotopy, and to ¢, Hy 3 the associated degree 2 continua-
tion map. This is in general not a chain map. However, if {H 3} and {H &} coincide at
uw=0andat u =1, and if {Hl'}} is constant at & = 0 and at u = 1, the map ('b{H[}}
is a contracting chain homotopy for beH 1y by HO'

bempy — Py = M mzy)-

More generally, let I = [0, 1] and, for d > 0, consider the d —dimensional cube [/ d.
(If d =0 then 19 consists of a single point.) A generic pair {Hy ;, Js z} for z € 14
and s € R, consisting of an / d—family of decreasing Hamiltonian homotopies from
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L to K and of an / d—farnily of s—dependent almost complex structures which all
coincide with J;, for s < 0 and with Jg for s > 0, determines a map

biH, .7, .3 € Homg (FC(K), FC(L)).

This map is defined on a generator x € FC(K) by

X = Z #M(y, x;{Hs,z, Js,2})y
Ix|—|yl=—d

and then extended by linearity. Here M(y, x;{Hjy ;. Js,z}) denotes the moduli space
of solutions to the Floer equation in the chosen [/ d —family, asymptotic to y at —oo
and asymptotic to x at +oo. In other words, the map ¢¢g, _ s, .y counts index —d
solutions of the Floer equation within the d —~dimensional family parametrized by /¢
We refer to { Hs,z, Js,z} as a d —homotopy and to ¢y . g, 3 as the associated degree d
continuation map.

Let {H?, J%) and {H!, J1} be two d —homotopies which are equal on 3% . For any
choice of a (d+1)—homotopy {H*, J*} for A € [0, 1] which interpolates between the
two and which is constant on (01%)x I C 19 x I = I4%1 | the associated degree d + 1
continuation map ¢yga yay is a contracting chain homotopy for ¢¢g1 y1y — dggo_yoy:

¢{H1,Jl} _¢{H0,JO} = a(¢{H)»,JA}).

We have thus proved the following:

Lemma 4.7 The difference between any two degree d continuation maps determined
by d —homotopies which coincide on 91 d jg homotopic to zero. A contracting homo-
topy is provided by any degree d + 1 continuation map determined by an interpolating
(d +1)—homotopy which is constant on (3I¢)x I C I¢ x I = [4+1, |

This statement generalizes to higher homotopies the well-known fact that any two
continuation maps in Floer theory are homotopic, so that the morphism that they induce
in homology is independent of all choices. This last property is sometimes referred to
as Floer homology being a connected simple system in the sense of Conley.

Directed systems of continuation maps

Let {K;} and {L;} be two directed systems of Hamiltonians, meaning that K; < K;
and L; < L; for i < j. Let {Klj} and {Llj} for i < j be decreasing homo-
topies from K; to K; and from L; to L;, respectively, yielding continuation maps
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¢/ FC(K;) — FC(K;) and ¥ : FC(L;) — FC(L;). Then

{FC(Ki). ¢/}, {FC(Li). v}
are bidirected systems in Kom.

Assume further that K; < L; for all i. Let H; be a decreasing homotopy from L;
to K;, yielding continuation maps f;: FC(K;) — FC(L;). The collection { f;} is then
a map of bidirected systems in Kom.

Indeed, the maps wij fi and fJ¢] are homotopic via a degree 1 continuation map
/. FC(K; ) FC(L )

that is associated to a 1-homotopy 7—[{ connecting L{ #H; and H; # Kl.j . Here #
denotes the gluing of Hamiltonians for a large enough value of the gluing parameter.

Similarly, the maps ¢lk and ¢]].‘ ¢ij , and l/fik and wj].‘ wij , respectively, are homotopic
via degree 1 maps

ik FC(Ki) Y5 FC(Ky),  yiji: FC(Li) 5 FC(Ly)

that are associated to 1-homotopies K;;; connecting K; k and K k 4 Kl.j ,and L;jx
connecting Lk and Lk #Lj respectively.

We claim that condition (B) is satisfied in this setup. In view of Lemma 4.7 it is
enough to show that both wksj + sk¢1 and frx;jx + s — Yijk fi are degree 1 Floer
continuation maps induced by 1—h0motop1es parametrlzed by A € [0, 1] with the same
endpoints L% #LJ#H; at A =0 and Hy # Kk# K/ at A = 1. Consider the following
diagram, Where in each entry we have 1ndlcated a composition of Floer continuation
maps and the 0—homotopy which induces it, and where on each arrow we have indicated
a homotopy between the target and source maps, together with the 1-homotopy which

induces it:
k
Si
vk f; ) Jedf
H;
LY #H; Hy # Kk
Yi_ikﬁlLijk#Hi Hk#Kijklkai_ik
. w’?sj . sk.¢f .
k..J r J 1 kg 4] J k 4J
1/fjl/fi fl L’;#H{ ‘/fjfj¢i H’j#Kij fk¢j¢i
LX# L] #H; LX#H; #K/ Hy # KX # K/
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The main point is that a concatenation of 1-homotopies induces the sum of the corre-
sponding degree 1 maps, and the reversal of the direction of a 1-homotopy induces
minus the corresponding degree 1 map. The composition of the bottom horizontal
arrows is thus a degree 1—continuation map which equals wjl.‘sij + sj’.‘qbl.j , while the
composition of the other three arrows is a degree 1 continuation map which equals
JeXiji + slk — Yijk fi - The corresponding 1-homotopies do have the same endpoints
at A =0 and A =1, as expected.

It follows from the results in Section 4.3 that the system

i xly

of cones C( f;) and induced maps X,ji C(fi) = C(f:) is a directed system in Kom.
In particular, the homotopy type of the maps X,J does not depend on the choice of
1-homotopies.

Similarly, for a doubly directed system of Hamiltonians we obtain a doubly directed
system

(C(fi) 15

in Kom, together with the fact that the homotopy type of the maps XZZI does not depend
on the choice of 1-homotopies.

5 The transfer map and homotopy invariance

Given a Liouville cobordism pair (W, V') we construct in this section a transfer map

#2: SHY(W) — SHY (V)

for © € {@,>0,> 0,= 0, <0, < 0} that is invariant under homotopy of Liouville
structures. This generalizes to cobordisms the transfer map defined for Liouville
domains by Viterbo [68]. The whole structure that we exhibit on symplectic homology
is actually governed by the underlying chain level map. Indeed, we prove in Section 7
that the shifted symplectic homology groups of the pair SHY (W, V)[—1] are isomorphic
to the homology of the cone of the chain level transfer map.

We recall that we use coefficients in a field K.
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5.1 The transfer map

Let (W, V) be a Liouville cobordism pair with filling F. Recall from Section 2.4 the
definition of the symplectic homology groups
SH?(W) = limlim  lim FH®? (H),
b4 Hen(w:F)

where H (W ; F) is the class of Hamiltonians H: S! x W — R which are zero on W
and are linear of noncritical slope in the complement of Wg , and the meaning of the
limits involving a and b is determined by the value of Q. In the previous formula
the first direct limit is considered with respect to continuation maps FH,(ka’b) (Hy) —
FHSfl’b) (H-) for Hy < H_ induced by nonincreasing homotopies Hy for s € R which
are equal to H4 for s near oo.

The transfer map will be defined as a limit of a directed system of continuation maps.
For that purpose the definition of SHO(V) which involves Hamiltonians defined on
VEopbowon = FoWPtomo 1611 60)x 3V, needs to be recast in terms of Hamiltonians
defined on Wg = Fo W o [1,00) x T W. The manifold Wr is the domain of the
Hamiltonians involved in the definition of SHS(W).

Denote by H" (V; F) the space of Hamiltonians H: S x Wr — R such that H €
H(Wp) and H =0 on V.

Lemma 5.1 For any two real numbers —oo < a < b < oo we have

,b . b
sH*P(vy= 1im  FH®P(H).
HeHW (V;F)

Proof By definition we have

b . ,b
SHEP (V)= lim  FH®P(H),
HeH(V;F)

and we claim that the two limits are equal. Recall that the space H(V'; F) consists
of Hamiltonians H: I7F°Wbouom — R which are linear outside a compact set and such
that H = 0 on V. The claim is a consequence of the existence of a special cofinal
family in #" (V; F), constructed as follows (see Figure 12): Consider a sequence
(vr) for k € Z_ of positive real numbers such that v; ¢ Spec(d™V) and vy — oo
as k — oo, and let H ]:/ : I7F°Wbmmm — R be a cofinal family in H(V; F) such that
Hll/ (r,x) = vg(r —1) on [1,00) x 31 V. Consider, further, sequences

(), (Ri), (), keZy,
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such that

e ng > 0 is smaller than the distance from v to Spec(d*V), and n; — 0 as
k — o0;

* Ry >max(l, (vg —a)/nk);

. i”k <1 < %vk and 1 ¢ Spec(0TW).

Let Hyx: Wg — R be a Hamiltonian that equals H]g/ on FoWbtomo o[l Ry ]xdtV,
is constant equal to vi(Rx — 1) on Ry WP, and equals vg(Rg — 1) + 11 (r — Ry)
on [Ry,00) x 0T W. Here Ry W'P stands for the image of W'°P by the flow of the
Liouville vector field at time In Ry .

The Hamiltonian Hj has three more groups of 1—periodic orbits in addition to those
of the Hamiltonian H ]:/ :

(Il ~) Orbits corresponding to positively parametrized closed Reeb orbits on 97V =
0~ WP and located near R;07 V.

(II1%) Constants in Ry WP,

(Il 7) Orbits corresponding to positively parametrized closed Reeb orbits on 9T W =
0T WP and located near Ry d+ WP,

The orbits in group II1° have action —vg (Ry — 1), the maximal action of an orbit in
group /11~ is smaller than —vg (R — 1)+ Ri (Vi —nk) = Vi — Ri 1k , and the maximal
action of an orbit in group /I * is smaller than —vj (Rg—1)+ % Rgvg = —vg (3 R —1).
The largest of these actions is the one in group /Il —, which however falls below the
action window (a, b) due to the condition R; > max(1, (v —a)/nx), so the orbits
contributing to the Floer complex in the action window (a, b) are the same for H ,l/ and
for Hy . Lemma 2.2 for s—dependent Hamiltonians (decreasing in s outside Vg o pybottom )
shows that the continuation Floer trajectories for the family H ];/ and for the family
Hj, stay within a neighbourhood of Vg ,pybowom , where the two Hamiltonians coincide.
These continuation Floer trajectories are therefore the same, and they define the same
continuation maps in the two directed systems at hand. We obtain
SH*P (v) = tim FHEP (H)) = lim FHE (Hy).

—
k—o00 k—o00

Since Hy for k € Z_ is a cofinal family in %" (V; F), the conclusion of the lemma
follows. o
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We obviously have H(W; F) ¢ HY (V; F), and for each Hamiltonian K in #(W; F)
there exists a Hamiltonian H in %" (V; F) such that K < H (while the converse is
not true). For any two such Hamiltonians we have continuation maps

b b b
(@b, pe@) (k) - FC@P (H)

induced by nonincreasing homotopies which are linear at infinity, and these continua-

tion maps define a morphism between the directed systems determined by H(W; F)
and W (V' F).

Definition 5.2 The Viterbo transfer map in the action window (a,b) is the limit
continuation map

AP sHEP (W) - sHEP (v),  f@P = lim VA
KeH(W;Fi%feHW(V;F)
@b) fig

By general properties of the continuation maps the Viterbo transfer maps f,
into a doubly directed system, inverse on a and direct on b.

Definition 5.3 For Q € {&,>0,> 0,=0, <0, < 0} the Viterbo transfer map

£ SHY (W) — SHZ (V)

is defined as
£ = limlim £,

! b a !

where the limits are inverse or direct according to the value of Q, as in Definition 2.8.

Proposition 5.4 (functoriality of the transfer map) Let U C V C W be a triple of
Liouville cobordisms with filling. Let fI?W’ f(?W and f(? y be the transfer maps for
the pairs (W, V), (W, U) and (V, U), respectively, for Qe {@,>0,>0,=0, <0, <0}.
Then
QO _ O Q
fow = Jove Fvw:

Proof This is a direct consequence of the definition of the transfer map as a limit
continuation map, together with functoriality of continuation maps. To see this, we
recall the notation W = WhoUom o I/ o /1P apnd |V = Jbottom o {7 o PP and consider

on W the following three types of Hamiltonians (see Figures 12 and 13):

e Hamiltonians K which are admissible for W, and thus vanish on W and are
linear increasing towards 9+ W.
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(R —1) |\ ‘

Y

oW oV

Figure 12: Hamiltonians for the definition of the transfer map

e One-step Hamiltonians H which vanish on V, take a positive constant value on
WP and are linear increasing towards 97V and 9+ W.

e Two-step Hamiltonians G which vanish on U, take a constant value on VP,
take a constant value on W'P and are linear increasing towards otu, otV
and 0T W.

The transfer maps fIS)W are defined above as limit continuation maps induced by
monotone homotopies from K (at +o00) to H (at —oo). Similarly, the transfer maps
fl?W can be obtained as limit continuation maps induced by monotone homotopies
from K (at +00) to G (at —00), and the transfer maps f(? y can be obtained as limit
continuation maps induced by monotone homotopies from H (at +00) to G (at —o0).
We can choose the homotopies from K to G to factor through H, so that they can
be expressed as concatenation of homotopies from K to H, and from H to G. The
composition of the continuation maps induced by each of these last two homotopies is
equal to the continuation map induced by the concatenation of the two homotopies —
this is what we call functoriality of continuation maps — and the same property holds
in the limit. This proves f(?W = flS)V ) fI?W' |

In the sequel we shall often drop the symbol O from the notation for the transfer map,
and simply write f, instead of flo.
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Y

Wbottom Vboltom U V'wp ptop

Figure 13: Hamiltonians for the proof of functoriality of the transfer map

5.2 Homotopy invariance of the transfer map

Given a pair of Liouville cobordisms (W, V') with filling, we denote the transfer map
for a given Liouville structure A by

i
SHY(W; A) 2245 SHY(V: A).

Proposition 5.5 (homotopy invariance of the transfer map) Let (W, V') be a pair of
Liouville cobordisms with filling. Given a homotopy of Liouville structures A; on W
for t € [0, 1], there are induced isomorphisms hyy SHS?(W; Ao) = SHS(W; A1) and
hy: SH?(V; Ao) = SHS?(V; A1), and a commutative diagram

A,
SHO(W: Ag) =22 SHO(V: Ao)

éJhW %lhv

SHY (W: A1) —— SHY (VA1)
LA

The isomorphisms hy and hy do not depend on the choice of homotopy A; with fixed
endpoints.
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Proof The homotopy invariance of the transfer map under deformations of the Liou-
ville structure which are constant along the boundaries of W and V' is a consequence of
its definition as a limit continuation map. In particular, given a Liouville cobordism W
with two Liouville structures A and A’ which coincide along dW, the transfer map

SHY(W;A) — SHY(W: 1))

is an isomorphism.

The homotopy invariance in the general case is obtained using the functoriality of the
transfer map, by a classical geometric construction which consists in attaching to dW
topologically trivial cobordisms with Liouville structures that interpolate between any
two given Liouville structures on the boundary of W'; see [24, Lemma 3.7]. A detailed
argument is given in [47] in an S!—equivariant setting.

That the isomorphisms Ay and &y do not depend on the choice of homotopy (A7)
for ¢ € [0, 1] is a consequence of the fact that any two such homotopies with the
same endpoints are homotopic, together with the usual “homotopy of homotopies”
argument in Floer theory (see also the discussion of Floer continuation maps at the end
of Section 4). O

6 Excision

Let (W, V) be a pair of Liouville cobordisms and F a filling of W, and define Wr and
WF as in Section 2.4. Recall the class H(W, V; F) of admissible Hamiltonians defined
in Section 2.5. For 0 < r; < r, and a subset A C Wg, we denote by [r1,m2] X A =
Pliog r1,logr-](A) the image of A under the Liouville flow ¢; on the time interval
[logr1,logr;]. For parameters

w,v,t>0, 0<d,e<l

(which will be specified later), let H € H(W,V; F) be a “staircase Hamiltonian”
on W, defined up to smooth approximation as follows (see Figure 14):

e H=(1-68puon F\(,1]xa"W.

e H is linear of slope —u on [§, 1] x 0~ W.

e H=0o0n Wbottom.

e H is linear of slope —v on [1,1+¢]x 97 V.

e H=——gvonV\([I,1+&]xd VU[l—g1]xdTV).
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(FOF)
H,
(1=0)u
(I ~0F)
/& T
0 1 P
otV otw

—E&v

Figure 14: Hamiltonian in H(W, V; F)

e H is linear of slope v on [l —g, 1] x a7 V.

e H=0o0n W'p,

e H is linear of slope 7 on [1,00) x 3T W.
A smooth approximation of H will thus be of the form H(r, y)=h(r) on [0, c0)xdTW
(and similarly near the other boundary components of W and V). Hence, 1—periodic
orbits of Xz on {r} x W correspond to Reeb orbits on T W of period A’(r), and
their Hamiltonian action equals

rh'(r) —h(r).

We assume that i, v, v and 7 do not lie in the action spectrum of 3~ W, 9=V, 3tV
and 3T W, respectively. We denote by 7, > 0 a positive real number smaller than the
distance from v to the union of the action spectra of 3~V and 91V, and we define
similarly 7,,, 7z > 0. The 1-periodic orbits of H fall into 11 classes:

(F°) Constants in F\ ([§,1] x dF).

(FT) Orbits corresponding to negatively parametrized closed Reeb orbits on
d0F = 0~ W and located near 6 x 9~ W.

(I7) Orbits corresponding to negatively parametrized closed Reeb orbits on
0~ Wbotom — 4= and located near 9~ W.

(I%) Constants in Wbotom

Algebraic € Geometric Topology, Volume 18 (2018)



2030 Kai Cieliebak and Alexandru Oancea

(It) Orbits corresponding to negatively parametrized closed Reeb orbits on
g whbotoem — 5= and located near 3~ V.

(II™) Orbits corresponding to negatively parametrized closed Reeb orbits on 0~V
and located near (1 +¢&)x 9~ V.

(I1°) Constantsin V\ ([1,1+&]x "V U[l—¢, 1] x3TV).

(I ™) Orbits corresponding to positively parametrized closed Reeb orbits on 31V
and located near (1 —g) x 91 V.

(III™) Orbits corresponding to positively parametrized closed Reeb orbits on
0~ WP = 9TV and located near 97 V.

(III°) Constants in WP,

(Il 7) Orbits corresponding to positively parametrized closed Reeb orbits on W
and located near 3T WP = g+ W,

Notational convention For two classes of orbits A and B we write A < B if the
homological Floer boundary operator maps no orbit from A to an orbit from B. A priori,
this relation is not transitive. However, when we write 4 < B < C we also mean that
A < C. We write A < B if all orbits in A have smaller action than all orbits in B.
Note that A < B implies A < B,and A < B < C implies A < B < C.

Lemma 6.1 Fix a < b. If the parameters jt, v, T, § and & above satisfy
27 (1=686)u > min{—a,v—n,} and ev > min{b,t—1n.},

and if we use an almost complex structure that is cylindrical and has a long-enough
neck near (1 —2¢) x 31V, then the four groups of orbits in the action interval [a, b]
satisfy

(28) F<I<Mll <1l and I <.

Moreover, within each group of orbits we have the relations

29 FY<F° J1t<1=<1I1° nu-<n<nmot, ml<m-<mt.
Proof The combination of Lemmas 2.2 and 2.3 yields the relations

F<I-, FI<n*t From°<m*, 1t<FI17° 1~ <FI1I.
For any choice of parameters, the actions satisfy

FT<F° F It t<I=m°<p°t m—, n-<n’<unt.
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We see that F < 179, [7, IIl. The remaining relation F < [ * follows if the actions
satisfy FO < IT,ie —(1 —§)u < max{a, —(v — 1)}, which is the first condition
in (27). Next we see that I < I, Il and IlI~ < I, II. For the remaining relation
II1°F < I, II we arrange the actions to satisfy Il 7 < I1°, ie min{b, T —n;} < ev,
which is the second condition in (27). Then we have III°® < It < I1° < 1T,
The relations 7% < II1° and 111° < I° follow from monotonicity: there is an a priori
strictly positive lower bound on the energy of trajectories traversing V, and this rules out
trajectories running between II7° and 79 which after small Morse perturbation of H
have arbitrarily small energy. The remaining relation /I7°% < I, II = now follows from
Lemma 2.4, stretching the neck at the hypersurface (1 —2¢) x 9TV where H = —¢v,
and ev is bigger than all actions in the groups II1° and Il *. This proves (28). The
relations in (29) also follow from the preceding discussion. |

Remark 6.2 Under the conditions of Lemma 6.1, the Floer boundary operator has
upper triangular form if the periodic orbits are ordered by increasing action within each
class and the classes are ordered (for example) as

FT<FO< it <1 <I1<m°<m—<mt<nu—<n<ut.

Letus fix a <0<b and 0 < §, e <1 and consider u, v, T > 0 subject to the conditions
a b
(30) ,u>—m, T>b, v>max{—a,g}.

Note that these conditions allow us to make p, v and t arbitrarily large, independently
of each other. They ensure condition (27) in Lemma 6.1. Moreover, the actions of all
orbits in the classes F, II® and /It lie outside the interval [a, b]. So the Floer chain
complex can be written as

b) _ rela:b) (a,b) (a,b)
FC@?) = rC” @ FC” @ FCl}t
and with respect to this decomposition the Floer boundary operator has the form

* 0 *
3D 0 *x %
00 %

Let us fix 1 and 7 and consider v < v’ both satisfying (30). We denote the correspond-
ing Hamiltonians by H,» < H, and consider the continuation maps

duv: FC@PD (Hy) — FC@O) (1)
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induced by convex interpolation between H, and H, . These continuation maps may
not have the upper triangular form (31) since the combination of Lemmas 2.2 and 2.3
does not apply to the current homotopy situation. Therefore, we decompose the above

chain complex instead as
(a,b) _ pelab) (a;,b)
FC? = FC;™ @ FCy 3y~
k ok
0 *
have upper triangular form with respect to this decomposition and we obtain the

with differential written in upper triangular form as (). The continuation maps ¢y,

commuting diagram with exact rows

0 — FCY%P (H,1) — FC@D (H,)) — FCP) (H,) — 0

N

(a,b) (a,b)

0 — FC:” (Hy) —— FC@D () — FC)) (Hy) — 0

(a,b)

where FC%“’I]IJ)_ denotes the quotient complex FC@b /FCp

Lemma 6.3 lim FHYP (H,) = SH@D (W 3+ v),

V—>00
Proof We consider a homotopy of Hamiltonians which on VUW"PU[1, c0)xd+ W is
constant and which on F U WM ig 3 convex interpolation between the Hamiltonian
H, and the Hamiltonian H, that is constant equal to —sv. Since the homotopy
is constant on the cobordism V, Lemma 2.4 applies and shows that there is no in-
teraction between the orbits in III and the orbits appearing in F U WM  The
usual continuation argument then shows that the homology FHg‘;I’b) is invariant during

this homotopy. Since lim FH(I‘Il}b)(ﬁ y) = SH("’b)(W“’p, 01 V) by definition, we

—
obtain the desired isomorphism. |
Lemma 6.4 lim FHYL (H,) 2 SHE@D) (betom §=y),

V—>00

Proof We consider a homotopy of Hamiltonians which on F U WM}/ is constant
and which on WP U[1, 00) x 3T W is a convex interpolation between the Hamiltonian
H,, and the Hamiltonian K, that is constant equal to —gv on V U WP and is linear
of slope 7 (the same as the slope of Hy,) on [1,00) x a3t W. See Figure 15.

We have FH(“’b)(Kv) = FHga}?)_(Kv) and so we have a well-defined continuation

map

b b
oHK: FH P (K,) — FHYL (H,)
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i

Y

Figure 15: The Hamiltonians H, and K,

obtained by composing the continuation map FH(“’b)(Kv) — FH @b )(Hv) with the
map induced by projection FH@) (H,) — FHE“I]I))_ (H,). Since the homotopy is
constant in the region F U WP°tm | I/ which contains the orbits of types I and I ~,
it follows that this continuation map is an isomorphism. Indeed, the generators of the
two chain complexes are canonically identified and upon arranging them in increasing
order by the action the continuation map at chain level has upper triangular form with

+1 on the diagonal. (Note that we do not use at this point Lemma 2.4.)

For v <1’ we get commutative diagrams, in which all maps are continuation morphisms,

HK
FHED (1) 2 FH@D) (k)

1,11 1,11—
¢vv’)[ TV’UW
FHO) (1) 7 PO (k)
-y = 1,— By
Here ¥y, FHgaIle)_ (Ky)— FHga’I]IJ)_ (Ky) is the continuation map induced by a convex

interpolation between K, and K. As a consequence we have a canonical isomorphism

. HK
(33) lim FH%?) (0 )<—h“m“”°° o lim FH'%?) (K,)
<« I,II_ v ~ Pt I,II_ v/J-
V—=>00 vV—=>00
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The complex cha}l;)_ (Ky) can be decomposed as
b b b
(34) FCY7L (Ky) = FCY"P (k) @ FCT2 (k).

with differential of upper triangular form (3 I) Lemma 6.5 below shows that this
decomposition is preserved by the continuation maps 7, which also have upper
triangular form. (That this precise property could a priori fail for the Hamiltonians H,
was the reason to deform them to the Hamiltonians K, .) In particular, there is a well-
defined inverse system of quotient homologies FHE‘;@(K,,) for v - oco. Lemma 6.6
below shows that the inverse limit of this system vanishes, and we thus obtain a

canonical isomorphism

(35) lim FH*?(K,) => 1im FH{"7L (K,).,
V—>00 V—>00

the map being induced in the limit by the inclusions FC(Ia’b)(Kv) — FC(I"I}};)_ (Ky).

We now prove the isomorphism

(36) lim FHY? (K,) = SH®D) (whovom =y,
vV—>00

The Floer trajectories which are involved in the definition of the Floer differential for
cha’b) (K,) are contained in a neighbourhood of F U WM by [ emma 2.2. The key
point is that the Floer trajectories involved in the definition of the continuation maps
cha’b)(K,,/) — FC(Ia’b)(KU) are also contained in a neighbourhood of F U W botom,
For this purpose we choose the Hamiltonians K, such that for v/ > v the Hamiltonian
K,/ coincides with K, on a neighbourhood of F UW"°t™ where the orbits in group 1
for K, are located. This ensures that the assumptions in the last paragraph of Lemma 2.2
are satisfied for the homotopy obtained by convex interpolation between K, and K.
Denote by K, the Hamiltonian defined on F U W™ [1,00) x 3~V which is
equal to K, on F U WM and Jinear of slope —v (the same as the slope of K, ) on
[1,00) x 0~ V. The previous argument then shows the equality

. b . b) =
lim FH{"?(K,) = lim FH?(K,),

V—>00 V—>00

and the right-hand side is SH@?) (wbetem §=17) by definition.

The conclusion of Lemma 6.4 now follows by combining the isomorphisms (33), (35)
and (36). O
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The next lemma was used in the previous proof. We recall that K, denotes a Hamil-
tonian which coincides with H, on F U WMy |/ is constant equal to —sv on
¥V UW' P and is linear of slope 7 (the same as the slope of H,,) on [1,00) x 3T W. We
choose the smoothings of the Hamiltonians K, and K, to coincide up to a translation
by (v’ —v) in the region II ~ but only for slopes in the interval (—v + 1,,,0). We
recall the decomposition (34) of FC%’IZI’), (Ky), with respect to which the differential

has upper triangular form.

Lemma 6.5 The Floer continuation map v, cha}l;l (Ky) — FC(I‘Z}}I))_ (Ky) in-

duced by a nonincreasing s —dependent convex interpolation from K, at —oo to K,
at +oo has upper-triangular form with respect to the decompositions FC(ILZ}IIJ)_ =
FC*?) @ FC@?) for K, and K, .

Proof The only problematic relation is Ix,, < Il . To prove it we use the fact
that in the region /I~ the two Hamiltonians coincide up to a translation, so in this
region the homotopy is simply given by adding to the Hamiltonian K, some function
R — [—e(v/ —v), 0] of s with compactly supported derivative. As such, the constant
trajectories at the orbits in /T ~solve the s—dependent continuation Floer equation.

Assume there exists a continuation Floer trajectory u: R x ST — W from some orbit
X4 = limg— oo u(s,+) in Ig , to some orbit x— = limg— oo u(s,+) in IIEU. By
Lemma 2.3, either u is constant equal to x_ for very negative values of the parameter s,
or there exists (s,7) € RxS! with s very negative such that 7 (u(s, 1)) > r— =r(x_(t)).
In the first situation the Floer trajectory would need to be constant equal to x_ for all
values of s because of unique continuation and the fact that the constant trajectory
at x_ solves the same equation. This is a contradiction since x4 # x—. In the second
situation we reach a contradiction using Lemma 2.2, which we can apply in the s—
independent case because the homotopy is just given by a shift by a function of s on
VUWYPU[L, 00) x0T W. m|

The next lemma was used in the proof of Lemma 6.4 as well. By Lemma 6.5 we have

a well-defined inverse system FHg‘;f’)(KV), Vv — 00.

Lemma 6.6 lim FHg‘;f’)(Kv) =0.
V—>00
Proof For v > v, generators of FC%@(KV/) correspond to closed Reeb orbits y

on 0~V with Hamiltonian action satisfying
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Ak, (y) =—( —I—s)(/ /\) +ev' € (a,b).
Y
Since this condition is equivalent to
Ag,(y) =—-(1+ 8)(/ )t) +eve(@tev—v),b+ev—1)),
Y

we see that the same Reeb orbits also correspond to generators of the Floer chain
(a+e(w—v"),b+e(v—v"))

group FC; - (Ky). Varying the slope continuously from v’ to v, we
obtain a continuation isomorphism between these two groups fitting into the commuting
diagram
+e(v—v'),b+e(v—r’ = ,b
FH{GHe@0 b gy = prED (k)
\ l@[/m}/
,b
FH{ P (K,)

That the horizontal map is an isomorphism follows from the fact that the Hamiltonian
is deformed outside a compact set only by a global shift by a constant, and from the
fact that there are no orbits that cross the boundary of the moving action window
during the homotopy. The horizontal map can be expressed as a composition of small-
time continuation maps induced by homotopies for fixed action windows, which are
isomorphisms since each of these homotopies can be followed backwards, and of
tautological isomorphisms given by shifting the action window by some small amount
in the complement of the action spectrum.

Now if b + (v —V’) < a, then the intervals [a + (v — V'), b + (v —v’)] and [a, b]
do not overlap and thus the projection 7 vanishes in homology. Hence, the Floer chain
map ¥, vanishes whenever v/ —v > (b —a)/e, from which the lemma follows. O

Proposition 6.7 (excision for filtered symplectic homology) Let (W, V) be a pair
of Liouville cobordisms with filling and consider parameters —oo < a < b < co. There
is a short exact sequence

0 — SHD (wop gty — SHD (W, v) — SH@D) (bottom 517y ¢,

Moreover, this short exact sequence splits canonically, so that we have a canonical
isomorphism

SHEP (W, V) 2 SHEP (W', 9+ V) @ SHP (whorem =),
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Proof We fix the parameters 0 < §,& < 1 and w, T > 0 so that the first two conditions
in (30) hold, and we work with the family of Hamiltonians H, = H, ,  for v — oo
discussed above. Then
lim FH? (H,) = SH®P (W, V)
V—>00

by definition. The short exact sequence of inverse systems (32) determines an inverse
system of homology exact triangles in which each term is a finite-dimensional vector
space. In this case the inverse limit preserves exactness and we obtain, using Lemmas 6.3
and 6.4, an exact triangle

SH@D) (wtop g+ SHSD (W, v)

SHia’b) (Wbottom’ 0~ V)

The proof of Lemma 6.4 shows that each class in SHSf”b) (Wbotom 5=V} is represented
by a sequence (indexed by v and representing an element of the inverse limit) of classes
in FHgaIIIJ)_ (H,) which are each represented by a cycle that is a linear combination
of orbits in /g,. Indeed, the proof provides such a representative by a cycle in
FC(Ia’b)(K,,), and we have FC(Ia’b)(KV) = FC(Ia’b)(Hv); on the other hand, since
Ig, <11 ﬁv as already seen in (31), this continues to be a cycle in FC&“IIIJ)_ (H,).

To prove the existence of the short exact sequence in the statement we use that the
degree —1 connecting map FHgallI))_ (Hy) — FHg‘IlI’b)(HV) vanishes on elements of
Iy, by (31). Thus the connecting map in the above exact triangle vanishes, and the

latter becomes the short exact sequence
0 — SH®D (wrr 1) — SHED (W, V) — SHED) (whotom =17y 0.

To prove the existence of a canonical splitting for this exact sequence we use again
that / < [Il for H,. Thus a cycle in cha}?l (Hy) which is a linear combina-
tion of orbits in /g, is canonically also a éycle in FC(“’b)(Hv). The splitting
SHSka’b)(WbOttom, a7 V) - SHia’b)(W, V) associates to each class, represented by
a sequence of classes of cycles in FC(Ia}II))_ (H,) which are linear combinations of orbits
in Iy, , the sequence of classes repres’ented by the same cycles viewed in FC@b) (Hy).
The latter indeed represents an element in the inverse limit of FH(“’b)(HV), Vv — 00
because the continuation maps ¢, : FC (@) (Hy)— FC(@b) (H,) preserve the relation

I < 1. O
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Taking limits over a and b, Proposition 6.7 implies:

Theorem 6.8 (excision) Let (W, V) be a pair of Liouville cobordisms with filling.
Then for each flavour Q we have canonical isomorphisms

SHY (W, V) = SHY (WPom 5=1) @ SHY (WP 3t V). O

In Proposition 6.7 and Theorem 6.8 we allow WP°tm or WP to be empty, in which
case the corresponding term is not present in the diagram. In particular, taking V to be
a collar neighbourhood of some boundary components we obtain:

Corollary 6.9 Given a Liouville cobordism W and an admissible union of connected
components A C W, we have

SHY (W, A) = SHY (W, I x A),
where I x A is a collar neighbourhood of A in W which we view as a trivial cobordism,
so that (W, I x A) is a Liouville pair. O
This is the precise sense in which Definitions 2.13 and 2.15 are compatible.

In order to make the excision theorem resemble the one in algebraic topology, we
introduce the following notion:

Definition 6.10 A Liouville cobordism triple (W, V,U) consists of three Liouville
cobordisms U C V C W such that (W, V) and (V, U) are Liouville cobordism pairs.
A filling of a Liouville cobordism triple is a filling of W, which induces fillings of V
and U in the obvious way.

Then we have:
Theorem 6.11 (excision for triples) Let (W, V,U) be a filled Liouville cobordism
triple. Then for each flavour ) we have canonical isomorphisms

SHY(W, V)=~ SHY(W\ U,V \U).
Here, if some boundary component A of V and U coincides, then the homology on
the right-hand side has to be understood relative to A. (Alternatively, one can use
Proposition 9.3 below to move U into the interior of V' and avoid this situation.) Also,

if W\ U contains both a bottom and an upper part then the right-hand side has to be
understood according to Section 2.6 as a direct sum, as in the statement of Theorem 6.8.
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Proof Let us write

\ V= Wbottom 1I Wtop m — Vbottom 1I Vtop'
Then
W—\U — (Wbottom U Vbottom) I (Wtop U Vtop)

and we find

SH?(W—\U, V\—U) — SHS(Wbottom U Vbottom’ Vbottom) ® SHS?(Wtop U Vtop’ Vtop)
=~ SHY(WPtm 5= 1) @ SHY (W', 9+ V)
~ SHY(W, V),

where the first equality is the definition and the other two isomorphisms follow from
Theorem 6.8. |

7 The exact triangle of a pair of filled Liouville cobordisms
The main result of this section is:

Theorem 7.1 (exact triangle of a pair) For each filled Liouville cobordism pair
(W, V) and Qe {@,>0,>0,=0, <0, <0}, there exist exact triangles

SHO(W, V) ———— SHY (W) SH, (W, V) ¢+———— SHg, (W)
k - and [m e
SHY(V) SH& (V)

These triangles are functorial with respect to inclusions of Liouville pairs.
This theorem will be proved in Section 7.3.

7.1 Cofinal families of Hamiltonians

As a preparation, we now recast the definition of the symplectic homology groups
SHS?(W) and SH?(V) and of the transfer map f!o: SHS?(W) — SH,?(V) at chain
level in terms of some carefully chosen cofinal families of Hamiltonians. This will
allow us to further express the relative symplectic homology groups SHS(W, V) in
terms of the cone construction.

Let (W, V) be a Liouville pair with filling F.
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Notational convention Let P and Q denote sets of 1—periodic orbits of a given
Hamiltonian H. Recall that we write Q < P if all the orbits in group Q have strictly
smaller action than all the orbits in group P, and we write Q < P if there is no Floer
trajectory for H asymptotic at the positive puncture to an orbit in O and asymptotic
at the negative puncture to an orbit in P. This implies that the expression of the
Floer boundary operator on any orbit in  does not contain any element in P. It is
understood that the Floer equation involves some almost complex structure which is
not specified in the notation.

Similarly, given two Hamiltonians H4+ and a homotopy H; for s € R equal to H4
near +00, and given sets of 1-periodic orbits Pp, for Hy, we write

PH+ < Py_

if there is no Floer continuation trajectory for the homotopy H asymptotic at the
positive puncture to an orbit in Py, and asymptotic at the negative puncture to an
orbit in Pg_. This implies that the expression of the Floer continuation map on any
orbit in Pg_ does not contain any element in Pg_. Here it is again understood that
the Floer continuation equation involves some almost complex structure which is not
specified in the notation. In the previous context, we write

PH+ < Py_

if the Hy-—action of any orbit in Py is smaller than the H_-action of any orbit
in Py_. Thisimplies Py, < Py_ if H4 < H_ and the homotopy H is nonincreasing
with respect to the s—variable.

Given ¢ € R, we write
PH+ < Pg_—c

if the difference between the Hy —action of any orbit in Py, and the H_—action of
any orbit in Pg_ is smaller than —c.

Lemma 7.2 Consider Hamiltonians Hy > H_ and a homotopy Hg which is a convex
interpolation between Hy and H_ given by a nondecreasing s —dependent function,
ie Hg= H_+ f(s)(Hy — H-) with f: R —[0,1], f' >0, f =0 near —oc and
S =1 near +o0. Then Py, < Py_—|H+ — H-|c implies Py, < Pg_.

Proof If there is a continuation Floer trajectory u: R x §1 — Wr solving

dsu + Js,t (u)(atu - XHS (u) =0
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with limg—, o0 u(s,-) = x+ (), where x4 are 1-periodic orbits of Hy, then we have
Af, (x4)—Af_(x-)

=[_Oo %AHS(M(S,-)) ds
(o] o] 1

2[ dAg, (u(s,-))-0su ds—/ / dsHg(t,u(s,t))dt ds
oo 1 Prega

:[ / ||8su(s,t)||2dzds—/ /f/(s)(H+(z,u(s,t))—H_(t,u(s,t)))dtds
—0 Jo —00 J0

o0 1
z —/ / f'(s)sup(Hy (¢, x)—H_(t,x))dt ds
—o00 JO t,x

=—|Hy—H—| . O

Since the domain of definition of the Hamiltonians that we use in this paper is a
noncompact manifold, it is appropriate to discuss the degree of applicability of the
previous principle: it holds for compactly supported homotopies, so that || H+ — H—||co
is finite (and can be explicitly computed), but it also holds for noncompactly supported
homotopies if one knows a priori that the continuation Floer trajectories are contained in
a compact set, in which case it is enough to estimate | H+ — H_|| on that compact set.

7.1.1 Hamiltonians for SH?(W) Let

w, t>0

be such that 1 ¢ Spec(d~W) and t ¢ Spec(3™W). Denote by 7, > 0 the distance
from p to Spec(0” W) and let § > 0 be such that

(37) S0 < .

We denote by
KMJ = KM,‘C,S: WF —R

the Hamiltonian which is defined up to smooth approximation as follows: it is constant
equal to (1 —348) on F\[§, 1] x dF, it is linear equal to w(1 —r) on [§, 1] x OF, it is
constant equal to 0 on W, and it is linear equal to (r — 1) on [1,00) x 3T W. See
Figure 16.

A smooth approximation of K, ; will thus be of the form K, .(r,y) = k(r) on
[1,00) x 3T W (and similarly near the negative boundary 9~ W ). The 1-periodic orbits
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Ku,r,b’

Figure 16: Hamiltonians K, . s for the definition SH?(W)

of Xk, . on {r}x 0T W correspond to Reeb orbits on 97 W of period k’(r), and their
Hamiltonian action equals

rk’(r) —k(r).

Since we assumed that i and t are not equal to the period of a closed Reeb orbit on
the respective boundaries of W, it follows that K, ; has no 1—periodic orbits in the
regions where it is linear.

The 1-periodic orbits of the Hamiltonian K, . naturally fall into five classes as follows:
(F%) Constants in F \[§,1] x oF.

(FT) Orbits corresponding to negatively parametrized closed Reeb orbits on 0F =
d~ W and located near {6} x 0~ W.

(I7) Orbits corresponding to negatively parametrized closed Reeb orbits on 0~ W
and located near 3~ W.

(I%) Constants in W.

(It) Orbits corresponding to positively parametrized closed Reeb orbits on 9+ W
and located near 9+ W.

We denote by F the group of orbits FOF, and by I the group of orbits /%%, The
maximal action of an orbit in group F is —u(1 —&8) = —u + S, while the minimal
action of an orbit in group 7 is —u + n,. Condition (37) implies F < I, and in
particular

F <1

This last relation actually holds regardless of the choice of parameters by combining
Lemmas 2.2 and 2.3 in order to prohibit trajectories from F to I~ with the relation
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F < I1°%, which prohibits trajectories from F to /°%. Alternatively, the relation
F < I is also a consequence of Lemma 2.5, while F < I is also a consequence of
Lemmas 2.2 and 2.3.

Now let (u;) for i € Z_ and () for j € Z 4 be two sequences which do not contain
elements in Spec(d~ W) U Spec(d™ W) and such that w;s > p; for i’ <i and tj < tj/
for j < j’. We moreover require that u; — oo as i — —oo and 7; — 00 as j — 00.
Choose a sequence (§;) for i € Z_ of positive numbers such that §;; < §; for i’ <1i,
such that §; — 0 as i — —o0, and such that condition (37) is satisfied:

Simi <ny; forallieZ_.

We let
Kij =Ky 5, €2, j€L,

so that K;/ ; > K; j for i’ <i,and K; ; < K; ;s for j < j’. We consider FC«(K;,;)
as a doubly directed system in Kom, inverse on i — —oo and direct on j — oo, with
maps

FC.«(Kir,j) = FC«(K;,j), i’ <i,

induced by nondecreasing homotopies, and maps
FC*(Ki’j)%FC*(Ki’j/), ] fj/,

induced by nonincreasing homotopies. Denote by FCr (K;, ;) the Floer subcomplex
of FC«(K;,;) generated by orbits in the group F, and denote by FC; (K, ;) the Floer
quotient complex generated by orbits in the group /. The groups of orbits 1, I°
and /T are ordered by action as /= < I® < I'T within the group of orbits 7, so
that we have corresponding subcomplexes and quotient complexes FC;o (K, ;) for
QVe{®,>0,>0,=0,<0, <0}, where I has the following meaning:

=1, 1=°=17° 7°=71% 1°=71", 17°=10 [=0=[%"
Lemma 7.3 The homotopies that define the doubly directed system FCy(K; ;) for
i € Z_ and j € Z 4 induce doubly directed systems

FCio(Ki,j), i€Z_, jely, for Qe {2,>0,>0,=0,<0,<0}.

Proof Our choice of parameters ensures that

(38) Fk, ; < Ik

1

i Tk <1k,

Algebraic € Geometric Topology, Volume 18 (2018)



2044 Kai Cieliebak and Alexandru Oancea

for i’ <i and j < j’. To prove these relations let u’ = u;/, v’ =t and §’ = §;7, and
similarly @, v and § for the corresponding numbers not decorated with primes. The
first relation follows from Lemma 7.2 and the relation Fg,, . <Ik; ;— |Kir,j —Ki,jlloo:
the maximal action of an orbitin Fg,, , is — ' (1—6"), the minimal action of an orbit in
Ik; ; is —ju + 1y, and the maximal oscillation of the homotopy is || K/, j — Kj, j[lco =
w'(1—=468") — u(1—35); the desired relation then follows from (37). The second relation
in (38) follows from Fk; ; < Ik, ; because in this case the homotopy is nonincreasing.

Now we have already seen that Fk; ; < Ik; ;, while the action of the orbits in / K; s is

i’
never smaller than the action of the orbits in /k; ;. This proves the relations (38). They
imply that we have a doubly directed subsystem FCg(Kj; ;) and a doubly directed

quotient system FC;(K; ;) fori € Z_ and j € Z .
To prove that we have doubly directed systems FC;o(K; ;) fori € Z_ and j € Z
for all values of O we need to show the relations
- 0+ -0 + o
IKi’,j < IK,;,- and IKi/,,- < IKi,j for i’ <1i,
- 0+ —0 + C ot
I, < IKM, and  [g . < IK'_,J_/ for j < j'.
The last two relations follow from the fact that the nonincreasing homotopies which
induce maps FC«(K; ;) — FC«(K; ;) for j < j’ preserve the filtration by the ac-
tion. In contrast, this argument cannot be used to prove the first two relations since
nondecreasing homotopies typically do not preserve the action filtration. Instead we

argue using the confinement lemmas in Section 2.3: the first relation follows from
Lemma 2.5, and the second relation follows from Lemmas 2.2 and 2.3. m|

Lemma 7.4 We have isomorphisms

SHY (W) = lim lim FH ;o (K;, ;)
Jj i
for Qe {z,>0,>0,=0,<0,<0}.

Proof Recall that the slopes of K; ; are —u; and 7;, with —u; <0 < ;. We claim
that
(39) SHSC ™) (W) = FH; (Ki ).

To prove (39) recall that SHff’b)(W) = lim, Fkaa’b)(K ), where K ranges over the
space H(W; F) of admissible Hamiltonians on Wr with respect to the filling F' and
the direct limit is considered with respect to nonincreasing homotopies; see Section 2.4.
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Consider a decreasing sequence iy — —oo and an increasing sequence jp — 00
as k — co. The sequence of Hamiltonians K;, j for k € Z is then cofinal in
H(W; F) and we have

SHE O (W) = lim FHE? (K50,
k—o00

where the direct limit is considered with respect to continuation maps FHSf”b)(K i, k) =
FHSfl’b)(Kik,, jr») induced by nonincreasing homotopies. We can assume without
loss of generality that —u; < a and t; > b. The smoothings of any such two
Hamiltonians Kj, j, and Kj,, j,, for k <k’ can be constructed so that they coincide
in the neighbourhood of W where the periodic orbits in group I for Kj, ;. appear.
As such, the continuation map FCS?’b)(Kik,jk) — FC,(f’b)(Kl-k/,jk,), which is upper
triangular if we arrange the generators in increasing order of the action, has diagonal
entries equal to +1 and is therefore an isomorphism. This proves that the canonical
map FH,(k“’b)(Kik,jk) — SHSfl’b)(W) is an isomorphism for all k (such that —u;, <a
and 7;, > b).

The isomorphism (39) is proved by considering the following three isomorphisms: we
have FH; (K, ;) = FHS:M"_’_"’U)(K,-J) for any 7 > 0 such that 8 u; <n <mn,; we
have FHS V%) (k; ) = SHCH %) (/) by the above; and SHS 775 ()
SH,(,:“" ) (W) since there is no periodic Reeb orbit on d~ W with period in the interval
(ki =1, i)

A variant of the same argument shows that, under the isomorphism (39), the contin-
uation maps FHy (K, ;) — FH;(K; ;) for i’ <i and FH; (K, ;) — FH;(K; ;) for
J < j’ induced by a nondecreasing homotopy and a by a nonincreasing homotopy,
respectively, coincide with the canonical maps Ska_Mi g )(W) — SH,(k_M"’tj ) (W) and
SHSK_M 1) W) — SkaMi & /)(W), respectively. From this the conclusion of the lemma
follows in the case Q is &.

The proof in the case Q # & is similar in view of the isomorphisms
SHO ™™ (W) = FHy-0(K;. ;). SHEHOD (W) 2 FHy =0 (K7 ).
SHY %) (W) = FH;=0(K;.;). SH™O7 (W) = FH; <0 (K. ;).

SHO D (W) =~ FH, =0 (K;.).

Here 0~ and 0" denote a negative and a positive real number, respectively, which is
close enough to zero (with absolute value smaller than the minimal period of a closed
Reeb orbit on =W and 9 W, respectively). |
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—p(1-=96)

\ F0+

Figure 17: Hamiltonians K* for the definition of SH?(W, otW)

7.1.2 Hamiltonians for SH?(W, W) We shall need in the sequel (Lemma 7.9)
alternative descriptions of the homology groups SHS?(W, 9t W) in the spirit of the
previous section, which we now explain. We refer freely to the notation of Section 7.1.1.

Given 1, T > 0 such that ;¢ Spec(d~ W) and 7 ¢ Spec(d™ W), and given § € (0, 1),

we consider Hamiltonians K+ = Kffr 5 WF — R defined as follows:

e The Hamiltonian K; ..s coincides with the Hamiltonian K, ; 5 of Section 7.1.1
on W UJl,00) x 3T W and is equal to —K,, ;s on F. See Figure 17.

¢ The Hamiltonian K:r s coincides with the Hamiltonian K, ;5 on F U W and
is equal to —K, ; 5 on [I, 00) x ot W. See Figure 17.

The 1-periodic orbits of each of these Hamiltonians naturally fall into five groups,
which we denote by FOF and Il =% for K—, and by F°F and I7°" for K+. We
denote as usual by 7, n; > 0 positive numbers smaller than the distance from u to
Spec(d~ W) and smaller than the distance from 7 to Spec(dt W), respectively. If the
parameters are chosen so that

(40) S<ny and pu—mny>7T—1¢,

then we have F < I for KT and IIl < F for K~ respectively. We write 11l =0 = I1I°
and I17% =111~ andalso I=°=17%and =0 =71"".

This construction is well-behaved in families, just like the construction in the previous
section. Consider first an indexing parameter j € Z . We choose sequences jt; — 00,
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7, — oo and §; — 0 as j — oo such that 11; ¢ Spec(d~ W) and t; ¢ Spec(dW),
such that (u;) and (z;) are increasing and (§;) is decreasing, and such that (40) is
satisfied for each j. We define K =K

Wj,Ti,6;
interpolating homotopy from Kj_ at +oo to K at —oo which is the concatenation of

. Given j < j’ we consider the

the following two monotone homotopies: first keep Kj_ fixed on W U[1,00) x 3T W
and interpolate between K and K~ on F, then keep the Hamiltonian fixed

and K3, on [1,00) x 3 W. We claim

WjrsTi85r
on F UW and interpolate between K

»Tj 8 i’
that for such a homotopy we have

Mg, < Fk, 111;]2 < I >j2 .

The proof of the first relation uses Lemma 7.2. Since the homotopy from Kj_, to Kj_/
is nonincreasing on [1, c0) x 8T W, the continuation Floer trajectories are contained
in F'U W, where the gap between the Hamiltonians is

gap = |(K; — K;)|Fuw lloo = w7 (1 =8;1) — pj (1=38;).

In view of Lemma 7.2 it is enough to show that the maximal action of an orbit in II1 K;
is smaller than the minimal action of an orbit in F; K, minus the gap. This is equlvalent
to the inequality w; —ny,; < /(1 —=3;7) — (- (1 —38;r) — (1 —46;)), which is in
turn equivalent to §; p; <1y -

To prove the second relation we observe that the map induced by the homotopy is the
composition of the maps induced by each of the monotone homotopies which constitute
it. For the first homotopy, supported in F, there are no trajectories from II1 I%— to
IHK[L,-,,I_,- 8

by Lemma 2.5, and there are no trajectories from II1 I%— to 111 I}_ﬁ./ : 5.
. UARRS LS
by Lemmas 2.2 and 2.3. For the second homotopy, there are no trajectories from

I - 9 to 111 EQ/ because the homotopy is nonincreasing and
,u,j/ Tj.8r J

IIIK_ <mgl.
MjraTjs 5/’ j’

This proves the second relation. (Note that one could not argue here using the gap.)
As a consequence, we obtain well-defined directed systems in Kom,
FCIIIC?(KJ_), ] — 00, for Q e {@, = 0, > O}

Consider now an indexing parameter i € Z_. Given sequences u; — 00, t; — 0o and
8; — 0 as i — —oo such that u; ¢ Spec(d~W) and t; ¢ Spec(d™ W), such that (u;)
and (7;) are increasing with || and (6;) is decreasing with |i|, and such that (40) is

satisfied for each i, we define K R

s Given i’ <i the homotopy from K
>
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at oo to K i+ at —oo defined as the concatenation of the two monotone homotopies

from KT to KT ) and from KT ) to K;© is such that
i Wi Ti 8ir Wir,Ti 81 i

<0 =0
FK;<IK[+’ ]K,.",'<IKI-+'
The proof involves arguments entirely similar to the above ones for the Hamiltonians K,
hence we omit the details. We obtain well-defined inverse systems in Kom

FC;o(K), i——oo, for Qe{@, <0,=0}

Lemma7.5 (a) For Qe {@,>0,>0,=0,<0, <0} we have isomorphisms

SHY (W, 0~ W) = lim FH 7o (K} ).
J

(b) For ©e{@,>0,>0,=0,<0, <0} we have isomorphisms

SHY (W, 0t W) = lim FH o (K;1).
1
Proof The proof is similar to that of Lemma 7.4. For part (a) observe first that the right-
hand side does not depend on the choice of the family K/_ subject to conditions (40).
We pick 1; = 7; outside the action spectra of 3~ W and 3T W such that Ny <M s
and then §; sufficiently small that (40) holds for all j. Then a similar proof to that
of (39) yields

SHL ™) (W, 8~ W) = FHS *%) (K7) 2 FHy (K.

In the direct limit over j we obtain part (a) for © is &@. The cases O is “> 0" and O
is “= 0" are proved similarly, and the remaining cases are a formal consequence of
these three. The proof of part (b) is analogous, where now it suffices to treat the cases
Qe{z,=0,<0}. |

7.1.3 Hamiltonians for SH?(V) inside Wr Heuristically, the construction pre-
sented in this section can be viewed as the “gluing” of the three constructions presented
in the two previous sections.

We consider a Liouville cobordism pair (W, V) with filling F and write W =
Wbottom oV oWP Iet
w, v, >0

be such that p ¢ Spec(d~W), v+ ¢ Spec(dV) and T ¢ Spec(dTW). Let N> Moy
and 7n; be positive real numbers smaller than % and smaller than the distances from p,
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v+ and t to the corresponding action spectra. Let

8,6€(0,1), Re(l,00)
be such that

(41) 8“ <N, &EV—<MNy_, V4 < an+a
and
(42) R(@—ng) < R4 —muy) <vp(R—1) <v——m_ <p—1npy.

Note that the second inequality in (42) is automatic in view of (41). Also note that the
inequalities in (42) impose relations between ©, vy, v— and t. Typically, an ordering
of the kind

T<vy, VvyR=<v_, v_<u

is enough to ensure condition (42) if n¢ > 1y, ny_ > 1y and v4 > 1. These last
three conditions are not in the least restrictive, since the parameters 1, 7, and 7,
are to be thought of as arbitrarily small, and the slope v+ is to be thought of as large.
However, the previous three conditions on 7, v4+ and p are restrictive, and among
these three the most restrictive one is v4 R < v_: it forces v_ to be larger than v,
and indeed much larger, in an uncontrolled way. This has implications for the kind
of doubly directed systems that we will construct, namely systems for which we can
consider first an inverse limit as the negative slopes go to —oo, then a direct limit as
the positive slopes go to +o00, but not the other way around.

We denote by
Hyv,oe=Hyy, v56r WF—>R

the Hamiltonian which is defined up to smooth approximation as follows: it is
constant equal to eu(1 —§8) + v—(1 —¢) on F \ [b¢, 1] x OF, it is linear equal to
u(e—138e) +v_(1—¢)+ u(be —r) on [8e, g] x dF, it is constant equal to v_(1 —¢)
on gWhotom it is linear equal to v—(1 —&) +v_(e —r) on [g, 1] x 37V, it is constant
equal to 0 on V, it is linear equal to vy (r — 1) on [1, R] x 8TV, it is constant equal to
v (R—1) on RW™ P anditis linear equal to vy (R—1)+7(r—R) on [R, c0) xdTW.
See Figure 18.

The 1-periodic orbits of the Hamiltonian H, ,_ . fall into 11 classes as follows:
(F%) Constants in F \ ([8¢, 1] x 0F).

(FT) Orbits corresponding to negatively parametrized closed Reeb orbits on
OF = 0~ W and located near g0~ W.
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(e —de)
+v_(1—e¢)

v_(l1—¢)
vi(R—1)

(I7)

(1%)
(I*)

()

(11°)
(1)

(1)

(11%)
(1)

Kai Cieliebak and Alexandru Oancea

Figure 18: Hamiltonian adapted to the construction of the transfer map
SHY (W) — SHY (V)

Orbits corresponding to negatively parametrized closed Reeb orbits on
g~ whbotom — 5= and located near £~ W.

Constants in gW/botom

Orbits corresponding to negatively parametrized closed Reeb orbits on
dTwhotom — 5= and located near 9~ V.

Orbits corresponding to negatively parametrized closed Reeb orbits on 9~V
and located near 0~ V.

Constants in V.

Orbits corresponding to positively parametrized closed Reeb orbits on 31V
and located near 07 V.

Orbits corresponding to positively parametrized closed Reeb orbits on
0~ WP = 3TV and located near R3™ V.

Constants in RW™©P.

Orbits corresponding to positively parametrized closed Reeb orbits on 97 W
and located near ROTW™P = ROTW.

We denote by F the group of orbits FOF, and by J the group of orbits J % for
J =111l
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Lemma 7.6 For the previous choices of parameters the above groups of orbits for
Hy,,v v are ordered as

F<I<H <N and I <1,

provided the almost complex structure is cylindrical and stretched enough on a collar
neighbourhood of 3tV in V.

Proof The relation F < I holds because F < I. Indeed, the maximal action of an
orbit in F equals —eu(1—8)—v_(1—¢) (and is attained on F?). The minimal action
of an orbit in / is larger than —v_(1 —¢) + min(—e(u — 1), —e(v— —ny_)). The
conclusion follows in view of §u <1y, and pu(l —6) > pu—ny >v——ny_.

The relation I < III holds because [ < III. Indeed, the maximal action of an orbit
in I equals —v_(1 —¢) (and is attained on /°). The minimal action of an orbit in II]
is equal to —vy (R — 1) (and is attained on /II?). The conclusion follows in view of
vi(R—1)<v_—n_<v_(1—¢).

The relation F' < III holds because F' < I < III by the above.

The relation I < II holds because I < II. Indeed, the maximal action of an orbit in

I equals —v_(1 —¢). The minimal action of an orbit in // is larger than —v_ + ,,_.
The conclusion follows in view of ev_ < n,_.

The relation F < II holds because F < I < II by the above.

The relation III < II is seen as follows. On the one hand we have IIT < I1°% . Indeed,
the maximal action of an orbit in /I] is smaller than

—V4+(R=1) + max(R(v+ — v, ), R(T = 12)).

The minimal action of an orbit in I7°% equals 0, and the conclusion follows in view
of R(t —n¢) < R(v4 —nyy) <v4(R—1). On the other hand we have /Il < I~ by
Lemma 2.4 for an almost complex structure which is cylindrical and stretched enough
within a collar neighbourhood of 37V in V.

The relation III < I (and actually also III < F') follows also from Lemma 2.4. O

Remark Lemma 7.6 should be compared to Lemma 6.1, which asserts the same
ordering of groups of orbits. The latter concerns the simpler Hamiltonians in Figure 14
and its proof crucially uses Lemmas 2.2 and 2.3. The former concerns the more
complicated Hamiltonians in Figure 18 (with two additional parameters ¢ and R) and
its proof uses only action estimates and Lemma 2.4. This has the advantage that the
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ordering in Lemma 7.6 is preserved by continuation maps (see the proof of Lemma 7.7
below), whereas the one in Lemma 6.1 is not.

We now define a special cofinal family of Hamiltonians in H" (V; F) of the form
above. Besides conditions (41) and (42), we will also need a finer relation, stated
as (45) below, which will be used in order to show that the continuation maps preserve
the decomposition into groups of orbits given by Lemma 7.6. We will first choose
the parameters v4, R and t in the region with positive slopes, and then choose the
parameters v_, &, i and § in the region with negative slopes.

(a) Choice of the parameters in the region with positive slopes We start with a
sequence (v4 ;) for j € Z consisting of real numbers vy ; > 1, which does not
contain elements in Spec(d* V), such that v4 ; < vy js for j < j’, and such that

Vi,j —>00as j —> o0.

We further consider a sequence (7;) for j € Z consisting of positive real numbers
such that 7; € (v j, 2v4 ;), which does not contain elements in Spec(dTW), and
such that t; < tjs for j < j’.

We choose the parameters 7y, ;,1)z; € (O, %) such that they form monotone sequences
which converge to 0.

We then choose a sequence (R;) for j € Z consisting of numbers R; > 1, such that
Rj <Rj for j < j’ and R; — oo for j — o0, and such that the last condition in (41)
is satisfied under the stronger form

(43) Rjny, ;, >2vy ;j forall j €Zy.

(This stronger form of (41) will be used in Lemma 7.8.) The first two inequalities
in (42) are then satisfied.

(b) Choice of the parameters in the region with negative slopes We start with
a sequence (v— ;) for i € Z_ consisting of real numbers v_; > 1, which does not
contain elements in Spec(d™ V'), such that

(44) v_ji1>v_;+2 forallieZ_.

This implies v— ;7 > v_; + 2 for i’ <i and v—; — oo as i — —oo. We choose

1
2
converges to 0. We require that the third inequality in (42) is satisfied:

the parameters 7,_; € (O ) and such that they form a monotone sequence which

vy, j(Rj—=1)<v_;—mn,_; forall i <-—j.
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This last condition is implied by v_; > vy _; (R—; —1)+ % for i € Z_, which provides
an explicit recipe for the construction.

We choose a sequence (g;) for i € Z_ of numbers g; € (O, %) such that ¢; < g;
for i’ < i, such that & — 0 as i — —o0, and such that the second condition in (41) is
satisfied:

giv—;j <my_, forallieZ._.

We also require that the sequence 1/¢; does not contain any element in Spec(d™ W),
which is a generic property.

We then consider two sequences (u;) and (§;) for i € Z_ such that
(45) eini(1—=6;)=1 forall i e Z_

and which moreover satisfy the following conditions: the sequence (u;) consists of
positive numbers and does not contain elements of Spec(d~ W), we have u; > u; for
i’ <i and u; — 00, I — —o0; the sequence (§;) is such that §; € (0, 1) forall i € Z_,
we have §;» < §; for i’ <i and §; — 0 as i — —oo, and the first condition in (41) is
satisfied:

81-,ul- < Nu; forall i € Z_.

Such sequences are easily constructed by choosing u; slightly larger than 1/¢; for all
ie€Z_.

These conditions imply w; > 1/&; >v—_;/ny_, >2v_; forall i € Z_, so that the last
inequality in (42) is also satisfied since v_; > 1.

Now let
HZ’J = Huiav—,i5v+,j>rj,8[a£i’Rj’ i€ Z_’ -] € Z’ i S _j'

Then we have H;/ ; > H; ; for i’ <i and H, ; < H; ;s for j < j’ Indeed, the first
inequality follows from conditions (44) and (45), which imply that for i’ < i the value
of Hjs ; on g d_V satisfies

V(=) =2 (i +2)(A—&) =v_;i(1—-&)+1
=v—i(l—&) +eipui(l—06;) =max H ;.

The second inequality follows from the conditions v4 j» > vy ; > 7; and Rj» >
R; > 1, which imply (v4 ;s —1;)(Rj» —1) > (v4,; — 7;)(R; — 1), or equivalently
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1)+,j/(Rj/ —1) > V+’j(Rj -1+ ‘Cj(Rj/ - Rj), SO Hi,j/ = Hi,j on Rj/8+W and
therefore everywhere.

We consider FC«(H;,;) as a doubly directed system in Kom, inverse on i — —oo and
direct on j — oo, with maps

FC«(Hyr ;) — FCu(H; j), i’ <i<—],
induced by nondecreasing homotopies, and maps
FC«(H; ;) > FC«(H, 1), j=<j.i<—j

induced by nonincreasing homotopies. (The nondecreasing homotopies will actually be
chosen more specifically, as a composition of “small-distance” homotopies; see the proof
of Lemma 7.7 below.) The choice of parameters ensures that for each H; ; the groups
of orbits are ordered as in Lemma 7.6. Denote by FCg (H;, ;) the Floer subcomplex
of FC«(H;,;) generated by orbits in the group F, denote by FCy 7 17 (H;, ;) the
Floer quotient complex generated by orbits in the groups I, Il and III, and consider
similarly FCy p7(H; ;) and FCy (H; ;). The groups of orbits I, 1% and 11T
are ordered by the action as I/~ < II° < II'" within the group of orbits /I, so
we have corresponding subcomplexes and quotient complexes FC ;o (H; ;) for Q €
{#,>0,>0,=0,<0, <0}, where I has the following meaning:

ne=u, u==py=" p>°=p*t, u==pn-, U=°=n° Nuz=p°t.

Similarly, we have orderings by the action 1=+ < I° within the group I, and
I1° < I~ within the group III, as well as orderings I < IIl and IIl < I from
Lemma 7.6. We thus define FC(; jryo (H;,j) for O €{z,>0,>0,=0,<0, <0} via

(I,IN? = (1.0, (I,nNH==a,m®, . n)°=mu-+,
(I, 1NH~°=71"", (I, 1N~ = 1° 1%, 1,1z =0, ).

Lemma 7.7 The homotopies that define the doubly directed system FC«(H;, ;) can
be chosen so that they induce doubly directed systems

FCpo(H,,j), FCro(Hij), FCpro(Hi ;) and FC pryo(Hi,j)

forieZ_, jeZs+,i<—jand Qe{z,>0,>0,=0,<0,<0}.

Proof (1) We consider first the continuation maps

FC«(H, ;) — FCx(H,;,j), i’ <i <-—}],
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induced by nondecreasing homotopies equal to H;/ ; near +o0 and equal to H; ;
near —oo. The positive slopes vy ; and 7; are fixed, as well as the parameter R;, and
the homotopy is constant outside F o W botom,

Write for simplicity H = H; j, H = Hy;, and v— = v_;, v_

=Vv_, £ =¢,
¢ =¢eir, w=p; and ' = p;r. The gap ||H — H'| oo between the two Hamiltonians
is equal to the biggest value among (1 — &)V’ — (1 —&)v_ (the difference of values in
the region %) and (1—¢&")v_ +¢&' /(1 —8")— (1 —g)v_ —eu(1 —8) (the difference of
values in the region F 0). Condition (45) ensures that these two values are equal, hence

gap = ||H — H'||oo = (1 =& )V — (1 —&)v_.

In the sequel we will repeatedly apply Lemma 7.2 (without further mentioning it),
which asserts that, for two groups of orbits, Py, < Pgy_ —gap implies Py, < Py_.

We first prove that
Fyg/ Ig <1y,

so that we have induced maps FCy (H') — FCp(H). We have Flg, + gap <
1 g, +gap < Il : the first inequality is obvious, and the second inequality is equivalent
to —(1—¢&)v— < —v_+n,_, which is implied by ev_ < n,,_. This ensures Fg’ < Il g
and Ig < Ily.

We now prove
g < (F,I,H)H.

Note that H and H’ coincide in the regions /% and I/, and from the proof of
Lemma 7.6 we know that Illg < II I(}Jr. The conditions Il g < (F,I,1I™)g follow
from Lemma 2.4. To prove the condition IIlg < II%T, we cannot argue directly by
action considerations as in the proof of Illg < II I?,"' since the gap between H and H’
could be arbitrarily large. Instead, we use again Illg < II g"’, so we can find some
&> 0 such that Illg < II 1(7)[+ —&. We specialize now to nondecreasing homotopies
from H to H' which are compositions of “small-distance” homotopies with gap
smaller than ¢. (This can always be achieved by cutting and reparametrizing a given
homotopy.) Note that all the homotopies are fixed on I1°% and III. For each of these
small-distance homotopies, say running from H_ at —oco to H4 at +o00, we then have
g, < III(L)]J_r by Lemma 7.2, and we also have Illp, < (F,1,117)y_ by Lemma 2.4.
In other words, Il g L < (F,1,1I)y_ and the image through the continuation map
of a generator in [l lies in Illy_. As aresult, the image of a generator in I/l
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through a composition of such “small-distance” homotopies lies in /Iy and we have
Iy < (F, I, g . (This reproves in particular Illg: < (F, I, 1l ™)y .)

We now prove that
FH/ < IH, IHH,

wherefrom induced maps
FCrp,ur (H') = FCryr,m (H) and  FCp gy (H') — FCr p (H).
The relation Fg’ < Ig follows from F;)I, + gap < min(/g, I;;), which is

—&/(1= 81 — (1= e)v_ < —(1 —&)v_ + min(—e(p — 7). —(v——7,_))
=—(1—gv——e(u—1npu).
This is equivalent to —(1 —6)u < —(u — 1) in view of (45), and holds in view of

S < ny . The relation Fgs < Iy follows from the previous one; indeed, Iy < Illy,
hence F;)I/ +gap < Illlg .

We also have
Iy < Ig.

This follows from 17}, +gap < III )y, which is —(1—&" )/ +(1—¢& ). —(1—&)v_ <
—v4+(R — 1), which is equivalent to v+ (R — 1) < (1 — ¢)v— and is implied by (41)
and (42). Since we already proved IIlg’ < Iy, we infer that the continuation maps
therefore preserve the decomposition FCy jy7 (H) =FC;(H) @ FCyy (H).

We now prove that
Hg, < Uyt and II5? <1,

so that we have induced maps FCjo(H') — FCpo(H) for all values of Q. The
first relation follows from Lemmas 2.2, 2.3 and 2.5, while the last relation follows
from Lemmas 2.2 and 2.3 (using H' = H outside F o Wtm) Note that in this
situation we cannot argue using the action because the homotopy only preserves the
action filtration up to an error given by the gap, and the latter can be arbitrarily large.

We now prove that
Igh <y, M) and (g HIf) < 5T,

which implies that we have induced maps FC(; yryo(H') — FC(; o (H) for all
values of Q.
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In view of Iy’ < Il , the first relation is a consequence of [ §,+ < 1%, which is in
turn implied by [ ;,’L +gap </ 1?1' The latter is seen to hold as follows. Denote by
Ty—y and Ty—y the minimal period of a closed Reeb orbit on 3~V and on 3~ W,
respectively, and set 7_ := min(7Ty—y, Ty—w ) > 0. The desired inequality is implied
by —(1—¢&W_ —&T_+ (1 —¢&))W._—(1—-e)v— <—(1—¢)v_, which holds because
—'T_ <0.

In view of Iy < Il , the second relation is a consequence of 111 21, < I ;IJ“. The
relation [I1 21, < 1 I}L is a consequence of Lemmas 2.2 and 2.3 in view of the fact
that the homotopy is constant outside F o W™ The relation Iy, < g is a
consequence of Lemma 2.5. Note that in both situations we cannot argue using the
action because the homotopy only preserves the action filtration up to an error given
by the gap, and the latter can be arbitrarily large.

(2) We now consider the continuation maps
FC*(Hi,j)%FC*(Hi,j/), ] Sj/f—i,

induced by nonincreasing homotopies equal to H; ; near +oo and equal to H; ;/
near —oo. The negative slopes v_; and u; are fixed, as well as the parameters ¢; and
8;, and the homotopy is constant on F o WM o |/ This situation is easier than the
one in (1) because here the continuation maps preserve the action filtration.

Write again for simplicity H = H; j, H' = H; j, and v = vy j, v = vy jr,
R=R;, R’=R}, =1 and T/ = 7.

The relations
FH < IH/,HH/,]HH/ and IH < HH/

follow as in Lemma 7.6. On the one hand we have I = Iy and II 59 =11 ;IO, so that
Fp <Ip, I17? and Iy < Il 5. On the other hand we have F{y <115 =15, <11},
and F§ = FY, <MY, <l fori <—j', whichimplies Fg < Il Il . Finally,

we also have Ig = I}I < Ilg, < II;IF,, which implies Iy < Illg/.

The relation
1 H < /4 H’

is proved as follows. We have Illg < Iy, as in Lemma 7.6, using Lemma 2.4.
We have IIII(L)IJr < IIQIJ,r by (42), namely R(t — 1) < v4+(R —1). Finally we have
I < HYT by (41), namely Rn,, > vy,
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The relation
il H < 1 H’

is proved as in Lemma 7.6, using Lemma 2.4.

The continuation map
FCy(H) —FCy (H')

is induced by a nonincreasing homotopy, hence preserves the filtration by the action.
As a consequence we obtain well-defined continuation maps

FCjo(H) — FCpo(H')
for all values of Q.

Let us now prove that the continuation map

FCr i (H) — FCr 7 (H')
induces maps
FC(I,III)O (H) — FC(I,III)O (H/)

for all values of Q. We need to show the relations
Iyt <Ip. Mg and Ig HIj < I .

The first relation follows from 15+ <19 =15, < I}, < Il 5", where the middle
inequality is ensured by (41) and (42), namely v4(R—1) <v_ —n,_ <v_(1 —g;).
The second relation follows from / 1?1 < Il 191, < Il I;,Jr

The above shows that we actually have noninteracting doubly directed systems
FCICQ(HZ"J') and FCIHC?(HZ'J)

for all values of Q) and Lemma 7.7 is proved. O

Lemma 7.8 We have isomorphisms

SHY (V) = lim lim FH 7o (Hi, )
Jj i
forQe{@,>0,>0,=0,<0,<0}.

Proof The proof is very much similar to that of Lemma 7.4. Recalling that the slopes
near 3%V for H; ;j are —v_; and vy ;, the key identity is

(46) SHS ="+ (V) = FHyp (H; ).
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To prove (46), recall from Lemma 5.1 that SHia’b)(V) can be expressed as a direct
limit over Hamiltonians in HW (V; F) of Floer homology groups truncated in the
action window (a, b). In particular, considering a decreasing sequence i — —oo and
an increasing sequence jr — 0o as k — oo with i < —ji, we have SHSfl’b)(V) =
Fkaa’b)(Hik, jr)- Here the direct limit is understood with respect to continua-

h—r>nk—>oo

tion maps FHSfl’b) (Hiy,j) = FH,(ka’b) (Hj,,,j.,) induced by nonincreasing homotopies.

We claim that for k large enough such that vy ; > —a we have FCSf”b)(Hik, i) =
FC(I‘;’b) (Hj, j,)- The proof is similar to the proof of Lemma 5.1: We need to show that
the actions of orbits in groups F, I and Il are below a. For the groups F and [ this
is obvious. The actions within group III are ordered as II1° < III =T . The maximal
action of the orbits in group /I~ is bounded above by —v4(R—1)+ R(v4 —1ny, ) =
vy — Rny, < —vy <a, where we have dropped the index j; and the first inequality
follows from condition (43). Similarly, the maximal action of the orbits in group Il ©
is bounded above by —v4 (R—1)+ R(t—1¢) < —v4(R—1)+ R(v4—ny, ) <a, where
the first inequality follows from (42) and the second one from the one for group II1 .
Combining this with the previous paragraph we obtain

b 3 b
SHia, )(V) — h_r)n FH% )(Hik,jk)'

k—o00

Assume now without loss of generality that —v_;, <a and vy ; >b. The smoothings
of any such two Hamiltonians H;, j and Hj,, j, for k <k’ can be constructed so
that they coincide in the neighbourhood of V' where the periodic orbits in group II for
Hij, j, appear. As such, the continuation map FCS’;’b)(Hik,jk) — FC&’;’b)(Hik,,jk/),
which is upper triangular if we arrange the generators in increasing order of the
action, has diagonal entries equal to +1 and is therefore an isomorphism. This
proves that we have a canonical isomorphism FHg‘;’b)(Hik, ) = SHia’b)(V) for all k
(such that —v_;, <a and vy j, > b). This implies (46) by choosing a = —v_;
and b=vy ;.

A variant of this argument shows that, under the isomorphism (46), the continuation
maps FHy7 (H;r ;) — FHy (H; ;) for i’ <i and FHy (H; ;) — FHy (H; ;) for
J < j’ induced by a nondecreasing homotopy, respectively by a nonincreasing homo-
topy, coincide with the canonical maps SHi_v_’i/’v+’j)(V) — SHi_v_’i’v+‘j)(V) and
SHSk_v_'i’VJr"i)(V) — SHi_v_‘i’VJr'j/ (V), respectively. The conclusion of the lemma

follows in the case Q is &.

The proof in the case O # @ is similar, as in Lemma 7.4. |
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Lemma 7.9 We have isomorphisms

SHS(WbOttom, a+ Wbottom) ~ h_l')n Lin FHIO (HZ,J)
Jj i
and

SH (WP, 0~ W'®) = lim lim FH o (H ;)
J 1
for Qe {z,>0,>0,=0,<0,<0}.

Proof (1) We prove the first isomorphism. Since the group of orbits [ is located in
the region where the Hamiltonians H; ; have negative slope the direct limit over j plays
no role and we can assume without loss of generality that j = jo is constant. The Floer
trajectories involved in the differential for FC (H; ;) and also the relevant continuation
Floer trajectories are confined to a neighbourhood of F o WM by [emma 2.2. We
can thus replace the Hamiltonians H; = H; j, by Hamiltonians I-Nli which coincide
with H; in F o WM o 1 and are constant equal to 0 on V o W' o [1,00) x dTW.
We can further shift these Hamiltonians to H; = H i —v—i(1 —&;) so that the orbits
in group I lie on level 0, and further replace H; by H; =¢; H; o ¢IZ" e 5o that the
orbits in group I for H; lie in a neighbourhood of WM and the slopes of #; in
the linear regions are the same as the slopes of H ;. Finally, we can further replace the
Hamiltonians #; by 7; defined on W};"“‘)m which coincide with #; on F o Wbotom
and continue on [1, 00) x 9 WP°tm Jinearly with the same slope —v_ ;. The resulting
inverse system is cofinal and, by Lemma 7.5(b), it computes SHY (W bottom g+ yjbottom)

(2) We prove the second isomorphism. Since the group of orbits /Il is located
in the region where the Hamiltonians H; ; have positive slope, the inverse limit
over i plays no role. Consider the Hamiltonian H; which coincides with H;,;
on VoW oll,o0) x 3T W, and is constant equal to 0 on F o Wbotom o V. The
complex FCpyy (1-7 1) is well-defined by the same action considerations, which show
that g, , < 11 gij. Consider a nonincreasing homotopy from H; ; at —oo to
H; at +o00, and also the reverse nondecreasing homotopy from H; at —oo to H; ;
at +00. We claim that these homotopies induce chain maps between FCy (H;, ;)
and FCyyy (FI i) which are homotopy inverses to each other. We first prove that
”Iﬁ_,- < (F, 1, II)HI.J. and My, ; < (F, Il)ﬁj , where in the latter case F stands
for critical points in F o WPm and JJ = J7%F. The first relation follows from
Lemma 2.4 for (F,1,Il)p, ; and from action considerations for /I 191?: since the
homotopy is nonincreasing. The second relation follows from Lemmas 2.2 and 2.3
for 11 I;i,j , from Lemma 2.5 for 111 £Ii,j , and it also follows for 111 I; y by specializing
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to homotopies which are compositions of “small-distance” homotopies as in the proof
of Lemma 7.7. As a result, the induced chain maps between FC(H;_ ;) and FC(ﬁ i)
preserve the subcomplexes generated by [lly; ; and 1] i These chain maps are
homotopy inverses of each other, and a similar argument shows that the corresponding
chain homotopies also preserve the subcomplexes generated by [Ily, ; and Il i
This proves the claim.

We can now further shift these Hamiltonians H ' to H j= H i —v4,j(Rj —1) so that
the orbits in group IIT lie on level 0, and further replace H by Hj=R; H j o¢]Zn 1/R; ,

so that the orbits in group III for H; lie in a neighbourhood of W'P. The resulting
direct system is cofinal and, by Lemma 7.5(a), it computes SHS(W“’I’, A B |

Lemmas 7.8 and 7.9 imply that for all flavours 0 we have isomorphisms

SHS(WtOp, 9~ Wtop) D SHE)(Wbottom’ a+ Wbottom) ~ ll_I)Il l(il’l FH(I,IH)O (Hl,j)
Jj i

On the other hand, by the excision theorem, Theorem 6.8, we have isomorphisms

SHY(W, V) = SHY (W™ 5= 1) @ SHY (WP, a1 V).

Combining these isomorphisms we obtain:

Corollary 7.10 We have isomorphisms
SHY (W, V) = lim lim FH ;7 ypyo (Hi, ;)
Jooi

for Qe {@,>0,>0,=0,<0,<0}. O

7.1.4 The transfer map revisited Consider again a Hamiltonian H = Hy, ,,, ; as
in Figure 18. We associate to it a new Hamiltonian L < H defined as follows: it is
constant equal to (e —38e) +v—(1 —¢) on F \ [§¢, 1] X dF, it is linear of slope —u
on [Se, £] x OF, it is constant equal to 0 on [£,1] x dF UW U [1, R] x T W, and it is
linear of slope T on [R, c0) x T W. See Figure 19.

Here the constant £ is determined by the construction and given by
E=—"(1-g)+ee(el).
i
The orbits of the Hamiltonian L fall as usual into five groups, F°* and 77°9%, and

we have F < I~ < 1% < IT. Indeed, the smallest action of an orbit in group I~ is
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Y

Figure 19: Hamiltonian L for the construction of the transfer map

—&( —ny), whereas the largest action of an orbit in group F is —u(§ —8e), and we
have —u(§—8e) < —&(u—ny), which is equivalent to pée < £ny,, in view of ué <n,
and ¢ < . Arguing differently, for the Hamiltonian L we have F < [ regardless of the
choice of parameters using Lemmas 2.2, 2.3 and 2.5, and the orbits within each of the
groups F and I are naturally ordered by the actionas F* < F®and I~ < 1% <[+,

Consider now a Hamiltonian K := K, . s/ as in Figure 16, with §" € (0, 1) such that
ué < ny, and p(l —38") > u(§ — 8e), ie the maximal level of K is larger than the
maximal level of L. We then have L < K.

Lemma 7.11 The homotopy from K to L given by slow convex interpolation induces
for all flavours © homotopy equivalences

FCIO(L) L)FCIO(K)

Proof Although the homotopy is decreasing in the convex end, the Floer equation
remains unchanged in the region {r > R} where the Hamiltonians L and K have the
same slope. So the maximum principle applies and the continuation map FC(L) —
FC(K) is well-defined. It is a homotopy equivalence with homotopy inverse given by
the continuation map induced by the reverse homotopy from L to K.

We assume without loss of generality that L has no critical points in the region
[€,1] x 9F U[1, R] x @t W and that it coincides with K on W.
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It is useful to define the following Hamiltonians: LK is equal to L on F and is
equal to K on W U|[l,00) x d+W, and KL is equal to K on F oW and is equal
to L on [1, 00) x 3T W. We accordingly have chain homotopy equivalences FC(L) —
FC(KL) — FC(K) and also FC(L) — FC(LK) — FC(K) induced respectively
by homotopies supported in the positive/negative end. We will show that we have
corresponding chain homotopy equivalences FC;o (L) — FCj;o(KL) — FC;o(K)
for all flavours Q). The same statement holds if we replace KL with LK, but we will
not use it.

We first consider the homotopies connecting L and KL, supported in the negative end,
and show that they induce chain maps FC;o (L) — FC;0(KL) and FC;o(KL) —
FC;o (L) which are homotopy inverses of each other for all flavours Q. We first
consider the nondecreasing homotopy from L to KL, constant on W U[1,00) x 9T W.
Each element in the homotopy is of the following form: outside F it coincides with L,
and inside F it is linear of slope —u in some region [a, b] x 0F with 0 <a <b <1
depending continuously on the Hamiltonian; it is constant equal to O on {b <r < 1}
and it is constant equal to u(b —a) on {r <a}. Also, each element in the homotopy
satisfies F < I~ < 1% < I". We can decompose the homotopy into “small-distance”
homotopies of gap e > 0 small enough that, at the endpoints L4 of each such homotopy,
we have Fp <1 _—e, IL_+< Igir —e and I£+< Izr_ —e. This ensures that we have
induced chain maps FC;o(L4) — FC;0(L-) for all flavours Q, and the result of the
composition is a continuation chain map FC;o(KL) — FC;0(L). By considering the
reverse homotopy, the same argument produces a chain map FC;o (L) — FC;0(KL).
The same argument applied in 1—parametric families shows that each of the small-
distance chain maps FC;o (L +) — FC;o(L-) is a chain homotopy equivalence, and
so is their composition.

The same arguments show that we have chain homotopy equivalences FC;o(KL) —
FCjo(K) for all flavours Q. By composition we obtain chain homotopy equivalences
FC;0 (L) — FC;o(K) for all flavours Q. |

Remark We have used an argument based on “small-distance” isomorphisms also in
the proof of Lemma 7.7. It is likely that it can be used in order to simplify further the

proof of Lemma 7.7.

Consider now a doubly directed system H; ; as in Section 7.1.3. Let L; ;j and Kj ;
be the Hamiltonians associated to H; ; asin Lemma 7.11. We turn L; ; into a doubly
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directed system in Kom by composing the continuation maps FC(K;/, ;) — FC(K; ;)
and FC(K;, ;) — FC(K;, js) with the canonical maps in Lemma 7.11 and their inverses.
(Note that in general we do not have L;/ ; > L; ; for i " <i <—j.) Then all the results
for the system K; ; in Section 7.1.1 carry over to the system L; ;.

Recall that L; ; < H; ; and the orbits in group F for L; ; and H; ; coincide. There-
fore, by Lemma 7.6 the actions of the orbit groups satisfy Fr, . < (I, I, Ill ) g, ;. We
thus obtain induced chain maps

Ji,j: FCr(Li,j) = FCr,ip, i (H;,j) — FCp (H;, ;)

which define a morphism of doubly directed systems in Kom. Here the first map is the
continuation map and the second one the projection onto the quotient complex in view
of Lemma 7.6. Since these maps preserve the filtration by the action, we also have
induced chain maps

[ FCro(Li, j) — FCrro(H; )
for © € {@,> 0,> 0,= 0, < 0, < 0}, which define morphisms of doubly directed

systems in Kom. We denote by ( ffi)* the maps induced in homology.

Lemma 7.12 Under the isomorphisms of Lemmas 7.4, 7.8 and 7.11 we have

/7 = limlim(£;7) .

o
where f!o: SH?(W) — SH?(V) is the transfer map from Definition 5.3.
Proof Recall from (39) and Lemma 7.11 the isomorphisms
SHC™%) (W) = FH; (K; ;) = FH; (Li ).
Recall also from (46) the isomorphism
SHS 1V (V) ~ FHy; (H; ).

Recall that p; > v—; and 7; < v ;. It follows from the proofs of Lemmas 7.4 and 7.8
that the continuation map ( f; ;)«: FH;(L; ;) — FHy (H; ;) coincides via the above
isomorphisms with the composition of the transfer map

f!(—m,fj): SHS:M’U)(W) N SHi_Mi’rj)(V)

with the canonical map given by enlarging/restricting the action window

SHi_Mi stj)(V) — SHi_V—,i sv-l-..i)(V)’
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ie
e i) o
SHU ™) (w) ! SHU =) (1)

S S
SHS M) ()

Since —v_ ; ——o00 as i — —o0 and 7; — +00 as j — +00, and since the continuation
maps in the doubly directed systems for L;,j and H;, j correspond under the previous
isomorphisms to enlarging/restricting the action windows (Lemmas 7.4 and 7.8), we
obtain

fi =limlim(f;,)x.
J i

This proves the lemma when Q is &. The proof for the other values of Q is entirely
analogous. a

7.2 Symplectic homology of a pair as a homological mapping cone

Let fl? be the chain maps constructed in Section 7.1.4. The discussion in Section 4
shows that the cones C( fiO

j) form a doubly directed system, and we define (compare
with Corollary 7.10)

SHY <" (W, V) = lim lim H.(C(f;7))).
F
The goal of this section is to prove the following proposition:
Proposition 7.13 Let (W, V) be a cobordism pair. Then we have an isomorphism
SHY" (W, V) = SHY (W, V)[—1]

for Qe {@,>0,>0,=0,<0,<0}.

Proof In view of Corollary 7.10 it will be enough to prove

(47) lim lim H.(C(f;})) = lim lim FH 7 ppyo (H;,j)[~1]
J i J i

for all values of Q.

We recall the notation W = Wbottom o |/ o |/t Recall the families of Hamiltonians
H; ; and L; ; from Section 7.1.4. For a fixed value of the double index (i, j) we
write for readability H = H; j and L = L; ;.
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Let O be @. We claim that any monotone homotopy from L to H induces a homotopy
equivalence
FC(L) = FCyr 11, (H).

To see this, consider for ¢ € [0, 1] the nonincreasing homotopy of Hamiltonians H’
as in Figure 19 from H® = H to H' = L. Each H' has the shape considered in
Section 7.1.3 with parameters

pt=p, vieo,v-], vieovy], =1, §>0 eleE], R =R

satisfying
§tel =8, vi(1—¢') = puE—¢".

Thus &’ increases with ¢, while §* and v% decrease with ¢. The actions of orbits in the
regions 1, II and III are bounded below by —u(§ —¢&') — e (u—ny) = —pé + &'y,
—7v’ and —vi(R — 1), respectively, all of which increase with . Here V. denotes
v_ —n,_ for vE >y — ny_ and vl otherwise. Since the action of orbits in region
F is independent of ¢ and the actions satisfy F < I, II, IIl for t =0, it follows that
F < 1,11, Il holds for all ¢ € [0, 1]. Considering a moving action window separating
the orbit group F from the groups I, II and IIl, we see that the continuation map
FH; (L) — FHy ;7,1 (H) is a composition of small-distance homotopy equivalences

and thus an isomorphism. This proves the claim.

Let us consider the commutative diagram

FC;(L) ! FCyr (H)

FCr, 11,1 (H)

in which p is the projection induced by the ordering I, III < II. By Lemma 4.3(ii)
we have an isomorphism in Kom,

C(f)=C(p) =FCy, (H)[-1].

This isomorphism is compatible with continuation maps, and hence with the structure
of a doubly directed system. In the first-inverse-then-direct limit this yields (47) for O
is &.

Let O be “=0". The orbits of L in the group /% are constants, and we separate
them as 70 = Obotom || 7OV || JOP " according to whether they lie in Wbotom
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V or WP respectively, with the orbits lying in WPtm Uy WP forming a sub-
complex, and the orbits lying in V' forming a quotient complex (this is achieved
by perturbing L along W by a Morse function whose restriction to V' is smaller
than its restriction to WP°tm  ©P)  The Floer complex reduces to the Morse
complex by symplectic asphericity [65], and we therefore have canonical identifications
FCjovowom (L) = FCj0(H), FCjov (L) = FCp0(H) and FCjowp(L) = FCyp0(H).

The continuation map f=%: FC;0(L) — FC;0(H) is identified with the projection
FC;0(L) — FCjov (L), and by Lemma 4.3(ii) we have an isomorphism in Kom,

C(fzo) = FCIObottom,pr(L)[_l] = FCIO,IIIO(H)[_I]'

This identification is compatible with continuation maps, and hence with the structure
of a doubly directed system. In the first-inverse-then-direct limit this yields (47) for ©
is 6£: O”'

Let O be “< 0”. We denote by FCjonuon(L) the complex generated by the critical
points of L inside WM "and we recall the canonical identification FC jopouom (L) 2~
FC;0(H), which we already discussed in the case O is “= 0" above. We claim that
any monotone homotopy from L to H induces a homotopy equivalence

FCI—,Obotlom (L) - FC]’]]— (H)
To see this, consider the composition
g: FC - obottom (L) —> FCr—,mr (H) —> FCr - (H),

where the first map is the continuation map and the second one is the quotient pro-
jection according to Lemma 7.6. Note that the subcomplexes FC;— ovoton (L) and
FCy, 11—, 11 (H) correspond to the negative action parts if we choose the perturbing
Morse functions to be positive on WM and negative on ¥V U W'P. Since the
homotopy is constant on V, Lemma 2.2 shows that the Floer cylinders counted by the
map g lie entirely in F U WM  Therefore, the map g agrees with the continuation
map FC<%(L) — FC=<°(H), where L and H are the Hamiltonians that agree with L
and H on F U WPm and are equal to zero on V U WP, The argument in the case
Q is @, setting the Hamiltonians H’ also to zero on ¥V U WP shows that this map is
a homotopy equivalence. This proves the claim.

Consider now the commutative diagram
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FCI—,Obmtom (L) FCII_ (H)

h.e. p
FCr,i1-(H)

in which p is the projection determined by the ordering I < II ~. It follows from
Lemma 4.3(ii) that we have an isomorphism in Kom

C(¢) = C(p) = FCy(H)[-1].

We then consider the diagram of short exact sequences of complexes

FC;- (L) —_— FCI*,Obollom (L) FCIOb(mom (L)
|7 [+ |
FCjy-(H) =————=FCy-(H) T
(=) C(#) = FC; (H)[-1] ==, €(0) = FCo (H)[-1]

The top-right square commutes up to homotopy by Proposition 4.4 because the cone
of the identity map on the second line is homotopic to zero. The cone of ¢ has been
identified above, and the bottom-right map induced between the cones is homotopic to
the projection FCy (H )[—1] MFCIO (H)[—1]. It then follows from Proposition 4.4
and Lemma 4.3(ii) that we have isomorphisms in Kom,

C(f=°) = C(proj[~1]D[1] = C(proj) 2= FC;—+ (H)[-1].

For the middle isomorphism see (23). The identification C( f <%) = FC;—+ (H)[-1] is
compatible with continuation maps, and hence with the structure of a doubly directed
system. In the first-inverse-then-direct limit this yields (47) for Q is “< 0.

Let © be “> 0. This is a consequence of the cases Q is @ and Q is “< 0”. For this,
we consider the diagram

FC;-(L) FC;(L) ———  FCjo+ (L)
% P
FCy-(H) FCy(H) —— — FCpo+(H)

=incl[—1]

C(f=% =FC;—+(H)[-1] ————— C(f) = FCy 1 (H)[-1]
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The cones of £ =% and f have been identified above, and the map induced between the
cones is homotopic to the inclusion FC;—+ (H)[—1] incl[=1], pc 1,111 (H)[—1]. It then
follows from Proposition 4.4 and Lemma 4.3(ii) that we have isomorphisms in Kom,

C(f*°%) = C(incl[-1]) = C(incl)[-1] = FCjo sy (H)[—1].

For the middle isomorphism see (23). The identification C(f=%) = FC 10,11 (H)[—1]
is compatible with continuation maps, and hence with the structure of a doubly directed
system. In the first-inverse-then-direct limit this yields (47) for Q is “> 0”.

Let O be “> 0”. This is a consequence of the cases Q is “= 0" and Q is “> 0. The
proof is similar to that of the case Q is “> 0.

Let © be “< 0”. This is a consequence of the cases © is “> 0" and Q is &. The proof
is similar to that of the case Q is “> 0. O

Remarks on the proof of Proposition 7.13 It is worth noting that we really needed
to consider only three cases: Q is @, Q is “= 0" and Q is “< 0”, the other three cases
being in a sense formal consequences. As a matter of fact, given the cases © is & and
Q is “= 07, any of the four remaining cases suffices in order to deal with the other
remaining three. A strategy that would have worked is to have considered the case O
is “> 07, ie work our way from the convex end throughout the cobordism (instead of
starting from the concave end as in the proof). Should one wish to start with one of the
cases Q is “<0” or Q is “> 07, an additional argument would be needed, related to
excision, that would allow one to decouple I from II1°, and 7° from III, respectively.

We can see a posteriori that the proof consists in a suitable iterative application of the
following two elementary steps:
(i) Identify suitable complexes for L and H which are homotopy equivalent via
the continuation map.
(ii) Embed the maps f© whose cone we wish to compute inside grid diagrams
of the type considered in Proposition 4.4, in which the other maps are either
some of the homotopy equivalences of step (i), or maps /< whose cones have

been already computed, or natural projections/inclusions for which the cones
are known via Lemma 4.3.

7.3 The exact triangle of a pair

The homotopy invariance of the transfer map, together with the identification between
the dynamical definition of the relative symplectic homology groups and the definition
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using cones given by Proposition 7.13 implies that for any exact inclusion of pairs
(W, V) N (W', V") and for any Q € {@&, >0,>0,=0, <0, <0} we have an induced
transfer map

SHO W', v'y L5 sHO (W, V).

The following proposition establishes Theorem 7.1 (the case of symplectic cohomology
is completely analogous to that of symplectic homology).

Proposition 7.14 Let (W, V') be a cobordism pair, for which we denote the inclusions
by Vs W -Ls (W, V). GivenQ € {@,>0,>0,=0,<0, <0} the following hold:

(i) For any Liouville structure A there exists an exact triangle

Vi

SHY (W, V; 1) SHY (W: 1)

SHY(V: 1)

where the various symplectic homology groups are understood to be computed
with respect to the Liouville structure A.

(i1) Given a homotopy of Liouville structures A; for t € [0, 1], there are induced iso-
morphisms hy: SHY (W:;40)— SHY(W: A1), hy: SHY (V:iAo)—SHY (V: A1)
and hwy.,y: SHS,?(W, Vido) — SHS(W, V; A1) which define a morphism be-
tween the exact triangles in (i) corresponding to Ao and Aj.

(iii) Given an exact inclusion of pairs
w.v)-Ls v,

the transfer maps fi: SHY(V') — SHY(V), fi: SHY(W’) — SHY (W) and
i SHS(W/ V) — SH?(W, V') define a morphism between the exact triangles
of the pairs (W', V') and (W, V).

Proof The existence of the exact triangle in (i) is a consequence of the tautological ho-
mology exact triangle of a cone (20) and of the identification between SHS?(W, [-1]
and SHY°™™(W, V) proved in Proposition 7.13.

Part (ii) follows from the naturality of the homology exact triangle of a cone with respect
to chain maps, and from the naturality of the absolute transfer map SHS(W: A) —
SHS?(V; A) with respect to homotopies of Liouville structures.
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Part (iii) follows from the naturality of the homology exact triangle of a cone and from
the functoriality of transfer maps (Proposition 5.4). |

The excision theorem, Theorem 6.11, can also be reinterpreted using transfer maps.
The proof uses the same kinds of arguments as above and we shall omit it.

Proposition 7.15 Given a Liouville cobordism triple (W, V, U), denote the inclusion
by
W\U,V\U)-> W, V).

The excision isomorphism in Theorem 6.11 is induced by the transfer map iy. O

7.4 Exact triangle of a triple and Mayer—Vietoris exact triangle

Proposition 7.16 (exact triangle of a triple) Let U C V C W be a triple of Liouville
cobordisms with filling, meaning that (V,U) and (W, V) are pairs of Liouville co-
bordisms with filling, and denote the inclusions by (V, U) AN (W, U)-L> (W, V). For
Qe{z,>0,>0,=0,<0, <0} there exists an exact triangle

J

SHY(W, V) SHY (W, U)

SHY(V,U)

which is functorial with respect to inclusions of triples, and which is invariant under
homotopies of the Liouville structure that preserve the triple.

Proof The proof is a formal consequence of the functorial properties of the long exact
sequence of a pair. The proof of Theorem 1.10.2 in [34] holds verbatim. O

Theorem 7.17 (Mayer—Vietoris exact triangle) Let U,V C W be Liouville cobor-
disms such that W =U UV and Z :=U NV is a Liouville cobordism such that

U= UbOttom VA V=270 Vtop W = Ubottom 070 VtOp
with UM — [/ \ Z, V' =V \ Z. We denote the inclusion maps by
et
Z w
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There is a functorial Mayer-Vietoris exact triangle

SHO(W) —YUbIVD a0y @ SHO(V)
1]
SHY(Z)

For SH™ this exact triangle is isomorphic to the Mayer—Vietoris exact triangle in
singular cohomology.

Proof The Mayer—Vietoris exact triangle follows by a purely algebraic argument
from the exact triangle of a pair and its naturality, and from the excision theorem,
Theorem 6.11. The idea is to consider the following commutative diagram:

SHY_, (W)

™

§

SHY (V. Z) « 25 SH (W, U)

SHY (U, Z) +— SHZ(Z) +———— SHY(U) +— SHY(U, Z) « SHY, ,(2)

P
gTexc 8__..--'§Texc

SHO (W, V) «— SHO(V) «—— SHO(W) £ SHO(W, V)

§

Rl

SHO(V, Z) <—— SHO (W, U)

SH?,,(2)

The isomorphism SHS,?(W, V) = SHS(U, Z) follows from the excision theorem,
Theorem 6.11, for the exact triple (W, V, V'°P). Similarly, we have an isomorphism
SHY (W, U) = SHY(V, Z). The maps &' and §” are obtained by inverting the corre-
sponding excision isomorphisms, and we actually have §” = —§’ by the “hexagonal
lemma” of Eilenberg and Steenrod [34, Lemma 1.15.1], which we recall below. We
define the map § in the statement of Theorem 7.17 to be equal to §”, and a direct
check by diagram chasing shows that the Mayer—Vietoris triangle is exact; see [34,
Section 1.15] for details. O
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Figure 20: Cobordisms for the Mayer—Vietoris theorem

Lemma 7.18 [34, hexagonal lemma I.
homomorphisms

15.1] Consider the diagram of groups and

\
G
%

Go
G,

k>

Assume that each triangle is commutative, that ki and k, are isomorphisms, that the
two diagonal sequences are exact at G, and that jygig = 0. Then the two homomor-
phisms from Gg to Gy, obtained by skirting the sides of the hexagon differ in sign
only. O

The hexagonal lemma of Eilenberg and Steenrod is applied in the proof of Theorem 7.17
to the following configuration:

’1/

SHY(V, Z)

Q
SHY,

(Z)

I

SHY(U, Z)

SHY(W, V)

W,Z)

>~

k>

SHY (W, U)

Jo

ho
SHY (W)
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The vertical isomorphisms k; and k, are the excision isomorphisms. The connecting
homomorphism § in the Mayer—Vietoris exact sequence, or the homomorphism §” in
the notation of the proof of Theorem 7.17, is defined to be hk; 1.

7.5 Compatibility between exact triangles

In this section we use the notation (Q, Q’, Q' /Q) for any one of the triples (<0, @, >0),
(£0,2,>0), (<0,<0,=0), or (=0,>0,>0). To any such triple there corresponds
a tautological exact triangle (see Propositions 2.12 and 2.18)

SHY SHY

O /

SHY'/©

Proposition 7.19 Let (W,V) be a Liouville pair of cobordisms with filling. Let
(Q,0, Q' /Q) be a triple as above.

(i) The transfer maps fucfv, fVC[?/V and flg,)/[ﬁo induce a morphism between the
tautological exact triangles corresponding to (O, <, /Q) for W and V.

(ii) The exact triangles of the pair (W, V) for (Q,Q',Q’/Q) determine “triangles
of triangles” together with the corresponding tautological exact triangles. More
precisely, upon expanding the exact triangles of a pair and the tautological ones
into long exact sequences, we obtain the following diagram, in which all squares
are commutative, except the bottom-right one, which is anticommutative:

ﬁ@
SHY(W, V) —— SHY (W) ———— SHY(V) ——— SHY_ (W, V)

/ / f;(p/ / /
SHY (W, V) —— SHY (W) ——— SHY' (V) ——— SHY_ (W, V)

/ / f,O//Cp / /
SHY P w,v) —— sHY Py 21— sHY (V) —— SHY /P (W, V)

*—1

f!@
SHY (W, V) —— SHY (W) —— SHY_,(V) —— SHY ,(W. V)
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(iii) The exact triangle of a pair (W, V) for SHZ is isomorphic to the exact triangle
of the pair (W, V') in singular cohomology H"™*.

Proof Assertion (i) follows from the fact that continuation maps induced by increasing
homotopies respect the action filtration.

Assertion (ii) follows from Lemma 4.6, and from our identification of the relative sym-
plectic homology groups with limit homology groups of mapping cones corresponding
to chain level continuation maps (Proposition 7.13).

Lemma 4.6 is applied to the following morphism between action-filtration short exact
sequences given by the chain-level continuation maps:

0—— Fclo(Ki,j) —_— FCIO/(KZ"J') —_— FCIo//@(Ki,j) ——0
Jffi lf” lff’}/@
0—— Fcﬂo(Ki’j) e FCH@/ (Hl',j) e FCHQ//@(HI',]') —0

Assertion (iii) is proved mutatis mutandis like [29, Proposition 1.4]. We omit the
details. O

Finally, we prove the following compatibility between the tautological exact triangles:

Proposition 7.20 For every filled Liouville pair (W, V') the four tautological exact
triangles fit into the commuting diagram

SHZ2, (W, V)

SH;,(W. V)

SHZO(W, V) ——— SHEO(W, V) ——— SHZO(W, V) ——— SH°, (W, V)

SHO(W, V) ——— SH.(W, V) ———— SHZ°(W, V) ——— SH°, (W, V)

SHZO(W, V) SH;°(W, V)

Proof Fix ¢ > 0 small enough. For any choice of real numbers ¢ and b such that
—00 <a < —¢g < ¢ < b < 00, and for any choice of admissible Hamiltonian and almost
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complex structure, we have a commutative diagram of short exact sequences

0 —— FCY ™ —— FCl® — Rl —— 0

|

0 —— FCY ™ —— Fe®? — 5 FcCP 0

in which the various maps are inclusions or projections. This induces a commutative
diagram between the corresponding long exact sequences in homology, and by passing
to the limit on the Hamiltonian and then on a — —oo and b — oo as in Section 2.5,
we obtain the commutativity of the diagram formed by the two horizontal lines in the
statement.

The commutativity of the diagram formed by the two vertical lines in the statement is

proved analogously. O

We conclude this subsection with a compatibility result between the exact triangle of a
triple and Poincaré duality.

Proposition 7.21 (Poincaré duality and long exact sequence of a triple) For every
triple (W, V, U) of filled Liouville cobordisms and Q € {&,> 0,>0,=0, <0, < 0},
there exists a commuting diagram

SHY(W, V) —— SHY (W, U) ——— SHY(V,U) ——— SHY_ (W, V)

CXCJ/E CXClE exc | = CXCJ/E

SHY (W \ V, V) — SHY(W \ U, dU) —— SHY(V \ U,dU) — SHY (W \ V, V)

PD\{% PDJ/% PD | = PDlE

SHG* (W \ V,aW) — SH5* (W \ U, W) — SHG,*(V \ U, aV) — SHS*(W \ V, 8W)

SHZL(W \ V,0W) — SHZH(W \ U, dW) — SHS (W \ U, W\ V) — SHS (W \ V,aW)

where the first and last rows are the long exact sequences of the triples (W, V,U) and
(W\U, W\ V,0W), respectively, and the vertical arrows are the Poincaré duality and
excision isomorphisms from Theorems 3.4 and 6.8. (The remaining horizontal maps
are defined by this diagram.)

Proof The conclusion follows directly from the definition of the Poincaré duality
isomorphism in Theorem 3.4 and the observation that for a Hamiltonian G as in
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Figure 13 adapted to the triple (W, V, U), the Hamiltonian —G is adapted to the triple
(WN\NU,W\V,oW).

Alternatively, one can reduce the general case by a purely algebraic argument to the
case U = @, as in the proof of Proposition 7.16. The case U = & is in turn treated by
noting that for a Hamiltonian H as in Figures 12 or 18 adapted to the pair (W, V'), the
Hamiltonian —H is adapted to the triple (W, W\ V, dW). |

7.6 The exact triangle of a pair of Liouville domains revisited

The exact triangle
SHY (W, V) ——— SHY (W)

SHY (V)

can be established in a more direct way for a pair (W, V) of Liouville domains since
there is no need to first identify the symplectic homology of the pair with a homological
mapping cone. Instead, one can argue directly on the chain complexes using truncation
by the action. We find it instructive to spell out the argument. This proof is only
apparently simpler: since the transfer maps induced by the inclusions V < W and
W — (W, V) are only implicitly constructed, this proof would require additional
arguments in order to incorporate it into the larger framework that we discuss in this
paper, and these additional arguments would essentially amount to reinterpreting this
diagram in terms of transfer maps.

For a pair of Liouville domains we only need to consider three flavours Q € {@, =0, > 0}.
We prove below the compatibility of the exact triangle of the pair with the tautological
exact triangle relating these three flavours.

Let V € W be an inclusion of Liouville domains and denote by W the symplectic
completion of W. Let H = H, ; for v > 0 and 7 > 0 be a one-step Hamiltonian
on W, defined up to smooth approximation as follows (Figure 21):

e H=0on W\V.
e H is linear of slope 7 on w \ W.
e H is linear of slope v on a collar |5, 1] x dV C V for some 0 <6 < 1.

e H is constant equal to —v(1 —§) on the complement of this collar in V.
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Figure 21: Hamiltonian for a pair of Liouville domains

For v and t not lying in the action spectrum of dV and dW, respectively, the 1—periodic
orbits of H fall into five classes:

(I1°) Constants in the complement of the collar in V.

(II'7) Orbits corresponding to characteristics on 9V and located in the region
{8} x V.

(/I ) Orbits corresponding to characteristics on d} and located in the region V.
(II1°) Constants in W\ V.

(Il 7) Orbits corresponding to characteristics on dW and located in the region dW.

Suitable choices of the parameters t and § as a function of v ensure that the various
classes of orbits are ordered according to the action as follows:

me <m*<nu®<mu.

As v — 0o we can allow T — oo. In general we need to let § — 0 if we wish to
acquire /I ~ < I1°. However, by Lemmas 2.3 and 2.2 we have

m— <l mnt

for any fixed choice of § > 0, independently of the choice of v. Also, by Lemma 2.3
we have
m-<m*, 0 ut<mt.

The outcome is that for suitable choices of the parameters we have

me <<’ <t <mt

and
ml <m—<m+t<n®<nt.

Algebraic € Geometric Topology, Volume 18 (2018)



Symplectic homology and the Eilenberg—Steenrod axioms 2079

Let FCi be the total Floer complex for the Hamiltonian H. For a subset Z C
(1°, 1+, 11—, 11°, 11+ denote by FC7 the complex generated by the orbits in
the classes belonging to 7. For example, FCy;— o yy+ stands for the subcomplex
generated by the orbits in the classes 111 ~, III° and III *, and FC 11—, g7+ stands for
its quotient complex modulo FC o etc. We will also abbreviate FCyr = FCpro f7+
and FCrr = FCpry— o+ -

Let us consider the following diagram, whose first two rows and first two columns are
exact:

0 0

! ¢

00— FCpjo —— FCpp ip— po —— FCr - —— 0

| | |

0 FC iy FCiot FCyy 0

| l

FCur— mr+ ——— FCpp+ - FCp—[—1]

1 1
0 0

Here the chain maps f: FCy — FCpr-[—1] and g: FC;;+ — FCpy—[—1] are
uniquely determined, so we have natural identifications

FCry,m—=C(NHI], p=B(f),  FCuy— m+=C@I[l], q=pB().

Proposition 4.4 and its proof ensure that the bottom-right square in the above diagram
is commutative in Kom, and moreover the diagram can be completed to a diagram in
Kom whose lines and columns are distinguished triangles, and all of whose squares are
commutative except the bottom-right one, which is anticommutative:

FCro ——— FCpr i~ jiro ——— FCpp,i1— ———— FCpyo[—1]

|-

FCrpy FCiot FCpy FCrr[—1]
(48) ¥
FCur— m+ ———FCpy+ ¢ FCm—=[=1] —= FCpy— ppy+[~1]

J _

FCo[—1] — FCpy yy— prol—1] — FCyr 1 [—1] —— FCy70[-2]
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Indeed, the term FC jz7—[—1] is isomorphic in Kom to C(p)[—1] on the one hand, and
to C(—q)[—1] on the other hand, and these two complexes are isomorphic as seen in
the proof of Proposition 4.4.

We now remark that we have a homotopy equivalence that is well-defined up to
homotopy
FCrr-[—1] 2 FCy+.

This follows again from Proposition 4.4. For the proof we consider a homotopy from a
Hamiltonian K = K. which is zero on W and coincides with H,, ; outside W to the
Hamiltonian H. We denote by FCy (K) the subcomplex of FC(K) generated by critical
points inside the domain V, so the continuation map induces a homotopy equivalence
FCy (K) ~FCpr, 11— . On the other hand, we have a canonical identification FCy (K) =
FCj0, and a commutative diagram up to homotopy

FCy (K) == FCj;0

Zlh.e. lincl

FCr - —— FCpr
proj
Then Proposition 4.4 yields the desired homotopy equivalence FCy—[—1] = FCj;+.

Remark 7.22 This chain homotopy equivalence provides one point of view on the
vanishing of SH(/ x dV, 37 (I x dV')) proved in Proposition 9.3.

Diagram (48) can now be used as a building block to prove the existence of a diagram
with exact lines and columns and in which all squares are commutative except the one
marked “—"’, which is anticommutative:

H" *(W,V) —— H" *(W) —— H" (V) —— H" *TL(W, V)

SHy(W, V) —— SHx (W) —— SHx (V) —— SH\_1 (W, V)
(49)
SHZO(W, V) ——— SHZ'(W) ——— SH%(V) —— SHZ®, (W, V)

Hn_*+1(W, V) — Hn—*+1(W) N Hn—*+1(V) N Hn_*+2(W, V)
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This grid diagram expresses the compatibility between the exact triangle of a pair
of Liouville domains (W, V) and the tautological exact triangle involving singular
cohomology, symplectic homology and positive symplectic homology. One relevant
ingredient here is the chain homotopy equivalence C "/ [—1] 2 CI. The other ingredi-
ent is that all the above homological constructions are compatible with continuation
maps and with direct limits.

8 Variants of symplectic homology groups

8.1 Rabinowitz—Floer homology

Given a pair of Liouville domains (W, V'), Rabinowitz—Floer homology RFH. (dV, W)
was defined in [27] as a Floer-type theory associated to the Rabinowitz action functional

ZHZ EWXR%R, AA’H(% n = Ayu (),

where H: W — R is a Hamiltonian such that 3V = H ! (0) is aregularlevel, H|y <0,
and H |vf/\V > 0. The dynamical significance of Rabinowitz—Floer homology is that it
counts leafwise intersection points of 9 under Hamiltonian motions [5], and one of
its most useful properties is that Hamiltonian displaceability of dV (and hence of 1)
implies vanishing.

It was proved in [29] that RFH. (dV, W) does not depend on W, so we will denote it
by RFH(dV) (it does however depend on the filling V' of dV'). The main result of [29]
is that, with our current notation, we have an isomorphism

(50) RFH, (V) = SH.(3V),

ie Rabinowitz—Floer homology is the symplectic homology of the trivial cobordism
over dV . As such, Rabinowitz—Floer homology is naturally incorporated within the
setup that we develop in this paper.

8.2 S!—equivariant symplectic homologies

The circle S' = R/Z acts on the free loop space by shifting the parametrization. As
such, one can define S!—equivariant flavours of symplectic homology groups. In the
case of Liouville domains relevant instances have been defined in [68; 66; 18; 71; 4].
Following Seidel [66] and [18; 71], the relevant structure is that of an S 1 —complex,
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meaning a Z-graded chain complex (Cy, d) together with a sequence of maps d;: Cyx —
Cy42i—1 for i >0 such that dp = 0 and

(51) > 095 =0

i+j=k

forall k >0. An S! —complex for which d; =0 for i > 2 is called a mixed complex in
the literature on cyclic homology. One should view S!—complexes as being co—mixed
complexes, or mixed complexes up to homotopy; see [18]. Given a Hamiltonian H
one can endow FCia’b)(H ) with the structure of an S!-complex that is canonical up
to homotopy equivalence. Moreover, a homotopy of Hamiltonians induces a morphism
between the S!—complexes defined on the Floer chain groups at the endpoints.

Recall that we work with coefficients in a field K. Denote by u a formal variable of
degree —2. Given an S!—complex C = (Cx, {9;}i>0) we define, following Jones [51]
and Zhao [71], the periodic cyclic chain complex

Caluu™]. =) w0, |ul=-2.

i>0

Here elements in Cy[u,u~!] of degree k are by definition Laurent polynomials

Z]]-V=_N xjuj with x; € Cgyo;. Then Eﬁ = 0 as a consequence of (51) and the

map 0y, is K[u]-linear. We consider the subcomplex and quotient complex

Cielu], Cifu™']= Cufu, u™1]/uCylu]
with differential induced by d,, and the induced K[u]-module structure. The homolo-
gies

—1
HCM (€)= Hy(Ci[u]), HCE* 1(C) 1= Ho(Culu,u™)),
—1

HC4(C) := HCY 1(0) := Ho(Cxlu™ )
correspond to certain versions of the negative cyclic homology, periodic (or Tate) cyclic
homology and cyclic homology, respectively, of the S!—complex C in the literature.
We will not use these names but rather indicate in the notation which version of

(Laurent) polynomials we are using. Due to the short exact sequence of complexes of
K [u]-modules

0 — Cx[u] = Ciu,u™ ] — Culu, u™1]/Cxu] = Cxu™1][-2] = 0,
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these homology groups fit into the fundamental exact triangle

() Hcl* (e

h [—2]

HC.(C).

Example 8.1 Given an S!—space X, its singular chain complex with arbitrary coeffi-
cients Cx = (Cx«(X), d) carries the structure of a mixed complex C = (Cx, d, d1) such
that [49] (also Hingston, private communication, 2012) we have

HC.(C) = HS' (X).

Here HY 1 (X) = Hi«(X xg1 ES?!) is the usual S!—equivariant homology group of X
defined by the Borel construction. The map d1: Cx — Cx41 is defined by inserting
a suitable representative of the fundamental class of the oriented circle S! into the
first argument of the composite map Cx(S') ® Cx(X) £ ¢, (ST x X) L% Cu(X),
where 11 S x X — X is the S!-action and EZ is the Eilenberg—Zilber equivalence,
explicitly described by the Eilenberg—Mac Lane shuffle map [33, page 64]. Define the
homology groups

—1 —1
g oo =ack ey, vHF 0 =HCH (©).

While these groups cannot be described as homology groups of a topological space in
the manner of H fl (X') —they typically have infinite support in the negative range —
they are nevertheless unavoidable should one wish to formulate duality. More precisely,
let us assume that X is an oriented manifold of dimension n with boundary preserved
by the S!—action. Denoting by H ;1 (X)=H*(X xg1 ES?!) the usual S!—equivariant
cohomology groups, Poincaré duality in the S!—equivariant setting takes the form

Hi (X) = HM (X, 9X).

More generally, dualizing the mixed complex structure on Cy(X) and changing the
degree of u to +2, one can define two other versions H [’; u—l](X ) and H[’;_l](X ) of
S —equivariant cohomology, with Poincaré duality isomorphisms

n—i

. —1 . —1 1
Hy g0 = HE o), B (0 = B V(X 0X) = HE (X)),

See [50; 23] for proofs of related statements. We shall use below the following simple
instance of duality: Consider an oriented manifold X of dimension n with boundary,
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viewed as an S!—space with trivial action. Then

1
HY (X) =@ Hi—2;(X)
Jj=0
and

(52) H[iu_l](X, 9X) = ]_[ H'72/(X,0X) = @ H*2/ (X, 9X),
Jj=0 j>0

so that we indeed have Hl.S1 (X) = H[';jil](X ,0X) as a consequence of classical

Poincaré duality.

In order to define S ! —equivariant symplectic homology and cohomology groups, we use
the structure of an S ! —complex on each truncated Floer chain complex C:= FCia’b) (H)
and cochain complex CY := FCZ‘a b)(H ) constructed in [18; 71]. We set

FH@DS' () =HC(0), FH@P M gy — pel ey,
PO () = Hel )
and
FH;“Q’Z,),S1 (H) = HC*(CY), FHZ‘a,b),[u’u_l](H) = HCE‘u’u_l](CV),
FH{,p). =1 () = A,y (€7)
and use these groups in formulas (5), (8), (9), (11) and (12), as well as in Definitions 2.8,

2.13, 2.15, 3.1 and 3.2. The outcome for a pair (W, V') of Liouville cobordisms with
filling is S—equivariant symplectic homology groups

suS"Ow. vy, sul g vy sHMOw, vy,
and S!—equivariant symplectic cohomology groups
* * *
SHsl’@(Wv V), SH[[u’u_l]]’Q(W, V), S[[u—l]],o(W’ V),

with Q € {&,>0,>0,=0, <0, <0} as usual.

Remark 8.2 The notation [[u]] and [[u, '] in the equivariant symplectic cohomology
groups is a reminder that, in the case of a Liouville domain, the inverse limit in the
definition leads in general to formal power series rather than polynomials. It also
indicates the analogy to the S!—equivariant cohomology groups defined by Jones and

Petrack [52]. Indeed, it is proved in [71; 4] that for a Liouville domain W and with
rational coefficients the second group satisfies fixed-point localization:

(53) SH,, 17 (W: Q) = Hy g (W, 0W: Q) ®g Qu.u™'].
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One can define several other potentially interesting versions of S!—equivariant sym-
plectic homology by applying the direct/inverse limit over the bounds of the action
window (a, b), the homology functor and the completions with respect to u and u~! in
different orders [4]. In particular, this gives rise to a version of periodic/Tate symplectic
cohomology of a Liouville domain that equals the localization of S!-equivariant
cohomology and obeys Goodwillie’s theorem [45]. This can also serve as a motivation
to phrase the theory of symplectic homology at chain level; see also the discussion of
coefficients in the introduction regarding this point.

The equivariant symplectic (co)homology groups are connected to each other by funda-
mental exact triangles similar to the one for cyclic homology above, namely

[u],.© [uu~"'1,0
SH,""" —— SH; SH; Lo SHEu,u—l]],O
[k oo 4 N [+2)
5 *
SH; SH[[u_l]]’Q
The nonequivariant and equivariant theories are connected by Gysin exact triangles
SLO [+2]
SHY N /SH* SHy: o SHy1 o
[+1] Lo <T-2] [—’1]\ e
SH3 ¥ SHE,
and
-2
sgido 2 qplo SHY, SHY 110
\ ’
[$ o -~ [-1] “Tra)
SH;, SH’[Eu*‘]] ©

respectively. By construction, all S'—equivariant symplectic homology and coho-
mology groups are modules over K[u]. Moreover, the periodic versions are actually
modules over the larger ring K[u,u™!]. In particular, this module structure induces
periodicity isomorphisms
sule1O o glunO, SHE, 17,0 = SHL 2 g o

All the exact triangles above are obtained at the level of truncated Floer homology
by writing the complex that computes HC&”’”_I](C) as the product total complex of a
multicomplex of the form
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¥ -
SR
C3 Cy C, = Cy
* ~ 01 01
9, \”"'-..83 J« ?
& C Cq Co ul
~ - 31
~ a2 0
C1 C() llo
01
a
1

and considering natural subcomplexes and quotient complexes; see [51; 18]. The [u~1]—
complex sits on the right half-plane with respect to the 0" column, the [u]—complex
sits on the left half-plane, and the nonequivariant theory sits on the 0™ column. For
cohomology the arrows need to be reversed. The resulting exact triangles for truncated
Floer (co)homology pass to the limit in symplectic (co)homology due to our choice of
order in the first-inverse-then-direct limit. Note that, since for a given Hamiltonian H
and finite action window (a, b) the complex FC,(ka’b)(H ) has finite rank, it actually
does not matter whether we consider the product total complex or the direct sum total
complex to compute HC[k"’u_l](C).

Here are some further properties of these symplectic (co)homology groups:

(1) At action level zero we have

SHS ' =O(W, V) = H!'"~5 (W, V), SHM=(W,v)= HIT*W,V)

[u=1]
and 1
SHLu,u ]s=O(W, V) o~ Hn_*—l](W’ V)~

[u,u

In particular, for a Liouville domain W of dimension 2n we have
1 _ 1
SHY "=O(W) = H " (W) = HY\, (W, 0W).

This formula appears already in [68]. We interpret in the introduction this formula as a
motivation for viewing the transfer maps as shriek maps.
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(2) For a Liouville domain W, it is proved in [18] that SHf]’>O(W) is isomorphic
over QQ to linearized contact homology of dW whenever the latter is defined; see
also [47; 48; 55] for applications.

(3) The arguments in [18] carry over to the setting of pairs of Liouville cobordisms with
filling in order to show that there is a spectral sequence converging to SH‘:I’O(W, V)
with second page given by E2 = SHY(W, V) ® K[u~!]. In combination with the
Gysin exact triangle this yields the fact that the nonequivariant symplectic homology of
a pair (W, V) vanishes if and only if its S!—equivariant symplectic homology vanishes.
The fixed-point localization (53) shows that this is not true anymore for SHL”’"_I].

(4) The above flavours of S!—equivariant symplectic homology satisfy Poincaré
duality in the following general form: given a Liouville cobordism W and an admissible
union of boundary components A C dW, for any Q € {&,>0,>0,=0,<0, <0} we
have isomorphisms

SHS'O(W, A) = SHZ (W, 4°), SHEPO(W, A) 2 SHYT_o (W, 4°),
—1 —
SHLM’M ]’O(W, A) ~ SH[[u,u—l]],—Q')(W’ A©),

where the notation —O has the same meaning as in Section 3.2. There are also algebraic
dualities over the ring K[u] analogous to those in [50] which pair SHY,, ., with SHE‘]’O,

1 SLO
SHE 1y o with SHS ¥ and SHY o, with SHE 9,

Each of the flavours of S!—equivariant symplectic homology groups obeys the same
set of Eilenberg—Steenrod-type axioms as their nonequivariant counterparts. Transfer
maps and invariance for the case of Liouville domains were previously discussed
in [68; 71; 47]. Moreover, it follows from the construction that the Gysin and funda-
mental exact triangles are functorial with respect to the tautological exact triangles and
also with respect to the exact triangles of pairs; see also [17; 18] for a basic instance of
this phenomenon.

8.3 Lagrangian symplectic homology, or wrapped Floer homology

Let W be a Liouville cobordism. An exact Lagrangian cobordism in W or, for short,
a Lagrangian cobordism, is an exact Lagrangian L C W which intersects the boundary
oW transversally along a Legendrian submanifold dL = L N dW. This means that A|,
is an exact 1—form which vanishes when restricted to L. We write 0T L = L N 9T W.
Up to applying a Hamiltonian isotopy that fixes dW, one can assume without loss of
generality that L is invariant under the Liouville flow near the boundary [3, Section 3a].
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This means that near its negative or positive boundary we can identify L via the
Liouville flow with [1,1 4 €] x 9L and with [I — ¢, 1] x 97 L, respectively. We
interpret L as a cobordism from 97 L to 9~ L. We refer to 9~ L and 9T L as being
the positive and negative (Legendrian) boundary of L, respectively.

Let F be a Liouville filling of 0~ W. An exact Lagrangian filling of d~ L or, for
short, a filling of 0~ L, is a Lagrangian cobordism Fy; C F whose positive Legendrian
boundary is 0~ L (and which has empty negative boundary).

One can associate to a Lagrangian cobordism L with filling F;, Lagrangian symplectic
homology groups

SHY(L), Qe{@,>0,>0,=0,<0,<0}.

Similarly, given a pair of Lagrangian cobordisms K C L inside a pair of Liouville
cobordisms V' C W, with Lagrangian filling F7, inside a Liouville filling F, we define
Lagrangian symplectic homology groups of the pair (L, K):?

SHY(L,K), Qe{@,>0,>0,=0,<0,<0}.

These are “open string analogues” of the symplectic homology groups defined for the
filled Liouville cobordism W and for the pair of Liouville cobordisms (W, V') with
filling. They are defined using exactly the same shape of Hamiltonian as in the “closed
string” case. Given such a Hamiltonian, the generators of the corresponding chain
complexes are Hamiltonian chords with endpoints on L

y: [0, 1] =W, y({0,1}) CL, y=Xgoy,

and the Floer differential counts strips with Lagrangian boundary condition on L which
are finite-energy solutions of the Floer equation

u: Rx[0,1] =W, u@®x{0,1}) c L, dsu+ J(u)(0;u—Xgou)=0.

The theory is naturally defined over Z/2, and an additional assumption on the La-
grangian is needed (eg relatively spin) in order to define the theory with more general
coefficients.

Example 8.3 Let L be a Lagrangian cobordism inside a Liouville domain W, so that L
has empty negative boundary and empty filling. The Lagrangian symplectic homology
group SH. (L) coincides with the wrapped Floer homology group of L introduced

2Not to be confused with the (wrapped) Lagrangian intersection Floer homology of a pair of
Lagrangians.
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in [3; 43]. The Lagrangian symplectic homology group SH°(L) is isomorphic to
the linearized Legendrian contact homology group of 9% L [35; 38]. The Lagrangian
symplectic homology group SHZ (L) is isomorphic to the singular cohomology group
H"™*(L) of L. The Lagrangian symplectic homology group of the trivial cobordism
I x0T L CIxdtW,with I aclosed interval in (0, 00) is isomorphic to the Lagrangian
Rabinowitz—Floer homology group of T W [59; 11].

The Lagrangian symplectic homology groups obey the same formal properties as
their closed counterparts, reminiscent of the Eilenberg—Steenrod axioms: functoriality,
homotopy invariance, exact triangle of a pair and excision. Also, the various flavours
SH,? (L, K) fit into tautological exact triangles, which are compatible with the exact
triangles of pairs. The proofs of all these properties are word-for-word the same as
for Liouville cobordisms, using Lagrangian analogues of our confinement lemmas,
Lemmas 2.2, 2.3 and 2.4; see also [39].

Open—closed theory Let (W, V) be a pair of Liouville cobordisms with filling F,
and (L, K) C (W, V) be a pair of Lagrangian cobordisms with filling F7,. One can
define open—closed symplectic homology groups

SHY (W, V), (L,K)), ©Qe{2,>0,>0,=0,<0,<0},

by simultaneously taking into account closed Hamiltonian orbits in W and Hamiltonian
chords with endpoints on L, using the same shape of Hamiltonians as in the closed or
open setting (see also [39]). These homology groups fit into exact triangles

SHO(W, V) SHY (W, V), (L. K))

[

SHY(L, K)

and can be thought of as the homology groups of the cone of the open—closed map,
defined by the count of solutions of a Hamiltonian Floer equation on a disk with one
interior negative puncture and one boundary positive puncture. The Eilenberg—Steenrod
package holds in this extended setup as well.

9 Applications

9.1 Ubiquity of the exact triangle of a pair

A certain number of previous computations in the literature can be reinterpreted from a
unified point of view and generalized from our perspective.
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(1) One of our original motivations for the definition of the symplectic homology
groups of a Liouville cobordism was the exact triangle relating symplectic homology
and Rabinowitz—Floer homology [29]

SH™*(V) SH«(V)

> /

RFH, (3V)

In view of Poincaré duality SH™* (V') = SH.(V, dV) and the isomorphism (50), this
is just the exact triangle of the pair (V,dV). See Theorem 9.1 for a more detailed
discussion of this triangle.

(2) The subcritical and critical handle attaching exact triangles from [24; 13] are
special instances of the exact triangle of a pair; see Sections 9.6 and 9.7. Moreover, the
surgery exact triangles for linearized contact homology appear as formal consequences
of the corresponding triangles for symplectic homology, via the relations between
equivariant and nonequivariant symplectic homologies; see Section 9.8.

(3) Let L CV be an exact Lagrangian in a Liouville domain V satisfying SH« (L) =0.
For example, by a straightforward adaptation of the vanishing results in [27; 53], this
is the case if the completion L is displaceable from V in the completion V. Then the
tautological sequence yields the isomorphism

SH;O(L) = SHZ® (L) = H"*T1(L),

which was previously conjectured by Seidel (see [35, Conjecture 1.2]) and proved from
a Legendrian contact homology perspective by Dimitroglou Rizell [31, Theorem 2.5].
This isomorphism implies the refinement of Arnold’s chord conjecture given in [36]; see
Corollary 9.14. A combination of the tautological sequence with the exact sequence of
the pair (L, dL) and Poincaré duality yields the Poincaré duality long exact sequence
for Legendrian contact homology in [36]

H"*(dL) SH_§12(dL)

o /

SHZ%(JL)

as well as its refinement in [35, Corollary 1.3; 31, Corollary 2.6]; see Proposition 9.15.
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(4) The results of Chantraine, Dimitroglou Rizell, Ghiggini and Golovko [22; 44] can
also be reinterpreted from the perspective of the exact triangle of a pair. As an example,
consider the following setup: L is an exact Lagrangian cobordism, 0~ L has an exact
Lagrangian filling F7 , and we assume that m is displaceable from the Liouville
domain which contains Fj, o L in the symplectic completion of the ambient exact
symplectic manifold. Then SHy(F7 o L) =0 and SH«(F7) = 0 (see Theorems 9.11
and 9.13), hence also SH«(L,d” L) = 0. The second long exact sequence in [44,
Theorem 1.2] is the exact triangle of the pair (Fr o L, Fr) for SHZ,. The setup
considered in [22] is that in which L is a Lagrangian concordance, so that the transfer
map SHZ?(F o L) = SHI%(Fy) is an isomorphism. In view of the commutative
diagram given by the compatibility of tautological exact triangles with the exact triangle
of the pair (Fr o L, Fr)

SH;®(Fy 0o L) —— SH;%(Fp)

| |

SHZ®, (Fp o L) = SHI®, (FL)

the vertical arrows being isomorphisms since SH.(Fr o L) and SH.(Fr) vanish, we
obtain that the top transfer map is an isomorphism. This is the content of the main
result of [22] in the case of linearized Legendrian contact homology; see also [44]. The
more general bilinearized setup in [22] can be reinterpreted in a similar way.

This circle of ideas should be compared with the results of Biran and Cornea [9], and
also with the results of Dimitroglou Rizell and Golovko [32].

9.2 Duality results

The following consequence of the long exact sequence of a pair and Poincaré duality is
proved in [29]. For convenience, we provide the short proof in our framework.

Theorem 9.1 (duality sequence [29]) For a Liouville domain V' there is a commuting
diagram with exact upper row

oo SH*(V) —2 5 SHL (V) —Y— SHL (9V)) —— SHI™* (V) —> -

« 1

Hpys (V) ——— H"7*(V)
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Here the horizontal maps come from the long exact sequences of the pair (V,dV') in
view of the Poincaré duality isomorphisms SHy(V, V) = SH™*(V) and Hy4+x(V) =
H"=*(V,0dV), and the vertical maps are given by the compositions

SH™™*(V) — SH_(V) = SHZ{(V) = Hp1+(V),
H"™*(V) = SH;°(V) = SHZ%(V) — SHL (V).

Proof Commutativity of the diagram (54) follows from commutativity of the diagram

SH™*(V) = SH,(V, V) ——— SHZ(V) = SH, (V)

| | _— 1

SH_3(V) = SHZ§(V) —= 5 SHZO(V, V) = SHZ(V, 0V) —— SHZ(V)

|= lg ;T

Hpir (V) = H"™ ™ (V,9V) H"™ (V).

Here the left horizontal maps are Poincaré duality isomorphisms and the lower-right
square commutes by Proposition 7.19. The commutativity of the upper-right square
can be interpreted as follows: by definition of the symplectic homology groups, the
composition of the three maps around the upper square is obtained by considering a
Hamiltonian vanishing on V' and increasing its slope near 9V from large negative to
small negative to small positive to large positive, which yields the upper horizontal
map. m|

Here is a computational application of the Poincaré duality result, Theorem 3.4, which
will be needed for the discussion of products in Section 10.

Proposition 9.2 Let W be a Liouville cobordism with Liouville filling F. Then we
have a canonical isomorphism

SHIO(W) =~ SHZ* 1 (F).

>0
Proof We successively have
SHO(W) = SH® (FUW, W) =~ SH;®, (F,0F) = SH_; T (F).

The first isomorphism follows from the exact triangle of the pair (F U W, W) for SH:O
(see Section 7) taking into account that SH:O(F U W) =0 because F UW has empty
negative boundary. The second isomorphism is the excision theorem, Theorem 6.8.
The third isomorphism is Poincaré duality. |

For further duality results we will need the following vanishing result:
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Proposition 9.3 Let V be a Liouville domain. Then
SHY([0,1] x 8V, 0x dV) = 0.

for Qe {z,>0,>0,=0,<0,<0}.

Proof We are computing the symplectic homology group of a cobordism relative to
the concave part of the boundary and therefore the relevant Floer complexes do not
involve orbits with negative action. Thus,

SH@D) ([0, 1] x aV,0 x 8V) = SHSSP) ([0, 1] x 9V, 0 x 3V)

forall a <0, b >0 and & > 0 smaller than the period of a closed Reeb orbit on dV. In the
definition of symplectic homology the inverse limit over a — —oc therefore stabilizes
and we have SH. ([0, 1] x 3V, 0% V) =lim, __ SH{®? ([0, 1] x 9V, 0 x 9V).

The point now is that SHSfe’b)([O, 1]xdV,0xadV) =0 for all » > 0. Indeed, for b >0
not lying in the action spectrum of 9V, this homology group is computed using the Floer
complex generated by closed orbits near [0, 1] x dV for a Hamiltonian which vanishes
on [0, 1] x dV, which has positive slope b near {0, 1} x dV, and which is constant in V'
away from [0, 1] x dV. But such a Hamiltonian can be deformed to one which has
constant slope equal to b all over [0, 1] x dV and for which the corresponding chain
complex is zero. See Figure 22, in which the deformed Hamiltonian is drawn with a
dashed line. The conclusion follows using the homotopy invariance of the homology
under compactly supported deformations.

This proves SHZ?([0, 1]xdV,0xdV) = 0. The vanishing of SHZ ([0, 1]xdV,0x3V)
follows from the vanishing of relative singular cohomology, and the vanishing of
SHZ%([0,1] x 8V, 0 x dV) then follows from the truncation exact triangle. Since there
are no other versions to consider, this proves the proposition. |

A /

Figure 22: Symplectic homology relative to the negative boundary for a trivial cobordism
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Theorem 9.4 (Poincaré duality for a trivial cobordism) For every Liouville domain V
there exist canonical isomorphisms between the symplectic homology and cohomology
groups of the trivial cobordism over 9V,

PD: SHY (3V) => SH G (3V)
for Qe {z,>0,>0,=0,<0,<0}.

Proof We consider the trivial cobordism W = I x dV and apply Proposition 7.21 to
the triple (W, 0W, d+ W) to obtain the commuting diagram

SHY (W, 94 W) — SHY (W, 3+ W) —= SHY (W, 3W) — SHY_ (W, 3+ W)

eXCJ{’E PDlE H

0 —— SHY(W) —=— SHE™* (W) —————— 0

PDJ{% eXCl%’ H

SHZE(W, 9-W) — SHLGH (W, 8W) = SHY S (0W, d_W) — SHZE(W, 9_W)

where the first and last row are the long exact sequences of the triples (W, dW, 0+ W)
and (W, dW,d_W), respectively, and the vertical arrows are the Poincaré duality
and excision isomorphisms. The groups SHS(W, 9+ W) and SH_& (W, d—W) van-
ish by Proposition 9.3. The middle horizontal map defined by this diagram is the
desired Poincaré duality isomorphism from SHS(E)V) = SH?(W) to SHl_E?*(W) =
SHLG (aV). o

Theorem 9.5 (Poincaré duality and exact triangle of (V, dV')) For every Liouville

domain V and Q € {@,> 0,>0,=0, <0, < 0}, there exists a commuting diagram

SHY(V,8V) —— SHY(V) —— SHY(3V) —— SHY_,(V, dV)

(55) PDl% PDl% PDlE PDJ/%

where the rows are the long exact sequences of the pair (V,dV') and the vertical
arrows are the Poincaré duality isomorphisms from Theorem 9.4 (the third one) and
Theorem 3.4 (the other ones). Moreover, the Poincaré duality isomorphisms are com-
patible with filtration exact sequences.
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Proof Denote by W the trivial cobordism given by a collar neighbourhood of the
boundary 9V in V. Write U = V \ W, so that 0+ W =9V and 0_W = U ~ dV.
Consider the following diagram:

SHY(V, V) ——— SHY (V) ——— SHY(3V) ——— SHY_,(V,dV)

PDl% PDl% PDl% PD | =

SHZE(V) ——— SHZE(V, 9V) —— SHZE(V, U UdV) ——— SHI (V)

exCJg H H exc | =

SH=%(U UdV,aV) — SHZ(V, 8V) — SHZ&(V, U UdV) — SHYG (U U aV, aV)

eXCT =

SHZS(W, W) —— SH_5T (0w, 9, W)

\ exc | =

SH_SH (0-W)

The diagram is commutative. The first three rows with their vertical maps correspond to
the commutative diagram in Proposition 7.21 applied to the triple (V, W, &), so the first
and third rows are the long exact sequences of the triples (V, W, @) = (V, dV, &) and
(V,U U aV,dV), respectively. The right bottom-most square is commutative because
the maps are induced by the inclusion of triples (W, 0W, d.+ W) — (V,U U dV, V).
The bottom-right triangle is commutative by definition.

The third column vertical downward composition

SHY (3V) — SHZ&(V, U U dV) — SHZE(W, aW)
— SHZEM (0-w) ~ SHZGH (0v)

is the Poincaré duality isomorphism of Theorem 9.4 (by inspection of the diagram in
its proof).

The bottom arrow composition

SHZE(V, 9V) — SHZE(V, U U dV) — SHZE(W, aW)
— SHZEM (9-w) ~ SHZGH (0)

is the connecting homomorphism in the cohomology long exact sequence of the pair
(V,av).
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Finally, the fourth column vertical upward composition
SHYGM (aV) =~ SHES (-W) — SH ™ (W, 94 W) — SH' ™*(U U aV, V)
— SHY (V)

is the cohomology transfer map for the inclusion dV — V. |

Remark 9.6 Upon considering the triple (W, dW, 0+ W) in the proof of Theorem 9.4
and the triple (V, U U 9V, dV) in the proof of Theorem 9.5, we formally enter the
setup of multilevel cobordisms discussed in Section 2.6. While we have not explicitly
provided proofs for the excision theorem and for the existence of the homology long
exact sequences of pairs/triples in that setup, the particular situations that we consider
in Theorems 9.4 and 9.5 are the simplest possible and the proofs of those results clearly
follow from the corresponding theorems for cobordisms with one level. See also the
discussion at the end of Section 2.6.

Recall that at action zero symplectic homology specializes to singular cohomology,
SHI%(V) = H"*(V), and similarly for the other versions. Therefore, we obtain:

Corollary 9.7 The commuting diagram in Theorem 9.5 specializes at action zero to

H" *(V, V) —— H" *(V) —— H" *@V) —— H" *TL(V,3V)

(56) le; PDlz PDlz PDlz

Hp1x(V) —— Hp4x(V,0V) — Hp45—1(0V) ——— Hps—1(V)

where the rows are the long exact sequences of the pair (V, dV') and the vertical arrows
are the Poincaré duality isomorphisms for the closed manifold 0V (the third one) and
the manifold with boundary V (the other ones). O

We conclude this subsection with an example illustrating that full symplectic homology
and cohomology do not obey any kind of algebraic duality for general Liouville
cobordisms.

Example 9.8 Let V' be the canonical Liouville filling of a Brieskorn manifold

%zecn“)z 2% =0, |z| _1}

with n > 3 and integers a; > 2 satisfying >/ =01 /a; = 1. P Uebele (private com-
munication, 2015) has shown that with Z,—coefficients its symplectic homology in
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degrees n and 1 —n is an infinite direct sum
SH, (V; Zp) = @Zz fork=nand k=1-n.
N

By algebraic duality, it follows that its symplectic cohomology in these degrees is an
infinite direct product

SHE(V:Z5) = SH(V:Z2)Y = [[Z2 fork=nandk=1-n.
N

In view of the exact sequence (54) with the map ¢ of finite rank, SHy (0V'; Z,) agrees
with SHy (V) & SH!"* (V) up to an error of finite dimension, hence

SHy (dV; Zp) = @ZZEBHZZ fork=nandk=1-—n.
N N
By Theorem 9.4, the symplectic cohomology groups in these degrees are the same:
SHE(0V:Z2) =P Zo® ][22 fork=nandk=1-n.
N N

Since the dual of the infinite direct product is not the infinite direct sum, this shows
that for k = n, 1 — n neither SH*(3V; Z,) = SHy(3V;Z>)" nor SH(3V;Z,) =
SHF(V; Z»)V .

9.3 Vanishing and finite-dimensionality

In this subsection we give some conditions under which symplectic homology groups
are zero or finite-dimensional. We begin with a simple consequence of the duality
sequence (54).

Corollary 9.9 For a Liouville domain V' the following hold using field coefficients:

(a) If one among SH,(V), SH™(V), SH, (dV') or SH,(V, dV') vanishes, then all
of SH«(V), SH™*(V), SH«(dV) and SH.(V, dV) vanish.

(b) Ifone among SH.(V), SH*(V), SH. (V) or SH«(V, dV) is finite-dimensional,
then so are the other three.

Proof Part (a) is [64, Theorem 13.3], except for the statement involving SH.(V, dV),

which is a consequence of Poincaré duality. For part (b), in view of the Poincaré
duality SH4«(V,dV) = SH™*(V) we only need to deal with SH,(V'), SH*(V) and
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SH.(dV'). Since SHk(V) =~ Hom(SH (V),K) in each degree, SH*(V) is finite-
dimensional if and only if SH. (V) is. If both are finite-dimensional, then two out
of three terms in the exact sequence (54) are finite-dimensional, so the third term
SH. (V) is finite-dimensional as well. Conversely, suppose that dim SH(dV') < co.
Then the map i in (54) has finite rank, as does the map ¢ (because it factors through
singular homology), and thus dim SH. (V) < co. Alternatively, one could argue by
contradiction: if dim SH(dV') < oo and SH.(V), SH*(V) were infinite-dimensional,
then the long exact sequence (54) would imply dim SH (V) = dim SH*(V), which is
impossible by Remark 9.10 below. a

Remark 9.10 A K-—vector space is isomorphic to its dual space if and only if it is
finite-dimensional (see [60] for a nice proof — we thank I Blechschmidt for pointing
this out). Hence, for a pair of Liouville cobordisms with filling (W, V') and using
field coefficients we obtain that SH@(W, V) is isomorphic to SH?(W, V) for Q e
{<0,<0,=0,>0,> 0} if and only if both vector spaces are finite-dimensional.

We say that a subset of a symplectic manifold is displaceable if it can be displaced
from itself by a compactly supported Hamiltonian isotopy. It has been known for a
while that displaceability implies vanishing of Rabinowitz—Floer homology [27] and
symplectic homology [53] of a Liouville domain. In the context of this paper, these
appear as special cases of the following general vanishing result, whose proof is a
straightforward adaptation of the ones in [27; 53].

Theorem 9.11 (displaceability implies vanishing) (a) Let (W, V) be a Liouville
cobordism pair with filling F such that V is displaceable in the completion of
F oW. Then SH« (V) = 0.

(b) Let L CV be an exact Lagrangian in a Liouville domain V' whose completion
L is displaceable from V in the completion V. Then SH, (L)=0. m|

For example, the displaceability hypothesis in (a) is always satisfied if the completion
of F oW is a subcritical Stein manifold, or more generally the product of a Liouville
manifold with C.

Remarks 9.12 (i) If in Theorem 9.11(a) the cobordism V as well as its filling
E = F U WPUm are connected, then displaceability of V implies displaceability
of E UV and the vanishing of SH« (V') follows from the vanishing of symplectic
homology of the Liouville domains £ and £ U V.
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(ii) In the situation of Theorem 9.11(a), displaceability of V' implies that of dV,
so we also have SH4(d+V) = SH4(dV) = 0 and (via exact sequences of triples)
SH.(V,d+V) =SHy(V,dV) =0.

Another condition that ensures the vanishing of SH. (V) is the vanishing of SH4 (W)
for a pair (W, V). This was observed for Liouville domains by Ritter [64] as a
consequence of the product structure: vanishing of SH. (W) implies that its unit 1y
vanishes, hence so does its image 1y under the transfer map SH. (W) — SH«(V),
which implies SH4 (V) = 0. In view of Theorem 10.2, the same argument proves:

Theorem 9.13 (vanishing is inherited) Let (W, V) be a Liouville cobordism pair.
Then SH«(W) = 0 implies SH« (V) = 0. |

Again, the hypothesis SH. (W) = 0 is satisfied if the completion of F o W is a
subcritical Stein manifold, or more generally the product of a Liouville manifold
with C. However, there exist Liouville domains W that are not of this type and still
have vanishing symplectic homology, eg flexible Stein domains [25] as well as certain
nonflexible Stein domains [58; 2; 61; 63]. Conversely, there exist many examples of
Liouville pairs (W, V) with V displaceable and SH« (W) # 0. So neither of the two
vanishing theorems, Theorems 9.11 and 9.13, implies the other.

9.4 Consequences of vanishing of symplectic homology

Suppose that V' is a Liouville domain with SH. (V') =0. Then the tautological sequence
yields

(57) SHZO(V) = SHZ® (V) = H"*T1(V) #0.

Similarly, if L C V is an exact Lagrangian with SH. (L) = 0, then

(58) SH;O(L) = SHZ® (L) = H"™*T1(L) #0.

This has the following dynamical consequences [68; 64]:

Corollary 9.14  (a) Let V be a Liouville domain with SH« (V') = 0 (eg this is the
case if dV is displaceable in 17). Then there exists at least one closed Reeb orbit.

(b) Let L be an exact Lagrangian L C V with SH«(L) = 0 (eg this is the case
if L is displaceable from V' in 17). Then there exists at least one Reeb chord
with boundary on dL . If all the Reeb chords are nondegenerate, their number is
bounded from below by rk Hx(L) > 1 rk H.(3L).
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Proof The assertion in (a) follows immediately from (57) because SH:O(V) is gener-
ated by closed Reeb orbits. Similarly, the first assertion in (b) follows from (58).

The second assertion in (b) follows from (58) because, if all Reeb chords are non-
degenerate, their number is bounded from below by rk SHZ%(L) = rk H*(L). The
estimate rk Hy(L) > % rk H.(9dL) follows readily from the long exact sequence of the
pair (L, dL) in singular homology and Poincaré duality. |

Vanishing of symplectic homology also implies the following refinement of the duality
sequence (54).

Proposition 9.15 (duality sequence for positive symplectic homology)  (a) Let V
be a Liouville domain with SH4« (V') = 0 (eg this is the case if dV is displaceable
in 17). Then there exists a commuting diagram with exact rows

H"™* (V) —Z— SH23*(0V) — = SHZ0(0V) —2— H"=*+1V)

T

H" *(8V) _> H"— *-H(V V) _) H"— *+1(V) H"— *+1(3V)

(b) Let L CV be an exact Lagrangian in a Liouville domain with SH«(L) = 0 (eg
this is the case if L is displaceable from V' in V). Then there exists a commuting

diagram with exact rows

H"™*(0L) —Z— SHZ*(0L) — = SHZ°(9L) —2— H"—*+1(L)

T A

H" *(8L)—>Hn *+1(L 8L)—>Hn *—H(L) H"— *+1(3L)

Proof For part (a) consider the commuting diagram, whose columns are the exact
sequences of the pair (V, dV') and whose rows are the tautological sequences,

SH; (V) ——— SHZ(V) ———— SH;%(V) ——— SH%, (V)

| | | |

SHE(9V) ——— SHEZ0(8) ——— SHZ®(3V) —— SHZ® (3V)

| g | |

SHZ, (V, V) — SHZ®, (V, 9V) — SHZ®, (V. 8V) — SHZ %, (V, aV)

|

SHZ% (V)

Algebraic € Geometric Topology, Volume 18 (2018)



Symplectic homology and the Eilenberg—Steenrod axioms 2101

We replace the groups SHZ by the corresponding singular cohomology groups, and
insert SHZ%(V) = SH. (V) = 0 (which holds by hypothesis) and SH; %, (V,dV) = 0
(which always holds). Moreover, we replace SHfgl (V, dV) by the isomorphic group
SHZ® (V,8V) = SHE%, (V, 9V) = SHZ*(V) = SH2* (V) , where the first isomor-
phism comes from the tautological sequence in view of SHy«(V, dV') =0 (which follows
from the hypothesis SH« (V) = 0 via Corollary 9.9) and the second one is Poincaré
duality. Then the diagram becomes

H"™ (V) 0 SHZO(V) —=— H"*+1(V)

N

H"™* (V) ——— SHE° (V) —— SH° (V) —— H"**1 (V)

o ey = T |

H" LV, 9V) % SHZG*(3V) 0 H" T2V, V)

70

Hn—*+1 (V)

From this we read off the commuting diagram in Proposition 9.15(a). Part (b) is proved
analogously. O

Corollary 9.14(b) and the upper long exact sequence in Proposition 9.15(b) were proved
in [36] in the context of contact manifolds of the form P xR (compare also with [64]).
The commuting diagram in Proposition 9.15(b) appears in [35, Corollary 1.3] and [31,
Corollary 2.6].

9.5 Invariants of contact manifolds

We describe in this subsection how to obtain invariants of contact manifolds from
the various symplectic homology groups that we defined in this paper. Recall that a
contact manifold with chosen contact form (M?2"~!, &) is called hypertight if it has no
contractible closed Reeb orbits. Following [67] we call (M, &) index-positive if either

(i) § = kera satisfies ¢1(§)|r,(m) = 0 and the Conley—Zehnder index of every
contractible closed Reeb orbit y in M satisfies CZ(y) +n—3 > 1, or

(ii) the space (M, ) admits a Liouville filling F with ¢1(F)|,(F) = 0 such that
CZ(y)+n—3> 0 for every closed Reeb orbit y in M which is contractible in F.
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We will call a (cooriented, as always) contact manifold (M, &) hypertight or index-
positive if it admits a defining contact form with this property.

Remark 9.16 Condition (ii) is in particular satisfied if (M, «) admits a subcritical
Stein filling F of dimension 2n > 4 with ¢{(F)|z,(r) = 0. Indeed, M = 0F then
admits a contact form such that all Conley—Zehnder indices of closed Reeb orbits which
are contractible in dF are > 1 [70], and therefore > 3 —n provided that n > 2. Since
F' is Stein subcritical, the map 71 (0F) — 71 (F') induced by the inclusion is injective.
Indeed, the subcritical skeleton has codimension > n + 1 > 3 and a generic homotopy
of paths will avoid it, so that it can afterwards be pushed by the Liouville flow to the
boundary. Thus any loop in dF which is contractible in F is also contractible in JF
and the condition on the indices therefore holds for all loops which are contractible
in F.

The following result follows in the index-positive case (ii) from the arguments of [15], as
remarked in [29; 18]. For the hypertight case or the index-positive case (i) see [67; 18].
For another instance in the S!—equivariant case see [47]. We sketch below a short
unified proof.

Proposition 9.17 Given a Liouville cobordism W whose negative boundary 0~ W is
hypertight or index-positive, the symplectic homology groups

SH?(W) and SHS'"P(W), ©ef{@,>0,>0,=0,<0,<0},

are defined, independent of the contact form « on 0~ W in the given class, and inde-
pendent of the filling in case (ii).

Proof We will discuss the case SHS(W), the equivariant case being analogous.

In case (ii) we define SH?(W) as the usual symplectic homology group with respect
to a filling F in the given class. To show independence of the filling, fix a finite
action window (a, b) and consider a Hamiltonian H on the completion Wr as in
Figure 8. We perform neck-stretching as described in the proof of Lemma 2.4, inserting
cylindrical pieces [— Ry, Ri]x M with R; — 0o, at the hypersurface M :={§} xd~ W
where H = ¢ for a constant ¢ > —a. We claim that for k sufficiently large, Floer
cylinders appearing in the differential between 1—periodic orbits x+ of H of types I,
10 and I with action in (@, b) do not enter the region F \ [§, 1] x dF. Then it follows
that all these Floer cylinders can be viewed as lying in the 2—sided completion W, so
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FHSfl’b)(H ) is independent of the filling. By the same claim applied to continuation
morphisms, we deduce independence of the filling for the filtered symplectic homology
groups SHSfl’b)(W) and the groups SHY (W).

To prove the claim, we argue by contradiction and suppose that for all k& there exist
Floer cylinders uj, as above entering F' \ [8, 1] x dF. In the limit k — oo they converge
in the SFT sense [14; 30] to a broken holomorphic curve C with punctures asymptotic
to closed Reeb orbits on M. Here it is understood that the almost complex structure is
chosen to be cylindrical and time-independent in the neck [— Ry, Ri]x M thatis inserted
near the hypersurface M = {8} x d~— W. We first observe that C can have only one
component in W. This follows by the argument in the proof of Lemma 2.4: otherwise,
there would exist for large k a separating loop 8 on the domain R x S!, winding
around in the negative S!—direction, such that uy (§;) is C'—close to a (positively
parametrized) closed Reeb orbit y on M, and the resulting estimate Ay (x—) <—c <a
would contradict the condition Ag(x—) > a. It follows that C consists of a Floer
cylinder Cy in W with p > 1 negative punctures asymptotic to closed Reeb orbits y;
and holomorphic planes C; in F asymptotic to y;. In particular, the orbits y; are
contractible, and this already leads to a contradiction in the hypertight case. To reach a
contradiction in the index-positive case, we remark that the component C+ belongs
to a moduli space which is transversely cut out. Indeed, the equation is perturbed
by an S!-dependent Hamiltonian term near the punctures where C4 converges to
Hamiltonian periodic orbits, and the almost complex structure is chosen to be generic
and time-dependent in the region where all the Hamiltonian orbits are located, hence
transversality follows as in Hamiltonian Floer theory; see eg [65]. If nonempty, the
moduli space to which C belongs has dimension at least 1 (due to R—translations in
the domain), so the Fredholm index of C satisfies ind(Cy) > 1. On the other hand,
the index of Cy is given by

b
ind(Cy) = CZ(x1) = CZ(x-) = ) (CZ(yi) +n—3).

i=1
which in view of CZ(x4+) — CZ(x-) = 1 for contributions to the Floer differential
yields

p
> (CZ(yi) +n—3) 0.
i=1
Now the assumption of index-positivity and the fact that the orbits y; are contractible
implies CZ(y;) +n — 3 > 0. This contradicts the fact that p > 1, and proves case (ii).
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The proof in case (i) is very similar. We again consider (a,b) and H as above, where
H is now defined on the 2—sided completion W rather than Wg. We define the
Floer differential for H by counting Floer cylinders between orbits x+ in W. This is
well-defined because SFI-type breaking of Floer cylinders at the negative end of W is
ruled out by exactly the same argument as in case (ii). In contrast to case (ii), where
this was automatic, we now must also show that the Floer differential squares to zero.
For this, we must rule out SFT-type breaking of Floer cylinders connecting orbits x4
of index difference 2. If such breaking occurs, the argument in case (ii) directly leads
to a contradiction in the hypertight case, while in the index-positive case it leads to
p > 1 contractible orbits y; satisfying

P
> (CZyi)+n-3) < 1.
i=1

Under the stronger hypothesis CZ(y;) +n —3 > 1 this is again a contradiction and

case (i) is proved. O

This proposition leads to the definition of homological invariants of hypertight or
index-positive contact manifolds,

SHIS (a1, 6) = SHE (1 x M), Qe{@,>0,>0,=0,<0, <0},
where I = [0,1] and I x M is the trivial Liouville cobordism. Here the notation

SHLSI’]O means that the symbol S! is optional.

Example 9.18 In view of [29], the group SH«(M,&) can be interpreted as the
Rabinowitz—Floer homology group of (M, £). A construction of Rabinowitz—Floer
homology for hypertight contact manifolds has recently been carried out in [6].

These contact invariants satisfy various functoriality relations, as dictated by our
functoriality relations for Liouville cobordisms. The general picture is the following:
Given a Liouville cobordism W whose negative boundary is hypertight or index-
positive, we have maps

SHE @~ w) < sHIS P (w) - sHE IO+ w)
determined by the embedding of trivial cobordisms

IxITWCW>DIxdtWw.
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Since I x 3~ W and W share the same negative boundary, we have an isomorphism
SHE =0~ w) = sulS =0 (),

and since W and I x 9T W share the same positive boundary we have an isomorphism
SHIS =0 () =, sHISY =0 g+ ).

In particular we obtain maps

SHIS M0 () — SHEE 0@t w) and  SHIS <09~ w) — SHIS =0 (5T w).

In the equivariant case and under slightly different assumptions the first of these two
maps was previously constructed by Jean Gutt [47]. Such direct maps do not exist
for the other versions Q € {&, > 0, =0, < 0}. In general the cobordism W has to be
interpreted as providing a correspondence, and this holds in particular for the case of
Rabinowitz—Floer homology.

Invariants of Legendrian submanifolds Let (M2"~! &) be a manifold with cho-
sen contact form and A”~! C M a Legendrian submanifold. Extending the earlier
definitions to the open case, we call A hypertight if (M, «) is hypertight and A has
no contractible Reeb chords. We call A index-positive if (M, «) is index-positive and
in addition:

(i) In case (i), the Maslov class of A vanishes on (M, A) and every Reeb chord
¢ that is trivial in 71 (M, A) satisfies CZ(c) > 1.

(ii) In case (ii), A admits an exact Lagrangian filling L C F in the filling F whose
Maslov class vanishes on > (F, L) such that CZ(c) > 0 for every Reeb chord
¢ for A thatis trivial in 71 (F, L).

We call a Legendrian submanifold in a contact manifold (M, §) hypertight or index-
positive if it admits a defining contact form with this property.

The arguments given in the closed case adapt in a straightforward way in order to define
invariants of hypertight or index-positive Legendrian submanifolds by

SHY(A) =SHY(I xA), Qe{®,>0,>0,=0,<0,<0}.

9.6 Subcritical handle attaching

In this subsection we compute the symplectic homology groups corresponding to a
subcritical handle in the sense of [24], with coefficients in a field K.
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Proposition 9.19 Let W2" be a filled Liouville cobordism corresponding to a subcrit-
ical handle of index k < n. Then

SH.(W,0"W) =0, SH.(W,0TW)=0,

- = K ifx=n—k,

SHZO(W, 9~ W) = SH=O(W, 9+ W) = thx=n
0 otherwise,

and the restriction maps induce isomorphisms

SH4 (0~ W) <= SH. (W) = SH. (3T W).

Proof The vanishing of SH. (W, 0~ W) is proved in [24] with arbitrary coefficients
as a consequence of the following fact: for each degree i there exists b; > 0 such that
SHl(a’b)(W, d"W)=0forany a <0 and b > b; .

Since SHy4(W,d~W) = SHZ(W, 3~W), we can apply the algebraic duality result,
Proposition 3.5, to obtain SH*(W, 9~ W) = SHL (W, 9~ W) = 0, which implies, by
Poincaré duality, SH_.(W, 9T W) = 0.

Since H*(W, 0~ W) equals K in degree k and vanishes in all the other degrees, we

obtain

_ K if x=n—k,
SHIO(W, 5~ W) = H" (W, W) = hx=n
0 otherwise.

The remaining two isomorphisms follow from the long exact sequences
0=SH«(W,0” W) — SHx(W) — SHx (0 W) — SHu—1 (W, 0" W) =0,
0= SH.(W,d" W) — SH4 (W) — SH, (3" W) — SHy_ (W, 0T W) =0. O

Remarks 9.20 (a) From Proposition 9.19 and the tautological sequence we can
compute the remaining relevant symplectic homology groups of the pair (W, dL W),
namely

SHZO(W, 8- W) = SHO(w, ot w)y = | ¢ 1T x=n—k+1,
0 otherwise.

Note that the symplectic homology groups relative to one boundary component only
depend on the index k, whereas the group SH..(W) depends on the whole hypersurface

d~ W and its filling.

(b) In view of (50), the last statement in Proposition 9.19 gives in particular the
isomorphism of Rabinowitz Floer homology groups

RFH(OT W) = RFH(3~ W).
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(c) Suppose that (W, V, U) is a Liouville cobordism triple such that W \ V is sub-
critical. Then Proposition 9.19 implies SH« (W, V') = 0, which together with the exact
sequence of the triple (Proposition 7.16) yields the isomorphism

SH. (W, U) <> SH.(V, U).

In particular, for U = @ we recover by induction the vanishing of symplectic homology
for subcritical Stein domains.

(d) The computation of Proposition 9.19 is valid more generally with coefficients in
an abelian group, but the proof uses filtered symplectic homology and a more general
universal coefficients theorem.

Together with the exact triangle of a pair, these computations provide a complete un-
derstanding of the behaviour of all the flavours of nonequivariant symplectic homology
groups under subcritical handle attachment, as a consequence of the exact triangle of
the pair (V o W, V'), where V is a Liouville domain. The equivariant case is discussed
in Section 9.8.

9.7 Ciritical handle attaching

Recall that we use coefficients in a field K. In the previous section we saw that the
key computation was that of SH. (W, 0~ W), and the key exact triangle was the exact
triangle of the pair (V’/, V'), where V is the filling of 0" W and V' =V o W is the
Liouville domain obtained after attaching the handle. These same objects form the
relevant structure in the case of a critical handle attachment.

Let V' be a Liouville domain, let A = A; Ll--- L A; be a collection of disjoint
Legendrian spheres in dV/, denote by W the cobordism obtained by attaching / critical
handles (of index n) along these spheres, and let V/ = V o W. Bourgeois, Ekholm and
Eliashberg [13] assert the existence of surgery exact triangles>

LHY(A), ——— SH.(V/)  LHM*(A), ——— SH°(V")

N o~

SH. (V) SH;%(V)

3Since at the time of writing this article the proof of this result is not yet completed, we formulate its
consequences below as conjectures.

Algebraic € Geometric Topology, Volume 18 (2018)



2108 Kai Cieliebak and Alexandru Oancea

in which LHH°(A) and LHH°*(A), are homology groups of Legendrian contact
homology flavour; see also [40, Section 2.8; 37]. More precisely, LH"F(A), is
defined as the homology of a complex LHH"(A), whose generators are words
in Reeb chords on dV with endpoints on A, and whose differential counts certain
pseudoholomorphic curves in the symplectization of 9V with boundary on the conical
Lagrangian SA determined by A, with a certain number of interior and boundary
punctures at which rigid pseudoholomorphic planes in V or rigid pseudoholomorphic
half-planes in V with boundary on SA are attached (following the terminology of [13],
we call such curves anchored in V). The homology group LHH°(A) is defined as
the cone of a map LCHOt(A), — C"*T1 where C* **! is the cohomological
Morse complex for the pair (W, 0~ W), which has rank / in degree n —* 4+ 1 = n and
vanishes otherwise, and with zero differential. This map counts curves of the type taken
into account in LHH°%(A),, rigidified by imposing an intersection with an unstable
manifold of a critical point in W. The exact sequence of the cone of a map reads in
this case

H' (W, 0~ W) LHY(A),

(60) \ /
[—1]

L Ho+ (A)«

The surgery exact triangles of Bourgeois, Ekholm and Eliashberg can be reinterpreted
in our language as follows:

Conjecture 9.21 Let W be a filled Liouville cobordism corresponding to attaching
[ > 1 critical handles of index k = n along a collection A of disjoint Legendrian
spheres. With field coefficients we have isomorphisms

SHZO(W, W) = LH " (A)y, SH.(W,0” W) = LH"(A),

such that the following hold:

(i) The tautological exact triangle involving SH°, SH, and SH® for the pair
(W, 9= W) is isomorphic to (60).

(ii) The exact triangles (59) are isomorphic to the exact triangles of the pair (V', V)
for SHy and SHZ, respectively.

Let us explain how this conjecture would follow from the surgery exact triangle
in [13]. To establish the first two isomorphisms, the first step is to give a description
of SH4(W,d~ W) and SHZ%(W, 3~ W) in terms of pseudoholomorphic curves in a
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symplectization; this is similar to the description of SH.?(V) as a nonequivariant
linearized contact homology group given in [15] and used in [13] as a definition
of SHZ%(V). The second step is to apply to this formulation of SHY (W, 3~ W) with
Q € {@, > 0} the methods of [13]. The proof of (i) is then straightforward, since SH
can naturally be expressed as the homology of a cone using the action filtration.

To prove (ii), the main step is to establish an isomorphism between the transfer map
SHS(V’ )— SHS(V) and the map with the same source and target that appears in (59)
for Q € {@, > 0}. The latter map is described in terms of anchored pseudoholomorphic
curves in the symplectization of the cobordism W, and the proof of the isomorphism
between these maps follows the same ideas as those in [15], applied to the monotone
homotopies which induce in the limit the transfer map. The claim in (ii) then follows
from the results of [13] because, up to rotating a triangle, the groups LHH°*(A), and
LH"(A)4 can be expressed as homology groups of cones of such maps induced by
cobordisms.

Remark 9.22 Following [15; 18], all the constructions that we describe in the setup
of symplectic homology can be replicated in the language of symplectic field theory,
or SFT (with the usual caveat regarding the analytical foundations of the latter). One
outcome of this parallel is that our six flavours of symplectic homology provide some
new linear SFT-type invariants (the group SH.(dV') for V' a Liouville domain is
the most prominent of these). It is a general fact that the Viterbo transfer maps for
symplectic homology correspond to the well-known SFT cobordism maps.

As in the proof of Proposition 9.19, Conjecture 9.21 would imply:

Conjecture 9.23 With coefficients in a field K the following isomorphisms hold:
(i) SH™*(W,0tW) =~ LH"°(A), and
SH_ (W, 3T W) = SH*(W, 0~ W) = (LH"(A)4)".
(i) SHZ§(W,dT W) =~ LHHt(A), and
SH=O(W, 0T W) = SHX (W, 0~ W) = (LH"F (A),)V.
We also have the obvious

K if x=0,

SHI®(W,0"W) = SH=o(W, 0T W) = ,
0 otherwise.
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Together with the long exact sequence of a pair, these computations provide a theo-
retically complete understanding of the behaviour of all the flavours of symplectic
homology groups under critical handle attachment.

A particular case of interest is that of comparing SH4 (0~ W) and SH. (0T W). The
answer does not take the form of a long exact sequence because these groups do not sit
naturally in a long exact sequence of a pair. The best answer that one can give in such
a generality is that we have a correspondence

SH, (0™ W) < SHx (W) — SH, (0T W),

in which the kernel and cokernel of each arrow can be described in terms of the
groups SH. (W, d~W) and SH.(W, 3t W), respectively, which in turn are described
in terms of the groups LHM"°(A) as above, using the long exact sequences of the
pairs (W, 0~ W) and (W, 9T W). This situation parallels the one encountered when
comparing the singular cohomology groups of a manifold before and after surgery (in
this case 3T W is obtained by surgery of index n on 9~ W).

9.8 Handle attaching and S !—equivariant symplectic homologies

The discussion in Sections 9.6 and 9.7 has S!'—equivariant analogues. We treat here
only S!—equivariant symplectic homology, since negative S!—equivariant symplectic
homology and also (negative) S'—equivariant symplectic cohomology can be reduced
to the former using Poincaré and algebraic duality.

Subcritical handle attaching

Proposition 9.24 Let W be a Liouville cobordism corresponding to a subcritical
handle of index k < n. Then with K —coeftficients we have

SHS' (W, 0.W) =0

HSI_O(Wa W) = if x=n—k+2N,
otherwise,
0 otherwise,
SHSI’>0(W W) = K if*x=n—k+1+2N,
* ’ 0 otherwise,
SHSI<0(W8+W) K if x=k—-—n—1+2N,
0 otherwise,
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and the restriction maps induce isomorphisms
SHS' (9~ w) <= sHS' (W) =5 SHS (9t W).

Proof The vanishing of SHf 1(W, d+ W) follows from that of SHy« (W, dL W) using
the spectral sequence from nonequivariant to equivariant symplectic homology. The
statement concerning SHfl’:O(W, 0+ W) is a direct computation, using the fact that
the Floer complex reduces in low energy to the Morse complex (see also [68; 18]):

SHE ' =0(W, 04 W) = HIT*(W,0.W) = H" (W, 0. W) @ K[u™"].

The statement concerning SHfl’>O(W, 0~ W) and SHfl’<O(W, 0T W) follows from
tautological exact triangles in view of the fact that, by definition, SHf I(W, amW) =
SHS"ZO (W, 9~ W) and SHS'(W, 0t W) = SHS "=O(W, 3T W). The last statement
follows from the exact triangles of the pairs (W, d.LW). |

Remark 9.25 Let D2” be the unit ball in R?". Then SHY 1(DZ”) =0 and a direct
computation, together with the tautological exact triangle, shows that

SHS"=0(W, 9~ W) =~ SHS =0(p2(—k))
and
SHS'>O(W, 9~ W) = SHS >0 (p2(1=h)),

These isomorphisms are not just algebraic or formal, but have the following geometric
interpretation [24]: for any given finite action window there exists a Liouville structure
on W for which the periodic Reeb orbits on d~ W in the given action window survive
to 3 W, and the new periodic Reeb orbits which are created after handle attachment are
in one-to-one bijective correspondence with the periodic Reeb orbits on the boundary
of the symplectic reduction of the coisotropic cocore disk in the handle, which is a
symplectic ball D2—5)

Corollary 9.26 Let V be a Liouville domain of dimension 2n and V' be obtained
from V by attaching a subcritical handle of index k < n. We then have an exact triangle

SHS ">0(p2(n—h)) SHS =0 (17

SHSS0(1)

in which the map SHfl’>O(V/) — SHfl’>0(V) is the transfer map.
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Proof This is simply a reformulation of the exact triangle of the pair (V', V), using
1 —
excision and the computation of SHf ’>O(W, 0~ W) above, with W = V/\ V. |

This statement can be interpreted as a subcritical surgery exact triangle for linearized
contact homology in view of [18]. In that formulation, the case k = 1 of contact
connected sums was proved using different methods by Bourgeois and van Koert [19].
Also in that formulation, the exact triangle implies Espina’s formula [41, Corollary 6.3.3]
for the behaviour of the mean Euler characteristic of linearized contact homology under
subcritical surgery. By induction over the handles, it yields M-L Yau’s formula for the
linearized contact homology of subcritical Stein manifolds [70].

Critical handle attaching

We restrict to rational coefficients, and recall the geometric setup of Section 9.7: V C V'
is a pair of Liouville domains of dimension 2n such that V' is obtained by attaching
[ > 1 handles of index n to dV along a collection A of / disjoint embedded Legendrian
spheres. Following [13] we denote by CH (V) the linearized contact homology of dV'.
One of the main statements in [13] is the existence of a surgery exact triangle

LH®C(A)y CH(V")

©b \ /
[-1]

CH(V)

where LH%°(A)« is a homology group of Legendrian contact homology flavour. More
precisely, LIH®(A)4 is defined as the homology of a complex LH°(A),x whose
generators are cyclic words in Reeb chords on 9V with endpoints on A, and whose
differential counts certain pseudoholomorphic curves in the symplectization of dV,
anchored in V, with boundary on the conical Lagrangian SA determined by A. This
exact triangle can be reinterpreted in our language as follows:

Conjecture 9.27 Let W be a Liouville cobordism corresponding to attaching [ > 1
critical handles of index k = n along a collection A of disjoint Legendrian spheres.
With rational coefficients we have an isomorphism

SHS">O(W, = W) = LHY(A),

such that the exact triangle (61) is isomorphic to the exact triangle of the pair (V', V')
SL>0
for SHy >~ .
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The proof should go along the same lines as the one of Conjecture 9.21, adding on top
1

the isomorphism between SHf ’>O(V) and CH (V') whenever the latter is defined [18].

There is also an S!—equivariant counterpart of Conjecture 9.23(ii), which involves

duality and hence the groups SH&"]’>0.

Remark 9.28 One can also give a Legendrian interpretation of SHf1 (W, 0~ W).
This can be obtained either formally algebraically by computing ranks from the
S _equivariant tautological exact triangle of the pair (W, 9~ W) using the fact that
SHfl’:O(W, d~ W) is supported in positive degrees, or geometrically along the lines
of [18], where a linearized contact homology counterpart of SHf l (V) is defined.

10 Product structures

10.1 TQFT operations on symplectic homology

As before, we use coefficients in a field K. Recall from [66; 64] the definition of
TQFT operations on the Floer homology of a Hamiltonian H on a completed Liouville
domain V. We freely use in this section the terminology therein, namely “negative

LR I3

punctures”,

9 ¢

positive punctures”, “cylindrical ends” and “weights”; see also [39].
Consider a punctured Riemann surface S with p negative and g positive punctures.
Pick positive weights A;, B; >0 and a 1-form 8 on S with the following properties:
(i) Hdp<0.
(i) B = A; dt in cylindrical coordinates (s,7) € R_ x S! near the i negative
puncture.
(iii) B = B; dt in cylindrical coordinates (s,7) € Ry x S ! near the j™ positive
puncture.

Note that 8 and the weights are related by Stokes’ theorem

p q
A=) B =— [ dB.
Y-y

i=1
Conversely, if the quantity on the left-hand side is nonnegative (resp. zero, nonpositive),
then we find a 1-form 8 with properties (ii) and (iii) such that d8 <0 (resp. =0, > 0).
Thus, we can arrange conditions (i)—(iii) in the following situations:
(a) H arbitrary, df =0, p,g > 1.
(b) H>0,dp=<0,p=>1.
() H=0,dp=0,q=1.
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Note that the condition H > 0 is satisfied for admissible Hamiltonians on a Liouville
cobordism.

We consider maps u: S — V that are holomorphic in the sense that (du—Xg ®p)%1 =0
and have finite energy E(u) = % [sldu —Xg ® B|?volg. They converge at the
negative/positive punctures to 1-—periodic orbits x; and y; and satisfy the energy
estimate

q P
(62) 0<EW) <Y Apa(j)—)_ Aam(xi)
j=1 i=1
(beware that our action is minus that in [64]). The signed count of such holomorphic
maps yields an operation

q p
Ys: Q) FH.(B; H) — Q) FH.(A; H)

j=1 i=1
of degree n(2—2g— p—q) which does not increase action. These operations are graded
commutative if degrees are shifted by —n and satisfy the usual TQFT composition

rules. Let us pick real numbers a; <b; for j =1,...,q anda; <b] fori=1,...,p
satisfying
(63) Za —max(aj+2b ) b—Zb —Za,

J'#J J iI'#i

Consider a term x1 ®---® x appearing in ¥5(y1 ®---® yq). If A, g(y;) <a; for
some j and Ap, g (y;) < bj for all j' # j, then the energy estimate and the first
condition in (63) yield

ZAA (i) <aj+ ) by <Zaz’

i=1 J'#E]

thus Ay, g (x;) < al’. for at least one 7. This shows that g is well-defined as an
operation

q P )
vs: QFHY (B H) - R FH ™ (4 H).
j=1 i=1

Similarly, if Ag, g (y;) <b; forall j and Ag; g (x;)>aj foralli (soa;®---®ap #0
in the quotient space), then for each i the energy estimate yields

Aga (i) + Y ay < Aa (i) + Y Ay (xir) < Zb ,
/?él /sél
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thus A4, g (x;) < b} by the second condition in (63). It follows that ¥ induces an
operation on filtered Floer homology,

q p ey
vs: QFHY (B H) - R PH T (4; H).

To proceed further, let us first assume p,qg > 1, so we are in case (a) above. We

specialize the choice of actions to a; =a and b; = b forall j and a; =a’ and b] = b’
for all i . Then (63) becomes

(64) pa'=a+(q—-1)b, b =gb—(p—1)d,

and, under these conditions, s induces an operation

q p
vs: QFHP (B H) - R FHY (4 H).
j=1 i=1

We now apply this to admissible Hamiltonians for a Liouville cobordism W relative
to some admissible union A of boundary components as in Section 2.4. The map g
is compatible with continuation maps for H < H’ in the obvious way, and therefore
passes through the inverse and direct limit to define a map on filtered symplectic
homology

q V4
vs: R SHEP (W, 4) = Q) sHE " (w, 4).
j=1 i=1

Let us first consider the case p = 1. Then a’ — —o0 and b’ = ¢b remains constant as
a — —o00, S0 we can pass to the inverse limits to obtain an operation

q
vs: R SHT P (W, 4) - SHE= P (w, 4).
j=1

In the direct limit as b — oo this yields an operation
q
¥s: () SH«(W, A) — SH.(W. A).
Jj=1

Taking instead limits as b N\ 0 and b 0, respectively, we see that this operation
restricts to operations

q q
vs: Q) SHE (W, A) > SHE (W, 4),  vs: (R SHL(W. 4) — SH (W, A).
j=1 j=1
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In the case p > 1 this procedure fails because b — oo as a — —00, so we cannot take
the inverse limits a,a’ — —oo keeping b and b’ fixed. If all actions are nonnegative,
as in the case of a Liouville domain or a pair (W, 0~ W), then there is no need to take
the inverse limit a, a’” — —o0, but we can simply fix a,a’ < 0 and take the direct limits
b,b’ — oo to obtain operations s on all symplectic homology groups.

Next consider the case ¢ =0 and p > 1, which is possible for H > 0 (and thus 4 = &)
according to case (b) above. Pick a’ < 0 and consider the associated map

p
vs: K— &) SHE P w),
i=1
with K the ground field. For a nonzero term x; ® --- ® x,, appearing in ¥ s(1) we
have A4, g (x;) > a’ for all i, so the energy estimate yields

Ag; () + (p—1)a’ < A, a(xi) + Z Ag; H(xir) <0,
i1
thus Ay4; g (x;) < —(p—1)a’. So we obtain a map

b4
vs: K — Q) sH D),
i=1
If p =1, then we take the inverse limit as a’ — —o0 to obtain the unit

Vs: K — SHEO(W).

If p > 1, then we set a’ = 0 to obtain the operation

p
vs: K — Q) SHTO(W).
i=1
So we have proved:

Proposition 10.1 For a filled Liouville cobordism W and an admissible union A of
boundary components, there exist operations

q p
vs: Q) SHY (W. A) > Q) SHY(W. 4), Qe{2,<0,<0},
=1 i=1
of degree n(2 —2g — p — q) associated to punctured Riemann surfaces S with p
negative and q positive punctures, graded commutative if degrees are shifted by —n
and satistying the usual TQFT composition rules, in each of the following situations:

i) W=A4=92,p>1,9=0.
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(i)
(iii)
(iv)

A=0"W,p>1,q9g>1.
A=92,p=1,q>0.
A arbitrary, p=1,q > 1. O

As a consequence, we have:

Theorem 10.2  (a) For a filled Liouville cobordism W and an admissible union A

(b)

(©

(d)

(e

of boundary components, the pair-of-pants product on Floer homology induces
a product on SHy« (W, A). The product has degree —n, and it is associative and
graded commutative when degrees are shifted by —n .

The symplectic homology groups SH=®(W, A) and SH®(W, A) also carry in-
duced products which are compatible with the tautological maps SHZ®(W, A) —
SH=0(W, A) — SH«(W, A). The image of the map SHL°(W, A) — SH=°(W, A)
is an ideal in SHEO(W, A).

The symplectic homology group SHZ °(W, A) carries a product, which coincides
with the cup product in cohomology via the isomorphism SHI°(W, A) =~
H" *(W, A). The map SH=®(W, A) — SH;°(W, A) is compatible with the
product structures.

In the case A = @, the products on SHS®(W), SHy«(W) and SHZ®(W) have
units, and the tautological maps SH=°(W) — SH.«(W) and SH=°(W) —
SHI°(W) are morphisms of rings with unit.

For a filled Liouville cobordism pair (W, V), the transter map SH?(W) —
SHS(V) is a morphism of rings for Q € {< 0, <0, @}, and a morphism of rings
with unit for Q € {< 0, @}.

Proof Parts (a)-(d) follow directly from the preceding discussion, so it remains to

prove part (e). For this, fix a finite action interval (a, b) and consider two Hamiltonians
K < H for the Liouville cobordism pair (W, V') as in Figure 12.

Let us first describe more explicitly the transfer map from Section 5.1. For this, let

x: R—]0, 1] be a smooth nondecreasing function with y(s) =0 for s <0 and y(s) =1

for s > 1 and define the s—dependent Hamiltonian

H:= (- x6)H + 1)K,

where (s,¢) are coordinates on the cylinder R x S!. Then 9 sﬁ < 0 and the count of
Floer cylinders for A defines a chain map f: FC*?1(K) — FC@?l(H).
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Now we describe the products. Let S be the Riemann sphere with two positive
punctures and one negative puncture. Let 7: S — R x S! be a degree 2 branched cover
with (s, ) = (s, 1) in cylindrical coordinates (s,?) € [1,00) x S! near the positive
punctures and (s, ) = (s, ¢) in cylindrical coordinates (s,¢) € (—oo, —1] x S! near
the negative puncture. We use the 1-form B := t*dt on S (with df = 0) and weights
B; = B; =1 and A; = 2 at the positive/negative punctures to define the pair-of-pants
product

nk: FC@Pl(K) @ FC@bl(K) — FC@+b:20l o k),

and similarly pz . Next, consider for o € R the function yq(s,?) := y(s — o) and the
Hamiltonian

Hy = (1—yso)H + xoc K

depending on points z € S. Since Hdf =0 and d,H A B <0 as 2—forms on S,
the maximum principle holds for the Floer equation of ﬁg (see eg [3; 39; 64]). It
follows that the moduli spaces Mg (y1, y2; x1) of pairs of pants for HAU are compact
modulo breaking, where y;, y» and x; are 1—periodic orbits of K and 2 H, respectively.
Considering for index CZ(y1)+CZ(y,)—CZ(x1)—n = 0 the natural compactifications
of the 1-dimensional moduli spaces |, cg {0} xMq (¥1. ¥2; X1), we obtain the relation

(65) uE(f ® f)— fapug = 0250 — 0 dk.

Here dx and d,p are the Floer boundary operators for K and 2H, respectively,
fo: FC@Pl(2K) — FC@Pl(2H) is the chain map defined by 2H, and

6: FC@?)(K) ® FC@P)(K) — FC@+b:20 (2 )
counts index —1 pairs of pants for H, occurring at isolated values of o.

Let us now choose K and H such that the orbits in group F for K and in groups
F, I and II1°F for H have actions below a, so that FC(“’b](K) = FHSa’b](K) and
FC@?)(H) = FH{;}),_(H). By Lemmas 2.2 and 2.3, FH;;2 (H) is a 2-sided ideal

for the product pg, so the latter passes to the quotient as a product
b b b,2b
jr: FC4P () @ B (1) — Rl 02 o ),

It follows that relation (65) persists when we compose the maps f', and f, and 0,
with their projections to FC%”b] (H) and FCg‘Il’b] (2H), respectively (keeping the same

notation for the new maps). Passing to homology and the direct limit over K and H,
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we obtain the commuting diagram on filtered symplectic homology

m
SH@b(W) @ SH@Pl (W) 1 sH@+b2b] ()

jor |

"
SH@?](1) @ SH@Pl (1) " SH@+b2b](y),

Passing to the limits @ — —oo and b ' 0, b \( 0 or b — oo, we conclude that the
transfer map SH?(W) — SH?(V) preserves the product for Q € {< 0,<0,2}. A
similar argument shows that the transfer map preserves the unit for © € {< 0, @} and
Theorem 10.2 is proved. a

In particular, Theorem 10.2 provides a product of degree —n with unit and a coproduct
of degree —n (without counit) on SH4 (W) for every filled Liouville cobordism W.
Applied to the trivial cobordism, this yields, via the isomorphism (50), a corresponding
product and coproduct on Rabinowitz—Floer homology. We refer to Uebele [67] and
the appendix for a discussion of conditions under which the product is defined in the
absence of a filling if the negative boundary is index-positive.

If W is a Liouville cobordism with filling and L C W is an exact Lagrangian cobordism
with filling, then the preceding discussion shows that Lagrangian symplectic homology
SHS(L) is a module over SHS(W) for Q € {< 0, <0, @}, see also [64].

10.2 Dual operations

Combining Proposition 10.1 with the Poincaré duality isomorphism SQ’;(W, A) =
SH=Y (W, A€), we obtain:

Proposition 10.3 Consider a filled Liouville cobordism W and an admissible union
A of boundary components. Then there exist operations

q p
vs: Q) SHE(W. A) — Q) SHH(W. 4), Qe {@,>0,> 0},
j=1 i=1

of degree —n(2 —2g — p — q), graded commutative if degrees are shifted by n and
satistying the usual TQFT composition rules, in the following situations:

i) oW=2,4A=0"W,p>1,4g>0.
() A=0"W,p>1,g>1.
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(iii) A=0dW,p=1,q9>0.
(iv) A arbitrary, p=1,q > 1. m|

Note that in Propositions 10.1 and 10.3 the conditions on p and g are the same, whereas
Q is replaced by —Q and A4 by A€.

Suppose now that the filled Liouville cobordism W has vanishing first Chern class
and that dW carries only finitely many closed Reeb orbits of any given Conley—
Zehnder index. Using field coefficients, Corollary 3.6 yields canonical isomorphisms
SHY (W, A) = SHE (W, A)Y for all A and all flavours Q. The dualization of the
operations in Proposition 10.3 then yields:

Corollary 10.4 Consider a filled Liouville cobordism W with vanishing first Chern
class and an admissible union A of boundary components. Suppose that 0W carries
only finitely many closed Reeb orbits of any given Conley—Zehnder index. Then with
field coefficients there exist operations (note the reversed roles of p and ¢)

p q
vy Q) SHY (W, A) > Q) SHY (W, 4), ©Qe{2,>0,>0},
i=1 i=1
of degree n(2 —2g — p —q), graded commutative if degrees are shifted by —n and
satisfying the usual TQFT composition rules, in the following situations:

i) W=2,4A=0"W,p>1,4g>0.

() A=W, p>1,g>1.

(i) A=0W,p=1,q>0.

(iv) A arbitrary, p=1,qg>1. O

10.3 A coproduct on positive symplectic homology

Consider a Liouville cobordism W filled by a Liouville domain V. The choice of W
will be irrelevant, so we can take eg W = I xdV. Proposition 10.1(iii) provides a product
of degree —n on SHy®(W). In view of the isomorphism SHE®(W) =~ SH_3 (V)
from Proposition 9.2, this gives a product of degree 7 —1 on the symplectic cohomology
group SHZ (V). Note that this cannot be the product arising from Proposition 10.3(iv)
(with V in place of W and A = &) because the latter has degree n. Under the finiteness
hypothesis in Corollary 10.4, this gives a coproduct of degree 1 —n on the symplectic
homology group SH%(V).
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Remark 10.5 Following Seidel, there is another coproduct of degree 1 — n on
SH (V) obtained as a secondary operation in view of the fact that the natural coproduct
given by counting pairs of pants with one input and two outputs vanishes; see also [39]
for a generalization and [46] for a topological version of it. These two coproducts of
degree 1 —n agree. The isomorphism between them is part of a larger picture related
to Poincaré duality and will be the topic of another paper.

Appendix: An obstruction to symplectic cobordisms
by P Albers, K Cieliebak and A Oancea

In this joint appendix we use the results of this paper to define an obstruction to
Liouville cobordisms between contact manifolds.

Consider a Liouville cobordism W whose negative end d—W is hypertight, index-
positive or Liouville fillable. As explained in Section 9.5, in these cases one can define
symplectic homology groups SHS(W) for Q € {@,<0,<0,=0,>0,> 0}, which
will be independent of a filling in the first two cases but may depend on the filling
in the Liouville fillable case. We would like to show that vanishing of SHy(d+ W)
implies vanishing of SH..(d—W). However, it is unclear how to deduce this from the
functoriality under cobordisms, which only gives correspondences

SHY (W)

RN

SHY (_W) SHY (34 W)
Instead, we will consider the following property (using coefficients in a field K):

Definition A.1 A Liouville cobordism W is called SAWC if 1y is mapped to zero
under the map HO(W) =~ SH,TO(W) — SHEO(W), where 1y is the unit in H(W).

For a connected Liouville domain W, this agrees with the “strong algebraic Weinstein
conjecture” property of Viterbo [68]. As usual, we define the SAWC property for - W
via the trivial cobordism [0, 1] x d+ W, where SH(d+ W) is defined with respect to
the partial filling W. Then this property is inherited under cobordisms:

Proposition A.2 Let W be a Liouville cobordism with vanishing first Chern class
whose negative end 0_W is hypertight, index-positive or Liouville fillable. If 01 W is
SAWC, then so are W and d_W.
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Proof If the first Chern class of W vanishes the symplectic homology groups SH,?
are canonically graded in the component of constant loops. Consider thus the diagram
with commutative squares and exact rows

SH, 9, (0-W) — SH;°(0_-W)~ H°(0_-W) — SH;°(0_-W) —— SH;°(3_W)

T lywely_w

SH; %, (W) ——— SH;°(W) ~ H*(W) ——— SH;°(W) ——— SH,°(W)

J{ ~ 1W'—>13+W injective = injective ~
SH,?,(0+W) — SH;°(04+W) ~ H°(0; W) — SHZ°(0:W) — SH;°(34+W)

The lower vertical arrows at the extremities are isomorphisms since W and I x 04+ W
share the same positive boundary. The map H®(W) — H?(3, W) is injective be-
cause every component of W has a positive boundary component. Injectivity of the
vertical map SHEO(W) — SH,%O (04 W) then follows from the five lemma as in [69,
Exercise 1.3.3].

Suppose now that 1,y is sent to zero by the map H°(04+ W) — SH=°(34 W). Then
commutativity of the lower-middle square implies that 1y goes to zero under the map
H'W) > SH,?O(W), and commutativity of the upper-middle square implies that
15_w goes to zero under the map H°(3_W) — SHEO(a_ w). |

Note that Proposition A.2 uses the product structure on singular cohomology but not on
symplectic homology. Using the latter, we will now reformulate the SAWC condition.
As observed by Uebele [67], the pair-of-pants product - in Section 10 makes SHy (W),
SH=%(W) and SH (W) unital graded commutative rings for W as in Proposition A.2,
provided that in the index-positive case we require the following stronger condition
(called “product index-positivity” in [67]):

D) c2(W)|zy9_w) =0 and 71 (0—W) =1, and
(66) CZ(y) > 3 for every closed Reeb orbit y in d_W;

or

(ii) denoting by &_ the contact distribution on d_W, there exists a trivialization
of the square of the canonical bundle Agaxéi@z such that, with respect to that
trivialization, all closed Reeb orbits y in d_W satisfy (66); in addition, we
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require that the trivialization of Ag™ TW|§12W determined by the trivialization
of Afcnaxéfz’z extends over W.

Remark Since the homotopy classes of trivializations of a line bundle are classified
by the first integral cohomology group, the extension property in (ii) above is automatic
if the map HY(W;Z) - HY(0_W;Z) is surjective.

Remark Examples in which (i) is satisfied are unit cotangent bundles of spheres S”
of dimension n > 5, and more generally Milnor fibres of Aj—singularities

{26+ 2+ +2, =0}

for n > 5; see [55, Appendix A] and also [67].

The proof of this observation is similar to that of Proposition 9.17. The new feature
is that a pair of pants with inputs x; and x, and output x_ might break into a Floer
cylinder C; connecting x; and x_ with a negative puncture asymptotic to a closed
Reeb orbit y;, a Floer plane C, with input x, and a negative puncture at a closed
Reeb orbit 5, and a holomorphic cylinder with two positive punctures asymptotic to
y1 and y,. The first two components are regular, so their indices satisfy

ind(Cy) = CZ(x1) — CZ(x-) — (CZ(y1) +n —3) = 0,
ind(Cy) = CZ(x2) +n— (CZ(y2) +n—3) > 0.

When showing well-definedness of the product (resp. commutativity with the boundary
operator) we consider orbits satisfying

CZ(x1) + CZ(x2) —CZ(x=)—n =0 (resp. =1).
Adding the two inequalities and inserting this relation yields
(CZ(y1) =3) + (CZ(y2) =3) =0 (resp. < 1),
contradicting condition (66).

Let us fix a Liouville form A on W and consider for b € R the filtered symplectic
homology groups Ska_oo’b)(W) defined in Section 2 (which also exist under the above
assumptions on W'). We define the spectral value of a class o € SHy (W) by

c(@) ;= inf{h € R |« € im(SHS P (W) — SHL(W))} € [—o0, 00).
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Here ¢(a) < oo follows from the definition of SH«(W) = lim, SHi_Oo’b)(W).
The fundamental inequality satisfied by spectral values is

c(a-p) =cla)+c(p).

as a consequence of the fact that the pair-of-pants product decreases action (see in-
equality (62) with A} =2 and B; = B, =1).

The unit 1y € SH, (W) plays a particular role. Indeed, we have c¢(l1y) < 0 since
SH=%(W) — SH, (W) is a map of rings with unit, but also

c(lw) =c(w-1w) <2c(lw).

Thus, either ¢(1y) = 0 or ¢(ly) = —oo (note that these conditions are independent
of the Liouville form A). The condition ¢(ly) = —oo is equivalent to the fact that
the unit belongs to the image of the map SH;O(W) — SH, (W). In the latter case
we also obtain c(«) = —oo for all @ € SH4 (W) since c() < c(lw) + c(e). This is
in particular the case if SH« (W) = 0, and the converse is also true. Indeed, assume
¢(1w) = —oo and represent 1y as the image of an element o? € Ska_oo’b)(W) for
some b < 0. By definition of the inverse limit, such an element is the equivalence

class of a sequence a,’i € SHSk_n’b)(W) for n > |b|. We claim that each such element
b

,, 1s zero, hence 1w = 0. Indeed, for any given n we can choose b’ < —n and

o
represent by assumption 1y by an element ﬁb/ € SHS(_oo’b/)(W), given by a sequence
,3111’,/ e sg{™? )(W) for n’ > |b’|. But then a® must be the image of ,8111’// under the
map SH,(k_n b )(W) — SH,(k_n’b)(W), which is zero for b’ < —n.

We thus obtain:

Lemma A.3 Let W be a Liouville cobordism whose negative end 0_W is hypertight,
Liouville fillable or index-positive with the stronger index condition (66). Then W' is
SAWC if and only if SH«(W) =0.

Proof Proposition 7.20 yields the commuting diagram with exact rows and columns

SH9, (W) == SH %, (W)

Lol

h _
SHO(W) —— SHE"(W) —— SHZO(W)

Ll

<0 m >0
SH % (W) —— SH, (W) —— SHZ(W)
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where i and j are maps of unital rings. We will denote all units by 1y . We prove that
W is SAWC if and only if ¢(1y) = —oo, which by the discussion above is equivalent
to SH« (W) =0. Suppose first that c(1y) = —o0, ie 1y =l for some o € SH;O(W).
Then ly —ha = fB for some B € SH;J(:I(W), hence ly =i(lw —ha) = gB is
mapped to zero under k, which means that W is SAWC. The converse implication is
proved similarly. |

Corollary A.4 There is no Liouville cobordism W with d_W hypertight and such that
SH«(04+ W) = 0 (where SH4(d+ W) is defined with respect to the partial filling W).

Proof If 0_W is hypertight then the map SH,TO(G_ W) — SH,?O(E)_ W) is an iso-
morphism, so d_W is not SAWC. On the other hand, SH«(d+W) = 0 implies by
Lemma A.3 that d4+ W is SAWC. This is impossible by Proposition A.2. |

Corollary A.5 There is no Liouville cobordism W of dimension 2n > 4 with vanish-
ing first Chern class such that d_W is hypertight, d+ W is fillable by a subcritical Stein
manifold with vanishing first Chern class, and the map w1 (04+W) — m1(W) induced
by inclusion is injective.

Proof Let F be such a subcritical Stein filling of ;. W. Denote by ¥ SH4 (04 W) the
symplectic homology computed with respect to the filling F, and WV SH4 (9 W) the
symplectic homology computed with respect to the partial filling W. Since SH«(F) =0,
we also have ¥ SH, (04 W) = 0 by Corollary 9.9. By Remark 9.16, one can choose
on d4+ W a contact form so that all Conley—Zehnder indices of closed Reeb orbits
which are contractible in d+ W are > 3 —n. The injectivity of the map 71 (0+ W) —
1 (W) implies that the same condition on the indices holds for all closed Reeb orbits
which are contractible in W. Hence, by Proposition 9.17, we have " SH, (3. W) =
FSH, (34 W) = 0, and the conclusion follows from Corollary A.4. m|

Corollary A.6 There is no Weinstein cobordism W of dimension 2n > 6 with vanish-
ing first Chern class such that d_W is hypertight and 0+ W is fillable by a subcritical
Stein manifold with vanishing first Chern class.

Proof Indeed, in this situation the skeleton of W has codimension > n > 3 and a
generic homotopy of paths will avoid it and can be subsequently pushed by the Liouville
flow to d+ W. Thus any loop in d4+ W which is contractible in W is also contractible
in 04+ W, ie the map 71(d+W) — 71 (W) induced by the inclusion is injective. We
then conclude via Corollary A.S. |
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Examples (1) Many examples of contact manifolds M with SH, (M) = 0O arise as
boundaries of Liouville domains with vanishing symplectic homology, eg subcritical
or flexible Stein manifolds [25].

(2) Examples of hypertight contact manifolds are the unit cotangent bundles of Rie-
mannian manifolds of nonpositive curvature. Other examples are the 3—torus 73 with a
Giroux contact structure &, = ker(cos(ks) dO+sin(ks) d t) and its higher-dimensional
generalizations (T2 x N, &) by Massot, Niederkriiger and Wendl [56]. The latter are
not strongly symplectically fillable (so in particular not Liouville fillable) for k > 2.
Therefore, it appears that Corollary A.4 with d_W being one of these manifolds cannot
be obtained by more classical tools such as symplectic homology of Liouville domains.

(3) Let us mention in the same vein the fact that there is no Liouville cobordism
W with d_W hypertight and 04+ W overtwisted. This is proved in the same way as
nonfillability of overtwisted contact manifolds [10; 21], using filling by holomorphic
discs in the symplectic manifold (0, 1) x o_W U W. However, this seems to fall
outside the scope of our methods, while at the same time the case that we address in
Corollary A.4 seems to fall outside the scope of the method of filling by holomorphic
discs.

(4) A contact manifold (M, &) fails to satisfy the Weinstein conjecture if there exists
a contact form whose Reeb vector field has no periodic orbit. In the simply connected
case this is equivalent to the fact that (M, £) is cobordant via a trivial cobordism to
a hypertight contact manifold. Turning this around, (M, §) satisfies the Weinstein
conjecture if and only if it is not cobordant by a trivial Liouville cobordism to a
hypertight manifold. From this perspective, obstructing the existence of Liouville
cobordisms with hypertight negative end can be seen as a geometric generalization of
the Weinstein conjecture.
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