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Punctured holomorphic curves and Lagrangian
embeddings

K. Cieliebak! . K. Mohnke?

Abstract We use a neck stretching argument for holomorphic curves to pro-
duce symplectic disks of small area and Maslov class with boundary on
Lagrangian submanifolds of nonpositive curvature. Applications include the
proof of Audin’s conjecture on the Maslov class of Lagrangian tori in linear
symplectic space, the construction of a new symplectic capacity, obstructions
to Lagrangian embeddings into uniruled symplectic manifolds, a quantitative
version of Arnold’s chord conjecture, and estimates on the size of Wein-
stein neighbourhoods. The main technical ingredient is transversality for the
relevant moduli spaces of punctured holomorphic curves with tangency con-
ditions.

1 Introduction

In this paper we use punctured holomorphic curves to establish some new
restrictions on Lagrangian embeddings. We will denote by manifold of nonneg-
ative curvature a manifold which admits a Riemannian metric of nonpositive
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sectional curvature. In fact, the only property that enters the proofs is the exis-
tence of a metric for which all closed geodesics are noncontractible and have
no conjugate points.

1.1 Complex projective space

Consider the complex projective space CP" with its standard symplectic struc-
ture w, normalized such that a complex line has symplectic area . Let D denote
the closed unit disk. The following are the two main results of this paper.

Theorem 1.1 Let L C CP" be a closed Lagrangian submanifold which
admits a metric of nonpositive curvature. Then there exists a smooth map
f:(D,0D) — (CP", L) with f*w > 0 whose symplectic area satisfies

T
0 o < .
</wa‘n+1

Theorem 1.2 (Audin’s conjecture) The Maslov index of the map f in Theo-
rem 1.1 satisfies:

(a) u(f) € {l1,2}if L is monotone;
(b) n(f) =2if L is a (not necessarily monotone) torus.

In particular, Theorem 1.2 (b) answers a question posed by Audin [3] in
1988: Every Lagrangian torus in C" admits a disk of Maslov index 2. This
question was answered earlier for n = 2 by Viterbo [64] and Polterovich [61],
in the monotone case for n < 24 by Oh [59], and in the monotone case for
general n by Buhovsky [14] and by Fukaya et al. [33, Theorem 6.4.35], see
also Damian [24]. A different approach has been outlined by Fukaya [32].
The scheme to prove Audin’s conjecture using punctured holomorphic curves
was suggested by Eliashberg around 2001. The reason it took over 10years
to complete this paper are transversality problems in the non-monotone case.
We solve these problems using techniques from [20].

The proof of Theorem 1.1 actually yields n» + 1 maps fo,..., fu
(D,dD) — (CP", L), each of positive area (and Maslov index 1 or 2 in
the situation of Theorem 1.2), such that Z?:O f D fl*w < mr. We illustrate this
with two examples.

1. The Clifford torus is the monotone torus in CP" defined by

TCliftora := {[ZO szl | 2ol =0 = Ian}-

It admits n + 1 holomorphic maps fo, ..., fu : (D,9D) — (CP", T&iord)
of arear/(n+ 1) and Maslov index 2 given by f;(z) :=[1:...1:z:1...1]
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with z in the i th component. Note that the boundary loops f; (d D) forO <i <n
generate the first homology H(T").

2. The Chekanov torus is an exotic monotone 2-torus Téhekanov in CP?
described in [16]. We show in Appendix A that for the disks fo, f1, f2 obtained
in Theorem 1.1, all boundary loops f;(dD) represent multiples of the same
homology class. This answers in the negative Viterbo’s question whether for
L = T" the boundary loops f;(0D) for 0 < i < n always generate the first
homology H{(T").

1.2 A new symplectic capacity

To explore the implications of Theorem 1.1, we define a new symplectic capac-
ity, following a suggestion by J. Etnyre. Define the minimal symplectic area
of a Lagrangian submanifold L of a symplectic manifold (X, w) by

Anmin(L) := infl/ w ‘ o em(X, L), / w > O} € [0, o0].

Define the Lagrangian capacity cy (X, w)! of (X, w) to be
cr (X, o) :=sup{Anin(L) | L C X embedded Lagrangian torus} € [0, oo].

The Lagrangian capacity satisfies
(Monotonicity) c;, (X, w) < cr (X', @) if there exists a symplectic embed-
ding ¢ : (X, w) = (X', &) with 15 (X’, 1(X)) = 0;
(Conformality) c; (X, aw) = |a|cp (X, w) for 0 # a € R;
(Nontriviality) 0 < ¢z (B*'(1)) and ¢ (Z*"(1)) < oo.
In particular, ¢y, is a (generalized) capacity in the sense of [18,44] on the class
of symplectic manifolds (X, w) with 71(X) = m(X) = 0. Here B'(r) is
the open unit ball in C" and Z2(r) = B3(r) x C"—1; open subsets of C”
are always equipped with the canonical symplectic structure. The first two
properties are obvious. The property 0 < ¢, (Bz’l(l)) holds because the unit
ball contains a small standard torus T"(r) = S'(r) x --- x S'(r), where
S'(r) c C is the sphere of radius r. For the last property, recall Chekanov’s
result [15] that

Amin(L) < d(L)

for every closed Lagrangian submanifold L in C". Here d(A) is the displace-
ment energy of asubset A C C", i.e., the minimal Hofer energy of a compactly

U The “L” in ¢f, just stands for “Lagrangian” and does not refer to a particular Lagrangian
submanifold L.
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supported Hamiltonian diffeomorphism that displaces A from itself (see [44]).
This implies

cL(U) =dU)

for every open subset U C C”". Since the symplectic cylinder Z2"(1) has
displacement energy 7 and contains the standard torus 7" (1) of minimal sym-
plectic area 7, it follows that

e (Z*(1) = 7.

Most known symplectic capacities (exceptions being the higher Ekeland—
Hofer capacities [27] for subsets of C" and the ECH capacities [46] in
dimension 4) take the same value on the unit ball and on the cylinder. Surpris-
ingly, this is not the case for the Lagrangian capacity:

Corollary 1.3
T
cr (B¥(1)) = —.

Proof The standard torus 7" (r) is contained in the unit ball if and only if
r < 1/4/n. This proves one inequality. For the converse inequality, suppose
that the unit ball contains a Lagrangian torus L with Ayin (L) > 7/n. After
replacing L by oL for a suitable 0 < o < 1 we may assume that A, (L) =
7 /n. Compactifying the closed unit ball to CP”, L gives rise to a Lagrangian
torus L' in CP" with the property that all disks with boundary on L’ have
symplectic area a multiple of 7 /n. (This property is clear for disks contained
in the open ball CP"\CP"~!; for a disk passing through CP"~! it follows by
gluing it along its boundary with a disk in the ball to a sphere whose area is a
multiple of 7r.) But this property contradicts Theorem 1.1. O

For an application of this result, consider a polydisk P2(r) := B2(r) x
.+ -x B2(r). It contains the standard torus 7" (r) and is contained in the cylinder
Z2"(r), hence

cr (Pzn(r)) — 7r?.

Now Monotonicity of the Lagrangian capacity implies the following non-
squeezing result due to Ekeland and Hofer (Fig. 1).

Corollary 1.4 (Ekeland and Hofer [27]) The polydisk P*"(r) can be symplec-
tically embedded into the ball B*"(1) if and only if

r =

Bl
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B> (1)

Fig. 1 A polydisk inscribed in a ball

We end this paragraph with a conjecture for the Lagrangian capacity of an
ellipsoid

2 2
E(a,...,a,) = {zeC” ﬁ+---+|zn| 51}

aj ap

withO <a; <--- <a, < 0.

Conjecture 1.5 The Lagrangian capacity of an ellipsoid is given by

4
Uar+-+ ay

CL<E(a1,...,an)> =

It is shown in [18] that this conjecture would imply c; = limy_, 5 %C}?H on

all ellipsoids, where CEH denotes the kth Ekeland—Hofer capacity [27]. [t would
be interesting to see whether this relation continues to hold on more general
subsets of R?", e.g. on convex sets. The relation may also be compared to a
similar formula recovering the volume of a 4-dimensional Liouville domain
from its ECH capacities [23].

Remark 1.6 If we define the Lagrangian capacity ¢y, using arbitrary closed
Lagrangian submanifolds instead of just tori we still obtain a capacity with
the property c; (U) < d(U) for U C C". The Lagrangian capacity of the unit
ball is still > 7 /n, but we do not know whether equality holds for n > 2.
For n = 2, equality holds in view of Theorem 1.1 (and the proof of Corol-
lary 1.3) because all closed Lagrangian submanifolds of C? admit a metric of
nonpositive curvature.

1.3 Extremal Lagrangian tori

Let us call a Lagrangian torus L in a symplectic manifold (X, w) extremal
if it maximizes Amin, 1.€., Amin(L) = ¢ (X, w). Recall that L is monotone
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if its Maslov class is positively proportional to the symplectic area class on
m (X, L), i.e., u = 2alw] for some a > 0. This implies that (X, w) is mono-
tone with ¢{ (T X) = alw] onm2(X) (see e.g. [17]). In particular, for X = CP"
with its standard symplectic form we have a = (n + 1) /7, so for a monotone
Lagrangian torus L C CP”" the values of [w] on 7 (CP", L) are integer mul-
tiples 7w /(n + 1) (since all Maslov indices are even). Therefore, Theorem 1.1
implies

Corollary 1.7 Every monotone Lagrangian torus in CP" is extremal.
Conjecture 1.8 Every extremal Lagrangian torus in CPP" is monotone.

Turning to a different manifold, the following conjecture is motivated by a
question of L. Lazzarini.

Conjecture 1.9 Every extremal Lagrangian torus in the closed unit ball B (1)
is entirely contained in the boundary 9 B> (1).

Remark 1.10 Note that the standard torus 7" (1/4/n) C dB2"(1) is extremal.
The following fact, which is proved in Appendix B, lends some plausibility to
the conjecture. It establishes a phenomenon which is called “non-removable
intersection’ in [60]:

For a closed Lagrangian submanifold L C 3 B*"(1) no point can be pushed
into the interior by a Hamiltonian isotopy without making L exit the closed
ball at some other point.

Remark 1.11 One motivation for our interest in monotone Lagrangian sub-
manifolds is the observation (see e.g. [17]) that minimal (i.e., of zero mean
curvature) Lagrangian submanifolds in CPP" are monotone.

1.4 The chord conjecture

Another application concerns Arnold’s chord conjecture [2]. Let U C C" be a
bounded star-shaped domain (with respect to the origin) with smooth boundary
S = dU. The 1-form

1 n
A= 5 ]X_;(deyj — yjdxj)

on C" induces a contact form on §, and every contact form on the sphere
$2"=1 defining the standard contact structure arises in this way (see Sect. 2 for
the basic definitions concerning contact manifolds). A Reeb chord of length
T to a Legendrian submanifold A C S is an orbit y : [0, T] — S of the
Reeb vector field with y (0), y(T) € A. The chord conjecture states that every



219

closed Lagrangian submanifold of S possesses a Reeb chord. It was proved by
the second author in [57].

To see the relation to the Lagrangian capacity, let us recall the proof in [57].
Suppose that there exists no Reeb chord of length < T'. Then we can construct
a Lagrangian submanifold L C C” out of A as follows. Move A in S by the
Reeb flow until time 7', then push it down radially in C" to the sphere €S,
¢ > 0, move it in ¢S by the backward Reeb flow until time —7 and push
it up radially to S. Smoothing corners, this yields a Lagrangian submanifold
L C C" diffeomorphic to S! x A with minimal symplectic area

Amin(L) = (1 —&)T.

Since Amin(L) < d(L) < d(U) by Chekanov’s theorem, this proves the result
in [57]: Every closed Legendrian submanifold A in S = 0U possesses a Reeb
chord of length T < d(U). If A admits a metric of nonpositive curvature the
above argument yields the following sharper estimate.

Corollary 1.12 Every closed Legendrian submanifold A of nonpositive cur-
vature in the boundary S of a star-shaped domain U C C" possesses a Reeb
chord of length

T <cp(U).

Let us compare the two estimates for the unit sphere S in C". Here all Reeb
orbits are closed of length 7 and form the fibres of the Hopf fibration $**~! —
CP"~!. The estimate in [57] yields a Reeb chord of length T < 7, which may
just be a closed Reeb orbit meeting A once. The estimate in Corollary 1.12
combined with Corollary 1.3 yields

Corollary 1.13 Every closed Legendrian submanifold A of nonpositive cur-
vature in the unit sphere S C C", n > 2, possesses a Reeb chord of length

T <

SR

In particular, A meets some fibre of the Hopf fibration at least twice.

In [69] F. Ziltener has shown that the last statement actually holds with-
out the assumption of nonpositive curvature. This follows from the proof
in [57] described above and the observation that the displacement energy of
the Lagrangian submanifold L = S' x A is strictly smaller than 7.

The last statement can be rephrased as follows. Call a Lagrangian sub-
manifold L C CP" exact if every disk with boundary on L has symplectic
area an integer multiple of . Every exact Lagrangian submanifold L C CP"
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lifts to a Legendrian submanifold A C $?**! that intersects each fibre of the
Hopf fibration at most once. (A horizontal lift of L exist locally since L is
Lagrangian; the obstructions to a global horizontal lift are the holonomies of
the connection form 2X along loops in L, which vanish because the integral
of the curvature 2w over each disk with boundary on L is an integer multiple
of 2m.) Hence the preceding discussion implies

Corollary 1.14 ([69]) There exists no exact closed Lagrangian submanifold
in CPP".

For n = 1 this is obvious (and was the motivation for Arnold’s conjecture
in [2]). For n > 1 it generalizes (for manifolds of nonpositive curvature)
Gromov’s result [37] that there is no closed exact Lagrangian submanifold in
C". However, Gromov’s original technique does not seem applicable here.

The definition of a Reeb chord given above includes periodic orbits inter-
secting A. Let us call a Reeb chord honest if it is not a closed Reeb orbit
meeting A just once. Arnold’s original conjecture asks for the existence of
honest Reeb chords. Corollary 1.12 can be used to prove this stronger conjec-
ture. For example, if § C C" is C I_close to the unit sphere, then all closed
Reeb chords have length at least # — ¢, whereas Corollary 1.12 yields a Reeb
chord of length at most 7 /n + ¢. Hence we have

Corollary 1.15 Let S C C", n > 2, be sufficiently C _close to the unit sphere.
Then every closed Legendrian submanifold A of nonpositive curvature in S
possesses an honest Reeb chord.

1.5 Lagrangian submanifolds and symplectic balls

Biran [8] has shown that a symplectically embedded ball B C CP”" of radius
r > 1/+/2 must intersect RP”" C CP". This turns out to be related to a quite
general intersection phenomenon.

Theorem 1.16 Let L C CP" be a closed Lagrangian submanifold which
admits a metric without contractible geodesics (e.g. one of nonpositive curva-
ture). Let B C CIP" be a symplectically embedded ball of radiusr. I[f LNB = (),
then

Amin(L) + 7'””2

<.

Note that Apjn (RP") = /2, so the estimate in Theorem 1.16 would imply
Biran’s result. However, the theorem is not applicable to L = RP" because
every metric on R P" has contractible geodesics. Combined with Corollary 1.7,
Theorem 1.16 implies that every monotone Lagrangian torus in CP" must
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intersect every embedded ball of radius r > see Biran and Cornea [9]

n_ .
i’
for generalizations of this result.

1.6 Uniruled symplectic manifolds

Let us call a closed symplectic manifold (X, w) uniruled if it has some nonva-
nishing Gromov—Witten invariant of holomorphic spheres passing through a
point (plus additional constraints). Ruan [63] has proved that on a Kdhler man-
ifold this is equivalent to the algebro-geometric definition that X is covered by
rational curves. For example, every Fano manifold is uniruled (see [49]). The
following result is due to Viterbo [65] for “strongly Fano manifolds”, and to
Eliashberg, Givental and Hofer [28] in the general case. We include its proof
in Sect. 4.

Theorem 1.17 ([28,65]) Let L be a closed manifold of dimension > 3 which
carries a metric of negative curvature. Then L admits no Lagrangian embed-
ding into a uniruled symplectic manifold.

Remark 1.18 Indimension 2 the result is not true because of Givental’s nonori-
entable Lagrangian surfaces in C? (see [4]). But we still obtain the following
restriction: a closed orientable surface of genus > 2 admits no Lagrangian
embedding into a uniruled symplectic 4-manifold. This is an easy consequence
of McDuff’s theorem (implicitly contained in [55]) that every uniruled sym-
plectic 4-manifold has b;r = 1, see [66, Section 2.2] and [68, Proposition
2.17].

Remark 1.19 The proof of Theorem 1.1 yields for every closed Lagrangian
surface L C CIP? which carries a metric of negative curvature (and is therefore
nonorientable) the estimate Anin(L) < /6.

In [58], J. Nash proved that every compact smooth manifold is the real
part of a real algebraic manifold (i.e., a smooth projective variety defined
by real equations in CPV). In the same paper he conjectured that the real
algebraic manifold can be chosen to be birational to CIP". Now the real part of
a real algebraic manifold is Lagrangian (see [65]), and an algebraic manifold
birational to CP" is uniruled (it is even rationally connected, see [51]) and
simply connected (see [35]). Hence Theorem 1.17 and Remark 1.18 imply

Corollary 1.20 ([21,28,50,65]) The Nash conjecture is false in all dimensions
> 2. More precisely, we have:

(a) For n > 3, the real part of a real algebraic manifold birational to CP"
carries no metric of negative curvature.

(b) The real part of a real algebraic surface birational to CP? is either the
sphere, the torus, or a nonorientable surface.
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For n = 2 the result is due to Comessatti [21] and it is sharp: the sphere and
the torus occur in quadrics x2 + y2 +72 = t2, and the nonorientable surfaces
occur in blow-ups of CP? at real points. Already for n = 3 the result is far
from optimal. In fact, Kolldr has derived a short list of possible topological
types for real parts of real algebraic threefolds [50,51].

Now suppose that the values of the symplectic form w on 77 (X) are given by
ka,k € 7, for some a > 0. Let us call (X, ) minimally uniruled if the holo-
morphic spheres in the definition of “uniruled” have symplectic area a. Call a
Lagrangian embedding L < X exact if every disk with boundary on L has
symplectic area an integer multiple of a. With these notations, Corollary 1.14
can be generalized as follows.

Theorem 1.21 Let L be a closed manifold which carries a metric without
contractible geodesics. Then L admits no exact Lagrangian embedding into a
minimally uniruled symplectic manifold.

Examples of minimally uniruled symplectic manifolds are CP" and CP! x
CP! with their standard symplectic structures. The real locus RP"* c CP" is
not exact, while the antidiagonal in CP' x CP! is exact.

1.7 Size of Weinstein neighbourhoods

Weinstein’s Lagrangian neighbourhood theorem states that any Lagrangian
submanifold L C (X, w) has a tubular neighbourhood which is symplecto-
morphic to a neighbourhood of the zero section in the cotangent bundle 7*L
with the canonical symplectic form. We are interested in the maximal “size” of
such a neighbourhood, which can be quantified as follows. For a Riemannian
manifold (Q", g) let D*(Q, g) :={(g, p) € T*Q | lIpllg < 1} be the unit
codisk bundle. Fix a symplectic manifold (X2", w) and define the embedding
capacity

X9 (0, ¢) :=inf{la > 0| D*(Q, g) — (X, aw)},

where < means symplectic embedding with respect to the canonical sym-
plectic structure on 7*Q. This is the embedding capacity of D*(Q, g) into
(X, w) in the sense of [18]. It has the following elementary properties with
respect to the metric:

(Invariance) cX-®) (Q, g) = ¢ X (0, ¢') if (Q, g) and (Q’, g’) are iso-
metric;

(Monotonicity) ¢ (Q, g) < ¢X®(Q, h) if g < h;

(Conformality) cX-®) (0, 1g) = AcX®)(Q, g) for A > 0;
(Nontriviality) ¢ (Q, g) < oo if Q admits Lagrangian embeddings
into (X, w), and ¢X)(Q, g) > 01if (X, w) has finite volume.
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For the last property, note that a symplectic embedding D*(Q, g) — (X, aw)
yields

vol(Q, g)volB" (1) = volD*(Q, g) < vol(X, aw) = a"vol(X, w)

and hence the lower estimate

(X,0) ./ vol(Q, g)vol B" (1)
(0, 8) = \/ ol X o) (1)

Let ¢ min(Q, g) denote the minimal length of a closed geodesic on (Q, g). Then
the methods of this paper yield the following lower estimate.

Theorem 1.22 The embedding capacity of a Riemannian manifold (Q, g) of
nonpositive curvature into CP"* with its standard symplectic form satisfies

P (0. ) > (1 + Dlmin(Q. &)

Some explicit computations in Appendix C show:

1. For the flat torus 7" = (R/2x7Z)", the estimate in Theorem 1.22 is better
than the volume estimate (1) for each n > 1. Moreover, the volume bound
grows as 1/n, while the bound in Theorem 1.22 grows linearly in n.

2. Explicit embeddings of the flat torus 7" = (R/27xZ)" into CP" yield an
upper bound ¢ (T") < 2(n + /n), which is stricly larger than the lower
bound 2(n + 1) from Theorem 1.22 for each n > 1. This suggests that the
estimate in Theorem 1.22 may not be sharp. Note, however, that the quotient
of the upper and lower bound tends to 1 as n — o0.

Remark 1.23 (a) The techniques of this paper work well for Lagrangian sub-
manifolds which admit metrics of nonpositive curvature, or at least without
contractible geodesics. On the other hand, traditional techniques such as Gro-
mov’s holomorphic disks and Floer homology work well for simply connected
Lagrangians. Can one combine these techniques? A test case could be the prod-
uct of a manifold of positive with a manifold of negative curvature.

(b) Neck stretching techniques were also used in [52,66] to study Lagrangian
embeddings in dimensions 4 and 6.

2 Punctured holomorphic curves

In this section we recall the definitions and basic properties of punctured
holomorphic curves, see [12,19,28] for details.
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2.1 Contact manifolds

A contact form on a (2n — 1)—dimensional manifold M 2n=1 js a 1-form A for
which A A (dA)"~! is a volume form. Its Reeb vector field is the unique vector
field R, satisfying ig,dA = 0 and A(R;) = 1. The distribution § := ker A is
called a (cooriented) contact structure, and the pair (M, &) a contact manifold.

Consider a closed orbit y of the Reeb vector field. The linearized Reeb flow
along y preserves the contact distribution &, and the maps W; : §, ) — &,

preserve di. Let ® : £, S 8! x C" be a trivialization of & along y.

Then &, W, ®, !is a path of symplectic matrices which has a Conley—Zehnder
index (defined in [22] if y is nondegenerate, i.c., the linearized return map
on a transverse section has no eigenvalue 1, and in [64] in general) and a
Robbin—Salamon index (defined in [62]). We call

|
CZ(y, ) := CZ (d)t\I!tCI)gl) €7, RS(y,®):=RS (cb,\y,cbgl) e 5T

the Conley—Zehnder (or Robbin—Salamon, respectively) index of y with
respect to the trivialization ®.

Following [11,12], we say that (M, A) is Morse—Bott if the following holds:
Forall T > Otheset Ny C M formed by the T -periodic Reeb orbits is a closed
submanifold, the rank of dA |y, islocally constant, and T, N7 = ker (T, ¢ —1)
forall p € N, where ¢, is the Reeb flow. Dividing out time reparametrization,
we obtain the orbifold of unparametrized Reeb orbits I'r := N7 /S I Note that
the case dim I'r = dim N7 — 1 = 0 corresponds to nondegeneracy of closed
Reeb orbits. We will refer to this case as the Morse case. In the Morse—Bott
case, the Conley—Zehnder and Robbin—Salamon indices are constant along
each connected component I' of I'7 and we denote them by CZ(I") or RS(I"),
respectively. They are related by

CZ(T') = RS(I") — % dimT. 2)

An important special case is the geodesic flow on the unit cotangent bundle
M = S*L of a Riemannian manifold (L, g). This is the Reeb flow of the
contact form A = pdgq in canonical coordinates (g, p) on T*L. A closed
geodesic ¢ on L lifts to the closed Reeb orbit y (1) = (¢(1), ¢(1)). Here we
use the identification TL = T*L via v — g(v,.) without further notice.
A trivialization @ of the contact distribution & along y is equivalent to a
trivialization of T(T*L) as a symplectic vector bundle along g (viewed as a
path in the zero section) which is still denoted by ®. Note that the zero section
L C T*L is Lagrangian for dA. Let
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uy, @) = ulg, ®) = u(® Ty L)

be the Maslov index of the induced loop of Lagrangian subspaces of C" (see
e.g. [4]). Now CZ(y, ®) and u(y, ®) transform in the opposite way under
change of the trivialization. So their sum is independent of @, and in fact is a
well-known quantity:

Lemma 2.1 (Viterbo [64]) For the lift y of a (possibly degenerate) closed
geodesic q,

CZ(y, ®) + u(y, ) = ind(y),

where ind(y) := ind(q) is the Morse index of q.
We will need the following lemma about Morse indices:

Lemma 2.2 Let L" be a closed manifold which admits a metric of nonpositive
sectional curvature. Then for every ¢ > 0 there exists a metric on L such that
every closed geodesic q of length < c is noncontractible and nondegenerate
and satisfies

0 <ind(g) <n—1.

In a metric of negative curvature every closed geodesic is noncontractible and
nondegenerate of index zero.

Proof By the Morse Index Theorem for closed geodesics (see e.g. [48], The-
orem 2.5.14),

ind(¢g) = indg(g) + concav(qg),

where indg (g) equals the number of conjugate points along g, and the nullity
and concavity of ¢ satisfy null(g) 4 concav(g) < n — 1. Now a metric go of
nonpositive curvature has no conjugate points along any geodesic (seee.g [48].,
Theorem 2.6.2), hence ind(g) +null(g) < n — 1 for every closed go-geodesic.

Consider the space of all closed go-geodesics of length < ¢, parametrized
with constant speed over the time interval [0, 1]. Since this space is compact
(say, with the C? topology), there exists a C2-neighbourhood U/ of g in the
space of metrics such that, for every g € U/ and every closed g-geodesic g of
length < ¢, we still have ind(¢) + null(¢) < n — 1. Now there exist metrics
g € U for which all closed geodesics g of length < ¢ are nondegenerate (see
e.g. [47], Theorem 3.3.9), and therefore ind(¢) < n — 1.

By Hadamard’s Theorem (see e.g. [48], Theorem 2.6.6), all closed go-
geodesics are noncontractible; this persists for g-geodesics of length < ¢ for
g € U. Finally, if go has negative curvature, then the nullity and concavity are
zero, so every closed gp-geodesic is nondegenerate of index 0. O
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2.2 Symplectic cobordisms

The symplectization of a contact manifold (M, &) is the symplectic manifold
(R x M, d(e"1)), where r is the coordinate on R. A symplectic cobordism is
a symplectic manifold (X, w) whose ends are the positive or negative halves
of symplectizations. This means that for a some compact subset Xo C X and
contact manifolds (M, 1) (M, 1), we have a symplectomorphism

(X\ X0, 0) = (Ry x M, d(€2) I (Ro x M. d(e")).

Here we allow one or both of M, M to be empty. The ends modelled over M and
M are called the positive and negative ends, respectively. Obvious examples of
symplectic cobordisms are closed symplectic manifolds and symplectizations.

Example 2.3 Cotangent bundles are symplectic cobordisms as follows. Let
M = S*L be the unit cotangent bundle of a Riemannian manifold (L, g), with
the contact form A = p dq| ). We identify L with the zero sectionin 7* L. Then
themapRxM — T*L\L,(r, q, p) — (q, € p) yields asymplectomorphism

(R x M,d(e"})) = (T*L\L,dpdq).

This shows that the cotangent bundle (T*L, dp dgq) is a symplectic cobordism
with one positive end modelled over (M, 1).

2.3 Almost complex structures

An almost complex structure J on a symplectization (R xM,d(e" k)) is called
compatible with A if it is translation invariant in the R-direction, leaves the
contact structure £ invariant, maps d/dr to the Reeb vector field R, and
d(e"A)(-, J-) defines a Riemannian metric. An almost complex structure on a
symplectic cobordism (X, w) is called compatible if it is compatible with the
contact forms A, A outside some compact setand w (-, J-) defines a Riemannian
metric. Compatible almost complex structures exist and form a contractible
space J (with the C* topology).

2.4 Punctured holomorphic curves

Consider a symplectization (]R x M,d(e" k)) with a compatible almost com-
plex structure J. Let y : [0,T] — M be a (not necessarily simple)
closed orbit of the Reeb vector field R, of period 7. A J-holomorphic map
f = (a,u) : D\O - R x M of the punctured unit disk is called posi-
tively (or negatively) asymptotic to y if lim,_, a(pe'?) = oo (or —oo0) and
lim, o u(pe'?) = y(T6/27) (or y(—=T6/2m), respectively) uniformly in 6.
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A punctured holomorphic curve in (X, J) consists of the following data:

e A Riemann surface (X, j) with distinct positive and negative points
Z = (Z1,...,2p), 2 = (51,...,§p). We denote by Y = Z\{Zi,gj}
the corresponding punctured Riemann surface.

e Corresponding vectors T = &y ,75), I' := (Zl’ e Zp) of closed

Reeb orbits in M, M. .
e A (j, J)-holomorphic map f : ¥ — X which is positively (or negatively)
asymptotic to y; (or y. j) at the punctures 7; (or z i respectively).

In a symplectization R x M, a cylinder over a T -periodic Reeb orbit y,
fiRXxR/Z—RxM, (s,t)+ (Ts,y(T1)),

1s a punctured holomorphic curve with one positive and one negative puncture.

Denote by ¥ the compactification of the punctured surface X by adding a
circle at each puncture, and by X the compactification of the manifold X by
adding a copy of M or M at the positive or negative end, respectively. In view
of the behaviour near the punctures, the holomorphic map f : >~ — X above
extends to a continuous map f : & — X. This extension represents a relative
homology class

[fl e Hy(X,TUD).

Example 2.4 The cotangent bundle 7*L of a Riemannian manifold (L, g)
carries a canonical almost complex structure J, induced by the Riemannian
metric. This structure leaves the cylinders {(q(t), sc}(t)) | s,t € R} over
closed geodesics g invariant. Now J, is not compatible according to the defini-
tion above. But it can be deformed to a compatible almost complex structure J
which still leaves all the cylinders over closed geodesics invariant. Then these
cylinders, appropriately parametrized, are punctured holomorphic curves in
T* L with two positive punctures.

2.5 Neck stretching

Consider a closed connected symplectic manifold (X, ) and a closed hyper-
surface M C X of contact type. This means that M carries a contact form
A such that dA = w]|y. Let Jy be an almost complex structure on R x M
which is compatible with A. A neighbourhood of M is symplectomorphic to
(I—e, &l x M, d(e"1)). Assume that X\M = X [ X consists of two com-
ponents with {£e} x M C XSE. Pick a compatible almost complex structure
J on (X, w) whose restriction to [—¢, €] x M coincides with Jy;.
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Define a 1-parameter family of symplectic manifolds as follows. For a real
number k > 0 let

Xy = Xy Uy [—k, 0] x M Uy X{.

This manifold is, of course, canonically diffeomorphic to X, but Xy is a more
convenient domain for describing the deformed structures. Define an almost
complex structure on Xy by

7 J on X 3,
L= Jy on|[—k,0] x M.

This almost complex structure is compatible with the symplectic form on X

given by

W on X (—)I— ,
w ;= {d(e"A) on[—k,0] x M,

e*w  onX 0 -
In the limit k — oo we obtain three symplectic cobordisms: X+ :=
Xy Uy R_ x M (with one negative end), X~ := Xy Uy Ry x M (with
one positive end), and the symplectization R x M. Here R x M is equipped
with the symplectic form d(e” 1) and almost complex structure Jy;, and X+
are equipped with the symplectic forms T and almost complex structures
JT satisfying o™ = w on X(j)t, ot =dE)) onRe x M, J* = J on X(jf
JE=JyonRy x M.

Example 2.5 We will apply the neck stretching construction in the following
situation. Let L be a closed Lagrangian submanifold of (X, w). Pick a Rie-
mannian metric on L. After rescaling the metric by a small constant, a tubular
neighbourhood of L is symplectomorphic to W := {(¢, p) € T*L | |p| < 1}
with the canonical symplectic form dp dq. The boundary M := dW is a con-
tact type hypersurface in X with contact form A := pdq|y . It decomposes
X into two components X, = int W and Xar = X\W. So we can stretch
the neck along M as described above. In this case, the limiting manifolds
can be identified as (X, 0o") = (X\L,w), (X, 0w~ ) = (T*L,dpdq), and
(R x M,d(e"))) Z(T*L\L,dpdq).

Lemma 2.6 Consider a Riemannian manifold (L, g) and a symplectic embed-
ding D*L — X of'its unit cotangent bundle into a closed symplectic manifold
(X, w). Let J be a compatible almost complex structure on X\L which is
cylindrical on D*L\L, and f : C — X\ L be a holomorphic plane negatively
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asymptotic to the closed Reeb orbit (y, y) corresponding to a closed geodesic
y. Then the length of y satisfies

) < / o
f

Proof The map (r, g, p) +— (g, e p) defines a symplectomorphism (R x
S*L,d(e"\)) — (D*L\L, w) with the contact form A = pdq|s+r. Denote
by y the lift of the closed geodesic y to S*L. Then positivity of @ and d on
J-holomorphic curves implies

/wZ/ d(e%):/ kz/k:ﬁ(y).
f fND*L fNS*L P

2.6 Broken holomorphic curves

Now we will describe the limiting objects of sequences of Ji-holomorphic
curves in the neck stretching procedure, following [19]. We retain the setup of
the preceding section. For an integer N > 2 set

X, w7, J7) forv =1,
(XY, 0™ gy .= LR x M, d(e"A), Jy) forv=2,....N —1,
X, 0", Jh) forv = N.

Define the split symplectic cobordism

N

x*=1]x",

v=1

equipped with the symplectic and almost complex structures w*, J* induced by
the ™, J). Glue the positive boundary component of the compactification

X ) (by copies of M) to the negative boundary component of X (V+D to obtain
a compact topological space

X:=XD Uy Uy XN,

Note that X is naturally homeomorphic to X (see the proof of Lemma 2.8
below for a particular homeomorphism), so we can identify homology classes
in X and X.
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Let ¥ be a closed oriented surface with ¢g distinct points z = z', ..., 79,
and A = A, UA, C Y\{z',..., 29} a collection of finitely many disjoint
simple loops divided into two disjoint sets. Denote by X the surface obtained
by collapsing the curves in A, to points. Write

N
Fi=0\A, = [ [ 27,

v=1

as a disjoint union of (not necessarily connected) components (). Let j be
a conformal structure on £\ A such that (X\A, j) is a punctured Riemann
surface. This gives X* the structure of a nodal punctured Riemann surface,
with nodes corresponding to A, and punctures corresponding to A ,. A broken
holomorphic curve (with N levels)

F=FWD, ..., FMy. (=% j) > (X* T

is a collection of nodal punctured holomorphic curves F®) : (2™ j) —
(X™, J™ysuchthat F : ¥* — X* extends to acontinuousmap F : & — X.
Moreover, we require that each level is stable in the following sense: For
1 <v <N, F®" isnot the union of cylinders over closed Reeb orbits without
any marked points on them. Moreover, ¥* does not contain any sphere with
less than three special points (punctures, nodal or marked points), nor a torus
without special points, on which F is constant.

Note that, by continuity of F, the number of positive punctures of F")
agrees with the number of negative punctures of F("*1, and the asymptotic

Reeb orbits at the punctures agree correspondingly: T\ = [+,

Remark 2.7 Every broken holomorphic curve has an underlying graph: Its
vertices are the connected components of X*, and each asymptotic Reeb orbit
defines an edge between the corresponding components. Note that if > has
genus zero the underlying graph is a tree.

We have the following easy

Lemma 2.8 ([19]) The homology class A := [F] e H,(X; Z) of a noncon-
stant broken holomorphic curve F : (X%, j) — (X*, J*) satisfies w(A) > 0.

2.7 Gromov-Hofer compactness
For R € R denote by

Xe— Xg Uul—k+ R, RIx MUy X§., x+>x+R
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the map which equals the identity on X, U Xar and is given by (r, x) —
(r + R, x) on [—k, 0] x M. The following theorem collects the compactness
properties that we need in this paper. A more precise statement is proved
in [19].

Theorem 2.9 (Gromov-Hofer compactness) Let (Xi, Jx) be as above and
assume that (M, A) is Morse—Bott. Let fi : (Zg, jr) — (X, Ji) be asequence
of holomorphic curves of the same genus and in the same homology class
[fx] = A € Hy(X; Z). After passing to a subsequence, there exist a broken
holomorphic curve F : (X%, j) — (X*, J¥), orientation preserving diffeo-
morphisms ¢y : Ly — X, and numbers —k = r,gl) < rlgz) < e < r,EN) =0

(v+1) r}gv)

with r; — o0 such that the following holds:

(i) (Pr)«jx — J in C2° on T*.

loc

(ii) fk(v) o qbk_l — FW in CX on V), where fk(v) is the shifted map z +—

loc
fi(z) — r,gv)-
(iii) [y, fion = [zon (FN) o™,
(iv) [F1= A € Hy(X; 7).

Here on each component > the convergence statements (i-11) have to be
understood in the sense of nodal holomorphic curves, see [19].

Corollary 2.10 In the situation of Theorem 2.9, assume in addition that the
genus is zero and the homology class A cannot be written as A = B +
C with B, C € Hy(X; Z) satisfying o(B), w(C) > 0. Then F is a broken
holomorphic curve without nodes between nonconstant components and the
convergence statements (i) and (ii) can be understood literally.

Proof Suppose F has a node. Since the genus is zero, the node decomposes
the domain X into two connected components X, 1. The restrictions of F' to
these components define nonconstant broken holomorphic curves Fy, Fj repre-
senting homology classes Ag, A1 € Hy(X; Z) with Ag+ A} = A. Lemma 2.8
yields w(Ap), (A1) > 0, contradicting the assumption on A. O

2.8 Moduli spaces

Now we turn to moduli spaces of punctured holomorphic curves. From now on
we restrict to genus zero. Consider a symplectic cobordism (X, w) of dimen-
sion 2n with ends modelled over the contact manifolds (M, 1) and (M, 1).
Suppose first that all closed Reeb orbits on M and M are nondegenerate. Fix
collections of closed Reeb orbits

FZ(?]?""??)’ EZ(Z]"“’ZP)
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on M and M, respectively. Fix also a relative homology class A € Hy (X, TuU
I). Denote by . MAJ (T, I') the space of punctured holomorphic spheres
asymptotic to T, T in the homology class A. More precisely, elements of
MA: J(T, ') aretriples (f, 7, z), wherez = (z1, ..., Zp)andz = (z,, - . "53)
are collections of distinct points on the 2-sphere S = §2, 8 = S2\{zi, 4 j},
and f : § — X is a J-holomorphic map that is positively asymptotic to the
closed Reeb orbit y; at the puncture z;, negatively asymptotic to y ; atz, and
represents the relative homology class A. "

The space MAY (T, I) is equipped with the topology induced by weighted
Sobolev norms as in [11,13]. Denote its quotient by the action of the M&bius
group by

MM ([T, 1) = MA (T, T) [ Aus), (3)

Its expected dimension is (see [13])
dim M/ (T, 1) =(n —3)2 =P — p) + 2¢1(A)

p 4
+ > CZF) — Y CZ(y ).
i=1 j=l1

Here the Conley—Zehnder indices are computed with respect to some fixed
trivializations of the contact distribution § over y; and y;. These trivializations
induce trivializations of the tangent bundle 7 X over the asymptotic orbits,
and c{(A) is the relative first Chern class of f*7 X with respect to these
trivializations for any representative f of A.

If M and M are only Morse—Bott, then instead of collections of closed Reeb
orbits we fix collections

r=Ty,....T5, L=(C....L,)

of components of the orbifolds T'7 and 'y of T-periodic orbits (for varying
T). The preceding discussion carries over to this case, with the only difference
that the expected dimension becomes (see [11, Corollary 5.4])

dim M"Y (T, 1) = (n —3)(2 =P — p) +2c1(A)

P 4
ZRS(F)+ dimT;) ZRS(F)— dlmF)
i=1 j=1
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or in view of Eq. (2),

dim M*/ (T, D) = (n = 3)2 =P — p) + 21 (4)

P 4
+ ) (CZ(Tj) +dimT;) — Y "CZ{T,;). 4
i=1 j=1

3 Tangency conditions

In this section we introduce holomorphic curves satisfying tangency conditions
to a complex hypersurface, and we compute a specific invariant counting such
curves in CIP". The discussion follows Section 6 in [20].

Consider a complex hypersurface in Z = 2~ (0) ¢ C”" defined by a holo-
morphic function 2 : C* — C with 42(0) = 0 and dh(0) # 0. We say that a
holomorphic map f : C D> D — C" with f(0) = 0 is tangent of order ¢ to
Zat 0if

(ho f)/(0)=---=(ho /HDO) =0.

This condition clearly only depends on the germs of f and Z at 0, and it is
preserved under the action ( f, Z) +— (<I> ofop~!, &(Z )) by local biholomor-
phisms of (C, 0) and (C", 0). Note that, after applying a local biholomorphism
of (C", 0), we may assume that 4(z1, ..., z,) = z, and the tangency condition
becomes the condition £/(0), ..., f©(0) € C"~! used in [20].

More generally, fix an integrable almost complex structure Jy in a neigh-
norhood of a point x € X and the germ of a complex hypersurface Z through
x. Consider an almost complex structure J which near x coincides with Jy
and a holomorphic map f : ¥ — X from a Riemann surface with f(z) = x.
We say that f is tangent of order £ to Z at z, and write d* f(z) € T, Z, if
®o fogp~!istangent of order £ to ® (Z) at 0 for local holomorphic coordinates
¢:(X,z)—> (C,0)and @ : (X, x) — (C",0).

Now suppose that X is a symplectic cobordism and fix collections T, T of
closed Reeb orbits on its ends. Denote by MA(T, I'; x, Z, £) the space of
punctured J-holomorphic spheres which are tangent of order ¢ to Z at x, i.e.,

MY FLx 20 = {(£Z29 | (7.2 e MY T Dz €.
f(2) =x,d"f(z) e T, Z).

Denote the quotient by the action of the Mobius group by

MM (T, Tix, Z,8) = MM (T, s x, Z, 6) / Aut(S).
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The following result is a straighforward extension of [20, Proposition 6.9] to
punctured holomorphic curves, with a slight modification concerning transver-
sality of the evaluation map at z to the point x rather than Z.

Proposition 3.1 Fora generic almost complex structure J as above the moduli
space M?’J(F, I''x,Z,0) C MA’J(F, I'; x, Z, ¢) of simple J -holomorphic
spheres tangent of order £ to Z at x is a manifold of dimension

p
dim M (T\Lix, Z,0) =(n = 3)Q2 =P = p) +2c1(A) + ) CZ(7))
i=1

P
— > CZy )~ (@n—-2) -2t
j=1

3.1 Tangency conditions in cotangent bundles

We apply this proposition to the cotangent bundle 7* L of a manifold L" which
admits a metric of nonpositive curvature. For given ¢ > 0, equip L with the
Riemannian metric provided by Lemma 2.2 such that all closed geodesics
of length < ¢ are noncontractible and nondegenerate and have Morse index
<n-—1.LetI" = (y1,..., y) be a collection of (lifts of) closed geodesics
of length < c. Fix a point x € T*L and the germ of a complex hypersur-
face Z through x. Consider the moduli space M7 (I'; x, Z, £) of holomorphic
spheres with k positive punctures which are tangent of order ¢ to Z at x. For
a punctured holomorphic sphere f : § — T*L trivialize the pullback bundle
f*T(T*L) — S and denote by CZ(y;) the Conley—Zehnder indices in this
trivialization. Since the sum of the corresponding homology classes in L of
the y; is null-homologous in L, the Maslov indices in this trivialization sum
up to zero. Hence by Lemma 2.1, we can replace the Conley—Zehnder index
by the Morse index in the dimension formula and obtain

k
dim M (s x, Z, ) = (n = 3)2 — k) + Y CZ(y;) — (2n —2) = 2¢
i=1
< =32 —k) +k(n—1)—(2n —2) —2¢
— 2k — 4 —24.

Since by Proposition 3.1 this dimension is nonnegative for generic J, we obtain

Lemma 3.2 For generic J every simple J-holomorphic sphere in T* L which
is asymptotic at the punctures to geodesics of length < ¢ and tangent of order
¢ to Z at x must have at least £ + 2 punctures.
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Next we want to derive a version of this lemma for non-simple spheres. So
consider f = f o ¢ fora simple sphere f : S — T*L as above and a d-fold
branched covering ¢ : S> — S2. Thus f has k positive punctures asymptotic
to geodesics y1, ...,y and f has k > k positive punctures asymptotic to
multiples of the y;. We assume that £ is tangent of order n — 1 to Z at a point
p € S2. In suitable holomorphic coordinates near p and p = ¢ (p) we have
#(z) = z%, where b = ord( p) is the branching order of p. In holomorphic
coordinates near x € T*L in which Z = C"™! ¢ C" we have f,(z) =
aiz + a2z2 + ..+ and

ﬂ(z) = a1zb + a2z2b +...=0("h,

hence a; = --- = ay = 0 where ¢ is the smallest integer > n/b — 1. By the
Riemann-Hurwitz formula we have

i
2d —2=) (ord(z) —1) = > (ord(z;) — 1) + Y (ord(z) — 1).
i=1

z€8? ze8

Since ¢ maps all punctures Z; of f to punctures of f, we have Z;‘:l ord(z;) =
kd. The sum over z € § is estimated below by the contribution » — 1 coming
from p and we obtain 2d — 2 > kd — k + b — 1. Combining this with the
estimates k > ¢ 4 2 from Lemma 3.2,d > band £ > n/b — 1 we find

k>k=2)d+b+1>Gk=Db+1>U+1Db+1>n+1.

So we have shown

Corollary 3.3 Let L" be a manifold which admits a metric of nonpositive
curvature. For ¢ > 0, equip L with a metric such that all closed geodesics
of length < c¢ are noncontractible and nondegenerate and have Morse index
< n — 1. Pick a point x € T*L and the germ of a complex hypersurface Z
through x. Then for generic J every (not necessarily simple) nonconstant J -
holomorphic sphere in T* L which is asymptotic at the punctures to geodesics
of length < c and tangent of order n — 1 to Z at x must have at least n + 1
punctures.

3.2 Tangency conditions in CPP"

The second situation we consider are non-punctured holomorphic spheres in
CP". Let A = [CP'| and fix a point x € CP" and the germ of a local
complex hypersurface Z through x (thus Z is only locally defined near x).
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Since ¢1(A) = n + 1, the dimension of the moduli space in Proposition 3.1
withl =n —11s

dim M2 (x, Z,0) =2n —64+2n+2—2n —2) — (2n —2) = 0.

Note that all holomorphic spheres in class A are simple. By Gromov compact-
ness, the zero-dimensional manifold MA (x, Z,n — 1) 1s compact. By the
usual cobordism argument, the signed count of its points is independent of the
regular almost complex structure J, the point x, and the complex hypersurface
Z . Notice that no nodal curves occur in this count because holomorphic curves
in the class A cannot split.

Proposition 3.4 The signed count of points in M*7(x, Z,n — 1) equals
(n — 1)L

By Gromov compactness, this implies

Corollary 3.5 For every point x € CP", germ of complex hypersurface X
through x, and compatibe almost complex structure J, there exists a J-
holomorphic sphere in class [CP'] which is tangent to order n — 1 to Z
atr x.

The proof of Proposition 3.4 is based on two lemmas.

Lemma 3.6 Forall positive real numbers ay, . . ., a, the system of n equations
for n complex variables z1, . .., z,

aiz1+---+ayz;, =0

2 2
a1zt + -+ apze =0

arZ} +-+anzh =0 5)
has only the trivial solution z1 = --- = z,, = 0.

Proof We prove the lemma by induction on . The case n = 1 is clear. Suppose
the lemma holds for n — 1 but not for n, so Eq. (5) has a nontrivial solution
z=1(21,...,2,). Writing (5) as

Cl] PRI an Zl
aizy ... Aann 22

—1 _
aizy ...anz,
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this implies

I ... 1
21 ...
det "= n(z]- —z,))=0.
gt
So after reordering the z; we may assume z,—| = z,. Inserting this in (5) and

deleting the last equation, we obtain

arz1 + -+ (ap—1 +ap)zp—1 =0

aizi + -+ (@n—1 + ap)zp_y =0

alzrlz—l 4+ .-+ (ap—1 + an)ZZ:% =0.

By hypothesis this has only the trivial solution 0 = z; = -+ = 7,1 = 2,
contradicting the assumption z # 0. O
Lemma 3.7 For all positive real numbers ag, . . ., a, the n complex hypersur-

faces in CIP" defined by the homogeneous equations

aozo + -+ apzy =0

aozg+ -+ +anzs =0

aozy + - +anz, =0 (6)
intersect transversally in n! points.

Remark 3.8 It follows that the hypersurfaces defined by (6) intersect transver-

sally for all complex numbers ag, ..., a, outside an algebraic subvariety in
Cn—i—l‘
Proof Suppose [z : - - : Z,] 1S a non-transverse intersection point. Then the

matrix of linearized equations

ap e ay
CIOZO P anZn
—1 —
aOZg .. anzz 1
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has rank < n, which implies

1 ... 1
20 Zin—1
det =[] -z =0
n—1 n—I i<j
20 “Zp—1

So after reordering the z; we may assume zo = zi. Inserting this in (6), we
obtain

(ap+a)z1 +---+anz, =0
(ap+anNzi + -+ az2 =0

(ao +a)zg + -+ +anz, =0.

By Lemma 3.6 this system has only the trivial solutionzg = z1 =--- =z, =
0, contradicting the assumption z # 0.

By Bezout’s theorem, the number of intersection points equals the product
1-2---n of the degrees of the equations in (6). O

Proof of Proposition 3.4 Consider the standard complex structure on CP".
Denote by M the space of holomorphic maps f : CP! — CP” of degree 1
mapping [1 : OJto [1 : O : ---: 0] and [0 : 1] to the hyperplane {zo = 0} at
infinity. Each such map is of the form

frUzo:z1]) =lzo: p1z1 -+t ppz1] € CP”,

or in affine coordinates

fr@ = (piz, ..., puz) € C",

with p = (p1,..., pn) € C"\0. The correspondence p +—> f) thus gives a
diffeomorphism from C"*\0 to M. Reparametrizing f as f(iz) for A € C*
corresponds to replacing p by Ap, so the correspondence p +— f), induces
a diffeomorphism from CP"~! to the moduli space M = M /C* of degree
1 holomorphic spheres passing through 0 in CP”. It is well known (see [56,
Proposition 7.4.3]) that this moduli space is transversely cut out and its orien-
tation agrees with the complex orientation of CP" !,

Let Z C CP" be a complex hypersurface of degree n — 1 defined in affine
coordinates z = (zy, ..., ;) by an equation

h(z) =hi(2) + -+ hy—1(2) =0,
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where hy(z) = a1zlf +--- —|—anz§ with positive real numbers ay, ..., a,. Note
that &y o f,(z) = z"hi(p) and thus (h o f,)P(0) = k!hg(p). So the jet
evaluation map at 0

jiM—CT fe <(h o £,)(0). ... (ho fp)<"—1>(0))

corresponds to the map
CNO—> L e (), = Dl (),

By Lemma 3.7 this map is transverse to 0 € C"~! and its zero set in M =
CP"~! consists of (n — 1)! points. Since all spaces are equipped with their
complex orientations, all these points count positively and yield the signed
count (n — 1)! of points in the space MA(x, Z,n—1)in Proposition 3.4. O

4 Proofs requiring only standard transversality

In this section we prove all theorems from the Introduction except Theo-
rem 1.2(b).

Proof of Theorem 1.1 Equip L with a Riemannian metric go of nonpositive
curvature such that the set {(¢g, p) € T*L ‘ |p| < 2} (with the symplectic
form dp dgq) embeds symplectically into CP”. Such a metric exists by the
Lagrangian neighbourhood theorem and rescaling the metric. Perturb g to a
metric g as in Lemma 2.2 such that all closed g-geodesics of length < 7 are
noncontractible and nondegenerate and have Morse index < n — 1. Clearly we
can achieve that the unit ball cotangentbundle W := {(¢q, p) € T*L | Ip| < 1}
with respect to g still embeds symplectically into CP". Denote by M := oW
the unit cotangent bundle of L. We identify W and M with their images in
CP". Let Jy; be an almost complex structure an R x M compatible with the
contact form A = p dq|y. Pick a compatible almost complex structure J on
CP" with J = Jy near M. Let (Ji)ren be the sequence of almost complex
structures on CP" obtained by the neck stretching procedure described before
Theorem 2.9.

Fix a point x on L and the germ of a complex hypersurface Z C T*L
through x. Choose J such that the conclusion of Corollary 3.3 holds (with
¢ = m). By Corollary 3.5 there exists for each k a Ji-holomorphic sphere
fi : 8 = CP" in the class [CPP!] which is tangent of order n — 1 to Z at x.
See Fig. 2.

Let z; € S? be such that

filzi) =x,  d"7 ' filz) € Ty Z.
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cpn

Fig. 2 A Ji-holomorphic sphere through x € L and tangent of order (n—1) to Z

By Corollary 2.10, after passing to a subsequence, f; converges to an N-level
broken holomorphic curve F = (FD, .., FNy =« (=%, J) — (X*,J%)
without nodes between nonconstant components. In particular, there exist dif-
feomorphisms ¢y : S — ¥ such that fk(v) o : converges in C). on )
to F : =™ — X0 Recall that XV = 7*L, XV) = CP"\L, and
XV =Rx Mforv=2,...,N —1.

Note that x € X; € X1, and therefore y; := ¢ (zx) € =V with £ o
o 1(yk) = x for all k. By the asymptotics of F(1) and the C».-convergence

& — FO_ after passing to a subsequence we obtain y; — y € £ with
FD(y) = x and "' FD(y) € T, Z. Denote by C the component of F(!)
containing y (see Fig. 3). Note that C is nonconstant because the limiting curve
F has only one marked point and no nodes between nonconstant components.

Since ¥ has genus zero, the graph underlying F is a tree (see the remark
preceding Lemma 2.8). Let us replace each subtree emanating from the node
C by one node which corresponds to a broken holomorphic curve with com-
ponents in CP"\L, T*L and M x R and formally one negative puncture.
(All other asymptotics appear in pairs of a negative and a positive puncture
asymptotic to the same closed Reeb orbit). So we have a component C in T*L
with m positive punctures asymptotic to geodesics y1, . . ., ¥, and m (broken)
holomorphic planes C;,i = 1, ..., m, asymptotic to y; at their negative punc-
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CP™\ L

R x M F®)

R x M F2)

T*L

Fig. 3 A broken Jso-holomorphic sphere through x € L and tangent of order n—1to Z

tures. Since the y; are not contractible in L, each C; must have a component
in CP™\L and hence satisfies [, @ > 0.

By Lemma 2.6 (applied to the broken holomorphic planes Cj;), all the
geodesics y; have length < m. So by Corollary 3.3, the number of punc-
tures of C satisfies m > n + 1. So the C; give rise to m > n + 1 nonconstant
disks g; : D — CP" with boundary on L. Since C; is holomorphic, gfw > 0
and [, g*w > 0. Since ) ;| [, gfw = m, the w-area of one of the disks
mustbe < m/(n+ 1). O



242

Proof of Theorem 1.2 (a) We retain the notation from the preceding proof.
Assume that L is monotone. Then, since C; has positive symplectic area, it
must have positive Maslov index @« (C;) > 1. On the other hand, the sum of
the Maslov indices equals the value of the first Chern class of CPP" on [CP!,

> u(Ci) =2n+2.

i=1

Since m > n + 1, this implies that some w(C;) < 2. If in addition L is
orientable, then all Maslov indices are even, hence m = n+ 1 and u(C;) =2
for all 7. O

Proof of Theorem 1.16 We keep the notation of the proof of Theorem 1.1. Let
W be a tubular neighbourhood of L as above with WNB = Jandlet M = oW.
Let J and the sequence Ji be as above. Moreover, choose J to be standard on
the ball B. Let f; be Jix-holomorphic spheres in the class of a complex line
passing through the center p of B and a point x on L (they exist because the
Gromov—Witten invariant of holomorphic spheres in the class of a complex
line passing through two points in CP" equals 1). In the limit k — oo we find
an N-level broken holomorphic curve F = (F(V ..., F®M) passing through
x and p. Since L has no contractible geodesics, the component of F(!) passing
through x must have at least 2 positive punctures. Hence F V) has at least two
components C1, Ca. One of them, say C1, passes through the point p. By the
classical isoperimetric inequality (see [37]), C1 has symplectic area at least
7r2. Therefore we have 0 < sz w <1 —7r? O

Proof of Theorem 1.17 Suppose L admits a Lagrangian embedding into a unir-
uled symplectic manifold (X, ®). Pick a tubular neighbourhood of L and
almost complex structures J, Ji as in the proof of Theorem 1.1. Let f; be
Jx-holomorphic spheres passing through a point x on L (they exist by the
definition of uniruledness). In the limit k& — oo we find an N-level broken
holomorphic curve F = (F(U_ ..., F®") Consider the simple curve underly-
ing the component of F(1) which passes through x. It belongs to some moduli
space of J ~-holomorphic spheres in 7* L with m punctures passing through x.
Since L has no contractible geodesics, we musthave m > 2. Since all geodesics
have Morse index zero, the moduli space is (if J ~ 1s regular for simple curves
passing through x) a manifold of dimension (n — 3)(2 —m) — 2n — 2). If
n > 3 this dimension is negative and we have a contradiction. O

Proof of Theorem 1.21 Consider a Lagrangian embedding of L into a min-
imally uniruled symplectic manifold (X, w). Construct an N-level broken
holomorphic curve F = (FM, ..., F™) of total area a passing through
a point x € L as in the proof of Theorem 1.17. Since L has no contractible
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geodesics, the component of F() passing through x has at least 2 positive
punctures. Hence F™ has at least two components C1, C,. Since the total
symplectic area of F equals a, both components musthave areaQ < |, c, @ <a.
So the Lagrangian embedding is not exact. O

Proof of Theorem 1.22 Consider « > 0 such that the unit codisk bundle
D*(Q, g) embeds symplectically into (CP", aw). Pick an almost complex
structure J as in Lemma 2.6. The proof of Theorem 1.1 yields a J-holomorphic
plane f : C — CP"\L asymptotic to a closed geodesic y whose symplectic
area satisfies ff w < % Since £(y) < ff w by Lemma 2.6, we conclude

« > (n+ DE(y) . (n + 1) min(Q, g).
T T

5 Proof of Theorem 1.2(b) assuming transversality

The remainder of the paper is devoted to the proof of Theorem 1.2(b) which
requires stronger transversality. In this section we first explain the proof assum-
ing the necessary transversality.

Proof of Theorem 1.2(b) Suppose that L. € CP”" is a Lagrangian torus. We
equip L with the standard flat metric, rescaled such that the unit ball cotangent
bundle W := {(¢, p) € T*L ’ |p| < 1} embeds symplectically into CP".
Note that for this metric all closed geodesics occur in (n — 1)-dimensional
Morse—Bott families of Morse index zero.

Construct C, Cy, ..., Cy, as in the proof of Theorem 1.1. Thus C is a holo-
morphic sphere in 7*L with m positive punctures asymptotic to families of
geodesics I'1, ..., I, and tangent of ordern — 1 to Z atx € L, and C; is a
broken holomorphic plane negatively asymptotic to I';. Assume that all com-
ponents of C; are regular and C is regular subject to the tangency condition to
Z, and the evaluation maps at adjacent punctures are transverse to each other.
It is shown in Sect. 9 that this can be achieved (by perturbing the Cauchy-
Riemann equation with a domain dependent inhomogeneous term), so that C;
and C belong to moduli spaces M, or M, respectively, of dimensions

dim M; = (n — 3) — CZ(I"), i=1,...,m,

dimM = (n —3)2 —m) + Q2n +2)+ Y _(CZI;) + dim ;) — (4n — 4).

1=1

Here the Conley—Zehnder indices are defined using trivializations over C;
or C, respectively. The (2n + 2) in the last line corresponds to the value of
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the first Chern class of CP" on a complex line. The —(4n — 4) arises from
2n — 2 conditions for passing through x and 2n — 2 conditions for order n — 1
tangency to Z. Note that the dimension formulae agree with the ones resulting
from Eq. (4) for non-broken curves.

Denote by p; the Maslov index of C;. Using dimI'; = n — 1 as well as
>, i = 2n + 2 and the relation

CZ(T;) = ind(T}) — i = —p;
from Lemma 2.1 we obtain

dimM; = (n —3) + ui, i=1,...,m,
dimM = (n—3)2—m)+ Y dimD; — (4n —4)
1=1
=mn-3)2—m)+mn—1)— 4n —4)
— 2m —2n — 2.

Note that dim M > 0 yields m > n + 1. According to our regularity assump-
tions, the evaluation maps at the punctures

eV X - XeVy M X X My, —->T:=T1 X xT, ev: M —>T

are transverse to each other. Hence the images of the linearized evaluation
maps at any point must satisfy

m
Zdim m(7Tev;) +dimim(7Tev) >dmI' =m(n —1).
i=1

Inserting

dimim(7Tev) <dmM =2m —2n — 2,
dimim(7ev;) < min{dim I';, dim M;} = min{n — 1, n — 3 + u;}

1
=§(2n—4+ui—|2—ui|)
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as well as Y u; = 2n + 2 we infer

m
0< Z dimim(7ev;) + dimim(7ev) —dim I’
i=1

Cn—44+pnui —2—pi)+2m—-2n—-2—-—mm—1)

A
N —

1

~

(i =12 = pil) +m — 2n +2)

!
| =
Nk

N
I
_

(=i =12 = i) +m,

Il
| =
.MS

N
Il
_

hence

m
> (ni+ 12— puil) < 2m.
i=1

Now note that p; + |2 — ;| > 2 for any number p;, with equality iff u; < 2.
It follows that u; < 2 for all i. Since Z;":l wi = 2n + 2 and all u; are even,
at least n + 1 of the x; must be equal to 2. O

We see that the proof works provided that we can achieve regularity for all
punctured holomorphic spheres (with suitable point and tangency constraints)
inT*L,Rx M and X\ L resulting from the neck stretching procedure. There are
three approaches towards proving such regularity: Kuranishi structures [33],
polyfolds [43], and domain dependent perturbations [20]. In the remainder of
this paper we will carry out the third approach.

6 Coherent perturbations

In this section we define a suitable class of perturbations of the Cauchy-
Riemann equation parametrized by the Deligne—Mumford space M. The
discussion closely follows [20], see also [36].

6.1 Nodal curves

Let us first describe the Deligne—Mumford space M of stable curves of
genus zero with k marked points. We adopt the approach and notation of [56,
Appendix D], see also [20].
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A k-labelled tree is atriple T = (T, E, A), where (T, E) is a (connected)
tree with set of vertices 7" and edge relation £ C T x T, and A = {Ag}ger
1s a decomposition of the index set {1, ..., k} = Uy Ay. We write o EB 1f
(o, B) € E. Note that the labelling A defines a unique map {1, ...,k} — T,
i — «; by the requirement i € A,,. Let

e(T) = |T| — 1

be the number of edges. A free homomorphism t : T — T is a map which
collapses some subtrees of 7" to vertices of 7. A bijective tree homomorphism
is called a tree isomorphism. A tree T 1is called stable if foreacha € T,

ng ‘= #Aq +#{B | t EB} > 3.

Note that for k < 3 every k-labelled tree is unstable. For k > 3, a k-labelled
tree T can be canonically stabilized to a stable k-labelled tree st(7") by deleting
the vertices with n, < 3 and modifying the edges in the obvious way.

A nodal curve of genus zero with k marked points modelled over the tree
T =(T,E, A)isatuple

2= ({zaplaEp, {zit1<i<k)
of points zug, z; € S? such that for each « € T the special points
SPy = {zap | tEB}U{zi | i =t}

are pairwise distinct. Note that n, = #SPy. Fora € T andi € {1,...,k}
denote by z4; either the point z; if i € Ag, or the point z4g, if z; € Ag, and
(a, B1), (B1, B2), ..., (Br—1, Br) € E. We associate to z the nodal Riemann
surface

Y, = ]_[ Sa/za,g ~ ZBa>

aeT

obtained by gluing a collection of standard spheres {Sy }ocr at the points z4p
for « EB, with marked points z; € Sy, i = 1,..., k. Note that z can be
uniquely recovered from X,, so we will sometimes not distinguish between
the two. A nodal curve z is called stable if the underlying tree is stable, i.e.,
every sphere S, carries at least 3 special points. Stabilization of trees induces
a canonical stabilization of nodal curves z + st(z).

We will usually omit the genus zero from the notation. Denote the space of
all nodal curves (of genus zero) with k£ marked points modelled over T by

My C (SHE x (8P,
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Note that this is an open subset of the product of spheres. A morphism between
nodal curves z, Z modelled over trees 7', T is a tuple

¢ = (t, {¢a}a€T)a

where 7 : T — T is a tree homomorphism and ¢, : §2x>s, — St@) = 52
are (possibly constant) holomorphic maps such that

Ze(@)(f) = $a(zap) if T(a) # T(B),
o (Zap) = Pp(zpq) if T(a) = T(B),

o =7(a;)and  Z; = @, (i)

fori = 1,...,k and ¢ ES. A morphism ¢ : z — Z induces a natural holo-
morphic map ¥; — X; (i.e., a continuous map that is holomorphic on each
component S,). A morphism (7, {¢y}) is called isomorphism if T is a tree
isomorphism and each ¢, is biholomorphic.

Isomorphisms from z to itself are called automorphisms. If z is stable its
only automorphism is the identity (see [56], discussion after Definition D.3.4).
Thus for a stable tree T we have a free and proper holomorphic action

GT X MT — MT
of the group G of isomorphisms fixing 7', i.e., suchthatt =id : T — T

in the definition of a morphism and thus Gr = [],cr Aut(S?). Hence the
quotient

My = My /Gy
is a complex manifold of dimension
dimc M7 =k +2e(T) = 3|T| =k -3 —e(T).
For k > 3, denote by My = /\7k /G the moduli space of stable curves mod-

elled over the k-labelled tree with one vertex. As a set, the Deligne—Mumford
space (of genus zero) with k marked points is given by

ﬂk = ]_[MT,
T

where the union is taken over the (finitely many) isomorphism classes of
stable k-labelled trees. However, My is equipped with the topology of Gromov
convergence which makes it a compact connected metrizable space (see [56]).
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As the notation suggests, My is the compactification of M _in the Gromov
topology. For a stable k-labelled tree 7', the closure of M7 in M is given by

Mr = ]_[./\/lf,
T

where the union is taken over all isomorphism classes of stable k-labelled trees
T for which there exists a surjective tree homomorphism 7 : T — T with
t(a;)) =« fori =1,...,k.

We have the following result of Knudsen (cf. [56]):

Theorem 6.1 For k > 3, the Deligne-Mumford space M is a compact com-
plex manifold of dimension dimc My = k — 3. Moreover, for each stable
k-labelled tree T, the space M7 C My is a compact complex submanifold of
codimension codimc M7 = e(T).

6.2 Stable decompositions

Consider the Deligne—Mumford space M, with k + 1 marked points
20, - - - » Zk- In the following discussion, the point zg plays a special role (it
will be the variable for holomorphic maps in later sections).

We have a canonical projection  : My 1 — M; by forgetting the marked
point zg and stabilizing. The map 7 is holomorphic and the fibre 7 1(z)) is
naturally biholomorphic to ¥,. The projection

v kaJr] —>ﬂk

is called the universal curve.

Given a stable (k + 1)-labelled tree 7', we define an equivalence relation on
{0,...,k}byi ~ jiff zo0i = 24, (note that this depends only on the labelled
tree and not the actual positions of the points on the spheres). The equivalence
classes yield a decomposition

{0,...,k} =ThyU---Ul,.

Note that the marked points on S, correspond to equivalence classes con-
sisting of one element; in particular, we may put Iy := {0}. Stability implies
¢+ 1 = ny, > 3. Conversely, we call a decomposition I = (I, ..., Iy) of
{0, ..., k} stable if Inp = {0} and |I| := £ + 1 > 3. We will always order the
I such that the integers i; := min{i | i € I;} satisfy

O=ipg<i| <---<iy.
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Denote by My = My,,...1,) C kar 1 the union over those stable trees that
give rise - to the stable decomposition I = (I, ..., Iy). The Mj are submani-
folds of My with

Mps1 = U M.
1

The closure Mj is a closed complex submanifold of M| which is a union
of certain strata My with [I| < |J|. The above ordering of the /; determines a
projection py : My — My, sending a stable curve z to the special points on
the component S,. It extends to a smooth map between the closures which
we denote by

pP1 - ﬂ[ —> ﬂm.

We call the union of the strata My with |I| = 3 the set of special points of
Mi41. On its complement M, k1 the projection

T M’; 1= M
is a fibration. We denote by
TYM, ., = ker(dm) — My,

the vertical tangent bundle.

6.3 Coherent perturbations

Fix a number § with 0 < § < arsinh(l) and consider a complete hyper-
bolic surface (X, h), 1.e., a surface ¥ equipped with a complete metric /2 of
curvature —1 and finite volume. The §-thick part 9 of (X, h) is defined as
the set of all points at which the injectivity radius is greater or equal to §.

For k > 3 we denote by ﬂ,i 1 C ﬂ,’; | the union of the §-thick parts of

all fibres of 7 : ﬂi 1~ M with respect to their unique complete hyper-
bolic metrics. This is a compact submanifold with boundary, and the condition
8 < arsinh(1) ensures that its interior meets each component of each fibre,
see [45] or Appendix D.

Now let (E, J) — X be a complex vector bundle over a compact mani-
fold X (possibly with boundary). The pullbacks under the obvious projections
glve complex vector bundles (p7 TVM, k+1-J) and (p5 E, J) over the product

./\/lk+1 x X. We denote by
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0,1, xpv 3% * gk
Hom™ (piT "M\, pyE) > M| x X (7

the bundle of complex antilinear bundle homomorphisms. Note that for every
stable decomposition I with |I| > 4, the restriction of this bundle to Mik X X
where ﬂ}k = M N ﬂz 1 1s the pullback bundle

Hom® ! (p{T" M. p3E) —— Hom™!(p{T" My, p5 E)

! ! ®

— id —

/\/lik x X RN Mrll x X
Definition 6.2 A coherent perturbation on (E, J) is a continuous section K
of the bundle (7) satisfying the following two conditions:

(a) K has support in the compact set ﬂi 11 XX,

(b) for every stable decomposition I with |I| > 4, the restriction K |ﬂ1x y 18
the pullback under py x id of a smooth section of the right-hand bundle
in (8).

In view of condition (a), we may view K as being extended by zero to all
of ﬂk+1 (although the bundle (7) is not defined at the special points). Note
that the definition depends on the choice of §, but we will not indicate this
dependence in the notation. We denote the space of coherent perturbations on
(E, J) by

K(Mis1, E).

It is equipped with the C°-topology on M1 and the C*-topology on each
M via the pullback diagram (8).

To better understand Definition 6.2, fix a stable curve z € Mk, modelled
over the k-labelled tree T. Recall that 7 ~1[z] is naturally identified with the
nodal Riemann surface ¥, which is a union of |T'| copies S, of S2, glued
together at the points z4. Denote by X C X, the complement of the special
points, which is a smooth (possibly disconnected) punctured Riemann surface.
Restriction of K € K(mkﬂ, E) to 7' [z] yields a smooth section K, with
compact support in the bundle

Hom"!(piTX¥, p3E) — =} x X. 9)

In other words, K, is a compactly supported (0, 1)-form on X7 with values
in the sections of E. If E = T X is the tangent bundle of an almost complex
manifold (X, J), then K, is a (0, 1)-form on X with values in the vector fields
on X.
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In general, for any (possibly disconnected) complete hyperbolic surface %,
we denote by
K(Z, E) (10)

the space of smooth sections in the bundle
Hom®!'(piTs, piE) > = x X (11)

with support in the 8-thick part X°. The proof of the following lemma is
analogous to the proof of [20, Lemma 3.10].

Lemma 6.3 For z € My and K, € KK(X}, E), there exists a K €
IC(My1, E) whose restriction to w~"[z] equals K. O]

6.4 K-holomorphic maps

Let (X, J) be an almost complex manifold, ¥ a Riemann surface, and K €
K(X, TX). Thentoamap f : ¥ — X we associate the smooth section

dikf=df +J(f)odfoj+K(f)

of the bundle Hom® (TS, f*T X) — ¥ whose valueatz € ¥ is the complex
antilinear homomorphism

d.f+J(f()od.foj.+K(z f(2) : T.Z = TriX.

A map f satisfying 9 7.k | = 0 will be called K -holomorphic.

More globally, a coherent perturbation K € K(Mj,1, T X) associates to
each z € M a coherent perturbation K, € K(X2;, T X), and thus toamap f :
¥ — X the smooth section 9, g, f of the bundle Hom” ! (T =¥, f*T X) —
PN

6.5 Taming conditions
Let (X, J) be an almost complex manifold, ¥ a Riemann surface, and

K € K(%,TX). Then a K-holomorphic map ¥ — X can be viewed as a
holomorphic section for the almost complex structure J on ¥ x X defined by

the matrix
~ j 0
I = (—K o] J)

with respect to the splitting 7(X x X) = TX & T X. Here 72 = —1 follows
from Ko j = —JoK : TX — TX, and a short computation shows that
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f X — XisK—holomorphicifff:: dx f: 2 - X x X is J-
holomorphic. Another short computation shows that the projection X x X —
% is holomorphic.

For an area form o on ¥ and a compatible symplectic form w on X, we
obtain a symplectic form @ := o @ w on X x X. The following computation
shows that & tames J if the C%-norm of K, measured with respect to the
metrics o (+, j-) and w(-, J-), satisfies | K || < 1:

o) 7)) =2 () (k)

=o(v, jv) +o(w, Jw) —w(w, Kjv)
> ol + [w|* — |K || |v] |w]

1
> 5(|v|2 + lw?).

Next, consider an oriented manifold M 2n—1 with a stable Hamiltonian struc-
ture (w, 1), i.e., a closed 2-form w and a 1-form A satisfying

ker(w) C ker(dX), AAe™ > 0.

It determines a Reeb vector field R by the conditions igA = 1 and igew = 0.
Note that a contact form A induces a stable Hamiltonian structure (dA, A).
As in the contact case, an almost complex structure J on R x M is called
compatible with (w, A) if J is R-invariant, preserves §& = ker A, maps 0, to
the Reeb vector field R, and J ¢ is compatible with .

For a complete hyperbolic surface (X, /) with area form o, the pair

(@:=0 ®w, A=) (12)

defines a stable Hamiltonian structure on ¥ x M. Let J be an almost complex
structure on R x M compatible with (w, A) and consider the space

KX, §)

of smooth sections in the bundle Hom® ' ( piTX, p3§) — X x M with support
in the 8-thick part X°. Note that K € K(X, &) canonically gives rise to a
coherent perturbation on the bundle 7 (R x M) — M whose components in
R&®R- R vanish 1dentlca11y For K € K(XZ, E ) we define an R-invariant almost
complex structure JonX x (Rx M)by J (8 ) = R and the matrix

i e J 0
Jlg = (_K iy Jlg) (13)
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ong —kerA=TX @ &. Note that flg is tamed by w provided that || K || < 1.

6.6 Globalization and compactness

To globalize this construction, we fix a Kdhler form o on the Deligne—Mumford
space My 1. Such a Kihler form can, for example, be obtained from the
embedding of M k+1 into a product of CP"’s constructed in [56]. Now every
component S, of a fibre 7~ (z) of the projection 7 : My, — My is an
embedded holomorphic sphere, so o|s, defines a positive area form on S .
For a compact almost complex manifold (X, J) with compatible symplectic
form @ and a coherent perturbation K € KC(Mg41, TX), the construction
above yields a complex structure 7 on the vertical I tangent bundle (outside the
special points) of the projection My | x X — Mj. This complex structure
is tamed by the restriction of ® = o @ w to the fibres provided that the C°-
norm of K, measured with respect to the metrics o (-, j-) and w (-, J-), satisfies
K] < 1.

Next, we define coherent perturbations on the noncompact symplectic man-
ifolds considered in this paper. Here all manifolds are assumed to be equipped
with a compatible almost complex structure J.

Definition 6.4 (i) For the symplectization R x M of a closed manifold M with
stable Hamiltonian structure (w, A) we consider the space

K(Mpi1, )

of coherent perturbations on the bundle £ = kerA — M. We canonically
extend each K € K(ﬂkH, &) to the bundle T(R x M) — R x M, R-
invariantly on the base and vanishing on the subbundle R @ R - R.

(i1) For a symplectic cobordism X = X U (R4 x M)U (R_ x M) we
define

K(Myy1, TX) € K(Myy1, T Xo)

to consist of those K which agree to infinite order with elements of
KK(Mpq1, &) and K(Mjs1, ) on M and M, respectively (hence they extend
R-invariantly to the ends of X).

(iii) For a split symplectic cobordism X* = X LI (R x M) LI X~ we define

K(Mps1, TX*) C K(Mg1, T Xo)

to consist of those K on the compact manifold Xo = X, Uy X 8’ which agree

to infinite order with a element of IC(HH] ,&) on M (hence they extend
R-invariantly to R x M and the ends of XT).
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The Compactness Theorem 2.9 continues to hold for K-holomorphic maps.
We refer to Appendix D for the precise statement and its proof.

Remark 6.5 In the preceding discussion we have used the setting of stable
Hamiltonian structures because this is most natural for the graph construction.
If the cylindrical ends are modelled over contact manifolds (which is the case
we are interested in), one could avoid the use of stable Hamiltonian structures
as follows. Consider a contact manifold (M, A). For a fixed open Riemann
surface X, one considers a 1-form 8 on X such that d8 = o is an area form and
a family of contact forms A, on M depending with compact supporton z € X.
Then A = Aq + B defines a contact form on X x M provided the derivatives of
A with respect to z are sufficiently small. Now one considers almost complex
structures J on X x (R x M) compatible with (or tamed by) 2. To globalize the
construction, one picks a primitive 8 of the restriction of the Kihler form o on
Mk+1 to the open stratum M1 (which exists because the codimension two
homology of M. is generated by boundary divisors). The corresponding
holomorphic curves will again satisfy Gromov-Hofer compactness. However,
the computations in the following section would be more involved for this
class of perturbations.

6.7 A genericity result

Consider the symplectization R x M of a closed manifold M with stable
Hamiltonian structure (w, 1), a coherent perturbation K € K (m]H_], &), and
apointz € M. Thenamap f = (a, u) : ¥* — R x M is K;-holomorphic
iff it satisfies the equations

da—u*Aoj =0, wedu + J(u) omgduo j + K(z,u) =0, (14)

where ¢ : TM — & is the projection along the Reeb vector field R. The
second equation implies that medu(z) # 0 at points where K (z, u(z)) # 0, in
particular f cannot be a nontrivial branched cover of an orbit cylinder unless
K (z, u(z)) vanishes identically. The following lemma refines this observation.
Recall that Zf denotes the §-thick part of the hyperbolic surface ). Also
recall that a subset of a topological space is called Baire subset if it contains
a countable intersection of open dense sets.

Lemma 6.6 Suppose that dim M > 3. Then there exists a Baire subset
IC* (./\/lk+1 &) C lC(Mk_H £) such that for every K € K*(Mgi1, ),
ze MU C 2 open nonempty, and every K,-holomorphic map f =
(a,u) : U - R x M the set {z € U | mgdu(z) # 0} is open and dense in U.
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Proof Recall that elements of (M1, &) are continuous sections of the
vector bundle

— —x
Hom™ ! (pi T My, p3&) - My x M

with support in the §-thick part ﬂi 41 X M such that for every stable decom-
position I with |I| > 4, the restriction K |ﬂikx 18 the pullback of a smooth

Denote this bundle by Ey — By and note that the interior of ﬂfll x M
defines an open subset By o C By with compact closure. If dim M = 2n — 1
with n > 2, then the real rank of Eyis rk(Ey) = (2n — 2) > 2. Let Fy be
the 3-dimensional foliation of By with leaves X x y forz € n(mrn) and
(not necessarily closed) Reeb orbits y C M. Then we are in the setting of
Proposition E.1 in Appendix E with g = (2n —2), m = 3 and k := 2, so
k > m — g because n > 2. Denote by K1 = I'(E;; By, 0) the space of
smooth sections in the bundle Ey with support in the closure of By o, and let
Ki C K1 be the Baire subset provided by Proposition E. 1.

Let K*(My41, &) C K(My1, £) be the subset of those K whose restric-
tion to By belongs to the set Kf for each I with |I| > 4. Extending sections

from By to WZ 11 X M with support in ﬂi 11 X M as in [20], we see that
the restriction map to By is continuous and open. Since the preimage of a
Baire subset under a continuous open map is a Baire subset, we conclude that
KC* (M, £) is Baire in K (M1, £).

We claim that the set I*(Mj41, £) has the desired property. Arguing by
contradiction, suppose that there exists K € C* (Wﬂl, &),z e ﬂk, U C 23
open nonempty, a K,-holomorphic map f = (a,u) : U — R x M, and an
open disk D C U on which mg¢du = 0. This implies that the image u(D) is
contained inasingle Reeb orbity C M. Moreover, from Eq. (14) it follows that
K,(z,u(z)) = 0forall z € D.Hence the graph D := {(z, z, u(z)) | z € D} of
u|p is an embedded 2-disk contained in the intersection of the zero set K ~!(0)
with 2 x y.

Now the disk D is contained in some stratum ﬂf such that z € JT(M: )
and |I] > 4 because D is contained in the &-thick part. By construction,
the restriction Ky of K to the stratum By belongs to the Baire set lCi" . But
by the previous paragraph the 2-disk D is contained in the intersection of
Ky 1(O) N Bro with the leaf X x y of the foliation F7, contradicting the
property of the Baire set in Proposition E.1. O
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7 Linearization at punctured K-holomorphic maps

In this section we study the linearization of the universal Cauchy-Riemann
operator at punctured K-holomorphic maps into symplectic cobordisms. Our
goal is to derive conditions under which this linearization is surjective.
Throughout this section we make the following assumptions.

e X is a symplectic cobordism with cylindrical ends Ry x M,R_ x M
modelled over contact manifolds M, M, equipped with acompatible almost
complex structure J. We also allow for X to be a symplectization R x M,
which we formally include by letting Xo =@ and M = M = M.

e The manifolds M, M are of Morse—Bott type; we denote by N the Bott
manifold of parametrized closed Reeb orbits on M (of all periods, possi-
bly multiply covered) and by N /S! its quotient by reparametrization, and
similarly for M.

e All the Morse—Bott families N/S! and N /S! are manifolds (not orbifolds).

Here the last assumption is not really necessary, but it simplifies the discussion
and will be satisfied in the situations considered in this paper.

7.1 Fredholm setup

We adapt the Fredholm setup for moduli spaces of punctured holomorphic
curves in [ 13] to our situation. We consider first the case of a fixed domain and
fix the following data:

e distinctpoints 7 := (Z1, ...,2p5),2 := (51’ e gp) on the Riemann sphere
S = §2, denoting by S := S\{z;, 4 j} the corresponding punctured sphere;
weassume that p+p > 3 and denote by % the §-thick part of the hyperbolic

surface S;

e holomorphic cylindrical coordinates R.. x ! near the positive and negative
punctures of S, respectively;

° tuplesF = (Fl, .. .,Fﬁ),L =y, ... ,Lp) where Fi = N,-/Sl, I, =

N,;/S ! for connected components N; C N, N ; C N in the manifolds of
closed Reeb orbits on M, M;
emeN, p>2 andasmalld > 0.

Note that here we consider only spheres with at least 3 punctures; planes
and cylinders will be dealt with later by separate arguments (for ordinary J-
holomorphic curves because K = 0 in these cases). We denote by

B:=B""4X,T,I)



257

the space of all maps f : S — X of Sobolev class Wl'g(;p which converge

near each positive puncture Z; to a closed Reeb orbit ¥, in the family T'; in
the following sense (and similarly near the negative punctures): Suppose first

that y; is simple. Pick a tubular neighbourhood V = R/T;Z x RIMIi
R2n—dimI';—2 of y; = R/T;Z x {v;} x {0} in M such that T; NV = R/T,;Z x
RYmTi 5 {0}. Then f maps a neighbourhood [p, 00) x S' of Z; to R x V
such that in the cylindrical coordinates (s, ) € [p, 00) X S ! near z; the map
f=(a, v v,w:[p oo) xS - RxR/T;Z x RIMTi y R2—diml;i—2
satisfies

(a(s, t)—a; —T;s,0(s,t) =0 — Tit, v(s, ) — v;, w(s, t))

c Wm,p,d([p’ OO) % Sl, R x R x RdimFl‘ % RZn—dimFi—Z)

for constants @; € R, 9; € R/T;Z. Here W™P4([p, 00) x S!, R*") denotes
the weighted Sobolev space of functions g such that ¢%g(s, ) belongs to
WP An open neighbourhood of f is given by maps f' : S — X of Sobolev
class Wl'gép , which map a neighbourhood [p, 00) x § Lof z; to R x V such
that

(a,(sv t) _Ei _Tisv 19/(3', t) _Wl' _Fitv U,(S, t) _Uiv w/(Sa t))

c Wm,p,d([p’ 00) X Sl’ R x R x Rdimi % RZn—dimFi—2)

for constants a’; € R, ¥/; € S!, and v/; € RIm Ti The case of k-fold covered
¥ 1s reduced to the previous one by passing to the k-fold cover of the neigh-
bourhood V, see [12]. Then B is a Banach manifold with a bundle projection

P r
EV:B%HFixHEJ-, S @, 05,0,...,0)).
i=1 j=1 B

Note that the Banach manifold B and the bundle projection Ev do not depend
on the chosen cylindrical coordinates near the punctures.

We will fix J (and often suppress it from the notation), and vary K in the
space

Ky C K(S, TX)

of perturbations obtained by restricting coherent perturbations as in Defini-
tion 6.4 satistying || K| < 1 to an irreducible component of a fibre of the
fibration My — Mjy. (Hence S is a sphere with at least three punctures.)
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Recall that K is required to be R-invariant and take values in & or &, respec-
tively, outside a compact subset Xo C X (and on all of X = R x M in
the cylindrical case). Since K has support in $ by definition, K -holomorphic
maps S — X are just J-holomorphic near the punctures. In view of the asymp-
totics in [41], each punctured K -holomorphic map f : § — X asymptotic to
T, I belongs to B™ P-4 for d sufficiently small. Let

g=¢gmtrd 5 B
be the Banach bundle whose fibre at f € B is given by
Er = wn P4 (S Hom™ (TS, f*TX)).
Then for K € K¢ the Cauchy-Riemann operator defines a smooth section
djxk:B—=E  fr d5kf

We denote its linearization by

Dy :T¢B — &y.
More generally, the universal Cauchy-Riemann operator is the section

5:BXICS—>€, (f,K)|—>(§‘]’Kf.

Its linearization

TIB®Ks— &

can be described as follows. Recall that £ maps a neighbourhood [p;, 00) x !
of the puncture 7; into R x V with V as defined above. Let ¢; € R>TdimT:
be a tangent vector to R x R/T;Z x RImIi ¢ (@;, ¥, ;). For each i pick a
cutoff function B; : R — [0, 1] with 8,(s) = 1 fors > p; + 1 and B;(s) = 0
for s < p,;. Then ¢; extends to a section B;(s)¢; in f*TX and we get an
isomorphism

P p
@R2+dlmri@@R2+dlm£j@Wm’p’d(f*TX)—> TfB, (C, g) > 2+g’
i=1 j=1
(15)
where for ¢ = (¢, ¢ j) we have set

=D Bi)Ei+ )55 .
i J
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Under this isomorphism, the linearization of the universal Cauchy-Riemann
operator at ( f, K) is given by

?21 R2+dimﬁ- D EBJ£'=1 R2+dim£]~ @ Wm,p,d(f*TX) D /CS — gf’
(¢,8,Y) > Dsrg+ Dl +Y(z, f). (16)

7.2 Surjectivity of the linearized operator

Following [30], for a Euclidean vector bundle F* — B over acompact manifold
B (possibly with boundary and corners) we denote the space of Floer’s C*-
sections in F by

(0.¢]
C°(B, F) := {s : B — F smooth section ‘ ZS,‘”S”Ci < oo}.

i=l1

Here ¢ = (¢;)ien 18 a fixed sequence of positive numbers and || || 18 the C!-
norm with respect to some connection on F. It is shown in Lemma 5.1 of [30]
that if the &; converge sufficiently fast to zero, then C?(B, F) is a Banach
space consisting of smooth sections and containing sections with support in
arbitrarily small sets in B.

Remark 7.1 We cannot replace the space C® by C°° because the latter one
is not a Banach space and we need to apply the implicit function theorem
below. However, we could replace C¢ by C" for sufficiently large N (which
amounts to choosing ¢; = O fori > N); then the moduli spaces of holomorphic
spheres would not be smooth but of class C N as well, which would suffice for
the applications in this paper.

The following lemma is an adaptation of the corresponding result in [20],
using a result of Wendl [67] to deal with the cylindrical case. Denote by

/C‘QSC/CS'

the subspace of Floer’s C¢-sections with support in $%, which is a Banach space
equipped with the C®-norm. Recall that (X, J) is an almost complex mani-
fold of dimension 2n with cylindrical ends modelled over contact manifolds
satisfying the conditions at the beginning of this section.

Lemma 7.2 Inthe notation above, let K € IC‘LS§ and f € B = Bmrdx T, I)
satisfy 0 1.k [ = 0as well as the following condition:
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S) If f ($9) is entirely contained in a cylindrical end modelled over a contact
manifold (M, §), then wzdu(z) # 0 for some z in the interior of S 8 where
f=(a, u).

Then the linearization of
P 4
8xEV:B><IC§—>5x1_[F,- XHEJ-
i=1 j=1

at (f, K) is surjective.

Proof Note that under the isomorphism (15), the linearized evaluation map is
simply the projection (¢, g, Y) — P, where

P _ 4 P _ 4
P @R2+dim[‘i fan @RZ-l-diij s @Rdim I D @RdimEj
i=1 j=1 i=1 j=1

is the projection onto the directions of the Bott manifolds T';, I" ;- Hence, in
view of (16), the assertion of the lemma is equivalent to surjectivity of the
map

L: R’ 2 wmrd(f*TX) @ K — &,
(£, 8 V) D +g) +Y(z f).

The proof of surjectivity of L follows the line of the proof of [20, Lemma 4.1].
We will prove surjectivity of L for m = 1; the general case then follows by
clliptic regularity.

Since L is a Fredholm operator (here we use again that K has compact
support), it suffices to show that the orthogonal complement of its image is
trivial. Suppose that 7 is an L9 ~¢-section orthogonal to the image of L (where
1/p+ 1/q = 1), so n satisfies the equations

(D +8).my2 =0, amn
(Y,np2=0

forall (¢,g,Y) € (R)PT2 @ WhPd(f*TX) @ K. The first equation (with
¢ = 0) implies that 7 satisfies a Cauchy-Riemann type equation D}‘in =0, so
n is smooth and satisfies unique continuation. Now we distinguish two cases.
Case l: f (S‘S) intersects the interior of Xg.

Then Y can take arbitrary values in 7' X over Uy := s8N f ~1(X() and the
second equation in (17) implies 1|y, = 0. By unique continuation, it follows
that » must vanish identically on S.
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Case 2: £(S5°%) is entirely contained in a cylindrical end.

Then f maps S$? to a cylindrical manifold R x M (this includes the case that the
original manifold X was a symplectization), and the argument of Case 1 does
not work directly because Y can only take values in the distribution & C T M.
Instead, we use condition (S) in the lemma according to which there exists a
nonempty open subset U C $% such that medu(z) # 0 for all z € U, where
f = (a, u) over U. We will show surjectivity of the operator L restricted to
the subspace in which the factor IC‘E is replaced by the subspace KCj, C IC‘E

of sections with support in U. Consider the splitting of the complex vector
bundle (T (R x M), J) into complex subbundles

TRxM)=Co&  C=Rd RR.

We restrict Eq. (17) to smooth sections g € C°(U, f*T X) with support in
U. On such sections, with respect to the splitting above the linearized Cauchy-
Riemann operator at f has the form

oo (M) _ (Ah+ Buw
\w)] = \Ch+ Dw

with linear Cauchy-Riemann operators A and D on the bundles f*C and
/&, respectively, and zero order operators B, C. Here h € C3°(U, f*C) and
w € CSO(U , f*€). According to [67, Lemma 8.10], the zero order operator

B:CPU, f*€) — C5°(U, Hom™ (TU, f*C)) at f = (a, u) is given by
Bw = —dA(w, Jedu)d, + dr(w, medu)R. (18)

[To see this, apply [67, Lemma 8.10] to the ./f-holomorphic graph _f: dx f:
U — U x (R x M), with J and the stable Hamiltonian structure (o, ’):) as
defined in Egs. (13) and (12); since A = A, the corresponding operator B
satisfies §(O, w) = Bw with B given by (18).]

Now we invoke the hypothesis that M and M are contact manifolds. Hence
A is a contact form, so (dA, J) defines a Hermitian structure on &. Recall
that for each z € U we have ngdu(z) # 0, so there exists v € T,U with
medu(z) - v # 0. After rescaling v, we can therefore find a unitary basis
el,...,ey—10f (&, J,d)) with ey = mgdu(z) - v. Then at the point z we have
Bej-v = —0, and BJej - v = —R, which shows that the pointwise operator
B is surjective at each 7 € U.
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Writing n = (p, o) with respect to the splitting over U, Eq. (17) become

(A +h), p)p2+ (CE +h),0)2 =0,
(Bw, p);2+ (Dw,o);2 =0, (19)
<Y, O')LZ =0

forall (¢, h, w,Y) € CPT2® CC(U, f*C) @ CP(U, f*¢) ® Ky. Since Y
can vary freely in the & directions, the third equation implies that o |y = 0. In
view of the pointwise surjectivity of B on U, the second equation then implies
that p|y = 0. Thus n|y = 0, and unique continuation yields n|; = 0. This
concludes the proof of Lemma 7.2. O

7.3 Holomorphic cylinders

Finally, let us record a lemma for (unperturbed) holomorphic cylinders that we
will need in the proof of Theorem 1.2 (b). Let 7*T" be the cotangent bundle
of the n-torus, equipped with an almost complex structure J, induced by the
standard flat metric on 7",

L e plph s

— > —p(ph—. pUph—r> —.

P A opi api g

Here (g;, pi), i = 1, ..., n, are standard coordinates on T*T" = T" x R"

and p : [0, 00) — (0, 00) is a smooth function satisfying p(r) = 1 nearr =0
and p(r) = r for large r.

Lemma 7.3 Let 0 € H{(T"; Z) be the k-fold multiple of a primitive class in
H(T"; 7). Then the moduli space M of J,-holomorphic cylinders in T*T"
with two positive punctures asymptotic to closed geodesics in the classes o
is a smooth manifold of dimension 2n — 2 whose image under the evaluation
map is a k-fold covering of T*T".

Proof Write 0 = ko for a primitive class 0 € H|(T"; Z) = 7Z" and k > 1.
Note that a linear coordinate change (¢, p) — (Ag, Ap) does not change the
form of J, (only the norm | p| looks different in the new coordinates). So after
such a coordinate change we may assume that o = (1,0, ..., 0).

Note that for each constant (¢', p') = (g2, ..., qn, P2, ..., pn) the orbit
cylinder

Cq.py =1, p)eTT"|qi=qi,pi=pi.i =2,...,n} CT*T"

is J,-invariant, and these orbit cylinders foliate 7*7T". Each orbit cylinder is
the image of a J,-holomorphic k-fold covering map f : R x S e G5
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which is unique up to automorphism of the domain. To see this, let us write out
the equations for J,-holomorphicity of amap f = (g, p) : R x § L rrm:

1 1 .
0tqi = —0sPi. dsqi = ——0; pi, i=1,...,n. (20)
P P

So we obtain a J,-holomorphic k-fold coveringmap f = (¢, p) : Rx § L
Cg'.p) by setting g; = g;, pi = pi fori =2,...,n,q(s,t) :=kt + g1, and
defining p1(s, ) = p1(s) to be the solution of dsp; = p(l(pl(s), ﬁ’)l) with
p1(0) = p1. The conditions on p ensure that p; defines a diffeomorphism
R — R. Hence f is a J,-holomorphic cylinder with two positive punctures
asymptotic to the closed geodesics ¢ —> (Fkt, ¢’) in the classes +o. Varying
the constants (¢’, p’), these cylinders form a smooth manifold of dimension
2n — 2 whose image under the evaluation map is a k-fold covering of T*T".
So we are done once we show that the moduli space M, consists only of the
k-fold orbit cylinders.

Consider an arbitrary J,-holomorphic cylinder f = (¢, p) : R x S I
T*T" belonging to M, . It is asymptotic at its punctures to closed geodesics
t — (dkt, gF)forconstants g= = (q;E, ceey q,f:). Suppose firstthatg™ # ¢,
say g7 # g, .Pickapoints* € Ratwhich f(s*,0) = (¢*, p*) withg* # ¢
The codimension 2 hypersurface

Yi={(q.p)eT* T |qn=qi.pn=p}}= |J Cq.pm
q_nzfﬁ’ﬁn:l):

is aunion of orbit cylinders and J ,-invariant. Since Y lies over the set {g,, = ¢, }
and f lies over the set {g, = 513:} at infinity, the image of f is disjoint from
Y at infinity and the signed count of intersection points gives a well-defined
homological intersection number [ f] - [Y] € Z. Since f and Y intersect by
construction and are both J,-holomorphic, positivity of intersection implies
[f]-[Y] > 0. On the other hand, we can deform Y = Y through the hyper-
surfaces Y, := {g, = q,,, p» = p,, + r} to Yg for large R. The preceding
argument shows that intersections with f remain in a compact region during
this deformation, hence [ f] - [Yr] = [f] - [Y] > 0. Now on each compact
subset K C R x S, the component p,, of f is uniformly bounded and thus not
equal to p;; 4 R for large R. Hence for large R, intersections of f with Y can
only occur near infinity in R x S', where they are excluded by the difference of
the components g,,. So we conclude [ f] - [Yg] = O for large R, contradicting
our previous assertion. This proves that the constants ¢ = must coincide, i.e., f
is asymptotic at its punctures to closed geodesics ¢ — (+kt, ¢') for a constant

q' = (G2 qn)-
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The asymptotic behaviour shows that for i = 2, ..., n the component g;
of f defines a function ¢; : R x S! — R. Adding up partial derivatives of
Egs. (20), we see that g; satisfies the equation

1
Agi + ;(asl) dsqi + ¢ p 9rgi) = 0.

Since g;(s,t) — g; as s — =£oo, the maximum principle implies that g; is
constant equal to ¢;. Equation (20) shows that p; is constant as well, hence f
defines a k-fold covered parametrization of an orbit cylinder C g ). O

7.4 Broken punctured K-holomorphic maps

Next we generalize the preceding discussion to broken punctured K-
holomorphic maps. We fix the following data:

e a split manifold X* = X LI (R x M) LI X~ with compatible almost
complex structure J* = (J T, Jy, J7), where M is a contact manifold of
Morse-Bott type on which all Morse—Bott families N /S! are manifolds;

e a stable nodal curve z of genus zero modelled over the k-labelled tree T';

e for cach vertex « € T a component X, of X*;

e asymptotic data I'* = ({I'yglaep, {I'i}1<i<k), Where each I'yg (or I';,
respectively) is either
(i) a Morse—Bott component of closed Reeb orbits in M, or

(11) the manifold X, (or X,, respectively).

We denote by Br(X*, I'*) = [ [, Ba the space of collections f = (fy)uer
of maps f, : S, — X, of Sobolev class W"-P-4 which near each puncture
are asymptotic to the corresponding Morse—Bott component of closed Reeb
orbits in case (i), or extend continuously over the puncture in case (ii).

Recall the space IC(My1, T X) of coherent perturbations K on the split
manifold X* from Definiton 6.4. We denote by

KE (M1, TX) C K(Myt1, TX)

the subspace consisting of Floer’s C*-sections, which is a separable Banach
space equipped with the C®-norm. We get a universal Cauchy-Riemann oper-
ator

3:Br(X* T x KMy, TX*) = £, (£, K) v 31,8 = 01k, fa)aeT
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with values in a suitable bundle £7 = []
over, we have an obvious evaluation map

Ev:Br(X*.T*) > [[Tap x [] Ti=:[] e

«EP 1<i<k aeT

Ea = Br = [|yer Ba- More-

aeT

where 'y, denotes the product of the factors associated to the special points
on «. For each « € T, we denote by B}, C B, the open subset consisting of
those fy : Sq¢ — X satisfying condition (S) in Lemma 7.2. We define the
open subset

By (X*.T*):= [ | By € Br(X*, T%).

aeT

Proposition 7.4 Let (X*, I'*) and z be as above. Then the linearization of

0 x Bv: By (X*, T*) x K* (M1, TX*) = Er x [ [ Tap x [] T
aEB 1<i<k

at each (£, K) with 9 7.k, £ = 01is surjective.

Proof Removing the special points from the nodal surface ¥, yields the
disconnected punctured surface X7 = LyerSy. So the space of coherent
perturbations over X is the direct product

K2, TX*) =[] K°(Sa. TX™).

aeT

Combined with the preceding discussion, this shows that the linearization at
(f, K) of the map

0 x Bv:Bp(X*, T*) x KY(Z5. TX*) —> & x [[Tap x [[ T
oEB 1<i<k

splits as a product of factors corresponding to « € T and is therefore surjective
by Lemma 7.2. In view of Lemma 6.3 (which continues to hold for Floer’s
C*?-sections), this proves the proposition. O

Remark 7.5 Proposition 7.4 continues to hold if we replace the evaluation map
at some removable puncture by an ¢-jet evaluation map (picking the Sobolev
class so high that it embeds into C*). This follows by combining the preceding
proof with the proof of [20, Proposition 6.9].
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7.5 Moduli spaces

Proposition 7.4 leads to regularity of moduli spaces by a standard argument.
We keep fixed the tree T and the data X, ['*, but let z vary in the stratum
M of Deligne—Mumford space. Let A, € Hy(X,, I'y) be relative homology
classes associated to the vertices « € T and let A := ) _; Ay. For K €
KM, TX¥) let MA«K(x, T,) be the moduli space of punctured K-
holomorphic spheres in X, with asymptotics I', and homology class A, . Note
that for K = 0 and in the absence of nodes this agrees with the moduli space
MA«I (T, I",) defined in Eq. (3) of Sect. 2 for the symplectic cobordism X,
and asymptotics I'y = Ty U I',. We denote by

MpE e T ¢ [T MK (Xa. Tw)

oxeT

the moduli space of broken punctured K-holomorphic spheres in X™* with
asymptotics I'* and homology class A modelled over the tree 7' (whose asymp-
totics are required to match across edges of 7).

We denote by AZ c T, Ep Lap the product of the diagonals in T'gp x T'ga
for o EB. Moreover, we fix a submanifold Z C [[,.,;; I';. By Proposition 7.4,
the map

9 x BEv: Mt x By (X*, T*) x ICE(Mig1, TX*) = £ x 1_[ Lap X 1_[ [;
«EB 1<i<k

is transverse to the submanifold O x AE x Z, where 0¢ denotes the zero
section of £. The implicit function theorem implies that the universal moduli
space

Uy = (3 x Ev)"1(0g x AF x 2)
is a Banach manifold. Consider the projection
my s U — KE(Mpggr, TXT)

onto the third factor. Let K& 8(My, 1, TX*) C KE(Myyr, TX*) be the
set of regular values of this projection, as well as for the space with Z
replaced by [],-; - I'i, as well as for all the corresponding spaces asso-
ciated to subtrees of 7. This set is Baire by the Sard-Smale theorem. Let
KCE* (M1, TX*) € KE(Mysr, T X*) be the subset of those K which restrict
over the cylindrical piece R x M to elements in the Baire subset I&* (M1, &)
in Lemma 6.6 (which also holds within the space of Floer’s C®-sections due
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to the last assertion in Proposition E.1). This set is a Baire subset because the
restriction map is continuous and open. Therefore, the intersection

KT8 (Migr, TXF) := KO8 (Myg1, TX*) NKS* (Myyr, TX™)

is a Baire subset, in particular nonempty. Take some K € K&™&* (M1,
T X*). Now comes a crucial observation due to C. Wendl: according to
Lemma 6.6, each component f, of an element (z, f) € M?’K(X * ') sat-
isfies condition (S) in Lemma 7.2, and therefore (z, f, K) € L{;. This shows
that all components of punctured K -holomorphic spheres in the moduli space
M';\JK (X*, I'*) appear in manifolds of the expected dimensions, and the eval-
uation maps at the edges are transverse to the diagonal. Hence the total moduli
space (taking preimages of the diagonals under the edge evaluation maps) is
a smooth manifold of the expected dimension, and the evaluation map at the
marked points is transverse to Z. To work out the dimensions, we write

k:ﬁ_'_g_'—mv na:ﬁa+£a+m0l?

where p, p, m is the number of marked points corresponding to posi-
tive/negative punctures and marked points, respectively, and similarly for the
number n, of special points on the component «. We also write

IT| =1=e(T) = p(T) +m(T), 21

where p(T), m(T) is the number of edges corresponding to punctures and
nodes, respectively. We have the obvious relations

Y Batp)=P+p+2p(T). Y mg=m+2m(T), Y Ay =A,

aeT aeT aeT

where A, denotes the homology class of the map f,. According to Eq. (4)
now the dimension of the moduli space of punctured holomorphic spheres
associated to the component « is given by

dim MAK (Xy, To) = (1 = 3)2 =Py — p,) +2¢1(Ag) + 2mq

P Ly
+ 3 (CZTT) +dimTy) = > CZI9).
i=1 j=1
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Taking preimages of the diagonals at the edges yields the dimension formula

; * * . 1 .
dlm./\/l’}"K(X I = Z dim ./\/lA“’K(Xa, 'y — 3 Z dim Igp
aeT oEB
= n=3)Q|T|-2p(T)=p—p)+2c1(A)+2m+4m(T)

(CZ(T) +dimT;) = 3 CZ(T ) — 2nm(T)
1 j=I1
— (=@ =T~ p)+2¢1(A) + 2m

Mw

~.

'M*ul

(CZ(T) +dimTy) = Y CZ(T ) — 2m(T).
1 =1

~

Here in the first line the factor 1/2 appears because each edge contributes two
terms to the sum over « ES. For the second equality we use the dimension for-
mula for MA«-K (X, I'y) and the relations above. Here the terms CZ(F?) and

CZ(L? ) corresponding to an edge o Ef cancel, so only the Conley—Zehnder
indices at punctures corresponding to marked points remain. The dimensions
of the Bott manifolds in the second sum —% Y wE g dim Iy corresponding to
edges associated to punctures cancel with the corresponding terms in the first
sum, while the terms dim I'yg = 2n for edges a EB associated to nodal points
appear only in the second sum, so we have

ZZdlmF — —ZdlmFO,ﬁ = Zdlmf‘ —2nm(T).

aeT i=l1 oES

The third equality follows from the computation

(n=3)Q2IT|=2p(T)) +4m(T) — 2nm(T)
=mn—-3)2+2m(T))+4m(T) — 2nm(T) = 2(n — 3) — 2m(T).

using Eq. (21). In summary, we have shown

Corollary 7.6 For generic K € K&(Miier1, TX*), all components of
punctured K-holomorphic spheres in the moduli space M?’K(X * T*) are
manifolds of the expected dimensions, and the evaluation maps at the edges
are transverse to the diagonal. Hence the total moduli space is a manifold of
dimension
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dim M35 (X*, T%) = (n = 3)2 = B — p) +2¢1(A) + 2m

P 4
+ Y (CZ(T) +dimT;) — Y " CZ(L;) — 2m(T).
i=1 j=1

Moreover, we can arrange for the evaluation map on this moduli space at the
marked points to be transverse to any given submanifold Z C [],.; o I'i. O

8 Symplectic hypersurfaces in the complement of Lagrangian
submanifolds

In order to apply the results of the previous section to our situation we need
to put additional marked points on the domain such that all components of
the limit of a Gromov—Hofer convergent sequence of holomorphic curves
have stable domains. This will be achieved by adapting the ideas of [20] and
Donaldson’s construction of symplectic hypersurfaces to the situation at hand.

Consider a closed Lagrangian submanifold L in a closed symplectic mani-
fold (X", w). Suppose that w represents an integral relative cohomology class
[w] € H*(X, L; 7). Denote by Tor H (L; Z) the torsion subgroup of H{(L; Z)
and by |TorH{(L; Z)| € N its order. Fix a compatible almost complex struc-
ture J on X. The following theorem is an easy adaptation of the main result
in [6].

Theorem 8.1 (Auroux—Gayet—Mohsen [6]) There exists a constant C > 0
such that for each sufficiently large integer multiple D of |TorH|(L; 7Z)| there
exists a submanifold Y C X of real codimension two, Poincaré dual to D|w],
such that its tangent space at each point differs from a complex subspace by
an angle at most CD™1/2,

Remark 8.2 1t follows directly from the definitions that for large D the sub-
manifold ¥ constructed in Theorem 8.1 is symplectic, and J-holomorphic for
a compatible almost complex structure J arbitrarily C%-close to J.

The proof of Theorem 8.1 is based on the following observation. Consider a
compact oriented surface ¥ with (possibly empty) boundary 0. Let E — X
be a Hermitian line bundle together with a unitary trivializationt : 0¥ x C —
Elyx over the boundary. We identify t with the induced section z — t(z, 1)
of the unit circle bundle P C E over 0 2. Define the relative degree of E with
respect to the trivialization t as

deg(E, 1) := Z ind, (s)

pes~1(0)



270

for any section s in £ which is transverse to the zero section and coincides
with 7 along 0X. The following relative version of the Chern—Weil theorem is
proved exactly like the relative Gauss—Bonnet theorem (see e.g. [25]), which
is the special case E = T X.

Lemma 8.3 Let A € Q'(P,iR) be a unitary connection 1-form on E with
curvature Fy € Q*(Z, iR). Then

deg(E,r):L(f FA—I—/ I*A).
2r \Jx 9%

Note that the quantity /. 9y, T" A measures the total deviation of the section
7 from being parallel. In particular, if 7 is parallel we have

deg(E, ‘L')=l—/ Fa.
21 by

Proof of Theorem 8.1 We follow the proof in [6] (for compatibility with the
notation in [6], we will replace D by k). Fix a Hermitian line bundle £ —
X with first Chern class [w] and and a Hermitian connection A on E with
curvature form Fy = —2miw. Let k be an integer multiple of |Tor Hy(L; Z)|.
The induced connection A; on E®* has curvature F A, = —2miko.

We first refine Lemma 2 in [6]. Let t; be a unitary section of E ®k |1 . For any
map f : (X,90%) — (X, L) from a compact surface X, Lemma 8.3 yields

deg(f*E®K, f*5) :k/ o+ — oo Ak
s 27 Jys

In particular, the holonomy ﬁ [ys 5T Ay is integral, so we can make it zero
by a suitable change of t;. Applying this to all such maps f, we find a unitary
section 7 such that the closed 1-form ;" Ay vanishes on the image of the map
0: HyX, L;Z) — H(L; Z). Arguing as in [6], we arrange for t; to satisfy
the estimates in Lemma 2.

With this modification, the proofs of Lemmas 3 and 4, and thus of Theorem
2, 1n [6] work as before. Thus we find asymptotically holomorphic sections si
of E®* that are uniformly transverse to zero and do not vanish on L. Moreover,
as remarked in Section 3.3 of [6], the sections satisfy | arg(sy/7x)| < 7 /3 on
L. Hence we can deform s near L to arrange sy = 74 on L, without affecting
its zero set Y = s~ 1(0). But then for anymap f : (X,0X) — (X, L) froma
compact surface we have

deg(f*E®*, f*r) = Y indy(sp) = [Yi] - [f]

pes; ' (0)
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by definition of the degree. On the other hand, by the choice of 7; above and
Lemma 8.3, this degree equals k |, s @, and Theorem 8.1 is proved. O

9 Proof of transversality for Theorem 1.2(b)

In this section we prove the transversality needed for the proof of Theo-
rem 1.2(b). We will begin in the more general setting of a Lagrangian L C X
and then specialize to the case L = T" and X = CP".

The proof follows the scheme in [20]. Consider a closed symplectic man-
ifold (X?", w) and a closed Lagrangian submanifold L C X. After a small
deformation of w, we may assume that it represents a rational relative coho-
mology class [w] € H 2(X, L: Q), so Do|w] € H*(X, L; Z) for some positive
integer Dp. We fix an energy E > 0, larger than the symplectic area of the
holomorphic curves we want to consider (7 in the case of Theorem 1.2(b)).

We fix some w-compatible almost complex structure Jy on X. Since the
taming condition is open with respect to the C%-norm || || on X, there exists a
constant #; > 0 with the following property: for every symplectic form & and
every almost complex structure J satisfying | —w|| < 61 and ||J — Jo|| < 61,
the symplectic form o tames J.

Let us pick a tubular neighbourhood U of L. Since H 2(X ,L;R) =
H 2(X , U; R), we can represent a basis of H 2(X , L; R) by closed forms with
compact support in X\U. It follows that there exists an open neighbourhood
Q of [w] in H*(X, L; R) represented by symplectic forms & which agree with
w on U and satisfy || — w|| < 61. Thus for every almost complex structure
J with ||J — Jo|| < 61 and every J-holomorphic map f : (¥,0%) — (X, L)
from a compact Riemann surface with boundary,

(@, [f]) = / f*® > 0 forall [&] € Q. (22)
>

This condition for sufficiently many such o together with an energy bound
([wl, [f1) < E defines the bounded intersection of a cone with a half-space.
This shows that there is only a finite set Ax C H>(X, L; Z) of homology
classes that can be represented by such J-holomorphic maps f with ||J —Jy|| <
01 and ([w], [f]) < E.

Note that (22) continues to hold for every J ™ -holomorphic map f : ¥ —
X\ L from a closed Riemann surface (of genus g) with p punctures asymptotic
to closed geodesics y1, ..., yp on L, where ||J — Jy|| < 61 and J T is obtained
by deforming J inside U to a cylindrical almost complex structure tamed by
w. Such holomorphic curves appear in moduli spaces of expected dimension
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p p
n=3)2=2¢—p)— Y CZ(y) =0 —3)2—2¢g—p)+u(f) = > _ind(y)

=(n—=3)2—-2¢—p)+nlfD.

Here CZ(y;) = CZ(y;, ®) is computed with respect to a trivialization of y;*&
induced by a trivialization ® of f*T X over X. Then ([ f]) = le w(yi, ®)
is the Maslov index of f and the equality follows from Lemma 2.1.

Since [ f] belongs to the finite set Ag from above, restricting to g = 0 and
p = 1 we have shown

Lemma 9.1 There exists a constant Dg > 0 with the following property:
for every w-tamed cylindrical almost complex structure J & satisfying || J ™+ —
Joll < 6y outside U, every nonempty moduli space of J ™ -holomorphic planes
in X\ L asymptotic to L of energy < E has expected dimension < Dp. O

By Theorem 8.1, for each sufficiently large integer multiple D of
Do|TorHi(L; Z)|, there exists an approximately Jo-holomorphic closed codi-
mension two submanifold ¥ C X\L whose Poincaré dual in H 2(X ,L;7)
equals D[w]. By choosing D large, we can make the maximal angle between
a tangent space to Y and a Jy-complex subspace (the “Kéhler angle™) smaller
than any given constant 8 > 0. As shown in [20], for 6, sufficiently small
there exists an almost complex structure J with ||J — Jo|| < 67 such that Y is
J-complex.

We fix a Riemannian metric on L such that the unit disk cotangent bundle
D*L embeds symplectically into (X\Y) N U. We deform the w-compatible
almost complex structure J inside U to make it cylindrical near M = d D* L, so
it induces asymptotically cylindrical almost complex structures J = on X =
X\L,J - onX~ =T*L,and Jy; on R x M.

We fix a point x € L and the germ of a J-complex hypersurface Z at x.
We perturb J such that all moduli spaces of simple punctured holomorphic
curves for JT and Jy (including tangency conditions to ¥ and Z) as well
as J|y are transversely cut out. By [20, Proposition 6.9], tangency of order ¢
to Y (at some point which is not fixed) is a condition of codimension 2¢ for
simple curves. In view of Lemma 9.1, the maximal order of tangency to Y of
simple J T -holomorphic planes in X\ L of energy < E is therefore bounded by
Dp /2. Since the homology classes of J T-holomorphic planes in X\ L belong
to the finite set Ar C Hy(X, L; Z) from above, their multiplicity is bounded
by some constant Mg and we have shown

Lemma 9.2 The maximal order of tangency to Y of (not necessarily simple)
J T -holomorphic planes in X\ L of energy < E is bounded by (Mg + Dg) /2.
O
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Since the first Chern class of the normal bundle N (Y, X) is represented by
Duwly, the adjunction formula

ci(TY) =ci(TX|y) —ci(N(Y, X)) =c1(TX|y) — Dlwly]

shows that raising the degree D of Y lowers the expected dimension of moduli
spaces of nonconstant J-holomorphic spheres in Y. So for D sufficiently large
and energy bounded by E, these do not occur (because J |y is regular on simple
curves). Next, observe that the intersection number with Y of a nonconstant
punctured J-holomorphic curve f : ¥ — X\ L satisfies

[f]-[Y]=D/Ef*w2D/Do

because Dolw] € H>(X, L; Z). So the intersection number is positive and
increases with D. Since a point of tangency of order ¢ to Y contributes (£ + 1)
to the intersection number (see [20, Proposition 7.1]), and the maximal order
of tangency for holomorphic planes is bounded by Lemma 9.2, we have shown

Lemma 9.3 For D sufficiently large (depending only on w, Jo and E) and J
as above the following holds:

(i) all J*-holomorphic spheres of energy < E in Y are constant;
(ii) all nonconstant punctured J*-holomorphic curves in X\ L intersect Y ;
(iii) all nonconstant J*-holomorphic planes of energy < E in X\L intersect
Y in at least 2 distinct points in the domain. O

Now consider a homology class A € Hy(X; Z) of holomorphic spheres we
want to split along M, where w(A) < E [A will be the class of a complex line
in CP" in the case of Theorem 1.2(b)]. Note that the intersection number of
J-holomorphic spheres in the class A with the hypersurface ¥ equals

C:=[Y]-A=Dw(A).

Consider the space C (M ¢+, T X*) of coherent perturbations in the bundle
(T X*, J) over the splitmanifold X* = X T LI(Rx M)LIX ™ asin Definition 6.4
(consisting of Floer’s C*-sections). Let

KEMiser1, TX*; Y, x) € KE(Mypesr, TX™)

be the subset of K which vanish near Y as well as near the point x. Pick

such a K satisfying | K| < 1. Let ﬂﬁf (X*; x, Z,Y) be the moduli space
of stable broken K-holomorphic spheres in X* in the class A with ¢ marked
points mapped to Y, and 1 marked point passing through x and tangent of
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order n — 1 to Z at x. This space is defined as the subset of the union over
all (1 + ¢)-labelled trees T and asymptotics I'* of the spaces M?’K(X * ™)
defined in Sect. 7 in the paragraph on moduli spaces (with k = £ 4 1) cut out
by the additional constraints given at z and Z. Let

M= MIE (X%, 2, 7)

be the corresponding moduli space of unbroken K -holomorphic spheres and
—  —AK,
MCM1+£(X ;x,Z, Y) (23)

be its closure in ﬂ{‘j (X*;x, Z,Y). Note that M has the same expected
dimension as the corresponding moduli space without the ¢ additional marked
points mapped to Y. By an argument using positivity of intersections as in [20,
Proposition 9.5], Lemma 9.3 implies

Proposition 9.4 For D sufficiently large (depending only on w, Jo and E),
(J, K) as above, and any broken holomorphic curve f € M the following
holds:

(i) all components of f contained in Y are constant;
(ii) all components of f in X\L have a stable domain. O

Now we specialize to the case L = T", X = CP" and the homology
class A = [CP']. Then the moduli space M has expected dimension zero.
According to [20, Theorem 1.2], for generic K there exists a finite signed
count #M € Z, and according to [20, Theorem 1.3] the number #M /¢!
is independent of the choice of (J, K, Y). (In [20] the perturbation K is a
coherent almost complex structure, but the proofs work exactly the same for
general coherent perturbations which have the form considered in [20] near Y,
see [36].) Since by Proposition 3.4 the count # M is nonzero for K = 0 and
Y = ¢, it follows that M is nonempty for every choice of (J, K, Y'). Hence
in the proof of Theorem 1.2(b) we can choose the maps f; in the moduli
spaces M above with respect to almost complex structures Ji realizing the
neck stretching, a suitable hypersurface Y, and a coherent perturbation K in
/CS(MH_({_H, TX* Y, x).

Now we can conclude the transversality part of the proof of Theorem 1.2(b).
In view of the preceding discussion, it suffices to show that all the components
of broken holomorphic spheres in M belong to moduli spaces that are man-
ifolds of the expected dimensions, and the asymptotic evaluation maps are
transverse to the diagonal.

Proof of transversality for Theorem 1.2(b) Since Theorem 1.2(b) is trivial for
n = 1,letusassumen > 2. Now L is an n-dimensional torus with a multiple of
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the standard flat metric. Hence there are no holomorphic planes in 7* L and R x
M, and the only holomorphic cylinders in 7*L and R x M are orbit cylinders
in R x M, and holomorphic cylinders in 7*L with two positive punctures.
According to Proposition 9.4, all other punctured holomorphic spheresin 7* L,
R x M or X\ L of energy < E appearing in a curve in M have a stable domain.

Consider K € K¢ (m1+£+1» T X*; Y, x) and a stable K-holomorphic map
(z,f) € M. Thus z is a nodal curve modelled over a (not necessarily stable)
(1 + ¢)-labelled tree T such that the map f, : S, — X* is nonconstant over
each unstable component o € T. As in Sect. 7, we consider the linearization
L of

d X Bv: My x BS(X*, T*) x KS(Myer1, TX*; Y, x)

—>€anaﬁx 1_[ I

«Ep 1<i<1+4¢

at (f, K). Here the normal (n — 1)-jet evaluation map at z; takes values in
'y = (T T*L/T\Z)", while the evaluation maps at the points z; take values
inl'; = X\Lfori =2,...,{+1.Thepoints z,g can correspond to punctures,
in which case I'g 1s a component of the space of closed geodesics, or to nodes,
in which case I'yg is a component of X*. In contrast to Proposition 7.4, we
cannot conclude that L is surjective for two reasons:

(1) The perturbations in (M 4¢+1. TX*: Y, x) are required to vanish
near Y and near x, so they are of no use to achieve transversality of the evalu-
ation map on components f, that are mapping entirely into ¥ U {x}. This can
be remedied as follows.

Note first that no component can be mapped entirely into the point x. Indeed,
such a component would be constant and carry at most one marked point
(because the points z», ..., z¢4+1 are mapped to ¥ and x ¢ Y). In view of
stability, the component must carry at least two nodal points and thus split the
tree into at least two subtrees. Each of these subtrees must contain a component
in CP"\ L and thus represent a nontrivial homology class in CP", which is
impossible because the total homology class [CP'] is indecomposable.

Next consider a component f, that is mapped entirely into Y. By Propo-
sition 9.4(a), the map f, 1s constant. Following [20], we denote by 77 C T
the maximal subtree containing « consisting of constant components in Y (a
“ghost tree”). Indecomposability of the homology class [CP!| implies that
T\T is connected, so by stability 77 must contain at least two of the marked
points 22, ..., Z¢+1. According to [20, Proposition 7.1 and Lemma 7.2], the
nonconstant map fz adjacent to 77 is tangent to Y at the point zg,. We replace
T by T\T; and consider the remaining moduli space with an additional tan-
gency condition to ¥ imposed at the new marked point z g, . The new evaluation
map (still denoted by Ev) contains the 1-jet evaluation map at z4. This mod-
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ification is performed for all ghost trees that are mapped to Y. Note that this
decreases the number of marked points mapped to Y, but we keep denoting it
by ¢.

(2) The tree T need not be stable, and by construction the perturbations
in K¢ (M 4.¢41, T X*; Y, x) are domain independent on unstable components.
Now by the discussion above, unstable components can only correspond to
cylinders in 7* L with two positive punctures (orbit cylinders can be removed
from a stable map). Thus no two such components can be adjacent. Moreover,
by Lemma 7.3, they appear in regular moduli spaces of the expected dimension
2(n—1) whose image under the evaluation map is a covering of 7* L. So we can
use surjectivity of the linearized evaluation map at the adjacent components to
achieve transversality to the diagonal at the punctures of each such component.

In view of this discussion and Proposition 7.4 (with k = 1 + ¢), after the
modification in (1) the linearized operator L is transverse to the manifold

Zr =0} x [[AspxOr} x [] ¥

aEp 2<i<l+¢

Here Aqp denotes the diagonal in I'yg x I'g, at the edge o EB, and Y; denotes
TY at the new marked points z; where we take the 1-jet evaluation map, and
Y at the other ones.

Now the proof is finished by the standard argument as in the proof of
Corollary 7.6: For each tree T as above, the implicit function theorem
implies that U; = (d x Ev)~1(Z7) is a Banach manifold. Pick K €

ICE’*(mHgH, T X*;Y,x) to be a regular value of the projection onto the
third factor of U} for each tree T, as well as for all spaces corresponding to
subtrees of 7" (this exists by the Sard-Smale theorem). Then all components
of broken holomorphic spheres in the corresponding moduli space M defined
in (23) appear in manifolds of the expected dimensions, and the evaluation
maps at the edges are transverse to the diagonal. Hence for each tree T the
corresponding moduli space M7 C M (taking preimages of the diagonals
under the edge evaluation maps) is a smooth manifold. According to Corol-
lary 7.6, its dimension is given by

+1
dimMpr = 2n—6)+ Q2n +2)—@4n —4) +2¢ — Zcodim(Yi) —2m(T)
=2
£+1
=20 — Z codim(Y;) — 2m(T).
=2

Here the term (2n 4 2) comes from ¢ (CP") evaluated on [CP!], (4n — 4)
from the tangency condition to Z at x (see Sect. 5), codim(Y;) equals 2 if
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Y =Y and4if Y; = TY, and m(T) is the number of nodes (i.e., edges of
T over which the maps extend continuously). It follows that the moduli space
can be nonempty (and thus the dimension nonnegative) only if m(7") = 0 and
Y; = Y for all i, so nodes and components mapped into Y as discussed in
(1) above cannot occur. (Nodes are also excluded by indecomposability of the
homology class [CP!].)

To sum things up, we have shown that all moduli spaces of punctured K -
holomorphic spheres corresponding to the vertices of a tree associated to a
limit of a sequence of Kj-holomorphic spheres passing through x the with jet
constraint to Z are transversely cut out and the pairs of asymptotic evaluation
maps corresponding to an edge are transverse to the diagonal. By construction,
the same is true for the moduli spaces and their asymptotic evaluation maps
for any (connected) subtree.

Recall now the definition of the moduli spaces M and M; fori =1,...,m
from Sect. 5 associated to the limit curve [here we change to the notation in
Sect. 5, so M is no longer the space appearing in (23)]: Let o be the vertex
of the corresponding tree 7' containing the marked point z; which is mapped
tox,and let 71, . .., T, be the subtrees obtained by removing this vertex from
T. Then M is the moduli space of punctured K-holomorphic spheres with
m positive punctures in 7*L corresponding to the vertex «, and M; is the
moduli space of broken K-holomorphic spheres with one negative puncture
corresponding to the subtree 7;. Again by Corollary 7.6, the dimensions of
these moduli spaces are given by

dim M; = (n — 3) — CZ(I'}), i=1,...,m,

dimM = (n—3)2—m)+ Q2n+2)+ Y (CZI;) +dim[;) — (4n — 4)

1=1

and the asymptotic evaluation maps of M; are transverse to that of M. This
concludes the proof of transversality for Theorem 1.2(b). O
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A The Chekanov torus

In this section we prove the “No Go” result mentioned in the Introduction:
For the Chekanov torus Tcnekanov & CP2, the boundary loops of the three
disks produced in Theorem 1.1 will in general represent multiples of the same
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homology class and thus fail to generate the first homology of the torus. More
precisely, we will see that this occurs whenever we choose the almost complex
structure in the proof of Theorem 1.1 from a suitable nonempty open set.

We begin by recalling the construction of the Chekanov torus Tchekanoy C
CP? following [16]. Let y C {z € C | Rez > 0} be a closed embedded curve
in the right half-plane, bounding a closed disk D,, of area 7 /3 which contains
1 € C in its interior. Denote their images under the diagonal embedding
ZECH[IZZZZ]ECPZby

F:={[1ZZ:Z]|Z€)/}CDF:={[12ZIZ]|Z€DV}CCPZ.

Consider the symplectic S I_action on CP? given by e z0: 21 22] := 20 :
%7, 1 e % 7,]. The Chekanov torus is the union of the orbits of this action

through I,

L := Tchekanov := {[1 : Pz :e72z] | z e y, €' € S} c CP™.
Note that 9 Dr = I C L. We pick a point v € y with v ¢ R and set
ti={[1:e%:e )| €Sy c D :={[1:¢v:Cv]| ¢ e D} C CP?,

where D C C denotes the closed unit disk. Thus 7 is the orbit of the point
[1: v : v] under the S'-action and dD; = © C L. We equip Dr and Dy
with the orientations induced from D,, or A, respectively, via the embeddings.

Finally, let us introduce the projective lines Sy, S1, S2 and the quadric Q in
CP?,

Si :=={lzo:z1:22]1z:=0}, i=0,1,2, 0 :={lz0:21: 22| Z5=2122).

It follows directly from the defining equations that So, S, S», Q C CP?\L.
Since H;(CP?) = 0 and [L] = 0 € H,>(CP?), the long exact sequence of
the pair (CP2, L) shows that H>(CP?, L) = Z3 is generated by the relative
homology classes represented by Dr, D, and Sp (which we will denote by the
same symbols).

Lemma A.1 (Chekanov-Schlenk [16])

(a) The Chekanov torus L C CP? is a monotone Lagrangian 2-torus in CP?
with fA w= %,u(A)for the Maslov class i and all A € H,(CP?, L).

(D) Let J be an almost complex structure on CP?\L witha negative cylindrical
end for which Sy, S1, S» and Q are complex submanifolds. Then the only
relative homology classes in Hy(CP?, L) which may contain punctured
J-holomorphic spheres of Maslov number 2 are
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Dr, So —2Dr, So —2Dr £+ Dy.

Apartfromthe doubles of these classes, the only classes which may contain
punctured J-holomorphic spheres of Maslov number 4 are

So — Dr, So — Dr £ D¢, 250 —4Dr £ D,.

Proof Part (a) is proved in [16]. Part (b) is carried out in [16] for S2 x §2 and
the arguments easily carry over to CP?; the CP? case is also treated in [5].
For convenience, we include the argument. The following table shows the
relevant intersection and Maslov numbers in CPP?. Here the Maslov numbers
can be taken from [16] since they are the same in S2 x S? and CP?, and the
intersection numbers follow easily from the defining equations and inspection
of orientations at intersection points.

Dr|D;|So||A = arDr +a;D; + bSy
Sol 010 |1 b>0
Si1 0 |—1]1 —a; +b >0
S0 11 a; +b >0
O| 11012 ar +2b >0

w| 206 2ar+6b=2o0r4

Now suppose that a class A = ar Dr + a; D, + bSy € H(CP?, L) contains
a punctured J-holomorphic sphere. Since Sy, S1, S» and Q are J-complex
submanifolds, all the intersection numbers in the last column of the table must
be nonnegative. Together with the condition on the Maslov number this yields
the result. O

Corollary A.2 Let L = Tchekanoy C CP? be the Chekanov torus equipped
with a flat metric. Let Cy, . .., Cx C CP*\L be the punctured J -holomorphic
spheres resulting from degenerating holomorphic spheres in the class [CP!]
along the boundary of a tubular neighbourhood of L, where J is an almost
complex structure on CP?\ L satisfying the conditions in Lemma A.1(b). Then
the boundary loops of the C; all represent multiples of the same homology
class [I'] € H{(L).

Proof Let F = (FV, ..., F")) be a broken holomorphic sphere in CP? with
N obtained as the limit of holomorphic spheres in the class [CP'] in the neck-
stretching procedure. Thus the components Co, ..., Cy of F (N) are punctured
J-holomorphic spheres in CPP?\ L, where we assume that the almost complex
structure J on (CIP)Z\L satisfies the conditions in Lemma A.1(b). Note that all
components C; have positive symplectic area and the sum of the areas equals
7. By monotonicity of L, the Maslov number of each C; equals 6/ times its
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area. So all Maslov numbers are positive even integers and their sum equals
6, which leaves only the combinations (2, 2, 2), (4, 2) and (2, 4).

Since the total intersection number of F' with Sy equals 1, there is a unique
component, say Co, which intersects Sp. According to Lemma A.1, the com-
ponents which do not intersect So are homologous to either Dr or 2Dr in
H,(CP?, L). Since the sum of the relative homology classes of all the com-
ponents of F) equals S, this leaves only the following possibilities for the
relative homology classes of C, ..., Ci:

(So —2Dr, Dr, Dr) or (So—2Dr,2Dr) or (So— Dr, Dr).

In particular, the boundary of each component C; is homologous to a multiple
of I (where the boundary of C; is the sum of the asymptotic geodesics at
its punctures). Hence either all asymptotic geodesics of such a component
are homologous to multiples of I", or at least two of them are not. The same
holds for the components of the broken holomorphic curve F in 7*L and
R x S*L. Recall that one may assign to F a tree whose nodes correspond
to the components of F, and whose edges correspond to common asymptotic
geodesics between two nodes resulting from the limit process. Hence the ends
of the tree correspond to components with exactly one puncture which, by
the preceding discussion, has to be asymptotic to a multiple of I". Remove
all ends together with their adjacent edges. For each punctured holomorphic
sphere corresponding to a node of the remaining tree it is still true that the
asymptotics of the punctures corresponding to the remaining nodes are either
all homologous to multiples of I', or at least two of them are not. (This holds
since all edges we removed correspond to punctures asymptotic to multiples
of I'.) By induction over the number of nodes in the tree (since it holds for one
node), it follows that all asymptotic geodesics are homologous to multiples of
[" and the corollary follows. O

Remark A.3 (a) For the Chekanov torus, the proof of Theorem 1.1 (degener-
ating holomorphic spheres with a tangency condition) produces precisely
three holomorphic planes Cp, C1, C2 in (CIPZ\L, which by the proof
of Corollary A.2 must represent the relative homology classes (Sop —
2Dr, Dr, Dr).

(b) Corollary A.2 continuous to hold (with the same proof) for a tamed almost
complex structure J for which there exist complex submanifolds in CP?\ L
that are homologous (in the complement of L to Sy, S, S2 and Q. The set

of these almost complex structures is open.

(c) Carrying over arguments from [16] to the CP? case, it is shown in [3]
that each of the relative homology classes of Maslov number 2 listed in
Lemma A.1 contains a unique holomorphic disk passing through a given
point on L. Neck stretching at the boundary of a tubular neighbourhood
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of L yields holomorphic planes in CP?\ L representing these classes. This
shows that there exist collections of holomorphic planes, e.g. three planes
representing the classes (So —2Dr + D¢, So — 2Dr — D.,4D,), whose
asymptotic geodesics do generate Hi(L). According to Corollary A.2,
such collections of planes do not arise in degenerations of holomorphic
spheres in the class [CP'].

B A non-removable intersection

Here we prove the claim in Remark 1.10 from the introduction, which we
restate as follows.

Proposition B.1 Let (L;);c(0,1] be a Hamiltonian isotopy of closed Lagran-
gian submanifolds in the closed unit ball B C C". If Lo C 9B, then L; C 0B
forallt € [0, 1].

Proof The set {t € [0, 1] | L; C dB} is clearly nonempty and closed, so we
only need to show it is open. So let L := L; C dB. Let v be the vector field on
0 B generating the Hopf fibration (which is the characteristic foliation). Then
o, w) =0forallw € TL C T(B),sov € (TL)" = TL. This shows
that L is invariant under the Hopf fibration, hence it descends to a Lagrangian
submanifold L c CP"~!. By the Lagrangian neighbourhood theorem and
symplectic reduction, a neighbourhood of L in C" is symplectomorphic to a
neighbourhood U of the zero section in

(T*L x T*S', dp ~ndq).

Here (g1,...,9n—1, P1,..., pn—1) are canonical coordinates on T*L and
(gn, pn) on T*S'. Moreover, the variable p, corresponds to the moment map
z > 7(|z|* = 1) of the standard circle action on C", so pn > 0 outside B and
pn <0in B.

For s sufficiently close to t we can write Ly as the graph of an exact 1-form

mU,ie.,
af
Ly = {(q,p) | pi = —}
9qi

for a function f : L x S' — R. Fix apointg = (¢1, ..., gn_1). Since Ly is
contained in B, we have %(aj, qn) = pn < 0 for all g,,. On the other hand,

2 2 af B
/ Pndqn = / (q,qn)dgn = 0.
0 0o 9qn

So p, must vanish identically, which means that L; C 0B. O
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C The embedding capacity for the flat torus

Let T" = (R/277Z)" be the standard flat torus, normalized such that each
S1-factor has length 27r. Equip CPP" with the standard symplectic form such
that a complex line has area 7, so vol(CP") = volB?"(1). Then the volume
estimate (1) becomes

CP" ,ront o Qm)"vol B (1)
c— (T )z\/ volB() Cn, (24)

whereas the estimate from Theorem 1.22 reads
T > 2+ 1). (25)

In view of the well-known formulae

k 22k—|—l kk'
volB*(y = yolp*tl(y=_"%
k! 2k + 1)!

the right hand side of Eq. (24) can be written as

(2k)! 2k+1

Cox = 27 0 Cuni=4 k!,

Note that the estimates (24) and (25) agree for n = 1.

Lemma C.1 For every integer n > 2 we have C, < 2(n + 1), so the esti-
mate (25) is better than the volume estimate (24).

Proof For n = 2k > 2 even we use 2k < (2k + 1)? to estimate
Cox < 247 YV Qhk = 2V2mk <22k + 1) =2(n + 1).
Similarly, for n = 2k 4+ 1 > 3 odd we use wk < (k + 1)? to estimate
Copst = 4 N/ ki = 4k < 4(k +1) = 2(n + 1).

O

Finally, we wish to compare the estimates to the values realized by the
obvious symplectic embeddings

b (1D x ®27B)) o T (5.0 1> 2 1= YT+ Dl
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Lemma C.2 The embedding ¢ yields the upper bound
¢EFUT™ < 20+ V),

which agrees with the lower bound (25) iffn = 1.

Proof In the unit co-diskbundle D*(7T") we have Z;?:l sz < 1. The maximum
of the squared norm |z|> = Z’}ZI(Z + 2s;) on the image of ¢ under this
constraint is attained for sy = --- =5, = 1/4/n and given by

max|c*| = Y 2+ 2/vn) =2(n + /n).

j=1

Rescaling the symplectic form by this factor yields the upper bound. O

D Gromov-Hofer compactness for K-holomorphic maps

In this appendix we extend the Gromov—Hofer Compactness Theorem 2.9 to
K -holomorphic maps.

Let (X, Jk, o) be a sequence of symplectic manifolds with almost com-
plex structures as in Theorem 2.9, corresponding to neck stretching at a
Morse Bott contact type hypersurface (M, A) C (X, ) and converging to
the split cobordism (X*, J*). Fix an integer m > 3 and a coherent perturba-
tion K € KX(M,,41, T X*) in the sense of Definition 6.4 satisfying the taming
condition || K|| < 1 withrespect to a fixed Kédhler form o on Mer] .Fork e N
we define K, € K(Wmﬂ, T Xy ) by the restriction of K on Xar U X, and the
canonical R-invariant extension of the element in (M, 1, £) induced by K
on|[—k,0] x M.

Theorem D.1 (Gromov—Hofer compactness for K-holomorphic maps) Let
(2Zk, jk) be a sequence of spheres with m marked points, and fi : (X, jr) —
(Xk, Jk, Ki) be a sequence of Ky-holomorphic curves in the same homology
class [ fx] = A € Hy(X; Z). After passing to a subsequence, fi converges
in the sense of Theorem 2.9 to a broken K-holomorphic map F : (£*, j) —
(X*, J*, K).

D.1 Conformal modulus of annuli in hyperbolic surfaces

The proof relies on two lemmas about the conformal modulus of annuli in
hyperbolic surfaces. Recall the definition of the conformal modulus from [1],
seealso[19]. Let (X, j) be a Riemann surface, possibly with smooth boundary,
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and let I' be an isotopy class of simple smooth loops in X. For a measurable
conformal metric p, let

L,(T") :=inf L .
,0( ) )}I;F p()/)

be the infimum of the p-length L,(y) of curves y € I'. Define the modulus of
" by

. .area,(X)
MT) :=inf ————,
p Ly(I)?

where the infimum is taken over all measurable conformal metrics with 0 <
L,(I") < oo. Clearly, M(I") is a conformal invariant. Its reciprocal, 1/M(I"),
is known as the “extremal length”. The modulus of an annulus A is defined
as Mod(A) := M(T"), where I'4 is the class of simple loops isotopic to
a boundary component. Then the annulus [0, L] x R/Z with the standard
complex structure has modulus L.

Lemma D.2 (Maskit [53]) Let (X, h) be a complete hyperbolic surface (possi-
bly with boundary). Let y C X be a simple closed geodesic which is contained
in an embedded annulus A C X. Then

2
Mod(A)"

Ly(y) <

Proof Let I' be the free homotopy class of y in X. Then the lemma follows
from Maskit’s inequality L, (y) < 2w/ M (") (see [53,54] where the inequality
is stated in terms of extremal length) and the obvious inequality Mod(A) <
M(T). O

Let (2, h) be a complete hyperbolic surface (without boundary). For 0 <
8 < arsinh(1) define the §-thin part of (X, h) as the set of all points at which
the injectivity radius is less than §. It is proved in [45] that every component
of the §-thin part is either a punctured disk around a puncture or an annulus
around a closed geodesic.

Lemma D.3 For a complete hyperbolic surface (2, h) of Euler characteristic
x(2) and0 < § < arsinh(1) set £ := —27 x(X)/82. Then for every conformal
embedding ¢ : |—L, L] x R/Z — X of an annulus of modulus L > ¢ such
that ¢ ({0} x R/Z) is noncontractible in X, the smaller annulus ¢ ([—L +
¢, L — ] x R/Z) is contained in the 5-thin part of (X, h).

Proof Consider the annulus A := ¢ ([—L, —L +¢] x R/Z) C X. Then

¢ = Mod(A) = inf areap(AQ) < areah(A; - areah(ZZ) _ —Qﬂx(i)’
P Lp(Ta) Lp(I'a) Lp(T4) Ly (Ty)
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where the last equality follows from the Gauss—Bonnet theorem. By definition
of ¢ thisbecomes L, (I"4) < §, so there exists a simple loop y C A isotopictoa
boundary component of length L (y) < 28. The noncontractibility hypothesis
on ¢ implies that y is noncontractible in . By definition of the injectivity
radius, y must therefore be entirely contained in the §-thin part of (X, 4).
The same argument applied to the annulus A" := ¢([L — ¢, —L] x R/Z)
yields a simple loop ¥’ C A’ isotopic to a boundary component which is
noncontractible in ¥ and contained in the §-thin part of (X, 4). Since different
components of the §-thin part have non-isotopic boundary loops, y and y’ must
belong to the same component. It follows that the annulus B C A bounded by
y and y’, and therefore also its subset ¢ ([—L + ¢, L — ¢] x R/Z) C B, is
entirely contained in the §-thin part. O

D.2 Gromov compactness with free boundary

The second ingredient in the proof is the extension of the Gromov compact-
ness theorem with free boundary [19, Theorem 3.2] to K-holomorphic maps.
Although Gromov compactness for K-holomorphic maps has been consid-
ered at various places in the literature, the references we are aware of such
as [37,56] do not treat the case at hand in which the underlying domains on
which the K depends can pinch to nodal curves. So we include the proof for
the sake of completeness.

Let (X, J, w) be a(notnecessarily compact) almost complex manifold with a
compatible nondegenerate (not necessarily closed) 2-form w, or equivalently,
with a Hermitian metric w(-, J-). Following [19], we impose the following
conditions on amap f : E — X defined on a subset £ C X:

(A1) (%, j, o) isaclosed Riemann surface of genus g with m distinct marked
points z = (z',...,7") and a positive area form o, and E C X is a
compact connected subsurface with boundary.

(A2) The energy of f satisfies E(f) := [po + [p ffo < C for a constant
C > 0.

(A3) The image of f is contained in a compact subset B C X.

(A4) At the boundary components y of (E, j) there exist mutually disjoint
conformal embeddings 8 : [0,5L] x R/Z — E\{zl, ..., 2™} map-
ping {0} x R/Z onto y for some L > 1.

(AS) For each boundary component y of E, the differential of f o 87 satisfies
1/D < ||IT(f o BY)|| < D with respect to the Euclidean metric on
[0,5L] x R/Z, for some constant D > 0.

Remark D.4 The condition L > 1 in (A4) replaces the condition L > L
in [19], where Lo depended on the injectivity radius and the constants in
the monotonicity lemma and Schwarz lemma on the target space. Such a
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dependence would be problematic in the following proof where the target
space Xy x X depends on k. Lemma D.2 allows us to avoid this dependence
and use the uniform condition (A4).

Proposition D.5 (Gromov compactness with free boundary for K-holomor-
phic maps) Let (X, J, w) be an almost complex manifold with compatible
nondegenerate 2-form w. Let (X, jk, Zx, 0k), Ex C Xk and fy : Ex — X
satisfy conditions (Al-5)withg, m, C, B, L, D independent ofk € N. Suppose
that the fy are Ky-holomorphic where Ky € K(iﬁk, T X) are perturbations
as defined in (10), satisfying the taming condition || K| < 1 with respect to
oy and vanishing on the 5-thin part of > = 2i\z1, ..., 2m}. Suppose that
(Zk, jk» Zk, ok ) converges to a nodal surface (f, j,Z,0) and Ky converges to
K € K(X*, T X), where ¥* is the complement of the marked points and nodes
in X. Then a subsequence of ( f) converges in the sense of [19, Definition 3.1]
to a nodal K-holomorphic curve f : (E, jg) — (X, J, K) together with a
holomorphic map (E, jg) — =, j)-

Proof Recall the definitions of the almost complex structure j;( from (13) and
the symplectic structure w; from (12) on X; x X. We consider the graphs
ﬁ =1id x fr : (Eg, jr) = (Zx x X, 37( wy ) as ordinary holomorphic maps.
We identify each X with a fixed model surface ¥ such that jx — j in C\
and zy — Zo on the complement £¥* = X\ A of a finite union A C X
of disjoint embedded loops. Pick a tubular neighbourhood [—¢, €] x A of
A (corresponding to the §-thin part) on which Ky vanishes for large k. For
each component Al of A we have biholomorphisms ([—¢, €] x Al Jr) =
([—cf( —¢,¢e] x S', i) where S! = R/Z, i is the standard complex structure,

andc}'{ — 00 as k — 0o. Thus
<[—8,8] x Al x X, f];) = <[—c}; —¢g,¢e] x st x X,i@]),

so the almost complex structures J; on the target manifold ¥ x X exhibit
neck stretching at the hypersurface M := A x X and converge in C}>. on
(X x X)\M. Note that the (M, w, dt) is a stable Hamiltonian hypersurface of
Morse—Bott type, where ¢ is the coordinate on S'.

So we are in the situation of the Gromov—Hofer Compactness Theorem 2.9
for ordinary J-holomorphic maps with 4 adjustments: The almost complex
structure on the target is k-dependent and converges away from the hyper-
surface M the inserted cylindrical piece [—k, O] x M is replaced by a union
[—c};, 0] x M; over the components M; of M; the manifold X is noncompact;
and the domains E; have boundary. The first two adjustments are purely nota-
tional, and the noncompactness of X causes no trouble because all the images
are contained in a fixed compact subset. The boundary of Ej is dealt with by
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combining the proof of Theorem 2.9 with the proof of the Gromov compact-
ness theorem with free boundary for J-holomorphic maps [19, Theorem 3.2],
using assumptions (A4) and (AS) near the boundary. Here replacing Lemma
3.10 in [19] by Lemma D.2 above allows us to replace in (A4) the condition
L > Lo from [19] by the condition L > 1.

It follows that a subsequence of ( fx) converges to a broken punctured holo-
morphic map F : (E*, jg) — (¥£* x X, J*). The first component of F
extends continuously over the punctures to a holomorphic map (E, jg) —
(X, j) which collapses some spheres to points. The second component of
F extends continuously over the punctures to a nodal K-holomorphic map
£ (E, jg) = (X, ], K). o

Proof of Theorem D.1 Let fi : (Zk, jx) = (Xk, Jk, Kx) be as in the theorem.
Let oy be the area form on ¥; obtained by restricting the fixed Kéhler form
o to the corresponding fibre of M, — M,,. By Stokes’ theorem, the total
area |. s, Ok 1s independent of k, say equal to a.

Recall that the graph ﬁ =1d X fk t Xk = X x Xg is Ti- holomorphic
for the almost complex structure Jk on X X X determmed by Ji and K.
Since Jk is tamed by Wy = oy @ w, the integrand fk wy 1s nonnegative. The
hypothesis [ fx] = A € Hy(X; 7Z) and the equality of cohomology classes
[wk] = [w] yields the uniform (i.e., k-independent) energy bound

E(fo) = ﬁ*ak=/ Gk+/ fk*a)k=a+/w=: Eop.
2 Xk Ok A

Recall that by definition the coherent perturbation K vanishes on the §-thin
part of every fibre of the projection ﬂ; L My (where m; 11 C M1
is the complement of the special points) with respect to its unique complete
hyperbolic metric. It follows that each K vanishes on the §-thin part of (g, jk)
with respect to its unique complete hyperbolic metric on the complement of
the marked points.

After these preparations, the proof proceeds as in [19] with minor modi-
fications that we will point out now. We will use the notation from [19] and
consistently endow objects defined via the graph construction in X x X with
a hat.

The results in [19, Section 4] on cylinders of small area are used only for
ordinary J-holomorphic maps, i.e., without inhomogeneous perturbation K.
Let By > 0 be the constant defined right after Corollary 4.8 in [19]; it has the
property that every J-holomorphic map R x S' — R x M with E(f) < Eg
and E,(f) < Bo is a trivial cylinder over a closed Reeb orbit [19, Corollary
4.8].

The monotonicity lemma requires some care because the injectivity radius
of X tends to zero. Following [19], we introduce Ji-invariant metrics gx on
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X which are R-invariant on the necks [—k —¢, €] x M. We pick a positive 1 <
min(e, 8, 1/2) smaller than the injectivity radii of (Xy, gx) and (E,‘E x Xk, 8k),
where g = ok (-, jk-)+grand X ,‘2 denotes the §-thick part of . Let epmp., CmL
be constants_ for which the monotonicity lemma holds in (Xy, Ji, gx) and
(Z,‘E x Xk, Ji, g). Then with &g := min(ey, epp) the monotonicity lemma
holds in the following form which replaces [19, Lemma 5.1]: For any Kj-
holomorphic map f : ¥ — Xj from a compact Riemann surface, passing
through a pomt x with f (82) outside the gi-ball B, (x) of radius p < &g, we
have areagk(f) > CMLP>.

As in [19], we define for -k +1 < R < S < —1with S — R > 2
subsets X ;3( fi) C Xk by removing certain local minima and maxima? of the
R-projection of f; from the preimages fk_l([R, SIxM) = ﬁ_l([R, S x ]\7).
For each k consider the functions

X l—k+1.-31> 2 1 257 00),

A [k, 0] > R, r> fiom.
£ (0,01 M)

Note that the function JZl\k is strictly decreasing because ]/‘,?‘&)\M > (. We define
essential levels r € [—k, 0] for f; as in [19]. Roughly speaking, a level is
essential if either the topology of X '(fo) changes (in a sense made precise
in [19]), or Ak (r) is an integer multiple of By. Using the version of the mono-
tonicity lemma above, it follows as in [19] that the number of essential levels
is bounded by a constant independent of k. .

0)

As in [19], a suitable selection of essential levels —k = r,7 < -+ <

]§N+1) = 0 gives rise to a decomposition of X into essential regions E,Ev) and

cylindrical regions Z,gv) defined by

v)+RO

) =210, &Y= ) g (0 V=1 N,
(v+1)
z0. _zr’;w R(fk) V=0,....N

for a suitable constant Ry > 0. Here N, Rp are independent of k and the
regions have the following properties:

(1) the topology of the surfaces Elgv) and Z,gv) 1s independent of k;

(i) each component of Z,EU) is a cylinder whose modulus tends to infinity as
k — oo.

2 Local maxima actually do not occur in the contact case.
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Let x; < 0 be the minimal value of the Euler characteristic of a component of
an essential region 5,5‘)). Set

0 =0 —2mx /8% > ¢

with the constant £ in [19, Lemma 4.10] (for ordinary J-holomorphic cylin-
ders). Fix some L > 1.

For large k, the ith component of a cylindrical region Z,EV) 1s biholomorphic
to [—L}'C — 5L — ¥4, L}'C + 5L + ¢1] x R/Z for some L}'C > 0 tending to oo as
k — oc. Due to the choice of £1 and Lemma D.3 above, the smaller cylinder
[— Li —5L—/, L}'{ +5L+¢] xR/Z is contained in the §-thin part of 3. Since
the mhomogeneous perturbation Ky vanishes on the §-thin part, fi restricts to
an ordinary Ji-holomorphic map on [— L’ —5L —¢, L‘ +5L 44l xR/Z. As
in [19] now it follows that the restriction of frto[— Ll 5L, L}C +5L]xR/Z
converges in Cp» to a trivial cylinder over a closed Reeb orbit. This establishes
convergence on the cylindrical regions.

Next consider an essential region £ ,EV). Define a larger region E ,Ev) by gluing
to each boundary component a cylinder of modulus 5L from the adjacent
cylindrical component. Define the maps

FOVEY > x uxs and £ E” >RxM, v=1,...,N

as the restriction of fj, shifted by —r,ﬁ ") in the R-component for v > 1. Con-

sider the sequence fk(v) for fixed v > 1 (the case v = 0 differs only in notation).
They are Kj-holomorphic and their images are contained in a compact region
[—R1, R1] x M forall k [19, Lemma 5.12]. Moreover, their restrictions to the
boundary collars of modulus 5L are J¢-holomorphic and converge to cylin-
ders over Reeb orbits, so the satisfy condition (AS) with a uniform constant
D. Hence they satisfy the hypotheses of Proposition D.5 above and we obtain
convergence on the essential regions to nodal K-holomorphic maps.

The construction of the limit domain (X*, j) from the essential and cylin-
drical regions and the proof of convergence to a broken K-holomorphic map
F: (X% j) — (X*, J*, K) work exactly as in [19] now. This concludes the
proof of Theorem D.1. O

E Jet transversality

In this appendix we prove a jet transversality result which is needed in the
proof of Lemma 6.6. The proof that follows is due to C. Wendl. Recall that a
subset of a topological space is called Baire subset if it contains a countable
intersection of open dense sets.
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Proposition E.1 Assume B is a smooth manifold equipped with a smooth m-
dimensional foliation F, E — B is a smooth real vector bundle of rank q,
By C B is an open subset with compact closure, Sgx € I'(E) is a smooth
section, and

I'(E; Bo, Sfix) C I'(E)

denotes the space of all smooth sections S : B — E such that S = Sjx on
B\ By. Then for every integer k > m — q, there exists a Baire (in the C*°-
topology) subset T'*(E ; By, Six) C I'(E; By, Six) such that for each S €
' (E ; By, Siix), thereis no embedded k-disk in the intersection of S ~L0)nBy,
with any leaf of F.

The same result holds true within the subspace T'¢(E; Bo, Six) C
I'(E ; Bo, Stix) of those sections whose difference to Six belongs to the class of
Floer’s C®-sections (see Sect. 1), equipped with the C®-norm on the difference.

The intuition behind this statement is as follows. For b € By, let F;, denote
the leaf of  through b. If one could arrange forevery b € By that S|z, : Fp —
E is transverse to the zero-section, then the result would be immediate because
S—1(0) N F, would be a smooth submanifold with dimension m — q, which is
less than k. Of course this transversality condition can be arranged for generic
S for any individual leaf, but not for all leaves simultaneously—nonetheless,
the existence of a k-disk in S~'(0) N Fp, for some b € By and k > m — q
represents an extremely strong failure of transversality, which can be measured
quantitatively by looking at arbitrarily high-order jets of S in directions tangent
to leaves. We will show that foreachr > 1 and for generic S € I'(E ; By, Sfix),
applying the appropriate r-jet condition to S~!(0) reduces its dimension by an
amount that becomes negative as soon as r is sufficiently large, hence S~'(0)
contains no points in By at which the r-jet condition is satisfied for every r.
The main technical tool needed for this argument is the Sard-Smale theorem.

Proof Note that the result is trivially true if & > m, so we will assume from
now on that k < m. Let n = dim B. Recall that for » € B, two smooth
sections of E defined near b are said to be r-tangent at b if their values and
derivatives of all orders up to r (computed in any choice of local coordinates
and trivialization) match. The r-tangency classes of local sections at b are
called r-jets at b, and the union for all b € B of the spaces of r-jets at b forms
a smooth fibre bundle E") — B whose fibres have dimension ¢ ("nTrr,)!, see
e.g. [29, §1.2]. o

Here is a related notion. If J}, denotes the leaf of F through b, we will
say that two smooth k-dimensional submanifolds Y, Y’ C F; containing b
are r-tangent at b if there exists a smooth coordinate chart identifying » with
0 € R” such that a neighbourhood of b in Fj, looks like R” x {0} C R" and
neighbourhoods of b in both Y and Y’ look like graphs
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{(x, f(x),0) € RF x R" % x R"~™}

of functions f : R¥ — R™~* that vanish up to order r at 0. This notion
of tangency defines an equivalence relation for k-dimensional submanifolds
Y C F} through b; we shall denote by [Y'], the equivalence class represented

by Y and denote the set of all such r-tangency classes at b by Tl:’k . Since Tg’k
can locally be parametrized by the space of r-jets of maps f : R¥ — R"™~*

with f(0) = 0, it is a smooth manifold of dimension (m — k) ((HF)! — 1),

k'r!
and Yk := Upen Tl:’k is a smooth fibre bundle over B.
For § € I'(E) and each choice of integers r, k > 0, define

Zr,k (S) C T}",k

to be the set of all r-tangency classes [Y], € Y -k at points b € By such
that S is r-tangent at b to a section that vanishes along some k-dimensional
submanifold of Fj, representing [ Y ],. Notice that Z" k(S) is just S~1(0) N By
whenever either k£ or r vanishes. We will be most interested in cases where
m—q <k <mandr > 01s large.

Near any point [Yplp, € 2" k(S), one can describe the local structure of
Zk(8) as follows. Choose neighbourhoods & C By of bg and V C Y’ k
of [Yolp,, and a smooth family of charts ¢y}, : 4 — R" parametrized
by elements [Y], € V such that ¢y, (b) = 0 and the r-tangency class of
(p[_Yl]b (R* x {0}) at b is [Y],. Fix also a local trivialization of E — B over U.
Now for any [Y], € V, the local trivialization together with the chart ¢y,
identifies S near b with a smooth R?-valued function f[y), defined on a neigh-
bourhood of the origin in R”, and we have [Y]; € Zrk(S) if and only if the
restriction of fjyy, to R¥ x {0} vanishes up to order r at 0, i.e. if all terms in
its Taylor polynomial of degree r involving only the first k£ variables are zero.
This defines a smooth map

dg:V — Rq(k+r)!/(k!r!)

whose zero set is a neighbourhood of [Y( ], in Z" k(S). Let us call the element
[Yolp, € Z rk(s) regular if it is a regular point of this map; one can check that
this notion does not depend on the choices involved. If all elements in Z" k(8)
are regular, then it is a smooth manifold with

dim Z"K(8) = dim Y% — ¢

(k4 r)! (k4 r)! (k4 1)!
kir! :”Hm_k)( kir! _1>_ kir!

k+r)!
:n—q—[k—(m—q)]<( kfrf) —1).

(26)
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Now define

as the subset consisting of all § € I'(E; Bo, Six) for which every
(Y], € Z75(S) is regular. We claim that I'*(E ; Boy, Six) is a Baire subset
of I'(E ; By, Siix). The first step is to prove that it is dense. To this end, fix an
arbitrary element S C I'(E'; Bo, Sx), choose an appropriate sequence of
decaying positive numbers € = (¢&;);enN, and let

I'®* C T'(E; Bo, Shix)

denote the space of all smooth sections S : B — E such that S — S;.r belongs
to the space of Floer’s C®-sections B — E that vanish outside Bg. This makes
['¢ a separable Banach manifold covered by a single chart. We then define the
topological space

2k = (5. 1719 e T x Y| (Y], € 275 (9)]

A neighbourhood in Z’ k(e of any given element (So, [Yolp,) can be
described in terms of the map ®g defined above as the zero set of the smooth
map

®:T¢ x YV — RICDVED (g 1y]) > ds([Y]p).

Its partial derivative at (So, [Yols,) With respect to the first factor gives a linear
map that associates to a C®-smooth section § € Ts,I'® the first kK components
of its r-jet at by (in the local coordinates above). Since by € By, one can
choose S to realize any desired r-jet at by by setting it equal to the appropriate
polynomial near by and then multiplying this by a C*-smooth bump function
supported in By. It follows that the derivative of ® is surjective on its zero
set, and Z"%(I'?) is therefore a smooth Banach submanifold of '€ x Yk,
Applying the Sard-Smale theorem to the natural projection Z"X(I"'?) — I'?,
(S, [Y]p) > S then provides a Baire subset I'®* of I'® consisting of sections
S for which all elements of Z-%(S) are regular. In particular, since Sy was
arbitrary and the C®-space has a continuous inclusion into C°, this implies
that T*(E'; Bo, Sfx) is dense in I'(E ; By, Sgx) in the C°°-topology.

Finally, choose an exhaustion of Y| B, by acountable sequence of compact
subsets K1 C Ko C K3 C ---,andforeach N € N, define F}“V(E; Bo, Skx) C
['(E; By, Siix) as the subset consisting of all S € I'(E ; By, Six) for which
every point [Y], € Z" kYN Ky is regular. The previous argument shows
that each of these sets is dense in I'(E ; By, Sgx), but they are also open due
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to the compactness of K y. The intersection of all of them is I'*(E ; By, Sfix),
which is therefore a Baire subset.

Now to conclude, assume that m — g < k. The dimension formula (26)
then shows that we can make dim Z"(S) < 0 by choosing r € N sufficiently
large. Having done this, Z"*(S) is empty forevery S € I'*(E ; By, Six), butif
there were a k-dimensional submanifold Y C F; through some point b € By
with S vanishing on Y, it would represent an element [Y ], € zZrk(s), giving
a contradiction.

This concludes the proof for the space I'(E ; By, Siix). Within the subspace
I'®(E; Bo, Six) C I'(E; By, Six) the proof is identical up to the construc-
tion of the Baire subset I'***, noting that ['* = T'®(E; By, Six) because
Stef € T'*(E; Bo, Sfix). Now ['®* is already the desired Baire subset, so the
exhaustion argument is not necessary and the proof is concluded as before. O
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