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Symplectic Tate homology

Peter Albers, Kai Cieliebak and Urs Frauenfelder

ABSTRACT
For a Liouville domain W satisfying ¢1 (W) = 0, we propose in this note two versions of symplectic
Tate homology, HT (W) and H T (W), which are related by a canonical map x: HT (W) —
—— —— e
E E(W) Our geometric approach to Tate homology uses the moduli space of finite energy
gradient flow lines of the Rabinowitz action functional for a circle in the complex plane as a

classifying space for S'-equivariant Tate homology. For rational coefficients the symplectic Tate
homology H T'(W;Q) has the fixed point property and is therefore isomorphic to H(W;Q) ®q

Q[u,u '], where Q[u,u '] is the ring of Laurent polynomials over the rationals. Using a deep
theorem of Goodwillie, we construct examples of Liouville domains where the canonical map &
is not surjective and examples where it is not injective.

1. Introduction

Equivariant Tate homology was introduced by Swan [40] in the topological context of a finite
group G acting on a space X; see the book by Brown [9]. Later this was generalized to actions
of compact Lie groups by Adem, Cohen, and Dwyer [4] and Greenlees and May [29]; see also
Tene [41] for another construction using stratifolds. If G = S! and X is a finite CW complex,
then S'-equivariant Tate homology with rational coefficients has the fixed point property

HY (X;:Q = A (X750),

where X5 is the fixed point set. For infinite-dimensional spaces this property fails in general,
as was observed by Goodwillie in [28]. Jones and Petrack [33] introduced a variant of S'-
equivariant Tate homology which retains the fixed point property; see also Cencelj [10].

In this paper, we construct analogues of both versions of Tate homology for symplectic
homology, together with a canonical map between the two versions. Our geometric approach
twists symplectic homology with Rabinowitz Floer homology on the complex plane. There is
partial overlap between our work and the work of Zhao [47], who found independently a more
algebraic approach to construct the two symplectic Tate homologies.

Let us briefly recall the main definition of symplectic homology; see [12, 22, 39, 43] for
details. We restrict to the case of a Liouville domain, that is, a compact manifold W with
boundary equipped with a 1-form A such that d\ is symplectic and A|gw is a positive contact
form. Its completion is the Liouville manifold V' = W Ugw ([1, 00) x OW) with the 1-form Ay
that equals A on W and rA on [1,00) x 9W. The symplectic homology SH., (W) of the Liouville
domain W (we will usually omit A from the notation) is by definition the Floer homology with
Z-coefficients of any Hamiltonian on V that grows quadratically in r at infinity. It is Z-graded
by Conley—Zehnder indices if the first Chern class ¢q (W) (with respect to any compatible
almost complex structure) vanishes, and it is invariant under Liouville isomorphisms of the
completions (that is, diffeomorphisms f: V — V' such that f*A\’ — A is exact and compactly
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supported). An S'-equivariant version SH? ' (W) of symplectic homology with respect to the
circle action on the loop space of V' has been defined in [6, 42]. It is a graded module over the
polynomial ring Z[u~!], where u is a formal variable of degree 2. Moreover, it has a localization
with respect to the endomorphism u~!; see Subsection 2.4. Now we can state our main result.

THEOREM 1.1. (a) To every Liouville domain W with ¢i(W) =0 one can naturally
associate two versions of symplectic Tate homology: the Jones—Petrack version H z(W' ) and
the Goodwillie version g I}(W) They are graded modules over the graded ring Z[u,u=*]| of
Laurent polynomials with coefficients in Z in a variable u of degree 2, and they are invariant
under Liouville isomorphisms of the completions.

(b) There exists a natural map of Z[u,u™']-modules
k: HT (W) — HT(W).
= —=
(c) With rational coefficients, the Jones-Petrack version H I has the fixed point property
EZ*(Wa Q) = Huyro (W, 0W;Q) XQ Q[% u_l]'

(d) With coefficients in a field ¢, the Goodwillie version HT (W;t) agrees with the
localization of the S'-equivariant symplectic homology SH?® ' (W5 8).

REMARK. The hypothesis ¢1(W) = 0 provides us with well-defined integer gradings and
allows us to work over the ring Z[u,u !]. We expect that Theorem 1.1 continues to hold
without this hypothesis if we drop the integer grading and replace Z[u,u 1] by a suitable
Novikov completion.

Let us discuss some examples of symplectic Tate homology groups.
(1) As an immediate consequence of Theorem 1.1(d), for a Liouville domain with vanishing
equivariant symplectic homology we have

HT (W;e) = 0.

For example, this applies to C", or more generally to subcritical Stein domains [7, 11].
More generally, suppose that a Liouville domain W is obtained from a Liouville domain
w biy _attaching subcritical handles. Then the restriction map induces an isomorphism
SHS (W;#§) = SHSl(W;E) (this follows from [11]; see also [8, 16]). Hence the Goodwillie
versions of symplectic Tate homology satisfy

HT (W;8) = HT (W;¥).

—= —=

Theorem 1.1(c) shows that this fails for the Jones—Petrack version because the singular
homology groups H, i, (W,0W;Q) and H,,(W,0W;Q) are in general different.

(2) The fixed point property for the Jones—Petrack version H T may fail if the cocfficients
are not Q. For example, with integer coefficients we have (see Proposition 5.1)

HT(C") = Q&g Zlu,u"),

(3) The Goodwillie version g I}(W,Q) does in general not have the fixed point property.
This observation is due to Goodwillie [28]. For a closed Riemannian manifold (NN, g), denote by
D*N the unit disk cotangent bundle of N with its canonical structure as a Liouville domain.
Goodwillie’s theorem implies the following theorem.

THEOREM 1.2. Assume that N is a closed, simply connected, spin manifold. Then
HT(D"N;Q) = Qfu,u~!].
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Proof. The equivariant symplectic homology of D*N equals the equivariant homology
HS 1(LN ) of the free loop space of N; see [1, 37, 42]. Here the spin assumption is needed
to make coherent orientations work out correctly [2, 34]. By Theorem 1.1(d), we conclude that
H T (D*N) equals the localization of H S (LN). By Goodwillie’s theorem [28], the localization

of H SI(LN ) with rational coefficients only depends on the fundamental group. Since N is
simply connected, we conclude that H T} (D*N; Q) equals the localized equivariant loop space
homology of a point and the result follows. O

REMARK. For symplectic homology with twisted coefficients as in [2], Theorem 1.2
continues to hold without the spin hypothesis on N.

(4) The map x in Theorem 1.1(b) need in general neither be injective nor surjective; see
Example 5.5. If k£ has non-trivial kernel, then there exist infinite chains of periodic orbits
connected by Floer cylinders with action going to infinity; see Section 5 for examples of this
phenomenon.

The main objective of the current paper is to lay the foundations for symplectic Tate
homology, establish its algebraic properties, and compute it for some examples. However, our
interest in this construction is motivated by embedding questions and dynamical applications.
For example, Viterbo observed in [42, p. 1020] that Goodwillie’s theorem implies that the
unit disk cotangent bundle D* N of a simply connected closed manifold satisfies the ‘strong
equivariant algebraic Weinstein conjecture’; namely, the fundamental class of N becomes
zero in localized equivariant symplectic homology of D*N with rational coefficients. As a
consequence, every closed contact-type hypersurface in D*N carries a closed characteristic.
Another consequence should be finiteness of the Hofer—Zehnder capacity of D*N; see [31] for
such an argument in a slightly different context. Further potential applications concern the
construction of finite energy planes and establishing uniruledness of Liouville domains in the
sense of McLean [35].

2. Algebraic preliminaries

In this section, we collect some algebraic facts, most of which can be found in [14]. For the
applications, we have in mind we have to work in the category of graded Z-modules. For
simplicity, we will skip the reference to the grading.

2.1. Direct and inverse limits

A direct system is a tuple (G, 7), where G = {G, }4er is a family of Z-modules indexed by the
real numbers, and 7 = {74, ,4, }a;<a, 1S & family of homomorphisms

7Ta27a1: Gal - GULQ
satisfying
Ta,a = id|G,17 Tas, a1 — Tag,as © Taz,a1y A1 < ag < as.
We denote its inverse limit as a — —oo by

lim G = lim G,.
— —

For a € R, we have canonical maps

e lim G — G
(—
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satisfying
Tas = Tag,a; © Taqys A1 < as.

In order to make the notation more easily adaptable to our later purposes, we denote the
direct system by (G,:) with homomorphisms

Wb g, G
when we talk about direct limits. We denote its direct limit as b — co by
lim G = lim G®.
% 7

For b € R, we have canonical maps
LG — lim G
—
satisfying
O = P20 bbby,
Direct and inverse limits do not necessarily commute. To describe this, we consider a double

indexed family of Z-modules G® with a,b € R. We suppose that, for every b € B and every
a1 < as € A, there exists a homomorphism

b . b b
T 1 Gy, — G,

az,a1
and, for every a € A and b; < ba € B, there exists a homomorphism

b g, b
such that the following holds. For any fixed b € B and any fixed a € A the tuples (G?, 7%) and
(Ga,tq) are direct systems. Moreover, for every a; < az and by < by the square

T‘-Zl a
G 6, (1)

by,bg bo,by
tay l ‘LLGQ

b2 > bg
Gal by Gaz
7T(L2 yaq

is commutative. We refer to the triple (G, m,t) as a bidirect system. We denote the direct
(respectively, inverse) limits for fixed a (respectively, b) by

limG, = @Gg, lim G* = liLnGZ.

—_— b — a
Due to the commutation relation between 7 and ¢, for a1 < as € A and by < by € B we obtain
induced maps

R ; b2,b1. ;i b1 ; b2
Tag,a; hﬁmGa1 —>hi>nGa2, L :limG” — lim G

that make (lim G, 7) and (lim G, ) direct systems.
— pam——

PROPOSITION 2.1 (see [14]). For a bidirect system (G, ) there exists, for every b € B, a
unique homomorphism

kY lim G® — lim lim G

— — —

and a unique homomorphism

k: limlim G — limlim G

—_— — — —
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such that, for each a € A and b € B, the following diagram commutes:

b
b T, . b . T
Ga - @G B ll_H)llglG

LLZ JNeb Tk

\
. Ta . .
limG, «—— limimG

In general, the map & is neither injective nor surjective; we will see examples of this in
Section 5. Conditions under which the canonical homomorphism & is an isomorphism were
obtained by Eckmann and Hilton [18] and by Frei and Macdonald [26].

2.2. Bidirect systems of chain complexes

A bidirect system of chain complexes is a quadruple (C,p,i,0), where (C,p,q) is a bidirect
system which in addition is endowed, for each a € A and b € B, with a boundary operator

. Cl — C°,

which commutes with ¢ and p in the sense that

Pasar © Oy = 0a © Py a, (2)
and
z'f?’hl o 821 = 822 o iZQ’bl. (3)
If
HCY = 1::_35

are the homology groups, and H pgm and H4i’>" are the induced maps on homology, then
the triple (HC, Hp, Hi) is a bidirect system. As in the previous subsection, we let

k: limlimHC — limlimHC
—— —
be the canonical homomorphism on homology level. We refer to
k: limlimC — limlimC'
[ P

as the canonical homomorphism on chain level. Since d commutes with ¢ and p, we obtain an
induced map

Hk: H(limlimC) — H(limlimC).

PROPOSITION 2.2. (a) Let (C,p,i,0) be a bidirect system of chain complexes of Z-modules
such that all the maps pg%al are surjective. Then there is a canonical diagram

H (limlimC) —— linglim HC (4)
b
with o surjective.

(b) If instead of Z-modules the C° are graded vector spaces that are finite-dimensional in
each degree, then the diagram commutes and p is an isomorphism.
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Proof. This follows by combining several results in [14]. However, as everything there is
stated in the category of vector spaces, we need to check which parts carry over to Z-modules.
Let us indicate the required modifications, using the notation from [14].

Theorem 3.7 from [14] is proved in [46] for Z-modules. Using this, it follows that our
bidirect system (C,p, i, d) satisfies the ‘tameness’ condition in [14], except that the map v is
only surjective rather than an isomorphism. Moreover, the argument from the end of proof of
Theorem A still works to show that v is surjective. With this, the discussion after Definition 3.3
still yields the desired diagram and surjectivity of the map o. If instead of Z-modules the C?
are graded vector spaces that are finite-dimensional in each degree, then our bidirect system
(C,p,i,0) is actually ‘tame’, and Proposition 3.4 from [14] implies that the diagram commutes
and p is an isomorphism. U

REMARK 2.3. (a) In our applications the spaces C? appear as sublevel sets (for b) and
quotients (for a) with respect to two real filtrations on a chain complex (C,0). In [14], we
considered the special case that the two filtrations are equal and showed that then the map
HEk in (4) is an isomorphism. We will see below that this fails in the case of two different
filtrations. This failure can be traced to the failure of the commutative square (1) to be exact
in the sense of [26].

(b) The map p in Proposition 2.2 is in general not an isomorphism for finitely generated
Z-modules. A counterexample is given in Appendix A of [14]. This failure can be traced to the
failure of the Mittag-Leffler condition due to the existence of infinite chains of subrings such
as Z D 2L D47 D - --.

REMARK 2.4. Suppose that we are given a short exact sequence 0 — A — B — C — 0 of
bidirect systems of chain complexes of graded vector spaces as in Proposition 2.2(b). Since
direct limits preserve exactness, and inverse limits preserve exactness for finite-dimensional
vector spaces [19], we can apply either first the inverse limit, then the direct limit and then
homology, or first homology, then the inverse limit and then the direct limit to obtain long
exact sequences fitting in the following commuting diagram with the map p from (4):

- — H(limlimA) — H(limlimB) — H(limlimC) —— . .. (5)
NLPA = | pPB = | pc

2.3. Module structure over Laurent polynomials

In our applications, we will have, for all a,b additional isomorphisms,
ul - C° = ch,

commuting with all the other maps in the obvious sense. By functoriality of direct and inverse
limits and homology, the u? induce isomorphisms on the four groups in (4) commuting with the
maps in this diagram. Denoting these isomorphisms simply by u, we thus have the following
corollary.

COROLLARY 2.5. Additional isomorphisms u® as above make the four groups in (4) modules
over the ring Z[u,u"!] of Laurent polynomials in u and the maps in this diagram module

homomorphisms.

REMARK 2.6. (a) In our applications the u® will shift gradings by 2.
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(b) For a field €, the ring €[u, u~!] is a principal ideal domain. To see this, let I be an ideal
in €[u,u"']. Then I NE€[u] is an ideal in the principal ideal domain £[u] and thus generated
by one polynomial p. Now, for any ¢ € I we have u"q € I N¥€[u] for some large integer n, so
uq = rp for some r € ¢[u] and thus ¢ = u="rp.

(c) By [32, Subsection 3.9, Exercise 3], modules over a principal ideal domain have a well-
defined rank satisfying the rank formula for a submodule N C M:

rank M = rank N + rank M /N.

2.4. Localization

In this subsection, we work in the category of vector spaces. Assume that V' is a vector space
over a field € and T: V — V is a linear map. We define V7T C [Licn V to be the subvector space
consisting of (v;);en satisfying Tv;11 = v;. If one thinks of the pair (V,T) as a direct system
with VF =V for k€ Nand T% = T: V* — VFk=1 for k > 2, then we can think of V7T as the
inverse limit

VT =limV*. (6)

k

(Note that here the notation differs from Subsection 2.1 in that k& tends to +oo rather than
—0o0.) The map T induces a linear map 7: VT — V7T given by

T(’Uf,)ieN = (Ti)ien-
Although T was not assumed to be invertible, the map T is invertible with inverse given by
=1
T VT — VT, (0i)ien — (vit1)ien
In particular, VT becomes a module over the ring of Laurent polynomials €fu,u 1], where u
acts via T on V. We call the €[u, u=!]-module VT the localization of V with respect to 7.
There is a natural map

P=Pp: VT —V, (0i)ien — v1.
Note that P interchanges the maps 17" and T
TP =PT.

LEMMA 2.7. IfT is an isomorphism, then P is an isomorphism as well.

Proof.  We first show that P is injective. To see this, suppose that (v;);en is in the kernel of
P. This means that v; = 0. By induction on the formula v; = Tv;41 and using the injectivity
of T'; we conclude that v; = 0 for every i € N. This shows that P is injective. To see that P is
surjective, let v € V. Since T is an isomorphism, the element (7~ 1v);cy exists in V7. But
P(T~");en = v. This proves surjectivity of P, and hence the lemma. Il

In particular, Lemma 2.7 implies that if 7" is an isomorphism, then the pair (V,T) is naturally
identified with the pair (VZ,T) via the map P.

LEMMA 2.8. Assume that V is finite-dimensional. Then P is injective.

Proof. Assume that v = (v;);eny € V7T lies in the kernel of P, that is, v; = 0. We suppose by
contradiction that v # 0. Hence there exists ¢ € N satisfying v; # 0. Let ig > 1 be the minimal
positive integer with this property. Hence, for every ¢ > ig the vector v; has the property that
Tiv; # 0 for 0 < j < i —ig but TP Ftly; = 0. This implies that the vectors v; for i > g are
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linearly independent. But this contradicts the assumption that V is finite-dimensional and the
lemma is proved. O

EXAMPLE 2.9. In infinite dimensions, Lemma 2.8 is far from true. Consider, for example,
a vector space V' of infinite countable dimension with basis {e;};en. Let T: V' — V be the shift
operator

A basis for V7 is given by €;, j € Z, defined by
_ Ciyj +J 2
(63')1' = J . .
0 1+ 7 <
The induced linear operator becomes the shift operator
TEJ‘ =€ 1, jEZL.

The kernel of P is spanned by the vectors €; for j < 0, so P is not injective.

On VT we define a descending filtration as follows. If v = (v;);en, then we set
|v| := min{i € N:v; #0}

with the convention that the minimum of the empty set equals oo, that is, |0| = co. For k € N,
we set

Zl={oe VT || >k} ={ve VT |v;=-- =v, =0}
Note that Zg is T-invariant. Therefore, if
Vi =Vv"T)z]

is the quotient vector space, then T induces a map
Typ: VE — VL.

There is a well-defined map

Qr: Vil —V
which is given for [v] = [(v;)ien] € V,I by
Qr[v] :== vy.
Note that Qi is injective and satisfies
TQr = QrTk-

We next describe its image. For this purpose set
Vp =TV CV.
jeEN
Observe that Vp is a T-invariant subspace of V' on which T' acts surjectively. In fact, Vi is the

largest T-invariant subspace of V on which T acts surjectively. In particular, Vp =V if and
only if T is surjective. Moreover,

im Qk = VT.

It is worth to mention that the image is independent of £ € N.
Since ZI' C ZI" |, we get projection maps

. yT T
me: Ve — Vi
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and hence a direct system of vector spaces (VT 7). If v = [(v;)ien] € V¥, then we compute
Qk_ﬁrk[v] = V-1 = Tvk = TQk[v],

so the following diagram commutes:

T _ Tk T
Vk > Vk—l

Nle Nl/Qk—l
T

Vp ——Vr

We denote by VI := (V)T the localization of Vi with respect to the map Ty, defined by
the inverse limit (6). So the preceding commuting diagram yields the following lemma.

LEMMA 2.10. The maps @y, give rise to an isomorphism
Q: liLndT — Vi

which interchanges @Tk and T. In particular, the spaces @Vf and Vg are isomorphic as
t[u, u=]-modules.

We further have
Vi =vT. (7)
Indeed, V;I Cc VT is clear. On the other hand, if v= (v;);eny € VT, then the condition
Tviy1 = v; implies that v; € ﬂ;il TV = Vrp for every i € N and therefore v € VQT . This proves
(7). We point out that if T is surjective, then (7) is actually trivial because in this case we

already have Vi = V.
As a consequence of Lemma 2.10 and equation (7), we get the following corollary.

COROLLARY 2.11. The spaces liLndT and VT are isomorphic as €[u, u™1]-modules.
Next, we will carry over the preceding discussion from vector spaces to chain complexes.

DEFINITION 2.12. A Tate triple (V,T,0) consists of a vector space V, a linear map
T:V — V, and a boundary operator 9: V — V commuting with 7.

Let (V,T,0) be a Tate triple. We define a boundary operator 8 on V7 by setting, for
(vi)ien € VT,

O(vi)ien = (Ov;)ien-

Note that é commutes with 7' and, for every k € N, the subspace VI is invariant under 0.
Therefore, 0 induces boundary operators

ak: Vk.T e VkT

which commute with the maps Tj. Note further that Vi is invariant under 9 and the maps
Qr identify the triples (V,I', T}, 0) and (V7,T,d). In particular, the map Qj induces an
isomorphism on homology

HQy: H(V}", 1) — H(Vr,0)
which interchanges the induced maps

HTy: HV,E,0p) — H(VE,0y), HT: H(Vp,d) — H(Vp,0).
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Finally, we observe that the maps m: V;I' — V,I' | interchange the boundary operators 9y and
Ok—_1, so that we obtain a direct system (H(V,',dx), Hmy). So we have proved the following
generalization of Lemma 2.10, where H(Vry,0)#T denotes the localization of H(Vz,d) with
respect to the map HT'

LEMMA 2.13. Assume that (V,T,0) is a Tate triple. Then the maps HQj. give rise to an
isomorphism

HQ: limH(V,",8) — H(Vr,0)""

which interchanges limHT), and HT. In particular, the spaces limH (VI 0y) and H(Vy,0)HT
are isomorphic as €[u, u™!]-modules.

Recall that if T is surjective, then Vi = V. Therefore, we obtain the following corollary.

COROLLARY 2.14. Assume that (V,T,0) is a Tate triple and T': V' — V is surjective. Then
the spaces @H(Vk,T, O) and H(V,0)"T are isomorphic as €[u, u™!]-modules.

Without the surjectivity assumption the assertion of Corollary 2.14 can fail, despite the fact
that V&' = VT by (7). The following example describes such a scenario.

EXAMPLE 2.15. Let V be a vector space with basis vectors {e;;, fi; | 4,7 € N,j > i}.
Define T and 0 on basis vectors by

€15 122 fic1y 122,
Te; ;= Tfi;=
" {0 i=1, Jii {o i=1,
and
8]0@'7]' =€ + €i,j+1, 861’,]’ = 0.

Note that 0 is a boundary operator that commutes with 7', so that (V,T,0) is a Tate triple.
However, the map T is not surjective. We claim that

Vr ={0}. (8)
To see this, we first decompose V' as follows. Define subspaces
E:=(ejli,jeNjziycV, F:=(fi;|i,jeNj=i)CV.
Note that
V=EagF
and both subspaces are T-invariant. We therefore have
Vi =Er® Fr.

Moreover, observe that the linear map ®: £ — F which is given on basis vectors by ®(e; ;) =
fi; is a T-equivariant isomorphism between E and F'. Therefore, Er is isomorphic to Fr and
we are left with showing that Ep = {0}. Indeed, for every k € N we have

THE = (eij | i,j €N, j=i+Fk)
and therefore

BEr =] T"E = {0}.
keN
This completes the proof of (8). In view of Lemma 2.13, we deduce from (8) that

mH (V7 a) = {0},
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To compute H(V,0)"T, we first describe H(V,d). Note that, for every i € N, the vector e; ;
gives rise to a non-trivial homology class
€ = [eiil,
which coincides with [e; ;] for every j > i. The homology becomes
H(V,0) = (e | i € N),

and the induced map becomes the shift operator

-1 1> 1
HTQ:{gl i1

We conclude that H(V,9)#7T is isomorphic to the free €[u,u~!]-module on one generator. In
particular, limF/ (VE,0y) and H(V,0)"T are not isomorphic.

REMARK. We say that a Tate triple (V,T, ) is graded of degree d if the vector space V is
additionally graded, T: V' — V is a map of degree deg(T") = d, and the boundary operator is
a map of degree deg(9) = —1. We can define a grading on V7 as well by setting for a non-zero
v = (vi)ien

deg(v) = deg(v;) + id,
for an arbitrary ¢ € N satisfying v; # 0. Note that this well-defined, that is, independent of the

choice of 4. In this setup, Lemma 2.13 is true in the graded sense, where the ring of Laurent
polynomials €[u, u~!] also has to be graded with deg(u) = d.

3. Sl-equivariant Tate homology
3.1. Rabinowitz Floer homology on C

To define S!'-equivariant Tate homology via the Borel construction, we look for a space with a
free S'-action and an invariant Morse function whose Morse homology vanishes in all degrees.
Such a space can be described as follows. Consider the Hilbert space

Lo = {z = (z1)rez | 2x € C, Z(l + K|z < OO}

kEZ
with the Morse function A : % — R,
Alz) =73 Kzl
ke

(The reason for the normalization constant m will become clear in a moment.) The action of
the circle S = R/Z on % via

— eQWiT

(T-Z)k : Zlk

leaves A invariant and is free on the infinite-dimensional sphere

53 = {Z e ZellzlP = |l = 1} C Z.

keZ

The function A descends to a Morse function on the quotient CPL = S /S! whose critical
points [2(9)], £ € Z, are given by

291=1, 29 =0 fork+£t.
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Note that the critical points have infinite index and coindex and critical values A(2(®)) = .
The space £ also carries a natural Z-action given by the shifts
(n*2)k == Zk—n.
This action preserves S, commutes with the S'-action, and satisfies
A(n * 2) = A(2) + nr ||z
In particular, Z acts on the critical points on S5 by
nx 28 = ),
Identifying elements of Z¢ with Fourier series
(1) = Z 2 2T
kezZ
we see that Z¢ corresponds to the Sobolev space W1H2(S1 C) and || || to the L2-norm

1
41 = | Jste) .

0
The function A is the classical symplectic action

! 1! . 1
A(z) = J 2\ = ——J Im(z2z)dt, Ac = =(xdy—ydx),
0 2 Jo 2

and the actions of S and Z are given by
T-2(t) = 2™ 2(t), nxz(t) = FM (1),

Note that the circle action on £t is induced by the circle action on the target C of the loop
space and not on the domain S1. The reason is that this action is free on the sphere S, while
the action coming from circle action on the domain is not.

The restriction of A to the sphere S can be conveniently described in terms of the
Rabinowitz action functional for the unit circle in C,

AH ,,iﬂ(c XR — R,
At (z,n) = Jz*/\@ - 'r]J,u(z) dt.

Here n € R is a Lagrange multiplier and

p:C—R, z+——7(z]> 1)
is the moment map for the standard circle action (¢, z) — €27z on C. The critical points of
AH* appear in critical circles obtained by applying the circle action to the pairs

w® = (29 0), 29(t) =2,

They have actions A*(2(),¢) = 7f. The Rabinowitz action functional is invariant under the
circle action 7 - (z,7) = (7 - z,7), and with respect to the Z-action

nx*(z,m) = (n*z,n+n)
it satisfies
A (nxz,m+n) = A*(z,n) + mn.

The gradient of A* with respect to the L?-metric on %¢ and the standard metric on R is
given by
VA (z,n) = (—iz — 2mnz, = (||2]* — 1)).
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Thus (positive) gradient flow lines of A* are maps (z,7):R — Zc x R whose Fourier
coefficients satisfy the following system of ordinary differential equations, where ' denotes the
derivative with respect to s € R:

(9)

2y, = 2m(k —n)zg,
= —(llz]* - 1).

Note that the subspaces where some of the z; are zero are invariant under the gradient flow. In
particular, gradient flow lines connecting two critical points never pass through the constant
loop z = 0, so they remain in the region .2 := ¢ \ {0} where the S'-action is free and can
be projected to S x R by normalization. Since both the action functional and the metric are
Slinvariant, gradient flow lines descend to the quotient by S*. Moreover, since the Z-action
preserves the metric and changes the action functional only by additive constants, we get a
Z-action on gradient flow lines which we will describe next.

Note first that, for integers m < n, the intersection of the stable manifold (with respect to
the negative gradient flow) of [w("™] and the unstable manifold of [w(™] projects onto the
2(n — m)-dimensional projective subspace

CPl :=={[z] | 2z =0 for all k < m and for all k > n} C CP5.

m

Moreover, according to [24, Proposition A.2], the indices of a Lagrange multiplier functional
differ from the indices of the function restricted to the constraint hypersurface only by a global
shift. Hence the critical points [w(™] and [w(™)] have finite index difference 2(n —m). Note
that the CP are closed submanifolds of CP satisfying

CPLNCPy, =Cpmninn)

max(m,m’)’

and the action by ¢ € Z maps CP;} onto (CP:J_%.

The equivariant Rabinowitz Floer complex on C (with Z-coefficients) is the Floer chain
complex of the functional .A* on the quotient space (£ x R)/S*: Its chain group FC? " is the
free Z-module generated by the critical points [w(”)], n € Z, and its boundary operator o5
counts negative gradient lines between critical points of index difference one. Let us write the
group ring of Z as the ring

A:=Zu,u™], Jul=2

of Laurent polynomials in a formal variable u of degree 2. The Z-action gives an isomorphism
between A and the chain group FC® ' by identifying u” with the critical point w) for
n € Z. Since the critical points [w™] and [w(™] on the quotient S°/S' = CPY have index
difference 2(n — m), this isomorphisms fixes gradings of the critical points compatible with the
relative gradings. Since all index differences are even, the boundary operator vanishes and the
equivariant Rabinowitz Floer homology equals A.

On the other hand, since the unit circle in C is displaceable by a Hamiltonian diffeomorphism,
it follows from [13] that the non-equivariant Rabinowitz Floer homology vanishes. So we have
shown the following lemma.

LEMMA 3.1. The non-equivariant Floer homology F H(A*) vanishes. The equivariant Floer
homology FHS' (A*) equals A = Z[u, u™"], the ring of Laurent polynomials in a formal variable
u of degree 2.

Let us describe the non-equivariant Rabinowitz Floer complex more explicitly. We fix a Morse

function on the critical circle corresponding to w®) with two critical points, the maximum
’w(f) and the minimum w(_o). Via the Z-action, we obtain Morse functions on the critical

circles corresponding to w™ with maximum wi”) = u"”wf) and minimum wsrn) = u"wf). Their
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indices are
w™ =2n+1, |[w™|=2n,

and vanishing of non-equivariant Rabinowitz Floer homology implies that
871}&") =0, ow™ = :I:w(f_l).

Since the boundary operator decreases the action, we have, for each b € R, a subcomplex
FC" C FC generated by critical points of action < b. For a < b, we denote by F/C? the quotient
of FC® by the subcomplex generated by critical points of action < a, and we set FC, := FC®.
We denote the corresponding homology groups by FH®, FH?, and FH,. The same definitions
apply in the equivariant case. Then the explicit description of the chain complexes above yields
the filtered Rabinowitz Floer homology groups for integers m < n:

FH?(AY) = Zuw(™ © Zw™,

FH"(A") = Zw\", FH,,(A") = Zw™,

FH3 "(A*) = u™Z[u] fu™ ' Z[u),

FHSM(A") = o"Z[u™"], FHS (A") = «"Z[u].

3.2. S'-equivariant Tate homology

In this section, we give a Morse theoretic argument for Borel’s localization theorem for circle
actions; cf. [5]. Consider a closed manifold M with a circle action. Choose on M a non-negative
Sl-invariant Morse-Bott function f : M — R with the following properties:

(i) f(x) =0 if and only if z € Fix(S');
(ii) the components of the critical manifold of positive action consist of Bott non-degenerate
critical circles on which the action is locally free and thus defines a finite cover S — S*.

The existence of such a function follows from the results of Wasserman in [44].
We now define the S!-equivariant Tate complex of (M, f) by a Morse theoretic version of
the Borel construction using the Rabinowitz Floer complex on C. Set £ := Z¢ \ {0} and let

M := (M x Z; xR)/S"

be the quotient by the (free) diagonal circle action on M x #. Since f and A* are S'-invariant,
they descend to functions
f, AP M —R

that are invariant and Morse-Bott with respect to the anti-diagonal circle action. We define
the S'-equivariant Tate complex cs 1(]\4 , f) of (M, f) as the (non-equivariant) Morse chain
complex of ]?+ Ar M — R Its homology is the S'-equivariant Tate homology HS' (M, f).

More precisely, we pick a generic family g of metrics on the fibres of the fibration M — (M x
S§2) /81 — CPZ which is invariant under the Z-action on (M x S)/S* given by n * [z, 2] =
[x,n % z]. Note that such g can be constructed inductively over the strata CP” of increasing
dimensions. (If g is already constructed over the CP!, with n —m < k in a Z-invariant way,
then we extend it arbitrarily to CP¥ and then by Z-invariance to all CP? with n —m = k;
this is possible because g is already defined on the intersections CP} N (CP:;;@ =Cpp ,, for
all £ > 0.) Consider the pullback diagram

M— (M x £g xR)/St —— (£ x R)/S?

| |

M —— (M x 52)/§' ————= CPY

o0 )
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where the vertical maps are induced by the normalization map .2 — S35, z — 2/||2||. Thus g
induces a family of metrics on fibres of the fibration M — M — (ZE xR) / St which combines
with the pullback of the L2-metric on % and the standard metric on R (Wlth respect to some
choice of horizontal subspaces) to a metric on M. The boundary operator of the Morse chain
complex of f + A" counts negative gradient flow lines with respect to such a metric. Here are
some properties of this construction.

(0) Since f + A is still invariant under the anti-diagonal S'-action on M its critical points
appear in Bott non-degenerate families of the following types:

(i) C x {[w¥]} for a component C' C M of the fixed point set;
(ii) (y x S*-w®)/S! for a critical circle vy € M of f outside the fixed point set.

To define the Morse chain complex, we pick additional Morse functions on all these critical
components and count cascades of negative gradient flow lines.

(1) The Z-action on the Rabinowitz Floer chain complex induces a Z-action on the Tate
chain complex that gives Tate homology the structure of a module over A = Z[u, u™1].

(2) Under the Tate boundary operator, both f and A" are non-increasing. Since gradient
flow lines of f + A" project onto gradient flow lines of A*, the index of critical points of A*
is also non-increasing. However, the index of critical points of f may increase due to the fact
that not every metric on M in the generic family g has to be generic.

(3) The filtration by values of f yields a spectral sequence. Since M is a closed manifold,
the Morse—Bott function is bounded from above and below, and hence the spectral sequence
is bounded. Therefore, it converges to Tate homology; see [46, Theorem 5.5.1]. Its first page
is the direct sum of contributions from the critical components of f, with boundary operator
given by the Rabinowitz Floer boundary operator. Let us compute the corresponding ‘local
homologies’.

If p€ M is a fixed point of the S'-action (and thus a critical point of f), then the local
homology is just the equivariant Rabinowitz Floer homology A = Z[u u~1], shifted by the
index of p. In particular, if the circle action on M is trivial, then HS" (M, f)=H(M;A) is just
the homology of M Wlth coefficients in A.

Consider now a critical circle v of f on which the circle action is an n-fold covering, n € N.
Then (v x S)/S1 is the infinite-dimensional lens space S /Z,, obtained as the quotient by
the stabilizer subgroup Z, C S*. Picking a Morse function with two critical points on each
critical fibre of the degree n circle bundle S /Z, — CP gives us generators wf of indices
|w’ | =20 and |w| =20+ 1 for ¢ € Z. To compute the boundary operator on this complex, we
need to distinguish two cases. Let us call v good if the tangent bundle to the unstable manifold
of f along + is orientable, and bad otherwise (the latter can only happen for n even; see the
following proof).

LEMMA 3.2. If~ is good, then the boundary maps on the first page are given by

0 0 _ -n
~—>w£+—>w£ —>wi1—>w€_1—>--~

If v is bad, then the boundary maps on the first page are given by
Ot Rt Ot 2 e O

REMARK. We actually only determine the coefficients £n, £2 up to signs. They can be
arranged to be positive by replacing some generators by their negatives if necessary. The same
remark applies to subsequent computations.

Proof. Pick a point z on v and denote by ®, : T, M — T,,M the linearization of the S'-
action at time 1/n. Since ®, preserves the tangent space F_ to the unstable manifold at x, the
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unstable bundle £~ — v along + is isomorphic to the bundle [0,1] x E_ /(0,v) ~ (1, ®, - v).
So E~ is non-orientable (that is, v is bad) if and only if det(®,|,-) = —1. Now ®} = 1 implies
(—=1)™ = 1, which is only possible if n is even. Consider the Morse complex of a Morse function
with two critical points on v with local coefficients in E~ (or rather its orientation bundle). The
two gradient trajectories from the maximum to the minimum occur in the boundary operator
with opposite signs if v is good, and with the same sign if 7 is bad. Hence the (non-equivariant)
Morse homology of v with local coefficients in £~ equals

H*(Sl;E_):{Z *=0 if v is good,
Z *x=1
7, =
A5 E ) =472 =0 i bad,
{0} *x=1

To compute the equivariant homology, let us identify v = S = R/Z with the S'-action (7,t) —
t + n7. The associated critical manifold (y x S°)/S? is diffeomorphic to the doubly infinite lens
space Ly, := (SX)/Z,, via the map sending [t, 2] to [e=2™*/"2], with inverse map [z] — [0, 2].
Under this diffeomorphism the loop ¢+ [t, 2] = [0,e2™/"z], ¢t € [0,1] (with z € S fixed),
corresponds to a generator of my(L,,) = Z,. Thus the pullback bundle 7*E~ — L,, under the
projection [t, z] +— t is orientable over the generator of Z,, if and only if E~ is orientable. The
Morse-Bott function h(z) = >, 5 klzx|* on L, has critical circles w® = {z; = 0 for j # ¢} of
index 2¢ for each ¢ € Z. Perturbing h by Morse functions with two critical points on each
critical circle, we obtain generators wi of index 2/ + 1 and w’ of index 2¢. For each ¢ there
are two gradient lines from wﬁ to w’, and n gradient lines from w*™ to wﬁr.

For n =1 the lens space is the sphere and its homology is the Rabinowitz Floer homology
of A*, which vanishes by [13]. For n > 2, we again distinguish two cases.

If v is good, then the bundle #*E~ — L, is orientable and the homology of L, with
coefficients in 7*FE~ is just the ordinary homology of the doubly infinite lens space, which
by the computation in [30, Example 2.43] is given by

{0} =« even

Z, «odd if v is good.

H,(L,,n*E~) = {

If v is bad, then the bundle 7* E~ — L,, is non-orientable over each circle w® (which represents
a generator of m1(L,)), so the Morse boundary operator 9 maps wﬁ to 2w’ . The relation
000 = 0 then enforces dw’ = 0, so the homology is given by

Z
H,(Lp;7m"E™) = {{g} * e‘(;zn if v is bad.
% O

Since the chain complex has only one generator in each degree, in order to yield these homology
groups the boundary operator must have (up to signs) the multiplicities given in the lemma. ]

REMARK. The homology of the lens space L, with local coeflicients in 7*E~ in the
preceding proof can also be obtained more algebraically as follows. The vanishing of Rabinowitz
Floer homology of A* implies that the local chain complex is a complete resolution of the group
Z,, in the sense of [9]. If the periodic orbit « is good, then with integer coefficients the local
Tate homology is given by the Tate homology of the group Z,,

~ 0} =* even,
H*(Zn;Z) = {; } « odd
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If v is bad, then n is necessarily even and we have to consider the twisted ZZ,,-module Z where
the generator of Z,, acts via —1. In this case, the local Tate homology is given by

ﬁI(Z 2)_ Zo % even,
ST1{0) # odd.

COROLLARY 3.3. The contribution of a critical circle v of covering number n to the
homology of the first page is equivalent to the following

(i) {0} ifn=1,
(ii) Zp|u,u™1] shifted by |y| 4+ 1 if n > 2 and 7 is good;
(iii) Za[u,u™1] shifted by || if v is bad.

In particular, if the circle action on M is free, then ﬁSI(M, f)=0.

With Q-coefficients, the contribution of each critical circle v to the homology of the first
page vanishes, so only the contributions from the fixed points remain. The boundary operator
on the second page counts gradient flow lines of f connecting Morse critical points. After this,
the spectral sequence collapses. Indeed, since the Morse—Bott function f is constant 0 on the
fixed points, different components of the fixed point set cannot interact via gradient flow lines.
We have thus derived Borel’s localization theorem (see [5]).

COROLLARY 3.4. The Tate homology with Q-coefficients equals the homology of the fixed
point set Mg1 with coeflicients in Ag := Q[u, u™}]:
HY (M, f;Q) = H(Mgi; Ag) = H(Mg1) @ Qu,u™").

In particular, if the circle action on M has no fixed points, then HS' (M, f;Q) =0.

(4) Using the filtration by values of the Rabinowitz action functional A (not of f+ AM),
we define filtered Tate homology groups HS(M, f), H,(M, f), and H®(M, f) with the obvious
notation as above. Note that, for integers m < n, multiplication by u” defines canonical
isomorphisms (of degree 2m)

HP~™(M, f) = H(M, f), Ho(M, f) = H, (M, f).

By definition, ITI{}(]\J . f) equals the Morse homology of the manifold (M x $27*1)/S1. Since
the homology functor and the direct limit functor commute, it follows that

Ho(M, f) = lim Hy(M, f)= lim H(M x §2"*1)/8%) = HY (M)

n—oo n—oo

equals the Sl-equivariant homology of M. Here H SI(M ) = H(Mg1) is defined via the Borel
construction; see below. So we have shown the following proposition.

PROPOSITION 3.5. For every a € R, the filtered Tate homology ﬁa(]M, f) is canonically
1
isomorphic to the S'-equivariant homology H® (M) with degrees shifted by 2]a].

Recall the Borel construction Xg = X xg EG for a G-space X. It fits into the diagram
X x EG— EG (10)

)

Xa BG
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where the vertical maps are principal G-bundles and the horizontal maps are induced
by projection onto the second factor. Pullback under p yields a ring homomorphism p* :
H*(BG) — H*(X¢), which makes equivariant cohomology a module over H*(BG) via the
cup product. The image p*e of a class e € H*(BG) is the characteristic class of the bundle
7 induced by e, and cap product with these classes makes equivariant homology H.(X¢) a
module over H*(BG) as well.

For G = S' and X being a manifold, the class p*e corresponding to the generator e €
H?(BS%) is the Euler class of 7, and cap product with this class is realized by intersection
with the codimension 2 submanifold of X g1 given by a complex codimension 1 linear subspace

of BS! = CPg.

COROLLARY 3.6. The isomorphism in Proposition 3.5 is cor?patible with the module
structures over the polynomial ring Z[u~'], where u~! acts on H® (M) by cap product with

the Euler class e € H?(BS?).

Proof. Define a complex codimension 1 linear subspace H of CPg® by the equation
Z:O:o arz; = 0 on Fourier coefficients, for an ¢? sequence (ar) with ay # 0 for all k. Gradient
flow lines of A" connecting two critical points (zTD, ¢ +1) and (2(9,¢) project onto
the 2-sphere {2z =0 for all k# ¢,/ + 1} in CP§°, which intersects H in the single point
{z=0forall k # (,0+ 1, arz¢ + ap+12041 = 0}. Thus cap product with the Euler class maps
(2D 04+ 1) to (219, ¢), which is also what the map u~! does. O

4. Symplectic Tate homology

In this section, we carry over the construction of Subsection 3.2 to define symplectic Tate
homology, and we prove Theorem 1.1 from Section 1.

4.1. Definition and basic properties

Let (V,Ay) be the completion of a Liouville domain (W, \) satistying ¢1 (W) = 0. Let H €
C>(V,R) be an autonomous Hamiltonian growing quadratically at infinity. Denote by £y :=
C> (S, V) the free loop space of V. Since the Hamiltonian is autonomous, the action functional
of classical mechanics

AHi ,,E/ﬂv — R
defined by
Ay (v) = Jv*/\v — JH(U) dt

is invariant under the circle action of %}, induced by rotating the domain. We assume in the
following that it is Morse-Bott, which we can always achieve by perturbing H slightly.

Recall from Subsection 3.1 the definition of the Rabinowitz action functional for the unit
circle in C,

AV e xR — R, A¥(z,n) = JZ*AC - nJu(z) dt.
The circle acts on the product space £ X % x R diagonally. Since both Ay and A* are
Slinvariant, the functional
THZ (fv X f(c X R)/Sl — R

given by
TH([U7 2, 77]) = AH(U) + A“(Z7 77)
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is well-defined. Since Ay was assumed to be Morse—Bott, 7y is Morse—Bott as well. Choose an
auxiliary Morse function f on the critical manifold of 7. On the set Crit(f) of critical points
of the auxiliary Morse function f we define a double filtration by

Crit? (f) := {c € Crit(f) | A*(c) > a, A(c) <b}, a,beR.

Since ¢1 (W) = 0, elements in Crit(f) are naturally graded by the sum of the Conley—Zehnder
indices of the periodic orbits for Ay and A* and the Morse index of the critical points of f.
(Here the Conley—Zehnder indices of periodic orbits of Ay depend on a choice of trivializations
of TV along base loops in each free homotopy class.) It is important to observe that, for all
a,b € R, the set Critg( f) is finite in each fixed degree. We omit the reference to the degree in
our notation. The symplectic Tate chain groups (with Z-coefficients) are defined as the free
Z-modules generated by critical points of our auxiliary Morse function,

CT? := Critb (f) ® Z.

The boundary operator
. T — CT?

is defined by counting gradient flow lines with cascades for the pair (7p, f) as in [6] or [23,
Appendix A]. This definition depends on the choice of a suitable family of almost complex
structures, which we defer to Subsection 4.4. We denote its homology groups by

ker 0?
HT) = —2.
im 0?
Since both action functionals Apy and A" are non-increasing along gradient flow lines with
cascades, the inclusion and projection maps
W20 OT — OT?, by <boy, mo, , 0 CT. — CT?

az,a1 axr @1 < a

together with the boundary operators 92 form a bidirect system of chain complexes as in
Section 2. In particular, the induced maps on homology

Hib>bv e HT) — HT??, by <bo, Hrl, , :HT) — HT!

az,a1 az? a1 < a2

form a bidirect system of graded vector spaces. As in Subsection 2.2, we define four versions
of symplectic Tate homology by

HT (W) := H(limlimCT), HT (W) :=limlimHT (JonesPetrack version),
HT (W) == H(imlimCT), HT (W) :=limimHT (Goodwillie version).

Thus superscript (respectively, subscript) arrows indicate that the direct/inverse limits are
applied before (respectively, after) taking homology. As the notation suggests, the symplectic
Tate homology groups are independent of H, the auxiliary Morse function f, as well as the
metrics used in order to define gradient flow lines with cascades. This can be shown by standard
continuation arguments in Morse homology as in [38]. By construction, they are invariant under
Liouville isomorphisms of the completions, hence in particular under deformation equivalence
of the Liouville domains (see also [39]).

Note that the spaces C? are finitely generated in each degree and the projections ﬂfmal are
surjective. Hence Proposition 2.2 and Corollary 2.5 imply the following theorem.
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THEOREM 4.1. Let W be a Liouville domain with ¢;(W) = 0. Then there is a canonical
diagram

HT (W)= HT (W) (11)

of Z[u, u~']-module maps with o surjective. With coefficients in a field, the diagram commutes
and p is an isomorphism.

This proves parts (a) and (b) of Theorem 1.1.

4.2. Localization properties
Next we turn to the proof of Theorem 1.1(c) and (d). For a € R, we abbreviate

HT,(W) = HT, :=lim HT.
b
Again, HT, only depends on W up to Liouville isomorphisms of the completions. Tlhe next
proposition identifies these groups with the S'-equivariant symplectic homology SH® (W) of
the Liouville domain W as defined by Bourgeois and Oancea [7].

PROPOSITION 4.2. For each a € R, we have a canonical isomorphism of Z[u~']-modules

HT, (W) = SHY (W).

Proof. Because of the Z-invariance of the chain complex, it is clear that the HT, for different
choices of a are canonically isomorphic. It therefore suffices to show that HTj is canonically
isomorphic to SH 5" We filter the action of A also from above and denote, for n € N, the
corresponding vector space by H™Ij. Since the homology functor and the direct limit functor
commute, we have

lim H"Ty = HTp.

n—oo
For a loop z € Z¢, we consider its Fourier expansion

oo
z(t) = Z zp 2R 4 € C

k=—00
Consider the finite-dimensional subspace (Z¢)8 = C"*! of the loop space % consisting of
all Fourier series with non-vanishing Fourier coefficients only in the range from 0 to n. The
gradient flow equation (9) for A* in terms of the Fourier coefficients shows that the subspace
(Ze)§ is invariant under the gradient flow of A*. The restriction of A* to the subspace (£¢)§
is given by the Lagrange multiplier function

A (zyn (z,m) = A(z) + nia(z2),

where
Az) =3 klal f(z) =7 (Z Jexl? — 1) .
k=0 k=0

Note that i~ '(0) = S?"~1. Now homotope the Morse homology of the Lagrange multiplier
functional to the Morse homology of the function A on the constraint i~ 1(0) as in [24,
Theorem Al] to recover the definition of S!-equivariant symplectic homology of Bourgeois
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and Oancea [7, 8]; namely, one homotopes the metric and the function A in a neighbourhood
of the constraint i~'(0) without changing A on the constraint itself to make the gradient of
A tangent to the constraint. Then gradient flow lines of the restriction of A to the constraint
i 1(0) give rise to gradient flow lines of the Lagrange multiplier functional. On the other
by choosing the metric appropriately in order to make this neighbourhood large, all gradient
flow lines of the Lagrange multiplier functional arise in this way. The resulting isomorphism
is compatible with the Z[u~!]-module structures, where the action of u=! on SHS (W) is
induced by the cap product with the Euler class e € H%(BS?) in the definition by Bourgeois
and Oancea, which is modelled on the Borel construction. O

Now we specialize to coefficients in a field €. The following corollary establishes Theo-
rem 1.1(d).

COROLLARY 4.3. For any field ¢, the Goodwillie version of Tate homology HT (W;¥)
coincides with the localization of S'-equivariant symplectic homology of W.

Proof. Recall that the map u defines isomorphisms u: CT? — CTSI; on the filtered
Rabinowitz Floer complex. Consider the vector space V' := C'I|7° and the linear map

T:=p_ioully:V—YV,

where p_1 1= 75"+ CT°, — CI5° is the canonical projection. Since 1" commutes with the

boundary operator 0 := 93°, the triple (V,T,0) is a Tate triple as in Definition 2.12. Since
T :V — V is surjective, Corollary 2.14 yields the isomorphism of €[u, u~!]-modules

lim H(V],0,) = H(V,0)"7. (12)
k—o0
In view of Proposition 4.2 and H(V,0) = HTy(W;#¥), the right-hand side of (12) is the
localization of S!'-equivariant symplectic homology of W. To understand the left-hand side,
recall from Subsection 2.4 that VkT is the quotient of the space of sequences (v;);en of v; € V
with Tv;41 = v; by those sequences with v, = 0. We claim that we have a commuting diagram

T Tk T
Vi —V,_

lek NLfkl

CT, —= CT 4y,
Here the horizontal maps are the canonical projections and the vertical map fi sends [(v;)] €
VI to u=*v, € OT™,_ . For injectivity of fx, note that 0 = u=F v, € CT>, _ implies 0 = vy, €
CTge and thus 0 = [(v;)] € VT For surjectivity, a preimage of z € CT, _ is obtained by setting
vk, := uPx € OT§° and extending it to [(v;)] € VI’ using surjectivity of 7. Commutativity of
the diagram follows from

feoami[(v)] = wF Doy = =P DT = = Dp_yu ey

—(k=1),,~1

= p_pu v = p—frl(vi)].

In view of the commuting diagram, the left-hand side of (12) becomes

a ’-a
k—o00 a——00 a——00 b—oo

lim H(V,00) = lim H(CTE,07) = lm lim HT) = HT(W;P),

where the second isomorphism comes from the fact that the direct limit commutes with the
homology functor. This proves the corollary. Il
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Finally, we prove that with rationgl £oefﬁcients H'T has the fixed point property [10, 29, 33],
which in view of the isomorphism HT = H T in Theorem 4.1 establishes Theorem 1.1(c).

PROPOSITION 4.4. For any Liouville domain W satisfying ¢1 (W) = 0, the Jones—Petrack
version of symplectic Tate homology has the fixed point property

HT (W;Q) = H(W,0W;Q) 9 Qlu,u""].

Proof. We consider the spectral sequence associated to the increasing filtration F° :=
{An < b} on the chain complex imlimCT} see [46, Chapter 5.4]. Since H grows quadratically
at infinity, the filtration is bounded from below. Moreover, it is exhaustive in the sense that
U0 Fb = limlimCT. (Note that this fails for the chain complex limlimCT'.) Therefore, the

spectral sequence converges to ﬁ?(W, Q).

The spectral sequence depends on the choice of our Hamiltonian. We explain next how to
choose the Hamiltonian H on the completion V of the Liouville domain W so that the result
can easily be read off from the spectral sequence. After a small perturbation of W we may
assume without loss of generality that the Reeb flow on W is non-degenerate. Now choose a
smooth function 5 € C*([0,00), [0, 00)) satisfying

=0 r<1,
Br)¢ >0 r>1,
=r r=2.

Define h € C*°([0, 00), [0, o¢)) by the requirement
h(0)=0, R'(0)=0, A"(r)= @ for r > 0.

Note that h grows quadratically at infinity. Moreover, since h is strictly convex for r > 1, it
satisfies

B'(r)r —h(r) >0 forall r > 1. (13)

If (OW x (0,00),d(rA|aw)) is embedded as the symplectization of the Liouville domain W in
its completion V, then we define the Hamiltonian H € C*(V,R) as

H{v) = {g(r) Z;(;r) € OW x (0, 00),

The critical set of the action functional Apg associated to H can be identified with W
corresponding to the constant loops and a disjoint union of circles, one for each periodic Reeb
orbit of the Reeb flow on 0W. In particular, the action functional Ay is not quite Morse-Bott
in the orthodox sense, since the critical manifold W has a boundary. However, note that the
action of Ay vanishes on W and is positive on the non-constant periodic Reeb orbits in view of
(13). In view of this fact, we can define Morse-Bott homology of Ay as for an honest Morse—
Bott functional treated in [25]. Namely, choose a Morse function f on Crit(Ag) with the
property that V f points outward at the boundary of W for one (and hence every) Riemannian
metric on Crit(Ag). Since the action is decreasing along gradient flow lines, no flow line with
cascades can contain a Floer cylinder starting or ending on a constant in the boundary of W,
so the boundary operator squares to zero.

The Liouville domain W corresponds precisely to the fixed point set of the S'-action on
Crit(Apg). We can assume without loss of generality that 1 is connected (otherwise we look at
the symplectic Tate homologies of each connected component of W). Therefore, its local Tate
homology (the contribution to the first page of the spectral sequence) with rational coefficients
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is H(W,0W;Q) ®g Q[u,u"!]. The reason we have to take homology relative to the boundary
of W is that the auxiliary Morse function points outward at the boundary.

On the other hand, by Lemma 4.5, the contribution of each non-constant periodic orbit ~ of
the Hamiltonian vector field X to the first page of the spectral sequence is torsion and thus
vanishes with Q-coefficients. This completes the proof of Proposition 4.4. O

In the proof, we have used the following analogue of Corollary 3.3, where as in [20] a
Hamiltonian orbit v is called bad if it is an even multiple of a simple orbit whose linearized
return map has an odd number of eigenvalues in the interval (—1,0), and good otherwise.

LEMMA 4.5. The local symplectic Tate homology (that is, the contribution to the homology
of the first page of the spectral sequence above) of a non-constant periodic orbit ~ of the
Hamiltonian vector field Xy of covering number n equals (with Z-coefficients)

(i) {0} if n=1;
(ii) Zp[u,uw™'] shifted by |y| 4+ 1 if n > 2 and 7 is good,;
(iii) Zo[u,u1] shifted by |y| if v is bad.

Proof. The local symplectic Tate homology of 7 is computed by a chain complex with the
same generators w, £ € Z, and the same gradient flow lines between them as in the proof of
Lemma 3.2. However, the signs with which the gradient flow lines contribute to the boundary
operator are now determined by the coherent orientations from [21]. Rather than analysing the
coherent orientations, we can deduce the signs from Lemma 3.2 and the following two facts.

(1) The local (non-equivariant) symplectic homology SH(7y; Q) of ~ with rational coeffi-
cients vanishes if and only if v is bad; this follows from [6, Lemma 4.28].

(2) The local non-equivariant symplectic homology SH (7v; Q) of v with rational coefficients
vanishes if and only if the local equivariant symplectic homology SH® 1(7;@) vanishes; this
follows from the Gysin exact sequence in [7] and the fact that both groups live in non-negative
degrees.

Now the local symplectic Tate homology of v is the homology of the lens space L,, = (S)/Zy,
with some local system. For n odd (so v is good) there is no non-trivial group homomorphism
Zi, — Za, so the local system is trivial and the homology is of the first (for n = 1) or second
type in the statement of Lemma 4.5. Suppose now that n is even, so there exists a unique non-
trivial group homomorphism 7Z,, — Z, and thus a unique non-trivial local system on L,,. By
facts (1) and (2), 7 is bad if and only if the local equivariant symplectic homology S H* ' (7; Q)
with rational coeflicients vanishes. This is the case if and only if the complex agrees with the
second complex in Lemma 3.2 (set to zero in negative degrees, so the first complex has rational
homology in degree 0), so the local system on L,, is non-trivial and the local symplectic Tate
homology is of the third type in the statement of Lemma 4.5. If ~ is good, then the local system
on L, is trivial and the local symplectic Tate homology is of the second type in the statement
of Lemma 4.5. O

REMARK 4.6. The construction of symplectic Tate homology shows: Whenever the map
% has non-trivial kernel, then there exist infinite chains of periodic orbits connected by Floer
cylinders with Ay going to infinity. We will see examples of this phenomenon in Section 5.

4.3. Backwards symplectic homology

Fora <0, let us denote by CB? C CT? the subcomplex defined by A* < 0. We call HB(W) :=
H B(W) the backwards S'-equivariant symplectic homology of W. We get a short exact
sequence of bidirect systems of chain complexes 0 — CB? — CT? — CT¢ — 0 (defined for
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a < 0 and with one filtration trivial on CT¢). According to Remark 2.4, with coefficients in
a field ¥ we obtain long exact sequences fitting in the following commuting diagram with the
map p from (11):

N7

(W) —= HT (W;&) —>= SHS (W; &) —> - (14)

lﬂ lp Lp

- ——=HBW;t) — HT (W;t) — sHS" (W;8) — -

=)
ol

e—

1R
1R
1R

The term ‘backwards homology’ is taken from [41], where an exact sequence analogous to (14)
is derived in a different context.

4.4. Notes on transversality

The definition of Tate homology of a smooth manifold (respectively, symplectic Tate homology
of a Liouville domain) M depends on the choice of a generic family of metrics (respectively, com-
patible almost complex structures) on the fibres of the fibration M — (M x S¥)/St — CPL
which is invariant under the Z-action. Here we explain the construction of such a family of
almost complex structures, the case of a family of metrics being similar but simpler.

Recall from Subsection 3.1 the Hilbert space %t of Fourier series, equipped with the TW12-
norm and the Z-action (n * 2)x = zg_p.

LEMMA 4.7. The Z-action on £ = Z¢ \ {0} is free and proper, so the quotient by this
action is a smooth Hilbert manifold.

Proof. Freeness holds because an element with n % z = z for some n # 0 can only be in
W12 if it is zero. Recall that the Z-action is proper if and only if, for all x,y € Z%, there
exist open neighbourhoods Uy, U, such that (n * U,) N U, = () for all but finitely many n € Z.
To show this, consider z,y € Z¢. Pick ¢ € Z with y, # 0 and let U,, U, be the open e-balls
with respect to the L?-norm, where ¢ := |y,|/3. Suppose that z € U, and n %z € U,. Then
|2e—n — ye| < ||n* 2z —y|| < e, and thus |z¢—,| = 2¢. On the other hand, there exists K € N such
that |zg| < ¢ for all k € Z with |k| > K. It follows that |zx| < 2¢ for all k € Z with |k| > K,
which together with the previous estimate yields |¢ — n| < K, which is only satisfied for finitely
many n € Z. The proof in [3] that the quotient of a manifold by a proper free action is again
a manifold carries over readily to Hilbert manifolds. Ol

Since the free S'-action on £ commutes with the Z-action, we obtain a principal circle
bundle

S'— 22T — L2 )(SY X Z).

Given a completed Liouville domain (V, Ay ), let J(V,Ay) be the space of almost complex
structures on V' compatible with d\y that are cylindrical over the collar [1,00) x OV. Let

T = C®(LE )2, T(V, \v))

be the space of almost complex structures in J(V, Ay) parametrized by £ /Z. An element
J € J defines by integration of dA(-, J-) an L2-inner product on the vertical tangent bundle of
the fibre bundle

Ly — (Lo x L(S* X L) — LE)(S" X L),

Identifying 4% /Z with the total space of the associated bundle S' — (£ x S1)/(S' x Z) —
L&/ (ST x Z), we can think of J € J as a family of almost complex structures J, ; parametrized
by (z,t) € £ x S, invariant under the diagonal S'-action on (z,¢) and the Z-action on z.
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Then the V-component of a gradient flow line [v, z, 7] of the functional 7y satisfies the Floer
equation

0sv + JZ(S)J(U)(atU — Xu(v)) =0.

This is the Floer equation on a cylinder with an S!-dependent almost complex structure.
It follows by standard methods in Floer theory (see, for example, [36]) that one an achieve
transversality for all moduli spaces by generic choice of J in this class. Compactness modulo
breaking follows by combining compactness modulo breaking for the components (z, ), which
satisfy the gradient flow equation for A*, with Floer compactness for the component v satisfying
the Floer equation above.

Let us point out that the preceding discussion is reminiscent of the one in [15], where
transversality for holomorphic curves is established using domain-dependent almost complex
structures parametrized by the universal curve over Deligne-Mumford space; see also [8].

We conclude this section with a restriction on contributions to the Tate boundary operator
0 arising from transversality. Note that generators of the Tate chain complex can be written
as ufz, where k € Z and z is a either a critical point of H or a critical point of the Morse
function f on a non-constant 1-periodic orbit of H. Since the index of critical points of A* is
non-increasing, non-zero matrix elements (z,u‘x_) can only exist for £ < 0.

LEMMA 4.8. By appropriate choice of the Hamiltonian H and a generic J € J we can
achieve that (0x,u‘x_) = 0 in the following cases:

(i) x4 are critical points of H and { < 0;

(ii) x4 are critical points of the Morse function f on distinct non-constant 1-periodic orbits
v+ of H whose multiplicities k,k_ are relatively prime, and either ¢ < 0, or £ = 0 and
CZ(v+) < CZ(y-).

Proof. In both cases, we can achieve transversality for all Floer cylinders in V' connecting
x4 and z_ (respectively, v+ and _) using a generic z-independent J € J(V, Ay). In case (i)
this holds because, for H sufficiently C%-small on W, all Floer cylinders from z, to z_ are
gradient trajectories; see [36]. In case (ii), it holds because the relative primeness condition
ensures that Floer cylinders from ~4 to y_ cannot be multiply covered.

For such a z-independent J € J(V, A\y), Tate trajectories project onto Floer trajectories in V.
Hence, in case (i), (074, u‘z_) # 0 implies CZ(74) > CZ(x_). In view of the grading condition
CZ(zy) = CZ(x_) + 20 + 1, this yields £ > 0. In case (ii), (9z4,u‘r_) # 0 and v, # v_ implies
CZ(y4+) > CZ(y-) + 1. Since the index ind(z+) equals CZ(y+) or CZ(y+)+ 1, the grading
condition ind(zx4) = ind(x_) + 20 4 1 yields CZ(zy) < CZ(z_) + 20 + 2 and thus £ > 0.

This proves vanishing of (dx4,u’z_) in cases (i) and (ii) for a z-independent J € J(V, Ay).
Now this vanishing persists for a sufficiently small perturbation of J to a generic element

in J. O

5. Computations and examples
5.1. C" and subcritical Stein manifolds

The Tate chain complex for C™ with integer coefficients is shown in Figure 1. Here the orbits are
arranged according to their Ag- and A*-actions, where each pair of nearby dots corresponds
to the maximum and minimum of a small Morse function on the circle. The red numbers
denote the degree |z|:= CZ(x) — n, that is, the Conley—Zehnder index minus n. For H we
use a quadratic Hamiltonian close to z — |z|?, composed with a strictly convex increasing
function R — R. Then the generators with A# = 0 along the horizontal axis are given by the

minimum wo+ of H (of degree 0), and to the generators w,;t corresponding to the maximum
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FIGURE 1 (colour online). The Tate chain complex for C™.

and minimum of a small Morse function on the periodic orbit wy of Conley—Zehnder index
n — 1 + 2k, of degrees

lw| =2k, |w;|=2k-1.

The other generators in the diagram are obtained from these by applying u* for k € Z. The
horizontal arrows map generators of odd degree onto those of even degree and thus compute,
for each fixed value of A*, the symplectic homology of C", which vanishes. The vertical arrows
map the odd generators w, onto multiples aku_lw,‘: of the even generators, so altogether we
have

+ _ - _ o+ -1, + _
Ow; =0, Ow, , =w, +ag1v wy,,, k=0,1,2,....

Here a1, a9, ... is a non-decreasing sequence of natural numbers which is given by a; = k for
n = 1, while for higher n each natural number is repeated n times. The values ay, correspond to
the multiplicities of the closed Reeb orbits on the (slightly perturbed) unit sphere S?*~1 c C"
generating the positive part of equivariant symplectic homology.

Note that, for each degree, there is an infinite sequence of generators on which Ay tends to
400 and A* to —oo. To compute the Tate homology groups, it is convenient to introduce the
new generators

zy o= (D) Fwl, oy = ()P TR
of degrees |zr| = 0 and |yx| = 1, on which the boundary operator is given by
81‘k = 0, (9y1€+1 =Tk — Qg4+1Tk+1, k= 0,1,2,....

Viewing Figure 1 as a graph in the obvious way, we see that it consists of an infinite number
of connected components (‘staircases’). The component containing z( is shown in Figure 2 for
n =1 (the case of higher n differs only by the weights on the vertical arrows), and the other
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FIGURE 2 (colour online). A connected component in the Tate chain complex for C.

components are obtained from this one by applljgg u® for k € Z. Now we can read off the
Tate homology groups. The chain complex for H T consists of finite sums of generators. All
generators xg, 1, ... of 2 (given even degree are cycles, and xj is homologous to ag4+12k+1 for
each k =0,1,2,....So HT = G ®z Z[u,u~ "], where G is the abelian group described in terms
of generators and relations by

G= <SC]€,]<Z € N|$k — Q41 Th41 ke N>

According to Proposition A.1, the group _)G is isomorphic to Q.

In contrast, the chain complex for HT consists of possibly infinite sums of generators on
which A* tends to —oc. All such sums of a given even degree are cycles, but now (Eaﬁ)h even
generator xy is the boundary of the infinite sum yx4+1 + Z;’ikﬂ k41" GiYir1, S0 HT = 0.

In the complex HT? an even generator is a boundary if and only if the staircase that begins
there exits the region {A* > a, Ay < b} at the bottom, that is, through the line {A* = a}. It
follows that HT is generated by the elements of even degree along the right vertical edge of
the region {A* > a, Ay < b}, that is, whose Ag-value is just below b. Note that their degrees
are bounded below by a fixed multiple of a + b; see Figure 1. Since in the direct limit b — oo
these degrees go to oo, we conclude that imHT, = 0 for all a, and hence HT = 0.

The inverse limit imHT ¥ as a — —oo for b=k € N is the free Z[u,u"']-module on one
generator xj of degree 0, and the map @lHTk — meHT’“+1 sends zy onto ax4+1Tk+1. Thus
UmHT® = Zlu,u™'] for all b and HT = G @z Z[u,u™ "], where G = Q is the group above. So
we have shown the following proposition.

PROPOSITION 5.1.  For the Liouville domain C" and integer coefficients, the diagram (11)
becomes (with Q viewed as an abelian group)

Q &z Zlu,u ] —= Q&7 Z[u, u '] (15)

0 0
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With rational coefficients, the diagram for C™ becomes (with ) as a field)

Qlu, u '] —> Qlu,u] (16)
o,

Note that this is consistent with H T = H(C™Q) ®g Qu,u™!] = Qu,u™!] being the homol-
ogy of the fixed point set, and H T being the localization of equivariant symplectic homology,
which vanishes for C". These two facts together with the vanishing of equivariant symplectic
homology for subcritical Stein manifolds (see, for example, [7]) and the isomorphism property
of p yield more generally the following proposition.

ProposiTiON 5.2. For a Liouville domain W with vanishing equivariant symplectic
homology, for example, a subcritical Stein manifold, and rational coefficients the diagram (11)
becomes

H(W;Q) ©g Qlu,u™'] —= H(W;Q) 9g Qlu. u~!] (17)
lHk LH
HT(W;Q) z 0

——
It would be interesting to compute H 71" in this case.

5.2. Cotangent bundles

Let us now restrict to rational coefficients and set
Ag == Q[u,u™1].

PROPOSITION 5.3. For a cotangent bundle T N and rational coefficients, the diagram (11)
becomes

H(N;Q) ®g Ag — H T (T*N;Q) (18)

!
HT(T*N;Q) ——= HI(T*N;Q)

where HT (T"N;Q) depends only on m1(N) by Goodwillie’s theorem [28]. In particular,
HT(T*N;Q) = Aq if N is simply connected.

Cotangent bundles of spheres. For N = S§", the above diagram becomes

Ag® Ag —L—Ag® Ag (19)

(=23

W

HT (T5%Q) Ag

For N = S2, we can compute all the groups explicitly. The Tate chain complex for 7%S? is
shown in Figure 3, where the red numbers now denote the Conley—Zehnder index. To derive it,
we first consider the round metric on S?. For each k € N, the k-fold covered unparametrized
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FIGURE 3 (colour online). The Tate chain complex for T*S5>.

oriented closed geodesics have Morse index 2k — 1 and form an S2-family. Now we pick a non-
reversible Finsler perturbation of the round metric with precisely two simple closed geodesics,
the retrograde (shorter) one r1 and the direct (longer) one d;. For k € N, their iterates rj and
dy, correspond to the minimum and maximum of the corresponding S%-family and thus have
Morse index 2k — 1 and 2k + 1, respectively. Each of them gives rise to two generators rki, df
of the chain complex for the non-equivariant homology of the loop space LS?, corresponding to
the minimum and maximum of a Morse function on the circle, of Conley—Zehnder (= Morse)
indices

CZ(ry)=2k—1, CZ(r{)=2k, CZ(d;)=2k+1, CZ(d))=2k+2.

The remaining two generators on the horizontal axis A* = 0 arise from the constant loops
corresponding to the minimum and maximum of a Morse function on S? and have Conley—
Zehnder index 0 and 2, respectively. The other generators in the diagram are obtained from
these by applying u* for k € Z.

The weights of the boundary operator can be determined as follows. As in the case of C",
the weights on the vertical arrows correspond to the multiplicities k& of the closed geodesics
Tk, di. The weights on the short horizontal arrows from d;; to 7",;" must be 2 for each k in order
for the four generators r;t,d;t to compute the homology of RP3, the space of parametrized
great circles on S2. The matrix elements (Or),d; ;) and (Ory ,u 'd{ ) vanish by Lemma 4.8
because the multiplicities &, (k — 1) of ry,di_1 are relative prime. So we have

dor, = ku_l'r',j, 87',;F =0, od, = 27',;F + ckd:_l + ku_ld;:, (M}CF =0

for some coefficients ¢, € Z.
We claim that the ¢, must be even. To see this, we consider the loop space homology with
integer coefficients, which according to [17] is given by the following quotient of an exterior
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FIGURE 4 (colour online). A connected component in the Tate chain complex for T*S?.

algebra on three generators:
H.1o(LS*% Z) = Az, y, 2]/ (2%, w2, 22y), || = =2, ly| =2, |2| = -1,
From this, we read off that

Z k=0,
Hy(LS*7) = Z k odd,
7Z.®7Zo k>0 even.

Comparing with Figure 3, we see that, for each £ > 1, the subcomplex consisting of d;_l, r,j, d,;
with the horizontal boundary operators must compute the homology Z @& Z,. Since Opord;, =
27',': + cde_l, the homology of this subcomplex equals Z & Z if ¢, is even, and Z if ¢ is odd.
Thus ¢, must be even. In Appendix B, we use the heat flow to show that the first weight ¢; in
fact equals 2.

To compute the Tate homology groups, it is convenient to introduce the new generators

o —k—1 g+ R I S B =kt
T = U df, ypi=u g, a=u M s wy = u

of Conley—Zehnder indices CZ(zy) = CZ(wg) =0 and CZ(yr) = CZ(2x) = 1, on which the
boundary operator is given by

0z = wg, Owg =0, Oyk = 2wy + cxrp—1 + kxg, Oxp =0.

As in the case of C", we see infinitely many connected components (related by the action of w)
on which Ag — oo and A* — —oo. Figure 4 shows the component containing zo := v ~! max
together with the weights of the boundary maps.

From Figures 3 and 4, we can now read off the symplectic Tate homology groups with rational
coefficients. For this, observe that the rational homology of a component as in Figure 4 does
not change if we remove all the generators wy, zi. The resulting component looks like the one
in Figure 2, just with different weights ¢y, instead of 1 on the horizontal arrows.

We claim that all the ¢ are non-zero. Arguing by contradiction, suppose that ¢, = 0 and
¢; # 0 for ¢ < k, for some k > 1. Then the finite connected component containing x¢ in Figure 4
would contribute a direct summand Ag to H l(T*SQ; Q) in addition to the one generated by
the min, contradicting gz(T* 5%;,Q) = Ag from Proposition 5.3.

It follows from the claim that, with rational coefficients, each component has the same
contribution to symplectic Tate homology as in the C" case. Taking into account the

contribution from the min in Figure 3 (which does not interact with anything else), we obtain
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the diagram for T%S? with rational coefficients:

Ao ® Ag —;> Ag © Ag (20)

Cotangent bundles of tori. For N = T" with the flat metric the closed geodesics occur in
Morse—Bott families, one for each class in Hy1(T™), so there are no gradient trajectories between
different components. Since the circle action is locally free in the non-trivial homology classes,
their contribution to the Tate homology vanishes with rational coefficients. Thus the only
contribution comes from the constants and we obtain the diagram for T*71™ with rational
coefficients:

H(T™;Q) 8g Ag — H(T™ Q) ®¢ Ag (21)

H(T™; Q) ®g Ag —— H(T™;Q) ®g Ag

REMARK 5.4. By the same argument, all the groups in the diagram coincide also for
manifolds of negative sectional curvature, and for products of such manifolds (probably also for
manifolds of non-positive sectional curvature). So, in this class of manifolds the Tate homology
of a product is given by the tensor product of the Tate cohomologies via the Kiinneth formula.
One may wonder whether such a result holds more generally.

EXAMPLE 5.5. We can construct a closed 4-manifold with the same fundamental group as
T™ as follows. The n-fold connected sum #, (S x $3) has fundamental group the free group on
n generators. Surgery on (5 ) embedded loops representing all commutators of the generators
yields a closed 4-manifold X,, with 71(X,,) = H1(X,,) = Z". By the Mayer—Vietoris sequence,
the second homology of X,, equals Z! 2) & 7( 3), where the first (%) generators are represented
by the 2-spheres pt x S in the surgery regions D? x S?, and the remaining (%) generators
are represented by the 2-tori obtained from the disks D? x pt in the surgery regions under
the identifications on the boundary according to the commutators. So the total homology of
X,, has dimension d,, =2+ 2n +2(%) = n? + n + 2. Moreover, each 2-sphere intersects the
corresponding 2-torus in one point and therefore the intersection form of X, is even. Since X,
has no 2-torsion in its first homology group, it follows from [27, Corollary 5.7.6] that X,, is
spin. So we can apply Theorem 1.2 to obtain HT (1" X,;Q) = HT (T"1";Q) = A(é and we
obtain the diagram for 7™ X,, with rational coefficients:

Ay —2——= AL (22)

ol

AT (1,0 A

Since d, > 2™ for n < 4 and d,, < 2™ for n > 6, this shows that the map x need neither be
injective nor surjective.
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Appendix A. Some presentations of the group Q

Let a = (ax)ren be a sequence of positive integers ay. To such a sequence we associate a group
G, presented as

G, = <.%’k,k S N‘(L‘k — axTpy1, k € N)

To a sequence a = (ay,) we associate a sequence a’ = (a},) of prime numbers by removing all the
ar that are equal to 1, and replacing each a; > 1 by the numbers in its prime decomposition,
written in non-decreasing order and with repetitions. It is easy to see that G, = G4 . Note that
the resulting sequence is finite if only finitely many a; are bigger than 1, and empty if all the
ag are equal to 1; in these cases G, = G is obviously isomorphic to Z, generated by the last
xk. The following result shows that, for ‘generic’ sequences, the group G, is isomorphic to Q.

PROPOSITION A.1. Let a= (ax) be a sequence of positive integers whose associated
sequence of primes (a},) satisfies

#{k € N: a), = p} = oo for every prime number p. (A.1)

Then the group G, = G is isomorphic to the additive group Q.

Proof. Step 1. By the preceding discussion, we may assume that a = a’ is a sequence
of prime numbers. Let us first show that if ¢ and b are two sequences of prime numbers
satisfying (A.1), then the groups G, and G} are isomorphic.

We denote the generators of G, by z and the generators of Gy, by yi. Our aim is to construct
an isomorphism h: G, — G} explicitly. For two integers ¢ and d we write c|d if ¢ divides d. We
first define a function m: N — N as follows:

1, k=1,
k—1 v—1
k) =
m() min I/ENZHCLJ' bj , k=2,
j=1  |j=1

Note that, by our assumption (A.1), the function m is well-defined. We next define, for every
positive integer k, an integer ¢i by
1, k=1,
o= Ty
15=1 a;

We next define a homomorphism h: G, — G} on generators as

k> 2.

h(zr) = ckymry, k€N

It remains to check that h is well-defined, that is, it respects the relations in G,. For that
purpose we compute

aph(Tg11) = QkCrt1Ym(kt1)
(k+1)—1
Hm( ) bj

j=1
= Q= Ym(k+1)
Hj:l aj
Hm(k)—l b. m(k+1)—1

=1 J
= LZ5— 11 bwmesy
| ER i i
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= CkYm(k)

This proves that h is a well-defined homomorphism.
We next check that A is injective. For this purpose, we suppose that & € GG, satisfies

h(§) = 0.
In view of the structure of the group G, there exists d € Z and a generator xj such that
& =dxy,.
Hence we obtain
0 = dh(zk) = derYmr)-
Since there is no torsion in Gy and c¢x # 0, we conclude that d = 0 and consequently
&E=0.

This proves that h is injective.
It remains to check that h is surjective. For this purpose choose 1 € Gy. Since the function
m is unbounded, there exist k¥ € N and e € Z such that

N = €Ym(k)-

In view of our assumption (A.1) there exists ¢ > k such that

¢
Cp Haj .
Jj=k

We compute

This proves that h is surjective. In particular, we have shown that A is a group isomorphism.
Step 2. It remains to prove G, = Q for some sequence (aj) whose associated sequence of
prime numbers satisfies (A.1). We choose the sequence ay = k + 1, so the group G, is
Ga = <IL‘1,ZL’2, e |ZL‘1 - 21‘2, To — 3.’]337 r3 — 4:L‘4, . >
Note that in G, we have, for all ¢ < ¢/, the identity
"

ZL'q = E.ﬁ?q/.
We claim that the required group isomorphism is given by
p
$:Q— G o — (g — 1)l

Here p, ¢ need not be relatively prime. Let us first check that ¢ is well-defined. For this, we
compute, for r € N,

P\ _ o g = Pla=DUar)t - plar)!
¢<q) =p(g—1)! q= q qr q qr

=pr(gr—1)lzy =0 (%) .
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To show that ¢ is a group homomorphism, we compute

) (g) + ¢ (%) =plg — D'zg +p'(¢" — 1)lzy

+
= (pd' +1'q)(qq" — 1)'zqq

Wi
_ <2+11/)_
q q

Injectivity of ¢ holds because rz4, # 0 in G, for any r,¢ € N, and surjectivity follows from

1 !
¢ (E) = (¢! = Dlwy = (¢! — 1)!&% — 2.

This concludes the proof of Proposition A.1. O

Appendix B. The heat flow on S?

In view of the results of Salamon and Weber [37, 45], symplectic homology of a cotangent
bundle can be understood in terms of the heat flow. In this appendix, we use the heat flow on
52 to compute the coefficient ¢; in Figure 4 to be ¢; = 2.

We consider S? = {z € R3||z| = 1} endowed with its standard round metric, that is, the
metric induced from the standard metric on R®. We abbreviate by .Z = C*°(R/Z, S?) the free
loop space. Closed geodesics on S? arise as critical points of the energy functional E: ¥ — R
given for v € .Z by

1Y,
E(w)==| |v]°dt.
2 Jo
Negative L?-gradient flow lines of E can be interpreted as solutions v € C*°(R x R/Z, S?) of

the parabolic PDE
0sv = V0w = 8t2v + (0v)%. (B.1)

We consider the geodesic v_ € Z given by
v_(t) = (0, cos(27t), sin(27t))

and our aim is to determine its unstable manifold W¥(v_) with respect to the negative L2-
gradient of E. We identify W*(v_) with all solutions v of (B.1) satisfying

lim (s, t) =v_(t) (B.2)

§——0C
via the map

v—v(0,-) € Z.
For r € R/Z let R, be the orthogonal 3 x 3-matrix

1 0 0
R, = |0 cos(2nr) —sin(27r)
0 sin(27r)  cos(27r)
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Consider the following circle action on .Z; namely, for r € R/Z and v € £ define r,v € £ by
rov(t) = Rpv(t —r).

Note that v_ is fixed under this circle action. Moreover, both the energy functional £ and
the L?-metric are invariant under this circle action and therefore the gradient flow equation
(B.1) is invariant as well. Since the Morse index of F at v_ is 1, we conclude that its unstable
manifold is one-dimensional. Therefore, each v € W¥(v_) has to be fixed under the S'-action.
We conclude that there exist smooth functions  and y depending only on the s-variable such
that v can be written as

x(s)
v(s,t) = 1 —z(s)2 cos(2mt — y(s))
1 —z(s)?sin(27t — y(s))

Applying (B.1) to this expression, we arrive at the following system of equations:
s = 4m%(1 — %),

)
<\/% — 4?2?21 — 1,2) cos(2mt — y) = V1 — x? sin(27t — y)dsy,

0
(M — 4r?32y/1 — m2> sin(27t —y) = —vV1 — 22 cos(2nt — y)dsy.

Plugging the first equation into the latter two equations, we obtain the following equivalent
system:

Osz = 4m2(1 — 2%z, }
Osy = 0.
In particular, y is constant and in view of the asymptotic behaviour (B.2) we conclude
y = 0.
The first equation for x is a Bernoulli-type ODE whose explicit solution to the initial condition

z(0) =29 € (—1,1)

is given by the expression
Zo

V- et o

x(s) =

Hence v becomes
Zo

V- e o
(1 _ $0)2 6—871'25
(1 —af) e 8 + a3
2
(1 _ xo)? 67871' S
(1 — ) e ¥ +

v(s,t) = cos(27t)

sin(27t)

Note that the positive asymptotic lims_. v(s,t) of v is given by the constant loop £(1,0,0),
where the sign coincides with the sign of zg. Using invariance of the gradient flow under the
action of the orthogonal group O(3) on S?, one can now determine explicitly the unstable
manifold for any simple closed geodesic on S2.

It follows that the fixed positive asymptotic (1,0,0) is hit by precisely two isolated
gradient flow lines. One of these two gradient flow lines has negative asymptotic t —
(0, cos(27t), sin(27t)) and the other one has negative asymptotics ¢ +— (0, cos(—2t), sin(—2nt).
This shows that the coefficient ¢; in Figure 4 equals 2, so twice the fundamental class of 52
becomes zero in localized equivariant loop space homology.
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