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A FLOER HOMOLOGY FOR EXACT CONTACT EMBEDDINGS

KAI CIELIEBAK AND URS ADRIAN FRAUENFELDER

In this paper we construct the Floer homology for an action functional
which was introduced by Rabinowitz and prove a vanishing theorem. As
an application, we show that there are no displaceable exact contact embed-
dings of the unit cotangent bundle of a sphere of dimension greater than
three into a convex exact symplectic manifold with vanishing first Chern
class. This generalizes Gromov’s result that there are no exact Lagrangian
embeddings of a sphere into C”.

1. Introduction

Exact convex symplectic manifolds and hypersurfaces. An exact convex symplec-
tic manifold (V, 1) is a connected manifold V' of dimension 27 without boundary
with a 1-form A such that the following conditions are satisfied.

(i) The 2-form w = d A is symplectic.

(i) The symplectic manifold (V, @) is convex at infinity, that is, there exists an ex-
haustion V = | J; Vi of V by compact sets Vj C Vi with smooth boundary
such that A|yy, is a contact form.

(See [Eliashberg and Gromov 1991].) Define a vector field Y on V by iy, w = A.
Then the last condition is equivalent to saying that Y3 points out of V} along V.

We say that an exact convex symplectic manifold (V, A) is complete if the vector
field Y; is complete. We say that (V, A) has bounded topology if Y; # 0 outside a
compact set. Note that (V, 1) is complete and of bounded topology if and only if
there exists an embedding ¢ : M x Ry — V such that $*A = e’ apy with contact
form apsr = ¢™A|arxqoy, and such that V' \ ¢ (M x Ry) is compact. (To see this,
simply apply the flow of Y; to M := 0V}, for large k).

We say that a subset 4 C V is displaceable if it can be displaced from itself via
a Hamiltonian isotopy, that is,there exists a smooth time-dependent Hamiltonian
H e C*([0,1] x V) with compact support such that the time one flow ¢g of
the time-dependent Hamiltonian vector field Xg, defined by dH; = —t Xy, @ for
H;=H(t,-) e C®(V)andt €0, 1] satisfies pg(A) N A = 2.

MSC2000: 53D10, 53D40.
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The main examples of exact convex symplectic manifolds we have in mind are
Stein manifolds. We briefly recall the definition. A Stein manifold is a triple
(V,J, f) where V is a connected manifold, J is an integrable complex structure
on V and f € C°°(V) is an exhausting plurisubharmonic function, that is, f is
proper and bounded from below, and the exact 2-form w = —d d€f is symplectic.
Here the 1-form A = —d€f is defined by the condition d€f (&) = df(J&) for
every vector field £. We refer to [Eliashberg 1990] for basic notions on Stein
manifolds and Eliashberg’s topological characterization of them. It is well known
(loc. cit.) that if the plurisubharmonic function f is Morse, then all critical points
of f have Morse index less than or equal than half the dimension of V. The Stein
manifold (V, J, f) is called subcritical if this inequality is strict. In a subcritical
Stein manifold, every compact subset A is displaceable [Biran and Cieliebak 2002,
Lemma 3.2].

Remark. Examples of exact convex symplectic manifolds which are not Stein can
be obtained using the following construction. Let M be a (2rn—1)-dimensional
closed manifold, n > 2, which admits a pair of contact forms (¢, 1) satisfying

(23 WA (dOll)n_l = —0g N (dOl())n_l > 0,
a;i A (dag)® A (d()tj)n_k_l =0, 0<k<n-2

where (i, j) is a permutation of (0,1). Then a suitable interpolation of o and
o endows the manifold V' = M x [0, 1] with the structure of an exact convex
symplectic manifold, where the restriction of the 1-form to M x {0} is given by a
and the restriction to M x {1} is given by «;. Since Hy,_1(V) =Z, the manifold V'
does not admit a Stein structure. Moreover, what makes these examples particu-
larly interesting is the fact that they have two boundary components, whereas the
boundary of a connected Stein manifold is always connected. The first construction
in dimension four of an exact convex symplectic manifold of the type above was
carried out by D. McDuff [1991]. H. Geiges generalized her method [1994], where
he also obtained higher dimensional examples.

If (V, 1) is an exact convex symplectic manifold then so is its stabilization (V x
C,A®Ac) for the 1-form A¢c = %(x dy—y dx) on C. Moreover, in (V xC,A&A¢)
every compact subset A is displaceable. It is shown in [Cieliebak 2002b] that each
subcritical Stein manifold is Stein deformation equivalent to a split Stein manifold,
that is, a Stein manifold of the form (V x C, J x i, f + |z|?) for a Stein manifold

V. J. f).

Remark. If (V, L) is an exact convex symplectic manifold, then so is (V, A + dh)
for any smooth function / : V' — R with compact support. We call the 1-forms A
and A + dh equivalent. For all our considerations only the equivalence class of A
will be relevant.
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An exact convex hypersurface in an exact convex symplectic manifold (V, 4) is
a compact connected hypersurface (without boundary) ¥ C V such that:

(1) There exists a contact 1-form @ on X such that & — A|y is exact.

(i) X is bounding, that is, V' \ X consists of two connected components, one
relatively compact and the other one not.

Remarks. (1) It follows that the volume form e A (de)” ! defines the orientation
of ¥ as boundary of the bounded component of V' \ X.

(2) If X is an exact convex hypersurface in (V, A) with contact form «, then there
exists an equivalent 1-form @ = A + dh on V such that o = u|x. To see this,
extend @ to a 1-form B on V. As (8 —A)|x is exact, there exists a function /
on a neighbourhood U of X such that 8 —A = dh on U. Now simply extend
h to a function with compact support on V and set u := A + dh.

(3) If H'(Z;R) = 0 condition (i) is equivalent to do = w|y,.

(4) Condition (ii) is automatically satisfied if Hy,—1(V;Z) =0, for example if V
is a stabilization or a Stein manifold of dimension > 2. Indeed, V' \ X has at
most two connected components since V' is connected. If V' \ X is connected
pick a small embedded arc in V' intersecting X once transversally and connect
its endpoints in V' \ X; the resulting loop has homological intersection number
+1 with X, which implies 0 # [X] € Hyp,—1(V; Z).

Rabinowitz Floer homology. In the following we assume that (V, A) is a complete
exact convex symplectic manifold of bounded topology, and ¥ C V is an exact
convex hypersurface with contact form «. We will define an invariant RFH(X, V')
as the Floer homology of an action functional which was studied previously by
Rabinowitz [1978].

A defining Hamiltonian for ¥ is a function H € C° (V') which is constant
outside of a compact set of V', whose zero level set H~!(0) equals X, and whose
Hamiltonian vector field Xz defined by d H = —tx,, @ agrees with the Reeb vector
field R of « on X. Defining Hamiltonians exist since X is bounding, and they form
a convex space.

Fix a defining Hamiltonian H and denote by £ = C*°(R/Z, V) the free loop
space of V. The Rabinowitz action functional

AT PxR - R

is defined as

(1) A (v, n) :=f

0

1 1
v*k—n/ H©w(t))dt, (v,n)e<LxR.
0
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One may think of ¢ as the Lagrange multiplier functional of the unperturbed
action functional of classical mechanics also studied in Floer theory to a mean
value constraint of the loop. The critical points of s satisfy

{ drv(1) =nXg (). teR/Z,

@ H()) =0.

Here we used the fact that H is invariant under its Hamiltonian flow. Since the
restriction of the Hamiltonian vector field Xz to X is the Reeb vector field, the
equations (2) are equivalent to

{8tv(t) =nR((t)), teR/Z,

3) v(t) e X, teR/7,

that is, v is a periodic orbit of the Reeb vector field on ¥ with period 7.!

Theorem 1.1. Under the above hypotheses, the Floer homology HF (4 is well-
defined. Moreover, if Hg for 0 < s < 1 is a smooth family of defining functions
for exact convex hypersurfaces X, then HF (s470) and HF (s4*1) are canonically
isomorphic.

Hence the Floer homology HF (s4f) is independent of the choice of the defining
Hamiltonian H for an exact convex hypersurface X, and the resulting Rabinowitz
Floer homology

RFH(Z,V) := HF (™)

does not change under homotopies of exact convex hypersurfaces.
The next result is a vanishing theorem for the Rabinowitz Floer homology
RFH(Z,V).

Theorem 1.2. If X is displaceable, then RFH(X, V) = 0.

Remark. The action functional i is also defined if H~!(0) is not exact con-
vex. However, in this case the Rabinowitz Floer homology RFH(s4*) cannot in
general be defined because the moduli spaces of flow lines will in general not be
compact up to breaking anymore. The problem is that the Lagrange multiplier n
may go to infinity. This phenomenon actually does happen as the counterexamples
to the Hamiltonian Seifert conjecture show; see [Ginzburg and Giirel 2003] and
the literature cited therein.

Denote by ¢y the first Chern class of the tangent bundle of V' (with respect to an
w-compatible almost complex structure and independent of this choice; see [Mc-
Duff and Salamon 1998, Theorem 2.69]). Evaluation of ¢; on spheres gives rise to a

IThe period 7 may be negative or zero. We refer in this paper to Reeb orbits moved backwards
as Reeb orbits with negative period and to constant orbits as Reeb orbits of period zero.
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homomorphism /., : w2 (V) — Z. If I, vanishes then the Rabinowitz Floer homol-
ogy RFH (X, V) can be Z-graded with half integer degrees, thatis, x € 1 /2 + Z.

The third result is a computation of Rabinowitz Floer homology (with Z,-
coefficients) for the unit cotangent bundle of a sphere.

Theorem 1.3. Let (V, A) be a complete exact convex symplectic manifold of bound-
ed topology satisfying I, =0. Suppose that ¥ C V is an exact convex hypersurface
with contact form o such that (X, Kker «) is contactomorphic to the unit cotangent
bundle S*S™ of the sphere of dimension n > 4 with its standard contact structure.
Then

Zy, ke{t—n+1i -1 1n-1+7.-2n-2),

RFHL(Z,V) = { 0, else

Applications and discussion. The following well-known technical lemma will al-
low us to remove completeness and bounded topology from the hypotheses of our
corollaries.

Lemma 1.4. Assume that 3 is an exact convex hypersurface in the exact convex
symplectic manifold (V,X). Then V can be modified outside of ¥ to an exact
convex symplectic manifold (17, )A») which is complete and of bounded topology. If
Ic, =0forV the same holds for V. If X is displaceable in V, then we can arrange
that it is displaceable in V as well.

Proof. Let Vi C V, ... be the compact exhaustion in the definition of an exact
convex symplectic manifold. Since X is compact, it is contained in V} for some k.
The flow of Yy, for times r € (—1, 0] defines an embedding ¢ : 3V}, x (—1,0] — V}
such that $*A = e" Ao, where Ao = A|yp, . Now define

(V1) := (Vi, M) Ug (8Vk x (=1,00), " Ao).

This is clearly complete and of bounded topology. The statement about /., is
obvious. If ¥ is displaceable by a Hamiltonian isotopy generated by a compactly
supported Hamiltonian H : [0, 1] x V' — R we choose k so large that suppH C
[0, 1] x V} and apply the same construction. O

As a first consequence of Theorem 1.2, we recover some known cases of the
Weinstein conjecture; see [Viterbo 1999] and [Frauenfelder et al. 2005].

Corollary 1.5. Every displaceable exact convex hypersurface ¥ in an exact con-
vex symplectic manifold (V, A) carries a closed characteristic. In particular, this
applies to all exact convex hypersurfaces in a subcritical Stein manifold, or more
generally in a stabilization V x C.

Proof. In view of Lemma 1.4, we may assume without loss of generality that (V, 1)
is complete and of bounded topology. Then by Theorem 1.2 the Floer homology
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HF (s4") vanishes, where H is a defining function for . On the other hand, in the
absence of closed characteristics the constant loops in X give rise to HF (A ) =~
H(X) # 0, contradicting the vanishing of HF (s4f). |

For further applications, the following notation will be convenient. An exact
contact embedding of a closed contact manifold (X, £)? into an exact convex sym-
plectic manifold (V, 1) is an embedding ¢: ¥ — V such that:

(i) There exists a 1-form & on X such that kero = £ and o — (* A is exact.
(ii) The image ¢(X) C V is bounding.

In other words, ((X) C V is an exact convex hypersurface with contact form ¢
which is contactomorphic (via t=1) to (X, £).
Now Theorems 1.2 and 1.3 together with Lemma 1.4 immediately imply:

Corollary 1.6. Assume that n > 4 and there exists an exact contact embedding t of
S*S™ into an exact convex symplectic manifold satisfying I, = 0. Then 1(S*S™)
is not displaceable.

Since in a stabilization V' x C all compact subsets are displaceable, we obtain
in particular:

Corollary 1.7. For n > 4 there does not exist an exact contact embedding of S*S™
into a subcritical Stein manifold, or more generally, into the stabilization (V X
C, A @ Ac) of an exact convex symplectic manifold (V, L) satisfying 1., = 0.

Remark. If 7 is even then there are no smooth embeddings of S*S” into a sub-
critical Stein manifold for topological reasons; see Appendix D. However, at least
for n = 3 and n = 7 there are no topological obstructions; see the discussion below.

If (V, J, f) is a Stein manifold with f a Morse function, P. Biran [2006] defines
the critical coskeleton as the union of the unstable manifolds (with respect to V f)
of the critical points of index dim V' /2. It is proved in [Biran 2006, Lemma 2.4.A]
that every compact subset A C V' which does not intersect the critical coskeleton
is displaceable. For example, in a cotangent bundle the critical coskeleton (after a
small perturbation) is one given fibre. Thus Corollary 1.6 implies:

Corollary 1.8. Assume that n > 4 and there exists an exact contact embedding t of
S*S™ into a Stein manifold (V, J, f) satisfying 1., = 0. Then ((X) must intersect
the critical coskeleton. In particular, the image of an exact contact embedding of
S*S"™ into a cotangent bundle T* Q must intersect every fibre.

Remark. Let (: L — V be an exact Lagrangian embedding of L into V, that is,
such that (*A is exact. Since by Weinstein’s Lagrangian neighbourhood theorem
[McDuff and Salamon 1998, Theorem 3.33] a tubular neighbourhood of ¢(L) can

2 All contact structures are assumed to be cooriented
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be symplectically identified with a tubular neighbourhood of the zero section in the
cotangent bundle of L, we obtain an exact contact embedding of S* L into V. Thus
the last three corollaries generalize corresponding results about exact Lagrangian
embeddings. For example, Corollary 1.7 generalizes (for spheres) the well-known
result [Gromov 1985; Audin et al. 1994; Viterbo 1999; Biran and Cieliebak 2002]
that there exist no exact Lagrangian embeddings into subcritical Stein manifolds.
Corollary 1.8 implies (see [Biran 2006]) that an embedded Lagrangian sphere of
dimension > 4 in a cotangent bundle 7* Q must intersect every fibre.

Remark. Let us discuss Corollary 1.7 in the cases n < 3 that are not accessible
by our method of proof. We always equip C” with the canonical 1-form A =
LYt (xidyi — yidx;).

n = 1: Any embedding of two disjoint circles into C is an exact contact embed-
ding of S*S1, so Corollary 1.7 fails in this case.

n = 2: In this case Corollary 1.7 is true for purely topological reasons; we
present various proofs in Appendix D.

n = 3: In this case Corollary 1.7 is true for subcritical Stein manifolds and can
be proved using symplectic homology; see the last remark in this section.

Example. In this example we illustrate that the preceding results about exact con-
tact embeddings are sensitive to the contact structure. Let n = 3 or n = 7. Then
S*S™ = S x S~ embeds into R”*! x S”~1. On the other hand R* ™1 x §”~1 is
diffeomorphic to the subcritical Stein manifold 7* $”~! xC, and identifying S *S”
with a level set in 7*S"~! x C defines a contact structure Egperic on S*S” . Thus
(S*S™, Esuberit) has an exact contact embedding into a subcritical Stein manifold
(in fact into C") for n = 3,7, whereas (S*S7, &) admits no such embedding by
Corollary 1.7. In particular, we conclude:

Corollary 1.9. The two contact structures Egpere and &g on S*S7 = S7 x S
described above are not diffeomorphic.

Remarks. (1) The contact structures Egperic and £ on S*S7 = S7 x S¢ are
also distinguished by their cylindrical contact homology. This follows from
a result by M.-L. Yau [2004] for &gyperit and a direct computation for &; see
Appendix E.

(2) Corollary 1.9 also holds in the case n = 3, although our method does not
apply there. This follows, for example, from the main result in [Cieliebak
et al. 2008]. As pointed out by O. van Koert, the contact structures Egyperic
and £ on S*S3 = §3 x S? are not distinguished by their cylindrical contact
homology; see Appendix E.

(3) The contact structures £ and £ on S3 x S? are homotopic as almost contact
structures, that is, as symplectic hyperplane distributions. This follows simply
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from the fact (see for example [Geiges 2008, Proposition 9.1.1]) that on closed
oriented 5-manifolds almost contact structures are classified up to homotopy
by their first Chern classes and ¢ (§) = ¢1(&g) = 0. It would be interesting
to know whether £ and £; on S7 x S are also homotopic as almost contact
structures. Here the first obstruction to such a homotopy vanishes because
¢3(§) = c3(&y) = 0, but there are further obstructions in dimensions 7 and 13
which remain to be analysed along the lines of [Morita 1975].

Remark (Obstructions from symplectic field theory). Symplectic field theory (see
[Eliashberg et al. 2000]) also yields obstructions to exact contact embeddings. For
example, by neck stretching along the image of an exact contact embedding, the
following result can be deduced using the techniques in [Cieliebak and Mohnke
2004]:

Let (22"=1 &) be a closed contact manifold with H,(%;Z) = 0 which admits
an exact contact embedding into C". Then for every nondegenerate contact form
defining & there exist closed Reeb orbits of Conley—Zehnder indices n + 1 + 2k for
all integers k > 0.

Here Conley—Zehnder indices are defined with respect to trivializations extend-
ing over spanning surfaces. This result applies in particular to the unit cotangent
bundle ¥ = S*Q of a closed Riemannian manifold Q with H;(Q;Z) = 0. For
example, if Q carries a metric of nonpositive curvature then all indices are <n—1
and hence S*Q admits no exact contact embedding into C". On the other hand,
any nondegenerate metric on the sphere S” has closed geodesics of all indices
n+ 142k, k >0, so this result does not exclude exact contact embeddings
S*S" — C".

Remark (Obstructions from symplectic homology). Corollary 1.7 for subcritical
Stein manifolds can be proved for all # > 3 by combining the following five results
on symplectic homology. See [Cieliebak and Oancea 2008] for details.

(1) The symplectic homology SH(V') of a subcritical Stein manifold V' van-
ishes [Cieliebak 2002a].

(2) If ¥ C V is an exact convex hypersurface in an exact convex symplectic
manifold bounding the compact domain W C V, then SH(V) = 0 implies
SH(W) = 0. This follows from an argument by M. McLean [2007], based
on Viterbo’s transfer map [Viterbo 1999] and the ring structure on symplectic
homology.

(3) If SH(W) = 0, then the positive action part SH™ (W) of symplectic homology
is only nonzero in finitely many degrees. This follows from the long exact
sequence induced by the action filtration.
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(4) SH™ (W) equals the nonequivariant linearized contact homology NCH (W).
This is implicit in [Bourgeois and Oancea 2007]; see also [Cieliebak and
Oancea 2008].

(5) If oW = §*S" and n > 3, then NCH (W) is independent of the exact filling
W and equals the homology of the free loop space of S” (modulo the constant
loops), which is nonzero in infinitely many degrees.

2. Exact contact embeddings

Let X be a connected closed (2n—1)-dimensional manifold. A contact structure &
is a field of hyperplanes & C T'X such that there exists a 1-form « satisfying

£=kera, aAnda™1>0.

The 1-form « is called a contact form. It is determined by & up to multiplication
with a function /> 0. Given a contact form o the Reeb vector field R on ¥ is
defined by the conditions

tpda =0, o(R)=1.

Unit cotangent bundles have a natural contact structure as the following example
shows.

Example. For a manifold N we denote by S*N the oriented projectivization of
its cotangent bundle 7* N, that is, elements of S*N are equivalence classes [v*]
of cotangent vectors v* € T*N under the equivalence relation v* =~ w™* if there
exists ¥ > 0 such that v* = rw*. Denote by 7: S* N — N the canonical projection.
A contact structure £ on S*N is given by

£+ = ker(v* odm).

If g is a Riemannian metric on N then S*N can be identified with the space
of tangent vectors of N of length one and the restriction of the Liouville 1-form
defines a contact form. Observe that the Reeb vector field generates the geodesic
flow on V.

Consider an exact contact embedding ¢: (X,£) — (V,A) such that @ = (*A
defines a contact form £. One might ask which contact forms « can arise in this
way. The following proposition shows that if one contact form defining the contact
structure & arises from an exact contact embedding, then every other contact form
defining & arises as well.

Proposition 2.1. Assume that 1 : (2,&) — (V, ) is an exact contact embedding
with & =ker(*A. Then for every contact form « defining the contact structure & on
Y. there exists a constant ¢ > 0 and a bounding embedding 1o: X — V such that
LA = ca.
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Proof of Proposition 2.1. The proof uses the fact that if there exists an exact contact
embedding of a contact manifold into an exact convex symplectic manifold (V, 1)
then the negative symplectization can be embedded. To see that we need two facts.
Recall that the vector field Y is defined by the condition A = ty, dA.

Fact 1. The flow qﬁi of Yy, exists for all negative times t.

Indeed, let x € V. Then x € V}, for some k. As Yy points out of V} along dVy,
qbi (x) € Vj for all ¢ < 0 and compactness of V}, yields completeness for ¢ < 0.

Fact 2. The vector field Y, satisfies
(4) Lyk)x =O, LY;L)\ :)x,

where Ly, is the Lie derivative along the vector field Y. In particular, the flow
@5 of Y, satisfies (¢;)* A = e” L.

Indeed, the first equation in (4) follows directly from the definition of Y;. To
prove the second one we compute using Cartan’s formula

LYA)\ = dLY,\)\ +Lka)x =A.

Now set o = t*A and consider the symplectic manifold (X xR_, d(e” ao)) where
r denotes the coordinate on the R-factor. By Fact 1, the flow ¢, exists for all r <0.
By Fact 2, the embedding

EEXR-—=V, (x,r)— ¢ (L(x))
satisfies
O*A = e ay.

If « is another contact form on X which defines the contact structure & then there
exists a smooth function py € C°°(X) such that

a = ePrqy.
Set m := maxy, pg and ¢ := e, Then
l: X =V, x> 1(x, pg(x)—m)
gives the required contact embedding for «. O

Remark. If the vector field Y) is complete, then the preceding proof yields a
symplectic embedding of the whole symplectization (Z xR, d(e" ao)) into (V, w).
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3. Rabinowitz Floer homology

In this section we construct the Floer homology for the Rabinowitz action func-
tional defined in the introduction and prove Theorem 1.1 and Theorem 1.2. We
assume that the reader is familiar with the constructions in Floer theory which can
be found in Floer’s original papers [1988a; 1988b; 1988c; 1989b; 1989a] or in
Salamon’s lectures [1999]. The finite dimensional case of Morse theory is treated
in [Schwarz 1993].

Throughout this section we maintain the following setup:

e (V, 1) is a complete exact convex symplectic manifold of bounded topology.

e 3 C V is an exact convex hypersurface with contact form o and defining
Hamiltonian H such that « = A|y and Xz = R along X.

Our sign conventions for Floer homology are as follows:
 The Hamiltonian vector field Xy is defined by dH = —ix,, w, where w = d .

e An almost complex structure J on V is w-compatible if w(-, J-) defines a
Riemannian metric. Thus the gradient with respect to this metric is related to
the symplectic vector field by Xg = JVH.

¢ Floer homology is defined using the positive gradient flow of the action func-
tional s¢ .

3.1. Compactness. In this subsection we prove that the moduli space of gradient
flow lines of the Rabinowitz action functional of uniformly bounded energy is
compact up to breaking of gradient flow lines. There are three difficulties one has
to solve.

e An L°°-bound on the loop v € &.
e An L°-bound on the Lagrange multiplier n € R.
e An L°-bound on the derivatives of the loop v.

Although the first and the third point are nontrivial they are standard problems in
Floer theory one knows how to deal with. The L°°-bound for the loop follows
from the convexity assumption on V and the derivatives can be controlled since
our symplectic manifold is exact and hence there is no bubbling of holomorphic
spheres. The new feature is the bound on the Lagrange multiplier . We will
explain in detail how this can be achieved. It will be essential that our hypersurface
is convex.

We first derive the gradient flow equation for the Rabinowitz action functional.
To compute the gradient we have to explain the metric on the space & x R. The
metric we choose on &£ x R is the product metric of the standard metric on R and a
metric on & coming from a family of w-compatible almost complex structures J;
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on V. Inorder to deal with the L°°-bound for the loop we have to choose the almost
complex structures compatible with the convex structure. As we remarked in the
introduction, completeness implies that there exists a contact manifold (M, opz)3
such that a neighbourhood of infinity of the symplectic manifold (V, ) can be
symplectically identified with (M x R4, d(e"apr)), where r refers to the coordi-
nate on Ry = {r € R:r > 0}. Since H is constant outside of a compact set, we
can further choose M x Ry in such a way that Xz vanishes on it. We require that
J; for every t € [0, 1] is cylindrical on M x Ry in the following sense:.

e For each x € M we have J; (x)% = Ry, where Ry is the Reeb vector field
on (M, apy).

e J; leaves the kernel of aps invariant for every x € M.

e J; is invariant under the local half flow (x,0) — (x,r) for (x,r) e M xR.

For such a family of w-compatible almost complex structures J; we define the
metric g7 on £ xR for (v,7) € £ xR and (D1, 71), (02,12) € T(y,y) (£ x R) by

1
£ (B i) B2 ) = [ 01 S0 dt + i
0
The gradient of s with respect to this metric is given by

~J1()(3:v —nXp (v)) ) .

VoAl = v, 94 =
7 ( — [ H() d1

Thus gradient flow lines of V4 are solutions (v, 7) € C*®(RxS!, V)xC®(R, R)
of the following problem

{mv+awxmwwﬂyw»=o

) 9sn+ [3 H(v)dt = 0.

It is useful to also consider time-dependent Hamiltonians of the form
HX(1,x) = x(t)H (x)
for a defining Hamiltonian A and a function y € C®(S!, R) which satisfies

1
(6) / x(t)dt = 1.
0

We define the Rabinowitz action functional #* as above with H replaced by
HX. As the Hamiltonian vector field of HX is given by Xgx = xXp, critical

3Be careful! Do not confuse the contact manifolds (M, aps) and (X, ).
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points of s4” satisfy the equations

drv =nx(t)Xg (v)
Jo x@H(v(0)) dt =0.

The first equation shows that v is a reparametrized periodic orbit of Xg. In par-
ticular, H is constant along v and the second equation yields H(v(¢)) = 0, so
v correspond is a reparametrized Reeb orbit on X. Thus critical points of s{f*
correspond to solutions of the problem

{ drv(1) =nx(@O)R((1). t €R/Z,

) v(t) e X, teR/Z.

In particular, there is a natural one-to-one correspondence between critical points
of the Rabinowitz action functionals s for fixed different choices of X-
The gradient flow equation for ¢ * becomes

®) dsv + J1(v)(0rv— xnXE (v)) =0

dsn + fol xHv)dt =0.
We will show that Floer Rabinowitz homology is also independent of the func-
tion . The reason to introduce it will become clear in the proof of vanishing
result Theorem 1.2.

We can now formulate the compactness result for gradient flow lines.

Theorem 3.1. Let H be a defining Hamiltonian and x a function satisfying (6) as
above. Assume that wy, = (v,,1m,) € C®(Rx S, V) x C®(R,R) forveNisa
sequence of flow lines of VAT for which there exists a < b such that

) a <A (w,(s)) <b, veN, seR

Then there exists a subsequence v; of v and a flow line w of VAH" such that Wy,
converges in the C.37 (R x S V)x C2(R, R)-topology to w.

We note that since the action is increasing along gradient flow lines it follows that
if the sequence of gradient flow lines w, in Theorem 3.1 has fixed asymptotics
limg—s 00 Wy (s) = wE € crit(4H”), then assertion (9) automatically holds for
a=dH (w™) and b = AH* (w™).

The following proposition is our main tool to bound the Lagrange multiplier 7.

Proposition 3.2. Let HX(t,x) = x(¢t)H(x) where x satisfies (6) and Xg = R
along ¥ = H™Y(0) (but H need not have compact support). Then there exist
constants € > 0 and ¢ < oo such that the following implication holds:

IVt )l <e = [nl <c(|4 (@, m)| +1).
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We first prove a lemma which says that the action value of a critical point of
AH* that is, a reparametrized Reeb orbit, is given by the period.

Lemma 3.3. For HX as in Proposition 3.2 and (v, ) € crit(4H”) we have
s (w,m) =n.

Proof. Inserting (7) into s¢” and using o = A|x, we compute

&ﬂHX(v,n)=n/0

Proof of Proposition 3.2. We prove the proposition in three steps. The first step is
an elaboration of the observation in Lemma 3.3.

1 1 1

xA(V)R(v)dt = 77/0 a(V)RW)x dt = n/o xdt=n. O

Step 1. There exists § > 0 and a constant cg < oo with the following property. For
every (v,1) € £ X R such that v(t) € Ug = H_l((—S, 8)) for everyt € R/Z, the
following estimate holds:

Inl < 21477 (v, )| + csl| VAT (v, ).
Choose § > 0 so small such that

M) Xp(x) =148, xeUs,
and set
¢s = 2[1AMys llo-
We estimate

1 1
7 (0, )] = ‘ [ rwao—n [ oo dt‘

1 1
- ‘n /O ) X (0) + /0 A(0) (370 — XX ()

1
— [ ) ar
1 1
= o [ i) -| [ 1060 xxaw)
1
o [ amwya
> [1l(5 +8) = L19e— X @) — |3
> 1L S0 — k0
= - S vat ..



A FLOER HOMOLOGY FOR EXACT CONTACT EMBEDDINGS 265

Step 2. For each § > 0 there exists € = €(8) > 0 such that if |VAH* (v, n)|| <e,
then v(t) € Us for every t €0, 1].

First assume that v € & has the property that there exist ¢y, 11 € R/Z such that
|H(v(ty))| = 6 and | H(v(#1))| < 6/2. We claim that

HX S
(10) IVst™" (.l = 5 -

for every n € R, where

k:= max [V H(x)|;.

xeUg,teS!

To see this, assume without loss of generality that 7o < ¢y and §/2 < |H(v(z))| <6
for all 7 € [tg, ¢1]. Then we estimate

1
IVt (v, > \/ /0 1000 — XX (0|12 dt
1
> [0 1000 — XX (v)] dt

15}
> / 1370 — xn Xz ()]l de
1

0

1 [t
;f VH@)[ - |0:v— xnXp ()| dt
i1

0

A%

5]

= [ 19 HE. o)
_ %/ml (VH (). 3,v)| dr

1"
E/ }dH('U)atU|d[

o

1/“ |9, H(v)| dt

K

>1 /: 3 H(v) dt‘

= L|H W)~ How))

= (@]~ [HEw))])
> 9

T 2

This proves (10).
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Now assume that v € & has the property that v(7) € V' \ Us, for every ¢ € [0, 1].
In this case we estimate

1
(an Vst 0, = /0 CH@@) di] = 8

\S]

for every n € R. From (10) and (11), Step 2 follows with
)

€= Tl
Step 3. We prove the proposition.
Choose 6 as in Step 1, € = €(§) as in Step 2 and
¢ = max{2, cge}.
Assume that ||[Vs4#” (v, )| < €. Step 1 and Step 2 imply that
Il = 21" )| + sV 0| < (|t )| + 1),
This proves Proposition 3.2. O

A careful inspection of the proof of Proposition 3.2 shows that all the constants
depend continuously on the defining Hamiltonian H. In particular, Proposition 3.2
can be strengthened to families.

Proposition 3.4. Assume that Hy for 0 < o < 1 is a smooth family of defining
Hamiltonians for exact convex hypersurfaces Yo and xq is a smooth family of
functions satisfying (6). Then for HX(t,x) := xo(t) Hy(x) there exist constants
€ > 0 and ¢ < 0o such that for every 0 < o < 1 the following implication holds:

X X
IVtHe )| <e = |n| (|45 . n)|+1).

Proposition 3.2 allows us to control the size of the Lagrange multiplier 5. Our first
corollary considers the case of gradient flow lines.

Corollary 3.5. Assume that w = (v, ) € C®(Rx S, V)xC®(R, R) is a gradient
flow line of AH * which satisfies

a <A (w(s)) <b, seR

fora,b € R. Then the L°°-norm of 1 is bounded uniformly in terms of a constant
¢ < 00 which only depends on a and b.

Proof. Let € be as in Proposition 3.2. For o € R let 7(0) > 0 be defined by

t(0) :=inf {r > 0: |Vt " ((v, ) (0 + (0))) | <€}
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We abbreviate the energy of the flow line (v, n) by

o0 X
E :=/ IVstH” (0, n)|2 ds

—0oQ
= lim 47 (w(s))— lim A7 (w(s))
§—>00 §—>—00
<b-a.

We claim that
b—a

(12) o) = —

To see this we estimate

o+1(0) X
paz [ VAT Gl ds 2 w00

o
This implies (12).
We set
M = max{|al, |b|}.
We deduce from Proposition 3.2 and the definition of (o) that there exists a con-
stant cps depending on M but not on the flow line such that

(13) [n(o +1(0))| < cm.

Set

(14) | H ||oo = max | H(x)].
xevV

We estimate using (12), (13), and (14):

o+1(o0)

n@)] < |n(o + ()| +[ 194n(s)] ds

o

= [n(o +7(0))| JF/;7

<cm + [[H|oot(0)

H||oo (b —
4 VHllestb=0)
€

o+1(o0)

1
/ xH(s,t)dt|ds
0

=cm

The right hand side is independent of o and hence we get

1 Hlloo (b —a)

(15) Inlloo < car + >
€

This proves Corollary 3.5. O
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Proof of Theorem 3.1. As we mentioned at the beginning of this subsection we
establish compactness by proving the following uniform bounds:

e An L°°-bound on the loop v € &.
e An L®-bound on the Lagrange multiplier n € R.

¢ An L°°-bound on the derivatives of the loop v.

Since the support of Xg lies outside of M x R4, the first component v of a gra-
dient flow line (v, 7n) which enters M x Ry will satisfy the holomorphic curve
equation by (8). By our choice of the family of almost complex structures the
convexity condition guarantees that v cannot touch any level set M x {r} from
inside (see [McDuff 1991, Lemma 2.4]), and since its asymptotics lie outside of
M x R4 it has to remain in the compact set V \ (M x R4) all the time. This
gives us a uniform L °°-bound on v. Corollary 3.5 implies that 7 remains bounded,
too. Since the symplectic form w is exact there are no nonconstant J-holomorphic
spheres. This excludes bubbling and hence the derivatives of v can be controlled;
see [McDuff and Salamon 2004]. O

To prove invariance of Rabinowitz Floer homology under homotopies we also
have to consider the case of s-dependent action functionals. Assume that H, for
0 <o =<1 is a smooth family of defining Hamiltonians for exact convex hypersur-
faces 34 and y is a smooth family of functions satisfying (6). To such a homotopy
we associate the following two nonnegative quantities

|H|loo= max |Hy(x)|, [|Hl|loo= max |Hy(x)|
XGV, ers
0€[0,1] 0€[0,1]

where the dot refers to the derivative with respect to the homotopy parameter o.
We further fix a smooth monotone cutoff function B € C*°(R, [0, 1]) satisfying
B(s) =1fors > 1and B(s) = 0 for s < 0. Using the cutoff function B we also
consider the R-parametrized family of defining Hamiltonians

Hy = Hpg), seR
which is constant for s < 0 and s > 1. We set
H_=H;, s<0, Hy=H;, s>1.
Accordingly we set

Xs = XBis)» SER,  x—=xs, =<0, x+=xs. s=1,
[ Xlloo = max |xo(2)].
tes!

o€l0,1]
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We abbreviate
HY = HX, HY=H*.
The s-dependent generalization of Theorem 3.1 is the following.
Theorem 3.6. Suppose that Hy for 0 < o < 1 is a smooth family of defining
Sfunctions for exact convex hypersurfaces 3o and o is a smooth family of functions

satisfying (6). Let € > 0 and ¢ < oo be constants as in Proposition 3.4. Suppose
that the following inequality holds

1
-3
Assume that wy, = (vy, ) € CP(Rx ST, V) x C®(R, R) for v € N is a sequence

of flow lines of the s-dependent gradient Vo 2 for which there exists a,b € R
such that

(16) (c 4 0022 (Wt oo + 210 1H1e0) =

Jim ¥ o) za, Jim ot wi(s) b veN. seR.

Then there exists a subsequence v; of v and a flow line w of VA such that Wy,
ORx S, V)xC
Proof. The proof follows the same scheme as the proof of Theorem 3.1 as soon
as the uniform bound on the Lagrange multiplier is established in the s-dependent
case. This is done in Corollary 3.7 below. O

converges in the C (R, R)-ropology to w.

loc loc

Corollary 3.7. Under the assumptions of Theorem 3.6 assume that w = (v, 1) is a
flow line of VA such that for a,b € R

lim A58 w(s) >a,  lim 48 (w(s)) <b.
§—>—00 §—>00
Then the Lagrange multiplier 1) is uniformly bounded in terms of a constant which

only depends on a and b.

Proof of Corollary 3.7. In the s-dependent case the action along a gradient flow
line (v, n)(s) is not necessarily increasing any more. Instead the following formula
holds:

d X X X
ST ) (s) = IV )17 + @sst ™) (0, 1) 5)

= |Vt 5 (v, m) () |2

0H dxs
(17) —n(s)/ Xs 5t (0) + 2

= |Vt P (v, n)(s)n2

T H, (v))

. 1 .
—)B(s) /0 (K506 Fsor (0) + o) Hpoy () di
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As in the s-independent case we abbreviate

M = max{|al, |b|}.
Using (17) we estimate the action of the gradient flow line (v, n) for each s € R by
(18) |55 (W, ) ()] < M+ [1lloo (| H lloo + 1 Xlloo | H 1 oo)-

In the s-dependent case the energy is not given any more just by the action differ-
ence. If we define the energy E as before we obtain

o0 X
E :=/ IV 5 v, |12 dis

—00
oo X
fb—a—/ (3S&QHS )(v, n) ds.
—0o0
Using (17) we obtain the estimate
(19) E<b—a+Inleo(lHlloo+ lXllco 1 Hlloo)-

For € > 0 as in Proposition 3.4 we define (o) for o € R as in the proof of Corollary
3.5. Then the estimate (12) continues to hold. Using Proposition 3.4 as well as the
estimates (12),(18), and (19) we get for any 0 € R

o+t(o)

)] < In(o + 7(@))| +/ 13sn(s)] ds
o
= C(‘&QHJX-FI(U)(U, 17)‘ + 1) +1(0)||H|l oo
- | | Hlloo E
< (M 4+ 1) (| H oo + 1o | H lloo) oo + 1525

<c(M+1)+ —”H”‘”gb —<)

1H] s
+ (c+55%) - (1o + oo 1 Hloo) - Il

Since o € R was arbitrary we obtain

[Mlco < c(M + 1) + w

4] s
(e +522) - (1 loo + oo 1 Hloo) - Il

Using the assumption (16) of the corollary we conclude that

2| Hlloo(b —a)

(20) Inlloo < 2(M +1) + =
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(Here a constant 1/2 instead of 1/8 in (16) would suffice; the smaller constant 1/8
will be needed for Corollary 3.8 below). This finishes the proof of Corollary 3.7
and hence of Theorem 3.6. O

We can further deduce from Corollary 3.7 the following corollary which is not
needed for the proof of Theorem 3.6, but which we will need later in the invariance
proof for Floer Rabinowitz homology.

Corollary 3.8. Under the assumptions of Corollary 3.7, let (v, n%) be critical
points of the Rabinowitz action functionals APE and suppose that there exists a
gradient flow line (v, n)(s) of the s-dependent Rabinowitz action functional A H
between (v, 1) and (v, n™).

(a) Ifthe action at the negative asymptotic satisfies
1) A= ) = 1,

then the action at the positive asymptotic satisfies

1
At o)z At @),
(b) If the action at the positive asymptotic satisfies
(22) s (ot ) < -1,

then the action at the negative asymptotic satisfies
1
A2 @) < St @),

Proof. We only prove cases (a) and (b) being completely analogous. We first
assume that the absolute value of the action at the positive asymptotic satisfies the
inequality

23) st o) < st ).

Using the notation from the proof of Corollary 3.7 we deduce from (23) that
M:&QHl(v_,n_), b—a=0.

Hence we get from (20) and (21) the inequalities

Il < 2¢(A* 0™, ™) + 1) < dest (0™, 7).
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This implies together with (16) and (19)
X X, — _ . .
st F ™) 2 077 07 0 7) = oo (1 H lloo + 1 7lloo - 1 lloc)
= (1=4¢ (I Hlloo + I illoo 1 llo0) )5t ™ (v 1)
> l&ﬁHz (v",n7).
2
This implies the corollary under the additional assumption (23).

Now assume that (23) does not hold. To prove the corollary it suffices to exclude
the case

(24) s HE (o ) <~ (0™ ).
We assume by contradiction (24). We then obtain
M:—wHi(v+,n+), b—a=<0.
In particular, from (20) and (21) we get
I1lloo < —dest™F @ F 5.
Hence
A7) < A"E @) + oo (1 H oo + 1 lloo * | H lloo)
= (1=4¢(IH oo + I Xlloo - | H llo0) )55 (v )

But this implies that

ATX (™ ) <0
which contradicts assumption (21). Hence (24) has to be wrong and Corollary 3.8
follows. 0

3.2. Proof of Theorem 1.1.

Definition of Rabinowitz Floer homology. The Rabinowitz action functional ¢
is invariant under the S!-action on £ x R given by t4x(v(-),n) — (v(t +-), 7). In
particular, the action functional s¢! is never Morse. Similar things happen for the
perturbed version 4 * since AH” is still invariant under a reparametrized action
of the circle on & x R. However, generically s¢f * is Morse—Bott, simultaneously
for all perturbations x. We define Rabinowitz Floer homology in this subsection
under the Morse—Bott assumption and then use invariance established in the next
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subsection which allows us to perturb the hypersurface to make the Rabinowitz
action functional Morse—Bott.

More precisely, we make the following nondegeneracy assumption on the Reeb
flow ¢; of the contact form « on X.

(A) The closed Reeb orbits of (X, «) are of Morse—Bott type, that is, for each
T € R the set N7 C X formed by the T-periodic Reeb orbits is a closed
submanifold, the rank of du/|y, is locally constant, and 7, N7 =ker(Tp¢1 —
id) for all p € N7.

Assumption (A) is satisfied for generic hypersurfaces. (This result is of course
well known, but since we did not find a proof in the literature we include one in
Appendix B). Note that the contact condition is an open condition and assumption
(A) is generically satisfied. Since we prove that our homology is invariant under
homotopies we can assume without loss of generality that (A) holds. If (A) is
satisfied, then the action functional AH* is Morse—Bott.

Remark. In fact, we prove in Appendix B that on generic hypersurfaces all 7T'-
periodic Reeb orbits y with T # 0 are nondegenerate, that is, the linearization
Tyor : &y — & at p = y(0) does not have 1 in its spectrum. In this case the
critical manifold of s¢#* consists of a union of circles (corresponding to k-fold
covers for 0 # k € Z) for each simple nonconstant Reeb orbit and a copy of the
hypersurface X for the constant solutions, that is, critical points with n = 0.

There are several ways to deal with Morse—Bott situations in Floer homology.
One possibility is to choose an additional small perturbation to get a Morse sit-
vation. This was carried out by Pozniak [1999], where it was also shown that
the local Floer homology near each critical manifold coincides with the Morse
homology of the critical manifold. (In fact, the construction in [PoZniak 1999] is
for Lagrangian intersections; see [Biran et al. 2003] for the transfer to the periodic
orbit case). Another possibility is to choose an additional Morse function on the
critical manifold. The chain complex is then generated by the critical points of this
Morse function while the boundary operator is defined by counting flow lines with
cascades. This approach was carried out by the second named author in [2004]
and we recall it in Appendix A. And though it is formulated in finite dimensions,
it directly carries over to the case of Floer homology; see also [Bourgeois 2003]
and [Bourgeois and Oancea 2007] for discussions of Morse—Bott homology in
infinite dimensional situations.

Following the second approach we choose an additional Morse function / on
crit(s4f”). The Floer chain group CF(sAH” 1) is defined as the Z,-vector space
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consisting of formal sums of critical points of /

X = E XcC

cecrit(h)

where the coefficients x. € Z, satisfy the finiteness condition
(25) #{c ecrit(h) : x. # 0, AH" (c) =k} <o0

for every k € R. To define the boundary operator, we choose an additional Rie-
mannian metric g on the critical manifold crit(s4 X). For two critical points
¢, c+ € crit(h) we consider the moduli space of gradient flow lines with cascades
Me_ ey (AH “ h,J, g); see Appendix A. For a generic choice of J and g this
moduli space of is a smooth manifold. It follows from the Compactness Theorem
3.1 that its zero dimensional component Jl/tg_’ et (AH* h, J, g) is actually compact
and hence a finite set.
We now set

n(e_,cy) = #M° (&QHX,h,J,g) mod 2 € Z,

c—,c4

and define the Floer boundary operator
3: CF(A®" by - CF(«4H” )
as the linear extension of

dc = Z n(c’, c)c’

¢’ ecrit(h)

for ¢ € crit(h). Note the reversed order of the arguments in n(c’, ¢), which reflects
the fact that we define homology rather than cohomology.

For this definition to make sense, we need to verify that the sum in the definition
of dc satisfies the finiteness condition (25) for every c. Since n(c’, ¢) # 0 implies
AH* (¢"y < A7 (¢), it suffices to show

(26) #{c ecrit(h):a <A™ (c) < b} < 00

for all @ < b. Since by Lemma 3.3 the action o4 * at a critical point is given by
the period, this finiteness statement follows from the Arzela—Ascoli theorem.
Again using the Compactness Theorem 3.1 the standard argument in Floer the-
ory shows that
¥* =0.
We define the Floer homology as usual by

kerd
HF (A" 1, J, g) = —=.
imo
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Standard arguments show that HF (4" 1, J, g) is independent up to canoni-
cal isomorphism of the choices of 4, J and g, so we will denote it simply by
HF (s477).

Invariance. It remains to prove invariance of HF (s¢f “) under homotopies of the
Hamiltonians HX. So consider a smooth family of defining Hamiltonians H, for
exact convex hypersurfaces X, and a smooth family of functions . satisfying (6).
Let € > 0 and ¢ < oo be the constants for the homotopy H, in Proposition 3.4. Fix
N e N and define for 0 < j < N — 1 the homotopies

H] = Hj4o/N. XL = Xj+o/N-

By choosing N € N large enough we can assume that foreach 0 < j < N —1 the
inequality

1

vl y . .
@7 (e+52) - (1 Nloo + 17 oo I1H llo0) < 7
€

holds. To simplify notation, we replace the original homotopy by the homotopy
(H({ , Xé) for some j and drop the index j, so that H, satisfies inequality (27).

Define the (s, #)-dependent Hamiltonian H} and H. i as in the discussion before
Theorem 3.6 and pick Morse functions #¥ on the crit(&ﬂHi). For two critical
points ¢+ € crit(hT) we consider the moduli space of gradient flow lines with
cascades Mc_ ¢, (&ﬁHsX,h, J, g%) for the s-dependent action functional AHS 1t
follows from the Compactness Theorem 3.6 that its zero dimensional component
JVLS_’CJF (&Qst,h, J, g%) is a finite set. We set

mce_,cy) = #M° (A5 h, T, ¢%) mod 2 € 7,

c—,ct

and define a linear map
¢: CF(AHE 'ty — CF(saH% 1)
as the linear extension of

o(cy) = Z m(c—,cq)e—

c—€crit(h™)

for cy e crit(h™).

Again, we need to verify that the sum in the definition of ¢ (c4) satisfies the
finiteness condition (25) for every c4. Since by Corollary 3.8, m(c—,c4) # 0
implies AHX(c_) < max(2&dH3ﬁ (c4), 1), this follows again from the finiteness
statement (26) for HX.
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Again using the Compactness Theorem 3.6 the standard argument in Floer the-
ory shows that

"¢ =¢d",
so ¢ induces a map on Floer homology
@ : HF(474) = HF (0 H%).
For o € [0, 1] define the inverse homotopy
Ho = Hy_,, Xo = Xi-o-
Again this homotopy yields a homomorphism
W HF (452 > HF(4H5)

by counting gradient flow lines of sAHY . For R > 1 define the concatenation of
H) and HY by the formula
— HY » 5<0,
K¥=Hl#gHl={ SR~
H p s=0.
The s-dependent Hamiltonian KX gives a homotopy from HX via H jf back to HX.
From (27) it follows that

IK] : : I
(e+732) - (1K lloo + 17 lloo - 1K lo0) < 5-
€

Using again Corollary 3.7 and Corollary 3.8 together with the standard gluing
argument we see that the composition

® o U: HF (41*) — HF (A41%)

is given by counting gradient flow lines of A Now for r € [0, 1] consider the
homotopy of homotopies

HX" = HX

N rs>

ﬁsi’r = Hz(s
Define further for s € R

KX = HX" #p HX".
Then for each r € [0, 1] the estimate

1
8

1K ooy (1 2, . f <
e+ 152 (1K oo + 1o 1 K o) <

continues to hold. Moreover,
K%0 = HX
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does not depend on the s-variable any more and therefore induces the identity on
Floer homology. It follows that

® oW = id: HF (A1) > HF (4H7).
Similarly, by concatenating H SX with H we see that
Wod = id: HF(AH%) — HF (4 H5),

hence ® defines an isomorphism between the Floer homology groups HF (&QH i)
and HF (4H%) with inverse W. This finishes the proof of Theorem 1.1. O

3.3. Proof of Theorem 1.2. For the proof of Theorem 1.2 we will consider more

general Rabinowitz action functionals depending on two (possibly time-dependent)
Hamiltonians H, F € C*(R/Z x V),

1
A (v, n) = &QH(v,n)—/O F(t, (v(1)) dt.

Critical points (v, n) € £ xR of sﬂg are solutions of the equation

08) { ;v =nXg (v) + Xp(v)

Jd H(t,v(0)) de = 0.

The gradient of &d? with respect to the L2-metric on £ x R induced by a family
of almost complex structures J; is given by the formula

(29) Vet (v, ) = ( J(t,v)(0:v —nXpE (., v) — XF(1,v)) ) ‘

— ) H(t,v)dt

Next consider s- and ¢-dependent Hamiltonians H, F' € C*°(R xR/Z x V') which
agree with s-independent Hamiltonians H*, F* € C®(R/Z x V) for large +s.
Then gradient flow lines of V&ﬂg with respect to an s- and #-dependent almost
complex structure J are solutions (v,7) € C*®(R x S, V x R) of the following
problem

0 050+ J(5,,0) (8,0 = 1Xpr (5.1, 0) = Xp(s,1,0)) =0
dsn + fol H(s,t,v)dt =0.
In particular, if Xz, XF vanish outside a compact set K C V for all (s, ¢) the first

equation shows that v is J-holomorphic outside K. If in addition J is cylindrical
outside K the maximum principle shows that v cannot exit K.
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In the s-dependent case the action along a gradient flow line w = (v, n)(s) is
not necessarily decreasing any more. Instead of that the following formula holds:

d
ool (0 )(s) = Vet 0,17 + @t ) (v, m)(5)

"oH
= IV 0P =00 [ G
L oF
| = d
(31) /(; aS(s,t,v)t
' OH
= Vel 0.6 P = Il [ max .00 de
o X 0s

! IF
—/ max — (s, ¢, x) dt.
o X 0s
We set
[oe) 1 oH
||83H||1,oo:=/ / max —(s,¢,x) dt ds,
—ecJo x O0s
and similarly for F. Moreover, we abbreviate
H H_ , — -
M = max {0 f+ ¥ D)) o))
Using (31) we estimate the action of the gradient flow line (v, n) for each s € R by
(32) A7 W, ()] = M + [1lloollds H 11,00 + 195 Fll1,00-

In the s-dependent case the energy is not given any more just by the action differ-
ence. We abbreviate by

H. H , - _
Ac=slp (") —sp=(wTn)

the action difference. Then the energy is given by

E:=/ IVt (v, ) (5)I? ds

— A—/ (354 (v, ) (s) ds.

—00

Using (31) we obtain the estimate
(33) E <A+ |nlloollds Hll1,00 + 195 Fll1,00-

Proof of Theorem 1.2. For a defining Hamiltonian H we abbreviate the support of
its Hamiltonian vector field by

S(Xy):=cl{x eV : Xg(x)#0}.
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If FeC®(R/ZxV)is adisplacing Hamiltonian for ¥ we can choose a defining
Hamiltonian in such a way that

PL(S(Xp) NS (Xy) = @.

We first consider the following version of the Rabinowitz action functional s¢#.
Pick a smooth function x € C*°(S!, R) with the following properties

1
(34) supp(x) C (0,1/2), /0 x(@)dt =1.

We define the time-dependent Hamiltonian HX (¢, x) = yx(¢) H(x) as before and
consider the following perturbation of o4 *. We first modify the displacing Hamil-
tonian F in the following way. Choose a smooth map p € C°([0, 1], [0, 1]) satis-

fying
Plio,1/21=0, p(1)=1.

For t € R set
F;O = p(t) Fpry € C(V).
Note that
o = B
We define
ﬂgpx:i xR—R
by

1
AT (0. o= 7 (v, ) — /O FP((u(0)) dr.

Critical points (v, n) € £ x R of &Q;I; are solutions of the equation

(35) { v =nxXg )+ pXp(v)

[ x @) H@(@)) dt =0,

It is easy to check that there are no solutions of (35). Indeed, assume first that
(v, n) is a solution of (35) with

v(0) £ S(Xm).

Since p has support in (1/2, 1) it follows from the first equation in (35) that

v[[0,1/2) = v(0) £ 6(Xg).

Since 0 is a regular value of H it follows that

H()l[o,1/21=¢ #0.
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In particular, since x has support in (0, 1/2) we obtain

1 1/2
/ KO H@(@) di = / A di = ¢ £0
0 0

contradicting the second equation in (35). So assume that (v, n) is a solution of
(35) such that

(36) v(0) € 6(Xg).

Since the vector fields Xgx and XFo are supported in disjoint time intervals we
obtain from the first equation in (35) that

(37 v(0) = v(1) = Pfp 0 by 2 (V(0)) = P 0 Py (v(0)).

Since v(0) € 6(Xg) we conclude that ¢ZI((U(0)) € 6(Xg), and since ¢ r disjoins
& (Xg) from itself we conclude with (37) that v(0) ¢ &(Xg) contradicting (36).
This proves that

(38) crit(8)) = @.

Remark. At this point, one would like to interpret (38) as vanishing of the Floer
homology HF (&ﬁgpx) and conclude the proof of Theorem 1.2 by showing the iso-
morphism HF (&ﬁH X) ~ HF (ﬂgpx). This would require a definition of the Floer
homology HF (&ig ,)X) for arbitrary H, F and can indeed be done. However, below
we will prove HF (&iH X) = 0 more directly without actually defining the more
general Floer homologies HF (&ﬁgpx).

For the proof of Theorem 1.2 we need the following lemma which strengthens
the assertion (38).

Lemma 3.9. Let HX and FP be as above. Let J; be a smooth family of w-
compatible almost complex structures on V. Then there exists a constant y =
y(J) > 0 such that for any (v,n) € £x R

[Vostis ;= .

Proof. Recall that for (v, n) € £ xR the gradient of the perturbed action functional
&di{ ; with respect to the metric on £xR induced from the family of almost complex
structures J; is given by the formula

(39) Vst (v, ) = (J’(”)(at”—’?XXH(v)—i)XF(v)))

— Jo x(OH(t)) dt
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We prove the lemma in three steps.

Step 1. There exists ey = €o(J ) having the following property. Assume that (v, n) €
& x R satisfies

|0:v —nxXE (V) — pXF, ()|, < €o.
Then

(0(0),v(1/2)) £ 6(Xp) x S(Xg).
For x € V define a norm on the tangent space TV by
127,70 = min [dg7()%lls,. & €TV,
P g0 F !

Let

1.
dJ’F,p. VxV —[0,00)
be the metric on V' induced from the norm ||-|| s, F, ,. Define a second metric

d3 p = ($R)wdy p.p: VXV —[0,00).

Since G(Xg) is compact and ¢11, displaces G(Xg) from itself there exists €y > 0
such that

(40) d7 r (6(Xn), ¢ (6(XH))) = 0.

Now suppose that (v, n) satisfies the assumptions of Step 1 We argue by contra-
diction and assume that

(41) v(0) e S(Xg), v(l1/2) e 6(Xg).

Let us denote ¢* := ((j);)_l for s €[0, 1] and define a path w € C°°([0, 1], V') by
w(o) = ¢ P @+ 1)/2).

Solving for v((¢ + 1)/2) and differentiating we find

(42) drw = 1dpL" (v)(0,v— pXF, (v)).

By (41) the endpoints of this path satisfy

w(0) =v(1/2) € 8(Xg), w(l)=9¢r (W(1))=¢x (v(0)) € pr" (S(Xn)).
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Using (42), the definitions of € and the metric d? as well as the fact that x vanishes
on the interval [1/2, 1] we deduce that

(43) €0 < dF g (pFW(0)). ¢ (w(1)))
=dj p ,(w(0), w(l))

1
f/wwmﬂwt
0

1
= [ a0z @0 =%, )]

1
< [ o= px, @, dr
1/2

< |0:v—nxXg @) —pXF, ()
= 19:v ——nxXu ()P XE,W)|2
< €p.
This contradiction proves Step 1.
Step 2. There exist €1 > 0 and § > 0 with the following property. Assume that
|0:v —nxXu () — pXF, ()|, <€
Then

|H(v(t))| > forallt €[0,1/2].

NSTRSC

Since H is constant outside of a compact set and 0 is a regular value of H we
conclude that

inf |H| =8> 0.
V\S(Xx)

It follows from the first estimate in Step 2 of Proposition 3.2 that there exists 66 >0
such that if

[0:v —nxXe (v) — pXF, (v)], < €
then

(a4) max [ H(u(t) - Ho@)| < 5.
(to.11)€[0,1/2]?

Here we have used p = 0 on [0, 1/2]. Let €g be as in Step 1 and set
€1 = min{eg, €}
Then it follows from Step 1 that

(45) max_|H(v(1))| = 8.
t€[0,1/2]
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Combining (44) and (45) the assertion of Step 2 follows.
Step 3. We prove the lemma.
Let €; and § be as in Step 2. We set

Y = min {61, g}

If |0 v—nxXpg (v)—pXF, (v)|2 = y the assertion of the lemma follows by looking
at the first component of the gradient in (39). If |0,v—nxXg (v) —pXF, (V)[2 <y
then the assertion of the lemma follows from Step 2 by looking at the second
component of the gradient and noting that x has support in (0, 1/2) and integrates
to one. This completes the proof of Lemma 3.9. O

Proof of Theorem 1.2 continued. To simplify notation we will drop in the follow-
ing the superscripts x and p and write H for HX and F for FP. To prove that
HF (s4H) = 0 we look at two s- dependent action functionals &ﬂH and &SLH which
interpolate between ¢/ and &iH respectively between 9ﬁH and AH SISHCC the
norm of the gradient of &d is posmvely bounded from below we will see that
there are no finite energy gradlent flow lines for the s-dependent functionals &iH
and &QH To prove HF (s4") = 0 we glue Fy and F together and homotope it to
Zero. For these homotopies of homotopies we prove compactness modulo breaking
for the moduli spaces of gradient flow lines.

Choose a smooth monotone cutoff function 8 € C*° (R, [0, 1]) satisfying B(s) =
1 for s > 1 and B(s) = 0 for s < 0. Define

=B()F, Fs=(1-B()F.
For R > 1 we define a parametrized family of concatenations of Fy and Fy by

FS+R s =0,

s— - V.

We prove the theorem now in three steps.

Step 1. There exists a constant Ry depending only on H and the action values of
AH ar (vE, nF) with the property that if R > Ry, then there are no flow lines of

the s-dependent gradient VAH converging asymptotically to (vE, n7).

s#R Fy
Let y > 0 be as in Lemma 3.9. We abbreviate

[ Flloo = qonax | Fr (x)].

€[0,1],xe
Choose R € R such that
‘ﬂH(U—}_v 77+) _‘ﬂH(v_’ TI_) + 2||F||00 + l
2y2

R0>
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Let R > Ry. We assume by contradiction that w(s) = (v, n)(s) is a flow line of

V&d}? ir Fy converging asymptotically to (v, n¥). We estimate using Lemma 3.9
—R+1
OS/ [|9sw]|? ds—i—/ |dsw]|? ds

—0o0
00 R

= [ tacwlds— [ Yol s
- R+

—&QH(U"' +) ﬂH(U ) — / F# Fé)(w)ds

R
- / 1Vt (w)]2 ds
—R+1
<saf @t nh) - ™, n7) +2||Flloo— QR —1)y? <0.

This contradiction shows that w cannot exist and hence Step 1 follows.

Step 2. Let F : V — R be a Hamiltonian (not necessarily displacing %) such that
XF has compact support. Assume that R > 1 and w(s) (v, n)(s) is a flow line
of V&QH iR which converges asymptotically to (v, nT). Then the Lagrange
multlpller n(s) is bounded umformly by a constant depending only on H, || F || co,
R and the action values of AH ar (vE, n¥).

Let € > 0 be the constant in Proposition 3.2. For ¢ € R define t(¢) > 0 by
(o) := inf{r >0: ||Vﬂg#R )0+ <e,0+T€(-R, R+ 1)}.

According to (33) the energy E of the gradient flow line w is bounded from above
uniformly by

E < %) =t (07.07) + 2] Flloo.
From this we obtain as in (12) the estimate

AP @t ™) =t (w7 0n7) + 2] Flloo

(46) (o) = = +2R+1=:«
Since 0 + t(0) € (—R, R + 1) we have
(47) Vsl , g )0 +7(0)) = Vel () (0 + 7(0)).

Observe further that for all s € R the absolute action value at w(s) is uniformly
bounded by

@8) [stff , p (i) = max{|st? @* )] 4 07 ) 4 20 Flloo =2 k2

Let ¢ be the constant appearing in Proposition 3.2. Combining Proposition 3.2 with
(47) and (48) we get the estimate

(49) n(o+ (o) =clkz +1).
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The second component in the gradient flow Equation (30) for s¢Z iR Fs shows that
(50) 95| < [|H ||l oo = max | H(x)].
xeV
Combining (46), (49), and (50) we obtain
o+1t(o)
[n(@)] = In(o +(0))| +[ |0smlds < c(kz + 1) + || H ook
o

Since k1 and k, depend only on H, || Floo, R and the asymptotic action values
Step 2 follows.

Step 3. We prove the theorem.

Let F be a displacing Hamiltonian and Ry the constant from Step 1. Set R:= Ry
and consider the Hamiltonians r F for 0 <r <1. Step 2 provides a uniform bound on
the Lagrange multiplier along gradient flow lines of &ﬂH kR rF for all r €0, 1],
which implies compactness modulo breaking for this homotopy in r. The usual
argument in Floer theory shows that the maps on Floer homology

Yyt HF(A®) — HF (s47)

induced by counting gradient flow lines of szdb;, are independent of r. Since
Y1 = 0 by Step 1 and since ¢ = id, this proves that HF(s4H) = 0, and hence
completes the proof of Theorem 1.2. O

4. Index computations

In this section we prove Theorem 1.3. The proof comes down to the computation
of the indices of generators of the Floer chain complex in the case that X is the
unit cotangent bundle of the sphere.

We first have to study the question under which conditions RFH(XZ, V') has a
Z-grading. Throughout this section, we make the following assumptions:

(A) Closed Reeb orbits on (X, ) are of Morse—Bott type (see Section 3).
(B) X is simply connected and V satisfies /., = 0.

Under these assumptions the (transversal) Conley Zehnder index of a Reeb orbit
ve C®(S!, X) can be defined in the following way. Since ¥ is simply connected,
we can find a map v € C*°(D, X) on the unit disk D = {z € C: |z| < 1} such
that v(e2™") = v(¢). Choose a (homotopically unique) symplectic trivialization of
the symplectic vector bundle (v*&, v*da). The linearized flow of the Reeb vector
field along v defines a path in the group Sp(2n — 2, R) of symplectic matrices.
The Maslov index of this path [Robbin and Salamon 1993a] is the (transversal)
Conley—Zehnder index ucz € %Z. It is independent of the choice of the disk v
due to the assumption Io; =0 on V.
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Let .t be the moduli space of all finite energy gradient flow lines of the action
functional 4. Since s¢# is Morse—Bott every finite energy gradient flow line
(v,7) e C®(RxS!, V)xC®(R, R) converges exponentially at both ends to critical
points (vE, nt) € crit(4) as the flow parameter goes to 4-0o. The linearization
of the gradient flow equation along any path (v,7) in £ x R which converges
exponentially to the critical points of i gives rise to an operator DE%T;). For
suitable weighted Sobolev spaces (the weights are needed because we are in a
Morse—Bott situation) the operator D("f}f;) is a Fredholm operator. Let C—,C* C
crit(s4) be the connected components of the critical manifold of s¢# containing
(v=,n7) or (v*,nT) respectively. The local virtual dimension of .l at a finite
energy gradient flow line is defined to be

(51) virdim(y M == ind D + dimC™ + dimC*

where indD‘(%i’) is the Fredholm index of the Fredholm operator Dfif?). For
generic compatible almost complex structures, the moduli space of finite energy
gradient flow lines is a manifold and the local virtual dimension of the moduli
space at a gradient flow line (v, i) corresponds to the dimension of the connected
component of Jl containing (v, ). Our first goal is to prove the following index

formula.

Proposition 4.1. Assume hypotheses (A) and (B) hold. Let C~,Ct C crit(s¢)
be two connected components of the critical manifold of 4 . Let (v, ) € C®(Rx
ST V) x C®(R,R) be a gradient flow line of 4 which converges at both ends
limy_s 400 (v, N)(s) = (vE, n7) 10 critical points of AH satisfying (vE, n¥) e CE.
Choose maps v= € C*(D, X) satisfying vE(e*™') = vE(t). Then the local
virtual dimension of the moduli space M of finite energy gradient flow lines of
AH at (v, n) is given by

virdime, M = pcz () —pez(W7) +2¢ (v HV#TT)
(52) dimC~4dimC*+
+ 2

where V- #v#07T is the sphere obtained by capping the cylinder v with the disks
v and v, and c; = c1(TV).

The proof is based on a discussion of spectral flows.

Spectral flows. 1t is shown in [Robbin and Salamon 1995] that the Fredholm index
of fo);) can be computed via the spectral flow pspec (see Appendix C) of the
Hessian Hess u along (v, 7) by the formula

. H
(53) 1ndD‘(9f),n) = Mspec (HCSSS&H (v, n)).



A FLOER HOMOLOGY FOR EXACT CONTACT EMBEDDINGS 287

Our proof compares the spectral flow of the Hessian of s¢f/ with the spectral
flow of the action functional of classical mechanics which can be computed via
the Conley—Zehnder indices. For a fixed Lagrange multiplier n € R the action
functional of classical mechanics arises as

Al = (- n): 2 >R

Assume first that the periods & of the Reeb orbits v* are nonzero. We begin by
homotoping the action functional s¢* via Morse—Bott functionals with fixed criti-
cal manifold to an action functional «¢# ' which satisfies the assumptions of (the in-
finite dimensional analogue of) Lemma C.6. There exists a neighbourhood U C V
of ¥ and € > 0 such that U is symplectomorphic to (E x(1—e, 1+€), d(ra)), where
r is the coordinate on (1 —e, 1 +¢). Since 54 is Morse-Bott and the Hamiltonian
vector field Xz (x) for x € ¥ equals the Reeb vector field R(x), there exists a
homotopy H? for s € [0, 1] which satisfies the following conditions:

e H'=H.

* Xgs(x) = R(x) for x € ¥ and s €0, 1].

e There exist neighbourhoods U* C U of the critical manifolds C* and func-
tions 1+ € C®((1 —€, 1 +¢)) satisfying h+ (1) =0, A/ (1) = 1, h’L (1) #0,
and /', (r) # 0 for r € (1 —€, 1+ €) such that H'(x,r)=h1(r) for (x,r) €
UrcEx(l—e 1+e).

o 0’ is Morse—Bott for all s € [0, 1].

Here the signs of 4 (0) are determined by the second derivatives of H in the
direction transverse to X along C*. Since s¢¥ can be homotoped to ¢ " via
Morse—Bott action functionals with fixed critical manifold, we obtain

(54) ,uspec(Hess&gH (v, n)) = /LSPCC(HCSS&QHI (v, n)).

If (v, o) € C®(S', ENU*) x R is a critical point of 4, then (vg, o) is also
a critical point of s{ ' Moreover, the family (v, 7,) € C®°(S!, U) xR given by

_ Ul
(1) = o). h™ ). = s

consists of critical points for the family of action functionals s{ P xR >R
given for (v,n) € £ xR by

1
&ﬂHl’p(v,n) :=/v*k—n(/0 Hl(v(t))dt—i—,o).

Note that W ()
Moy
dpNplp=0 =~
pllplp h,:t(l)z
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Recalling that //, (1) = 1 we see that for 79 = n%t # 0 the hypotheses of Lemma
C.6 are satisfied. It follows from Theorem C.5 and Lemma C.6 that the spectral
flow can be expressed in terms of the spectral flow of the action functional of
classical mechanics plus a correction term accounting for the second derivatives of
H transversally to X as

(55) Mspec (HCSS&QH1 (U’ 77))
= pec(Hess 1 (1)) + 3 (sign(y™ - AZ(0)) —sign(n™ - h(0))).

It follows from a theorem due to Salamon and Zehnder [1992] that the spectral flow
of the Hessian of &QUH " canbe computed via Conley—Zehnder indices. However, the
Conley—Zehnder indices in the Salamon—Zehnder theorem are not the (transversal)
Conley—Zehnder indices explained above, but the Maslov index of the linearized
flow of the Reeb vector field on the whole tangent space of V' and not just on the
contact hyperplane. For a Reeb orbit v we will denote this second (full) Conley—
Zehnder index by ficz(v). Note that ficz (v) depends on the second derivatives of
H transversally to ¥ while ¢z (v) does not. Another complication is that we are
in a Morse—Bott situation and we have to adapt the Salamon—Zehnder theorem to
this situation. Formula (74) defines the spectral flow also for Morse—Bott situations.
To adapt the Conley—Zehnder indices to the Morse—Bott situation observe that
in a symplectic trivialization the linearized flow of the Reeb vector field can be
expressed as a solution of an ordinary differential equation

V() = JoS()W(), W(0)=id,

where 1+ S(t) = S(¢)T is a smooth path of symmetric matrices. For a real number
6 we define Wy as the solution of

Ws(t) = Jo(S(t) —8-id)Ws(r), Ws(0) = id,

and set ,UJSC - (v), respectively [L‘SC ~(v) as the Conley—Zehnder index of Ws where
in the first case we restrict Wy to the contact hyperplane and in the second case we
consider it on the whole tangent space. We put

+ 1 8 — 1 -6
Pe 7 ) = 81{% rez W), pez )= 51{% pez @)
and analogously ,&JCFZ (v) and fi ,(v). Note that while ficz(v) and ucz(v) are

half-integers, /l% ~(v) and /,L% - (v) are actually integers. We are now in position
to state the theorem of Salamon and Zehnder.
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Theorem 4.2 (Salamon—Zehnder [Salamon and Zehnder 1992]). The spectral flow
of the Hessian of sﬁg[ "is given by

W(H 1 (v) = g, ) —fic,(07) +2¢1 (T #u#o ).

Relations between Conley—Zehnder indices. The following two lemmata relate
the different Conley—Zehnder indices to each other.

Lemma 4.3. For a Reeb orbit v with period n # 0, viewed as a 1-periodic orbit of
the Hamiltonian vector field of nH, we have

AT, () =puf,(v) + %(Sign(nh”(o)) F1).

Proof. By the product property [Salamon 1999] of the Conley—Zehnder index the
difference of ,&% ~(v) and ,u% - (v) is given by the Conley—Zehnder index of the lin-
earized flow of the Hamiltonian vector field restricted to the symplectic orthogonal
complement £ of the contact hyperplane in the tangent space of V. With respect
to the trivialization C — &% (v(¢)) given by x +iy > (x-VH(v(t)) + y- Xg (v(?)))
for t € S, the linearized flow W(¢) of the Hamiltonian vector field satisfies the
differential equation

. 0 0 :
W) = (nh,,(o) 0)\11(1), W(0) = id

and is thus given by

10
Yo = (znh”(()) 1)'

Abbreviate a := n-h”(0). Then the perturbed flow Ws(z) satisfies the differential
equation

B0 =050 ) B0 o=

The matrix in this equation has eigenvalues +A, where

e J3@—=38  §(a—8) >0,
T liV=8a—=8) §(a—38)<0.

Diagonalizing the matrix, we find the solution

1 § 8 e ™M 0 -
%(”:ﬁ(—x x)( 0 e“)(k 5)

_ L 8}.(6“ +e—)»t) 82(6)”t—€_)‘t)
T 280 \ MM — MY SA(eM oM )
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Inserting A2 = §(a — §) and expanding in powers of § yields

w3(0) = (1+ 0(8)) ( (a—15)t ‘Sf ) .

Recall from [Salamon 1999] that the Conley—Zehnder index can be computed in
terms of crossing numbers, where a number ¢ € [0, 1] is called a crossing if the
equality det(id — Ws(¢)) = 0 holds. The formula above shows that for § small
enough the only crossing happens at zero. Hence by [Salamon 1999] the Conley—
Zehnder index is given by

1. a—6 0
ez (Ps) = sign ( 0 —§ ) -
If |§] < |a| we obtain

ez (¥5) = L (sign(@) —sign(8)) = 3 (sign(nh"(0)) — sign(®))
and hence

N 1,.
Aez(0) = ngz () = 5 (sign(nh"(0) F 1). O
Lemma 4.4. Let v be a Reeb orbit with period n # 0 and Cy the component of the
critical manifold of A " Which contains v. Then
dimC,
2

dimC, — 1

C pez() =pEz () F——

ficz(v) = gz (v) £
Proof. Obviously

(56)  ficy ()=, () =dimCy, ey ) —pd, ) =dimC, - 1.

The reason for the minus one in the second formula is that the transversal Conley—
Zehnder index only takes into account the critical manifold of s " modulo the S'!-
action given by the Reeb vector field. The Conley—Zehnder index can be interpreted
as intersection number of a path of Lagrangian subspaces with the Maslov cycle;
see [Robbin and Salamon 1993a]. Under a small perturbation the intersection num-
ber can only change at the initial and endpoint. Since the Lagrangian subspace at
the initial point is fixed it will change only at the endpoint. There the contribution is
given by half of the crossing number which equals dimCy, in the case one considers
the Conley—Zehnder index on the whole tangent space respectively dimCy, —1 if one
considers the Conley—Zehnder index only on the contact hyperplane. In particular,

imC, dimC, — 1
2 2 '
Comparing (56) and (57) the lemma follows. O

R . d
(57 fcz(@) = ATz ()] < ez () —puf, ()| <
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Proof of Proposition 4.1. We first assume that n~ and ™ are nonzero. Combining
the theorem of Salamon and Zehnder (Theorem 4.2) with Lemma 4.3 and Lemma
4.4 we obtain

P(H 1 (v) = i, 0T = o, (v7) + 2 (0 #u#oT)

=png, ) —pc, (7)) + 20 (0 #u#vt) 1
1,. . _
+ §(Slgn(7fr -h"(0)) —sign(n™ - h”(0)))
dimC~ +dimC*
2

= ez —pcz(W7) +2c1 (0 #v#TT) -
1,. . _
+ 5(81,gn(77Jr -h’L(0)) —sign(n~ - 1”.(0))).
Combining this equality with (51), (53), (54), and (55) we compute
virdim M = ind DL+ dimC™ + dimC*
= w(Hyu (v,1)) +dimC~ +dimC*
= u(H g1 (v,n) +dimC™ + dimC™*

1,. - .
= W(H, 1 (v) + 5 (sign(n™ - h.(0)) — sign(n™ - . (0))
+dimC~ 4 dimC*
=pcz(W") —pcz(W7) + 2 (0 #v#vT)
dim(C™) + dim(C ™)
+ .
2

This proves the proposition for the case where the periods of the asymptotic Reeb
orbits are both nonzero. To treat also the case where one of the asymptotic Reeb
orbits is constant we consider the following involution on the loop space &

IW) (@) =v(—t), veZ teS.

We extend this involution to an involution on & x R which we denote by abuse of
notation also by 7/ and which is given by

Iv,n) = I(v),—n), @) eLxR.
The action functional s¢ transforms under the involution / by
s (Iw.n) = -t (w.n). (v.n) e LxR.

In particular, the restriction of the involution I to the critical manifold of s4f
induces an involution on crit(s¢f) and the fixed points of this involution are the
constant Reeb orbits.
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We consider now a finite energy gradient flow line (v, ) € C®(R x S, V) x
C (R, R) of the action functional 4 whose rightend (vT, 1) is a constant Reeb
orbit and whose left end (v, ) is a nonconstant Reeb orbit. For the path (v, 1)
in £ x R we consider the path (v, n); = (v, ny) in £ x R defined by (v, )7 (s) =
I(v,n)(—s) for s €R. The path (v, n); goes from (v, n™) to I(v™—, n™) and gluing
the paths (v, n) and (v, ) together we obtain a path (v, n) # (v, n); from (v=,n7)
to I(v™,n~). The Fredholm indices of the different paths are related by

. 4H . aH . aH . aH . aH . +
1ndD(v’n) = 1ndD(v’n)I, mdD(v,n)#(v,n)z = 1ndD(v,n) + 1ndD(v,n)I +dimC™.

From this we compute, using (52) for the case of nonconstant Reeb orbits and the

equality ez (I(v¥)) = —pcz (v®),
ind Dy = % DG 4y~ dimzc+
- %(“CZ(I(U_)) —pez(W) 4+ 2c; (VT #uHvu #ITT)
_ dimC‘—FdimIC‘) _dimC™
2 2
= ez (v7) + 20y (T #v) — IME erdimCJr ’

from which we deduce (52) using (51). This proves the proposition for the case of
gradient flow lines whose left end is a constant Reeb orbit. The case of gradient
flow lines whose right end is constant can be deduced in the same way or by
considering the coindex. This finishes the proof of the Proposition 4.1. O

In order to define a Z-grading on RFH(X, V) we need that the local virtual
dimension just depends on the asymptotics of the finite energy gradient flow line.
By (52) this is the case if I, =0 on V. In this case the local virtual dimension is
given by

dimC~ +dimC™*
7 .

(58)  vidimgpdl = pcz(v) —pcz(07) +

In order to deal with the third term it is useful to introduce the following index for
the Morse function / on crit(s¢¥). We define the signature index indj (c) of a
critical point ¢ of / to be

indj (c) := —%sign(Hessh (©)),

see Appendix A. The half signature index is related to the Morse index ind}'(c),
given by the number of negative eigenvalues of Hessy, (¢) counted with multiplicity,
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by
(59) ind? (c) = ind?"(c) — %dimc (crit(s47)).
We define a grading j on CFyx(s4H | h) by

1) = pez(€) +indf (),

By considering the case of nondegenerate closed Reeb orbits, one sees that u takes
values in the set % + 7, so it is indeed a Z-grading (shifted by %). Using Equation
(58), it is shown in Appendix A that the Floer boundary operator d has degree —1
with respect to this grading. Hence we get a Z-grading on the Rabinowitz Floer
homology RFH (X, V).

Proof of Theorem 1.3. We use the fact that the chain groups underlying the Floer
homology HF «(s4*1) only depend on (2, «) and not on the embedding of ¥ into V.
We show that for the unit cotangent bundle S*S” for n > 4 the Floer homology
equals the chain complex. More precisely, we choose the standard round metric on
S normalized such that all geodesics are closed with minimal period one. For this
choice assumption (A) from Section 3.2 is satisfied. The critical manifold of AH
consists of Z copies of S*S”, where Z corresponds to the period of the geodesic.
There is a Morse function s on S*S” with precisely 4 critical points and zero
boundary operator (with Z,-coefficients!) whose Morse homology satisfies

7y ke{0,n—1,n2n—1},

* Qn. —_ . —

Let /1 be the Morse function on the critical manifold which coincides with /o on
each connected component. The chain complex is generated by

crit(h) = Z x crit(hy).

A closed geodesic ¢ is also a critical point of the energy functional on the loop
space. The index indg(c) of a closed geodesic is defined to be the Morse index
of the energy functional at the geodesic and the nullity v(c) is defined to be the
dimension of the connected component of the critical manifold of the energy func-
tional which contains the geodesic minus one. The (transverse) Conley—Zehnder
index of a closed geodesic is given by

v(©)

—

This is proved in [Duistermaat 1976; Weber 2002] for nondegenerate geodesics; the
degenerate case follows from the nondegenerate one using the averaging property
of the Conley—Zehnder index (Lemma 4.4). By the Morse index theorem (see
[Morse 1996] or [Klingenberg 1995, Theorem 2.5.14]) the index of a geodesic is

(60) pcz(c) =indg(c) +
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given by the number of conjugate points counted with multiplicity plus the con-
cavity. The latter one vanishes for the standard round metric on S”, since each
closed geodesic has a variation of closed geodesics having the same length [Ziller
1977].

Using the Morse index theorem and equations (60) and (59), we compute the
index of (m, x) € Z x crit(hyg):

p(m. x) = ez (m. x) + ind (x)

— indg(m, x) + V(mz’ ) 4 ind? (x)
2n—2 . o
=(2m—1)(n—1)+T+1ndh(x)
2n—1

_ _ o qm _
=2m(n—1)+ind;’ (x) 5
It follows from Lemma 3.3 that the action satisfies
A (m,x) =m.

In order to have a gradient flow line of s¢* from a critical point (m1,x1) to a
critical point (m15, x,) we need

A5 (my, x3) — A (my, x1) = my —m; >0,
w(ma, x2) — p(my, x1) =2(my—m)(n—1) + (i —iy) =1
foriy,i; € {0,n—1,n,2n— 1}, which is impossible if # > 4. Hence there are no

gradient flow lines, so the Floer homology equals the chain complex. This proves
Theorem 1.3. |

Appendix A: Morse-Bott homology

We briefly indicate in this appendix how to define Morse—Bott homology by the
use of gradient flow lines with cascades. More details of this approach can be
found in [Frauenfelder 2004, Appendix A]. We begin with the finite dimensional
situation. Let M be a manifold and f € C*° (M) a Morse—Bott function, that is,
the critical set crit( /) is a manifold and

Txcrit(f) = kerHessy(x), x € crit(f),

where Hessy(x) denotes the Hessian of f at x. We then choose an additional
Morse function / on crit( ). The chain group for Morse—Bott homology is the
Z,-vector space given by

CM( f, h) := crit(h) ® Z5.
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Yy1=Vf()

Cp o rorerrerere e > = >

Ct oo = = xt
Figure 1. A flow line with cascades.

Morse—Bott homology should also be definable over the integers via the cascade
approach, but this is nowhere written down. The boundary operator is defined by
counting gradient flow lines with cascades between two critical points of & which
are indicated by Figure 1.

A gradient flow line with cascades starts with a gradient flow line of /1 on crit( /)
which converges at its negative asymptotic end to a critical point of /. In finite
time this gradient flow line meets the asymptotic end of a gradient flow line of the
Morse—Bott function f. We refer to this gradient flow line of f as the first cascade.
The cascade converges at its positive end again to a point in crit( /). There the flow
continues with the gradient flow of / on crit( /). After finite time a second cascade
might appear but having passed through finitely many cascades we finally end up
with a gradient flow line of /& which we follow until it converges asymptotically
to a critical point of /4. Gradient flow lines with zero cascades are also allowed.
They correspond to ordinary Morse flow lines of the gradient of /2 on the manifold
crit( /). For a formal definition of gradient flow lines with cascades we refer to
[Frauenfelder 2004].

We finally discuss the grading for Morse—Bott homology. If f is Morse then the
following two index conventions are often used. Either Morse homology is graded
by the Morse index ind}”, given by the dimensions of the negative eigenspaces, or
by the signature index

ind}(x) = —%sign Hessf(x), x e crit(f),

where sign denotes the signature of the quadratic form given by the difference
of the dimensions of the positive and negative eigenspaces. The two indices are
related by the following global shift

(61) ind§ = ind?' — Jdim(M).
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In particular, if M is even dimensional then the signature index is integer valued
and if M is odd dimensional then it is half integer valued. The signature index
plays an important role in Floer’s semi-infinite dimensional Morse theory. There
the stable and unstable manifolds are both infinite dimensional and hence the Morse
index is infinite. The grading given is given by the Maslov index which can be
interpreted as a signature index as explained in [Robbin and Salamon 1993b; 1996].

Both the Morse index and the signature index can be defined in the same way
also for a Morse-Bott function f. The corresponding indices for a pair (f, /)
consisting of a Morse-Bott function f and a Morse function /4 on crit(f) are
defined by taking sums

ind}"’h (x):= ind}" () +indj’ (x), ind;’h (x):= indj'f (x)+ind? (x), x ecrit(h).

The shift formula (61) continues to hold for these indices in Morse—Bott theory.
Consider gradient flow lines with & cascades between components Cy, ..., Cg
of crit( f'), starting at a critical point x~ of 4 on C~ = Cj and ending at a critical
point x T of 4 on C* = C;.. For generic metric, their moduli space (divided by the
R-actions on the cascades) M(x~, xT; Cy, ..., Cy) is a manifold of dimension

dimM(x~,x1;Cy,....Cr) .
=ind} (x*) —ind]'(x7) =1+ ) _ (dimM(C;—1, Ci) —dim G;),

i=1

where M(C;—1, C;) is the moduli space of gradient flow lines of f from C;_; to
C; (not divided by the R-action). From

(62) dim M(C;—1,C;) = ind}’f (Ci)— ind;’f (Ci—1) +dim G;
we obtain the dimension formula in terms of Morse indices:

(63) dimM(x",xT;Cy,....C)
= indj (x*) —ind} (x7) = 1 +ind}' (CT) —ind} (C™)
= ind}', (x*) —ind}, (x7) 1.
On the other hand, in the Morse—Bott case the Morse and signature indices of a
critical component C are related by
indf(C) = ind}(C) — 3(dim M —dim C).
Inserting this in Equation (62) yields

dim C; + dim C;_4

64)  dimM(Ci1. G;) = ind}(C;) —ind (Ci_1) + 5
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which in turn yields the dimension formula in terms of signature indices:

(65) dimM(x",xT;Cy,...,Cr)

dimC* dimC~
= ind (x*) —ind}’ (x) 1 +ind%(C*) ~ind%(C) - 1m2 n 1m2
= indf , (x*)—ind§ , (x7)—1.
So we get the same formula for dim M (x~, x"; C, ..., Cy) using either Morse

indices or signature indices. Since this dimension equals zero for the moduli spaces
contributing to the boundary operator in Morse—Bott homology, this shows that
the boundary operator has degree —1 with respect to either grading. However, we
would like to point out that a mixture of Morse indices and signature indices does
not lead in general to a grading on Morse—Bott homology unless all the connected
components of the critical manifold of f have the same dimension.

Finally, consider the situation in Floer homology where the ambient space is
infinite-dimensional, but the components of the critical set crit( /) and the moduli
spaces JM(C;—1, C;) are still finite-dimensional. Moreover, (under suitable hy-
potheses) the dimension of these moduli spaces can be expressed by a formula
analogous to (64) in terms of Conley—Zehnder indices:

dim C; 4+ dim C;_

5 .
See for example Equation (58) for the Floer homology considered in this paper.
This suggests that the Conley—Zehnder index should be viewed as a signature in-
dex, and the same computation as in the finite dimensional case above yields the
dimension formula

dim M(Ci—1. Ci) = pcz(Ci) —pucz(Ci—1) +

(66) dim(x~, x5 Co, ..., Cp) = p(x ) — p(x7) — 1
with respect to the signature index
i(x) 1= ez (x) +ind] (x).

Thus the boundary operator in Floer homology has degree —1 with respect to
and p descends to an integer grading on Floer homology. Actually, in the case
considered in this paper this grading takes values in % + Z, where the shift by %
reflects the 1-dimensional constraint imposed on the free loop space.

Appendix B: A Wasserman-type theorem for the Rabinowitz action
functional

Let (V,A) be an exact symplectic manifold of dimension n > 2 and let & =
C(S1, V) be the free loop space. Denote by C2°(V) the vector space of smooth
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functions on V' whose differential has compact support. Recall that for a Hamil-
tonian i € CZ°(V') the Rabinowitz action functional

A xR —>R
is given by
1 1
&ﬂH(U,n)=/ v*k—n/ H(v(1))dt.
0 0

The circle acts on & by rotation of the domain, that is,
()0 =v(t+71), ve? rteSt.

This action extends to an action on & x R, where the circle acts trivially on the
second factor. The Rabinowitz action functional is invariant under this circle ac-
tion. In particular, its critical set is invariant, too. Hence we cannot expect the
Rabinowitz action functional to be Morse. However, we show in this section that
generically the Rabinowitz action functional is Morse—Bott. Here a function f
is called Morse—Bott if its set C of critical points is a submanifold (possibly with
components of different dimensions), and for every x € C the kernel of the Hessian
of f at x equals T C.

A classical theorem of A. Wasserman [1969] asserts that if G is a compact
Lie group, then on finite dimensional G-manifolds the critical set of a generic G-
invariant function consists of nondegenerate isolated G-orbits. The aim of this
section is to prove a statement similar to Wasserman’s theorem for the Rabinowitz
action functional. Namely, we show that generically the fixed part of the critical set
is a connected Morse—Bott component and away from the fixed part the assertion
of Wasserman’s Theorem holds true. Note that in the case of the Rabinowitz action
functional the fixed part of the S !-action on the critical set corresponds to the con-
stant solutions on H~1(0) with Lagrange multiplier 0, and the part of the critical
set on which the circle acts with finite isotropy corresponds to the nonconstant
Reeb orbits.

Theorem B.1. There exists a subset W C CZ°(V') of the second category, such
that for every H € 9l the Rabinowitz action functional A is Morse—Bott and its
critical set consists of H~1(0) together with a disjoint union of circles.

Proof. We prove the theorem in four steps. For k£ € N we denote by Cck(V) the
vector space of C k_functions on V of class C¥.

Step 1. For each n < k < oo denote by OlLlf the subset of CZ‘(V) consisting of
H e Cck (V') with the property that 0 is a regular value of H. Then OILII‘ is an open
and dense subset of Cf ).

Pick H € Cck (V). We first show that H can be approximated by elements in
OILII‘ By Sard’s theorem for each H € CL{‘ (V') the set R(H) C R of regular values
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of H is dense. Hence we can choose a sequence ¢, € R(H) converging to 0. It
follows that H +c¢,, is a sequence in Oulf which converges to H. Hence Gull‘ is dense
in Cck (V). Moreover, since H~1(0) is compact for every H € ou’; it follows that
ou’; is also open in C(f‘(V).

Step 2. For eachn <k < oo there exists a subset %]2‘ of Oull‘ of second category such

that for every H € %’2‘ all nontrivial Reeb orbits are isolated and nondegenerate.

Consider the Hilbert manifold
H=w2 S V)xR
where we define W1-2(V) by embedding V into RV for N large enough. Over
the Hilbert manifold # we introduce the Hilbert bundle
T.E€—> %

whose fiber over (v, ) € ¥ is given by

Cwy = LA(S, v*TV) xR,
For H € CL{‘ (V') we define a section

SHg: H—¢
by
sg(w) = V't (w).
Note that the zero set S;Il (0) coincides with the critical points of the Rabinowitz
action functional. If w € ¢ C €, then there is a canonical splitting

Twé =€y X TyyH.

We denote by
IMy: Tyé — €y
the projection along Ty, . If w € s;ll (0) the vertical differential
Dsp(w): Tydt — €y
is given by
Dsg(w) =TTy odsy (w).

Note that it coincides with the Hessian of the Rabinowitz action functional at w.
If w = (v, n) is a critical point of AH | then it follows from the S!-invariance of
AH that the infinitesimal generator

R = (3;v,0)

of the S!-action satisfies
R € coker(Dsg (w)).
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We introduce the following quotient space of €4,

Fw =Ew/(R).
We denote by
Dsg(w): Typ¥ — Fyp

the linear map introduced from the vertical differential.
We extend the section sz to a larger space by considering the section

S: Oull‘ XH —¢€
which is defined by
S(Hyw)=sg(w), H eﬁulf, w € #.
If (H,w) € S™1(0) with w = (v, ), then the vertical differential
DS(H, w): T(gr ) (U x 3€) = CK (V) x Ty % — €4

is given for He Cf(V) and W € Ty, % by

(67) DS(H,w)(H, ) = Dsg(w)b + ( _vf(”) ) .

As before we denote by
DS(H, w): T (WS x %) — Fy

the linear map induced from DS(H, w).
The crucial point to establish Step 2 is the following claim.

Claim. If (H,w) € S71(0) and w is not a fixed point of the S'-action, then
DS(H, w) is surjective.

Since Dsg (w) is Fredholm, the image of DS(H, w) is closed. Hence to show
surjectivity, it suffices to prove that the orthogonal complement of the image of
DS(H, w) vanishes. To see that, pick

x= (¢ eimDS(H, w)*.
It follows from (67) that

(68) { (Dsg (w)h, x) =0, V i € Ty

(VH).y)=0, V HeCkw).
The first equation in (68) implies that

x € ker(Dsy (w))”
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which shows that each representative z € L?(S!,v*TV) of y is of class C k=1
Pick such a representative z of y and assume by contradiction that there exists
to € S such that

(o) £ (9:v(10)).
Choose C¥-coordinates around v (7o) of the following form. For € > 0 there is a
Ck_l—rnap
V:0 = (—€,&)" >V
satisfying
{ Y (r1,0) =v(to +r1), 11 € (—€,¢€)
929 (0) = z(10).

Choose compactly supported functions &, B € CX((—e. €)) such that
a(0)=1, B0O)=0, B(0)=1.
We introduce the function / € Cé‘ (Q) by

h(ri,r2, 1) = a(r)-B(r2), 11,12 € (=€, €), r € (—€,€)" 2

Now define H € Cf(V) by

(AT W). vew(0)
H(”)_{ 0 vgE(O).

The function H has the properties
d H(v(10)) (= (t0)) = 1
(69) 5 _ 1
dH((t))d;v=0, teS".

Moreover, since z is continuous, as we noted above, we can achieve by letting «
decay fast enough that in addition the following property holds:

(70) dHW())(z(1)) =0, teS.

We further note that the second condition in (69) implies that if Z is another repre-
sentative for y, then

(71) dHW(t)(E(t) = dHw(0)(z(1)).
We deduce from equations (69), (70), and (71) that
1
(VH, y) = inf / dH())(z(1)) dt >0
zEWl'f;]i;v*TV) 0

contradicting the second equation in (68). We conclude that y = 0.
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To show that x vanishes it remains to argue that ¢ vanishes. To see that we write
W= (D7) € Tp¥=WH2(S1,v*TV) xR.

Since y = 0 the first equation in (68) becomes
1
;/ dH(@)(0(@)dt =0, Y 0e WH2(ST v*TV).
0

Note that (v, n) is a critical point of the Rabinowitz action functional, hence v is
contained in H~1(0). Since H € Oulf it follows that 0 is a regular value of H.
Hence dH (v(t)) does not vanish identically and we conclude that { = 0. Hence
x = (y, ¢) vanishes and this finishes the proof of the claim.

Step 2 follows from the claim by a standard argument: The zero set ¥ =
S—10) c ou’; x ¥ is a Hilbert manifold and the projection onto the second factor
induces a Fredholm map 7 : % — Oulf By the Sard—Smale theorem the set OILIZ‘ C ou’;
of regular values of  is of second category and satisfies the properties in Step 2.

Step 3. There exists a subset US° of UT° of second category such that for every
H € US° all nontrivial Reeb orbits are isolated and nondegenerate.

Step 3 follows from Step 2 by an argument due to Taubes. Choose 7" > 0 and
abbreviate

crity (A1) = {(v, n) € crit(4 ) : In| € (0, T]}

It follows from the Arzela—Ascoli theorem that the set crity (4 ) is compact. For
n < k < oo we abbreviate

Uk (T) = {H e U* : Dspr (w) surjective for all w € crity (s477)}.

Since crity () is compact it follows that %12‘ (T') is open in Oulf (T'). Moreover,
it follows from Step 2 that if k& < oo it is also dense in Oulf Since C*° is dense in
Ck for every k, a diagonal argument shows that US°(T) is also dense in UT°. It
follows that
UL = () UP(T)
TeN
is of second category in UT°. This finishes the proof of Step 3.

Step 4. U = US° meets the requirements of the theorem.

By Step 1, US° is open and dense in C2°(V) and by Step 3, U is of second
category in UT®. It follows that U is of second category in CZ2°(V'). Moreover, by
definition for each H < 9l the Rabinowitz action functional i is Morse—Bott at
the nontrivial Reeb orbits and these are isolated. Hence, the only point to verify,
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is that s¢f is also Morse—Bott at the trivial Reeb orbits. Hence let (v, 0) with
v € H~1(0) be a trivial Reeb orbit. In this case the kernel of the Hessian

Hess (v, 0): WH2(ST, T, V) xR — L2(S', T,V) xR
is given by solutions o € W12(S!, T,V) and 7j € R of the problem

{ 3:0(t) = HXg(v), teS!

(72) J3 dH @)D (t) dt = 0.

Since H € US° and v € H ~1(0) it follows that Xz (v) # 0. Hence it follows from
the first equation in (72) that

7=0, 9,0=0,reS.
Now the second equation in (72) implies that
0 € ker(dH (v)) = T, H ' (0).

Consequently, the Rabinowitz action functional ¥ is also Morse—Bott at the triv-
ial Reeb orbits. This finishes the proof of Step 4 and hence of Theorem B.1. [

Appendix C: Spectral flow

We compare in this appendix two spectral flows which appear in Lagrange mul-
tiplier type problems. To motivate this we first consider the Lagrange multi-
plier functional in finite dimensions. Let (M, g) be a Riemannian manifold and
(V,{-,-)) be a Euclidean vector space. For functions f € C*®°(M) and & €
C%(M, V) the Lagrange multiplier functional F € C°°(M x V') is given by

F(x,v) = f(x) + (v, h(x)).
For v € V we denote by F, € C°° (M) the function given by
Fy=F(-,v).

The Hessian of F with respect to the metric g @ gy on M x V', where gy = (-, )
is the Euclidean scalar product on V, is given by

Hessp, (x) dh(x)* )

Hessp(x,v) = ( dh(x) 0

Here the adjoint of d/(x) is taken with respect to the inner products on 7, M and
Th(x)V = V given by the metric g and by (-,-).

We compare in this appendix the spectral flows of Hessr and Hessf, for La-
grange multiplier functionals not necessarily defined on a finite dimensional man-
ifold. We will apply this in the following way. For F = (! the functional F, is
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the action functional of classical mechanics whose spectral flow can be computed
via the Conley—Zehnder indices [Robbin and Salamon 1995].

To formulate our theorem we use the setup of Robbin and Salamon [1995].
Let W and H be separable real Hilbert spaces such that W C H is dense and the
inclusion is compact. Let 4 : W — H be a bounded linear operator (with respect to
the norms on W and H). Viewing A4 as an unbounded operator on H with domain
dom(A) = W, recall the following definitions (see for example [Kato 1976]). The
adjoint operator

A* :dom(A*):={ve H||(v,Aw)g| < Clw|g forallw e W} — H
is defined by the equation
(A*v,w)g = (v, Aw)g.

A is called symmetric if W C dom(A4*) and A*|p = A, that is, (A*v, w)g =
(v, Aw) g for all v, w € W. A is self-adjoint if it is symmetric and dom(A*) = W.
The spectrum of A is the set of all complex numbers A such that the operator

A—A-id:W - H

is not bijective. Denote by ker(A) and % (A) the kernel and range (= image) of A4,
respectively. Denote by (W, H) the space of bounded linear operators and by

PW, H) C (W, H)

the subspace of self-adjoint operators. The following lemma clarifies these con-
cepts.

Lemma C.1. Let W C H be Hilbert spaces such that the inclusion is compact and
let A: W — H be a symmetric bounded linear operator. Then the following are
equivalent:

(i) There exists A € R such that A — A -id: W — H is bijective.
(ii) A is self-adjoint considered as an unbounded operator on H with domain
dom(A4) = W.

(iii) One of the defect indices d*(A) := codim(R(A® +i -id), HC) is zero. Here
AC: WE — HC denotes the complex linear extension of A to the complexified
Hilbert spaces.

(iv) The spectrum of A is discrete and consists of real eigenvalues of finite multi-
plicity.

Proof. We first show that (i) = (ii), that is, dom(A*) = dom(A4) = W. To see

this let v € dom(A*). Since 4 — A -id is bijective and A is symmetric, there exists
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w € W such that
A*=1-idv=(A4—r-id)w = (4* — A -id)w,

which implies
(A—=X-id)*(v—w) = 0.
Again using the fact that 4 — A -id is bijective, we conclude that (4 — A -id)* is
bijective and hence
v=weW.

It follows that A is self-adjoint with dom(A4) = W.

If A is self-adjoint, then both defect indices are zero (see for example [Kato
1976, Theorem V.3.16]) so that (ii) = (iii).

We show that (iii) = (iv). Assume that d ~(A) is zero, that is, A®—i-id: W& —
HPC is invertible. Since the inclusion 1: W — H is compact, the operator

R:=10(A%—i-id)" " H®* > H"

is compact. In particular, its spectrum o (R) consists of eigenvalues, the only ac-
cumulation point in o (R) is zero, and the eigenspace for each eigenvalue except
zero is finite dimensional. Let { € C\ {i}. Then the following relations hold for
the ranges

R(AC — ¢ -id) = R_IQR(R— ; L -id)

—1

and the kernels

ker(AC — ¢ -id) = ker(R o L -id).

—1

In particular, we have a bijection
1
a(R)\{0} = a(4%), pr> —+i
I

between the spectra under which the corresponding eigenspaces do not change,
that is, for every i € 6 (R) \ {0} the eigenspaces satisfy

En(R) = Eyjp4+i(A%) C H.

We conclude that the spectrum of A consists of discrete eigenvalues of finite mul-
tiplicity, which are real because A is symmetric. A similar argument holds for the
case that d T (A) is zero. This shows that (iii) implies (iv).

That (iv) = (i) is obvious. O

Assume in addition that V is a finite dimensional Hilbert space. Let A €
S(W, H) be as before and B € £(V, H) be a bounded linear operator. We denote
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by Ag: W &V — H @ V the bounded symmetric operator defined by
Ap(w,v) = (Aw + Bv, B*w).
Lemma C.2. The operator Agisin¥(W dV,HP V).

Proof. We have to show that A4 g is self-adjoint. This is true if B = 0. For arbitrary
B this follows from Theorem V.4.3 in [Kato 1976]. O

In the following orthogonality is always understood with respect to the inner
product of H and never with respect to the inner product of W.

Definition C.3. Let A € (W, H), and B € £(V, H). We say that the tuple (4, B)
is regular if:

(i) B is injective and R(B) C W.
(i) A maps %R(B) to itself and the restriction A:= Algq () is bijective.
A regular pair (A4, B) gives rise to the symmetric operator
S4p:=B*A"'B
on V whose signature we denote by
(73) 0(A, B) =sign(S4,B).
We now consider maps 4: R — (W, H) and B: R — £(V, H) which are contin-

uous with respect to the norm topology such that the limits

lim A(s)= AT, lim B(s)= B*

s—+o0 s—+o0
exist and AT € (W, H). We then define the map Ag:R — (W @V, H@ V)
by

Ap(s) := A(s)Bs), S€ER.
Denote by
A=AR, W, H)

the space of maps A: R — ¥(W, H) as above, which in addition satisfy that A is
bijective. Recall the following theorem of Robbin and Salamon about the existence
of the spectral flow [Robbin and Salamon 1995, Theorem 4.23].

Theorem C.4. There exist unique maps u: AR, W, H) — Z, one for every com-
pact dense injection of Hilbert spaces W — H, satisfying the following axioms.

(1) (Homotopy) u is constant on connected components of 4(R, W, H).

(2) (Constant) If A is constant, then u(A) = 0.

(3) (Direct sum) u(Ay @ Az) = (A1) + u(A42).

(4) (Normalization) For W = H = R and A(t) = arctan(z), we have u(A) = 1.
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The number |1 (A) is called the spectral flow of A.

These axioms easily imply the following generalization of the normalization
axiom:

e (Crossing) For W = H finite dimensional,

w(Ad) = %(Sign(AJr) — sign(A_)).

To define the spectral flow also for maps A whose limits A are not necessarily
bijective we choose a smooth cutoff function § € C*° (R, [—1, 1]) such that 8(s) =1
for s > 1 and B(s) = —1 for s < —1 and define

(74) Ap(s) = AG) = 8B)id. u(4) 1= lim (4y).

Note that the limit in @« (A) stabilizes for sufficiently small § > 0.

Theorem C.5. Let A:R — S(W, H) and B: R — L(V, H) be continuous maps
whose limits limg_, 400 A(s) = AT and limg_, + o0 B(s) = B* exist. Assume more-
over that (A%, B¥) are regular pairs. Then the spectral flows of A and A are
related by

i(Ap) = p(A) + S (0(4~, BY) —o(4¥, BY)).

Proof. Choose two cutoff functions B% € C®(R, [0, 1]) with the property that
Bt(s)=1fors>1,BT(s)=0fors <0, (s)=1fors <—1,and B~ (s) =0
for s > 0. Define Sy p € A(R, V, V) by

Sa,8(s) =B ()S4+ p+ +B()Sa-,B-.

Abbreviate Py: H @ V — V the canonical projection. We prove the theorem in
three steps.

Step 1. If § > 0 is small enough then (Apg)s is homotopic in 4(R, W, H) to
(As)p — 08Py S4,BPy.

To see this, we first compute
(Ap)s(w,v) = (Aw + Bv—68Bw, B*w —§Bv),
(45)g(w,v) = (Aw + Bv—68Bw, B*w),
(Ap)s(w.v) — (4s)p(w, v) = (0, —5pv),
thus (Ap)s = (As)p — 6BP}; Py. We will show that for § > 0 sufficiently small
and symmetric linear maps S* € £(V) whose norm is small enough the operators

(A‘:St)Bj: + P;SiPV are bijective; applying this to ST = —(1 —¢)§-id — t(Sij,b
for ¢ € [0, 1] then proves Step 1.
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By Theorem V.4.3 in [Kato 1976] the operators (Ag,t) pt T+ P;SiPV are self-
adjoint with dense domain W @ V, hence by Lemma C.1 their spectrum consists
of eigenvalues. Thus it suffices to show injectivity. Let (w,v) € W x V be in the
kernel of (Ag:)Bj: + P;’}SiPV. Then (w, v) solves

+ g £,
(75) {(A Fé-idw+BFv=0

(BE)*w+S*v=0
which is equivalent to

76) w=—(A*F§-id)"' BTv
—(BEH)*(A* F6§-id)"'Brv+ STv=0.

But (B¥)*(4* —§-id)~! BE converges to the nondegenerate linear map S 4t Bt
as 6 goes to zero, and hence the second equation in (76) has only the trivial solution
v = 0 if the norm of S* is small enough and hence (w, v) = (0,0). This shows
injectivity and hence the assertion of Step 1 follows.

Step 2. For § > 0 small enough and € € [0, 1] the maps (As)ep — 8P} S4, p Py are
inAR, W eV, H®YV), that is, their asymptotics are bijective.

Step 2 follows by a similar reasoning as Step 1. Assume that (w,v) e W @ V
lies in the kernel of one of the asymptotic operators. Then (w, v) solves

w = —e(A* F§-id)"! B*v
—e2(BE)* (AT F6-id) "' BFv—68S 44+ gav =0.
The second equation has the form
—(€2+8)Csv+ Dsv =0

with Cs = (B*)*(A* 18-id)~! B*, which is invertible for all sufficiently small §,
and an operator Dj of order §2. For € € [0, 1] and sufficiently small § this equation
has only the trivial solution v = 0, thus (w, v) = (0, 0) and Step 2 follows.

Step 3. We prove the theorem.

Using the properties of the spectral flow from Theorem C.4 we are now in po-
sition to compute

pw((AB)s) = n((As)p — 8Py S48 Py) = u((As)o — 8P Sa,8Pv)
= u(As ® —8S4,8) = 1(As) + 1(—0S4,B)
= u(4s) + 5(0(47, B7)—o (4T, BT)).
Here we have used Step 1 for the first equality, Step 2 for the second one, and

the (crossing) property of p for the last one. Taking the limit § \ O the theorem
follows. O
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There are scenarios where the signature o(A4, B) can easily be computed. We
formulate such an example for a Lagrange multiplier functional on a finite dimen-
sional manifold which can easily be generalized to infinite dimensional cases.

Lemma C.6. Let (M, g) be a Riemannian manifold and let f,h € C*°(M) be
such that 0 is a regular value of h. Let (x¢, vo) be a critical point of the Lagrange
multiplier functional F € C®°(M xR) given by F(x,v) = f(x)+vh(x). Assume
that there exists € > 0 and a smooth curve (x,v) € C°°((—e, €), M x [R) satisfying
(x(0), v(0)) = (x9, vo) such that the following holds:

(i) 9,x(0) = Vh(xo).

(i) 9,v(0) # 0.

(iii) (x(p), v(p)) for p € (—e€, €) is a critical point of the Lagrange multiplier func-
tional FP € C°(M x R) given by FP(x,v) := f(x)+v-(h(x)—p).

Then the pair (Hess Fu, (x0), Vh(xg)) is regular in the sense of Definition C.3 and
its signature is

0( Hessf, (x0), Vi (xo)) = —sign(apv(O)).
Proof. The identity d F* (x (p), v(p)) = 0 for p € (—e¢, €) is equivalent to

(77) df (x(p)) + v(p) - dh(x(p)) = 0
h(x(p)) = p.

The first equation in (77) can be written as

Vf(x(p) +v(p) - VA(x(p)) = 0.

Differentiating this identity with respect to p and evaluating at p = 0 we compute
using assumption (i)

0 = Hessz(x0)0,x(0) + vo Hessy (x0)dpx(0) + d,v(0)VA(xo)
= HessF, (x0) Vh(xo) + 9,v(0)V(xo).

More specifically, V/(xg) is an eigenvector of Hess Fy, O the nonzero eigenvalue
—0d,v(0).

It is now straightforward to check that the pair (Hess Fu, (x0), Vh(xg)) is regular.
Condition (i) in Definition C.3 follows from the assumption that 0 is a regular value
of & and thus V/A(xg) # 0. Since Vh(xg) is an eigenvector of the Hessian to a
nonzero eigenvalue, condition (ii) is satisfied as well.
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To compute the signature we calculate
o (Hessr,, (xo), Vii(xo)) = sign(dh (xo)H/egsFU0 (x0) "' Vh(x0))

. Vi 2 ,
= s1gn( — ”E);v—x((());”) = —sign(d,v(0)). |

Appendix D: Some topological obstructions

During the first author’s talk at the Workshop on Symplectic Geometry, Contact
Geometry and Interactions in Lille 2007, E. Giroux suggested that in the case n = 2,
Corollary 1.7 results from the following topological fact.

Lemma D.1. There exists no smooth embedding of S*S? =R P? into a subcritical
Stein surface.

Right after the talk, participants suggested the following three proofs of this
fact. Note that every subcritical Stein surface is C? or a boundary connected sum
of copies of S xR?, which embeds smoothly into R*; thus for the lemma it suffices
to prove that R P3 admits no embedding into R*.

Proof 1 (V. Kharlamov). This proof is based on the following theorem of Whitney
(see for example [Massey 1969]): The Euler number ¢(X) € Z of the normal bundle
of a closed connected nonorientable surface ¥ embedded in R* satisfies e(X) =
2x(X) mod 4. Now suppose we have an embedding RP* C R*. Then the normal
Euler number of the linear subspace RP? C RP? C R* satisfies e(RP?) = 2 mod
4. But a nonvanishing normal vector field to R P3 in R* (which exists because R P3
is orientable) provides a nonvanishing section of the normal bundle of RP? C R*,
contradicting nontriviality of e(RP?). O

Proof 2 (T. Ekholm). This proof is based on a theorem of Ekholm [2001]: The Euler
characteristic of the (resolved) self-intersection surface of a generic immersion of
S? to R* has the same parity as the number of quadruple points. Now suppose
we have an embedding RP3 C R*. Composition with the covering S* — RP?
yields an immersion of S* to R* which can be perturbed (via a normal vector
field to RP? vanishing along RP?) to have self-intersection surface RP? and no
quadruple points, contradicting Ekholm’s theorem. O

The third proof, suggested by P. Lisca, yields in fact the following more general
result:

Proposition D.2. For n > 2 even there exists no smooth embedding of S*S" into
a subcritical Stein 2n-manifold.

Proof 3 (P. Lisca). Suppose we have an embedding S*S” =~ X C V into a subcrit-
ical Stein 2n-manifold V for n > 2 even. From Hy,_1(V; Z) = 0 it follows that X
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bounds a compact subset B C V. Denote by C the closure of V\ B,so V =BUxC.
Since 7 is even, the Gysin homology sequence of the sphere bundle S*S” — S”
shows H,(S*S";Z)=0and H,_{(S*S";Z)=17,. Using this and H,(V;Z) =0,
the Mayer—Vietoris sequence for V' = BUyx C implies H,(B;Z) = H,(C;Z) =0.
Let X := D*S" Uy B be the closed oriented 2n-manifold obtained by gluing
the unit disk cotangent bundle D*S” (with orientation reversed) to B along X.
Again by the Mayer—Vietoris sequence, we find that the free part H, (X ; Z) /torsion
is isomorphic to Z and the zero section S” C D*S” is a generator or twice a
generator. But for n even the zero section S” has self-intersection number 2 in
D*S", hence —2 in X . This is impossible if the zero section is twice a generator
of H,(X;Z)/torsion, and if it is a generator this contradicts unimodularity of the
intersection form (which is an immediate consequence of Poincaré duality). [

Remark. The fact that S*S?2 has no exact contact embedding into a subcritical
Stein surface V' can also be proved symplectically as follows, using a deep result by
Gromov about holomorphic fillings. First note that every subcritical Stein surface
admits an exact symplectic embedding into R*. (A subcritical Stein domain of
complex dimension 2 is either B* or the boundary connected sum of k > 1 copies
of S x B3, which can be realized as a Stein domain in C? using the techniques
in [Eliashberg 1990]; see also [Gompf 2005].) Thus it suffices again to consider
the case V = R*.

Suppose there exists an exact contact embedding ¢ : $*S? < R*. Removing the
bounded component of R*\¢(S* S?) and gluing in the unit ball bundle D*S? yields
an exact convex symplectic manifold W which contains an embedded Lagrangian
2-sphere (the zero section in D*S?). On the other hand, W is symplectomorphic
to R* outside compact set. So a result of Gromov [1985] implies that W is in fact
symplectomorphic to R*. But this is a contradiction because R* does not admit
any embedded Lagrangian 2-spheres.

Remark. We have not investigated obstructions to smooth embeddings of S*S”
into subcritical Stein manifolds for » odd. As pointed out in the introduction, at
least for » = 3 and n = 7 there are no obstructions and S*S” embeds smoothly
into C".

Appendix E: Cylindrical contact homology

In this appendix we collect known results on the cylindrical contact homology of
(S*S", &) and the boundaries of subcritical Stein domains. In the latter case we
have:

Theorem E.1 (M.-L. Yau [2004]). Let V be a subcritical Stein domain of di-
mension 2n > 4 with ¢1(V) = 0, and let Egperit be the contact structure on dV



312 KAI CIELIEBAK AND URS ADRIAN FRAUENFELDER

given by the maximal complex subspaces. Then the cylindrical contact homology
of (OV, Equberit) Is well-defined and given by

HCZ' (M, i) = €D Hy1-s42 (V3 Q).
keN

Here (and throughout this appendix) cylindrical contact is taken with Q-coeffi-
cients and graded by Conley—Zehnder indices. Applying this result to the subcrit-
ical Stein domain B"*! x S"~! we find:

For n even,
Q x>n+41odd,
HCP'(S" % 8" Eneri) = @ % = 2 even,
0 else.
For »n odd,
QeQ *>n-+1even,
HC:y](Sn X Sn_17 Esubcrit) ~ 0 2=<x=n-1 even,

0 else.

In particular, for » = 3 and n = 7 we obtain:
QpQ *>4even,
HC:yl(S3 XSZ,ésubcrit) =40 * =2,

0 else,

QaQ *>8even,
HCPNS7 x S, Equperit) = 1 Q % =2,4.6,

0 else.

Next we consider the unit cotangent bundle (S*S”, &) with its standard contact
structure. As noted in Section 4, the Morse index of a k-fold covered closed geo-
desic for the round metric on S” equals (2k — 1)(n — 1). The following lemma is
well known.

Lemma E.2. For each k € N the space of k-fold covered (unparametrized) closed
geodesics is diffeomorphic to the complex quadric Q,—1 C CP" and has the fol-
lowing homology:

Forn even,

Q 0<%x=<2(n—1)even,

0 else.

Hy(Qp—1;0Q) = {
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For n odd,

QpQ *x=n-—1,
Hy(Qp-1:Q) = {0Q 0<x<2(m—1)even, x #n—1,

0 else.

By a Morse-Bott argument, the complex for cylindrical contact homology is
generated by elements of degrees (2k —1)(n — 1) + d;, k € N, where d; are the
degrees of generators of Hy(Q,—1; Q). Since the homology of Q,_1 lives in even
degrees, it follows that all generators have odd (if 7 is even) respectively even (if n
is odd) degrees. So the boundary operator is zero and cylindrical contact homology
is freely generated by elements of degrees (2k —1)(n —1) + d;, k € N. Now a
short computation yields:

For n even,
Qa0 *=k(n—1),k230dd,
HC:yl(S*Sn,Sst); Q *Zn_lOdd,*;ék(n—l)forodde&
0 else.
For n odd,
QeQ *=k(m—-1), k>2,
HC:yl(S*Sn,ést)g Q *zn—leven,*;«ék(n—l)forkZZ

0 else.

In particular, for n = 3 and n = 7 we obtain:

Qe Q *>4even,

HCY'(S*S% &) = 10 *=2,

0 else,

Q@ *=06k, k=2,
HCA'(S*S7 . 60 =1Q % > 6 even, * # 6k for k > 2,

0 else.

Together these computations show:

Corollary E.3. The contact structures £y and Equperic on S*S3 = 3% S? have iso-
morphic cylindrical contact homology, while the contact structures &g and Egyperie
on S*S7 = S7 x 8% have nonisomorphic cylindrical contact homologies.
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