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A geometric obstruction to the contact type property

Kai Cieliebak

Harvard University, Department of Mathematics, Science Center 322, 1 Oxford Street, Cam-
bridge, MA 02138, USA (e-mail: cielieba@math.harvard.edu)

1 Introduction

Prompted by the existence results for periodic orbits on energy surfaces, in
1979 A. Weinstein introduced the following concept ([We2]): Let (M, w)
be a symplectic manifold, i.e. a manifold M of even dimension 2n with a
nondegenerate closed 2-form w. A hypersurface S C M (throughout this
paper all hypersurfaces are assumed to be smooth without boundary) is said
to be of contact type if there exists a 1-form A on S such that

(1) dA = wlgs, and

(ii) A A (d\)" ! is a volume form on S.

This condition has proved extremely fruitful, mainly for the following
two properties of a hypersurface S of contact type:
1. (Stability): There exists a diffeomorphism ¢ : [—e€,¢] x S — W onto
a tubular neighborhood W of S in M, ¢({0} x S) = S, such that all
hypersurfaces S, = ¢({p} x S) are conformally symplectomorphic to 5,
ie. (5,,w) is symplectomorphic to (.S,rw) for some constant r(p) > 0.
In particular, the characteristic foliations on all .S, are conjugate. Here the
characteristic foliation of a hypersurface S C (M, w) is the 1-dimensional
foliation consisting of the integral curves of the line bundle ker(w|g) — S.
Its leaves are called characteristics.
2. (J-convexity): Suppose that the hypersurface S is cooriented by a normal
vector field v. Then in a neighborhood of S we can speak of the interior
and exterior, defined by the condition that v points to the exterior of S.
We say that (S, v) is w-convex if there exists a 1-form A on S satisfying
(i) and (ii) such that A A (d\)"~! is a positive multiple of i, (w™)| s, where
1, 18 the contraction with v. In this case there exists a compatible almost



complex structure J on (M, w), i.e. an almost complex structure .J such that
w(+,J+) is a Riemannian metric, for which S is J-convex in the sense that
no J-holomorphic curve can touch S from the interior.

Given a cooriented hypersurface (S, v) C (M, w) itis in general difficult
to decide whether it is of contact type. An obvious necessary condition
arises from the closed characteristics. Suppose that w|g is exact. Then to a
closed characteristic = : S' := R/Z — S which is homologically trivial,
[x] = 0 € Hy(S), and oriented positively, i.e. such that w(z,v) > 0, we

associate its action
A(x) = —/ ',
S’l

where « is any 1-form on S with do = w|g. This definition does not de-
pend on the choice of a. If (S, v) is w-convex with contact form A, then
A(x) = — [ A > 0 for all homologically trivial closed characteristics =
(similarly < 0 if S is w-concave).

More generally, let us fix a vector field X generating ker(w|s) withw (X, v) >
0. Then every finite Borel measure i on S acts on 1-forms 3 on S via

(1, B) = /5 B(X)dp.

We say that p is exact as a current if (i, 3) = 0 for all closed 1-forms
0. Then we have the following criterion due to D.Sullivan and D.McDuff
([Su], [McD], see also [EG]): A closed hypersurface S C (M,w) with
w|g = da is of contact type if and only if there exists a constant ¢ such that
(1, ) > ¢+ p(S) for every finite X -invariant Borel measure ;1 on .S which
is exact as a current.

Notice that Sullivan’ criterion, like the original definition, depends on
the characteristic foliation and thus on the C'-type of the hypersurface.
Under C°-small perturbations the characteristic foliation may change dras-
tically (see e.g. [Ci]). We will now give a geometric obstruction to the contact
type property which is stable under C°-small perturbations.

Consider the space R?" with coordinates (x1,...,2n, Y1, .., Yn) and the
standard symplectic form wa,, := d\a,, where

1 n

Aon 1= 5 ;(fjdyj — yjdx;) .
]:

Define the action of a loop = : S* — R?" as

A(z) := —/ T Aoy, -
S1



[a, 4b] %« S1x B

[-4b, —a]xS'x B
Fig. 1.

For a connected compact hypersurface S C R?" (without boundary) we
denote by B(S) the bounded and by U(.S) the unbounded component of
R?"\ S. By B*(r) we denote the closed ball around zero in R* of radius 7.

A hypersurface S in a symplectic manifold (M, w) is said to be of re-
stricted contact type if there exists a 1-form A on S satisfying (i) and (ii)
which extends to a 1-form A on M with d\ = w. Notice that if w is ex-
act and H'(S) = {0}, then ‘contact type’and ‘restricted contact type’ are
equivalent conditions.

Theorem 1. For n > 2 there exist numbers 0 < a < b and an embedding
f i [—4b,4b] x St x B?"=2(4b) < R2" with the following property:
If S C R?" is a connected compact hypersurface such that

f([—4b, —a] x 5 x B2n_2(4b)) c B(S),
f([a,4b] x St x BQ”‘2(4b)> cU(s),
then S is not of restricted contact type.

Figure 1 shows two examples of hypersurfaces satisfying the hypotheses
of Theorem 1. In Fig. 1.a) the hypersurface S closes up to a hypersurface of
type St x S?"2 surrounding the larger ring [—4b, —a] x S' x B*"~2(4b).
Remark. The embedding f is symplectic with respect to a twisted sym-
plectic structure on [—4b, 4b] x S' x B?"~2(4b) in which the circles {p} x

S' x {0}2"2 are nondegenerate closed characteristics on the hypersurfaces
{p} x St x B?"72(4b) (see Sect. 3).

The Hausdorff metric on the space of all closed bounded subsets of a
metric space (X, d) is defined as

dp (A, B) := max{supd(a, B),supd(b, A)} .
acA beB



It is easy to see that every compact hypersurface S C R?" can be approxi-
mated in the Hausdorff metric by compact hypersurfaces of restricted contact
type: Approximate S in dy by an embedded closed curve L ¢ R?"\ S
of positive action. Then a small tubular neighborhood of L is of restricted
contact type and dy-close to S.

However, this example seems quite artificial. It can be ruled out by a simple
topological hypothesis. Let Hyp®(R?") be the space of all connected com-
pact hypersurfaces S C R?" such that 0 lies in the bounded component of
R?"\ S. Then we have

Corollary 1. A hypersurface S € Hyp®(R?") as in Theorem 1 cannot be
approximated in the Hausdorff metric by hypersurfaces in Hyp® (R*") of
restricted contact type.

We also get a different criterion in terms of closed characteristics. For
a closed characteristic = on a hypersurface S consider its linear Poincaré
map, i.e. the linearization of the Poincaré return map on a transverse sec-
tion to x. The characteristic z is called nondegenerate if 1 is not an eigen-
value of the linear Poincaré map. It is called linearly stable (cf. [GL]) if
its linear Poincaré map is symplectically conjugate to a diagonal matrix
diag(e’, ... eion-1) ¢ Cn=Dx("=1) with ay, ..., an_1 € R.

Corollary 2. Suppose that a hypersurface S € Hyp° (R?") carries a non-
degenerate linearly stable closed characteristic x of negative action. Then
S cannot be approximated in the Hausdorff metric by hypersurfaces in
Hyp® (R?") of restricted contact type.

Remark. In other words, a necessary condition for S to be approximable
by hypersurfaces of restricted contact type is the absence of nondegenerate
linearly stable closed characteristics of negative action. This condition is
definitively not sufficient. Combining Corollary 2 with the construction in
[Ci] we find hypersurfaces S € Hyp®(R?") which carry no closed charac-
teristic of negative action, but still cannot be approximated by hypersurfaces
of restricted contact type.

Following Y. Eliashberg and M. Gromov ([EG]), let us call an open
(i.e. without compact connected components) symplectic manifold (M, w)
convexly exhaustible if it admits an exhaustion Uy C Uy C ... C M,
UienU; = M, by compact subsets U; with smooth w-convex boundaries
(cooriented by outward pointing normal vector fields). We call (M, w) exact
convexly exhaustible if the boundaries OU; are exact convex, i.e. the positive
contact forms on OU; extend to M as primitives of w. It was shown in
[EG] that the complement of a small closed ball in a symplectic manifold
is not convexly exhaustible. However, this cannot be applied, e.g., to find



nonconvex symplectic structures on the open 2n-ball. The existence of such
structures follows from the following corollary, choosing a hypersurface S
which bounds a ball.

Corollary 3. For a hypersurface S as in Corollary 1 or 2, the bounded
component of R*™ \ S is not exact convexly exhaustible.

More generally, we have

Corollary 4. Every open manifold M of dimension 2n > 4 which admits
a symplectic structure also admits a symplectic structure which is not exact
convexly exhaustible.

Remarks. 1. Corollary 3 answers a question in [EG]: The exact convex
exhaustibility of the interior of a domain 2 C R?" with smooth boundary
012 implies certain convexity of 2. For example, 02 cannot have a shape
as described in Theorem 1 and Fig. 1.

2. The additional question in [EG] whether the actions of all invariant mea-
sures on J{?2 are nonnegative if the interior is convexly exhaustible must be
answered in the negative: By the construction in [Ci] one can always intro-
duce closed characteristics on 92 with negative action without changing
symplectically the interior of (2.

This paper is organized as follows:
In Sect. 2 we will reduce Theorem 1 to a statement about symplectic ho-
mology of hypersurfaces in R?" (Theorem 2).
Theorem 2 depends on a version of the Monotonicity Lemma for pseudo-
holomorphic curves with a Hamiltonian term which will be proved in Sect. 3.
In Sect. 4 we will prove Theorem 2 as well as Corollaries 1-4.

Acknowledgements. 1thank L. Moatty whose discontent at the results of [Ci] motivated the
present article. I thank D. Nikolenkov for carefully checking the proofs and improving the
presentation, E. Zehnder for useful comments, and S. Kim for Fig. 1.b).

2 Localization of symplectic homology and proof of Theorem 1

We will first define the version of symplectic homology which we will use
to prove Theorem 1. For details we refer the reader to [FH], [FHW], [CFH]
and [CFHW]. We shall describe the construction on the standard symplec-
tic space (R?",ws, = d\2,), although it works for any exact symplectic
manifold which is convexly exhaustible.

Consider a 1-periodic time-dependent Hamiltonian H : S* x R?® — R
such that

H(t,x) =0 for |x| large.



To a smooth loop z : S' — R?" we associate its Hamiltonian action

1 1
Ap(x) :=—/0 a:*)\gn—/o H(t,z(t))dt.

Critical points of Az are precisely the 1-periodic solutions = : S — R?"
of

where X is the Hamiltonian vector field defined by
A (@) = won (Xn (1, 2), )

and H, = H(t,-).
Fix an interval [a, b) not containing 0. We call H a regular Hamiltonian if all
1-periodic solutions of & = Xy (¢, x) with Ay (x) € [a, b) are nondegener-
ate. Observe that the degenerate constant solutions in the region { H = 0}
have action 0 ¢ [a, b).

More generally, we will consider Hamiltonians H : R x S xR?" — R
satisfying

OH
8_(S’t’ x) < 0forall (s,t,x), (H1)
s
| Hi(t.x) fors < —sq;
His,t,2) = {Hg(t,:v) for s > s, (H2)
H(s,t,z) = 0 for |z| large. (H3)

Let J be an (s, t)-dependent almost complex structure on R?" such that

wan, (J(s, t), ) is a Riemannian metric for all (s, t), (J1)
Nt z) fors < —sq;
J(st,2) = {Jg(t,m) for s > sq, (/2)
J(s,t,x) =1 for |z| large. (J3)
Consider smooth maps @ : Z = R x S' — R?" satisfying

Us + J(s,t, )t +Vy, H(s, t,0) =0, (ul)

. r1 ass — —oo;
i) = {5, s 4o (u2)

where x; are 1-periodic solutions of &;(t) = X, (t,z;(t)), and V, , de-
notes the gradient with respect to the metric wa, (J (s, t)-, ).



An s-independent pair (H, J) satisfying (H1-3) and (J1-3) is called a
regular pair if H is a regular Hamiltonian, and 0 is a regular value of the
Fredholm operator

Qs G+ J(t Q)0 + Vg, H(t, 0)

defined on maps @ satisfying (u2) with Az (x;) € [a,b). An s-dependent pair
(H, J) satisfying (H1-3) and (J1-3) is called a regular monotone homotopy
between the regular pairs (H1, J1) and (Ha, J2) if 0 is a regular value of the
Fredholm operator

U Ug + J(s,t,0)u + V,  H(s,t,4)

defined on maps @ satisfying (u2) with Ay, (x;) € [a, b). In these cases the
spaces
M(:I/'ls 2, H? J)

of solutions of (ul — 2) are finite dimensional manifolds.
For a regular pair (H, J) consider the finite-dimensional vector space over
Zy=7/27,
C[a’b)(H, J): = {Z ;i | o € Zo, x; 1-periodic solutions of
T; = XH(t, Iz) with AH(l’l) S [a, b)} .

We define a linear operator

d:ClY(H J) = Cle(H, ),
Or == Z<x7y>1 "y,

Y

where (x, y) is the number mod 2 of 1-dimensional components of M (z, y,
H,.J). The operator O satisfies 92 = 0. The homology group

FHI"Y(H) := ker(d)/im(8)

is called the Floer homology in the action interval [a, b). It is independent
of J, but it does depend on H, as we will describe now.

To a regular monotone homotopy (H, J) between regular pairs (Hi, Jp),
(Hj, Jy) we associate a linear map

o(H,J): CleY(H\, J)) — ClY (Hy, Jy),

o(H,J)x = Z(x,y)o Y,

Y

where (x,y)o denotes the number mod 2 of 0-dimensional components of
M(z,y, H,J). It turns out that o(H, J) is a chain map. The induced map



on Floer homology does not depend on the choice of (H,.J). We denote it
by

o(Hy, Hy) : FHI*Y (H)) — FHI*Y (H,).
For 3 regular Hamiltonians Hy > Hy > Hs the corresponding maps satisfy
the composition law

o(Ho,H3) oo(Hy, Hy) = 0(Hy, H3) .

Next let a compact cooriented hypersurface S C R?" be given. We do not
require S to be connected, so R?" \ S may have more than two connected
components. However, we suppose that R>" = B(S)UU (S), where B(S),
U(S) are (not necessarily connected) components, B(.S) is bounded, and
U(S) is unbounded. Moreover, we assume that the coorientation of .S is
defined by a normal vector field v which points everywhere into U (.S).

Fix a number » > 0. We call a Hamiltonian H (s, ¢, x) adapted to (S, r) if
it satisfies (H1-3) and

H(s,t,2z) = 0 for x outside some compact subset of B(.S),
—r < H(s,t,z) <0 forall (s,t,x)

(see Fig. 2). The set Ad,c4(S,r) of s-independent regular Hamiltonians
adapted to (S, r) is a partially ordered set via

Hy > Hy <= Hy(t,z) > Hs(t,x) forall (¢,z).

This partial ordering and the homomorphisms o(Hy, Hz) turn the set of
Floer homology groups

[a,b)
(HF (H>) HEAdyey(S,r)

into a directed system. We define the symplectic homology of (S, r) as the
direct limit of this system as H decreases,

SHY(S,7) := lim HF*Y (H).
—
Geometrically, decreasing sequences in Ad,¢4(S,7) tend (pointwise) to
—TXB(s), Where x p(g) is the characteristic function of the bounded com-
ponent B(S5).

An inclusion S; C B(S2) of two hypersurfaces induces a natural inclusion
Adyeg(S1,7) C Adyreg(S2,7), and thus a homomorphism

p(S81,52) : SHI®) (81 r) — SHIWY (S5, 1) .
For three hypersurfaces satisfying S; C B(S2), S2 C B(S3) we have
p(S2,93) o p(S1, S2) = p(S1,53) .

Theorem 1 will be an easy consequence of the following result about the
nontriviality of certain symplectic homology groups.
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Fig. 2.

Theorem 2 (localization of symplectic homology). Forn > 2 and ¢ + 0
there exist positive numbers a, b, 0, r (wWhich can be chosen arbitrarily small)
and an embedding f : U := [—4b,4b] x S x B?"~2(4b) — R>" with the

following property:
Let S1,Sy C R2" be disjoint compact, cooriented, not necessarily con-
nected hypersurfaces such that S; C B(S2). Suppose that

Sin f(U) = f({—a} X SLx BQ”_2(4b)> :

Sy N f(U) = f({+a} x St x 32"*2(4@) :

and the coorientations agree on these intersections. Then the closed charac-
teristics y; = f({—a} x S x {0}) of S1 and y = f({—i—a} x S x {0})

of So give rise to nontrivial elements
0# [yf], [y; ] € HS 2+ (S, r)
in symplectic homology, and the inclusion induced homomorphism
p(S1,82) - HS'0HD(Sy,r) = HSI040) (S, 7)
maps [yy"] onto [y;] and [y;'] onto [y ].

Remark. The first part of this theorem can be interpreted as follows: The
‘germ of a hypersurface’ j‘({a} x St x BQ"_2(4b)> around the closed
characteristic y; carries nontrivial local symplectic homology which persists
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Fig. 3.

in the global symplectic homology of every closed hypersurface containing
this germ.

Proof of Theorem 1 assuming Theorem 2
Letc,a,b, 8,7 and f : U — R?" be as in Theorem 2 such that ¢ + § < 0.
Let S C R?" be a hypersurface as in Theorem 1. Define a hypersurface

S C R?" by smoothing the corners of the boundary of f ([—4b, —a] X
St x BZ""*2(4b)). Choose the coorientation of .S7 such that it agrees with
the coorientation on f ({—a} x S1 x BQ"_2(4b)>. Let the hypersurface
S5 be the disjoint union of the smoothening of the boundary of f <[a, 4b] x
ST x BQ”_2(4b)> with a large sphere enclosing .S and f(U) (see Fig. 3).
Choose the coorientation of S5 to agree with the coorientation on f ({a} X

St x B2"_2(4b)) and to be outward pointing on the large sphere. Then

the hypersurfaces S and S5 satisfy the hypotheses of Theorem 2, so the
inclusion induced homomorphism

p(S1,82) : SHITHH0(Sy,r) = SHITHH (8y,7)
between their symplectic homologies is nontrivial. Since
p(Slv SQ) = p(S7 SQ) © p(Sl7 S) ’

this implies
SHI=0) (S ) £ {0}



On the other hand, if S is of restricted contact type with 1-form ), then it
can only be w-convex because

/A/\(dA)"’_l :/ Ww" > 0.
S B(S)

In this case all closed characteristics on S have positive action. Moreover,
by the stability property mentioned in the introduction, .S possesses a tubu-
lar neighborhood ¢([—¢, €] x S) such that all closed characteristics on all
the hypersurfaces S, = ¢({p} x S) have positive action. Thus for adapted
Hamiltonians which have the S, as level surfaces and are close to —7 respec-
tively O outside the tubular neighborhood, all 1-periodic orbits have positive
action. This shows that the symplectic homology groups of S are trivial in
all negative action intervals. In particular,

HSle=0et9) (5 r) = {0},

and we have a contradiction. Hence S cannot be of restricted contacttype. [

3 A version of the Monotonicity Lemma

We will start with a local model for the characteristic flow near a closed
characteristic. Let

U := [~4b,4b] x S* x B*~2(4b)

be as in Theorem 2. Denote coordinates on U by (p, 6, z) with z = (21, . ..
sy Zpe1) € CMTL = R zj = xj + 1y;. We equip U with the sym-
plectic form
n—1
wi=df Adp+do A aj(xyday + y; dy;) + wan 2,
j=1

1 n—1
— d«9/\dp+d«9/\d(§z%-|zj|2> Fwona,
j=1

where wa,_o = 27;11 dx; A dyj is the standard symplectic form on C”,
and ‘
ag,...,an, 1 € RT\ 27Z

real numbers which are not multiples of 27.
The Hamiltonian vector field of the function p : U — R is given by

o = B B
X = — — E Ay —— — pi——
09 j=1 s O " ayj)7



as the following calculation shows:

n—1
ixw=dp+ Y [(a;)*(@jy; — yjz;)d6 + a;(wjdw; + yidy;)
j=1
—a;(yjdy; + wjda;)]
=dp.
The components of X can also be written as
X =(0,1,i121,...,00p—12n—1) € R X R X cr .
Consider the germs of hypersurfaces
U, :== {p} x ST x B 2(4b).

If they are cooriented by the gradient of the function p, the Hamiltonian
vector field X is a positive (i.e. w(X, Vp) > 0) generator of the charac-
teristic foliations on all the hypersurfaces U,. Every U, carries the closed
characteristic

z,(t) = (p,t,0), t € [0,1].

The linearization at (p, fp, 0) of the Poincaré return map of X on the trans-
verse section {0} x {0p} x B?"~2(4b) to z,, in U,, is the linear map of C" !
given by the diagonal matrix

A = diag(e',. .. eln-1).

Since the o are not multiples of 27, the matrix A does not have 1 in its
spectrum. So the x, are nondegenerate closed characteristics.
For a given ¢ # 0 choose a 1-form A, on U satisfying

dA. = Ow

—/ Ae=c.
xo

Define the action of a loop = : S' — U by

A(z) :=—/x/\c.

In particular, the closed characteristic xg has action c.

The exact symplectic manifold (U, dA.) can easily be exact symplecti-
cally embedded in (R?", d\a,,): Let g : S' — R?" be an embedded loop
with — fyo A2n = c. By the symplectic neighborhood theorem (see [Wel])
there exists an embedding f : U = [—4b, 4b] x S' x B?"72(4p) — R?"
such that f(zo(t)) = yo(t), and f*wa,, = w with the form w defined above.
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Fig. 4.

So on U we have d(f*)o,,) = d)\. and fxn F*Aan = fxo A¢. Since o gen-
erates the first homology of U, this implies that f*\9,, and A, differ by an
exact 1-form.

For later use let us give a more explicit embedding of U in R?".

Lemma 1. For every ¢ #+ 0 and n > 2 there exists an embedding f :
[—4b, 4b] x R®"~! — R2" and a tubular neighborhood S* x B?"~2(4b) =
V C R* ! of an embedded loop such that

(i) f = id outside some compact subset,

(i) f : <U = [—4b,4b] X V, d)\c> — (R2", d)\gy,) is exact symplectic.

Remark. In particular, the hypersurface f ({0} X RZ"_1> contains a closed

characteristic 2y of action ¢ near which the hypersurface looks like Uy above
(see Fig. 4).

Proof. For ¢ > 0 consider the function
1 n
o) = o= 5 Y al
j=1

on C", where «;,, = 27, and «ay, ..., ay,—1 are the positive numbers from
above. Fix ¢, and pick b > 0 small enough such that the level sets

o= {z€C" | p(z) = a}.

a € [—4b, 4b], form a family of ellipsoids around the origin. Each ellipsoid
E, carries the closed characteristic

za(t) = (0,...,0,7,e*™)  te|0,1],

where 7, is determined by the equation



The action of the characteristic zg is

A(zo) = — /xo A2n

1 1
=3 / r2(cos® t + sin? t)dt
0

Lo
=—-r
50

= —C.

In atubular neighborhood U of all the characteristics x,, we can choose polar
coordinates z,, = re?™ in the last component. The form ws,, becomes

won |y = 27rdr A df + way—o .

Now we take p as a new independent coordinate and eliminate . Pick U of
the form U = [—4b,4b] x S' x B?"~2(4b) in the coordinates (p, 0, 21, . . .
...y 2n—1). From

n—1
dp = —27nrdr — Z aj(zjdr; 4+ yjdy;)
j=1
we find the expression for wy,, in the new coordinates (p, 8, 21, .. ., 2n—1),
n—1
w2n|U =do Ndp+di A Z aj(xjdxj + yjdyj) + wop—2,
j=1

which is the form w from above. This shows that the 1-form Aoy |y — A—¢
is closed. Since A(xg) = —c, it vanishes on the generator xo of H;(U), so
it is exact.

So far we have constructed a foliated family of ellipsoids (£ )qe|—ap,45 C
R?" containing a set U = [—4b,4b] x S x B?"~2(4b) which satisfies (ii)
of the lemma. Now translate each ellipsoid F, in the negative 2 -direction
(by the same amount for all a) until it lies below the hypersurface {z, =
a} € R?". Cut out from E, a small (2n — 1)-ball around the north pole
(the point with the maximal value of 1), and cut out from the hypersurface
{x1 = a} a small ball around (a, 0, . .., 0). Connect the two hypersurfaces
along the holes as shown in Fig. 4. Since increasing values of ¢ correspond
to smaller ellipsoids, this connected sum can be performed simultaneously
for all the ellipsoids F, as a foliated family.

This finishes the proof in the case of negative action —c. In the case of
positive action c replace the function p by —p. The positively oriented closed
characteristic x( then has action +c. Now increasing values of a correspond
to bigger ellipsoids. So if we translate them in the positive x; -direction, then



we can connect them to the hyperplanes {x; = a} as before, cutting out
small balls around the south pole. O

The proof of Theorem 2 depends on an estimate of the energy of pseudo-
holomorphic curves in U = [—4b, 4b] x S x B?"~2(4b). We will identify
U with its image f(U) C R?" constructed in Lemma 1. Let H : R x
S x R?™ — R be a smooth Hamiltonian satisfying (H1-2). Moreover,
suppose that for x = (p,0,z) € U we have H(s,t,x) = h(s,p), where
h: R x [—4b,4b] — R is a smooth function with

_ld < h(s,p) < 0forall (s,p);
4 = = T (H4)
h(s,p) = h*(s) for & p € [2b, 4b].

Let J be an (s, t)-dependent almost complex structure on R?" satisfying
(J1-2), and such that for x € U, J(s,t,z) : T,U — T,U is given by

J(s,t,x) - % = X(x),
J(s,t,z) - X(x) = —8%, (J4)
J(s,t,z) - w = —iw forw € {0} x {0} x C" L.

Consider smoothmaps @ : Z = Rx S' — R?" satisfying (ul-2), where
x; are 1-periodic solutions of #;(t) = Xy, (¢, z;(t)). Moreover, suppose that

x1(t) = (p1,t,0) € U for some py € [—2b, 2b] ; (u3)
x9 does not meet U ; (ud)

c
Ap(xa) — Ap(x1) < |4—| . (ub)

Proposition 1 (‘Hamiltonian Monotonicity Lemma’). There exists a con-
stant k depending only on the numbers o, . . ., ap,—1 € R\ 21Z such that
for all sufficiently small b > O the following holds:

For all H, J and u satisfying (H1-2), (H4), (J1-2), (J4) and (ul-5),

/ |tis|?ds dt > kb
7

The statement remains true if the roles of x1 and xo are interchanged in
(u3-5).

Remarks. 1. The corresponding statement for H = 0 is the classical Mono-
tonicity Lemma for pseudo-holomorphic curves ([Gr], inequality (14); [Hu],
Chapter II, Theorem 1.3). However, this case is excluded by the hypothesis
of Proposition 1 on the nonconstant periodic solution .



2. It would be interesting to know under which weaker hypotheses on the
Hamiltonian flow near x; the conclusion of Proposition 1 remains true. It
should definitely be sufficient that x; is nondegenerate and stable in the
sense that the forward and backward orbit of any point which is d-close to
x1 remains e-close to x;. In view of the classical Monotonicity Lemma it
seems plausible that the nondegeneracy assumption can be removed.
Question: Does Proposition 1 remain valid without any assumption on H
near z1?

Idea of the proof. As the proof of this proposition will occupy the remainder
of this section, let us first describe the idea. By the asymptotic conditions
on 4, there exist values of s for which the loops y(t) := u(s,t) meet the
‘annulus’ {b < |z| < 2b} C U. Once we have a uniform estimate from
below,

1
/0 9 — Xu(y)ldt > wb, ()

for the deviation of such y from a periodic orbit, the energy estimate will
follow by integration over s. To get the estimate (*), we have to consider two
different cases. Either the loop y stays in U all the time; then the estimate
follows from the the nondegeneracy assumption on x; which implies that
the only periodic orbits in U are contained in the set {z = 0}. Or the loop y
leaves U; then (*) follows from the stability assumption on 7 which implies
that no orbit leaves the set U.

Let us first focus our attention to the local hypersurface

St x B?2(3b) = {0} x ST x B %(3b) c U,

where we have dropped the variable p = 0 from the notation. For = €
S' x B?"=2(3b) denote by

o Tx<(Sl X 32"-2(3b)) ~RxCv! ol

the projection along X (z). In complex coordinates we have x = (6, 21, . . .
..., Zn—1), the components of X are

X(z)=(1,i00121,...,i00-12p-1),
and the projection 7 is given explicitly by
Te(V, W1, -+, Wp—1) = (W1 — 0121, -+, Wp—1 — VAR —12n—1) -

Lemma 2. Let
z,y :[0,d] = S' x B*2(3b),

z(t) = (0(t), 2(t)) ,



y(t) = (0(2), w(t)),
be two smooth curves, having the same 0-component, such that y satisfies
Ty)y(t) = 0 forallt € [0,d].
Then
212(0) — w)l| < I o)

Sor every t € [0,d] with |z(t) — w(t)| > 0. In particular,

d
Iz = wljco < /0 @)@ (8)]dt +2(0) — w(0)].
Proof. The equation 7,;y(t) = 0 is given explicitly by
wj(t) —if(t)ajw;(t) =0forj=1,...,n— 1.

Using this, we can calculate

L125(0) — wiOF = 2z5(0) — wy(0), 25(0) — 5 (0)
= 2055(1) — w3 (0, (1) — 16(0)032,(0)
+2(zj(t) — w;(?),1 (t)a]zj(t) e(t)ajwj(t»
= 2055 (1) — wy(t), (1) — #6(0)y25(0)

since (v, irv) = 0 forany v € C and r € R. Summation over j yields

L 1at) ~ wn)P] = [20:00) — w(r), ey (1)
< 2)2(1) — wO) Imugo (1)

from which the first statement follows. The second statement follows by
integration over t. [

Recall that the action of a loop = : S' — U is givenby A(x) = — [ Aes
for a 1-form A, on U with d\. = w and — fxo Ae = ¢, where zo(t) =
(0,t,0),t € [0,1].

Lemma 3. There exists a constant & > 0 depending only on the numbers
a1, ..., 0n_1 such that for all sufficiently small b > O the following holds:
Suppose that x = (0,z) : [0,d] — S' x B*2(3b) is a smooth curve
satisfying

b<1z(0)] <2b

and one of the following two conditions:

(a) |z(d)| = 3b, or



(b) x is closed, and |A(x) — A(zo)| < %~
Then

d
/ |7T$(t)$(t)|dt > kb.
0

Proof. (a) In Case a we have |2(d)| = 3b and |z(0)| < 2b. So Lemma 2
applied to the curves x(t) and y(t) = (6(¢), 0) yields

d
3b§/ |7Tx(t)i‘(t)|dt+2b,
0

thus 4
/0 |7rz(t)j:(t)|dt >b.

(b) Now suppose that x is closed and satisfies (b). Arguing by contradiction,
let us assume that

/ |7Tx(t)i3(t)|dt < Hb, (**)
S1
where £ will be chosen later.
After a shift in ¢ we may assume that #(0) = 0. Consider the universal
covering R — S' = R/Z, and let # : [0,1] — R be the lift of § with
0(0) = 0. Then
(1) =1

for some integer [ which is called the winding number of 6.
Claim. For b sufficiently small, § has winding number [ = 1.
Proof. Define u : [0,1] x ST — S x B?"=2(3p),

u(s,t) == (0(t),sz(t)),

and compute the action difference

Az) — A@u(0,) = —/stl W

// ((Oz (7‘52)>dsdt
_/0 /0 [_;aje(sxgﬂy;)

+wan—2(z, sz’t)} ds dt

1 n—1

/ {Z 04]€|z]| wzn—z(z,z')]dt



1n— 1
/0 Z (,Yj0|Z]| — dx; /\dyj(Zj,Zj — iajﬁzj)

—dx; A dy;(z;, iajGZj)] dt
1n—1

=——/ de]/\dy](zj7zj ij0z;)dt

:_—/ won—2(z, T @) dt .
2.Jo

Using assumption (**) we get

[A@) — Afw(0, )] < 5 /O (o] gt dt

1
<§3bﬁ?b

_
4

for b sufficiently small. On the other hand,
A(u(0,-)) = 1 A(zo) = lc

and therefore

9> 14) - e

>l 1| - |A(e) -
3le
> 1~ 1f]ef - 2

by hypothesis (b). Dividing by |c| > 0 ylelds |l —1] < 1,thus = 1, and
the claim is proved.

Now lety : [0,1] — S x B?"~2(3b) be the curve satisfying
y(t) = (0(2). w(t)),
Ty y(t) =0,
y(0) = x(0).

The hypothesis that a, . . ., o, _1 are not mupliples of 27 implies that S' x
{0} is the only closed characteristic in S* x B>"~2(3b) of winding number
1. Consequently, since 6 has winding number 1 and |w(0)| > b,

[w(1) —w(0)] = rb



for some constant x depending only on a1, ..., a,—1. By the choice of y
we have z(0) = w(0), so from assumption (**) and Lemma 2 we get

12(1) = 2(0)] > |w(1) = w(0)| — |=(1) —w(1)]
>kb—kb=0.

But this contradicts the hypothesis that z is a closed curve, and Lemma 3 is
proved. O

Now let H, J, and 4 satisfy the hypotheses (H1-2), (H4), (J1-2), (J4) and
(ul-5). Let £2 C Z be the set of all z for which @(2) lies in the region

(1-4p, 20 U [26, 48] ) x " x B2"~2(4p)

By (H4) the gradient of H vanishes in this region. So the restriction 4| is
J-holomorphic, and its area equals

/ |is|2ds dt .
ip}

By the Monotonicity Lemma (see [Hu], Chapter II, Theorem 1.3) there exists
a constant D depending only on a1, . . ., v, —1 such that if 4|, meets the set

A= {+3b} x S' x B*2(3D),
then its area is at least

/ |ts|2ds dt > Db?
(7

and Proposition 1 follows. So let us suppose from now on that @ does not
meet the set A.
Define a continuous function d : R?" \ A — [0, 3b] by

i) = { 12| forz = (p,0,2) € (—3b,3b) x S x B2=2(3b);
3b  otherwise

(see Fig. 5). Given @ : Z — R?" as above, define B : R — [0, 3],

1 2
B(s) = </ d(ii(s, t))2dt) .
0
By the asymptotic conditions (u2), (u3) and (u4) we have

B(s) -0 ass — —o0,
B(s) = 3b ass — +00.



Fig. 5.

Thus there exist values s1 < s such that
B(Sl) = b,
B(s2) = 2b, and

b< B(s) <2bforall s € [s1,s2].

Lemma 4. For eacht € S,

~S9

d(i(s2,t)) — d(i(s1,t)) < / i (5, )| ds .

J 81

Proof. Consider the smaller region
U’ :=[-3b,3b] x S x B>"2(3b) C U .

We will distinguish several cases, for ¢ € S! fixed.

Case 1: u(s,t) € U’ forall s € [s1, s2].
On U’, the metric (-, ) = w(J-,-) is given by

(u%+vx+w,u’§p+v/x+w’)

o 0
—w|—v=—4uX—iw,u=—+X+uw
dp dp

=o' +uu' + (w, w9, 2,

)



where u,v € R, w € {0} x {0} x C"!, and (-, -)2,_» is the Euclidean
metric on C"~1
Writing 4 in U’ as

= (p,u) = (p,0,2),

we obtain
R 0
Ug = 988_p + Us
0
= psa—p + 93X(u) + TyUg

and therefore

|ﬁ8|2 = |ps|2 + |95|2 + |7W8|2
> |7ru5|2.

Using Lemma 2 we infer

(@52, 1)) — d(i(s1,)) = 2(52,8)| = (5, )
< Dz 1)) as

S2
< / (mus (s, 1)] ds
S

1

§2
g/ (i (s, 1)) ds.

1

Case 2: u(s1,t),0(s2,t) € U, buta(s,t) ¢ U’ for some s € [s1, so).
Since @ avoids the set A, it must leave and enter U’ through

B := [-3b,3b] x S* x 9B*"%(3D).
Choose 51 < s} < s, < sy such that
a(sy,t),0(sh,t) € B,
i(s,t) € U forall s € [sq,s]] U [sh, s2] .
Then by Case 1

A (i(s,1)) = d (a(s1,1))
= d(i(s3,1)) — d (s, 1)) +d (a(s5. 1) = d (a(s1,1))

S2
/ |usst|ds—|—/ i (s, 1)|ds
sy
_/ |us(s,t)|ds .
S1



Case 3: u(s1,t) € U’, and u(s9,t) ¢ U'.
Choose a number s; < s < so such that

a(s},t) € B,
a(s,t) € U' forall s € [s1,5]].
Then

d(i(s2,t)) — d(i(s1, 1)) = d(a(sy, 1)) — d(i(s1, 1))
< / |tis(s,t)|ds .

S1

Case 4: If G(s1,t),u(s2,t) ¢ U’, then d(a(s2,t)) — d(a(s1,t)) = 0.
Up to interchanging the roles of s; and sg, these are all the cases, and the
lemma is proved. O

Proof of Proposition 1
The differential equation (ul) for u yields

d ~ _ /A X 2 : (A
EAH(U(.S,.)) —/Sl|us(.s,t)| dt /S1 H,(s,t,a)dt

>0
by (H1). So the hypothesis (u5) implies

An (ats,9) — Anta) < 1

forall s € R.
Suppose that for some s € R we have (s, t) € U for all t € S'. Let

ug(s, t) = (O,u(s,t)), where (s, t) = (p(s,t),u(s,t)). Recall that
zo(t) = (0,¢,0) € U. With these notations,

|A<u0(s)> — A(zo)| < ‘A(a(s)) - A(xl)] + ‘A(a@)) - A(uo(s))‘
+[A(z1) — A(zo)|
< ‘AH (a(s)) - AH(xl)‘

. /01 1 (s.tas.)) = H (1 (1) a

el | e
<—4+—43b+3b
<t het

3c]
< —
- 4



for b sufficiently small, where we have used the estimate above and (H4).

By the choice of s; and sg preceding Lemma 4, for each s € [sq, so] there
exists a t(s) € S* such that

b< d<ﬂ(3,t(s))) <9,

ie. a(s,t(s)) = (p,0,2) € U'and b < |2| < 2b.

If moreover (s, t) € U’ for all t € S, then by the computation above its
projection ug(s, ) satisfies hypothesis (b) of Lemma 3.

If the curve (s, -) leaves U’, then since it avoids the set A it must pass
through B = [—3b,3b] x S* x 9B%"~2(3b). So in this case (s, -) satisfies
(a) of Lemma 3.

Hence by Lemma 3 for each s € [s1, s3]

/ || dt > kb,
JI(s)
where I(s) := {t € S' | d(s,t) € U'}. On the other hand, on U’ the
Hamiltonian vector field of H is given by
Xu(p,x) =J(p,x)V H(s,p, )
0

= J(p,x) hy(s, p) o

— (5. ) X(a).
Hence for ¢t € I(s),

iy — Xu (@) = |pe|® +16: — hy(s, p)|? + |mue|?
Z |7Tut|2 .

Integrating over ¢t we obtain
[t (s,-) = Xpr(a(s, )|l L2 (ary = Kb (*)

for all s € [s1, s2]. So we can estimate

/ |ts(s,t)|?ds dt
Z

S2 1
2/ /|f&3(s,t)|2dsdt
S1 0
2

=/ [s(s, ) L2 (ary [l (s, ) = Xer(als, )z ands

S1

82
> / e M gy Na(s ) — Xrz (a5, Dl s aryds

S1



82
> b / a5, )l 2(ay s

S1

82
/ aa(s, )lds|
S1

> (52, )~ (o )|

> Kb‘

L2(dt)

L2(dt)
> b (|l d(@(s2, Dlz(ary = (@51, )lzan) )
- fib(B(b‘Q) - B(51)>

= rb?.

If the roles of x; and x2 are interchanged we obtain the same estimate, and
Proposition 1 is proved. 0O

4 Proof of Theorem 2 and Corollaries 1-4

Let ¢ # 0 be given. Consider Hamiltonians H which satisfy (H1-4) of
Sect. 3, as well as almost complex structures J satisfying (J1-4).

Fix positive numbers a < b and r < ITil. By hypothesis (H4) the
Hamiltonian is given on the set U = [—4b,4b] x S x B?"72(4b) by
H(s,t,z) = h(s,p), z = (p,0,z) € U. To compute symplectic homology
we will choose h : R x [—4b,4b] — R of a particular form which is sim-
ilar to the Hamiltonians in [CFHW]: For every s € R there exist numbers
—2a < p1 < p2 < p3 < p4 < 2a such that k = h(s, -) satisfies

k = const > —r in [—4b, p1];

0 <K < 1lin(p1,p2) U (p3,pa):

K (p2) = 1,K"(p2) > 0,k(p2) < —1 + a;
K (ps) = 1,k"(p3) < 0,k(ps) > —a;

k' > Lin (p2, p3);

k = 0in [p4, 4b]

(H5)

(see Fig. 6).

Fixanumber0 < ¢ < |c| which will be specified later, and consider Floer
homology in the action interval [c — d, ¢ + §). Notice that an s-independent
Hamiltonian satisfying (H5) possesses two particular degenerate 1-periodic
orbits in U,

xp(t) := (ps,t,0) and
i’H(t) = (pz,t, 0) .



Fig. 6.

The Hamiltonian action of x g is

//\—/Hta:H

=C— p3— h p3
By (H5) this implies ¢ — 2a < Ay (zp) < ¢+ 3a, hence
AH(xH) S (C— 0,c+ 5)

if 3a < 8. As xjy is degenerate, an s-independent Hamiltonian H satisfying
(H5) cannot be regular with respect to the action interval [c¢ — J, ¢ + 9).
However, H can be made regular by a C°°-small perturbation. We denote
by
HF[C—5,0+6) (Hreg)

the Floer homology of a sufficiently small regular perturbation of H. Al-
though the Floer homology may depend on the perturbation, the properties
stated in the following proposition are independent of the perturbation.



Proposition 2. Suppose that 0 < 4a < § < % < %l and 6 < %/{bQ, where
K is the constant of Proposition 1. Then for every sufficiently small regular
perturbation H,., of an s-independent Hamiltonian H satisfying (H1-5),
the I-periodic orbit xy yields two nontrivial elements

04 [zf], [xy] € HFE9H)(H,.,) .

Moreover, for two Hamiltonians Hy > Ho satisfying (H1-5), the induced
homomorphism

U((Hl)mgv (HQ)Tng) : HF[C_(S’H&((HDWQ)

N HF[C—(S,c+6) ((HQ)reg>

maps (x5 | onto [y | and [x3; ] onto [x7; |-

Proof. 1. Let H be an s-independent Hamiltonian satisfying (H1-5). Let
us first determine all 1-periodic orbits of H in U whose actions lie in the
interval [c — d, ¢ + 0].

Ithas been shownabove thatthe orbitx 7 () = (p3, ¢, 0) hasaction Ay (zp) €
(c—0d,c+0) forda < 9.

The action of the orbit Zf7(¢) = (p2,t,0) is

An(Ta) =c—p2 — h(p2)
>c+r—3a
>c+0

forda <6 < 5.
Multiply covered orbits z(t) = (p, kt, z(t)), k > 2, have action

Ap(z) > k(e — 2a)

>c+9
if ¢ > 0, and
Ap(z) < k(c+2a)+r
<c—19¢
if ¢ < 0.

The constant orbits (7, 6, z) with p € [p4, 4b] have action —h(p) = 0 ¢
[c— 0, c+ 4], and the constant orbits with p € [—4b, p1] have action —h(p) ~
ré[c—90,c+ 4]

So z g7 is the only 1-periodic orbit in U with action in the interval [c—d, c+4].



2. Choose an s-independent almost complex structure .J satisfying (J1-4).
Suppose that y is a 1-periodic orbit outside U, and there exists a ‘connecting

orbit’ u satisfying (ul) and

. T ass— —o0;
’LL(S,')
] as s — +o0.

By Proposition 1, the action of y is at least

An(y) ZAH(:EH)+/ |t |*ds dt
Z

>c— 6+ Kb
>c+0

because § < %Hbg. Similarly, if 4 is a ‘connecting orbit’ with

. y  ass— —oo;

(s, ) — {LL'H as s — 400,
then Ay (y) < ¢ — 9.
So there exists no ‘connecting orbit’ @ between x iy and any other 1-periodic
solution y # x g with action in [c — §, ¢ + 0]. By a compactness argument,
this property persists under a small perturbation of (H, J) to a regular pair
(H,.J)req. Hence the contribution of zz to

HF[C—5,6+5) (Hreg) — HF[C—5,C+5) ((H, J)Teg)

equals the local Floer homology of x 7, which was shown in [CFHW] to have
two generators [275;] of Conley-Zehnder indices ind([2};]) = ind([z};]) +1.
3. Two s-independent pairs (Hy, J; ), (H2, J2) satisfying (H1-5) and (J1-4)
with H; > H, can be connected by a monotone homotopy (H, .J) also sat-
isfying (H1-5) and (J1-4). Arguing as in 2., we conclude from Proposition 1
that there exist no solutions @ of (ul) connecting one of the orbits xi , xﬁz
to any orbit different from them with action in [c — 6, ¢ + ¢]. In particular,

the image of [:Elj_:h] under the homomorphism

U((HI)TCQ, (Hg),neg> = J((H, J)reg)

can be computed on the set U.

But during the whole homotopy the only 1-periodic orbits of H(s,-) in U
with action in [¢ — §, ¢ + §] are :Ufl(s 3 and their actions remain in the open
interval (c—9, c+0).So o ((H J)reg) ‘ u is a composition of small distance
isomorphisms in the sense of [FHW], and therefore an isomorphism. In
view of the Conley-Zehnder indices of the orbits xflz this is only possible

ifa((H, J)mg) maps [m}gl] onto [x;gg] and [} ] onto [z ]. O



Proof of Theorem 2

For the given number c = 0, leta, b, §,7and U C R?" be as in Proposition 2.
Suppose that S; C R?" are disjoint compact cooriented hypersurfaces in-
tersecting U as in Theorem 2. We will compute the symplectic homology of
(S;, ) using the cofinal system consisting of regular adapted Hamiltonians
Hyeq € Adyeg(S;, 1), where H satisfies (H1-5). By Proposition 2, the Floer
homology of every such Hamiltonian contains two nontrivial elements

0# [¢7;] € HF24) (Hyey)

corresponding to the closed characteristic y; of Theorem 2. Moreover for
two Hamiltonians Hy > Hj satisfying (H1-5),

o ((Hregs (H2)reg) - I, = la,).

It follows from the definition of the direct limit that the [xﬁ] yield nontrivial
elements ]
0% [yi7] € SHITOH (S, 1),

If Hreqg € Adyeg(Si1,7), where H satisfies (H1-5), then (again by Propo-
sition 2) the elements [:cffl] also persist under savethe direct limit over
Adyeq(S2,7), giving rise to the elements [yzi] This proves that the inclusion
induced homomorphism

p(S1,8y) : SHIEOeH) (g, 1) — R0 (g, 1)
maps [y;] onto [y3]. O

To prove Corollary 1, we need some elementary properties of the Haus-
dorff metric d formulated in the following two lemmas.
Given a connected topological space X and two disjoint subsets A;, Ay of
X, we say that a subset B of X separates Ay from Ay if X \ B has precisely
2 connected components Uy, Us with U; containing A; fori =1, 2.

Lemma 5. (a) Let (X, d) be a bounded connected metric space, and equip
[0,1] x X with the metric d((r,x), (s,y)) = |r — s| + d(z,y). Then for
any closed subset A of [0, 1] x X which separates {0} x X from {1} x X,

dp(A {1} x X) = sggd(a, {1} x X).

Proof. Letb = (1,z) € {1} x X.If the line [0, 1] x {z} did not intersect
A then it would connect {0} x X with {1} x X in ([07 1] x X) \ 4, in
contradiction to the separation property of A. Thus there exists a number
ro € [0, 1] such that

ag = (TU,$) cA.



We obtain

d(b, A) < d(b, ag)
= |1 —7’0|
= d(ag,{l} X X)
< supd(a, {1} x X).
acA

Taking the supremum over all b € {1} x X yields

sup d(b,A) < supd(a, {1} x X),
be{1}xX acA

and the lemma follows. O

Next consider a compact connected Riemannian manifold NV with con-
nected smooth boundary ON. Denote by d the distance on N induced by
the Riemannian metric. Let [0, 1] X ON be a collar neighborhood of N in
N, where ON is identified with {1} x ON.

Lemma 6. Letp € ]QZ be a given point. Let (Ay) C ]Qf be a sequence of
compact hypersurfaces separating p from ON such that

sup d(a,ON) — 0asn — oo .
a€An,

Then for n € N sufficiently large, Ay, is contained in the collar neighbor-
hood [0, 1] x ON, A,, separates {0} x ON from {1} x ON, and

di(Ap,ON) = 0asn — o0.

Proof. For n € N sufficiently large we have 4,, C (0,1) x ON. We claim
that A,, separates {0} x ON from {1} x ON.

By hypothesis, N \ A, has precisely 2 connected components U/, U; with
p € U} and ON C U,. Without loss of generality we may assume that

p ¢ (0,1] x ON. Since N \ ((0, 1] x 3N> is connected and contains p,
N\«quaN)cU@
Hence Uy and Uy := U{jN[0, 1] x ON are disjoint open subsets of [0, 1] x ON,

{i} xON C U;fori=0,1,

and U; is connected. So the claim is proved if we can show that U is
connected.
Arguing by contradiction, assume that Uy is a disjoint union of two open



subsets W and W. Since {0} x ON is connected, it is contained in one of
these sets, say in W). But then

Wo U [N\ ((o, 1] % aN)]

is open in Uy, and we have a contradiction to the connectedness of U}).

Since the metric induced by N on [0, 1] x N is equivalent to the metric

a((r2), (5,9)) = Ir = 5| + d(w,),
Lemma 5 implies
dp(An,ON) — 0asn — . O

Proof of Corollary 1

Suppose that S € Hyp®(R?") is a hypersurface as in Theorem 1, and
(Sp)ken C Hyp®( R?") is a sequence of hypersurfaces converging to
S in the Hausdorff metric. By definition of the Hausdorff metric, the S
are contained in a tubular neighborhood [—1,1] x .S of S for large k. The
argument in the proof of Lemma 5 shows that Sy, separates {—1} x S from
{1} x S. If the tubular neighborhood is sufficiently small this implies

f([—4b, —a] x S x BQ"_2(4b)) C B(Sy),
f([a,4b] x S x 32"*2(4b)) CUS).

Hence Sy, is not of restricted contact type by Theorem 1. O

The proof of Corollary 2 is based on the following lemma.

Lemma7. Let S C (M,w) and S C (M,&) be hypersurfaces in sym-
plectic manifolds of the same dimension 2n and P C S, P C S closed
characteristics. Then the following two statements are equivalent:

(i) The linear Poincaré maps of P and P are symplectically conjugate.

(i) There exists a symplectomorphism F' : (U,w) — (UJ&)) between tubular
neighborhoods of P, P in M, M such that F(P) = P, and F(S N U) is
tangent of second order to SNU along P.

Remark. Note that the statement is not tautological. For instance, it implies
that at a critical point p of a 1-periodic time-dependent Hamiltonian / on
a symplectic manifold (M, w) the second derivative h”(p) can be made
time-independent by a 1-periodic time-dependent symplectic change of co-
ordinates (apply the lemma to the hypersurface {r = h(t, z) } in the extended
phase space R x S x M).



Proof. 1. Clearly (ii) implies (i). So let us suppose that the linear Poincaré
maps are conjugate.

A tubular neighborhood of P in (M, w) is symplectomorphic to (W, way,),
where

W = [—a,a] x S* x B*~2(b)
with coordinates (r,¢,2), 2 = x + iy € R>"2 = C""!, and

n—1
wop, = dr A dt + Z dx; A dy;
j=1
=dr ANdt + won_9 .

The closed characteristic P corresponds to {0} x S' x {0}2"~2 € W. It
follows that the hypersurface S corresponds to the graph

SNW ={r+ H(t,z) =0}

of a function H satisfying H(¢,0) = 0 and dH (t,0) = 0 forall t € S.
After a symplectic change of coordinates we may moreover assume that
H(0,z) =0 forall 2.

Let Hs(t,z) be the part of H quadratic in z, extended to S* x R?"~2,
Replace S N W by the hypersurface

Sy :={r+ Ha(t,2) =0} C W := R x S' x R?""2

which is tangent of second order to S N W along P. Let H, S, etc. be the
analogous objects for S. We will show that S5 can be mapped onto S, by a
symplectomorphism of W, which implies (ii).

The restriction of wey, to So is given in coordinates (¢, z) by

wan|s, = dt Nd,Hy + wap—3 .

Its kernel is generated by the vector field

0
X—5+Z(t,2),

where the time-dependent vector field Z on R?"~2 is determined by the
equation

0 =ix (wonls,)
=d,Hy — dzHQ(Z) ~dt + tywon—2,

or equivalently
izwon 2+ d,Hy =0.



Weseethat forevery t € S', Z(t, z) is linearin z. Let Z be the corresponding
vector field for S. Notice that Z(0,2z) = Z(0,z) = 0 for all z by the
assumption H (0, z) = H(0, z) = 0.

2. Let ¢4, é¢ : R2""2 — R2"~2 be the linear flows generated by the time-
dependent linear vector fields Z, Z. The time-1 maps ¢1, ¢ are the linear
Poincaré maps of P, P in these coordinates. By hypothesis, there exists a
linear symplectic map B : R?*~2 — R?"~2 such that ¢1 = By B~L.
Apply the symplectomorphism

B(r,t,z) ;== (r,t, B2)

of W to So. The kernel of the restriction of wo,, to B (S) is generated by
the vector field

0 ) .
5t BiZ =5 +BZB .

Its time-1 map equals B¢ B~1 = ¢;. Thus after this transformation we
may assume that

b1 =¢1.
3.Define @ : S! x R2"2 5 g1 x R2n—2 by

b(t, z) = (t, b o gb;l(z)) :

Notice that $(1, z) = (1, o7t o ¢1(z)) = (1, z) by Step 2, so @ defines a

diffeomorphism of S* x R?"~2. Moreover, since the flows of X, X preserve
wan|s, respectively way, | g,»and X = X att = 0, we have

D" (wanlg,) = wanls, -
4. Define ¥ : W — W,
w(r,t, z) = (r + Hy(t,2) — Hy(9(t, 2)), (2, z)) .

The diffeomorphism ¥ maps each hypersurface S¢ := {r + Ha(t, z) = c}
onto S¢ := {r 4+ Hs(t, z) = c}. Therefore by Step 3 it satisfies

(T wan)|se = ¥ (wan|ge)
= w2n|Sg

= W2n|SC-



Moreover,

? (W*w%) = iw:lg)(w*wgn)

9
or
= W*(igw%)
= U*dt
=dt

ZiQan.
or

Hence U*wa,, = woy, 1.6. ¥ is a symplectomorphism mapping S5 onto 52,
and the lemma is proved. O

Proof of Corollary 2

Let x be a nondegenerate linearly stable closed characteristic on the hy-
persurface S whose linear Poincaré map is symplectically conjugate to the
diagonal matrix diag(e’®',..., e'®-1). Let (U,w) be a neighborhood of
x in R2" as constructed at the beginning of Sect. 3, with the same num-
bers g, ...,an,—1 € R\ 27Z. By Lemma 7 we can assume that S N U
is tangent of second order to the hyperplane {0} x S! x B?"~2(4b) along
{0} x 5 x {0}*" 2. For every sufficiently small b > 0 we take a := $£b%,
0= %me, such that the hypotheses of Proposition 1 are satisfied. Since a
depends quadratically on b and S N U is flat up to second order in b, for
sufficiently small b we will have

SNU C (—a,a) x S* x B2 72 (4p)

thus S satisfies the hypotheses of Theorem 1. It follows from Theorem 1
that S is not of restricted contact type, and the corollary is proved. O

Proof of Corollary 3

Let S € Hyp°(R?") be as in Corollary 1 or 2, and suppose that A; C
As C ... C B(S) is an exhaustion of the bounded component B(.S) by
compact sets with smooth boundaries. Passing to connected components, we
may assume that the Ay are connected. We have sup,¢c4, d(a, S) — 0 as
k — oo. Each connected component Sy, of 0A;, divides R™ into a bounded
and an unbounded component, B(Sy) and U(Sk), with S C U(Sy). If
A\ Sy C U(Sk) we may replace Ax by Ay U B(Sk), thus getting rid
of the boundary component Sj. Since we cannot get rid of all boundary
components, we can choose for every k& a boundary component Sj, with
Ay \ Sy C B(S},). Then Sy separates 0 € R?" from S for large k. Hence
by Lemma 6, dg(Sg, S) — 0 as k — oo. So by Corollary 1, Sy, is not of
contact type for large k. O

For the proof of Corollary 4 we need another lemma.



Lemma 8. [f M is an open manifold of dimension n > 1, then there exists
a subset N C M, N #+ M, with nonempty smooth boundary ON such that
N\ ON is diffeomorphic to M.

Remark. In general, an open manifold is not diffeomorphic to the interior of
a compact manifold with smooth boundary.

Proof. Without loss of generality assume that M is connected. Let A; C
Ap C ... C M,Ujen,Ai = M, be an exhaustion of M by compact subsets.
Let (2;)ieN, be a sequence such that for every ¢ the points x;, 211, . . . liein
the same path connected component of M \ A;. Choose a smooth embedded
curve x : [0,00) — M such that z(i) = x; and z([i,00)) C M \ A; for
all 7. The image of x is then a closed submanifold with boundary of M.
Pick a Riemannian metric on M for which x is a geodesic parametrized
by arclength. This can be done by taking the Euclidean metric on a tubular
neighborhood [0, o) x B"~1(1) of the image of = and extending it anyhow
to M. Let U be another tubular neighborhood of x obtained as the image
under the exponential map of the subset

{(t,0) € [0,50) x R"™ | [ol? < (1))

of the normal bundle over z, where p : [0, 00) — (0, 1) is a suitable function.
Its boundary in M is given by

OU = {(t.v) € [0,00) x R" | [uf? = p(t)} U {0} x B"~(p(0)) .
Rescaling in the fibre yields a diffeomorphism
U =10,00) x B" (1).

Take a smooth monotone function ¢ : [0, 1) — [1, 0c) with ¢(0) = 1 and
o(r) > occasr — %1 (see Fig. 7). Let

Re={(t,0) € [0,50) x B"(1) | o] < %,t > S0}

Via the diffeomorphism above we can view R as a subset of U and thus of
M. Its boundary in M is given by

1
o] < 5.t = o(lv|*)}

OR = {(t,v) € [0,00) x B" (1) 5

due to the choice of U. Now U \ R is diffeomorphic to U by a diffeomorphism
which equals the identity near OU. Hence N := M \ R is the desired
subset. 0O



t=¢(v2)

N\ \\\\\

Proof of Corollary 4 (sketch)

Let (M, w) be an open symplectic manifold of dimension 2n > 4. Let N C
M be the submanifold provided by Lemma 8. In a neighborhood of a point of
ON the triple (M, N, w) is symplectomorphic to (R**, {0} x R*" ! ws,,)
near 0 € R?". So (after rescaling) we may replace N in this neighborhood
by the hypersurface f({0} x R?* 1) constructed in Lemma 1, for some
¢ < 0. Denote this new hypersurface by S C M and its interior by B(S).
Note that B(.9) is diffeomorphic to M.

Now suppose that (M, w) is exact convexly exhaustible, and the same is
true for (B(S),w) (otherwise there is nothing to show). Let S; C B(.S) be
a smooth exact w-convex compact hypersurface which separates S from the
set f([—4b, —a] x V') of Lemma 1, viewed as a subset of B(S). Let A C
M be a compact subset with smooth w-convex boundary which contains
f([—4b,0]x V) and S;. Since (A, w) is a compact exact symplectic manifold
with w-convex boundary, we can define the symplectic homology of compact
hypersurfaces of (A.w), and the analogous statement of Theorem 1 holds.
Applied to the hypersurface S this implies that S is not of restricted contact
type, and we have a contradiction. 0O
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