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PSEUDOHOLOMORPHIC CURVES AND MULTIPLICITY 
OF HOMOCLINIC ORBITS

KAI CIELIEBAK AND ERIC SERE

1. Introduction. Let M  be a compact smooth manifold of dimension n. If we 
equip M  with a Riemannian metric, we get a 1-form 0 on the tangent bundle 
TM  M which we write in geodesic normal coordinates (qt , Pi) as

0 = X p .d «.>

and co := —dd is then a symplectic form on TM.
To co and the Riemannian metric < , > we associate an almost complex struc­

ture J  satisfying

<o(J; ) =  <■,■>.

Let H e  C“ (R  x TM , 1R), 1-periodic in time, satisfy the following assumptions.

(Hl) There exists an x0  =  (q0 , ty e T M  such that

H(t, x0 ) =  0, H'(t, x 0) =  0 for all t,

H (t,qo ,p ) ^ 0  for all t,p,

H(t, q, 0) <  0 for all q q0 .

(H2) Let M(t) e ^ 2,(R) be the solution of the linearized system

=  J(x0 )H"(t, x0 )M, 
at

M(0) =  /.

Then M (l) has no eigenvalue of modulus 1.
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484 CIELIEBAK AND S£RE

(H3) There exists a vector field t] on TM  satisfying

d(i,co) =  a),

l»/(x)| <  Cj|x -  x0 |,

x), >/(x)> -  Hit, x) >  c2 |x -  x0 |2 for some c 15 c2 >  0.

Here |x — y| is a distance on TM  equivalent to the geodesic distance. Its precise 
definition is given at the beginning of Section 2.

(H4) In geodesic normal coordinates around each x =  (q, p )e T M ,  we have

^ c 3 \p\2 for |p| p0 ,c 3 ,p 0 > 0,

d2H , .
opdq

c4 , c4  >  0.

The Hamiltonian system associated to H  is

x = J(x)H'(t, x) =  X H (t, x).

Let

= <x e C°°(R, TM) | x = X B (t, x), lim x(t) =  x0 > 
{ r-»±oo J

be the set of all solutions of the Hamiltonian system which are doubly asymptotic 
to x0 . This set contains the constant solution x0 . The elements of ^ \{ x 0 } are 
called orbits homoclinic to x0 .

The goal of this paper is to prove some multiplicity results on these homoclinic 
orbits. Before stating the results, we have to explain how to distinguish the orbits. 
Actually, we will use two notions of multiplicity.

The first one is only meaningful for systems that are really nonautonomous. In 
that case, by periodicity of If in time, there is a natural action of Z on % 
x(t) =  x(t — n), n G Z, x e We say that x, y e  are geometrically distinct with 
respect to the time-1 map of the Hamiltonian system, if their classes in are 
distinct. We will prove the following theorem.

THEOREM 1.1. Assume that (H l) - (H 4 )  are satisfied. Then there are infinitely 
many orbits homoclinic to x 0 , which are geometrically distinct with respect to the 
time-1 map of the Hamiltonian system.

When the Hamiltonian H  does not depend on time, the group of translations 
which acts on % is R. We say that x, y  G H are geometrically distinct with respect
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to the flow of the Hamiltonian vector field X H(x) if their classes in are 
distinct. It is more difficult to obtain multiplicity in this sense. For instance, 
Theorem 1.1 only says that ^/JR is nonempty.

Our second theorem implies the existence of several classes in ^/IR for autono­
mous systems on manifolds having a large enough fundamental group it P  It is a 
generalization of the works [R], [Fe]. In these papers, the Hamiltonian system is 
autonomous, the manifold M  is the torus T", and at least 2n orbits are found. 
Their classes in =  Z" are a family of generators of Z" considered as an 
additive structure.

THEOREM 1.2. Assume that (H 1)-(H 4) are satisfied. Then each element of 
n fM ) is a  product o f classes

[TXm][TXm’1]...[TX1] ,

with x l for 1 i m, and r: TM -> M  the canonical projection.
As a consequence, i f  H does not depend on time, denoting by g(M) the minimal 

number o f generators of the multiplicative structure n^M ), there are at least g(M) 
homoclinic orbits, geometrically distinct with respect to the flow of the Hamiltonian 
vector field X H (x).

Note that the assumptions (H1)-(H4) made in the two theorems above are 
satisfied, in particular, by Lagrangian systems, i.e., systems with Hamiltonian of 
the form (|p |2/2) +  V(t, q), where V is smooth, V(t, q0 ) =  0, Vj(t, q0 ) =  0, I^(t, q0 ) 
<  0, and V(t, q) <  0 for any q q0 . In that case, we can take q(q, p) = (0, p) in 
(H3).

Such systems have already been studied in [B], [R], [BGi], [GiR], where exis­
tence and multiplicity results were given. These works are based on the study of 
the Lagrangian functional J |4I2 — V(q).

For systems satisfying (H1)-(H4) that are not of Lagrangian type, the only 
work we know is due to Fehner [Fe], in the case M = T".

To prove the theorems, we will study the “¿/-gradient lines” of the action func­
tional /(x) := — J R  x*(in(o) — JR  H(t, x(t)) dt. This functional is well defined of class 
C” on the Hilbert manifold H 1 ,2 (R, TM) =  {x|fR(|X(0 — x0 |2 +  |(d/dt)x(t)|2) is 
finite}, and its nonconstant critical points are the homoclinic orbits. The L2- 
gradient lines of I  are solutions of an elliptic problem. They are also called “pseudo- 
holomorphic curves”. They were introduced in symplectic geometry by Gromov 
[Gr], and play a central role in Floer’s homology theory (see [Fl]). Many of our 
arguments are similar to those of [Ci], where the study of pseudoholomorphic 
curves gives a multiplicity result on periodic orbits. We will also use some ideas 
of Hofer and Wysocki [HW], who proved the existence of a homoclinic orbit in 
R 2" by a method of pseudoholomorphic curves.

When trying to obtain a multiplicity result for homoclinic orbits, the main 
difficulty one has to face is the lack of compactness of I due to its invariance by 
translations in time.
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In the case of Theorem 1.1, it is possible to overcome this lack of compactness, 
because the group of translations is discrete. Theorem 1.1 will be proved by con­
tradiction. More precisely, we will show that the following assumption is absurd:

( an  *s  ^ t e - 1“ o t he r  words, there is a finite set <= ^ { XQ}
I such that {u(t — n)|u 6 n e Z} = # \{ x 0 }.

This kind of assumption was introduced in [CZES], and has already been 
used in several works (see, e.g., [SI], [S2], [CZR], [Li], [GiR]). It gives some 
additional compactness properties to functionals invariant by a discrete group of 
translations.

Unfortunately, in the case of autonomous systems, the group of translations is 
1R, and this strategy is inefficient. Theorem 1.2 will be proved by standard con- 
centration-compactness arguments (see [L]). Because of the lack of compactness, 
it seems very difficult to obtain stronger multiplicity results in the autonomous 
situation. For instance, we do not know what happens if M  is a sphere or a real 
projective space.

Remark. Instead of Theorem 1.1, one can prove a more precise result.

THEOREM 1.1'. Assume that (H1)-(H4) are satisfied and that #  is at most count­
able. Then there is a homoclinic orbit in each class o f n fM ). If, moreover, n^M ) is 
finite, then there are infinitely many contractible orbits homoclinic to x 0 , which are 
geometrically distinct with respect to the time-1 map of the Hamiltonian system.

This theorem corresponds to a weakening of assumption (ff). Such a weak­
ening has alread been detailed in [S2] for another type of Hamiltonian system, so 
we will not do it here. The modifications to make in the proof of Theorem 1.1 are 
minor and only concern Corollary 2.6, Lemma 2.7, the proof of Proposition 2.8, 
and the proof of Lemma 3.8.

Acknowledgement. This work is based on a suggestion by H. Hofer. The au­
thors thank Professor Hofer for his encouragements and for fruitful conversa­
tions. They also thank C. Viterbo for his interest in the subject and for his useful 
remarks.

2. Compactness of Palais-Smale sequences. We denote by IN the set of natural 
numers including zero and by IR*), m e N , a, b, 1, the standard
Sobolev spaces with Sobolev norms || ||m>p. In the case of functions with values in 
TM, we consider an isometric embedding i of M  in IR* for some b, such that 
*(?o) =  0- Us differential Di: TM  -* JR26 is also an isometric embedding, and Di(x0 ) 
= 0. Then we define, for x, y  e TM  and f ,  g: IR“ -» TM,

|x| =  |Di(x)|R 2i>,

|x -  y| =  |Di(x) -  ,
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ll/L.p= P io/U p.

l l / - i 7 U P =  W D io f- D i o g ^ , ,  

and

H - ' W ,  TM) =  { / /H /L .,  is finite).

Let j/(t) := H"(t, x 0 ) and J := J(x0 ) as in (H2).

LEMMA 2.1. Assume that (H l)- (H 4 )  are satisfied. Then, for any m e N , the 
operator

J^(t)\. Hm + 1 2 (JR, R 2") -  H" 2 (R, R 2") 
at /

is an isomorphism.

Proof. Let M(t) be the solution of

M  (t) =  JjJ(t)M(t), M(0) =  I .

Let y40 be a matrix such that e1A° =  M(l). 
Define

P(t) := M(t)e~JA°‘.

If we denote by P(t)* its conjugate matrix, it follows from straightforward compu­
tations that, for any z e C ‘ (R, R 2"),

par J ~  +  ^ (t)
P{t)z(t) = ( j ~  +  A0 ]z(t). 

\  at 1

Since P(t) is invertible and P(l) =  P(O), multiplication by P(t) or P(t)* gives iso­
morphisms of H"'2 (R, R 2") into itself. Thus it suffices to show that

-  Ao ): i T +1'2 (R, R 2" ) -  H" 2(R, R 2-) 
at /

is an isomorphism.
But Ao  is time independent, and from (H2) we deduce that JA0 has no purely 

imaginary eigenvalues. The result now follows by Fourier transformation. □
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For x  e H 1 ,2 (1R, TAf), we define the action

I(x) := — I x*(inco)— I H (t,x(t))d t. 
J R J R

Using the L 2 product <x, y>t 2  := J R <x(t), y(0> dt> the ¿/-gradient I'(x) 6 L2 (R, 
x*TTM ) is defined implicitly by the formula

dl(x)£ = for all £ e H 1 2 (R, x*TTM ).

Here

d
:= - /(exp s^).

5=0

With the help of the almost complex structure J, we can write /'(x) explicitly as

/'(x) =  — J(x)x — H \t, x).

The key to the Palais-Smale property is given by the following easy lemma.

LEMMA 2.2. Assume that (H l ) - (H 4 )  are satisfied. Then

ll^lli,2 <  ||r(x)||22 +  /(x)) for all x e TM).

Proof.

/(x) +  C1 ||x -  Xoll^ II/'(x)!^ >  /(x) +  ||/'(x)||i 2  h(x)||L2

/(x) -  (T(x), ^(x))^

=  — J x*(inm) — J  H(t, x) dt

— J<o(x — J(x)H'(t, x), rj(x)) dt

=  — J  ofin, x) — J  H(t, x) dt — J  ta(x, tf)

+  J  (H ’(t, x), »/> dt

> c 2 | | x - x 0 |lt2 .
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So

c V  1 ( c V
/ ^2 \4"^2z

and thus

h  -  x X  ^ ( I I H x f e  +  /(x)).

Moreover, we have dx/dt = J(x) 1 [ —H’(t, x) — /'(x)]- So

dx 
dt

2

L2
< K 2 ( | |x - x 0 ||i2 + IIHx)!!^.

Hence the result. □

We now give a bound from below on the norm of homoclinic orbits.

LEMMA 2.3. Assume that (H l )-(H 4) are satisfied. Then there exists a p > 0 
such that

/(x) >  p and | | x | | > p for all x e ^ \{x 0 }.

Proof. From assumption (H2), Af(l) is hyperbolic, so the time-l-map of the 
Hamiltonian system between time 0 and time 1 is C°-close to the map y i-> M (l)y, 
in a neighborhood TT of x0 . Moreover, there is no orbit (A fiiy^e z that remains 
in a bounded neighborhood of 0 for all values of n, except the null orbit. So there 
is no homoclinic orbit to x0 that remains in Y . This gives the desired estimate on 
|| x || . Then the estimate on I(x) follows from Lemma 2.2. □

LEMMA 2.4. Assume that (H 1)-(H 4) are satisfied. Let (x„)eH 1 2  be a se­
quence such that / ( x „ ) - » c /0  and ||r(x„)||L2-♦ 0. Then, after extraction, there 
are a sequence o f integer shifts {rH, n e IN} and a homoclinic orbit x(t) such that 
x„(t +  T„) -> x(t) in the H ^ 2-topology.

Proof. First step. There is a sequence of shifts (t„)„s 0  such that |X„(TB) — x0 | 
> p (for some fixed p > 0).

Otherwise we would have ||xB — x0 ||t » -»0 (after extraction). Then, for n large 
enough, x„ would remain in a neighborhood of x0 , and, in local coordinates 
around x0 , we would have (identifying xo  with 0)

~ = Rx̂ ’ + 1
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where

R(t, x) = H(t, x) — <x, .s/(t)x>

satisfies

|K ;( t ,x ) |^ C |x |2 .

So we could write

( -  J(x0 )d  ~ ^ ] x n = R'x (t, xB) +  (J(x„) -  J(x0 ))x„ + I'(xn).
\  at J

We know that

l|/'(x„)llL^ 0 ,

I I ^ ^ I I L^ CIIX.LIIXJ L ^ O,

||(J(x„) -  J(x0 ))x„||t 2 <  ||J(x„) -  J(x 0 )||L. ||x n ||L2 - 0 .

So, from Lemma 2.1, ||x„ ||H i,2 0, and hence I(x„) -» 0, which gives a contradiction.
Second step. Taking the sequence of shifts of the first step, we know from 

Lemma 2.2 that x„ =  x„(t +  rB) is compact in the C^-topology. Let x be its limit 
after extraction. We have |x(0) — x0 | p. Each xB satisfies

I J(xn)H'(t, x„) + ( J(xB)/'(x„) =  x„(i) -  x„(0).
Jo Jo

Then jo J(x)H'(t, x) =  x(t) — x(0) for any t e R. So x is solution of the Hamil­
tonian system and is limit of X n on the topology.

Moreover,

( J I * .  -  x0 |2 +  l^ l 2) V2 < C'(HI'(x„)UL2 +  Ifix JI1/2 ).

So (f |x — x0 |2 +  |x|2)1/2 C", and x is a homoclinic orbit. □

We are now in a position to state our compactness results. From now on, we 
suppose that ( ^ )  is satisfied (see the end of Section 1).

Let cp-.^c  R 2" -► B(x0 , e0 ) be a local map with <p(0) =  x0 , and let / :  R -*  
[0, 1] be a smooth function such that / ( ( —oo, 0]) =  1, / ( [ I ,  +oo)) =  0. Given x e 
H 1 ,2(R, TM), there is ^(x) such that |x(t) — x0 | <  E0 for any t e R \ [ —^?(x), J?(x)].
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So, for any R <%(x), we can define x R (t) =  x(t) for 11| R, and xR(t) =  <p(/(|t| — 
R) <p- 1 (x(t))) for 111 >  R.

Now, given m homoclinic orbits x 1, . . . ,  x m, and m integers p 1, . . . ,  p” , such that

(Vi) (p ,+ 1  — p f) >  2 m ax(^(x‘), ^ (x i+ 1 )) + 2,

we define the formal sum of bumps

m
P * x =  £  p‘*x ‘ 

i=l

as the function satisfying

p * x  = x R i(t — p*) fo r te  L zL E ttl ;

with p 0 =  —oo, pm +1 =  4-oo, and

n m i„ ( P ‘ ~ P t- l P ^ ~ P i \  1
K; = mm I -----------, ----- ------I — 1.

\  2 2 J

As a consequence of the above lemmas, we have the following result.

PROPOSITION 2.5. Assume that (H l ) - (H 4 )  are satisfied. Let (x„) be a sequence 
such that

Then there exist an integer m, an m-tuple x  = (x1, . . . ,  x") e W , and a sequence 
Pn = (Pn, ■ ■ ,P T )eZ m satisfying

(Pn+1 ~  P‘n) +°o (Vi),

and such that, fo r  some subsequence x ^  o f (x„),

Proof This type of result is standard for problems exhibiting a lack of com­
pactness due to an invariance by translations. See, for instance, [L], [St], [CZES], 
[GiR]. We will not give the complete proof because it would not contain any new 
ideas. The interested reader is referred to these papers for more details. □

Proposition 2.5 has an immediate corollary.
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COROLLARY 2.6. Assume that ( H l ) —(H 4) and (Jf) are satisfied. Let a  be
a finite set such that ^ { XQ} =  Z ♦

Given K  >  0, A >  0, and a >  0, there is e(K, A, a) >  0 such that, i f  |/(x )| <  K  
and ||/'(x)||L2 e, then

l|x — P*x||Hi.2( R> rM ) a

for some m e N , x  =  (x1, x " )  e 9"*, and p =  (p1, . . . .p " )  e  Z "  satisfying

(p i+ 1  — p ‘) >  A (Vf)-

Moreover, the integer m (possibly 0) is bounded from above by a constant M(K). 

Now, for y e  W1 2 (R, TM), p > 0 ,  let

BL2(y, P) := {* e H 1 2 (IR, TM)/\\x -  y ||^  <  p } ,

where ||x — y||Lz was defined at the beginning of this section.
We have the following “annulus lemma”.

LEMMA 2.7. Assume that (H l ) - (H 4 )  and (Jf)  are satisfied. Then there exists 
an r0 > 0  such that

||x -  y II r 2 >  3r0  for a l l x ^ y e ^ .

Moreover, for any p e (0, r0 ).

inf<||/'(x)||t 2 x e  U  BL2(y,r0 )\B L2(y, p)> >  0.

Similarly, for any y  =  (y1, . . . .  y m) e <&m, m >  0,

lim inf inf<{||/'(x)llL2 x e  BL2(k*y,r0 )\B L2(k* y, p) > 0 .

Here k->Cl means (k‘+1 — k ‘) -+ +oo for all i 6 [ 1 , . . . ,  m].

Proof. The proof is analogous to that of [S I], Lemma 8. □

Corollary 2.6 and Lemma 2.7 give us the following result.

PROPOSITION 2.8. Assume that (H l - 4 )  and ( j f )  are satisfied. Let ( x ^ c  
H l  2 (R, TM) with I(x„) -» c, ll/'CUII^ -> 0, and ||x„ -  x , +1 ||t 2 -> 0. Then x„ con­
verges in H 1-2 to an x e ^  with I(x) =  c.

Proof. The proof is analogous to  that of [S I], Lemma 4. □
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3. Compactness of flow lines. In this section we establish compactness prop­
erties for two types of flow lines of the L2-gradient I ’. On the one hand, we shall 
study flow lines of finite length connecting two subspaces of H 1 ,2(R, TM), 
namely the curves in the zero section and the curves lying over some fixed base 
curve q e if  1 ,2 (R, M) n  Cx . More precisely, we fix a T  > 0 and define

Q? := {5 e C®(R, M) | q(t) s  q0 for |t| >  T},

which we equip with the C® topology. The introduction of this space is inspired 
by [Fe]. For a fixed q e £1® and R  >  0, we set ZR = [0, R] x R  and

^q R : =  {“ 6  H 2 2 (ZR , TM) | u(0, t) G M, u(R, t) e T ^ M  for all t e R},

where M  c  TM  denotes the zero section. Let R be equipped with the H2 2 
topology. For u: Z R -> TM  we define

Su := Ssu + J(u)S,u,

where (s, t) are the canonical coordinates on Z R .
We are interested in the finite flow lines

X i R := { u e ^ R \Su + H’(t,u) = 0}.

Note that Su + H'(u) = Ssu — I’(u), so the elements of X i J t  are indeed “flow lines” 
for I'.

Simultaneously we will study infinite flow lines connecting critical points of 
I. In order to get compactness results we must be careful about the choice of 
topology.

To a function u: R 2 -» TM, we associate, when it is defined, the expression

( 1 \>/P
E  ™ IIM IIH--P([-»,>.]X R.TM) ) ’

for m >  0, p 1. Let

S  =  < u:R 2 -> TM  ||ul|2.2 is finite}, I semiloc I

and

X =  ] u e ^ |d u  +  H'(t, u) =  0 and |5,u|2 ds dr < oc ?.
(  J R2 J

and X  are endowed with the topology associated to the distance d/u , v) =  
1
|
1
|u — v||m.p . Note that S  is a Hilbert manifold.

semiloc
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LEMMA 3.1. Assume that (H l)- (H 4 )  are satisfied. Let u e  H 2 ,2 ([a, ft] x R , TM) 
be such that

du +  H'(t, u) =  0 and 0 I(u{a)) <  <  A .

Then, for some C >  0 independent of u, a, b,

M a i . 2 f l a . i j x  R,TM) C ( 1  +  b ~  a )A.

Proof. Note that gd,u||22<drft) =  I(u(b)) -  I(u(a)) A. From Lemma 2.2, for any
s e  [a, ft],

<  « W ( s ,  O l l ^  +  a«W ))

<  K ( ||3,w(s, +  A)

and by integration over s

l lu llH >-2([a,»]x R.TM) =  "*■ I

Ja

^ A  +  KA +  ( b -  a)KA

<  C(1 + b - a ) A .  □

Let us come back to infinite flow lines. The definition of X  implies that 
lim,_±00 /(u(s)) are finite for any u e  X.

The following lemma justifies the interpretation of X  as connecting orbits 
between critical points of I.

LEMMA 3.2. Assume that (H 1 )-(H 4 ) and are satisfied. Let u e X  and 
c+  =  lim,_+oo /(u(s)) <  oo. Then u(s) ->,_+c0 u+aD in the L2 (R) topology, and u+oo 6 
H 1 ,2 ,I(u + x ) =  c+ , I'(u+ x ) =  0. The same is true when one replaces +oo by —oo.

Proof. For simplicity, we just consider the case s -► +oo. First we notice that 
||d,w(s, >  0 for all s 6 R, if not u =  x0 .

Otherwise, we would have 8,u(s0 , t) =  0 for some s0 and all t e  R . Then we 
could define

u(s, t): s ^ s 0

v(s, t) := ■< u(s0 , t): s0  s s0  +  1

u(s — 1, t): s s0  +  1.
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The v thus defined is in and satisfies dv + H'(t, v) =  0. Moreover, v agrees with 
w(s, t) := M(S0 , t) on an open subset of R 2, and dw + H ’(w) =  0. From Aronszajn’s 
unique continuation theorem ([A]; see also [H], Lemma 4), it follows that v = w, 
and hence u(s, t) =  u(s0 , t) for all s e R, hence u =  x0 . If u =  x 0 the proposition 
holds true. So we may assume u x0 .

Then we can make the change of variables da = || csu ds, a(0) =  0, and define 
L  =  lims_ +oo a(s), u(a) =  u(s(a), •). u(a) satisfies (d/Sa)u =  (T(u))/(||T(u)||t2) = V(u). 
Note that L  =  jo |5s u|2 ds dt <  +oo.

First case. Jo || V(u)||L2 da < + OO.
Then u(a) -+a ^ L  ux , in the L2-topology. Moreover, there is a subsequence s„ -» 

+oo such that T(u(s„, - ) ) ^ 0  in ^ 2 norm, because jd s d t  |5au |2 <  +oo. More­
over, I(u(sn, •)) -+ c.

So, applying Proposition 2.5, we find

llu(er(s„)) -  p„ - 0

after extraction. We have then 

llw. - P ^ WIIL^ O ,

and hence pn *u = ux  for each n large enough, and ux  is a critical point, with 
I M  =  c.

Second case. Jo || F(u)||L2 da =  +oo.
By the same arguments as in the proof of Lemma 5.2 in [CZES], we find a 

sequence an -» L, with J"^+1 || V ( u ) d a  -> 0 (hence ||u(an + 1 ) -  u(aB)||L2 -»0), and

So, applying Proposition 2.8, we find u(a„)->ux  in H 1 2 , and is a critical 
point of 1 with I(ux ) = c. Now, for a e [a„, a„+1 ],

||u(a) -  M P  <  ||M(<T) -  u(a„)llL2 + l|u(a„) -  Uxllt2

<  j i m i l i -  +  ||U(<TB) -  u J | L2 • 0. □

Because of the previous lemma we can unambiguously associate to each u e X 
its limiting orbits M± OD = L 2 — lims _±00 u(s). From Lemma 2.2,

Therefore I(u(s)) 0 for all u e  X  and s e  R.
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Further, we can define for x* e #

:= { u 6 X |u +oo =  x j .

We have

x =  U  X (x J .
I ,€ Ï

For u e X ^ R , the boundary conditions imply

I(u(Q)) = -  H(t, q, 0) dt 0
J R

and

I(u(R)) =  f T [ < m  p(R, t)> -  H(u(R, t))] dt 
J —T

l4(t)||p(K, t)l -  ^c 3 |p(K, t)|2 4- c dt

<  C(||4llco).

Here we have used the condition {dH/dp,p'> >  c3 |p|2 for |p| >  p0 , c3 , po > 0  
(H4), to deduce H  (l/2)c3 |p |2 -  c5 by integration along the fibre.

Combining these results with Lemma 3.1 we see that the norms || • IIJ de­
fined at the beginning of this section are dominated in X(x*) and X i>R t>y°f(x# ) 
and ll̂ llco respectively.

The following lemmata extend this result to other norms.

LEMMA 3.3. (i) I f  (H l) - ( H4)  are satisfied, then

M e ” <  cdl^llcol/or u e ,

independently o f R.
(ii) If, moreover, %/Z is finite, then, for x* e

||u||co <  c(I(x*))for u e X ( x J .

Proof. We shall omit some steps in the proof that can be found in [Ci], 
Chapter 4. Denoting by A =  S, + d? the Laplacian, we calculate using assump­
tion (H4)

(A +  p)|p |2 >  - p ,

where p is the fibre part of u e X i R  or X(x*) and p >  0 is some constant.
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Then we cut Z R (respectively 1R2) into narrow strips of the form Z t  = [s0  — e, 
s0 +  E] x IR with £ >  0 arbitrarily small, in particular 1/E2 >  p, and such that 
IH'Mso ±  e))||L2(*) <  C(E, ||dsu||L2(dsdt)) if So ± £ * {0, *}.

We will first treat the case s0 — E £ {0, R} and s0  + s £ {0, R}. Then from Lemma 
2.2 we get a C° estimate on SZe. Let

v := sup |p |2 . 
sz.

Choose a bounded domain W. c  Z t  with smooth boundary and such that |p|2 < v 
in Z ^ .  Define v e C“ ^ )  by

v(s, t) := p(v +  l)(e2 — (s — s0 )2 ) +  v.

One calculates

(—A — p)(v — |p|2) 0 in 4k
(v -  |p|2 ) > 0 on W .

Now the spectrum of the operator —A: L2(ZJ o  HQ 2 (ZC) -» L 2(Ze) (where H ^2 
is the closure of CJ in the H 2 ,2  norm) is easily seen to be [it2/4£2 , oo). Because of 
monotonicity, the smallest eigenvalue AjW  of — A on 4k with Dirichlet boundary 
conditions satisfies

, , n2

By the refined maximum principle of [Am], Theorem 4.3, and Theorem 4.4,

v — |p|2 > 0 in

This gives us a bound for |p|2 on Z z.
If s0 — £ =  0, then |p(s0  — E)| =  0, and the proof works as before. So it only 

remains to treat the case s0 + E =  R and the maximum v = supi z  |p|2 is attained 
in some z  =  (R, t). Of course we may assume that v >  po with the constant p0 of 
(H4).

Again it follows that |p|2 in Z £ is estimated by a constant depending on v. 
However, in this case we do not yet have an a priori bound for v. Therefore we 
calculate (with v defined as before, K: TTM  -* TM  the Levi-Civita connection, 
and V the covariant derivative)

0 >  5,(1) -  |p|2 )(z) =  2[ —<p, V,p> -  p(r +  1)£].

Using the differential equation V,p = ctq — KH'(t, u) and the assumption (p,
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u)> >  c3 |p |2 for |p| >  p0 , we obtain

0 2 [ - |p U ) | 14(01 +  c3 |p(z)|2 -  P£(|p(z)|2 +  1)].

Having chosen E sufficiently small this implies

v =  ip(z)i2 ^ ( m c o ) .  □

LEMMA 3.4. (i) Assuming that (H 1 )-(H 4 ) are satisfied, for q in a compact 
subset K  of £1%, X ^ R is bounded in C ° by constants depending on K  but indepen­
dent ofq, R.

(ii) If, moreover, ^fL is finite, for x* e X (x# ) is bounded in Cx .

Proof. Analogous to [Ci], Chapter 5. First assume that there would exist 
sequences u„ e and z„ e  such that the gradient |Vu„(z„)| -> oo. By a well- 
known procedure this would lead to the “bubbling off” of a holomorphic sphere 
or disk with certain boundary conditions, which both cannot occur for topologi­
cal reasons. So we must have a Cx-bound on X i R . By the Ascoli-Arzela theorem, 
X^R  is compact in the C° topology. Therefore we can localize around finitely 
many ul e  X^R and use the local estimates for the Cauchy-Riemann operator to 
bootstrap up to C®. □

The following lemma gives an estimate on the behavior of u(s, t) as |t| -♦ oo for 
u e Xq R . It is inspired by [HW], Lemma 4.4.

LEMMA 3.5. Assuming that (H l) - (H 4 )  are satisfied, for q in a compact subset 
K  of and R, e >  0, there is D(E, K ,R ) ^ T  such that

llU llcO([O,«]x R\[-D,D]) <  E- Yue X ^ R .

Proof Assume by contradiction that u„ e  X ^ R , q„ e K, |uB(sn, t„)| >  £0 , |tB| -» 
co. Let v„(s, t) =  ujs, t +  [t„]), where [to] e Z, [t„] t„ <  [t„] +  1. Then dv„ + 
H'(t, vB) =  0, t„ -  [ t j ) !  >  g, TV„(R, •) -► q0 , and (d/dtfiv„(R, ) -<■ 0 uniformly 
on compact subsets of 1R. Moreover, || is bounded independently of n,
from Lemma 3.1.

By Lemma 3.4 and the Ascoli-Arzela theorem, after extraction, for any a e  IN2, 
we have d“vK -* uniformly on compact sets. Here, vx  is in C® n  H l 2 (Z R ) and 
TVX (R, ) =  q0 , v^O, f e M .  So, from (Hl), 7(^(0)) >  0 and ¡(v^R )) <  0.

But | %(s„, r )̂! >  s, where (s^, rx ) is a limit point of (s„, t, — [t,]X and hence 
vx  x0  and Jz>  l ^ v j 2 ds dt >  0. Moreover, dvx  +  H'(t, t^) =  0 so that

11^.11^ = I M R ))  -  1(^(0)) =  0.

So there is a contradiction, and the lemma is proved. □

In fact, u(s, t) decreases exponentially as |t| tends to infinity.
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LEMMA 3.6. Assume that (H l )-(H 4) are satisfied. Let a G N 2 , R > 0, K <= 
a compact set. Then there are C, p > 0  depending only on a, R, K and such that

\d*u(s,t)\^Ce-M , V u G (JX ä>Ä. 
jeK

Proof. For simplicity, we just consider the case t >  0. Take a smooth chart 
c  ]R2" -» B(x0 , £0 ) and consider D > T  such that |u(s, t)| <  £0 for any u G

U«ex ^ « .R a n d a n y f Then, in local coordinates, for t D.

Su +  j/(i)u = —R'(t, u)

with R(t, u) = H(t, u) — (l/2)<uj/(t)u>.
Take 0 G C“ (1R, [0, 1]) such that 0 = 0 on 1R_, 0 = 1 on [1, +oo). For A > 0, 

n G N  such that nA > D, we define v„ = 0(t/& — n)u, which can be idendified 
with an element of TXxO dLM O»KR ,’ since D T. Then 

^ „ , A  +  ^ ( ¡ K A =  - Ö R'(t, u) + J(u) u.

From the proof of Lemma 4.2,

HIH«.* < c 11(5, + J(x0 )dr +  ^(t))v\\L2

for all v e T*ô .9o »KR . So 

IIU IIH>-2((O,X]X[(B+1)A,OO)) IÎ B.AIIH' ^Z,, R 2 ")

<  C l | | J ( u )  — A X o)llc°(IO ,R ]x[iiA , + oo))i|d t “ llL2((0,X]X[BA, + x »

ii ii---- i- ]—  IIU II L2 ([O, XJ x [BA, + X)) 
l u l ||C°([O,X]X[BA. + OO))

+  IIU II L2([O, R} x [BA, +  oo))

2 IIU IIH‘-2([0.R)X[BA. + OO))

for A fixed large enough, and any n > 1, u G U«ex
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As a consequence,

R] x [t, 4-00)) PD'

for some Co , p0 > 0 and for any t >  0. Combining this with Lemma 3.4, one 
easily ends the proof of Lemma 3.6. □

The following result is an immediate consequence of Lemma 3.6.

PROPOSITION 3.7. Assume that (H 1)-(H 4) are satisfied. Given R >  0 and K  c  
Qr compact, the set (J i e K X q R  is compact in H2 ’2(ZR , TM).

We now want the estimates above to become independent of R. This is possible 
if # /Z  is finite.

LEMMA 3.8. Assume that (H l ) - (H 4 )  and are satisfied. Then:
(i) For q in a compact subset K o f a n d £ >  0, there is a D(E, K ) ^  T  such that 

for any R 1 and u G X q R ,

llU llc°([0 ,R ]x  R \(-D .D J) £ -

(ii) Given and £ >  0, there is a D(e, x # ) >  0 such that, for any u e X(x*), 

llU llc ° (R x  R \[-D ,D ])  £ -

Proof. The proofs of (i) ahd (ii) are similar, so we just give the proof of (ii).
First step. Given A, >  0 and u G X(X,), we find a partition of R  by 2N  +  1 

intervals f0 , . . . ,  I 2N, N  < N o , No depending only on x*, with Io =  (—oo, S J , 
4  =  St + 1 ] for 1 <  k < 2N  — 1,I2N = [SIN , + °O), and such that:

(a) For k = 2q, there is Yq = pq ♦ xq with x q e&,p'q e Z, p'q +1 — p'q ^  A, and such 
that

IM«, ) -  < P for any s G Ik ,

IMS*, •) -  < P for 1 <  k < 2 N ,

’) —  P f°r  0 <  k 2N — 1.

(b) There is L(A, /?) such that, for k = 2q — 1,

0 < S2q — S ^ - i  <  L.

Proof of the first step. Given L >  0, in each interval [n(L/2), (n +  l)(L/2)], 
n G Z, there is an s„ such that
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So, from Corollary 2.6, given A, a > 0 and u 6 X(x*), there are L(A, a) >  0 and 
a sequence (s„)R e Z  such that 0 <  sR+1 -  sR < L  and ||u(sR, •) -  p„ < a
for some p„ e  x„ e with pj+1 — pj A, for all i, and m(n) bounded 
because f(u(sR)) <  7(x# ).

We recall that c  is a finite set such that ^ { XQ} =  Z *^ . From Lemma 
2.7, there are Ao , a0 such that, if pR ♦ x, and p„+ 1 » xR+1 are not the same, then

l | 3 , w | | ds (r0  -  a0 )g0 >  0,

where r0  has been defined in Lemma 2.7, and

Po =  inf<||/'WII^ x e B ^ k t y ,  r0 )\BL2(k* y, a0 ), y e m 1,

k e Zm, k i+ 1

So

Card < n e  Z P»+i C
l^“ l2

(r0 ~  »O)MO

"  (r0 -  *o)Mo

for some N o 6 N.
On the other hand, if p„ ♦ x„ =  pR+1 ♦ xR + l, then, for A >  A(^) and a < a(^), wc 

have

II«(S, Pn*XK\\L2(it^ ß , V s e [s „ s ,+ 1 ].

The explanation is the following: We define

p(ß) =  inf { ||/'(x)||tJ
x e BLz(k^y, ß)\B L 1( k * y ,^ \ , y  e ^ , m  1,

k e  Z", ki+ 1  — k‘ > A(^)

> 0 .

Assume by contradiction that, for some s e  [sR, sR +1], 

h(s, ) -  P.*x,\\L2^ ß.
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Then 

provided a <  P/2. So I(u(s„+1)) -  I(u(s„)) (0/z(j8))/2, which is impossible for 
a <  a(p).

The existence of the partition Io , . . . ,  I2N easily follows from the above 
arguments.

Second step. We consider the partition Io , I2N of the first step. We are 
going to prove, by induction on q No , that for A =  A0  fixed and large enough, 
and 0 <  P < P° with P° small enough,

(1) YN ~q e where is a finite subset of #  depending only on q, x*.
(2) For x#  e % q < N  — 1 fixed, there are two functions e(P) and D(P) such 

that

llu llcO(/2 (Ä - , )- 1 x R \[-D .D )) <

with limi _0 e(P) =  0.
The same is true for x ,  6 % q < N  fixed, with I2 (N - q) instead of f2(jv-«)-i- Since 

N  is bounded independently of P, Lemma 3.8 is an immediate consequence of (2).

Proof o f the second step. If we take A0 large enough and ß° small enough, it 
follows from Lemma 2.7 and Lemma 3.2 that YN = x*. Then from (a) of the first 
step and Lemma 3.4, we find easily the estimate

llu l lc ° ( /2 N x R \ [ - D o <«.»oW J) £o(P)

with limi _0 e0 (P) =  0.
Let us prove that there are e^P) and D^P) such that

IIu llc°(/2 B - i  x R M -D j.D ,]) <  e l  ,

with Hmi _0 e fP )  =  0. Otherwise, for some £ > 0 and for any p  >  0, there would 
exist sequences u„ e X(x# ) and (sB, t„) e I2 N - t  x JR such that 11„| -► oo and |uB(sB, tB)|

Denoting ^(s, t) = u„(s + s„,t + [tB] ) as in the proof of Lemma 3.5, we 
find after extraction 5“vB -► uniformly on compact sets, for any a e  N 2. 
Moreover,

$2N ~

$2N-1 ~  sn~* a <
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vx  is in C00 n  HSe’̂ iloc(R 2 ) and satisfies

(vl) êvx  + H'(t, v j  = 0,

(v2) (Vs >  b) ||v„(s, O ll^ o  p,

(v3) væ (0, ) x 0 ,

(v4) f  l ^ v j 2 <  oo.

J R2

From Lemma 2.3 and Proposition 3.2, if <  p, then u(s, •) x 0 as s -► + x .  
So Proposition 3.2 gives also x_ = x0 and u = x0 , and we have found a contra­
diction. Therefore z fP )  and D^P) exist. For P small enough, this gives the exis­
tence of a finite set c  #  independent of P and such that y,_! G

Repeating the same arguments at most N o times, we finally prove the second 
step and Lemma 3.8. □

We now give the analogue of Lemma 3.6 for large values of R and infinite flow 
lines.

P ROPOSITION 3.9. Assume that (H 1 )-(H 4 ) and (Jtf) are satisfied. Then:
(i) Given a compact subset K  o f i l j  and a G N 2 , there are C, p > 0 such that 

for any R  1 and u e  | J i e K  X i K ,

|3au(M)l <  C e~ ^.

(ii) Given and a G N 2 , there are C, p > 0  such that, for any u 6 X(x,),

la'wis, t)l <  Ce’ pl'1.

Proof. We just prove (ii), for t >  0. We take the same smooth chart c  
R 2 " -> B(x0 , £0 ) a s  'n  the  proof of Lemma 3.6.

Consider ® G C°°(R2, [0 ,1]) such that

®(s, 0  =  0 on (R x R _ ) u ( ( R \ [ —2, 2]) x R),

®(s, 0 = 1  on [ — 1, 1] x [1, +oo).

For A >  0, (a, n) G R  x N  with nA large enough, we define in local coordinates 
=  0 ((s  — o)/A, (t/A) — n)u(s, 0, which can be idendified with an element of
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Denoting by 0 S, ®t the partial derivatives of 0  with respect to s, t, we have

(S 0 t \

i s -  a t \  is  -  a t \
®‘H - ’ Ä _  / + A - N) J(U) 
--------------------- ---------------------------------- U.

A

Notice that, from the proof of Lemma 4.2,

M Hu  < c||(as +  J(x0 )at +  ^/(t))r||L2

for all v 6 f / 2’2(IR2, TX TM).
So, by the same kind of estimates as in the proof of Lemma 3.6, we find, for A 

fixed large enough,

M H1-2^ - A,<r+Al x [<n+l)A, +  00» 4  llu llH ‘-2 ([<r-2A,<r+ 2A] x [nA, +  00)) ’

and hence

s u p  | |u | | H i.2([f f  _ A ,n+ A ] x [(n + l)A , +00» S U P  llu llH ‘-2 <[<r-A,n+AJ x [nA, +  00» • 
n e  R ¿ « E R

So

sup ||u|lHl.2([n-A,<r+A]x[t, + oo)) C(>e  > 
ae R

and Lemma 3.4 ends the proof. □

Proposition 3.9 has an immediate consequence.

COROLLARY 3.10. Assuming that (H l) - ( H4)  and (3^) are satisfied, for
and m 0, p 1, the set X(x# ) is precompact in X  for the topology associated to 
|| • ||£’P.loc> and the set X fL, quotient o f X  by the group o f integer translations in 
time, is compact for the quotient topology.

4. Existence of contractible flow lines. All the compactness results of the pre­
vious section would of course be useless if the only flow line was u =  x0 . In this 
section, we show that the set X^ R is nonempty for any contractible q. Studying 
the limit R -» oo, we find an injection from the cohomology of the space of con­
tractible loops containing q0 , into the cohomology of X. This injection will be 
used in Section 5, where we will prove Theorem 1.1 under the assumption “?r1(Af) 
finite.”
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We begin with the set ^ R , q e £2“ , R >  0, as defined in Section 3. We have a 
first preliminary result.

LEMMA 4.1. ^ R is a Hilbert manifold, and

u H* du + H'(t, u)

is a smooth section in a Hilbert bundle over ^ R with fibres ^ u = H 1,2(ZR ,u*TTM).

Proof. The lemma follows from the results of [El] (Theorem 5.1, 6.1 and 6.2); 
see also [Ci], Lemma 3.1. The only modification needed is due to the fact that ZR 
is not compact. But if u e < .̂K, then by Sobolev embedding u(s, t) is contained in 
a chart around x0 for (s, t) outside some compact subset of Z R . Thus we can 
trivialize and proceed as usual. □

As a consequence of Kuiper’s theorem, we find a smooth trivialization T: -* 
^ R x F  of the bundle where F is the separable Hilbert space H1 2 (ZR , <C") 
(see [Pa], Chapter 9A, Corollary C6). Denoting by nF = ^ R x F F the projec­
tion, we can thus define a smooth map f : S i R  -> F,

f(u) := nF o T(5u +  H'(t, u)).

Let q0 e  £2” be the constant map.

LEMMA 4.2. I f  u e  ^ tOiR and f(u) = 0, then u =  x0 . Moreover, the linearization 
Df(x0 ): TXoSiQ tR -* F is an isomorphism, and the norm of its inverse is bounded inde­
pendently o f R.

Proof, (i) The boundary conditions and (Hl) imply

0 > I(u(R)) -

=  I |5,u|2 ds dt, because f(u) =  0.
Jz,

So u is independent of s and therefore u =  x0 from the boundary conditions.
(ii) If we identify TXoTM  with <C" = R 2" in the way that the horizontal sub­

space TXoTM  corresponds to R" c  C  and the vertical subspace TM  to J0 R" 
c  <C", where Jo  =  Q  is the canonical complex structure on <T", then Df(x0 ) 

is equivalent to the operator

g: E = {u e  H 2 2 (ZR , C")|«(0, t) e u(R, t) e J0 R '} -  F = H 1 2 (ZR , C"),

g(u) = d,u + JQd,u + jtf(t)u.

Here s/(t) is the matrix corresponding to H"(t, x0 ).
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Condition (Hl) implies that the quadratic form u i-» is positive semi- 
definite on J0 R.n and negative semidefinite on 1R".

We first prove that g is injective: For x  e H 1 ,2 (R, <T"), we define the action inte­
gral I0(x) := f ( —(l/2)<x, Jo x )  -  (l/2)<x, ^ ( t ) x ) )  dt and the L 2 gradient I 0’ (x) = 
—Jo x  — j/(t)x.

Then the boundary conditions imply, for u e E,

0 >  I0 (u(R)) -  / o (u(0))

= <&u(s), /o(u(s))>L2(R ) ds
Jo

IIfo(M)IIL̂IZx) — II^WIIL^Z«) IIAJWIIL^Z*)

Hence ||/¿(u)||L2 ||3(w)ll ,̂ and similarly H^ull^ < ||0(u)||L2. Now, by Lemma 2.1,
M r*  + ||4 “ IIL* <  Ci II/¿(M)IIL2, thus

IM H<-* <  c2 ||£(u)||L2,

and c2 does not depend on R.
Applying the same procedure to dtu (which satisfies the same boundary condi­

tions as u in a weak sense) gives

R u ||f l l .2«Sc2 ||0(d,u)||t 2

< c2 (na,3(u)iit 2 + ii^'Wull^)

<C3 ||0(u)||HI,2.

Finally,

<  h(u)||H1.2 + || J0 S,U +  -i/(t)u||H 1.2

<C||0(U)||H1.2,

with c independent of R.
So we have proved ||u||H2.2 < c ||&(M)||H I.2, which implies the injectivity of g, and 

g has a bounded left inverse g i l , Ĥ - 1 1| c.
Finally, we prove that g is surjective. This will imply g f1 =  g - 1 . Let v e  F  be 

given. We approximate v in the H 1 ,2-norm by (cN)W eN  with supp vN <= (—N, N). 
Let

EN = ] u e H2’2 ([0, R] x R/2NZ, C") u(0, t) e R", u(R, t) e JO1R" J •
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The same argumentation as in (ii) shows that g as an operator from EN to FN = 
H 1 ,2 ([0, R] x R/2NZ, C )  is injective, and ||u||a 2.> <  c||g(u)||H with a constant 
which is independent of N.

It is well known (see, e.g., [Ci], Theorem 2.3) that 3: EN -» FN is an isomor­
phism. Since on compact domains sf(t)u is a compact perturbation, g: EN -+ FN is 
a Fredholm operator of index 0 and thus an isomorphism. Therefore we find 
uN e EN with g(uN ) = vN and

W j u  <  c||v5 ||H i,2 for all N  e N .

Let <pN(t) be a cut-off function which is 1 in [ - N  + 1, N  — 1] and 0 outside 
[—N, N] and define

“v ■= e E.

Then ||uw ||H2.2 <  c' for some constant c', and thus (uN) has a subsequence con­
verging in H^-2 and weakly in H 2 2 to some u eE . Since g(uN ) -> v and g(uN) -► 
g(u) in L 2

OC, u satisfies g(u) = v. □

LEMMA 4.3. I f  f(u) =  0, then Df(u) is a semi-Fredholm operator.

Proof. By regularity theory, u is C” . So we can linearize in a chart centered at 
u and obtain (see [Ci], Proposition 3.2)

D f^ r , = V j  + + D J ^ ,  dt u) +

where e  H 2’2 (ZR , u*TTM) with vertical part //'(O, t) = 0 and horizontal part 
t]h(R, t) =  0. V denotes covariant derivatives.

Now we choose a A >  0 such that u(s, t) lies in a chart around x0 for |t| > A. 
Let <p_, g>0 , (p+ be a partition of unity subordinate to the covering of R  by the 
intervals (—oo, —A), (—A — 1, A -I- 1) and (A, oo). If we trivialize TM  around q0 , 
then <p+T} becomes equivalent to an ri+: Z R - ^ C ,  with i/+ (0, t)eR ", q+(R ,t)e  
J0 R" and supp(i/+ ) c  [0, R] x (A, oo).

The results of Section 3 imply that all derivatives of u are bounded and become 
arbitrarily small as 11| -► oo. Together with the compact embedding Hz '2(ZK) c_. 
H ^ 2(ZR ) this establishes that

+  •^(0’1+ + K+fl+

with a  compact operator K + : H2,2(ZR ) -»H X 2 (ZR ).
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From Lemma 4.2 we get

h +  II a «  c |ia,n+  + + ¿(t)n+ IIH 1-2

<  c ( l l - P f ( u ) ’ /+  IIB 1-2 +  11^0 —  •^ (U ) l l c 1aO ,R Jx(A ,oo))l|d ( ^ + IIH 2-2 +  1 1 ^ + » /+ IIH I-2)

^ h + I l B 2-2 +  c(\\Df(u)r,+ \\H i.i + H K + ^ J IH .,3)

if A has been chosen large enough.
An analogous estimate holds for <p-q- has its support in a compact region. 

Therefore the well-known local theory of the Cauchy-Riemann operator ([Ci], 
Lemma 2.1) provides an estimate for <p0 Ti.

Adding up we obtain

h | | H 2.2  <  C( ||D /(UM | H ^

with some compact operator K: H 2 ,2 (Z R )-> H 1 2 (ZR ). It is a standard result of 
Fredholm theory that Df(u) is then a semi-Fredholm operator. □

To make things a bit more complicated, we will now allow the base curves q to 
vary. We define

Qr  := jq  e C°(1R, M) q(t) = q0  for |t| >  T  — 11 .

Let Q T  -» il® be a smoothing operator as defined in [Ci], Chapter 3, and let

: =  { (? >  M ) l ^  e  M  e

with the natural projection n: SR -♦ i l r , (5, u) i-> q. It is easily seen ([Ci], Lemma 
3.1) that &R is a bundle over Q r . Thus the linearizations of the operator

n @ f:S R -* Q r  x F,

(q, u) w  (q, f(u))

are of the form

/ I  0 \( ® T„£i R  —► Tg£lT  © F .

Therefore Lemmas 4.2 and 4.3 lead to analogous statements for the operator 
n © f ,  which we summarize in the following corollary.
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COROLLARY 4.4. (i) I f  (q, u) 6 SR and f(u) =  0, then the linearization D(n © f)(q, u) 
is a semi-Fredholm operator.

(ii) D(n © f)(qo, x0 ) a n  isomorphism.
(iii) ( n ^ f r ^ q o ,  0) =  {(io, x0 )}.

Now we come to the main result of this section. For a nonlinear C2 Fredholm 
operator F: X  -> Y  of index 0 between Banach manifolds, W c  X, F|» proper, 
and y e Y\F(dW), let deg(F, % y) be the Z 2 degree as defined in [Sm]. Let 
be the elements of Qr  which are contractible.

PROPOSITION 4.5. For each compact K <= there exists an open Qi c g R 
such that:

(i) n © f \ #  is a proper Fredholm operator of index 0.
(ii) deg(7t © f ,  Qi, (q, 0)) = 1 for all qe K.

Proof. Enlarging K  if necessary, we may assume that it is connected and 
contains q0 . By Proposition 3.7, (it© fY ^ lK  x {0}) is compact. Since the semi­
Fredholm operators form an open set, by 4.4 (i) we find a neighborhood Qî  of 
(it © / ) - 1 (K x {0}) on which n © /  is semi-Fredholm. Taking the connected com­
ponent °f (n  ® / ) - 1 ((9o> 0)) ¡n  ®i. Corollary 4.4 (ii) and the fact that the set of 
Fredholm operators of index 0 is open and closed in the set of semi-Fredholm op­
erators yield that n ® / |« 2 is Fredholm of index 0. Fredholm operators are locally 
proper ([Sm], Theorem 1.6), so we find a neighborhood #  of (rc © / ) " l (K x {0}) 
n  *n  ^2  such that n ® is proper.

Because K  is connected, K  x {0} is contained in one connected component of 
i l T  x F. By definition of the Z 2 degree, deg(7t © f  Ql, (q, 0)) is the same for all 
q e  K. But from 4.4 (ii), (iii) we know that (q0 , 0) is a regular value of n ® f\^  
whose preimage consists of one single point. Thus deg(n © f, if, (q0 , 0)) = 1, which 
concludes the proof. □

This is the desired existence result for finite flow lines. However, in order to 
pass to infinite flow lines we want to interpret this result in terms of cohomology. 
Let H* denote the Alexander-Spanier cohomology as defined in [Sp].

LEMMA 4.6. For each nontrivial cohomology class 0 /  a e Z2 ), there
exists a compact K  <= such that, for all R > 0 ,

W J W 0 -
where A R = (it ® / ) - 1 (K x {0}) c  gR.

Proof. [Ci], Proposition 6.3. For the convenience of the reader we will recall 
the basic ideas. First one constructs a connected compact finite-dimensional C l - 
manifold K  with boundary and an embedding i: K CL, such that i** #  0. By 
an approximation argument we may assume the embedding i © 0: K CL, Q̂ onlr x 
F to be transversal to it © / |» ,  with Ql from Proposition 4.5.
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Then A = (it © / |^ ) - 1 (K x {0}) is a compact finite-dimensional manifold with 
boundary, and n\A : A ->• K  is a mapping of Z 2-degree 1. It is a simple conse­
quence of Poincare-Lefschetz duality that under these circumstances (it|x )*: H*(K) 
-+H*(A) is injective in all dimensions. In particular (7t|x )*a #  0, and because 
A c  A R , also (jrLg)*® /  0. □

Now we are in a position to pass to the limit R  —» oo and show that the exis­
tence result in the form of Lemma 4.6 survives in this process. Let X  be defined as 
in Section 3 and

Q. := < q e C°(IR, M) lim q(t) = qo f ,

equipped with the topology induced by the norm

sup 
te R

We have a continuous projection it: X  -» il given by

7tu(t) := ru(0, t),

where r: TM  -» M  is the projection. As usual, by x con,r and i l contr we denote the 
subsets of contractible elements of these spaces.

The result we want to prove is the following.

PROPOSITION 4.7. I f  is finite, it: x mBU -»Qcontr induces an injection

it*: H*(QcoaU, Z2 ) -  H*(Xcontr, Z2).

Proof. First we notice that the inclusion i:SlT  is a homotopy equiva­
lence. This follows from the fact that the homeomorphism given in [Gi], Lemma 
3.7, is homotopic to the inclusion. _

This allows us to replace a and it in Lemma 4.6 by an a 6 H*(Qcontr, Z2 ) and 
the projection it: &R -> il. Next, we observe that because i l r  -> il  is homotopic 
to the inclusion, is homotopic to the projection nR : A 2R  -» il given by itR u(t) 
:= TU(R, t). Thus we can reformulate Lemma 4.6 as follows: For each 0 a e

Z2 ) there exists a compact K  c  i l“ n,r such that for all R  >  0,

0 e H*(A2 R , Z2).

Now we fix such an a and K. For each R  > 0 we choose mappings ^R e C®(R, 
[0,27?]) with ^K(s) = s +  R for |s| <  R  — 1, $R (s) =  0 for s —R, ^R (s) = 2R for
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s ^  R, and we define

P: A 2R -* 8

(q, u) Pu(s, t) := u(^(s), t),

where is defined at the beginning of Section 3.
We claim that for every neighborhood of Xcontr in 8  we can find an R > 0 

such that P(A2 R ) C  Otherwise there would exist sequences R„-> co and (q„, u„) 
G A2Rn with ? u n £

Since the u„ satisfy boundary conditions with the same compact S(K) c  il^, 
from Proposition 3.9 and the Arzela-Ascoli theorem, (Pu„) has a subsequence con­
verging in the topology of 8. Moreover, we have an upper estimate on II t 2(R2) 
independent of n, and for s e [ —Rn + 1, R„ — 1], we have

dPu„(s, t) + H'(t, Pu„(s, t)) = 0.

So the subsequence of (Pu„) converges in the topology of 8  to some u G X, which 
contradicts the assumption Pu„ <

From rrja 0, P(A2R) c  % and n o P = nR, it follows that rr| Ja #  0. Since this 
is true for all neighborhoods of X  in 8, the tautness of Alexander-Spanier 
cohomology ([Sp], Theorem 6.2) implies that (7t|x «»„)*a /  0. □

5. Proof of Theorem 2.1 in the case “^ ( M )  finite”. We are going to show 
that if n fM )  is finite, then the conclusions of Corollary 3.10 and Proposition 4.7 
lead to a contradiction, thus proving that the assumption V/Z finite must be 
wrong. This will be due to the following result by D. Sullivan [Su].

PROPOSITION 5.1. I f  n fM )  is finite, then Z2 ) #  {0} for infinitely many 
k e N .

Proof. If n^M )  is finite, the universal covering Al is a compact manifold. In 
[Su], page 46, it is shown that infinitely many rational Betti numbers of the loop 
space C°(S1, M) are nonzero. Because of the fibring of C°(Sl , M) -* M  with fibre 
C°(S1, M, q0 ) =  {x G C°(S1, M)|x(0) = q0 }, the same is true for C°(S1, M, q0) = 
C ^ X S 1, M, q0 ). Since C ^ X S 1, M, x0 ) is a Banach manifold, Alexander-Spanier 
cohomology and simplicial cohomology agree on it, and we conclude that 
/^(C^ntrlS1, M, q0 ), Z 2) {0} for infinitely many k e N. The homotopy equiva­
lence between Q and C ^ i S 1, M, q0) ([Gi], Lemma 3.7) now gives the result. 
□

On the other hand, Corollary 3.10 implies the following.

PROPOSITION 5.2. I f  ̂ /L  is finite, then there exists a k0 G N such that

it*: G) -» Hk(X, G)

is the zero map for every k0 and each group G.
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Proof. Let ♦ be the action of Z on defined by n ♦ u(s, t) =  u(s, t — n), and let 
p: g  -♦ g fL  be the canonical projection. There exists a covering of X /Z <= g fL  by 
a family (Vt )x e A  of open subsets of g/L , such that p - 1 (K) =  {” * n e Z} for 
any a e A, where the sets Wx are open in g  and satisfy:

(a) For some a0 , is a neighborhood of the constant curve x0  in g  and it is 
invariant by Z.

(b) If a /  a0 and n /  0, then Wt  n  n * Wx = 0 .
(c) Any finite intersection of open sets of the form n * Wx is contractible.
To construct w e  consider, for b large enough, an isometric embedding 

of M  in R fc, which allows us to identify g  with a Hilbert submanifold of the 
Hilbert space H = 1K^,OC(1R2, JR.2*). Our set A  is X /Z itself. We take a0 =  p(x0), 
and for any a e A, Wx = B ^ng , where Bx is a ball in H  centered at some point of 
p- 1 (a), with small radius. Property (a) is clearly true, and properties (b) and (c) are 
satisfied if the radii of the balls Bx are chosen small enough.

Now, by Corollary 3.10, we can extract from (Vx)x e A  a finite subcovering 
(K<o)o«i<*o-i- Properties (a) and (b) imply that any intersection of k0 +  1 distinct 
sets of the form n ♦ is empty.

So, denoting

* " =  U  
0 ^ i< k o  

n s  L

from (c) the ko th Cech homology group of I f  is zero. But W  is a metric space, so 
the Cech and Alexander-Spanier cohomologies on TiC are the same (see [Sp]).

Denoting by j  the canonical injection of X  imiC and by n the natural extension 
of n to the proposition then follows from the formula n* = j*  o n*. □

The conclusions of Propositions 4.7, 5.1 and 5.2 obviously contradict one 
another. Thus the assumption W/L finite must be wrong, which proves Theorem 
1.1 in the case “n 1 (M) finite”.

6. Proofs of Theorem 1.1 (case infinite”) and Theorem 1.2. To prove 
Theorem 1.1 (case “n fM )  infinite”) and Theorem 1.2, we have to study noncon- 
tractible pseudoholomorphic curves.

We take a smooth curve q 6 0 ? , which represents a nontrivial class in n^M ). 
We are going to prove the following result, which is the analogue of Proposition 
4.5 in the noncontractible case.

PROPOSITION 6.1. Assume (H l ) - (H 4 )  are satisfied. Then X 9 K is nonempty for 
any R >  0.

Proof. We cannot prove Proposition 6.1 by a homotopy between q and qQ as 
in the case of Proposition 4.5. Instead of this argument, we will use a homotopy 
between Hamiltonians.

We define a 1-parameter family of Hamiltonians on TM,

H ^t, x) = ¿H ^t, x) 4- (1 — X)H0 (t, x),
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where H0 (t, x) =  H(t, x) is the Hamiltonian of Theorems 1.1,1.2, and

H ^t, x) =  0(t)(a,(p) +  +  (1 -  0(t))H(t, x).

Here,

0 e C°°(R, [0,1]),

0 =  l o n [ —T, T],

0 = 0 on R \[ -2 T ,2 T ],

For any t e R , a( is a 1-form on M  such that

<«.(«0), P> = <?(0, P>, *P e T ^ M .

We introduce

X ? R = ju  e H 2’2 (ZR ) du + H'^t, u) = 0 and u(0, )e  M, TU(R, ) = .

LEMMA 6.2. R, q being fixed, there is a constant C >  0 such that ||UHH>-2 C C, 
for any 2 6 [0, 1] and u e X^ R .

Proof. As in the discussion before Lemma 3.3, one shows

I(u(R))^ c(||4llCo),

/(«(0))>0.

This implies

J |d ,u |2 dsdt cdl^Hco).

Denoting by (q, p) = u the base and fibre parts of u, we obtain

II ̂«9II L2(A)

< Il9llt2+ X/^ I I^ I I L2««,, 

< c(q, R) for all s e [0, R ].



514 CIELIEBAK AND SfeRE

If |p| is the norm in the fibre and Vs the covariant derivative with respect to the 
Levi-Civita connection, we have 

Sslpl = i^lpl 2

2|p|
<P,V,P> 

IP I

and thus

IIP(S)IIL2(*) llp(0)lli,2(*) +  J IlVjPUti^) ds 
Jo

x/^IIVsPlI îdjdi)

< c(q, R) for all s G [0, R ].

Hence || u || L2(isdt} <  c(q, R), and using the differential equation yields the result. 
□

LEMMA 6.3. q being fixed, there is an R0 >Q  such that, for any a G N 2 , |5“U(S, t)| 
Cx , where C* is independent of (s, t) e  Z Ro and u e  2 e (0, 1).

Proof. The estimate |u(s, t)| <  C(0>0) is obtained as in the proof of Lemma 3.3. 
The only difference is that I f  does not necessarily satisfy assumption (H3), so 
that Lemma 2.2 cannot be used. So we cannot cut Z R into “narrow strips”. To 
overcome this problem, we choose Ro  small enough so that Z Ro is itself a “narrow 
strip”.

The estimates for a (0, 0) are obtained exactly as in the proof of Lemma 3.4. 
□

LEMMA 6.4. q is fixed, and Ro is chosen as in Lemma 6.3. Then, for any a G N 2 , 
there are K x , pa >  0 such that

\dxu(s, t)| <  Cae~p M ,

for any (s, t) G and u G X ^ ,  2 G [0 ,1], 

Proof. The proof of Lemma 6.4 is identical to that of Lemma 3.6. □

As in Section 4, we now define the mapping

A(») =  nF ° +  Hi(t, u)),

and we have another lemma.

LEMMA 6.5. I f  u e  H 2 ’2 ^ ^ ,  TM) and f fu )  =  0, then Df^u) is a semi-Fredholm 
operator.
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The proof is similar to that of Lemma 4.3.

LEMMA 6.6. The only solution to the equation f^ u )  =  0 in Rq is u(s, t) = 
(q(t), 0), and D f^u) is an isomorphism.

Proof. Let I f x )  : = ^ p d q  — H ^t, x). (i) Any u e must satisfy I fu , R o )) 
0 and IJufO)) >  0, by construction of H t . So, if f^ u )  =  0, then |5,u|2 = 0, and 
hence u = u.

(ii) x(t) =  (q(t), 0) is a critical point of the functional f  in H l 2 (R, TM). Its 
Hessian is I(y) =  /J(x) • (y, y), and we have

M expjy) =  A(x) +  p i(x )-(y , y) +  o(|| y ||^ ,2).

Moreover, D ffu )  • y =  Vsy — V/(y), where Vf is the L 2-gradient of I.
We always have, for v 6 TS^ I RO,

0 >  f je x p s  v(R, •)) -  fi(exp5 v(0, •))

= ^(I(v(R , •)) -  W ,  •))) +  o(||v(R, )||2 ,.2 +  ||v(0, )||2 12).

Since 7 is a quadratic form this implies, for any v e

0 >  I(v, R, •)) -  7(r(0, •))

r * 0
=  <V,v(s),W(p(s))>V ( I t ) ds

Jo

>  l|VZ(p)||^(Z-o) -  m t t y l l ^ z ^

Hence

||V/(r)||L 2 ^

and similarly

As in the proof of Lemma 6.2, we deduce ||v||H1.2 < c||Dfi(u)i’||t 2 . By the same 
argument applied to the derivatives V,v and V,v, we finally get

To prove the surjectivity of Df^u), we trivialize the bundle q*TTM  -* R  such 
that the trivialization is constant over ( —oo, - 2 7 3  u  P T , x ) , and multiplication
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by J(q(t)) corresponds to multiplication by i in <C". This is possible because the 
structure group U(n) is connected. However, this trivialization need not respect 
the splitting

T T M  = T h TM  © T VTM .

In fact, the following two situations may occur: either under the trivialization 
T hTM  = R" and T VTM  =  iR", or T^t )TM  = ( e ^ ’R) © R " - 1  and T ^ T M  = 
(¿•»«HOiR)© jR«-i, where <p:R-»[O,1] is = 0  for t — T  and =1 for t ^ T .  
Choose a natural number N > 2T, extend to a 2N-periodic loop qN , and 
regard Df^u) as an operator

9N'- FN , 
where

EN  =  I»/ e H2’2 ([0, R] x R/2nZ, u^T TM )  t) 6 T ^ T M , q(R, t) e ,

FN =  H 1 2 ([0, R] x R/2AZ, u$TTM ).

As above, one shows that gN is injective. Moreover, under trivialization, gN  corre­
sponds to an operator ds + id, + A(t) in C", and from the discussion above, the 
loops of Lagrangian subspaces T̂ (I)TM  and T£t )TM  have the same Maslov 
index. So by [Ci], Theorem 2.3, the Fredholm index of gN  is 0. This implies that 
gN is suijective. As in the proof of Lemma 4.2, an approximation argument ends 
the proof of Lemma 6.6. □

As a consequence of Lemmas 6.5 and 6.6, there exists an open subset of <fi>Ro 
such that / J *  is Fredholm of index 0 and degZ2( / 15 0) =  1. From Lemmas 6.4
and 6.5, this is also the case for / 0 on some ^ Ro <= By Proposition 3.7 and 
Lemma 6.5, for any R >  0, there exists an open set ^ R c  R such that /ol*M is 
Fredholm of index 0 and degZ2( /0 , ^ R , 0) =  1. This proves Proposition 6.1. □

We now prove Theorem 1.1 (case infinite”). Assume by contradiction 
that ^ /Z  is finite (i.e., (Jf) is satisfied). Take a sequence R„ -»• +oo, and uM e X i R t ) . 
Then, from Proposition 3.9, un has a limit u for the H 2̂

iioc topology.
For each s e R, rw(s, •) represents the same class as q in nJAf). So the limit 

u+  of u(s, •) as s -» +oo given by Lemma 3.2 is a homoclinic orbit such that TM+ is 
in the class of q. Taking infinitely many classes, we get a  contradiction, and 
Theorem 1.1 is proved in the case infinite”. □

We end this paper with the proof of Theorem 1.2. Once again, we take R„ -» oo 
and u„eX i  R n . Since |3,u„|2 ds dt is bounded independently of n, we find 
a sequence s„ e [0, R„] such that r(u(sK)) -» 0 in L 2 ,I(u(s„)) bounded. Then, from 
Proposition 2.5, there is a subsequence x, of u,(sn , •) such that

II*. ~  -»0 as n co,
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where m e N, x  =  (x1, ..., x m) e ‘£m, p„ =  (p¿,..., p") e Z", and

(P»+ 1 - P » ) - ^  +oo (Vi).

But in n^M ),

M  = = [TX"] • [TX" X] ........[TX1] ,

and Theorem 1.2 is proved by choosing arbitrary classes [q], □

R E FE R E N C E S

[A ] N. ARONSZAJN, A unique continuation theorem for solutions of elliptic partial differential 
equations or inequalities o f second order, J. Math. Purés Appl. (9) 36 (1957), 235— 
249.

[A m ] H. A MANN, Fixed point equations and nonlinear eigenvalue problems in ordered Banach 
spaces, Siam Rev. 18 (1975), 620-709.

[B ] S. V. BOLOTIN, Libration motions o f  natural dynamical systems, Vestnik Moskov. Univ. Ser. 
I M at. Mekh. 6 (1978), 72-77.

[B G i] V. BENCI A ND  F. G IANNONI, Homoclinic orbits on compact manifolds, J. Math. Anal. Appl. 
157 (1991), 568-576.

[C i] K. C IELIEBAK, Pseudo-holomorphic curves and periodic orbits on cotangent bundles, J. Math. 
Purés Appl. 73 (1994), 251-278.

[CZES] V. C o n  ZELATL, I. EKELAND, AND E. SÉRÉ, A variational approach to homoclinic orbits in 
Hamiltonian systems, Math. Aim. 288 (1990), 133-160.

[C ZR ] V. C o n  ZELATI AND P. RABINOWITZ, Homoclinic orbits for second-order Hamiltonian systems 
possessing superquadratic potentials, preprint, 1991.

[E l] H. I. ELIASSON, Geometry o f  manifolds o f  maps, J. Differential Geom. 1 (1967), 169-194.
[F e ] P. FELMER, Heteroclinic orbits for spatially periodic Hamiltonian systems, Ann. Inst. H. Poincare

Anal. N on Linéaire 8 (1991), 477-497.
[F l] A. F LOER, The unregularized gradient flow of the symplectic action, Comm. Pure Appl. 

Math. 41 (1989), 775-813.
[G i] F. G IANNONI, On the existence o f homoclinic orbits on Riemannian manifolds, preprint, Univ, 

o f W isconsin-Madison, 1991.
[G r] M. G ROMOV, Pseudo holomorphic curves in symplectic manifolds, Invent. Math. 82 (1985), 

307-347.
[G iR ] F. G IANNONI AND P. RABINOWITZ, Multibump homoclinic solutions for Lagrangian systems 

on Riemannian manifolds, preprint, 1992.
[H ] H. H OFER, Liusternik-Schnirelman theory fo r Lagrangian intersections, Ann. Inst H. Poincare 

Anal. N on  Linéaire 5 (1988), 465-499.
[H W ] H. H OFER A ND  K. WYSOCKI, First order elliptic systems and the existence o f homoclinic orbits 

in Hamiltonian systems, Math. Ann. 288(1990), 483-503.
[L i] Y. Y. Li, On —Au =  k(x)u5  in R 3 , preprint, Rutgers Univ.
[L ] P. L. LIONS, The concentration-compactness principle in the Calculus o f  Variations, Rev. Mat.

Iberoamericana 1 (1985), 145-201.
[P a ] R. S. PALAIS, Foundations o f  Global Nonlinear Analysis, Benjamin, New York, 1968.
[R ] P. RABINOWITZ, Periodic and heteroclinic orbits for a periodic Hamiltonian system, Ann. Inst. 

H. Poincaré Anal. N on  Linéaire 6(1989), 331-346.
[S I ]  E. SÉRÉ, Existence o f  infinitely many homoclinic orbits in Hamiltonian systems, Math. Z. 209 

(1992), 27-42.



518 CIELIEBAK AND S£R£
[S2]
[Sm]

--------- , Looking for the Bernoulli shift, preprint, CEREMADE, 1992.
S. SMALE, An infinite dimensional version of Sard's Theorem, Amer. J. Math. 87 (1965), 

861-866.
[Sp]
Est]

E. H. SPANIER, Algebraic Topology, McGraw-Hill, New York, 1966.
M. STRUWE, A global compactness result for elliptic boundary value problems involving lim­

iting nonlinearities, Math. Z. 187(1984), 511-517.
[Su] D. SULLIVAN, Differential forms and the topology of manifolds, Proc. Int. Conf, on Manifolds 

and Related Topics in Topology, Tokyo (1973), 37-49.

CIELIEBAK: MATHEMATIK, ETH-ZENTRUM, CH-8092 ZÜRICH, SWITZERLAND; cielieba@math.ethz.ch
SÉRÉ: CEREMADE, UNIVERSITÉ PARIS-DAUPHINE, Place de Lattre de Tassigny, 75775 Paris cedex

16, FRANCE; sere@paris9.dauphine.fr


