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Summary. On non-ideal real substrates the onset of droplet motion under lateral
driving is strongly influenced by substrate defects. A finite driving force is necessary
to overcome the pinning influence of microscale heterogeneities. The dynamics of
depinning two- and three-dimensional droplets is studied using a long-wave evolu-
tion equation for the film thickness profile in the case of a localized hydrophobic
wettability defect. It is found that the nature of the depinning transition explains
the experimentally observed stick-slip motion.

1 Introduction

Both steady states and the evolution in time of droplets or liquid films on
solid substrates in the limit of small contact angles and surface slopes are
described well by the thin film or lubrication equation [13, 19]

∂th = −∇ · [m(h)∇p(h) + μ(h)ex] , (1)

where h(x, y, t) is the thickness profile, m(h) is the mobility, and μ(h)
represents a lateral driving force.

For a droplet on an incline this force might be due to gravity. In other sit-
uations similar forces arise as the result of rotation (centrifugal force), or gra-
dients in wettability, although temperature and electrical field gradients can
also introduce lateral forces into the problem. The pressure p(h) may contain
several terms, e.g., curvature pressure (capillary) or a thickness-dependent dis-
joining pressure Π(h) modeling the effective molecular interactions between
substrate and film surface (wettability), for example, due to van der Waals
interactions [5, 12]. Other contributions may arise from electrostatic fields
[16, 18, 38], thermal effects [2, 20, 37] or hydrostatics [4, 6, 9].
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Fig. 1. (a) Bifurcation diagram for a droplet that depins via a sniper bifurcation.
The localized hydrophobic defect with s = 6, ε = 0.4 and b = 0.1 pins the droplet
until depinning occurs at the lateral driving force μc ≈ 0.014. For details see main
text. (b) Thickness profiles of pinned droplets for μ < μc for ε = 1. The lower panel
gives the profile of the heterogeneity ξ(x). The domain size is L = 25 and the liquid
volume is V = 37.5

The system behavior is well studied for smooth homogeneous substrates.
Without lateral driving force, an unstable film may structure via a long-wave
instability resulting in patterns of holes, drops or labyrinths. The emerging
structure sizes depend on the mean film thickness and the type of destabilizing
influence [2, 23, 26, 27, 29]. One finds a similar situation for systems involving
lateral driving forces such as gravity for a film on an incline [11,21]. The lateral
driving gives rise to phenomena like transverse front instabilities [8,11,28,31].
A few studies focus on films and drops on heterogeneous substrates without
lateral driving [3,14,30]. However, relatively little is known about the interplay
of lateral driving and substrate heterogeneities. This is an important problem
as such heterogeneities may cause stick-slip motion [25] or roughening [10,24]
of moving contact lines, and are thought to be responsible for contact angle
hysteresis [5, 15, 22].

Recently, [32, 33] studied the problem employing a dynamical systems
approach based on thin film theory. In particular they use a wettability
(disjoining pressure) that depends on the location on the substrate. In this
way localized hydrophilic or hydrophobic substrate defects can be modeled.
Constructing an idealized periodically heterogeneous substrate one can then
employ tools of dynamical systems theory to study steady droplet constel-
lations under small driving and the dynamics of the depinning process at a
larger lateral driving. The dynamical approach has the advantage over static
variational methods [17] in that it allows one to investigate the evolution of
droplet shapes and stability as a function of the driving and the dynamics
of the depinning process itself. In the following we will present a selection of
results on the depinning of 2d droplets [33] and add material for the depinning
of 3d droplets pinned by a line defect. As an example we use a hydrophobic
defect that blocks the droplet at its front. For the case of a hydrophilic defect
we refer to [1, 32, 33].
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Fig. 2. The droplet dynamics beyond depinning is shown as space-time plot for one
period in space and time (a) close to depinning at μ = 0.013 with a temporal period
of T = 1119.9, and (b) far from depinning at μ = 0.02 (T = 212.6). The remaining
parameters are as in Fig. 1a

2 Model

To model a wettability defect we let the short-range part of the disjoining
pressure Π depend on the coordinate x (using expressions as in [33]). The
resulting film evolution equation in dimensionless form for 3d droplets is

∂th = −∇ · {h3 [∇ (Δh+Π(h, x)) + μex]
}
, (2)

where
Π(h, x) =

b

h3
− [1 + εξ(x)] e−h (3)

is the dimensionless disjoining pressure (for details see [33, 35]). We chose
ξ(x) = {2 cn[2K(k)x/L, k]}2−Δ with K(k) being the complete elliptic inte-
gral of the first kind and Δ is either zero or chosen in such a way that the
average of ξ(x) is zero. L is the system size. For k = 0 the profile is sinusoidal
whereas for k → 1 one obtains for ε > 0 localized hydrophobic defects. We
further introduce the logarithmic measure s ≡ − log(1− k).
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Fig. 3. (a) Bifurcation diagram for a 3d droplet for increasing lateral driving force μ
and ε = 0.3. The steady droplet solutions are characterized by their L2 norm ||δh||.
(b) Shown are snapshots of height contour lines characterizing the droplet dynamics
beyond their depinning via a sniper bifurcation for μ = 8.0 × 10−3. From top left
to bottom right droplets are shown at times t = 0, 1160, 1240, 1340, 1680, 2930. The
position of the line defect is indicated by a straight horizontal line. The domain size
is 40 × 40, V = 1600, and the distance between the contour lines Δh = 0.4

3 Results

Under lateral driving (μ > 0) no droplet remains at rest on a homogeneous
substrate (ε = 0), i.e., a substrate without lateral variation or defect. All
such droplets will (in the lubrication limit) slide with a constant velocity
that is determined by the driving force, the properties of the liquid, and
the wettability [34, 36]. The situation is very different on a heterogeneous
substrate. There drops are pinned for small driving, and depin at a critical
driving μc. For larger driving the droplets slide with a profile that is modulated
when passing a defect.

Figure 1a presents the corresponding bifurcation diagram. It gives as solid
line the L2 norm for steady droplet solutions obtained by continuation [7],
selected steady solutions as obtained by time integration (circles) and the
time-averaged L2 norm for the unsteady sliding droplet solutions beyond
depinning (triangles). The inverse time period for the latter is given as inset.
Its (μ− μc)1/2 dependence indicates that the bifurcation represents a Saddle
Node Infinite PERiod (SNIPER) bifurcation. Selected steady profiles before
depinning (μ < μc) are shown in Fig. 1b. The time evolution beyond depinning
is represented in the form of space-time plots for a typical stick-slip motion
close to the sniper bifurcation (Fig. 2a) and for a larger force where droplet
motion is more continuous (Fig. 2b).

Recently a path-following algorithm has been developed for three-
dimensional droplets [1]. It has been shown that all main results on depin-
ning obtained for 2d droplets hold as well for 3d droplets. Figure 3a shows
the bifurcation diagram for a single droplet on a square domain blocked by a
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hydrophobic stripe-like defect. It strongly resembles the corresponding result
for the 2d case (Fig. 1a). Time simulations show that depinning occurs via a
SNIPER bifurcation in this case as well. An example of a time series for a
stick-slip motion of a single droplet is given in Fig. 3b as a series of snapshots.
Note that the times at which the snapshots are taken are not equidistant. It
takes the droplet about 1200 time units to slowly let an advancing ‘protru-
sion’ creep over the defect (snapshot 1–2). Then within 500 units it depins and
slides to the next defect (snapshot 2–5), where it needs another 1300 units to
reach again the same state as in snapshot 1 (snapshot 5–6). All together for
the chosen value of μ the ratio of stick phase to slip phase is about 5:1. The
ratio becomes larger if one approaches the bifurcation point.

4 Conclusion

We have reviewed recent work on the depinning dynamics of the depinning
of two- and three-dimensional droplets under lateral driving. Here, we have
focused on one type of defect (hydrophobic, localized) and one type of depin-
ning transition (SNIPER). For results on hydrophilic defects and for larger
drops see [1, 32, 33].

We have found that the depinning behavior is very similar for 2d and 3d
droplets: Droplets are pinned up to a critical driving strength μc where they
depin via a SNIPER bifurcation characterized by a square-root dependence of
the inverse time scale of depinning on the distance μ− μc. Slightly above the
bifurcation the unsteady motion resembles the stick-slip motion observed in
experiment: The advancing motion is extremely slow when the drop ‘creeps’
over a hydrophobic defect, and very fast once the drop breaks away from the
defect and slides to the next one. The difference in time scales for the stick-
and the slip-phase can be many orders of magnitude.

Note that at very large driving depinning might as well occur via a Hopf
instead of a SNIPER bifurcation [32]. It is thought that then the depinning
is actually caused by the flow in the wetting layer, an effect that will for
realistic forces not be observed for partially wetting nano- or micro-droplets
on an incline with wettability defects. However, for dielectric liquids a thick
wetting layer of 100 nm to 1μm stabilized by van der Waals interaction can
coexist with micro-droplets generated by an electric field [16, 18], and both
depinning mechanisms should be observable using gravity as the driving force
(see appendix of [33]).

We acknowledge support by the EU [MRTN-CT-2004005728 PATTERNS]
and the DFG [SFB 486, project B13].
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