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For 0 < o <2, a super-«-stable motion X in RY with branching of index
1+ B € (1,2) is considered. Fix arbitrary r > 0. If d < /8, a dichotomy for
the density function of the measure X; holds: the density function is locally
Holder continuous if d =1 and @ > 1 4 § but locally unbounded otherwise.
Moreover, in the case of continuity, we determine the optimal local Holder
index.

1. Introduction and statement of results.

1.1. Background and purpose. For 0 < o < 2, a super-o-stable motion X =
{X,:t >0} in R¢ with branching of index 1 + 8 € (1, 2] is a finite measure-valued
process related to the log-Laplace equation

(1.1) iu:Ao[u +au —bu'"h,

dt
where a € R and b > 0 are any fixed constants. Its underlying motion is de-
scribed by the fractional Laplacian A, := —(—A)%/? determining a symmetric
a-stable motion in R? of index « € (0, 2] (Brownian motion if & = 2) whereas its
continuous-state branching mechanism described by

(1.2) vi> —av+bv' P = w(v), v>0,

belongs to the domain of attraction of a stable law of index 1 + S € (1, 2] (the
branching is critical if a = 0).

It is well known that in dimensions d < % at any fixed time ¢ > 0O the measure
X; = X;(dx) is absolutely continuous with probability one (cf. Fleischmann [3]
where a = 0; the noncritical case requires the obvious changes). By an abuse of
notation, we sometimes denote a version of the density function of the measure
X; = X;(dx) by the same symbol, X;(dx) = X;(x)dx, that is, X; = {X;(x):x €
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R4}. In the case of one-dimensional continuous super-Brownian motion (o = 2,
B = 1), even a joint-continuous density field {X;(x):¢# > 0, x € R} exists, satisfy-
ing a stochastic equation (Konno and Shiga [12] as well as Reimers [16]).

From now on we assume that d < % and B € (0, 1). For the Brownian case
a =2 and if a = 0 (critical branching), Mytnik [14] proved that a version of the
density {X;(x):t > 0,x € Rd} of the measure X;(dx)dt exists that satisfies, in a

weak sense, the following stochastic partial differential equation (SPDE):
a .

(1.3) 5 Xi(0) = AX;(x) + (0X,- ()L, x),

where L is a (1 + 8)-stable noise without negative jumps.

CONVENTION 1.1. From now on, (if it is not stated otherwise explicitly) we
use the term density to denote the density function of the measure X;(dx) with
respect to the Lebesgue measure.

For the same model (as in the paragraph before Convention 1.1), in Mytnik and
Perkins [15] regularity and irregularity properties of the density at fixed times had
been revealed. More precisely, these densities have continuous versions if d = 1,
whereas they are locally unbounded on open sets of positive X;(dx)-measure in
all higher dimensions (d < %).

The first purpose in the present paper is to allow also discontinuous underlying
motions, that is to consider also all « € (0, 2). Then actually the same type of
fixed time dichotomy holds (recall that d < %): continuity of densities if d = 1 and
a > 1 4+ B whereas local unboundedness is true if d > 1 or o < 1 4 8.

However, the main purpose of the paper is to address the following question:
what is the optimal local Holder index in the first case of existence of a continuous
density? Here by optimality we mean that there is a critical index 7. such that for
any fixed ¢ > O there is a version of the density which is locally Holder continuous
of any index n < n. whereas there is no locally Holder continuous version with
index 1 > nc.

In [15] continuity of the density at fixed times is proved by some moment meth-
ods, although moments of order larger than 1 4 8 are in general infinite in the
1 + B < 2 case. A standard procedure to get local Holder continuity is the Kol-
mogorov criterion by using “high” moments. This, for instance, can be done in the
B =1 case (e =2, d =1) to show local Holder continuity of any index smaller
than % (see the estimates in the proof of Corollary 3.4 in Walsh [19]).

Due to the lack of “high” moments in our 8 < 1 case we cannot use moments to
get the optimal local Holder index. Therefore we have to get deeply into the jump
structure of the superprocess to obtain the needed estimates. As a result we are
able to show the local Holder continuity of all orders n < n¢ := ﬁ — 1, provided
that d =1 and @ > 1 + 8. We also verify that the bound 7, for the local Holder
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index is in fact optimal in the sense that there are points x1, x» such that the density
increments | X;(x1) — X;(x»)| are of a larger order than |x; — x3|" as x; —x; — 0
for every n > n.. For precise formulations, see Theorem 1.2 below.

1.2. Statement of results. Write M for the set of all finite measures u defined
on R? and |p| for its total mass M(Rd). Let || f|ly denote the essential supremum
(with respect to Lebesgue measure) of a function f: RY — R4 :=[0, c0) over a
nonempty open set U € R?,

Let p® denote the continuous «-stable transition kernel related to the fractional
Laplacian Aq = —(—A)%/2, and S* the related semigroup.

Recall that 0 <o <2, 1 + B8 € (1,2) and d < %, and consider again the
(e, d, B)-superprocess X = {X;:¢t > 0} in R? related to (1.1). Recall also that for
fixed r > 0, with probability one, the measure state X, is absolutely continuous
(see [3]). The following theorem is our main result:

THEOREM 1.2 (Dichotomy for densities). Fixt > 0and Xo = € Mj.

(a) (Local Holder continuity). If d = 1 and o > 1 + B, then with probability one,
there is a continuous version X, of the density function of the measure X;(dx).
Moreover, for each n < n¢ := ﬁ — 1, this version X, is locally Hélder con-
tinuous of index n

X (x1) — X, (x
sup ROCIY asz)l < 00 compact K C R.
Xx1,X26K ,x1#x2 |x1 _)62'77

(b) (Optimal local Holder index). Under conditions as in the beginning of part (a),
for every n > n. with probability one, for any open U C R,

| X7 (1) — X (x2)]
sup =
x1,x2€U,x1%#x3 |X1 —X2|]7

whenever X;(U) > 0.

(¢) (Local unboundedness). If d > 1 or a < 1 + B, then with probability one, for
all open U C R4,

| X:lly =00 whenever X;(U) > 0.

REMARK 1.3 (Any version). As in part (c), the statement in part (b) is valid
also for any version X, of the density function.

1.3. Some discussion. At first sight, the result of Theorem 1.2(a), (b) is a bit
surprising. Let us recall again what is known about regularity properties of den-
sities of («, d, B)-superprocesses. The case of continuous super-Brownian motion
(¢ =2,8=1,d=1) is very well studied. As already mentioned, densities exist
at all times simultaneously, and they are locally Holder continuous (in the spatial
variable) for any index n < % Moreover, it is known that % is optimal in this case.
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Now let us consider our result in Theorem 1.2(a), (b), specialized to @ = 2. Then
we have n. = ﬁ — 1] 0as 811 where the limit 0 is different from the optimal
local Holder index % of continuous super-Brownian motion. This may confuse a
reader and even raise a suspicion that something is wrong. However there is an
intuitive explanation for this discontinuity as we would like to explain now.

Recall the notion of Holder continuity at a point. A function f is Holder con-
tinuous with index n € (0, 1) at a point xq if there is a neighborhood U (xg) such
that

1.4) | f(x) — f(x0)| <Clx — xo]" for all x € U(xop).

The optimal Holder index H (xg) of f at the point xq is defined as the supremum
of all such 7. Clearly, there are functions where H (x¢) may vary with xg, and the
index of a local Holder continuity in a domain cannot be larger than the smallest
optimal Holder index at the points of the domain. The densities of continuous
super-Brownian motion are such that almost surely H (xg) = 1 for all xo wWhereas
in our 8 < 1 case of discontinuous superprocesses the situation is quite different.
The critical local Holder index n. = ﬁ — 1 in our case is a result of the influence
of relatively high jumps of the superprocess that occur close to time ¢. So there
are (random) points xo with H (xg) = n.. But these points are exceptional points;
loosely speaking, there are not too many of them. We conjecture! that at any given

point x¢o the optimal Holder index H (xg) equals (L%g — 1) Al =:nc>n.. Now

if @ =2, as B 1 1 one gets the index % corresponding to the case of continuous
super-Brownian motion.
This observation raises in fact a number of very interesting open problems:

CONJECTURE 1.4 (Multifractal spectrum). We conjecture that for any n €
(n¢, ne) there are (random) points xo where the density X, at the point xq is Holder
continuous with index n. What is the Hausdorff dimension, say D(n), of the (ran-
dom) set {xo: H(xp) = n}? We conjecture that
(1.5) lim D(n) =0 and lim D(n)=1.

e UNRITS
This function n — D(n) reveals the so-called multifractal structure concerning the
optimal Hélder index in points for the densities of superprocesses with branching
of index 1+ B < « and is definitely worth studying. In this connection, we refer to
Jaffard [10] where multifractal properties of one-dimensional Lévy processes are
studied.

Another interesting direction would be a generalization of our results to the
case of SPDEs driven by Levy noises. In recent years there has been increasing

Iwe will verify this conjecture in an outcoming extended version of [4].
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interest in such SPDEs. Here we may mention the papers Saint Laubert Bié [18],
Mytnik [14], Mueller, Mytnik and Stan [13] as well as Hausenblas [9]. Note that
in these papers properties of solutions are described in some £”-sense. To the best
of our knowledge not too many things are known about local Holder continuity of
solutions (in case of continuity). The only result we know in this direction is [15]
where some local Holder continuity of the fixed time density of super-Brownian
motion (¢ =2, 8 < 1,d < %, a = 0) was established. Howeyver, the result there
was far away from being optimal. With Theorem 1.2(a), (b) we fill this gap. Our
result also allows the following conjecture:

CONIJECTURE 1.5 (Regularity in case of SPDE with stable noise). Consider
the SPDE,

a .
(1.6) EX’(X) = Ao X (x) + g(Xi—(x))L(1, x),
where L is a (1 + B)-stable noise without negative jumps, and g is such that so-
lutions exist. Then there should exist versions of solutions such that at fixed times
regularity holds just as described in Theorem 1.2(a), (b) with the same parameter
classification, in particular, with the same 7.

1.4. Martingale decomposition of X. As in the o = 2 case of [15], for the
proof we need the martingale decomposition of X. For this purpose, we will work
with the following alternative description of the continuous-state branching mech-
anism V¥ from (1.2):

o0
(1.7) lD(v):—av+Q/ drr> P " — 1+ vr), v >0,
0

where
_,UEP8
r'd—p)
with I denoting the famous Gamma function. The martingale decomposition of X
in the following lemma is basically proven in Dawson [1], Section 6.1.

Denote by Cp the set of all bounded and continuous functions on R?. We add
the sign + if the functions are additionally nonnegative. Cék)’Jr with k > 1 refers
to the subset of functions which are k times differentiable and that all derivatives
up to the order k belong to C;r , too.

(1.8)

LEMMA 1.6 (Martingale decomposition of X). Fix Xo=u € M.

(a) (Discontinuities). All discontinuities of the process X are jumps upward of
the form rdy. More precisely, there exists a random measure N(d(s,x,r)) on
Ry x R? x Ry describing the jumps r8, of X at times s at sites x of size r.
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(b) (Jump intensities). The compensator N of N is given by
]Q’(d(s, x,r))=o0ds X; (dx)yr=>"Par;

thatis, N:=N — N isa martingale measure on Ry x R? x R.
(c) (Martingale decomposition). For all ¢ € Ct()z)’+ andt >0,

t
(X1, 0) = (1. 0) +/0 ds(Xy, Aag) + My (@) + ali (@)

with the discontinuous martingale
e M) = | N(d(s,x.)re)
(0,t]xR9 xR

and the increasing process
t
(e 1) = [ ds(Xig)

From Lemma 1.6 we get the related Green’s function representation,

(X1, 0) = {1, S%0) + f M(d(s, x))S% ,o(x)
(O,I]XRd
(1.9)
ta / 1d(s, )% p(x),  120,9eC,
0,1]xR4

with M the martingale measure related to the martingale in part (c) and I the
measure related to the increasing process there.

We add also the following lemma which can be proved as Lemma 3.1 in Le Gall
and Mytnik [6]. For p > 1, let £fz)c(u) = Ef;c(R+ x R4, S¥u(x)ds dx) denote the
space of equivalence classes of measurable functions ¥ such that

T
(1.10) /0 ds/';ddx SEpu )Y (s, x)|P < oo, T > 0.

LEMMA 1.7 (LP-space with martingale measure). Let Xo=u € Msand ¢ €
LY () for some p € (1 + B, 2). Then the martingale

(1.11) t > M(d (s, x)Y (s, x)
(0,1]1xR4

is well defined.

Fix t > 0, u € M. Suppose d < % Then the random measure X; is a.s. ab-
solutely continuous. From (1.9) we get the following representation of a version
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of its density function (cf. [6, 15]):

X = pf e+ [ M@ =)

(1.12) —|—a/(0[] Rdl(d(s,y))p?‘_s(x—y)

=1 Z} () + Z} () + Z}(x),  xeR’,

with notation in the obvious correspondence (and kernels p* introduced in the
beginning of Section 1.2).

This representation is the starting point for the proof of the local Holder conti-
nuity as claimed in Theorem 1.2(a). Main work has to be done to deal with Z,z.

1.5. Organization of the paper. In Section 2 we develop some tools that will
be used in the following sections for the proof of Theorem 1.2. Also on the way,
in Section 2.3, we are able to verify partially Theorem 1.2(a) for some range of
parameters «, 8 using simple moment estimates. The proof of Theorem 1.2(a) is
completed in Section 3 using a more delicate analysis of the jump structure of the
process. Section 4 is devoted to the proof of part (c) of Theorem 1.2. In Section 5,
which is the most technically involved section, we verify Theorem 1.2(b).

2. Auxiliary tools. In this section we always assume that d = 1.

2.1. On the transition kernel of «-stable motion. The symbol C will always
denote a generic positive constant, which might change from place to place. On
the other hand, c) denotes a constant appearing in formula line (or array) (#).

We start with two estimates concerning the «-stable transition kernel p“.

LEMMA 2.1 («-stable density increment). For every § € [0, 1],

T
Q.1 |pfx)—prnI<C |xt5/gl (P (x/2)+ (/).  t>0, x,y€eR.

PROOF. For the case o = 2, see, for example, Rosen [17], (2.4e). Suppose
o < 2. It suffices to assume that # = 1. In fact, multiply x, y by 7~/ in the formula
for the r = 1 case, and use that by self-similarity, p{ (t=Vaxy=¢l/ py(x).

Now we use the well-known subordination formula

o0
22) P = /0 ds ¢ p@ @),  zeR

where ¢g%/? denotes the continuous transition kernel of a stable process on Ry of
index «/2, and by an abuse of notation, p® refers to p® in case o = 2. Conse-
quently,

(2.3) IpY(x) =PIy < /O ds g2 ()| pP? x) — pP ).
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Hence, from the o« = 2 case,
|pT (x) = p{ (M)
2.4) ~
=Clr—yP [ dsai )52 (p P /2 + pP (/).
The lemma will be proved if we show that
* a/2 8/2 (2)
(2.5) /0 dsqy"(s)s ™2 pP(x/2) < Cp§(x/2),  x€R.

First, in view of (2.2),

(2.6) /1 " ds ()5~ pD (x/2) < /1 T ds g2 (5)p? (x/2) < pY(x/2).

Second, by Brownian scaling,
1 1
2 — 2 _ x/2
/(; ds qfl/ (s)s 5/2p§2)(x/2) — ‘/0 du C]f{/ (w)u (5+1)/2p§2)(ul/2)

1
2.7) <P/ [ dugi u 602
0

<cpP(x/2),

where in the last step we have used the fact that q‘f/ 2(u) decreases, as u | 0, expo-
nentially fast (cf. [2], Theorem 13.6.1). Since p'® (x/2) = o(p%(x/2)) as x 1 oo,
we have piz) (x/2) < Cp§(x/2), x € R. Hence,

1
(2.8) /0 ds 47" ()57 p® (x/2) < Cpi(x/2).
Combining (2.6) and (2.8) gives (2.5), completing the proof. [l

LEMMA 2.2 (Integrals of «-stable density increment). If6 € [1,1 + «) and
6 €10, 1] satisfy 6 < (1 +a —0)/0 then

t
/ dS/ dy p®(MIpe_ (x1 —y) — p%_ (x2 — )|’
29 “° R
<CA+0lx1 —x(p¥(x1/2) + p*(x2/2)),  t>0,x1,x2€R.

PROOF. By Lemma 2.1, for every 6 € [0, 1],

1P (x1 — ¥) — p2 (2 — )|

(2.10) o

lx1 — x2

=C s (P (1 = 3)/2) + (2 = 1)/2))’,
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t>s5 >0, xq,x2,y €R. Noting that pY (-) < C(t — s)_l/“, we obtain

Py (1 —y) = piy (2 — I’
@2.11) | 5
X1 — X
=< c (I _ ;)(39-}—29—1)/05 (p;x—s((xl - Y)/Z) + p;x—s((-xz - }’)/2)),

t >s >0, x1,x2,y € R. Therefore,
t
| ds [ aypropt =) = p 2=l
t
< Clxy _x2|59f ds(t — 5)~00+0-D/a
0

x /R dy p2 ) (P2 (1 = )/2) + P2 (G2 — 1)/2)).

By scaling of p“,
/R dy p§ (M pi_s((x = ¥)/2)
1
= 5 /Rdy pg—as(y/z)p;x—s((xz - y)/2)

1
(2.12) = 3PS (x/2)

1
- 5(2—% +1—5) Vopt((27% +1—s)"Vx)2)

<t Veple= 2 x/2) = p¥(x/2),

since 27% <27 % 4+t — s <t. As aresult we have the inequality

t
fo dS/ dy pX(MIpes(xi — y) — py(xa — WI°
(2.13) :

t
< Clxy — 22 (P2 (x1/2) + p&(x2/2)) fo ds s~ 06+0-D/a

Noting that the latter integral is bounded by C(1 + t), since (66 +6 — 1)/a < 1,
we get the desired inequality. [

2.2. An upper bound for a spectrally positive stable process. Let L ={L;:t >
0} denote a spectrally positive stable process of index k € (1, 2). Per definition, L
is an R-valued time-homogeneous process with independent increments and with
Laplace transform given by

(2.14) Ee Lt — o' At >0.
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Note that L is the unique (in law) solution to the following martingale problem:
L ! L
(2.15) 1> e M — / ds e 5 0¥ is a martingale for any A > 0.
0

Let ALy :=Lg — Ls_ > 0 denote the jumps of L.

LEMMA 2.3 (Big values of the process in case of bounded jumps). We have

Ct )x/y

P< sup Lu1[ sup AL, Sy} ZX> = (xy"_l

O<u<t 0<v=<u

(2.16)
t>0,x,y>0.

PROOF. Since for T > 0 fixed, {L;:¢t > 0} is equal to V¥ [ in law, for the
proof we may assume that r = 1. Let {&; :i > 1} denote a family of independent
copies of L. Set

QIT) Wyi= > &,  LP:=n"YW,, O0<s<ln>L
1<k<ns

Denote by Djp,1) the Skorohod space of cadlag functions f :[0, 1] — R. For fixed
y > 0,let H: Djo, 11 — R be defined by

@18 H(H= sw f@1] s Af =y} feDoy.

It is easy to verify that H is continuous on the set Do 17\ Jy where J, :={f €
Dio,11: Af (v) =y for some v € [0, 1]}. Since P(L € Jy) = 0, from the invariance
principle (see, e.g., Gikhman and Skorokhod [7], Theorem 9.6.2) for L™ we con-
clude that

(2.19) P(H(L) > x) = liTm P(H(L™)>x), x>0,

Consequently, the lemma will be proved if we show that

C \*
P( sup Wi 1{ max & <yn'/¥|=xn!/¥) < (xy,(_1) ’

(2.20)

x,y>0,n>1.
To this end, for fixed y’, h > 0, we consider the sequence,

2.21) Ag:=1, An:=ehW”1{lmax5k§y/}, n>1.

<k<n

It is easy to see that

(2.22)  E{Apii1|An ="y =ME{ M L) < ') for all u € R,
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and that

(2.23) E{An+1|A, =0} =0.

In other words,

(2.24) E{Ant11An) = AE{" Ly <y}

This means that {A, :n > 1} is a supermartingale (submartingale) if & satisfies
E{ehLl; Ly <y'} <1 (respectively, E{ehLl; Li <y'}>1).If A, is a submartin-
gale, then by Doob’s inequality,

(2.25) P< max Ay > ehx,> < e ™EA,, x'>0.
1<k<n
But if A, is a supermartingale, then
(2.26) P(lrg?i( Ag > ehx/) < e_hx/EAo —e x'>0.
=K=n

From these inequalities and (2.24) we get
(2.27) P( max Ay > e’”’) <e ™ max{1, Efe" 1 Ly <y')").
1<k<n
It was proved by Fuk and Nagaev ([5] see the first formula in the proof of Theo-
rem 4 there) that
hy'

—1—=hy
E{e"''; L, <y} <1+hE{L;; L, Sy/}-i-%
y

where V(y') := ff;o P(L| € du)u* > 0. Noting that the assumption EL; = 0

yields that E{L; L| < y’} <0, we obtain

e —1—hy
(v')?

V(y), h,y >0,

(228) E{MLi<y}<1+ Vo,  hy >0.

Now note that
[ max Wk1{ max & < y’} Zx'}

1<k<n 1<i<k
/
(2.29) — | max "Wk { max & < y/] > ohx }
1<k<n I<i<k

!
= max Ag>eM* }
1<k<n

Thus, combining (2.29), (2.28) and (2.27), we get
) ’ /
P( max Wk1{maxk§, <y } > x )

1<k<n 1<i<

(2.30) < P( max Ag > e’”/)

1<k<n
Y/
e —1—hy

< exp{—hx’ + )2

vl
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Choosing h := (y")"'log(1 +x’y’'/nV (y")), we arrive, after some elementary cal-
culations, at the bound,

’ enV(y’) X/ ’o
2.31) P(lrélkaé(n Wk1{1r5?<x £ <y } > x ) < ( oy . X,y >o.
Since P(L; > u) ~ Cu™" as u 1 oo, we have V(y') < C(y')>™* for all y’ > 0.
Therefore,

!

Cn x'/y
/ / /
(2.32) P(g@n Wi {ln<lla<x &<y } > X ) < (x/(y/)"—1> , x',y >0.

Choosing finally x’ = xn'/%, y' = yn'/%, we get (2.20) from (2.32). Thus, the
proof of the lemma is complete. [

LEMMA 2.4 (Small process values). There is a constant ¢, such that

A xK/(K_])
(2.33) P(Lllléft L, < —x) < exp{—ckm}, x,t>0.
PROOF. Itis easy to see that for all & > 0,
(2.34) P(inf L < —x) - P(sup e~hLu 5 e’”).

u=<t s<t

Applying Doob’s inequality to the submartingale ¢t — e~ we obtain

(2.35) P(inf Ly < —x) S
u<t
Taking into account definition (2.14), we have
(2.36) P(me < x) < exp{—hx + th*).
u=<t

Minimizing the function & +— —hx + th*, we get the inequality in the lemma with
ce =k —1)/)/«=D O

2.3. Local Holder continuity with some index. In this subsection we prove

Theorem 1.2(a) for parameters 8 > *== L (see Remark 2.10), whereas for parame-

ters B < % we obtain local Holder cont1nu1ty only with nonoptimal bound on

indexes. We use the Kolmogorov criterion for local Holder continuity to get these
results. The proof of Theorem 1.2(a) for parameters f < "‘Tfl will be finished in
Section 3.

Fix t > 0, u € My, and suppose « > 1 + B. Since our theorem is trivially valid
for u = 0, from now on we everywhere suppose that i # 0. Since we are dealing
with the case d = 1, the random measure X; is a.s. absolutely continuous. Recall
decomposition (1.12).

Clearly, the deterministic function Z,1 is Lipschitz continuous by Lemma 2.1.
Next we turn to the random function Z?.
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LEMMA 2.5 (Holder continuity of Z}). With probability one, Z} is Holder
continuous of each index n <o — 1.

PROOF. From Lemma 2.1 we get for fixed 6§ € (0, ¢ — 1),

o o le - -x2|8
Ipi_s(x1 —y) = pr_s(x2 —y)| < Cm’ t>s5>0,x1,x,y€R.
Therefore,
1Z} (x1) = Z (x2)]
t

< lal /0 ds [ Xo@lp,n =) = piL (2 =)
(2.37) ,

< C(sust(R))le —x2|5f ds(t — )~ CtD/a

s<t 0

<CL<SUPXS(R))|XI —x°, x1,x2 €R.

- a—1—96 s<t
Consequently,

Z3(xy) — Z3

(2.38) |Z] (x1) 7 (x2)] as..

X1#X2 |.X1 _)62|(S

and the proof is complete. [
Our main work concerns Z?2.

LEMMA 2.6 (g-norm). Foreach6 € (1+ B,2)andqg € (1,14 B),
E|Z] (x1) — Z} (x2)|?

' q/0
= C[(_/O dS/RSgM(dy)lP;’_S(m —y) = pig(xo — y)le)
(2.39)

t
+f0 deRSﬁ‘M(dy)lp?‘_s(m —y)—p?‘_s(xz—y)lq}

x1,x2 € R.
The proof can be done similarly to the proof of inequality (3.1) in [6].

COROLLARY 2.7 (g-norm). Foreach9 € (1+8,2),qe (1,14+8)and§ >0
satisfying § <min{l,(1+a —0)/6,(1 +ao —q)/q},

(2.40) E|Z2(x1) — Z?(x)|7 < Clx1 —x21%,  x1,x2€R.
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PROOF. Forevery ¢ € (1,1 + ),

t
/O ds /R S p(dy) | pey (o1 — ¥) — ey (e — I
t
(2.41) :/RM(dz)/o ds/Rdypg(y—ZNP?—s(xl — )= P, - 2)If

t
Z/R;L(dz)fo ds/Rdyp;’(ynp;ism ) - P —z— P

Using Lemma 2.2, we get for every positive § < min{l, (1 + o — &)/¢},

t
| ds [ seua@nipe o= = pi o = I

< Clay — xa* /R w(dz) (P (1 — 2)/2) + p%((x2 — 2)/2))

< Clx; — x2|%,

since u, ¢ are fixed. Applying this bound to both summands at the right-hand side
of (2.39) finishes the proof of the lemma. [J

COROLLARY 2.8 (Finite g-norm of density). If K C R is a compact and 1 <
q <1+ B, then

(2.42) E(sup X, ()" < oo.
xekK

PROOF. By Jensen’s inequality, we may additionally assume that g > 1. It
follows from (1.12) that

q q
(243)  (sup X;(x))" <4((sup o pff (1)) + sup |Z2(0)| + sup |2} (x)|).
xekK xekK xekK xekK

Clearly, the first term at the right-hand side is finite. Furthermore, according to
Corollary 1.2 of Walsh [19], inequality (2.40) implies that

(2.44) E sup | Z2(x)|? < o0.
xekK
Finally, proceeding as with the derivation of (2.37), we obtain
(2.45) sup | Z2 (x)| < Csup X;(R) < Cel" supe ™ X (R).
xekK S=<t s<t

Noting that s — ¢~ X (R) is a martingale, and using Doob’s inequality, we con-
clude that

(2.46) E sup |Z?(x)|? < CE(e"* X,(R))? < cc.
xek

This completes the proof. [l

Furthermore, Corollary 2.7 allows us to prove the following result:
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PROPOSITION 2.9 (Local Hélder continuity of Z).  With probability one, Z?
has a version which is locally Holder continuous of all orders 1 > 0 satisfying

[07
-1, ifB>(a—1)/2,
(2.47) n <= “gﬂ |
T+p ifB<(ax—1)/2.

PROOF. Let 6, g and § satisfy the conditions in Corollary 2.7. Then almost
surely Z,2 has a version which is locally Holder continuous of all orders smaller
than § — 1/q, (cf. [19], Corollary 1.2).

Lete >0satisfye<l—pBande <. Then8 =6, :=14+p+ecand g =¢q, :=
1 + B — ¢ are in the range of parameters we are just considering. Moreover, the
condition 6 < min{l, (1 +« —0)/6, (1 +a — q)/q} reads as

a—B—¢ a—B+e¢
"1+ B+’ 1+B—¢

Hence, for all sufficiently small ¢ > 0 we can choose § = §; := f(¢) — €. Thus,
7?2 has a version which is locally Holder continuous of all orders smaller than
8¢ — 1/q, for this choice of 6,, g, 6. Now

8———>min{1a_'3 a—,B}_ ! 1 p a—,B—l}
¢ 148 1+8 1+ 8 1+ 1+ )

qe €10
where this limit coincides with the claimed value of 5., completing the proof. [

(2.48) 8 < min{l } =: f(e).

= min{

REMARK 2.10 [Proof of Theorem 1.2(a) for g > "‘T_l]. By Lemma 2.5 and
Proposition 2.9, the proof of Theorem 1.2(a) is finished for g > “T_l

2.4. Further estimates. We continue to fix t > 0, u € M¢\ {0}, and to suppose
oa>148.

LEMMA 2.11 (Local boundedness of uniformly smeared out density). Fix a
nonempty compact K C R and a constant ¢ > 1. Then

(249) V:=VS(K):= sup S ) Xs(x) < 00 almost surely.

c(t—s
0<s<t,xeK

PROOF. Assume that the statement of the lemma does not hold, that is, there
exists an event A of positive probability such that supy;; e Sg(;_)Xs(x) = 00
for every w € A. Let n > 1. Put

= sy Xs(x) > nf, w € A,

. { inf{s < 7 :there exists x € K such that S*
t, w € A,
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If w € A, choose x;, = x,(w) € K such that Sg’(t_rn)XTn (x) > n whereas if w € AS,

take any x, = x,(w) € K. Using the strong Markov property gives
ESG_1y(—g) Xt (tn) = BE[SE_ 1) _q ) X1 (Xn) | F, ]
(2.50) =Ee" ™S oS X, ()
> e VESS, . ) X, (xn)

[with ¢ ~™) coming from the noncriticality of branching in (1.2)]. From the def-
inition of (7,, x,), we get

(2.51) ES?‘(FTH)X," (x,) > nP(A) — o0 asn 1 0o.

In order to get a contradiction, we want to prove boundedness in n of the expecta-
tion in (2.50). If ¢ = 1, then

(2.52) EX;(x,) <Esup X;(x) < oo,
xekK

the last step by Corollary 2.8. Now suppose ¢ > 1. Choosing a compact K1 D K
satisfying dist(K, (K1)¢) > 1, we have

ES{ 1) (=) X1 (Xn)

B E/K dy X1 (Y) Ple—1)(1—z,) (¥n = ¥)
1

+E dy X; ()’)P((xc_l)(t_fn)(xn -y)
(K1)¢
<E sup X;(») + EX;(R) sup pl,(x— ).
yekKj ve(Kp)¢,xeK,0<s<t

By our choice of K; we obtain the bound,

yeki

the last step by Corollary 2.8. Altogether, (2.50) is bounded in 7, and the proof is
finished. [

LEMMA 2.12 (Randomly weighted kernel increments). Fix 6 € [1,1 + «),
6 €[0,1]withd < (1 + o —60)/0, and a nonempty compact K C R. Then

t
fo dS/RXs(dy)Ip?‘_s(m —y) = p% (2 — I’
(2.54) N
<CV]x1 — x|, x1, x e K, a.s.,

with V = Vtza (K) from Lemma 2.11.
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PRrROOF. Using (2.11) gives
t
/O ds /R X (dy)| s (1 = y) = pi_y (2 = I’

t
<Clx, — x2|59/ ds(t — 5)~00+0-D/a
0

X /Rxs(dy)(p;x—s((xl - y)/Z) + p?—s ((XZ - y)/2)),

uniformly in x1, xo € R. Recalling the scaling property of p®, we get
t
| ds [ Xe@nlpi 0= = i 2=l

t
< Clx; —xp|* /0 ds(t — )OO/ (SS, o X (1) + S5y Xs (12)).
We complete the proof by applying Lemma 2.11. [

REMARK 2.13 (Lipschitz continuity of Zf’). Using Lemma 2.12 withf =1 =
8, we see that Zf’ is in fact a.s. Lipschitz continuous.

Let AX; := Xs — Xs— denote the jumps of the measure-valued process X.

LEMMA 2.14 (Total jump mass). Let ¢ >0 and y € (0, (1 + p)~1). There
exists a constant ¢(2.55) = ¢(2.55)(&, y) such that

(2.55) P(|AX| > cs5( — s)(1+5>71—7’ for some s <t) <e.

PROOF. Recall the random measure N from Lemma 1.6(a). For any ¢ > 0, set
(2.56) Yo:= N([0,27'7) x R x (271", 00)),

Yo = N([(1 =27z, (1 —27""1y)
(2.57)
x R x (CZ_M”“)tk, 00)), n>1,

where A := (1 4+ B)~! — y. It is easy to see that

o0 o0
(2.58)  P(|AX,| > c(t — s)* for some s < 1) < P(Z Y, > 1) <Y EY,,
n=0 n=0
where in the last step we have used the classical Markov inequality. From the
formula for the compensator N of N in Lemma 1.6(b),
(1=27""1y 00

(2.59) EY,=o dsEX,(R) drr=27P, n>1.

(1-2-")t 2= M+ ph
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Now

(260) EXS(R) = XO(R)eaS < |,U,|€|a|t = C(2.60)~
Consequently,

2.61) EY, << i’Bc(2‘60)cf1*52*(n+1)7(1+/3)t)/(1+/3)_

Analogous calculations show that (2.61) remains valid also in the case n = 0.
Therefore,

0 o0
SUEY, < —2 cpppe TP 4D 30 om0 Dy (4)
n=0 I+5 n=0

2—v(1+p8)
1—2—v+B)"

(2.62)
—1=,y(1+6)

= C(2.60)C

1+8 7
Choosing ¢ = c(2.55) such that the expression in (2.62) equals €, and combining
with (2.58), the proof is complete. [J

2.5. Representation as time-changed stable process. We return to general
t > 0. Recall the martingale measure M related to the martingale in Lemmas 1.6(c)
and 1.7.

LEMMA 2.15 (Representation as time-changed stable process). Suppose p €
(14 B,2) and let € LY () with W > 0. Then there exists a spectrally positive

loc

(1 + B)-stable process {L; :t > 0} such that

2.63)  Zi(y) = f MGG = Lo, 120

0,¢]x

where T (t) := [} ds [g Xs(dy) (¥ (s, y)!TP.

PROOF. Let us write 1td’s formula for e =4 (¥)

e~ %) _ 1 = local martingale

t
(2.64) +o / dse %) / X;(dy)
0 R

o0
X / dr(e™™VED — 14 ry(s, y)r b,
0

Define t(r) := T~ '(¢), and put t* := inf{r : 7(t) = oo}. Then it is easy to get for
every v > 0,

¢ 148,148 .
eV Zen W) — 1 4 / Js e—VZee ) Xro) 0 Y TP (s, ) + loc. mart.
0

Xo(s 1+8 )
(2.65) (W TP(s, )

t
=1 +/ ds e V2o W+ 4 Joc. mart., t<t*.
0
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Since the local martingale is bounded, it is in fact a martingale. Let L denote a
spectrally positive process of index 1 4 8, independent of X. Define

L = { Zroy (W), t<r*,

(2.66) Zrry(Y) + it—t*, t>1* (if 1* < 00).

Then we can easily get that L satisfies the martingale problem (2.15) with « re-
placed by 1 + 8. Now by time change back we obtain

(2.67) Zi) = L1y = L1,
completing the proof. [

3. Local Holder continuity.

PROOF OF THEOREM 1.2(a). We continue to assume that d = 1, and that
t >0 and u € Mg\ {0} are fixed. For 8 > (o — 1)/2 the desired existence of a
locally Hélder continuous version of Z,2 of required orders is already proved in
Proposition 2.9. Therefore, in what follows we shall consider the complementary
case B < (o — 1)/2. Fix any compact set K and x| < x; belonging to it. By defin-
ition (1.12) of Z2,

Z2(x1) — Z2(x) = / o MG D (1 =) = P (52 =)

(0,1]x

3.1 = M(d(s, y)p+(s, y)
0,t1]xR

_ / Md(s. y)p— (s, ).
(0,1]xR

where ¢ (s, y) and ¢_(s, y) are the positive and negative parts of py*  (x; —y) —
P (x2 — y). Itis easy to check that ¢ and ¢_ satisfy the assumptions in Lem-
ma 2.15. Thus, there exist stable processes L! and L? such that

(3.2) Z}(x1) — Z{(xp) =Ly, — L7,

where Ty := [ ds [g X;(dy)(p+(s, y)TP.

The idea behind the proof of the existence of the required version of th is as
follows. We first control the jumps of L! and L? for r < Ty and then use Lem-
ma 2.3 to get the necessary bounds on L1+, L2T7 themselves.

Fix any ¢ € (0, 1). According to Lemma 2.11, there exists a constant ¢, such
that

(3.3) P(V <c)>1-g¢,
where V = V,za (K). Consider again y € (0, (14 g)~!) and set

(B4) A% ={|AX,| < cass)t — )BT forall s <t} N {V <cq).
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By Lemma 2.14 and by (3.3),
(3.5) P(A®) > 1 —2e.

Define Z,z’g(x) = Z,z(x)1 (A?). We first show that Z,Z’S has a version which is
locally Holder continuous of all orders 1 smaller than 7. It follows from (3.2) that

P(1Z2¢ (x1) — Z2F (x2)] = 2r|x1 — x2|")
(3.6) <P(Ly >rlx; —x|", A%)
+P(L7 >r|x; —x2|", A), r>0.

Note that on A® the jumps of M(d(s, y)) do not exceed c(2.55)(t — s)(lﬂg)_l_y
since the jumps of X are bounded by the same values on A®. Hence the jumps of
the process u f(o,u]xﬂ M(d(s, y))p+(s, y) are bounded by

—1_
3.7) cessysup(t — )PV sup g (s, y).
s<t yeR
Obviously,
(3.8) sup P1(s,y) < suglpf’_s (x1 = y) = pis(2 =yl
ye ye

Assume additionally that y < n¢/«. Using Lemma 2.1 with 6 = n. — ay gives

sup|pi_ (x1 — y) — p¥_ (x2 — y)|
yeR

< Clxy — x2|™ ™ (t — 5) 7"/ sup p*_ (z)
ZGR

< Clxy — x| (1 — 5) /AN (1 — )1/

=Clx] — x| (t — S)—l/(1+f3)+3/.

(3.9

Combining (3.7)-(3.9), we see that all jumps of u +— f(o,u]xR M(d(s, y)pL(s,y)
on the set A? are bounded by

(3.10) ca.a0)lx1 — x|

for some constant ¢(3.10) = ¢(3.10)(¢). Therefore, by an abuse of notation writing
Lt for LIT+ and L%ﬁ,

P(L1, >r|x; —x2|", A®)

(3.11) :P<LTi > rlxy —x2|", sup AL, <c@ao)lxr — x|, AS)

u<Ty

< P( sup Lﬂ{SUp AL, <ca.10)lx1 —X2|"C_°‘y} > rlx; —x2|", AE)-

v<Ty u<v
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Since
t
(3.12)  Ti< /0 ds fR Xy (dy)|pey(x1 — y) — p& (2 — y)[1+P,

applying Lemma 2.12 with& =1+ 8 and § = 1 (since S < (o« — 1)/2), we get the
bound

(3.13) Ty <caupl —x™F on{V <c,
for some c(3.13) = ¢(3.13)(€). Consequently,
P(L7, > rlx; —x2|", A®)

<P( s Lyt{sup AL, = caaglv —xl™ )

v=e(3, 13yl —xa| P u=v

> rlxg —X2|")-

Using Lemma 2.3 with k = 1 + 8, t = c3.13)|x1 — x2|' 7P, x =r|x; — x2|", and
Y = ¢@3.10)1x1 — x2|" 7%, and noting that

1+B8—n—B0c—ay)=2+28 —a+ (e —n) + Bay

(3.14)
>2428—a,
we obtain
P(L7, >r|x; —x2|", A®)
(3.15)

< (c@asyr~"x - X2|(2ﬂ+2_a))(c(_3'11°)r|x1_xzwincwy)

for some c(3.15) = ¢(3.15)(¢). Applying this bound with y = (n. — 1)/2a to the
summands at the right-hand side in (3.6), and noting that 25 +2 — « is also constant
here, we have

P(1Z2°(x1) — Z2F (x2)| = 2r|x) — x2|")
(3.16)

1| (ca.16)rlx1 —xZ|('7*VIc)/2)

<2(c@.as5r |lxi —x2l)

This inequality yields that all the conditions of Theorem II1.5.6 of Gihman and
Skorokhod [8] hold with g(h) = 2h" and q(r, h) = 2(c(3.15)r ' h)€G10rh" ")
from which we conclude that almost surely Z? ** has a version which is locally
Holder continuous of all orders n < 7.

By an abuse of notation, from now on the symbol Z,2 ¢ always refers to this
continuous version. Consequently,

=0.

2,e 2.¢
A — 7>

(3.17) lim P( sup |Z; (x1) . (x2)] - k)
ktoo  \xj,xaeK,x1#x: |x1 — x2|"
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Combining this with the bound

Z%(x1) — Z?
P( sup |Z; (x1) — Z; (x2)] - k)
x1,x2€K,x1#x2 |)C] —xZ|77
(3.18) 5 5
72:¢ _ g2
Xx1,X2€K, x1#£x2 |X] _-x2|]7

(with A®¢ denoting the complement of A®), gives

Z%(x) — 7?7
(3.19) lim supP( sup 127 0) = 2 ()] > k) <2e.
k1 oo x1,x2€K,x15#x2 |X1 - -x2|’7
Since ¢ may be arbitrarily small, this immediately implies
Zx(x) — Z?
(3.20) sup 1Zi0) = Zi (x| 00, almost surely.
X1,%2€K ,x1#x2 |X] _-x2|n

This is the desired local Holder continuity of Z?2, for all 5 < 7. Because n <
a — 1, together with Lemma 2.5 the proof of Theorem 1.2(a) is complete. [J]

4. Local unboundedness: Proof of Theorem 1.2(c). In the proof we use
ideas from the proofs of Theorems 1.1(b) and 1.2 of [15]. Throughout this section,
suppose d > 1 or « < 1 + B. Recall that r > 0 and X¢ = u € Mg\ {0} are fixed.
We want to verify that for each version of the density function X; the property

4.1) | X:llp =00 P-a.s. on the event {X;(B) > 0}

holds whenever B is a fixed open ball in R?. Then the claim of Theorem 1.2(c)
follows as in the proof of Theorem 1.1(b) in [15]. We thus fix such B.

As in [15] to get (4.1) we first show that on the event {X;(B) > 0} there are
always sufficiently “big” jumps of X that occur close to time ¢. This is done in
Lemma 4.3 below. Then with the help of properties of the log-Laplace equation
derived in Lemma 4.4 we are able to show that the “big” jumps are large enough
to ensure the unboundedness of the density at time 7. Loosely speaking the density
is getting unbounded in the proximity of big jumps.

In order to fulfil the above program, we start with deriving the continuity of
X.(B) at (fixed) time ¢.

LEMMA 4.1 (Path continuity at fixed times). For the fixed t > 0,
4.2) lim X;(B) = X;(B) a.s.
s—>1t

PROOF. Since ¢ is fixed, X is continuous at ¢ with probability 1. Therefore,
4.3)  X;(B) <lim i}les(B) <limsup X(B) < limsup X;(B) < X;(B)
Nad

s—>t s—>t
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with B denoting the closure of B. But since X,(dx) is absolutely continuous with
respect to Lebesgue measure, we have X;(B) = X;(B). Thus the proof is com-
plete. [

LEMMA 4.2 (Explosion). Let f:(0,t) — (0, 00) be measurable such that
t
4.4) / ds f(t —s)=00 for all sufficiently small § € (0,1).
t—4§
Then for these &,

4.5) /z:s ds Xs(B) f(t —s) =00, P-a.s. on the event {X;(B) > 0}.

PROOF. Fix § as in the lemma. Fix also w such that X;(B) > 0 and X(B) —
X:(B) as s 1 t. For this w, there is an ¢ € (0, §) such that X (B) > ¢ for all 5 €
(t —e&,t). Hence

t

t
(4.6) / ds Xs(B)f(t—s)>¢ ds f(t —s)=o00
t=48 t—e
and we are done. [

Set

1

T 148

and for ¢ € (0, 1) let 7.(B) denote the first moment in (t — ¢, ¢) in which a “big
jump” occurs. More precisely, define

(4.7)

(4.8) . (B):=inflse(t—e,1):|AX;|(B)> (t —s)ﬁlogﬁ(%)}.

LEMMA 4.3 (Existence of big jumps). For ¢ € (0, t) and the open ball B,
4.9) P(z:(B) = 00) <P(X;(B) =0).
PROOF. For simplicity, through the proof we write t for 7.(B). It suffices to
show that
(4.10) P{t =00, X;(B) >0} =0.
To verify (4.10) we will mainly follow the lines of the proof of Theorem 1.2(b)
of [6]. For u € (0, €], define
1
Zy :=N((s,x,r):s e(t—et—e+u),xeB,r>( —s)ﬂlog’g(t—)>
—s

with the random measure N introduced in Lemma 1.6(a). Then

4.11) [t =00} ={Z, =0}.
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Recall the formula for the compensator N of N in Lemma 1.6(b). From a classical
time change result for counting processes (see, e.g., Theorem 10.33 in [11]), we
get that there exists a standard Poisson process A = {A(v) : v > 0} such that

t—e+tu 00
Zy= A(Q/ ds Xs(B) o dr r—z—ﬂ)
- —s)V 1 1/(t—s
(4.12) t—¢ (t—s)? log” (1/(t—s))
Q t—e+u
= A(— ds Xs(B) >,
1+ 8 Ji—¢ (t —s)log(1/(t —s))

where we used notation (4.7). Then

P(Z. =0, X,(B) > 0)
(4.13)

sP( t ds X;(B) ! <oo,Xt(B)>O>.
t—e (t —s)log(1/(t —s))

It is easy to check that

t 1
4.14) /z—a ds =) log(1/(t —3)) =00 for all § € (0, ¢).

Therefore, by Lemma 4.2,

t
4.15 ds X;(B =00
@ B S ee /G — )
Thus, the probability in (4.13) equals 0. Hence, together with (4.11) claim (4.10)
follows. [

on {X;(B) > 0}.

Set e, :=27", n > 1. Then we choose open balls B,, 1 B such that

(4.16)  B,CB,+1CB and sup P(x — ) o 0.
nToo

yeB®,xeB,,0<s<g,

Fix n > 1 such that ¢, < ¢t. Define 7, := 7, (By,).
In order to get a lower bound for || X|| p we use the following inequality:

4.17) ||xt||Bz/deXz<y)p:*<y—x>, x€B,r>0.

On the event {7, < ¢}, denote by ¢, the spatial location in B,, of the jump at time t,,,
and by r, the size of the jump, meaning that AX;, = r,d;,. Then specializing
4.17),

@18) Xz [ dyXipi, =) ontheevent{z, <)

From the strong Markov property at time 7, together with the branching prop-
erty of superprocesses, we know that conditionally on {r, < ¢}, the process
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{X+¢,+u:u > 0} is bounded below in distribution by {)?;’ :u > 0} where X"is a
super-Brownian motion with initial value r,,§;, . Hence, from (4.18) we get

Eexp{—[X;l5}

<El(, < exp{— /B dy Xi(Y)pi_q,(y — g“n)} +P(7;, = o0)
(4.19)

=< EA1 {‘L'n<t}Ern5§n exp{ - L dth—tn (y)P?t_fn (y - {n)}
+ P(t, = 00).

Note that on the event {7, < ¢}, we have

(4.20) a > (t —1)" 1og19( ) = hg(t — Tn).
— tn
We now claim that
4.21) Iim sup E;s, exp{—/ dy Xs(y)pg(y —x)} =0.
”TooO<s<sn,xeBn,r2hﬂ(s) B

To verify (4.21), let s € (0,¢,), x € B, and r > hg(s). Then using the Laplace
transition functional of the superprocess we get

Es, eXp{—f dy Xs(y)p§ (y — X)} = exp{—rvy (s, %)}
(4.22) 5
= exp{_h‘ﬂ(s)vg’x(svx)}’

where the nonnegative function v?, = {v}  (s',x):s' > 0, x’ € R?} solves the
log-Laplace integral equation

v (s, x") = /Rd dy pg(y = x)1p(y) p§(y — x)

s/
(4.23) +/0 dr//F;d dy pS_ . (y — xD[avy (r', y)

— b (', )]
related to (1.1).
LEMMA 4.4 (Another explosion). Under the conditions d > 1 or o <1+ B,

we have

(4.24) lim( inf hﬁ(s)vgx(s,x))eroo.

ntoo \O<s<eg,,xeB,
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Let us postpone the proof of Lemma 4.4.

COMPLETION OF PROOF OF THEOREM 1.2(c). Our claim (4.21) readily fol-
lows from estimate (4.22) and (4.24). Moreover, according to (4.21), by passing
to the limit n 1 oo in the right-hand side of (4.19), and then using Lemma 4.3, we
arrive at

(4.25) Eexp{—||X;| 5} < limsupP(r, = 00) < limsupP(X,(B,) =0).

ntoo ntoo

Since the event {X;(B) = 0} is the nonincreasing limit as n 1 oo of the events
{X:(Bn) =0} we get

(4.26) Eexp{—1X:ll5} <P(X,(B) =0).

Since obviously || X;||p = 0 if and only if X;(B) = 0, we see that (4.1) follows
from this last bound. The proof of Theorem 1(c) is finished for U = B. [J

PROOF OF LEMMA 4.4. We start with a determination of the asymptotics of
the first term at the right-hand side of the log-Laplace equation (4.23) at (s’, x") =
(s, x). Note that

L dy =010 =)
@427 ¢

=/ dy p*(y — X)p2(y — %) —/ dy p*(y — x)p(y — ).
Rd B¢

In the latter formula line, the first term equals p3 (0) = Cs~4/* whereas the second
one is bounded from above by

(4.28) sup Py (y —x)—0,
ntoo

O<s<ey,x€B,,yeB®

where the last convergence follows by assumption (4.16) on B,,. Hence from (4.27)
and (4.28) we obtain

@29) [ dy =010 =0 =Cs U ro()  asn oo,

uniformly in s € (0, &,) and x € B,,.
To simplify notation, we write v" := v{ . Next, from (4.23) we can easily get
the upper bound

v}’l(s/’ x/) 5 e‘dls, /l;d dy pg/(y _ x/)p?(y _ x)
(4.30) ,
= elals P (x —x").
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Then we have

S
/ ar’ / dy p&_.(y = )" (', )+
0 Rd

N
< ela‘(l‘f‘ﬂ)S\/O‘ dr/ \/;{d dy p?{_r/(y _x)(pg/+s(x _ y))1+/3
4.31)

N
< ) [Car [ dy i (= 0pt =)

N
— e|a|(1+ﬂ)s(p;1(0))5/o dr' p$.(0) = Celdl0+B)s J1-d(1+8)/a
and, similarly,

S
(4.32) /O dr' /Rd dy p*_.(y — x)av"(r', y) = —Clale!s 51—/
Summarizing, by (4.23), (4.29), (4.31) and (4.32),
(4.33)  v"(s,x) > Cs~ 4% 4 0(1) — CelU+P)s g1=d+B)/a _ || plals g1—d/«

uniformly in s € (0, &,) and x € B,. According to our general assumption d <
/B, we conclude that the right-hand side of (4.33) behaves like Cs~%/® as s | 0
uniformly in s € (0, &,). Now recalling definitions (4.20) and (4.7) as well as our
assumption that d > 1 or « <1 4 B, we immediately get
(4.34) lim inf hg(s)s /% = 4o0.

ntooO<s<egy

By (4.33), this implies (4.24), and the proof of the lemma is complete. [

5. Optimal local Holder index: Proof of Theorem 1.2(b). We return to
d =1 and continue to assume that # > 0 and u € My \ {0} are fixed. In the proof
of Theorem 1.2(b) we implement the following idea. We show that there exists a
sequence of “big” jumps of X that occur close to time ¢ and these jumps in fact
destroy the local Holder continuity of any index greater or equal than 7.

As in the proof of Theorem 1.2(c) in the previous section, we may work with a
fixed open interval U. For simplicity we consider U = (0, 1). Put

k k+1
) ._
(5.1) = [2—” o )

Choose ng such that 27%"0 < ¢. For n > ng and 2 < k < 2" 41, denote by A,  the
following event:

n>1,0<k<2"—1.

(n) €52 10 _ el
(5:2) {AXS(Ikﬁz) Z Sajdipnt /A+P) for some s € [t —27%", 1 —27*01F ))}

with ¢(s2) := (@27 %log2)/1*+A) “and for N > n¢ write
oo 2"+1

(5.3) ZN = U U Apk.

n=N k=2
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LEMMA 5.1 (Again existence of big jumps). For any N > ny,
(5.4) P{AN|X,(U) >0} = 1.

PROOF. Fors €[t — 27", t — 27+ we have

1\ /A+A
((r - s)log(:» > (2D jog pom) 1/ (1+H)

(5.5 —a/(1+B)n, 1/(1+8)
= C(5.2)2 n .
Therefore,
2y | 1/(14+8)
U ane2fax) = (@ -9tog( )
et r—3s

for some s € [t —pTan 4 2a(n+1))}

and, consequently,
+

1 1/(+p)
) {AXS(U)z ((t—s)log(t—>> for someszt—Z_N}
-5

and we are done by Lemma 4.3. [

S
g@

(5.6)

Now we are going to define increments of Z,2 on the dyadic sets { zﬁn k=
0,...,2"}. By definition (1.12),

7 (3)-7(5)
-/ M(d(s,y))(p;"_s(ﬁ—y) P ( ))
(0,£]xR 2n n
- M(d(s,y))(p%(ﬁ—y) P s(k 1 ))
(0,¢]xR s\ 27 2n

w (K o (K+1
+ 1R M(d(s,y))<p,_s<2—n—y)—pt_s(—zn y))_-

Then according to Lemma 2.15 there exist spectrally positive stable processes Ln *
and L, of index 1 + 8 such that

k k+1 -
(5.8) 22<2n) —Z?( - ):LI,{(TQ—LH’,((T),

(5.7)
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where

f k k+1 I8
69 Tei= [ ds [ Xean (vt (5 —5) =i (=),

Fix ¢ € (0, ﬁ) for a while. Let us define the following events:

Bn’k = {LV—:—,k(T-i-) = 2_77cnn1/(]+/3)—8} N {LI’ZI((T_) < 2_77cn—8n}

(5.10)
=B, B,
(with notation in the obvious correspondence). Define the following event:
oo 2"+1
=J U @uxnBup)
n=N k=2
(5.11)
oo 2"+1 oo 2"+
> | UAnk\U U o 1 BS 0.
n=N k=2 n=N k=2

An estimation of the probability of Dy is crucial for the proof of Theorem 1.2(b).
In fact we are going to show that conditionally on {X;(U) > 0}, the event Dy
happens with probability one for any N. This in turn implies that for any N one
can find n > N sufficiently large such that there exists an interval [zk,,, k;;l] on
which the increment 22(2]‘,,) Zz(k“) is of order L+k(T+) > 2 Nenpl/(+F)—e
[since the other term L~ k(T ) is much smaller on that interval]. This implies the
statement of Theorem 1 2(b). Detailed arguments follow.
By Lemma 5.1 we get

oo 2'+1

(5.12) P{Dy|X,(U)>0}>1-— P{ U U @uxn Bfl’k)‘Xt(U) > o}.
n=N k=2

Recall A¢ defined in (3.4). Note that

oo 2'+1
P(U U(An,kﬂB,‘;k))

n=N k=2
oo 2'+1
(5.13) <P(A*%) + P( U U@ nan B,S,k)>
n=N k=2

oo 2"+1
<2 +P( U U@ nan B;,k)>.

n=N k=2

LEMMA 5.2 (Probability of small increments). For all ¢ > 0 sufficiently small,

oo 2'+1
(5.14) Jim P< U U@ nan Bﬁ,z&) =

n=N k=2
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We postpone the proof of this lemma to the end of this section. Instead we will
show now, how it implies Theorem 1.2(b).

COMPLETION OF PROOF OF THEOREM 1.2(b). From Lemma 5.2 and (5.13)
it follows that

oo 2"+1
2¢e
5.15 li P Ay ﬂBC X, (U 0 _
(5.15) lmSUP nl NJ kl 2|( Kk k)‘ ((U) > } P, ()= 0)

Since & can be arbitrarily small, the latter lim sup expression equals 0. Combining
this with estimate (5.12), we get

(5.16) lim P{Dy|X,(U) > 0} = 1.
Ntoo

Since Dy | ﬂ?\/o:no Dy =: Dy as N 1 00, we conclude that
(5.17) P{Dy|X;(U) >0} =1.

This means that, almost surely on {X;(U) > 0}, there is a sequence (n;, k;) such
that

k; ki+1 I _
2 2( %j C /(1+B)—¢
(5.18) Z; <2n > -7 <—2n_,- > >N n_/nj .

This inequality implies the claim in Theorem 1.2(b). [J

We now prepare for the proof of Lemma 5.2. Actually by using (5.10), we rep-
resent the probability in (5.14) as a sum of the two following probabilities:

oo 2'+1
P( U U@ nan B,jk))

n=N k=2

oo 2"+1
(5.19) = P( U U@ nan BZ;f))

n=N k=2

oo 2"+1
+P<U U(A&‘mA,,,kmB;;f))

n=N k=2

Now we will handle each term on the right-hand side of (5.19) separately.

LEMMA 5.3 [First term in (5.19)].  For ¢ € (0, t5),
oo 2"+1
(5.20) Jim P( U U@ nan ,;f;f)) =
n=N k=2
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PROOF. Consider the process L: «(8),s <T;.0n Ay there exists a jump of
the martingale measure M of the form r*,« ,+ for some

r* > 6(5.2)27a/(1+ﬂ)nn1/(1+,3)’
(5.21)
s¥ e [r—27" ¢ —p et Ve Ik(ri)z-
Hence
i k k+1
AL+k(S ) > " inf <ps (2_n_y) P ( : _y))
ye]kiz,SE[zfa(’H‘l)’z an) .
(5.22)
X c(5.2)2—a/(1+ﬁ)nn1/(1+/§)'

It is easy to get

(o) )
YGI]g’i)z,se[z—a(n+1),z_an] on S 5 .

_ inf - (pf@) =P +27),

2—n SZSZ_'H' ,
se[2—at+D) 2—an]

(5.23) = inf  sTV(pY sV = pf(+27s ),

2—n §Z§27”+l ,
SE[Z_"‘(’H'I),Z_“"]

>2"  inf |(pP) (s
271 <z<3.27",

se[2-a+D) -an)

n N/ . n
>2 1511;26|(P1) () =:¢523)2",
where ¢(523) > 0. In fact, from (2.2),

5.24 T ds g ()2 p@ () £0 0
(5.24) —p1 1= 59, (S)gps (z) #0, z#0,
and (p&) (x) # 0 for any x # 0. Apply (5.23) in (5.22) to arrive at
(5.25) AL+k(s*) > (s 25)2(1—0/(14-/3))””1/(14-[9) =5 25)2—%"”1/(14—/3).

n, = . .
Using Lemma 2.12 with 6 = 1 + 8 and
(5.26) =0+ 1pg<a—1) + (@ —B—e)12p>a—1},
we get, with ¢, appearing in definition (3.4) of A®,

(5.27) Ti < 08(2_”(1+’3)1{2,3<a—1} + 2_"(a_’3_8)1{2ﬂ2a_1}) =1, on A°.
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Hence for all n sufficiently large we obtain
P(LY (Ty) <27emp /4P~ A8 0 A, 1)
<P(L} (Ty) <27Menpl/ 4P —e

ALT (%) > ¢(5.05) 27 " n!/UHP) | A%)

1
< P( inf+ L;k(s) < —56(5.25)2*’76””1/(”/3), As)
<T )
(5.28) = 1
i + i —nen, 1/(1+8)
= P(slgtfn L, (s) < 20(5.25)2 n )

- - 1
< exp{—cp(tn) "B (c(5.25)2 7" n /1 +F) IHAE)

<exp{—cen'/? ([;12—n0(1+,3)n)1/ﬁ}

< exp{—cen'/P2=om)

where (5.28) follows by Lemma 2.4, and the rest is simple algebra. From this we
get that for N sufficiently large,

oo 2"+l oo 2'+1
P( U U@ nan BZ;f)) <Y Y P(A*N A NBY)
n=N k=2 n=N k=2
oo 2"+1
(5.29) < > ) expl{—cen'/F2l-om
n=N k=2

2" exp|—cen!/P2U=em)

I
WK

3
I
=

which converges to 0 as N 1 oo, and we are done with the proof of Lemma 5.3.
O

LEMMA 5.4 [Second term in (5.19)].  For all ¢ > O sufficiently small,

oo 2'+1
. —,C _
(5.30) Jim P(nIZNI k|:2| (A°N Ak N By )) =0.

The proof of this lemma will be postponed almost to the end of the section. For
its preparation, fix p € (0, %). Define

Al = {a):there exists 1" with sup X, (1) = 2_"(1_2p)].
se[t—2-=rn 1)
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Note that
2"+1
P( @ na,en B;;f))
k=2
2"+1
(5.31) <P(A)) + P( U @rena®na,en Bn_,}f)>
k=2
241
<P(AD+ Y PATCNA N A NB ).
k=2

Now let us introduce the notation

(5.32) Bl =] sup AL, ((s) <27 en),
= ALy,
Then we have

2"41
P( U@ nan B,:;f))

k=2
2" +1
<P(A)+ ) PAJCNA N AN B )
k=2
2" +1
(5.33) <P(AD)+ > P(A°NB,FNB, ;)
k=2
241
+ Y PA*N AL N AN B )
k=2
2"41 2"+1
=PAD+ D P+ Y P
k=2 k=2

In the following lemmas we consider the three terms in (5.33) separately.

LEMMA 5.5 [First term in (5.33)].  There exists a constant c(s 34 independent
of p € (0, 3) such that

(5.34) P(A) < ci5.34277", n > no.

PROOF. Fix n > ng. Define the stopping time t, = 7,,(p) as

(5.35) inf{s € [r — 2790 1) X, (1) = 270720 for some 1},
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ifwe Al and as 1 if w € AL . Fix any w € Al By definition of 1, there exists a
sequence {(s;, Ik(f)) : j > 1} such that

(536) s; it asjtoo and X, (1,3?)) > =20 s
There exists a subsequence {j, : ¥ > 1} such that /, ,gl) =1 ff") for some k € Z. Hence,
for the fixed w € Af,
(n) : (n) —n(1-2
(5.37) Xe, (V) = lim X, (1) = 270720,

Put B := [IEZ*” —p—nd=p) (12 +1)27" 427(1=0)] Then there is a constant C(5.38)
independent of p such that

/de Py —2) > ¢538)
(5.38)
forall z € I];(") and s € [t —27¢(=Pn p),

Now, by the strong Markov property,
EX,(B) =Ee*""™ Y X, (B)

> e""’E{/l§ dy /R Xe, (d2)pf ., (v —2); A,@’}
> elaltE{ [ Xo @) [ dypi -2 Ag}
k

> ¢s.39)E{ X, (11"); AL},
Taking into account (5.37) and (5.38) then gives
(5.39) EX,(B) > c5.382 " T2PP(AL).
On the other hand, in view of Corollary 2.8,
EX,(B) <|B|E sup X(x)

0<x<l1

<2274+ 27"0=P)E sup X,(x) <C27"0=P),

0<x<l

(5.40)

where we wrote |l§| for the length of the interval B. Combining (5.39) and (5.40)
completes the proof. [

LEMMA 5.6 [Second term in (5.33)]. For fixed € € (0, ﬁ) and all n large
enough,

(5.41) PE, <272, 2<k<2"+1.
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PROOF. Since T_ <t, on A? [recall notation (5.27)],

(5.42) e < P(sup Lvl{ sup AL, < 2—"<"c+6>} > 2—"”6).

v<t, u<v
Applying now Lemma 2.3, with notation of #, from (5.27) we obtain

(543)  PE, < (co2ePr=(mmkhn g o one(tpntefn—(a—p—ein) @),

Inserting the definition of 1. and making n sufficiently large, the estimate in the
lemma follows. [J

In order to deal with the third term P,f ’,f , we need to define additional events

Afl”i’l = {There exists a jump of M of the form r*§(g yx)

(5.44) for some (r*, s*, y*) such that r* > (1 — )/ (I+P+2e/
‘k;:ll _ y* <(t— s)l/a—Zs’s* >t 2—a(1+p)n}

and
ADR? = AL Ak
N {There exists a jump of M of the form r*§(sx

for some (r*, s*, y*) such that r* > (r — )/ (I+P+2¢/

N . k + 1/2 k+1+ 2pn+a28(1—p)n
y 2n bl 2n 9

st e[t -2t g z—“<1+ﬂ>n]}.

So far we assumed that ¢ € (0, ﬁ) and p € (0, %). Suppose additionally that

oo+ 1)2¢
=p.
1 —ne+2e(@2+a—1)

(5.45)
LEMMA 5.7 [Splitting of the third term in (5.33)]. For p, ¢ > O sufficiently
small and satisfying (5.45) we have
, 0,1 0,2
(5.46) Py <PA) +PA)

forall0 <k <2"—1andn > n,.
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PROOF. First let us describe the strategy of the proof. We are going to show
that whenever a jump of L, (s),s < T_, of size at least 2-n0ete) oeeurs, then it

may happen only in the points indicated in the definition of Afl’i’l and Ai’i’z. To
show this we will in fact show that outside the sets mentioned in Ai’ﬁ’l and Ai’ﬁ’z
the jumps of L, (s), s < T_, are less than 2—n(nete)

To implement this strategy, first let us recall that all the jumps of L, (s),s <
T_, equal to

. k+1 k
(5.47) AXgi(y )(Pfl_s (2—n - y*) - P?_s(z—n - y*>>+

for some (s*, y*) € [0,7) x R.
Recall that by definition (3.4), on the event A%,

(5.48) IAX | < cos5)(t — §)IH+H ™ =y
with y € (0, (14 B)~"). On the other hand using Lemma 2.1 with § = 1 we obtain

« (k+1 o (K . oy
649 (- y) - r(5 ) see -

From (5.48) and (5.49) we infer

k+1 k
su AX;su (p“_,(— - y) - p“_,<— - y))
s§t—2—£)(1—/’)" syeg t—s on t—s omn

(5.50) < Cc(2,55)2_"(z—a(l—p)n)l/(l+ﬂ)—y—2/a

— 2 e—ay+p(=nctay))

Furthermore if the jump A X occurs at the point y* with

k+1
: ‘z(t—s)

then again by Lemma 2.1, for any 6 € [0, 1],

k+1 k
pf‘_s( o —y> - pf‘_s<2—n —y)

(5.51) lo-2e

v =

(5.52)

5 C2—n8(t _ S)—B/O{p;)l_s ((t _ S)I/OZ—ZS)‘
Since
(5.53) pr(x)<Cx™17%  xeR,

we get the bound

k+1 k . )
(5.54) P?—s(z—n - y) — pf‘_s<2—n — y) < 2 (f — 5) "D a2t )
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Hence
k+1
sup sup AX (y)<l?§x_s< TR y)
S<Iy: ly—(k41)/2"|=(t—s) /228
k
(555) . p;x_s <2_n B y))
< Cess)2 (1 — )~ CHD/et 2@+ D+ /(D=7
Set
(5.56) 6= nc+01(28(01+ 1)_)/)‘

Note that for all ¢ and y sufficiently small, we have § € [0, 1], and we can apply
the previous estimates. Thus we obtain

k+1
sup sup AXs(y)<pf‘_s(—n — y>
S<ty:|y—(k+1)/2"|>(1—s)/2—2¢ 2
o k
(5.57) iy L ,

< Ccp 55)2_”’(770"'05(25(01“‘1)_)/))‘

Now if we take y = 2¢( + 1 — 1 /), which belongs to these admissible y, and p
as in (5.45), we conclude that the right-hand side of (5.50) and (5.57) is bounded

by
(5.58) C27"1et28),

For any jump r*§(s+ ,+) of M such that r* < (t — s)V/A+P+28/¢ and s* <t we
may apply Lemma 2.1 with § = n. + 2¢ to get that

k41 k _
(5.59) Axs*(y*)<pf’_s(2—n - y*) - p?‘_s(z—n - y*)) < C27Mnet2e),
Now recall (5.47). Hence combining (5.50), (5.57), (5.58) and (5.59) the conclu-
sion of Lemma 5.7 follows. [

In the next two lemmas we will bound the two probabilities on the right-hand
side of (5.46).

LEMMA 5.8 [First term in (5.46)]. For all p, € > 0 sufficiently small and sat-
isfying

(5.60) 6e(a+1+B)<p,
we have
(5.61) P(ALL ) <27l

for all k, n considered.
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PROOF. Itis easy to see that
o0

Afl”i’l c U {There exists a jump of M of the form r*§(sx

I=(1+p)n
for some (r*, s*, y*) such that r* > 2l @/(+p)+2e)

<0260 o o [p gl 4 _ 2—a(l+1))}

oo 1
. &,0,
= Y AR
I=(1+p)n

Recall the random measure N describing the jumps of X. Write Y, x; for the N-
measure of

[6(1 =270y, 1(1 — 270+D)] x [k+1 _p—l(1=2as) k+1 +2—l(1—20{£)i|

2n 2n
x [2 1@/ (1+)+28) o).

Then, by Markov’s inequality,

(5.62) P(AZY)) =P(Yy s = 1) <EY, k.

Therefore,

(5.63) PASY Y < Y PAYH< Y EYu
[>(14+p)n [>(14+p)n

From the formula for the compensator of N we get

t(l_zfa(H»l)) k 1
EYn,k,l — Q/ ds EXS([L _ 2—1(1—20:5)’
t(1—=2-al) 2n

k+1 2—[(1—20{8)i|)

2n
(5.64) o
x/ drr—2#
2—l(e/(1+8)+2¢)

< Cz—alz—l(l—2()[8)21((){+28(1+,B))‘
Consequently,
(565) P(As,g,ll) <C Z 2—l+28(a+1+/3)l <C2—(1+p)n+26(a+1+/3)(1+p)n.

ki) = =

[=(1+p)n

Noting that 2¢(a + 1 + B8)(1 4+ p) < p/2 under the conditions in the lemma, we
complete the proof. [J
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LEMMA 5.9 [Second term in (5.46)]. For all ¢, p > O sufficiently small,
(5.66) P(ADL?) <2732

for all k,n considered.
PROOF. Itis easy to see by construction that
Ai’ﬁ’z CAPN {There exist at least two jumps of M

of the form r*8 s+ y+) such that

(5.67a) ¥ > p—n(@(+p)/(1+F)+2e(1+p)
k—2 k+1 2,0n+2a£(1—p)n
(5.67b) Ve [ k14 }
2" on
(5.67¢c) s*e[r—oel=pn ;_ 2—a(l+p)n]}'

On the event A", for the intensity of jumps satisfying (5.67a)—(5.67c), we have

t—o—a(l+pn k—2 k414 2pnt2ec(l—p)n
(T )
t—p—a(l=p)n 2n n

00
X / drr—2#
2—n(a(1+p)/(1+p)+2e(1+p))
< 2—tx(1—p)nZ—n(l—2,0)2pn+2a€(1—p)n+22n(01(1+,0)+25(1+p)(1+/3))

S 2—n210(p+28)n S 2—3/4}’1

for all ¢ and p sufficiently small. Since the number of such jumps can be repre-
sented by means of a time-changed standard Poisson process, the probability to
have at least two jumps is bounded by the square of the above bound and we are
done. [

LEMMA 5.10 [Third term in (5.33)]. For all p, € > O sufficiently small, satis-
fying (5.45) and (5.60), we have

(5.68)  Pypg<27nrqpcanr 2<k<2"+1n>n,.
PROOF. The proof follows immediately from Lemmas 5.7, 5.8 and 5.9. [

PROOF OF LEMMA 5.4. Applying Lemmas 5.5, 5.6 and 5.10 to (5.33) we
obtain
241
(5.69) P( U @ nan Bm;f)) <csaa2 2R c R o7
k=2
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for all p, € > O sufficiently small satisfying (5.45) and (5.60) as well as all n > n,.
Since these terms are summable in 7, the claim of the lemma follows. [

PROOF OF LEMMA 5.2.  The proof follows immediately from (5.10) and Lem-
mas 5.3 and 5.4. [J
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