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Abstract

In a recent paper of Eichelsbacher and Koénig (2008) the model of ordered random walks has
been considered. There it has been shown that, under certain moment conditions, one can
construct a k-dimensional random walk conditioned to stay in a strict order at all times.
Moreover, they have shown that the rescaled random walk converges to the Dyson Brownian
motion. In the present paper we find the optimal moment assumptions for the construction
proposed by Eichelsbacher and Konig, and generalise the limit theorem for this conditional
process.
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1 Introduction, main results and discussion

1.1 Introduction

A number of important results have been recently proved relating the limiting distributions of
random matrix theory with certain other models. These models include the longest increasing
subsequence, the last passage percolation, non-colliding particles, the tandem queues, random
tilings, growth models and many others. A thorough review of these results can be found in
[11].

Apparently it was Dyson who first established a connection between random matrix theory
and non-colliding particle systems. It was shown in his classical paper [7] that the process
of eigenvalues of the Gaussian Unitary Ensemble of size k x k coincides in distribution with
the k-dimensional diffusion, which can be represented as the evolution of £ Brownian motions
conditioned never to collide. Such conditional versions of random walks have attract a lot of
attention in the recent past, see e.g. [15; [10]. The approach in these papers is based on explicit
formulae for nearest-neighbour random walks. However, it turns out that the results have a
more general nature, that is, they remain valid for random walks with arbitrary jumps, see [I]
and [§]. The main motivation for the present work was to find minimal conditions, under which
one can define multidimensional random walks conditioned never change the order.

Consider a random walk S,, = (5’7(11), ol Sy(lk)) on R*, where

SW =W 4 el ik,

n

and {g,ﬁj),l <ji<kn
variables. Let

Y

1} is a family of independent and identically distributed random

W={z=(W,. . 2®)eRF: 20 <.  <z®}
be the Weyl chamber.

In this paper we study the asymptotic behaviour of the random walk S, conditioned to stay
in W. Let 7, be the exit time from the Weyl chamber of the random walk with starting point
xz € W, that is,

T, =inf{n>1:2+ S5, ¢ W}

One can attribute two different meanings to the words 'random walk conditioned to stay in W.’
On the one hand, the statement could refer to the path (Sp, Si,...,S,) conditioned on {1, > n}.
On the other hand, one can construct a new Markov process, which never leaves W. There are
two different ways of defining such a conditioned processes. First, one can determine its finite
dimensional distributions via the following limit

P, (§i€Di,O§i§n) = lim P(z+ 5, € D;, 0 <i<nl|rp, >m), (1)

m—00

where D; are some measurable sets and n is a fixed integer. Second, one can use an appropriate
Doob h-transform. If there exists a function A (which is usually called an invariant function)
such that h(x) > 0 for all x € W and

Elh(z +S1));7 > 1] = h(z), z €W, (2)
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then one can make a change of measure

_ h(y)
(h) — 24
PV (Sn € dy) =P(z + Sy € dy, 7y >n)h(x)-

)

. 5(h .
As a result, one obtains a random walk .S,, under a new measure ng . This transformed random

walk is a Markov chain which lives on the state space W.

To realise the first approach one needs to know the asymptotic behaviour of P(7, > n). And
for the second approach one has to find a function satisfying . It turns out that these two
problems are closely related to each other: The invariant function reflects the dependence of
P(7, > n) on the starting point x. Then both approaches give the same Markov chain. For one-
dimensional random walks conditioned to stay positive this was shown by Bertoin and Doney
[2]. They proved that if the random walk oscillating, then the renewal function based on the
weak descending ladder heights, say V, is invariant and, moreover, P(1; > n) ~ V(z)P (19 > n).
If additionally the second moment is finite, then one can show that V(z) = x —E(x+S;,), which
is just the mean value of the overshoot. For random walks in the Weyl chamber Eichelsbacher
and Konig [8] have introduced the following analogue of the averaged overshoot:

V(z)=A(z) —EA(z + S;,), (3)
where A(z) denotes the Vandermonde determinant, that is,

Ax) = H (29 —2), zew
1<i<j<k

Then it was shown in [8] that if E[¢|"* < oo with some r; > ck?, then it can be concluded
that V is a finite and strictly positive invariant function. Moreover, the authors determined
the behaviour of P (7, > n) and studied some asymptotic properties of the conditioned random
walk. They also posed a question about minimal moment assumptions under which one can
construct a conditioned random walk by using V. In the present paper we answer this question.
We prove that the results of [8] remain valid under the following conditions:

e (Centering assumption: We assume that E£ = 0.

o Moment assumption: We assume that E[{|* < co with o = k — 1 if k£ > 3 and some a > 2
itk=3..

Furthermore, we assume, without loss of generality, that E¢? = 1. Tt is obvious, that the moment
assumption is the minimal one for the finiteness of the function V' defined by . Indeed, from
the definition of A it is not difficult to see that the finiteness of the (k — 1)-th moment of & is
necessary for the finiteness of EA(z + S1). Thus, this moment condition is also necessary for
the integrability of A(z + S7,), which is equivalent to the finiteness of V. In other words, if
E|¢|*~! = 0o, then one has to define the invariant function in a different way. Moreover, we give
an example, which shows that if the moment assumption does not hold, then P(7, > n) has a
different rate of divergence.
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1.2 Tail distribution of 7,

Here is our main result:

Theorem 1. Assume that k > 3 and let the centering as well as the moment assumption hold.
Then the function V is finite and strictly positive. Moreover, as n — 00,

P(7p > n) ~ 2V (x)n FED/A g ew, (4)
where » 1s an absolute constant.

All the claims in the theorem have been proved in [8] under more restrictive assumptions: as
we have already mentioned, the authors have assumed that E|{|"* < oo with some rj, such that
ri > ck3, ¢ > 0. Furthermore, they needed some additional regularity conditions, which ensure
the possibility to use an asymptotic expansion in the local central limit theorem. As our result
shows, these regularity conditions are superfluous and one needs &k — 1 moments only.

Under the condition that £, ..., ) are identically distributed, the centering assumption does
not restrict the generality since one can consider a driftless random walk .S,, — nE£. But if the
drifts are allowed to be unequal, then the asymptotic behaviour of 7,, and that of the conditioned
random walk might be different, see [16] for the case of Brownian motions.

We now turn to the discussion of the moment condition in the theorem. We start with the
following example.

Example 2. Assume that & > 4 and consider the random walk, which satisfies
P>u)~u® asu— oo, (5)

with some « € (k— 2,k —1). Then,

P(ry >n)>P (ggk) > npl/2te 1r<n-i§ Si(k) > 0.5n1/2+5>

<P (max sk < 0.5n1/2+6,fz > n>

1<i<n °

where 7, is the time of the first change of order in the random walk (5’7(11), el S;Lk_l)). By the
Central Limit Theorem,

P <5§’“) > /2 min 5% > 0.5n1/2+6>

1<i<n

>P (ék) > n1/2+€> P ( min (Sz‘(k) _ ék)) > —0.5n1/2+5> o pal1/24e)

1<i<n

The CLT is applicable because of the condition @ > k — 2, which implies the finiteness of the
variance.

For the second term in the product we need to analyse (k—1) random walks under the condition
E|£|F~2+¢ < 0o. Using Theorem [1}, we have

P(7p > n) ~ V(x)n~*-DE=2)/4
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Since Sy, is of order y/n on the event {7, > n}, we have

P <1I£1a<x Si(k_l) <0502t 7 > n) ~P (7, >n)~ V(x)n_(k_l)(k_Q)M.

As a result the following estimate holds true for sufficiently small &,

P(7, > n) > C(z)n~F=Dk=2)/4,—a(1/2+e)

k(

The right hand side of this inequality decreases slower than n=**=1/4 for all sufficiently small

E.
Moreover, using the same heuristic arguments, one can find a similar lower bound when
holds witha e (k—j—1,k—j), j <k—3:

P(rp > n) > C(x)n~ k=D k=i=1/4)—aj(1/2+e)

We believe that the lower bounds constructed above are quite precise, and we conjecture that
P(7, > n) ~ U(z)n~ k=D k-i-1/1-aj/2
when holds. .

Furthermore, the example shows that condition E|¢[*~! < oo is almost necessary for the validity
of (4): one can not obtain the relation P(r, > n) ~ C(z)n **k=1/4 when E[¢|*! = cc.

If we have two random walks, i.e. k = 2, then 7, is the exit time from (0, c0) of the random walk
Zn = (x@ —2M) + (57(12) — 57(11)). It is well known that, for symmetrically distributed random
walks, EZ, < oo if and only if E(gf) — {%l))Q < oo. However, the existence of EZ, is not
necessary for the relation P (7, > n) ~ C(z)n~ /2, which holds for all symmetric random walks.
This is contary to the high-dimensional case (k > 4), where the integrability of A(z + S;,) and
the rate n~*(:=1/4 are quite close to each other.

In the case of three random walks our moment condition is not optimal. We think that the
existence of the variance is sufficient for the integrability of A(x + S;,). But our approach
requires more than two moments. Furthermore, we conjecture that, as in the case k = 2, the
tail of the distribution of 7, is of order n=3/2 for all random walks.

1.3 Scaling limits of conditioned random walks

Theorem (1| allows us to construct the conditioned random walk via the distributional limit .
In fact, if is used, we obtain, as m — oo,

1
P(r, > m)

1
R V(x)/DP(x + 5, € dy, 7o > )V (y).

P(z+ S, € Dty >m) = / P(z+ S, € dy, 7, > n)P(1, >m —n)
D

But this means that the distribution of §n is given by the Doob transform with function V.
(This transformation is possible, because V' is well-defined, strictly positive on W and satisfies
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E[V(z + S1);7 > 1] = V(x).) In other words, both ways of construction described above give
the same process.

We now turn to the asymptotic behaviour of §n To state our results we introduce the limit
process. For the k-dimensional Brownian motion with starting point € W one can change the
measure using the Vandermonde determinant:

Aly)
A(x)

PA)(B, e dy) = P(z+ B, € dy, 7 > t)

The corresponding process is called Dyson’s Brownian motion. Furthermore, one can define

;(L«A), for details see

Section 4 of O’Connell and Yor [15]. We denote the corresponding probability measure as f’(()A).

Dyson’s Brownian motion with starting point 0 via the weak limit of P

Theorem 3. If k > 3 and the centering as well as the moment assumption are valid, then

z+ S,
P .
< i C

where p is the probability measure on W with density proportional to A(y)e“y|2/2.

Furthermore, the process X"(t) = % under the probability measure 139\//)5,:16 € W converges

weakly to Dyson’s Brownian motion under the measure lgng). Finally, the process X™(t) = S[—\/"%]
under the probability measure ISSCV),QU € W converges weakly to the Dyson Brownian motion

under the measure f’(()A).

Ty > n) — u weakly, (6)

Relation @ and the convergence of the rescaled process with starting point z+/n were proven
in [§] under more restrictive conditions. Convergence towards 13(()A) was proven for nearest-
neighbour random walks, see [15] and [I7]. A comprehensive treatment of the case k = 2 can be
found in [6].

One can guess that the convergence towards Dyson’s Brownian motion holds even if we have
finite variance only. However, it is not clear how to define an invariant function in that case.

1.4 Description of the approach

The proof of finiteness and positivity of the function V is the most difficult part of the paper.
To derive these properties of V' we use martingale methods. It is well known that A(z + S,,)
is a martingale. Define the stopping time T, = min{k > 1 : A(z + Sx) < 0}. It is easy to
see that T, > 7, almost surely. Furthermore, T,, > 7, occurs iff an even number of diffrences
ST(lj) — ST(LZ) change their signs at time 7,. (Note also that the latter can not be the case for the
nearest-neighbour random walk and for the Brownian motion, i.e., 7, = T, in that cases.) If
{T, > 7.} has positive probability, then the random variable 7, is not a stopping time with
respect to the filtration G, := o (A(xz + Sk),k <n). This is the reason for introducing T.
We first show that A(x + St,) is integrable, which yields the integrability of A(x + S;,), see
Subsection Furthermore, it follows from the integrability of A(z + S7;,) that the function
VI (x) = lim, oo BE{A(z + Sy), T, > n} is well defined on the set {z : A(z) > 0}. To show
that the function V is strictly positive, we use the interesting observation that the sequence
V) (x + S,)1{r, > n} is a supermartingale, see Subsection 2.2.
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It is worth mentioning that the detailed analysis of the martingale properties of the random
walk S, allows one to keep the minimal moment conditions for positivity and finiteness of V.
The authors of [§] used the Holder inequality at many places in their proof. This explains the
superfluous moment condition in their paper.

To prove the asymptotic relations in our theorems we use a version of the Komlos-Major-Tusnady
coupling proposed in [13], see Section 3. A similar coupling has been used in [3] and [I]. In
order to have a good control over the quality of the Gaussian approximation we need more than
two moments of the random walk. This fact explains partially why we required the finiteness of
E[£]*1° < oo in the case k = 3.

The proposed approach uses very symmetric structure of W at many places. We believe that
one can generalise our approach for random walks in other cones. A first step in this direction
has been done by Kénig and Schmid [I2]. they have shown that our method works also for Weyl
chambers of type C and D.

2 Finiteness and positivity of V'

The main purpose of the present section is to prove the following statement.

Proposition 4. The function V' has the following properties:
(a) V(z) = limy, oo E[A(z + Sp); 72 > nl;
(b) V is monotone, i.e. if xU) — 201 <40 — U= for all 2 < j <k, then V(x) < V(y);
(¢) V(z) < cAi(x) for all x € W, where Ay(x) = [[1<;c < (t+ |z0) — :E(i)|),‘

(d) V(z) ~ A(z) provided that min (V) — 20~y = oo

2<j<k

(e) V(x) >0 forallz € W.

As it was already mentioned in the introduction our approach relies on the investigation of
properties of the stopping time T, defined by

T, =T =min{k > 1: A(z + Si) < 0}.

It is easy to see that T, > 7, for every x € W.

2.1 Integrability of (z+ S7,)

We start by showing that E[A(x + St,)] is finite under the conditions of Theorem (1} In this
paragraph we omit the subscript x if there is no risk of confusion.

Lemma 5. The sequence Y, := A(x + Sp)1{T > n} is a submartingale.
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Proof. Clearly,

E Y11 — Yol Ful = E[(A(z + Sny1) — Az + Sn)) HT > n}|Fy]
—E[A(x + Spt1){T =n+ 1}|F,
=T > n}E[(A(z + Spt1) — Az + Sn)) |F)

—E[A(x + Spt1)H{T = n+ 1}|F,].

The statement of the lemma follows now from the facts that A(z 4+ S,,) is a martingale and
A(x 4 St) is non-positive. O

For any ¢ > 0, define the following set
Wie ={z € RF: |20 — 20| > nl/272 1 <i < j <k}

Lemma 6. For any sufficiently small € > 0 there exists v > 0 such the following inequalities
hold

E[A(z + S7): T < ]| < %A(m), v € Wy N {A() > 0} (7)
and
E[A(z+S5;);7<n] < %A(w), xe W, .NW. (8)

Proof. We shall prove only. The proof of requires some minor changes, and we omit it.

For a constant § > 0, which we define later, let

A, = { max |§Z(])| < n1/2_6}

1<i<n,1<5<k
and split the expectation into 2 parts,

E[A(x+ S7); T <n] = E[A(x + S7); T < n, Ay) + E[A(x + S7); T < n, A,]
=: E1(x) + Es(x). 9)

It follows from the definition of the stopping time 7" that at least one of the differences (a:(r) +
S — gls) — S(S)) changes its sign at time 7', i.e. one of the following events occurs

By = ({458, ~ o = 5ot + 50 19— 59) <0},
1 <s<r<k. Clearly,

Ev(@) < ) E[A(@+Sr)); T <n, Ay, Byl
1<s<r<k

On the event A, N By,

<[ef - ef
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This implies that on the event A, N Bs,,

A(z + St)
z(s) — (1) 4 S}S) — Sg) '

|A(z + S7)| < 2n'/279

Put P = {(i,5),1 <i < j < k}. Then,

A(.T 4 S(T)) - _ (x(]) _ x(l) + Sg) —_ S%))
2(®) —z() 4 57 — S (i.5)EP\(s,r)

> 1;[(55@2)_:5@1)) 11 (ng)_S(le))

P\(TU(s,r))

As is not difficult to see,

[T 5% =88 =ps(st)= > o, . (S8 (¥,

.....

P\(JU(s,r)) 11,8200k
where the sum is taken over all i1,1i9,...,4; such that iy +io + ... + i = |P| —|J| — 1 and
g ...y AT€ sOme absolute constants.

Put Mﬁj ) — maxo<i<n |Si(j )|. Combining Doob’s and Rosenthal’s inequalities, one has

A\ P NP
E (M) < c@E|sP| < crBlgrn? (10)
Then,
Elps(ST)lir<nmy| < Z o O o i B E(MD)n . EMP)
il,iQ,...7 k
< Z ’ 21712, 7Zk|0i1ni1/2~-0iknik/2
01,502,050k
< Cj(n1/2)\7’\*|~7|*1' (11)
where C1,Cy, ... are universal constants. Now note that since x € W, ., we have a simple
estimate
for any j; < jo. Using and , we obtain
A(x + ST)

E

;T < naAnaBs,r

2(r) — 2(5) 4 g — gl
< 3 Oy 1H‘x12 — )]

JCP\(s,r)

< Z Cy(n° )\P|—|J|—1H‘x(22 — ()] H |202) — ()|
JCP\(s,r) J P\(TU(s,7))

< O™ A gt ),

’m(r) — ;L'(S)| -
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Thus,

k(k 1) k(k_1)

Ei(z)< > m!P70CnT T nTPA(r) = k(k—1)Crn® T CA(x).

1<s<r<k

Now we estimate F(x). Clearly,

where D, = {maxj<j<p |£Z-(r)| > nl/279}. As in the first part of the proof,
Az + S7) = Z H(:E(m — () H (Sgé) — Sg,jl))
JCcP T P\T

and

[Ts¥ —sihy = 3 af, (s (s®)n
P\T 11,12,...,0k

Then, using once again, we get
E [ [T s¥ - s T <n, D,

P\T
< 2

11,82, ,0k

J

1,02, ik

(0%

Applying the following estimate, which will be proved at the end of the lemma,
E [(Mé”)”; Dr] < C(8)nir/2= o/ 21+ (irte)s,

we obtain

E H (Ségé) _ Sg/jl)) T <n,D,| < Cjc(é)(n1/2)|P\—|J\ n /2414208

P\T

This implies that
E[|A(x + S7)|; T < n,D,]

< 0(5)n7a/2+1+2a5 Z Cj(nl/z)”)"‘j‘ H |x(2'2) . a:("l)]
JCP

J
< O(8)p~ /2 H1H2a0 Z Cy(nf)PI=1I H |2(2) — ()] H |202) — (1))
J

JCP P\T
k(k 1)
< C(§)nfF~ T p 220N (),
Consequently,

Ek(k2 1)

k
Ey(z) <Y E[A(z+ Sr)|; T < n,D,] < kC(6)n

r=1

301

Ciyn/? .. E [(ngf"))ir; Dr} L Cy 2,

nfa/2+1+2a6A(‘r).

(13)

(14)

(15)



Applying and to the right hand side of @D, and choosing € and ¢ in an appropriate
way, we arrive at the conclusion. Here we have also used the assumption that a > 2.

Thus, it remains to show .
It is easy to see that, for any i, € (0, o],

E[(M(”)“;Dr} z/ 2 IP(MY) > 2, D,)dx

0
00

< nir(1/240)p () +ir/ 2P (M) > 2)da

nl/2+8

Putting y = x/p in Corollary 1.11 of [14], we get the inequality
n\»
P(Is{] > 2) < C0)(=5) +nP(g| > o/p).

As was shown in [5], this inequality remains valid for M,(Lr) , l.e.
(7,,) n \PpP
P(M{) > 2) < C(p)(Z5) +nP(lg] > 2/p).
Using the latter bound with p > i, /2, we have

/ 2 P(M) > z)dx
n

1/2+8
< C(p)irnp/ 2 =1=2p g + n/ Iir—lp(yﬂ > SU/p)dCC
nt/2+e nl/2+6
< C(p)ﬁnp—(Qp—ir)(l/2+6) T+ pPRE[JEf, €] > nl/2H /]

< C(p) (np—(2p—ir)(1/2+6) 4 n1+(1/2+5)(ir—o¢)>'
Choosing p > a/25, we get

[ a PO > p)ds < @t

1/2+6

Note that
P(D,) < nP(|¢] > n'/27%) < onpt=a1/279), (16)

we obtain

E [(Mér))ir;Dr] < O(6)nir/2H1-a/2+(atin)d

Thus, (14) is proved for i, € (0,a]. If i, = 0, then E [(M,S”)“;AT] — P(D,). Therefore, qp
with 7, = 0 follows from .

Define
Vp i=min{k > 1:2+ S, € Wy, .}.

Lemma 7. For every € > 0 it holds that

P(v, > n'™¢) < exp{—Cn°}.
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Proof. To shorten formulas in the proof we set Sy = x. Also, set, for brevity, b, = [anl/ 2=e),
The parameter a will be chosen at the end of the proof.

First note that

[n°/a?]

o pe (1 U 08 - sl <n

i=1 1<j<I<k
Then there exists at least one pair j, 1 such that for at least at [nf/(a?k?)] points
1= {il, e 7i[n€/(a2k2)]} - {b%, 2()121, ey [nE/az]bi}

we have ~ ~
|SZ»(Z) - SZ-(j)| <n'?**foriel.

Without loss of generality we may assume that 3\ =1 and [ = 2. There must exist at least
[n€/(2a2k?)] points spaced atmost 2k2%b2 apart each other. To simplify notation assume that
points i1, . .. i[ye /(242x2)) €njoy this property:

max(ig - 7;1, ig - ig, ey i[nf/(2a2k2)] - i[ns/(2a2k2)]—1) < 2]621)%

In fact this means that is — 451 can take only values {jb2, 1 < j < 2k?}. The above consider-
ations imply that

P (Vn > nl_a)

FN( [In*/a’] @ o))~ 1j2e P
< (2) ([na/<2a2k2)] p (’Sz - Si ‘ <n / for all 7 € {Z1, e ,Z[ns/(2a2k2)]})
[n®/(2a°K?)]

() (udey) TL (s - s s - ] < 2.

s=2
Using the Stirling formula, we get
[ne/a2] < i(2k2)n5/a2'
[n€/(2a%k?]) —
By the Central Limit Theorem,

V2/(av/7)
lim P (‘S(gg — S(.;g < 2n1/2_5> :/ Le_“2/2du < g
n—00 Jbn Jbn —ﬂ/(a\/j)’/Qﬂ- a
Thus, for all sufficiently large n,
[n®/(2a%K?)] € 21,2
@ _ @ y_ ¢ _ o) 1/2-< 4\ /@a7k) =1
SUQ P (‘(Sis Sinl1) — (8, =S, 1)‘ <2n ) < <a) :
Consequently,
2\ 2k2 ne/(2a%k?)
P (vn > i) < (4<2k>>
a
Choosing a = 8(2k2)2k2, we complete the proof. O
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Lemma 8. For every € > 0 the inequality
E[|A(z + Sn)|;vn > n' 7] < ¢ Ar(z) exp{—Cn®}
holds.

Remark 9. If E|{|* < oo for some o > k — 1, then the claim in the lemma follows easily
from the Holder inequality and Lemma [7] But our moment assumption requires more detailed
analysis. o

Proof. We give the proof only for ¢ = 0.
For 1 <[ < i <k define

) 4 gl _ gl n n
Gi= {\x(l) — 20 4 Sjb721 - Sjb%] < n'/?7% for at least L%J values of j < a2} .

Noting that {v, >n'"¢} c | G4, we get

k

N

)E[\A(m T8l Gral.

Therefore, we need to derive an upper bound for E[|A(z + S,)|; G1 2].
Let ;1 = p19 be the moment when |2(2) — (1) 4 Sﬁg - Sj(;%| < n'/27¢ for the [n°/(ak?)] time.
Then it follows from the proof of the previous lemma that

P(u <n'" %) =P(G12) < exp{—Cn}. (17)

Using the inequality |a + b] < (1 + |a|)(1 4 |b]) one can see that

nla

E[[A(r + Su)f; Gra] < EB[A( + Sa)lip < 0’5 = S ElA@ + S,)|: o = m)

m=1

<> E[AL(Sn — Sn)E[AL(z + Sp); = m)]
m=1

Making use of , one can verify that

max E[A(S, — S,,)] < CnkE—1)/4, (19)

mgnl €

Recall that by the definition of 1 we have |22 — z() + S,(f) - S,Sl)\ < n!/?7¢. Therefore,

Al(ZL‘ + SH)
1+ (2@ — 20 1 82 — s
Aq () Ao (Sy)
2+ 2@ —2W]9 4 |9 _ oW

Ay(z+8,) <nl/?e

< n1/2—5
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It is easy to see that

Sald 1 Z Cliy,.. ﬂk)H(’S ) ’

2
2+ |95 - B

where the sum is taken over all i1, ...,4; such that all 71,79 < k — 2,143,...1; < k — 1, there is at
most one i; = k — 1, and the sum ) i, does not exceed k(k — 1)/2. Thus,

;1 ] Y Clay,inE H <!5,5T)|)ir;u < n”]

U100k

< Z Clir,in) E [(\S}}”)il OSL(LZ)Di2 < n1€:| gE (MT(LT)>ir '

Ul yeenylk

AQ(SM)
2 +15% — sV

Since i1 < k — 2 and 12 < k — 2, we can apply the Holder inequality, which gives
E [(\Sﬁl)l)” (ysﬁ)” < n”] < nl+2)/2 exp{—Cn7}.
Consequently,
E[|A(z + )| 1 < n' ¢ < eAg(z)n* D2 exp{—Cn7}. (20)
Plugging and into , we get
E[|A(z + Sp)|; v > n'7¢) < CAg(z) exp{—Cn°}.

Noting that (2 4 [2) — 2®]) < 2(1 4 |29 — 2)|) yields Ag(z) < 2FA;(x), we arrived at the
conclusion. O

Lemma 10. There exists a constant C' such that
EA(z+5,);T >n| < CAi(x)

foralln>1 and all x € W.

Proof. We first split the expectation into 2 parts,
E[A(x + Sp);T > n] = Eq1(z) + Ea(x)
=E [A(m +Sp); T > n,v, < nl_a] +E [A(m + Sp); T > ny vy > nl_a] .
By Lemma [8], the second term on the right hand side is bounded by
Es(z) < cAi(x) exp{—Cn®}.
Using Lemma [5] we have

nl €
Ey(z) < Y Pl{v, =k, T>kz+S, €dyE[A(y+ Sp_1);T >n— k|
i=1 7/ Wn.e

< Z Pl{v, =k T >k,z+ Sy € dy}E[A(y + S,); T > n]
Whn,e

= Z v Plv, =k T>kz+S;ecdy(Aly) —E[A(y+Sr);T <n]),
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in the last step we used the fact that A(z + .5;,) is a martingale. Then, by Lemma@

E1 (l’)

IN

1 e
C n
(1+m> Z;/ Plv, =k, T >k,x+ S, € dy}A(y)

IN

C
(1 + ,y) E[A(z+S,,);vn <075 T > 1)
n
Using Lemma [5] once again, we arrive at the bound
C
Ei(x) < (1 + w) EA(z 4 S, );T >n'e].
n

As a result we have

E[A(x + S,); T > n)

< <1 + ;) E[A(x + S, <); T > n' "¢ + cAq () exp{—CnF}. (21)
Iterating this procedure m times, we obtain
- C
E[A(z+ 8,0 omn )T > 007" 4 cA(2) Y exp{-Crnel="} | | (22)
§=0

Choosing m = m(n) such that n(1=9""" <10 and noting that the product and the sum remain

uniformly bounded, we finish the proof of the lemma. O

Lemma 11. The function V) () := lim,, oo E[A(z45,); T > n] has the following properties:

Az) < VD (z) < CA () (23)
and
VO (2) ~ Alz) if min(2VT) — 20)) - . (24)
i<k

Proof. Since A(x + S,)1{T, > n} is a submartingale, the limit lim,,_,. E[A(z 4+ S,,); T > n]
exists, and the function V(T) satisfies V(1) (z) > A(z), x € {y: A(y) > 0}. The upper bound
in follows immediately from Lemma

To show it suffices to obtain an upper bound of the form (1 + o(1))A(z). Furthermore,
because of monotonicity of E[A(x +.S,);T > n|, we can get such a bound for a specially chosen
subsequence {n,,}. Choose ¢ so that is valid, and set n,, = (n0)*=%) ™. Then we can
rewrite in the following form

E[A(z+ Sp,,); T > np) <

Jj=

m—1 m—1

C

11 (1 + M) < | E[A(@ + Spo); T > no] + cAq(z) > exp{—Cn}
j=0 J
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It is clear that for every § > 0 we can choose ng such that
m—1 C m—1
H (1 + m) <1+4+¢ and Z exp{—Cn5} < ¢
§=0 J §=0

for all m > 1. Consequently,

VD (z) = lim E[A(z + Sn, );T > np] < (14 6)E[A(z + Spo); T > no) + CIA ().

m—00

It remains to note that E[A(z4Sy,); T > no] ~ A(z) and that Aj(z) ~ A(z) as minj; (201 —
z0)) = oo. O

2.2 Proof of Proposition

We start by showing that Lemma implies the integrability of A(z + S;,). Indeed, set-
ting 7,(n) := min{7;,n} and T,(n) := min{7,,n}, and using the fact that |A(z + S,)| is a
submartingale, we have

E[A(z + 57, m)| < E|A(z + S1,())]
=E[A(z + S,)1{T,(n) > n}| — E[A(x + S1,)1{T, < n}].

Since A(x + Sy,) is a martingale, we have
E[A(x + S7)H{T < n}] = E[A(z + Sp) {T < n}] = A(z) — E[A(z + S,){T > n}].

Therefore, we get
E|A(z + S;,)| <2E[A(z + Sp){T > n}| — A(z).

This, together with Lemma |10, implies that the sequence E[|A(z + S;)|1{7 < n}] is uniformly
bounded. Then, the finiteness of the expectation E|A(x + S;)| follows from the monotone
convergence.

To prove (a) note that since A(x + .S,,) is a martingale, we have an equality
E[A(x + Sp); 72 >n] = A(z) —E[A(z + Sy); 72 < n] = A(z) — E[A(z + S5, ); 7 < n).

Letting n to infinity we obtain (a) by the dominated convergence theorem.
For (b) note that

Az + Sp)1{1 > n} < Ay + Sp)1{1 > n} < A(y + Sp)1{1, > n}.

Then letting n to infinity and applying (a) we obtain (b).
(c) follows directly from Lemma
We now turn to the proof of (d). It follows from and the inequality 7, < T, that

V() <VD(2) < (1+0(1)A(x).
Thus, we need to get a lower bound of the form (1 + o(1))A(x). We first note that

V() = A@) ~ B[Az + 5,,)] > Alz) ~ BIA@ + 5, ) T, > 7).

307



Therefore, it is sufficient to show that
E[A(z+ S;,); Ty > 72) = o(A(x)) (25)

under the condition minj<k(x(j+1) — x(j)) — 0.

The sequence Z, := VI (z 4+ 5,)1{T, > n} is a non-negative martingale. Indeed, using
martingale property of A(x + S),), one gets easily

EA(z+ 5,);T >n| =EA(z+ S,) —E[A(x+ 5,); T < nj
= A(z) — E[A(z + S7); T < n

Consequently,

VI (z) = lim E[A(z + 5,):T > n] = A(z) — E[A(z + S7)).

n—oo

Then,

E[VTD (z + S)]1{T; > 1}]
= E[A(z + S)|1{T,; > 1}] — E[E[A(x + S7)|S1]1{T,, > 1}]
= E[A(z + S)IHT: > 1}] - E[[A(z + 57)]1{T; > 1}]

= A(z) — E[A(z + S1)|1{T, = 1}] — E[[A(z + S7)|1{T; > 1}]

= A(z) — E[A(z + S7)] = VD(a).

This implies the desired martingale property of V() (x + S,)1{T}, > n}. Furthermore, recalling
that T, > 7, and arguing as in Lemma [5], one can easily get

8

EVD (x4 S)1{r, >n} = VD (x+ S, 1)1{r, >n —1}|Fn_1]
=E[Z,1{1: > n} — Zp_11{1p > n — 1}|F,_1]
=1{m >n—1}E[Z, — Zp_1|Fn-1] — E[Z, {1 = n}|Fn_1]
= —E[Z,1{7; = n}|Fn1] <0,

i.e., the sequence V) (z + S,)1{r, > n} is a supermartingale.

We bound E[V)(z + S,)1{r, > n}] from below using its supermartingale property. This
is similar to the Lemma where an upper bound has been obtained using submartingale
properties of A(z + S,,)1{T, > n}. We have

E[V<T> (x4 Sn); 72 > 7
>Z P{v, =k, 7 > ko + S € dy} B[V (y + 8, _1); 7 >n — K
Wh,e
>Z P{v, =k, 7 > k,x+ Sy € dy}E[VD (y + 8,); 7, > n]
Wh,e
_Z/ Plv = k7 > kot i € dy) (VO(y) ~ BV Oy + 5,,)im, <))

Whe
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Then, applying and , we obtain

EVT (2 +8,);m > n] > <1 - C) BV (@ + S, )7 >n'"% v, <n' 7.

n”
Using now Lemma [§, we have
€

EV D (x4 8,); 70 > n] > (1 - 5/) EVT (2 + 8,1 )i7e > n' ] = CAy(z)e ™.

Starting from ng and iterating this procedure, we obtain for the sequence n,, = (no)(lfe) " the
inequality

E[VD (2 + S,,.): 72 > N H ( (1 3 j> E[VD (2 + Sp,); 7o > no]

—cAq(x) Z exp{—C’nS(l_s) ’ }.

j=1

Next we fix a constant § > 0 and pick ng such that

11 <1 B w(j)> > (1-0), cY exp{-Cng"? "} <4

Jj= 0 Jj=1

This is possible since both the series and the product converge. Together with the fact that
V) (x + S,)1{7, > n} is a supermartingale and the with lower bound in this gives us,

lim E[VT (24 8,); 7 >n] > (1 —0)E[A(z + Spy); 7o > o) — 6A1 ().

n—oo

As is not difficult to see E[A(z + Spy); 7o > n9] ~ A(z) and Aq(z) ~ A(x) as ming<j<(z() —
2£U=1) = oo. Therefore, since § > 0 is arbitrary we have a lower asymptotic bound

lim B[V (24 Sp); 7% > n] > (1 — o(1))A(z), (26)

n—oo

provided that miny< ;< (2 20 — 201 5 .
Using the martingale property of V() (z + S,,)1{T} > n} and noting that

{T: >n} = {r. >n} (U{Tx > n, szk}>,
k=1

we get

VD (z) =BV (x4 S,)1{T, > n}]

— E[V(T)(x + Sn);Tx > n] + ZE[V(T)(Z' + Sn)l{Tx > TL};Tm _ k‘]
k=1

=EVD (2 +8.);7 > 0]+ Y EVD (@ + $0) 1T, > ki = k]
k=1
=EVD (24 8,);7 >n] + EVD (2 + S, )1{Ty > 7o }: 72 < 1.
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Letting n — oo, we obtain

lim B[V (24 8,);7 >n] = VD () —EVD (2 + 5. ): T > 7). (27)

n—oo

Combining , and (27), we have E[V)(z + S,,); T > 7,] = o(A(z)). Now (25) follows
from the obvious bound

E[A(z +57,); Ty > 1] < E[V(T)(x + 87, )i T > 7]

Thus, the proof of (d) is finished.

To prove (e) note that it follows from (d) that there exists R and § > 0 such that V(z) > ¢ on
the set Sg = {2 : ming<;<j (29 —2U~V) > R}. Then, with a positive probability p the random
walk can reach this set after N steps if N is sufficiently large. Therefore,

n>1

V(z) =supE[A(z + Sy); 7w > n] > / P{z + Sy € dy}sup E[A(y + S,,); 7y > n]
SR n>1

= / P{z+ Sy € dy}V(y) > op > 0.
SR

This completes the proof of the proposition.

3 Coupling

We start by formulating a classical result on the normal approximation of random walks.

Lemma 12. If B>t < 0o for some ¢ € (0,1), then one can define a Brownian motion By on

the same probability space such that, for any a satisfying 0 < a < %,
P (sup |S[y) — Bul > n1/2_“> =0 <n2a+a5_5/2> . (28)
usn

This statement easily follows from Theorem 2 of [13], see also Theorem 2 of [4].

Lemma 13. There exists a finite constant C such that

m Aly

Moreover,
A(y)

k(—1)/2"
uniformly iny € W satisfying |y| < 0,+/n with some 0,, — 0. Finally, the density by(y, z) of the

probability P(T;m >t,By € dz) is

P(T;jm >n) e~ (30)

_k(k_1)

bily, 2) ~ Kt 2 EE@OA () A ()t~ (31)
uniformly in y,z € W satisfying ly| < Op/n and |z| < \/n/0, with some 6,, — 0. Here,

k-1 k
B 1 | e 1 ,
K = (2m)7k/? zl | mox =Ko ° o] /2|A(x)!d95=KH23k/2 | |1F(1 +7/2).
=0 j=
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Proof. has been proved by Varopoulos [I8], see Theorem 1 and formula (0.4.1) there. The
proof of and can be found in Sections 5.1-5.2 of [9]. O

Using the coupling we can translate the results of Lemma [I3] to the random walks setting when
y € Whe.

Lemma 14. For all sufficiently small € > 0,
P(r, > n) = 2A(y)n **=D/41 £ 0(1)), asn — oo (32)

uniformly in y € W, . such that |y| < ,/n for some 6,, — 0. Moreover, there exists a constant
C such that

P(r, > n) < CA(y)n FE=D/A4, (33)
uniformly iny € Wy .,n > 1. Finally, for any bounded open set D C W,
P(r, > n,y + Sp € VnD) ~ KA(y)n Fk=1/4 / dze P2 (), (34)
D

uniformly iny € Wy ..
Proof. For every y € W, . denote

vt = (g £ 20— D)n'/27% 1 < i < k).

with a = 2¢, we obtain

Define A = {sup,<, |S[(Z;]) — Bq(f)\ < n'/272 for all 7 < k}, where B(") are as in Lemma
Then, using (28))

=P(ry, > n,Té’T >n,A)+o(n")
<P >nA)+o (n™")
= P(T?IJT >n)+o(n7"), (35)

P(ry>n)=P(ry >n,A)+o(n")
b

where r = r(d,¢) = /2 — 4e — 2¢6. In the same way one can get

P(r" >n) <P(ry>n)+o(n"). (36)

By Lemma [T3]
P(T;/’m >n) ~ %A(yi)nfk(kfl)/‘l.

Next, since y € W,
Aly™) = A(y)(1+0(n™7))

Therefore, we conclude that
P(70™ > n) = A (y)n " D/A(1 1+ O(n)).
From this relation and bounds and we obtain

P(r, > n) = sA(y)n M DAL L O 9)) 40 (n7).
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Thus, it remains to show that
n = o(A(y)n M/

for all sufficiently small ¢ > 0 and all y € W, .. For that note that for y € W,

Ay 0 TG = =5
1<J
Therefore, will be valid for all € satisfying
k(k—1)

r=4ec+20c—6/2<¢ 5

This proves . To prove it is sufficient to substitute in .
The proof of is similar. Define two sets,

Dt ={z€ W :dist(z, D) < 3kn"*}, D™ = {z € D : dist(z,0D) > 3kn~*}.
Clearly D~ C D C D*. Then, arguing as above, we get

P(ry > n,y+ S, € vVnD) < P(r, > n,y+ S, € v/nD, A) +0(n_r)
< P(T;’T >n,y" + By, € vnDT,A)+0(n7")
< P(T;T >n,yt+ B, €vnD ) +0o(n7").

Similarly,
P(ry >n,y+ Sy, € vV/nD) > P(T;;m >n,y” + B, €vnD")+o (n_’") .

Now we apply and obtain

P(T;jm > n, yi —|— Bn S \/ﬁDi) ~ KA(yi)/ d267‘zl2/(2n)A(z)n—§n7%
v/nD
= KA(yi)/ dze_MQ/QA(z)n_%
D

It is sufficient to note now that

A(y*) ~ A(y) and /

dze_lzz/QA(z)H/ dze_|z|2/2A(z)
D D

as n — o0o. From these relations and bounds and we obtain

P(7, > n,y + Sn € vnD) = (K + o(l))A(y)/ dze FPPRPAGZI T 4o(n77).

D

Recalling (37) we arrive at the conclusion.
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4 Asymptotics for P{r, > n}

We first note that, in view of Lemma
P(1, > n) = P(1y > n, v, <n' %)+ P(1, > n,v, > nl7)
=P(r >n,v <n' %) + 0 (e79). (40)

Using the strong Markov property, we get for the first term the following estimates
/ P (Sl,n e dy, Ty > Up,Up < nl_a) P(r, >n) <P(1p > n,vp < nt=*)
Wn,e
< / P (S,, € dy, 7 > vp,vn < n' %) P(1y, > n —n'79). (41)
Wh,e

Applying now Lemma [T4] we obtain

P(r, > njv, <n'™®)

= ME [A(z + 80,)i T > Vn, Sy, | < O/, v < 0 7°)
+0 (nk(kl—l)/zlE [A(x +50,)i Te > Vns |Su,| > Onv/n, v < n“ﬂ)
= mE [A(z 4+ S0,);Ta > Vny v < ' 7F]
o (ME [A(z 4+ 5,,); o > vn, [Su,| > Onv/1 vy < n15}> _ (42)

We now show that the first expectation converges to V(z) and that the second expectation is
negligibly small.

Lemma 15. Under the assumptions of Theorem [1,
lim E[A(z+ S,,)H{r > vn}ivn < n'7°] = V(2).
n—oo

Proof. Rearranging, we have
E [A(z+ S,,) {1 > v}, < nl_a]
=E [A@@+ S, ant o) H{1e > v A n'=hu, < nl_s}
=E[A(x + S, )72 > vy An'T¢Y]
—E[A(@+ Sy o)1{m > n' v, > n' ¢ (43)
According to Lemma
|E [A(z+ S )1{r > nt =} v, > nl_‘E” < C(x)exp{—Cn‘}. (44)
Further,
E [A(z+ S, pnt <) {1 > v An' 77}
=E[A(@+ S, amt )] —E[A@+ S, ant e)1{7z < vn A nl_g}}
=A(z) —E [A(z + Sy am <) S vy An'T7Y]
=A(z) —E[A(z + S.,)1{r <v, An'"°}],
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here we have used the martingale property of A(x + S,). Noting that v, A n!~¢ — oo almost
surely, we have
Az + S; )1 {m <vp An'™¢} = A(z + S,,).

Then, using the integrability of A(z + S;,) and the dominated convergence, we obtain
E [A(z + S:)1{r <vn An' "} = E[A(z + S-,)]. (45)
Combining —, we finish the proof of the lemma. O

Lemma 16. Under the assumptions of Theorem [1},

lim B [A(ZL‘ +80,); Ta > v, [y, | > en\/ﬁa Up < nl—s} =0.

n—oo
Proof. We first note that
E [A(z+ 50,); T2 > Vn, |Sv,| > Opv/n, 1y < nlfs]
<E[A@+50,):Te > Vn, |[Su,| > Onv/n,vn < n'7F]
<E[A(@+ S, )Ty >n' "5, My - > 0,/n/k],
where we used the submartingale property of A(x + 5;)1{T, > j}, see Lemma |5l (Recall that

M; = max;<j <k ]Si(r)\.) Therefore, it is sufficient to show that

E [A(w 48, Ty > n, My, > nl/Mﬂ —~0 (46)
for any positive 0.
Define
A= {, sl <t
Then

E [A(:v +Sn); Ty > n, My, > n1/2+26,An} <E []A(x + Sp)|; My, > n1/2+25,An
Since |S7(lj )| < nmaxj<p |§i(j )| < n?/?19 on the event A, we arrive at the following upper bound
E [A(m + Sn); Ty > n, M,, > nl/2+20 An]
< C(x) (n3/2+5>k(k_1)/ “P(M, > !/ 4).
Applying now one of the Fuk-Nagaev inequalities, see Corollary 1.11 in [I4], we have

P(M, >n'/?*% A,) < exp{—Cn’}.

As a result,
lim B [A(z + S,): Te > n, My, > n1/2+25,An] —0 (47)
n—oo
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Define -
2= 0N 1{je?] > 020, i<

i=1 j=1

and

n k
Yig = Z Zl{|§l(J)] >nl/2H0 <,

i=l+1 j=1
We note that
E [A(z+S,);Te > n, M, > n1/2+25,A7} <E[A®+ 8,)Sn: Ty > 1
=E[A(x+ 5p)E,] —E[A(x + Sp)Xn; Ty < nj. (48)

Since the conditioned distribution of \S,, given . is exchangeable, we may apply Theorem 2.1 of
[10], which says that
E[A(z + 8)%] = A(z), [<n.

Therefore,
E[A(x 4+ 5)%] = A(z)E[Y)] = EA(x)IP(¢] > n1/2+5), I <n. (49)

Using this equality and conditioning on F;, we have
EA(x+S)E Ty =l =E[A(x+5,)2; T, =+ E[A(x+ 5,)2 0 Ty =]

=E[A(x+ S)2; T, =] + E[E[A(x + Sp) S0 Al T = 1]
=E [A(x + SI)ZZ; T, = l] +E [A(x + Sl); T, = l] EZl,n,

Consequently,
E[A(x+ 5,)E0; Ty <n|=E[A(x+ S7)27; T, < n]
+0 (nP(l¢] > n'#)B[A@ + Sp); T, < n))
=E[A(z + S7)¥7; T <n +o(1).

Finally,
|E[A(z+ S7)Xr; T < n]| <E[|A(xz + S7)|2,] = o(1),

by the dominated convergence, since 3., — 0. This implies that
E[A(z + S,)%; T, <n] =o(1). (50)

Combining (48)-(50), we see that the left hand side of converges to zero. Then, taking into
account (47), we get . Thus, the proof is finished. ]

Now we are in position to complete the proof of Theorem It follows from the lemmas and

and that
__#V(z)
P(r, >n) = W(l +o(1)).
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5 Weak convergence results

Lemma 17. For any x € W, the distribution P (% € |1y > n) weakly converges to the

distribution with the density Z%e*|y|2/2A(y), where Z1 is the norming constant.

Proof. We need to show that

P(x + S, € VnA, 7, >n)
P(r, > n)

First note that, as in and ,

P(z+ S, € vVnA, 7, >n) =P(r, >n,2+ S, € VnA, v, <n' °) +0 (670"5)
=P(1, >n,z+ Sy € VnA,|S,, | < 0pv/n,vn < nt7%) + o(P(1, > n)).

— Zl_l/ e_‘y|2/2A(y)dy. (51)
A

Next,

P(r, > n,2 4+ S, € VnA,|S,, | < 0pv/n,v, <nl™)
nl €

= P(ry > j,x+ Sj € VnA,v, =)
j=1 Wi, eN{|y|<0n~/n}

X P(ry, >n—j,y+ Sn_j € VnA).
Using the coupling and arguing as in Lemma [14] one can show that
P(ry >n—k,y+ Sy—i € VnA) ~ P(Té’m > n,y + B, € V/nA)

uniformly in k < n'~¢ and y € Wy.e. Next we apply asymptotics and obtain that
P(ry >n—k,y+ Sy_i € VnA) ~ K/ dze_|z|2/2A(y)A(z)n_k(k_1)/4
A
uniformly in y € Wy, ., |y| < 0,/n. As a result we obtain

P(z+ S, € VA, 7, >n) ~ / dze*\zl2/2A(z)nfk(k71)/4
A
X KE[A(x + SV”)’TQC > VUn,T + Sn S \/EA, ‘Sl/n‘ S Hn\/ﬁ, Un S nlis]

NK/dze_|Z|2/2A(z)n_k(k_1)/4V(x),
A

where the latter equivalence holds due to Lemma Substituting the latter equivalence in
and using the asymptotics for P(7, > n), we arrive at the conclusion. O

Now we change slightly notation. Let

P.(S, € A) =P(z + S, € A).
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V)

Lemma 18. Let X"(t) = S\[/"%] be the family of processes with the probability measure f’;\/ﬁ, T €
W. Then X™ weakly converges in C(0,00) to the Dyson Brownian motion with starting point x,

(A)

i.e. to the process distributed according to the probability measure PR,

Proof. The proof is given via coupling from Lemma To prove the claim we need to show
that the convergence take place in C[0, (] for every 1. The proof is identical for I, so we let [ =1
to simplify notation. Thus it sufficient to show that for every function f: 0 < f < 1 uniformly

continuous on C|0, 1],

B F(X") — BXf(B) asn— oo,

By Lemma one can define B, and S,, on the same probability in such a way that the
complement of the event
Ap = {sup S — Bul < n1/2_“}

u<n
is negligible: -
P(A,) =o0(n™")
for some a > 0 and v > 0. Let B} = B,,;/+/n. By the scaling property of the Brownian motion
B £(B) = B F(B").
Split the expectation into two parts,

E() (X" = BYLIF(X™); A + BV L[f(X™) A,] = By + Bs.

Since the function f is uniformly continuous,

[f(X") = f(B")| <C sup |[X; — B[ <Cn™*
0<u<l

on the event A,. Then,

1 ™ — n T >N
WEz\/ﬁ[(f(X ) = f(B")V(Sn); T > n, Ay
< Ono B, valV(Sn)im>nAn] _  _ BoymlV(Sn)iT>n] o,

V(zn) =M V(zvn)
tends to 0 as n — oo. Therefore,

1 n )
F1 = 5o 7y Bl d XV (S 7 > m, A

=o(1) + E, mlf(B")V(Sn);T > n, An.

b
V(av/n)

Moreover, on the event A,, the following inequalities hold

B(]) . B(J'*l) . 2n1/27a < Sz(J) _ S(jfl) < BZ(J) . BZ‘(jfl) + 2n1/27a

4 4 Q
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for 1 <i<mnand?2<j<k Letaztr=(zyn+2(j—1)n'/?>%). Arguing as in Lemma and
using monotonicity of V', we obtain

1
Vioym) "

B")V(Sn); T > n, Ap)
O( (1+o(l)) g BV (B)it™™ > n, Ay

< —)Em; F(BYAB,): 7 > .4,

E2 [£(B™): An] = (14 o(1))E [f(B"); Ay,

where we used (d) of Proposition 4] in the second and the third lines. Replacing % with z~,
one can easily obtain the following lower bound

1
Vioym) "

GElT(BMV(S,)i7 > n, Ay] > (1+ 0(1)EL [(B); Ay,

Note also that
E2 [f(B"); A = E2 [f(B")] —E2 [f(B"); 4]
= (L+o(1)ED 51f(B™)] — E2 [f(B"); 4]

Therefore,
|[Br = B2 L[f(BM)]] < o(1) + B2 [f(B"); An] + ES [f(B"); A,
Thus, if we show that
E2 [f(B"): Ay =o(1), and By =o(1),

we are done. Since the proofs of these statements are almost identical we concentrate on showing
that Fy = o(1). We have, since f <1,

1 -
2> V(l\/ﬁ) w\/ﬁ[v(s )’|S | =n ) 7Tx\/ﬁ>n]

1
E 1S, 1/245 .
+V($\/ﬁ) m\/ﬁ[v(s )a |S | >n » Ta/n > ’I’L]
Put y, = (2n1/2+5, e 2kn1/2+5). Then,
1 .
E V18| < nl/2H A
V(zv/n) x\/ﬁ[V(S )i 1Sn| < n s Ans Ty /m > n|
V(zn + yn) /246
————P nl < ,Ap
P, (15, < 0 1)
=C W"mw < O™ 0, (52)

if we pick § sufficiently small. Next, using the bounds V(z) < V) (z) < Ay (x), we get

k
E, [V (Sn): |8l > n'?7 7, o> n] < E[A(xvn+ Sp);|SY)] > n/2T K],



Arguing similarly to the second part of Lemma [ one can see that

E[A1(av/n+ 8,):|S5| > n'/2+0 k]
< O(x) Z nlI1/2 H E[SU2) — sG5| > p1/2+0 /g,
JCP P\T

The expectation of the product can be estimated exactly as in Lemma [] using the Fuk-Nagaev
inequality. This gives us

k(k 1)
1 ofn_77)
———E V(Sn); |Sn 1240 = 22 L — (7).
Thus, the proof is finished. O

Now we consider start from a fixed point x.

Lemma 19. Let X" (t) = % be the family of processes with the probability measure f’g‘/),m €

W. Then X™ converges weakly to the Dyson Brownian motion with starting point 0.

Proof. As in the proof of the previous lemma, wee show the convergence on C[0,1] only. It
sufficient to show that for every function f: 0 < f < 1 uniformly continuous on C10, 1],

EM f(X™) = Eof(B) as n — .

First,

EV[f(X™)] = BV [F(X™), v < ']+ BV [F(X™), v > 0177,

The second term

E[V(z + S,); 72 > vn, vn > n'F]
V()

E[A1(x + Sp); T > U, vy > nt7F)
V()

EY)[F(X™), v > 0] < PV (1 > 0! 79) =

x T

<C

— 0,

where the latter convergence follows from Lemma |8 Next,

EV[f(X™):v, <n'%] = BV [f(X™);vm < n' ™%, M, < 6,/
+ BYVF(X™)ivn < n' 75, My, > 0,3/m).

Then,

EX[F(X")ivn <0175 My, > 00/n] < PY (v < 0!, My, > 0,3/)
EV(z+8,,);vn <nl=8, M, > 0p/n, 7o > )
V(z)
E(A(x+S,,);vn <078, M, > 0 /0,7 > )
V(z)

< (1+0(1))

— 0,
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by . These preliminary estimates give us

BV [F(XM)] = BY (X5 < n' ™%, My, < 00/n] + 0(1). (53)
Next let

fly, kb, X") = f <\yf1{t§k/n} +X"(t)1{t>k/n}> :
It is not difficult to see that on the event {z + S,, € dy, M,,, < 6,,4/n}, the following holds
fly, b, X7) = f(X™) = o(1)
uniformly in |y| < 6,/ and k < n'~%. Therefore,
EY[f(X™); v < n' 7%, My, < 6,3/n]
~ B (S0 vy X™)i v €075, My, < 0,03/

Z/ x+5k€dy,Tm>kun—k Vn_@f) V(y)

k<nl € (l‘)

xEY) f (\j/ﬁl{tgk/n} + X" (t - k/”)l{t>k/n}> :

Using coupling arguments from Lemma [I8] one can easily get
Yy n
E\)f (\/ﬁl{t<k/n} + X"t - k/n)l{t>k/n}>

~EXf <\§ﬁ]‘{t§k/n} + B"(t - k/n)l{t>k/n}> :

Using results of Section 4 of [15], one has

n ~(A
B (S Lctm + B = K/l ) ~ BV )L
Consequently,

EY)[f(X"); v < 0175, My, < 0,3/n)]
E[V(z+S,,);7e > Un,vp <078, M, < 0,y/n]

L RA)
E, ' [f(B)] Vo)
T V) Ta Vn,un_nlfs, v < Op/m
R

Using now Lemma (15 and relation , we get finally
BV [F(X™)ivn <075 My, < /] ~ B £(B)].
Combining this with , we complete the proof of the lemma. O
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