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TRANSITION PHENOMENA FOR LADDER
EPOCHS OF RANDOM WALKS WITH
SMALL NEGATIVE DRIFT

VITALI WACHTEL,* University of Munich

Abstract

For a family of random walks {S®)} satisfying E S;a) = —a < 0, we consider ladder
epochs 74 = min{k > 1: S,Ea) < 0}. We study the asymptotic behaviour, as a — 0, of
P(z® > n) in the case when n = n(a) — oo. As a consequence, we also obtain the
growth rates of the moments of 7(4),
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1. Introduction and statement of results

1.1. Background and purpose

Let X, X1, X»,... be independent, identically distributed random variables. Let S =
{S,,, n > 0} denote the random walk with increments X;, that is,

n
Sp := 0, S, = in.

i=1
Let us first recall what is known about the first descending ladder epoch 7 of S, i.e.
T :=min{k > 1: S¢ < 0}. (1)

It is well known (see, for example, [17, Theorem 17.1]) that

(0, 0)
Pt <00) =1 < Zk‘lP(Sk <0) = o0.
k=1

Under the latter condition, Rogozin [15] studied the asymptotic behaviour, as n — oo, of the
tail probability P(t > n). In particular,

lim + Y P(Siz0)=pe©.1] < P@>n)=n"""t@m), 2)
k=1

n—oon

where ¢ is slowly varying at infinity. Also, lim,—.oc(1/n) Y ;_; P(Sy > 0) = 0 is equivalent
to the relative stability of 7. The latter means that the function x — f(f P(t > u)du is slowly

Received 11 May 2009; revision received 11 October 2009.
* Postal address: Mathematical Institute, University of Munich, Theresienstrasse 39, D-80333, Munich, Germany.
Email address: wachtel @math.lmu.de

1189



1190 V. WACHTEL

varying at infinity. But this statement does not give any information about the asymptotic
behaviour of P(t > n) in this case.

The situation when Et < oo, which is a particular case of the relative stability, was
considered by Embrechts and Hawkes [5]. There it was shown that

Ht>m~n4P@pﬂDw4§:f4H%204,
j=1

under certain conditions on the sequence {P(S, > 0), n > 1}.

If the expectation E X is finite then the condition Z,fil k~'P(S <0) = oois equivalent to
the inequality E X < 0; see again [17, Theorem 17.1]. If E X = 0 and X belongs to the domain
of attraction of a stable law of index o > 1, then lim;,,_, o P(S,, > 0) € (0, 1). (For details,
see the paragraph after (11).) This yields lim,_, o (1/n) > y_; P(Sx = 0) = p € (0, 1). Then,
using (2), we conclude that

P(z > n) =n"~ (). 3)

If EX < O then E 7 is finite; see [17, Proposition 18.1]. In this case of negative drift, Doney
[4] applied the results from [5] to two special classes of random walks. He showed that if
EX € (—00,0) and P(X > x) is regularly varying at oo with index « < —1, then, as n — o0,

P(t >n)~ETtP(X > —-nEX) asn— oc. 4)

Besides this regularly varying tail case, Doney found the asymptotics of P(t > n) for ran-
dom walks having negative drift and satisfying the following condition. If the equation
(d/dh)E e"X —0Ohasa positive solution, say /, then

Eu® —1
P(t > n) ~ C(M—1>M_nn_3/2 asn — 0o, (5)
M —
where © = 1/EeX and C is a constant depending on EeX. The latter relation was

generalised by Bertoin and Doney [2] to the case where (d/dh)Eth < Oforallh > 0
such that Ee* < oo.

It should be noted that [2] and [4] are devoted to the study of the asymptotic behaviour of
P(ty > n) for any fixed x > 0, where t, := min{k > 1: Sy < —x}. The main result can
be stated as follows. If X satisfies the conditions stated before (4) or (5), then there exists a
function U such that

lim oE >,
n—oo P(t > n)

By studying the asymptotic behaviour, as n — oo, of P(r > n), we hope to get a good
approximation for large but finite values of n. The quality of such an approximation depends
on different parameters of the random walk. It follows from the papers mentioned above that
the asymptotic behaviour of P(r > n) depends crucially on whether EX = 0 or EX < 0.
Therefore, it would be very useful to clarify the influence of E X on P(r > n) in the case when
that expectation is quite small. We illustrate the problem with the following concrete example.
Let S be a random walk with E X = 1073; we want to calculate the quantity P( > 10°). Here
we have two possibilities. On the one hand, we can say that the expectation is so small that we
may apply asymptotic relations for zero-mean random walks. On the other hand, we can say
that the expectation is negative and we should use (4) or (5), depending on the tail behaviour
of X. But how do we decide which approximation is better for these values of E X and n? This
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question leads to the following mathematical problem. What can be said about the asymptotic
behaviour of P(tr > n) in the case when E X — 0 and n — o0 simultaneously?

In the present paper we consider this problem in the case when the random walk’s increment
belongs to the domain of attraction of a stable law. We shall show that there exists a function
f such that

(a) if n < f(E X) then we have to use (3),
(b) if n > f(E X) then we have to use formulae for random walks with negative drift,

(c) if n ~ vf(EX), v € (0,00), then we have to use (3), but with a correction factor
depending on v.

The last point seems to be the most interesting one. It describes transition phenomena for the
ladder epoch 7, which appear in the case of small drift.

Our main result, Theorem 1, is devoted to the study of this transition. There it will be clarified
what the function f and the correction factor look like. As a consequence, we shall obtain the
claim in (a). Furthermore, Theorem 1 allows us to determine the asymptotic behaviour, as
E X — 0, of some moments E t"; see Theorem 2. The expectation E t is of particular interest,
since it appears in asymptotic relations connected to the claim in (b); see Theorems 3, 4, and 5.

1.2. Transition phenomena

We start with a more precise description of our model of random walks with asymptotically
small drift. We shall consider a family of random walks {S @ g4 €0, aol} with drift —a,
that is, E S ](a) = —a, and investigate the asymptotic behaviour, as a — 0, of the probability
P(z@ > n) for n = n(a), where @ is the first descending ladder epoch of S, as in (1).

Let X@ denote a random variable that is distributed as the increments of the random
walk S@. Tt is easy to see that if X (@) converges in distribution, as ¢ — 0, to X © then,
for every fixed n,

P9 >n)~Pr® >n) asa— 0. (6)

A more interesting problem consists in investigating the asymptotic behaviour of the tail
probability P(z‘® > n) whenn = n(a) — oo asa — 0. The solution to this problem depends
on the structure of the family {S @ g €0, apl}.

In this paper we shall assume that there exists a random variable X with zero mean such
that the random variables X @ and X — a have the same distribution for all @ € [0, ag]. Then
the random variables S,(l“) and S,(ZO) — na are equal in distribution for all a € [0, ap] and n > 1.
Furthermore, we restrict ourselves from now on to so-called asymptotically stable random
walks. Namely, we shall always assume that the distribution of X belongs to the domain of
attraction of a stable law with characteristic function

0

o1 _igl an ™Y
G, p(t) = exp:—ltl (1 1,B|t|tan > )} )

with @ € (1, 2] and |B| < 1. In this case we write X € D(«, B).
Let {c,, n > 1} denote the sequence of positive integers specified by the relation

cn = inf{u > 0: u2V() <n~ ', (8)

where ;
V() :=/ x2P(X € dx), u>0.

—u
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It is known (see, for instance, [6, Chapter XVII, Section 5]) that the function V is regularly
varying at infinity with index 2 — « for every X € D(«, ). This implies that {c¢,, n > 1} is
regularly varying with index o~ !, i.e. there exists a function /1, slowly varying at infinity, such
that

cn = n (n). )

In addition, the scaled sequence {S,SO) /cn, n > 1} converges in distribution, as n — 00, to the
stable law corresponding to G4 g in (7).

Let {Yy g(t), t = 0} denote a stable Lévy process such that Yy g(1) is distributed according
to (7).

It is known (see Proposition 17.5 of [17]) that the generating function of the sequence
{P(+ @ > n), n > 0} satisfies the identity

0 0 _p
> P =) = exp{z = ps@ > 0)}, z € (0, 1). (10)
n=0 n=1 n

Thus, for every n > 1, the probability P(t@ > n) is determined by {P(S; (@) > 0) 1 <k <n}.
From the definition of the family S and from the asymptotic stability of {Sn , n >0}, we
conclude that

P(S@ > 0) ~ P(S© > 0) ~ P(Yo5(1) = 0) =: p (11)

for n = n(a) — oo satisfying na/c, — 0. It is known (see [18]) that

2 na

1 1 To
0 = — + — arctan ﬁtanT

for all @ € (1,2] and |B| < 1. We can easily verify that p € (0, 1) for all « € (1, 2] and
|B| < 1. Hence, we can expect that

P @ > n) ~P© > n) =n"lem), (12)
where in the second step we have used (2). Furthermore, if na/c, — u € (0, co) then
P(S\ > 0) ~ P(Yy.5(1) > u) > 0.
In this case we expect, although this conjecture is not as obvious as (12), that
P > n) ~Pe© > n)G) (13)

for some function G.
The following theorem confirms conjectures (12) and (13).

Theorem 1. Suppose that X € D («, B). If n = n(a) is such that

lim 2 = 4 € [0, o0) (14)
a—0 ¢y
then
. PE@ >np)
Iim ————=1-— Fa,ﬂ(u), (15)

a—0P(r©® > p)
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where the distribution function Fy g can be described by the equality

o0
f e M1 = Fpp(x! 1)) dx
0
01— C_M
= Cexp{—/ ———P(op(®) —1>0)drg, 220 (16)
0

with p defined as in (11) and C specified by the condition Fy g(0) = 0.

The existence of the limit in (15) is an easy consequence of the invariance principle for
random walks conditioned to stay positive, which was proved in [3]. The most difficult part
of the proof is the derivation of characterisation (16) of the limiting distribution Fy g; see
Section 3.

It follows from (9) that (14) is equivalent to

a/(a—1) 1 @/ * 1
n~u - I*{ — asa — 0,
a a

where [* is slowly varying at infinity, which is determined by /;. Therefore, the statement of
Theorem 1 can be reformulated as follows. If n = n(a) satisfies

1 a/(a—1) 1
n’vU(—) l*(—) asa — 0 (17)
a a

) P(‘c(a) >n) =1/

C}%mzl—lfw(v ) (18)
In particular, if (17) holds with v = 0 then P(t® > n) ~ P(z(¥) > n). Roughly speaking, (3)
gives a rather good approximation in the case when n is much smaller than (1/a)*/©=D1*(1/a).
But if (1/a)®/@*=D1*(1/a) and n are comparable, then we have to use a correction factor, given
by the right-hand side of (18). To calculate this correction for concrete values of v, we need to
know the form of the distribution function F, g. We are able to give an explicit expression for
Fy g only in some special cases. We shall see in the proof of Theorem 1 that

for some v > 0 then

1= Fap(u) = P(inf (Mo () = ur) = 0).

where {My (1), t € [0, 1]} is the meander of Y, g. Using the construction of the meander via
the limit of conditioned distributions of the original process Y, g, we shall show that

o0 2
1— Fo(u) = u/ v 2TV 2 dy

u

and
y 1/ @=1

(@ — 1)ge,1(0) Ju

where g4 g denotes the density function of the random variable Y, g(1). For all other values of
a and B, the explicit form of Fy g remains unknown.

1 — Fy(u) = v @ Do 1(w)ydv, «e(l,2),
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Remark 1. The expression on the right-hand side of (16) is known (see [1, p. 168]) to be the
Laplace transform of the random variable

Thax := suplt >0: Yupt)—t= ma())((Ya,ﬁ(u) — u)}.
u>

Let fmax denote the density function of this random variable. Then from (16) we can obtain
the equality
1= Fpp(x) = Cx*1=P/C=D fo /@), x>0

Having this relation we can obtain the explicit form of fin,x in the case of Brownian motion
(¢ = 2 and B = 0) and in the case of spectrally positive Lévy processes (o € (1,2)and 8 = 1).

We now turn our attention to the moments of 7(@.

It was shown by Gut [7] that the condition E(max{0, X})" < oo for some r > 0 is necessary
and sufficient for the finiteness of E(7@)". Therefore, the condition X € D («, B) yields the
finiteness of E(t@)" for all r < «.

From the bound

P >n)<P@ >n) foralln>0

and (6), using dominated convergence, we infer that

limOE(r(“))’ =Er?) <

a—

for all € (0, 1 — p). Furthermore, it easily follows from Theorem 1 and (12) that
lim EcY)Y =00 forallr > 1— p.
a—0

Theorem 1 allows us to determine the rate of growth as a — 0 of E(t@)" forr € (1 — p, ).

Theorem 2. Suppose that X € D («, B). Then, foreveryr € (1 — p, a), there exists a function
L, slowly varying at infinity such that

1
E(t(a))r _ Lr<;>a—cx(r+p—l)/(a—l)’ (19)

with p defined as in (11).

This is already known in some particular cases, which we now mention.

First of all we note that if the second moment of X is finite then, applying dominated
convergence, we can show that E Sifu)) — E Si?g) as a — 0. Thus, using the Wald identity and
the well-known equality (see [17, Proposition 18.5])

20172 00
0) (E X9) _ 0) 1
—ES o = —\/5 exp kg_l k= (P(S;” = 0) — IR

we obtain, as a — 0,

©) 00
—ESo (EXxH? 1
Et@ ~ r0 _ eprE k‘l<P(S(O) > 0) — —)}
a a2 =1 k 2
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Furthermore, the asymptotic behaviour of E 7@ in the case of a non-Gaussian stable limit,
that is, o < 2, was recently studied by Lotov [9]. He proved that

Et@ — g—op/(@=D+o(l) ¢, 10

in this case. Moreover, he showed that (19) with » = 1 holds under the additional condition
that

o0

1
E — sup |P(S,§O) > cpx) — P(Ygp > x)| < 00.
k=1 XER

Having expressions for the expectation E 7(®) we can describe the asymptotic behaviour of
some further characteristics of the random walk {S,(la), n > 0}. First, from the Wald identity
and Theorem 2, we obtain the equality

ESY = —aBt@ = —L, <1>a1—“f’/<“—1).
T a

Second, it is well known that the stopping time t_f_a) ;= min{k > 1: S,ga) > 0} is infinite with

positive probability and that P(tf) = 00) = 1/E 1@, Then, using Theorem 2 once again, we
obtain

aor/@=1)

Li(1/a)

To conclude this subsection, we note that our assumption that the distributions of X @) and
X — a are equal can be weakened. First of all we note that if X @ satisfies the conditions

P\ = o0) =

EX® = _4 and lir%E(X(a))z =02 € (0, 00),
a—

then the results of the present subsection still hold. Moreover, in the case of an infinite
second moment, the results of the present subsection remain valid if X @=x—g+v@
in distribution, where X € D («, B) for some « € (1,2) and Y@ is such that

EY® —o, Y@ - Oinlawand sup E|Y@|** < o0 for some § > 0.
a€l0,a0]

We did not use these generalisations in the statements of our theorems because of results in the
next subsection, where we need the assumption that X = X — ¢ in law.

1.3. Results on large deviations

If na/c, — oo then Theorem 1 says only that
Pt >n) =o®P® >n)) asa — 0.

Our next purpose is to refine this relation and to find the rate of divergence of P(¢‘® > n)
in the abovementioned domain of large deviations for ‘. To proceed in this situation, we
need to know the asymptotic behaviour of P(S,S“) > 0) for na/c, — oo. It follows from the
definition of S that P(S\” > 0) = P(S\”’ > na). Thus, the assumption that na/c, — 0o
means that we are in the domain of large deviations for S,EO) . Since the behaviour of large
deviation probabilities depends crucially on whether the limit of S,EO) /¢y 1s Gaussian or strictly
stable, i.e. « € (1, 2), we consider these two cases separately.



1196 V. WACHTEL

If S,EO) belongs to the domain of attraction of a strictly stable law then, as is well known,
P(S® > x,) ~ nP(X = xp)

for any sequence x, satisfying x,/c, — o0o. This relation allows us to obtain the following
result.

Theorem 3. Suppose that X € D(«a, B) for some 1l <o <2and f > —1. If n = n(a) is such
that na/c, — oo then

P > n) ~EtWP(X >na) asa — 0. (20)

The right-hand side of (20) coincides with that of (4). Roughly speaking, if n is very large
then the asymptotic behaviour of P(z(®) > n) is as in the case of the fixed negative drift. But
there is one crucial difference between fixed and asymptotically small drift: the expectation
Et@ grows unbounded if @ — 0, and is a constant when the drift is fixed. Therefore, (20)
would be useless without Theorem 2.

We turn our attention to the case when o := E X? is finite. Here we shall assume without
loss of generality that o> = 1. Under this condition, we have ¢, = /n. Then the condition
that an/c, — oo reads as na®> — oc. In this case of finite variance the asymptotic behaviour
of P(S,SO) > x5) depends not only on the tail behaviour of X, but also on the rate of the growth
of x,. If x,, does not grow very fast (x, = o(r1(n)) for some r1 (n) depending on the distribution
of X) then we have an asymptotic expression for P(S,,” > x;,) in terms of the so-called Cramér
series (for the definition of the Cramér series see, for example, [14, Chapter VIII]). For this
type of large deviation, we have the following result.

Theorem 4. Assume that E X? = 1, n = n(a) is such that na* — oo, and that
P(SY > ja) ~ ®(/ja)explja*in(@)} uniformlyin j € [a=2, n], 21)

where Ay, (1) is tlzze partial sum in the Cramér series containing the first m terms and D(x) =
fxoo(l/\/Zn)e_“ /2 du. Then

1—
P(r@ > n) ~ 2E 7@ —3(\/na) exp{na’im(a)}.
n

Condition (21) has one essential disadvantage: it involves the whole sequence {S ,EO), k > 0}.
We now list some restrictions on the distribution of X, which imply the validity of (21).
Nagaev [11] proved that the condition E | X|¥ < oo with some k > 2 implies that the relation

P(S© > x) ~ 6(1) asn — 00 22)
NG

holds uniformly in x < \/ (k/2 — D)nlogn. Thus, the existence of E | X ¥ for some k > 2
yields (21) with m = 0 for all n satisfying

n < (3k—1)a"*loga™>.

Furthermore, it has been proved by Nagaev [10] and Rozovskii [16] thatif P(X > x) isregularly
varying at infinity with index p < —2 then, under some additional restrictions on the left tail,

P(Sr(z()) > x) ~ 5(%) +nP(X > x ++/n) uniformly on x > 0. (23)



Transition phenomena for ladder epochs 1197

Thus, (22) holds for all x < C/nlogn for any C < (p — 2)!/2. Consequently, (21) with
m = 0 holds for
n< Ca2 loga_z, C<(p-— 2)1/2.

Osipov [13] found necessary and sufficient conditions under which the relation

P(s© = ) ~ B 2 xj,\ *
(S, = x) NG eXp) —FA/A-m1|

holds uniformly in 0 < x < n?, % < y < 1, where [t] denotes the integer part of 7. If these

conditions are fulfilled then, obviously, (21) holds with m = [1/(1 — y)] foralln < a'/(=7).
It is well known that if X satisfies the Cramér condition (E e"!X! < 0o for some & > 0) then
(21) holds with m = oo and for all n satisfying na®> — oo. Thus, Theorems 1 and 4 describe
the behaviour of P(t® > n) for any choice of n = n(a) and any random walk satisfying the
Cramér condition.
It is easy to see that the statement of Theorem 4 can be rewritten as follows. If (21) holds
then

2
P@ > n)~ —¢q! E1@p=3/2¢—nE@)
27

where

a?

JOEE @A (). (24)

Furthermore, in the proof of Theorem 4 we shall see that

B(ef@t 1@ <py 1

T ~2E1@,
e —_—

Thus,
(a)
1 E(ef(fl)f s ‘L'(a) <n)-— ln—3/26—n§(a)

a2 efla) — 1

which is rather close to relation (5). If, additionally, X satisfies the Cramér condition, implying
(21) wit(h) m = oo, then we can replace the truncated expectation E(ef (a)’(a), @ < n) by
E(e5@T):

P(t(“) >n) ~

(a)
L B ) =1 5 —new)

av2m @ 1

It follows from the definition of the Cramér series that £(a), defined in (24), is the unique
positive solution to the equation (d/dh) E X — o, Therefore, (25) is an analog of (5) for
random walks with vanishing drift.

Another type of large deviation behaviour appears in the case when x, grows fast,
ie. x, > ra(n) and the tail of X varies in an appropriate way. (Recall that a, > b,
means that a,/b, — 00.) Here, as in the case of the non-Gaussian stable limit, we have
P(S,go) > x,) ~ nP(X > x,). We consider only the case when the tail of X is regularly varying.

Pt @ > n) ~ (25)

Theorem 5. Assume that P(X > x) is regularly varying at infinity with index p < —2 and

1
/ x?P(X edx) = o< ) asy — oo. (26)
|x]>y logy
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Then, as a — 0,
P@ > n) ~Et@PX > na)

for any n = n(a) satisfying the inequality n(a) > Ca~>loga~? with some C > (p —2)'/2.

After Theorem 4 we mentioned that, in the case of regularly varying tails, (21) holds for all
n<Ca? log a=%, C < (p —2)'/2. Therefore, the behaviour of P(t® > n) remains unclear
only for n satisfying (na? /log a=?) - (p— HYV2 we conjecture that if the conditions of
Theorem 5 hold then, in agreement with (23),

P(t > n) ~2E t(")%5(\/ﬁa) +Et@P(X > /n +na)

for all n satisfying na> — oo.

The remaining part of the paper is organised as follows. In the next section we derive an

upper bound for the probability P(z®* > n), which is crucial for the proof of Theorem 2. This

proof will be given in Section 4. Section 3 is devoted to the proof of Theorem 1. Finally,
Theorems 3, 4, and 5 will be proved in Section 4.

2. Upper bounds for the tail of 7@

It follows from (10) that in order to obtain upper bounds for P(t @ > n)we need inequalities
for P(S,(,a) >0) = P(S,(ZO) > na). In the following lemma we adapt one of the well-known Fuk—
Nagaev inequalities for our purposes.

Lemma 1. Assume that X € D(«, B). Then there exists a constant C such that the inequality

nV(x))2

x2

P(S® > al
(S, >2x)<nP ng +C

holds forall x > 0 andn > 1.
Proof. Applying Theorem 1.2 of [12] with = 2 we have

2_
nv(y))X/y+nV(y)/y nu(y)/y @

PSY > x) <nP(X > y) + ex/y(
Xy

where u(y) := E(X, |X| < y).
Since EX =0,

o0

sf xP(|X|edx>=yP<|X|>y>+f P(X| > x)dx.
x>y y

)] = Ml ¥P(X € dx)
x|>y

It is well known that the assumption X € D(«, B) yields

o xX2P(X|>x) 2-«
lim —

xX—00 Vix) o 28)

Therefore, as y — oo,

()| < (2_—a +0(1)> (M +/ V) dx) _ (2_“ +0(1)>M.
o y y 1 y

x2 o —
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In the last step we used the relation

/OOV(x) 1 V)
y

d
x2 * a—1 vy

as y — 00,

which follows from the fact that V (x) is regularly varying with index 2 — «. As a result, we

have the bound v 5 ; v
(zy) p(y) Z( o — +0(1)> (zy).
y y 1 y

It follows from definition (8) of the sequence {c,} that V(c,) /c,% ~n~lasn — oo. Conse-

quently, there exists a constant C(«) such that

vy v 1
y? y ~ n
for all y > C(a)c,. From this bound and (27) with y = x/3 we obtain

nV(y)
x2

o —

2
P(S© > x) < nP(X > %C) + 27e3( ) . x>3C(@)en.
This inequality, together with monotonicity of V, implies that the desired result holds for
x > C(a)cy,. Noting that
. nV(x)
min  inf 5
n>1 x<3C(a)cy, X

> 0,

we complete the proof of the lemma.

In order to ‘translate’ bounds for P(S,(ZO) > na) into bounds for P(t® > n), we shall use the
recurrent relation

n—1
nP(E@ >n) =Y PE@ > )P\ > (n— j)a). (29)
j=0

which can be obtained by differentiating (10).

Proposition 1. The inequality P(t*” > n) < CE t@V (na)/(na)? is valid for all a > 0 and
alln > ng :=min{n > 1: an > c,}.

Proof. Using Lemma 1, we have

> PEW> NP > (= pa)
0<j<n/2

. , L,
= ) P(r(")>j)<(n—j)P(Xz@>+c((”_”v((”_”“)>)

0<j<n/2 ((n — j)a)2
na nVna) 2 a )
(o= ) () 5 e
0<j<n/2
a na nVna) 2
sere (=) <o () )
a

SnEr(”)<P(Xz ! )+CM>. (30)

(na)?
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In the last step we used definition (8) of ¢, and the bound an > ¢,, which follows from the
assumption that n > n,.
Furthermore, using the Markov inequality, we obtain

@ - pre® - 2Bt & 0
> P> NP > (n— ja) < > P = ka). (31)
n/2<j<n—1 k=1

Applying Lemma 1, we obtain

n n
Y Py 2 ka) <ng+ Y P(SY > ka)

k=ng,
V2(k
<na+ZkP<X>—) CZ% (32)
k=ng, k=n,

Since V (x) is regularly varying with index 2 — «,

- Vz(ka) V2 (ka)
Z kKag4 — Z (ka)z

k=n, k=ng4

an V(x)
ang x2

V(ana)

ang

< Ca_3V(an) dx

Ca™3V(an)

(33)

From the definitions of ¢, and n,, we infer that

C2
V(ang) ~ V(cn,) ~ ni ~ a’ny. (34)

a

Applying this relation to the last line in (33), we obtain the bound

nou2
3 Voka) _ =2y am). (35)

kK2a* —
k=n,

n
k an
3 kP(X > —“> < Ca_2/ xP(X - ’—C) dx
k—n, 3 anyg 3

na
< a_zf xP(|X| > x)dx
0

Furthermore,

)
B aT(V(an) + (an)*P(|X| > an)), (36)

where in the last step we used integration by parts. Combining (32), (35), and (36), we have

n
Y P = ka) < Cng + Ca™2V (an) +n*P(IX| > an). (37)
k=1
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It is easy to see that (34) yields n, ~ a—2V (an,). From this relation and monotonicity of V (x),
we conclude that n, < Ca=2V (an) for all n > n,. Applying this bound to (37) we obtain

n
Y P(Sy” = ka) < Ca=2V(an) + n* P(X| > an). (38)
k=1

Combining (30), (31), and (38), we arrive at the inequality

>oP@ > PPEY, > (1= ja) < CnET (P(|X| > @) + V("az))- (39)
o 6 (na)

It follows from (28) that
V(x)

.Xz.

P(IX|>x)<C

Therefore, the right-hand side of (39) is bounded by Cn E @V (na)/ (na)?. Thus, the statement
of the proposition follows from (29).

3. Proof of Theorem 1
From the definition of the first ladder epoch 7(*) we obtain
Pz Y > n) = P( min (S,go) — ka) > O)
1<k<n

=P( min 5 > 0)P( min (5” —ka) > 0| min 5 >0)

1<k<n 1<k<n 1<k<n

(O]
S k
:P(‘L'(O)>n)P< min < k ——%) >0

Doney [3] showed that {S) |/cy. t €10, 1] | minj<g=n Sy > 0} converges weakly, as

n — o0, to the Lévy meander {My g(t), t € [0, 1]}. This yields

(O]
S k an

lim P(min( k ———)>O

n— 00 I<k<n\ ¢y n cy

min S,EO) > O) = P(Ominl(Ma,ﬁ(t) — ut) > O)
<t<
=:1— Fyp(u). (40)

It is obvious that Fy g(u) is monotonously increasing and lim, ., Fy g(u) = 1.
It is known that the corresponding meander M, g can be defined as a weak limit, as ¢ — 0,
of Yy g starting from ¢ > 0 and conditioned to stay positive up to time 1:

L{My (1), t €0, 1]}
_ i 4:{1/ ). tel0.1]| inf Y, 40 >0, Y, 0:}.
SI_I)I}) o), t €[0,1] ogtlgl o p(t) > w.p(0) =¢

Therefore,

. P(info<;<1 (Yo, g(t) —ut) > 0] Yy p(0) = &)
1 — Fyp(u) = lim : .
’ e—~0  P(info<;<1 Yo (1) > 0| Y4 5(0) = &)
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Define Ho(:%(z) :=min{t: Y, g(t) —ut <z | Yy (0) = 0}. Then

_ P(H"(—e) > 1)
1 — Fy g(u) = lim ) .
=0 P(H) (—e) > 1)

In the case of the Brownian motion, that is, « = 2 and § = 0, we can calculate the limit
explicitly. Indeed, it is known that Hz(uo) (—¢) has the density

£ exp (ut — 8)2 £20
———eXpy —— > 0.
2mt3/2 2t ’

Thus, as ¢ — 0,

0) £ % 3p o2 2¢e
P(H,y y(—¢) > 1) = E t e dr ~ N
1

and, consequently,

PH(—e) =1 o (ut — &)?
lim ’ = lim —5 expy———— ¢ dt
Ni—e)>1) &~0J; 232 2t

>0 P(H))
> 1 —u?t)2
N /1 ot

o0 2
= u/ v 2e V2 qu.
u

o0 2
1 —Fo(u) = u/ v 2e7V /2 du. (41)

u

As a result, we have

This equality can be generalised to stable Lévy processes without negative jumps, i.e. {& €

(1,2),8 = 1} or {& = 2, p = 0}. Indeed, using Kendall’s equality (see [8]) and the scaling
() :

property of stable processes, we see that H, | (—¢) has the density

& —& +ut
W e e\ T e )

Then, analogously to the case of the Brownian motion,
pl/@=1)

(@ —1)ga,1(0) J,

1 — Fyy(u) = v @ Dg, 1 (v) dv.

Unfortunately, we cannot give an explicit expression for 1 — Fy g for a process with positive
jumps. But we can describe this function via the Laplace transform of x?~! (1 — F,, p(x 1=1/ey),

In order to prove (16), we show that 1 — Fy g satisfies a certain integral equation. Dividing
both parts of (29) by n Pz > n), we have

P(z@ “lp@ o VP © = 1
o =m PO E DM 2D a0 syt @)
P(z© > p) = P(z©® > )y P(z® > n) n—j n
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Fix any ¢ € (0, %). We first note that

Cozjzen PO > )

P(zt@® = PO = ; 1
S M 2D D p® s -y < < Ce?
Oarman P(z©® > j)y P(r® > n) J n nP(r© > n)
o 43)
and
P(t@® > HYP(zO = 1 PO 2
Z (t >J.) ( >J)P(S,(2-Zd(n—j))—§w8n§C8.
‘ P(zO® > j)yP(z©® > n) Y n~ nPO® > pn)
(1—-e)n<j<n—1
(44)

In both bounds we have used the fact that P(z® > ) varies regularly with index p — 1.
It remains to consider the middle part of the sum on the right-hand side of (42). It is easy to
see that the condition an/c, — u implies that

i
&yl

€j

asa — 0,

provided that j ~ tn. Then, in view of (40), for every ¢ € (0, 1), the following is valid. As
a— 0,
P@ > [tn]) P @ > [rn])

o )
fa®) = P(z® > [tn]) P(z©® > n) FCnomy

— (1 = Fy put "=V, P(Yy p(1) > u(1 — 1)!71/%),

> a(n — [tn]))

Thus, by dominated convergence,

lim
a—0

P(‘L'(a) > j) P(t(o) > ) © 1
2 : PSS . > — )=
P(z©® > )y Pz > n) ( n—j = a(n ]))n

en<j<(l—e)n
l1—e

:/ (1 = Fop(ut"= )P~ P(Yy (1) > u(l — )71/ dr.
&€

Now using monotone convergence, we obtain

3 Pt > )P > j)

lim lim
P(z©® > )y Pz > n)

e—>0a—0

n—j —

PS> amn - j))%

en<j<(l1—e)n
— fola — Fy p(ut =V )P P(Yy p(1) > u(l — )71 dr. (45)

Combining (42)—(45), and taking into account (40), we obtain
1 — Fyp(u) = /01(1 — Fy put' V)P P(Yy g (1) > u(1 — )=V de. (46

Setting
Gap(u):=1- Fa’ﬁ(ul—l/o&) and &y p:= (Ya,ﬁ(l))“/(“_l),

we can rewrite (46) as follows:

1
Go,p(u) :/ Ga’ﬁ(uf)tp_l P(éy.p > u(l —1))dr.
0
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Substituting t = y/u, we have
u
Gap) =u"’ fo Ga gy’ Pléap > u—y)dy.
Therefore, the function Qy g (1) := up_lGa, p(u) satisfies the equation

U Q1) = fo Ou (0 Pleas > 1 — y)dy. 47)

Let g4 5(2) denote the Laplace transform of the function Qy g, i.e.

o0
qa,ﬁ(x)zf e M Qg p(u)du, A > 0.
0

Now (47) implies that

d

00
af]a,ﬁ()») = —/0 ue™" Qq. p(u) du

= —/0 e_“‘fo Qu.p(y)Pa,p >u—y)dy
- _ / e ™M Q. p(u)du / e P&y p > 2)dz
0 0

0
= —qu.p(A) fo e M P(Eyp > 2)dz.

Solving this differential equation, we see that

A o0
qa,ﬁ(x>=qa,ﬂ<xo>exp{— f /0 e_MP(éa,ﬁ>z)dZ}
A0

00 e—koz _ e—Az

:qa,ﬂ(ko)exp{—/o fP@a’lg > z)dz}.

It follows from the definition of &, g that

C
P(Egp > 2) =P(Yup(l) > 271" ~ —— asz— o0

Za—l
This relation yields
1
/ =Py > 2)dz < 00.
1 2

Therefore,
00 e—)»()z _ e—)»Z
f ——— Py p >2)dz
0 Z

o0 ] — M 00 | — gTh02
=/ — P p > 2)dz —/ —— Py p > 2) dz.
0 < 0 Z
Consequently,
© 1 — e—)»z
qo.p(A) = Cexp{—v/(; TP(&X’;; > 7) dz}.

To complete the proof of the theorem, it remains to note that, in view of the scaling property
of Ya, B>
P(6up > 2) = P(Ya,p(1) > 2'7V) = P(Yu,p(2) — 2 > 0).
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4. Proof of Theorem 2
For every ¢ € (0, 1),

E(_L,((,l))l" — Z[(n + 1)1" _ nr]P(T((l) > n) — E] + 22 + 23, (48)

n=0

where
Y = Z [((n+ 1) —n" 1Pz > n),

0<n<eny,

Y, = Z [(n+ 1) —n"1P(z@ > n),

eny<n<ng/e

Ty = Z [(n+ 1) —n" PP > n).

n>ny/e
Since [(n + 1)" —n’] < Cn"!,
Ti=C Y a7'PE? s ) < e P > ny). (49)
0<n<eng

In the last step we used the fact that P(¢®) > n) is regularly varying with index p — 1.
Furthermore, in view of (40),

Pars x) = (gl + 1Y — (Ll ) £ = 1D
o ¢ PO s py)
(Ixng] + 1) = ([xng)" P(x@ > [xn,]) P(z© > [xn,])
- ! PO > [xn,]) PO > n,)

—rx"la = Fo[,ﬁ(xl_l/"‘))xp_1 asa — 0.

Then, by dominated convergence,

¥, 1/e
li =1l ;x)d
al—rg) n, P(z® > n,) al—r:}) e Valr:x) dx

1/e
:f XN = Fy gy xr = dx. (50)
&

In view of Proposition 1,
r—1 V(na)
(na)?

Y3 <CEt@ Z n

n>ny/e
Since V (x) varies regularly,

V o0
Z n ! (naz) ~ a_rf X" 3V (x) dx
(na) ang /e

n>n,/e

~ (o —r) e a " (ang) "2V (any)

~ o=l a—r rV(ana)
e e g

~ (O{ _ r)—lgot—rnz—l
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Here we used the relations
ang ~ cp, asa — 0

and
c;2V(cn) ~n~l asn — oo,

Consequently,
¥3 < Ce*"Et@Wn L (51)

Substituting (49)—(51) with r = 1 into (48) with r = 1, we have

Et@ 1
lim su <
P P(® = ) = 1= Cgal

1/e
(f (1 — Fypx""Voyxr=tdx + Cgf’).
&

Thus,
Et@ < Cn,Pz© > n,).

Applying this inequality to (51) we find that
%3 < Ce% 7 nl P(r© > ny). (52)

Combining (48)—(50) and (52), we obtain

E(t@yr 1/¢
lim inf (') 2/ (1 = Fo g (e ™)) 00
=0 PO =g =),
and
E(z@)" /e
lim su < =11 _F I=1/ay)h=1 dx 4+ CePH =1 4 Ce—".
a—>opng PO >n,) — fa o a,p(x ))x X

The latter inequality yields

E(.L.(a))r
lim sup

0. 53
a—0 N P(T(O) > ng) = )

Hence, letting ¢ — 0,

E(z @)’

o0
li = r—1 1= F 1-1/a p—1 dox. 54
anb n" PO > n,) ./0 x 7 ( o, p(x )x X (54)

The integral fooo x 1 - Fot,lg(xl_l/‘)‘))xp_1 dx is finite in view of (53). Noting now that
n, P(z© > n,)is regularly varying with index —«(p 4+r —1)/(a — 1), we complete the proof
of the theorem.

5. Proofs of large deviation results
5.1. Proof of Theorem 3
Since an/c, — oo, there exists N (n) satisfying

aN (n)

Cn

— o0 and (n) =o(n).
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We now split the sum in (29) into two parts:

N(n)
Si= Y P > kPSS, > (- ka).
k=0
n—1
= Y P9 > P > (n—ka).
k=Nm)+1
Since
P > x)
lim sup ,J——l‘ =0
for any sequence g; 1 00, we obtain the relation
N (n)
T = (1 +0(1)nP(X > na) Z P(z@ > k)
k=0
n—1
=+ o0(1)nPX > na)(Et(a) - > PE9-> k)). (55)
k=N(n)+1

Noting that N (n) > n, and taking into account (51), we see that

n—1
> P> k) =o0Er). (56)
k=N n)+1
Combining (55) and (56), we have
T =1 +o0(1)nEtYPX > na). (57)

We now turn our attention to . It follows from Proposition 1 that

n
Ty <P@@ > Nm) Y P > aj)

j=1

V(aN (n)) « 0 .
CE (@ 277 P S(. ) }
< T aNm))? ; ( i aj)

Furthermore, using (32), we obtain

- g @Y @N @)

- (aN(n))?

From the definition of ¢, and the relation a N (n) > ¢,, we conclude that
V(aN (n)) 1
—_— = 0| — 1.
(aN (n))?

n
Moreover, P(|X| > na) < CP(X > na) forevery X € D(o, B) witha < 2 and 8 > —1.
Then, (58) implies that

>, n?P(|X| > na). (58)

¥ = o Et@P(X > na)). (59)
Substituting (57) and (59) into (29) completes the proof.
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5.2. Proof of Theorem 4
Recall definition (24) of £(a). Set

¢ = f@ip(r@ = j) and 0j = es@J P(S](.O) > aj). (60)
It is easily seen that
9; <C forall j <1/a’. (61)
Furthermore, combining (21) with the relations
— 1 2
P(x) < e =¥ /2
X/ 2m
and {
— 2
d(x) ~ e ? asx — o0,
x+/21
we obtain c
;< ~ forj <n (62)
T ad
and {
6; ~ for j < n and 'a2—>oo, 63
J d\/ﬁj J = J ( )
respectively.

Multiplying both sides of (29) by ea’n/ 2, we see that the sequence ¢ ; satisfies the equation
k—1

k= ¢i0k—j. k=1 (64)

j=0
If n satisfies the conditions of the theorem then, using (61) and (62), we have

supmax 6; < oo.
n>1 J=n

Consequently,
k n
C C
o < ;Z{:}fﬁj = ?Zo%‘
j= Jj=

for all k < n. Setting 0, := Z'}:O ¢, we rewrite the latter bound as

Now, applying this bound and (62) to the terms on the right-hand side of (64), we obtain, for
all £ < n, the bound ! {
D=1 D Bt D i

0<j<k/2 k/2<j<k

C Coy,
Som 2 bt D O
0<j<k/2 k/2< )<k
Coy, Coy, 1
Con y Con g 1
372 2 -
ak k ool av/j

[A

Coy,
ak3/2'

[A

(65)
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This inequality allows us to determine the asymptotic behaviour of ¢,,. First of all we note that
(63) yields

Z DO ~ ! Z ¢; asa—>0
a~/2mn

0=<j=N(n) 0<j=N@)

for every N (n) = o(n). Moreover, by (65),

Coy,
0<on— Y ¢j= Y %= N (66)

0<j<N@m) Nn)<j<n

Therefore, choosing N (n) satisfying
N(n) =o(n) and aN?(n) — oo,

we have, asa — 0,

Z ¢] n— ] - (67)
0<j<N(n) a~/ 2
Furthermore, it follows from (62) and (65) that
Z ¢j9n—j§af Z oy
Nm)<j<n/2 Nm)<j<n/2
On
< >
= 2 33/2
af N(n)<j<n/2 4
Coy
< — 68
~ a?y/nNn) (68)
and
Coy, Cop | Co,
Y it < —5 Ze < Z - < — 2 (69)
/2 J 3/2 2
n/2<j<n an an =1 aﬁ amn
Combining (67)—(69) and recalling that a*N (n) — oo, we obtain
n—1
Zqﬁ-@ oI asa — 0
-0 s a~/2nn
Substituting this into (64) we have
On
¢ ~ ———— asa — 0. (70)

a/2mn3/?

To complete the proof of the theorem, it remains to find the asymptotic behaviour of o,.
First of all, (66) implies that the bounds

Yo pi<on=d=CVaTt Y ¢, (71)

j<1/ea? j<1/ea®
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are valid for all sufficiently small values of e. Applying Theorem 1 and recalling that P(z @ > j)
is regularly varying with index — 1 we see that

P e TE@PE@ S [xg 2 P(r© > [xa?])
lim — 7 — i
a—0P(t® > g=2) 450 P(r® > [xa—2]) P(r® > g-2)
1
=e"?(1 = Fro(Wx)—
( 2.0(v/X)) NG

for every x > 0. Thus, by dominated convergence,

) Z i<1/ea? ¢j
lim /
a—0 a2 P(‘E(O) >a-

1/e ex/2
5 :/0 (1= P20(/0) dx

=: 1(¢). (72)

Using (41), we have

1/e 00 2
I(e) = f e*/? f v 2e7V 2 dvdx
0 Jx

* 2 > 2 —v22 * 2 * 2 —v2)2
:f e¥/ / v 2e7V /2 du dx —/ e*/ / v 2e7V 2 dy dx.
0 Jx /e Jx

o0 e—x/2
f v 2"V qy < —5
& 372

0 o 2
Off ex/Z/ v 2e V2 dudx — I(e) < .
0 NES

Noting that

we have

Changing the order of integration and substituting v*>/2 = u, we have

2

*© 2 Oo 2 —v2)2 *© 2 2 [ 2
/ et/ / v 2e7 V2 qu dx :[ p2ev/ / e*/2 dx dv
0 Jx 0 0

0
_ 2f v 2V 2(1 — eV /2) dy
0

L[ 3p
= — u (1 —e ") du.
7l

Integrating now by parts we obtain

00 0
/ Lt_3/2(1 _ e—Lt)du — 2/ u—l/Qe—M du = 21—‘(%) = 2\/7?

0 0

As a result, we have the bounds

N2 — e < 1(e) < /2. (73)
Substituting (72) and (73) into (71), we obtain
V2
V27 — /e < liminf On < lim sup On 7

< .
a—>0 a2P(O® >a"2) 7 o a?P(t® >4a"2) T 1-C./e
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Since € can be chosen arbitrarily small,

on ~V27a?P(r @ = ¢7?), (74)
Combining (70) and (74), and recalling definition (60) of ¢,, we have
P(r@ > n) ~ a3 2e 5@ pc O 5 g72), (75)

Furthermore, it follows from (54) that
o0
Et@ ~472p© > a_z)f (1 — Fro(/x)x~ 2 dx.
0

Substituting /x = y and using (41), we obtain

o0

(ee)
fo (1 — Fyo(/x)x "2 dx =2f0 (1 = Fa0(y))dy
0,] 0 )
:2/ y(/ v 2eY /zdv)dy
0 y
0 2 v
2/ v 27V /2(/ ydy) dv
0 0
0
f e‘”z/2 dv
0

T
> .

As a result, we have

2
a?P? >a?) ~ | ZET9. (76)
b4
Combining (75) and (76), and noting that
1 _
— @ B (a/n) exp{na’in(a)},
a~/2mn

completes the proof.

5.3. Proof of Theorem 5

It is easy to see that there exist a constant C and a regularly varying function N (a) such that

. N(a) 1/2
lim ————— = (p—2)'/2, 77
a0 a2 loga—2 (P=2) 7
and —
P(X > P
sup n P( — na+/n < C and sup (a/n) < C. (78)
n<N(a) CD(aﬁ) n>N(a) I P(X > na + ﬁ)
We now split the right-hand side of (10) into the product of two exponentials:
O N(@) 7" o 7"
bl (a) — 2 p(s@ 2 p(s@
exp{z —P(5," > 0)} exp{z —P(5," > O)}exp{ > —P(5," > O)}
n=1 n=1 n=N (a)+1

=: (il/fl,ﬂ”)(l—k i wz,nzn)-

n=0 n=N(a)+1
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Therefore,

n
PC@>nm)=vyi,+ Y Vini¥or. n=l (79)
k=N (a)+1

We first want to find the asymptotic behaviour of v ,. We start by noting that
Von=) —d’s  n> N, (80)
— J!
=

where {q:j, n > 1}isthe jthconvolutionof{n_1 P(S,ga) > 0)1{n > N(a)}, n > 1}. Itfollows
from the second inequality in (78) that

n—N-—1 1 1
= ) - P(S\ > 0)-— P(SY, > 0)
k=N (a)+1
n—N-—1
<C > P(X=zak)P(X >an—k)
k=N (a)+1
< CP(X > ﬂ) Y P(X = ak)
< z >
N(a)+1
o
<CP(X =an) P(X > ay)dy.
N(a)

Since P(X > y) is regularly varying, we have

o0 1 o0
/ P(X > ay)dy = —/ P(X > y)dy < CN(a)P(X > aN(a)).
N(a) a JaN(a)

From this bound and (77) we obtain
;> < G(@)P(X > an),
where G is regularly varying with index p — 2 > 0. Then, by induction,
¢ < G@P(X > an) forall j>2. (81)
Combining (80) and (81), and using (23) and (78), we obtain the bound
OO .
Yan =P > 0)+ > g,
j=2
1—
< C<—¢(aﬁ) +P(X >an)+ G(a)P(X > an))
n
<CP(X = an) (82)

and, forn > Ca™? log a2 with some C > (p — 2)1/2, the relation

Yo =P(SW > 0)+ O(G(a)P(X > an)) ~ %E(aﬁ) +P(X > an) ~P(X > an). (83)
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In the last step we have used the fact that E(a\/ﬁ) = o(P(X > an)) forn > Ca™? log a2,
C>(p—2)2
From the first inequality in (78) and (23), which is valid under condition (26), we conclude
that
P(S > 0) < CP(av/n)

for all n < N (a). Using arguments from the proof of Theorem 4, we see that

ig < %EWE), k>, (84)

Combining (82) and (84), and applying the second inequality in (78), we obtain

n—N(a) N@
D Viamiax <€ Y @V =B P(X 2 ak)
k=N(a) k=N(a)
n—N(a)
<C ) P(X=am—k)PX = ak).
k=N (a)

In the derivation of (81) we showed that the sum in the last line is bounded by G (a) P(X > an).

Hence,
n—N (a)

Y Yia-i¥ax = O(G@) P(X = an)). (85)

k=N (a)

It follows from (10) and the definition of {y; ,, n > 1} that ¥ x = P(z@ > k) for all
k < N(a). Consequently,

n N(a)—1
Y Viaadox= Y P@ >k
k=n—N(a)+1 k=0
N(a)—1 N(a)—1
= Y P9 s>kyani+ Y P9 >yt
k=0 k=N(a)

where N (a) is such that a2 « N (a) < a2 log a2 Applying (82) to the fist sum and (83)
to the second sum, we obtain

" N(a)—1
S Viambae = (1 +o()PX zan) Y PE@ > k)
k=n—N(a)+1 =
N(@)—1
+ 0<P(X > an) Z P(t@ > k))_
k=N (a)

Note that (51) implies that

o0
Z P(z@ > k) = o(ET¥W).
k=N(a)
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Hence, we finally obtain

n

> Yiaavox ~ETOPX > an). (86)
k=n—N(a)+1

Combining (79), (85), and (86), we have
Pt @ >n)=1+0(1)EtYPX > an)+ ¥,
In order to complete the proof, it remains to apply (84) and to note that

n~1®(avn) = o(P(X > an)).
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