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Abstract

In this paper we prove a conditional limit theorem for a critical Galton—Watson branching
process {Z,; n > 0} with offspring generating function s 4+ (1 — s)L((1 — $)~ 1), where
L(x) is slowly varying. In contrast to a well-known theorem of Slack (1968), (1972)
we use a functional normalization, which gives an exponential limit. We also give an
alternative proof of Sze’s (1976) result on the asymptotic behavior of the nonextinction
probability.
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1. Introduction, statement of results, and discussion

Let Z = {Z,;n > 0} be a critical Galton—Watson process initiated by a single particle.
The main purpose of this note is to study processes with an offspring generating function f(s)
satisfying the condition

fG)=s+A—-s)L((1— s)_l) for some slowly varying L (x). (D)

Note that L(x) — 0 as x — oo by the assumed criticality of our process.

Evidently, E Zrll"‘5 = oo for every § > 0, provided that (1) holds. For critical branching
processes with this property there are only a few papers. Zubkov [11] proved limit theorems for
the distance to the common nearest ancestor under some additional restrictions on the function
L(x). In [10] the asymptotic behavior of the nonextinction probability Q,, := P(Z, > 0) was
studied. Bondarenko and Topchii [1] obtained lower and upper bounds for the expectation of
the maximum M,, := maxx<, Z; under the condition that E Z; log/8 (1 + Z1) < oo for some
B > 0.

We begin with the following general result for critical Galton—Watson processes, which was
proven by Slack [8], [9].

Theorem 1. (Slack [8], [9].) For a critical Galton—Watson process the following four asser-
tions are equivalent.

(a) The sequence of distributions F, (x) := P(Q,Z, < x | Z,, > 0) converges weakly to
some nondegenerate limit.

(b) We have f(s) =s+ (1 — )T L((1 —s)™") for some a € (0, 1].
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(¢) There exists a slowly varying function L*(x) such that Q, = n—VeL* ) for some
a € (0,1].

(d) The Laplace transform of the limit of the sequence F, is A +— 1 — A(1 + A%~V for
some a € (0, 1].

Therefore, the sequence Fj,(x) cannot have a nondegenerate limit if (1) holds. In other
words, the normalization with the nonextinction probability does not work in the present case,
and we need to find an alternative way to normalize the branching process Z,,.

For a general offspring generating function f (s), we set

Hx):=x(fA—x"YH—1+x7H, x> 1, (2)
and v )._fl—l/yd—s_/y dx - 3)
V) Fo—s ) xHE T

Note that H(x) = L(x) if (1) holds.
The following conditional limit theorem is our main result.

Theorem 2. Assume that f(s) satisfies (1). Then, for all x > 0,
lirgoP(H(Q;l)V(Zn) <x|Z,>0)=1—e¢"". 4)
n—

Nonextinction probabilities are in a sense natural norming constants for critical branching
processes, since
E{0.Z, | Z, >0} =1

always. But under condition (1) the expectation overnormalizes Z,,.

Corollary 1. Under the assumptions of Theorem 2,

lim P(Q,Z, <x | Z,>0)=1
n—oo

for every x > 0.

It is well known that for supercritical Galton—Watson processes the normalization with the
expectation leads to a nondegenerate limit if and only if E Z1log Z; < oco. Furthermore,
if EZ1logZ1 = oo then we can find a sequence ¢, > 0 such that ¢, Z, converges almost
surely. Consequently, in this irregular case, a linear normalization is possible. In contrast to the
supercritical case, it follows, from (4), that there is no linear normalization for Z,, satisfying (1).

Darling [3] was the first to use the functional normalization for proving limit theorems. In
[3] the limit behavior of a sum of independent and identically distributed random variables with
slowly varying right tails was studied. For branching processes, this type of normalization is
usually used if the expectation of the number of offspring is infinite. The first contribution to this
area was also made by Darling [4]. He has shown that under some additional assumptions on
£ (s) there exists y € (0, 1) such that the sequence P(y" log(1+Z,) < x) converges to a proper
distribution function W(x). Hudson and Seneta [5] gave sufficient conditions for the weak
convergence of y" L(Z,) for some slowly varying function L(x) and some y € (0, 1). Schuh
and Barbour [6] proved that for every Galton—Watson process with infinite mean there exists
a norming function U (x) such that e™" U (Z,,) converges almost surely to some nondegenerate
random variable.
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The functional normalization V (x) in Theorem 2 is individual; for processes with different
offspring generating functions we have different normalizations. In order to compare the
limiting behavior of Z,, for different functions L(x) in (1), we must reduce individual normal-
izations to a common one. Below we give some examples of the reduction to the logarithmic
normalizing function. In each example we have a limit theorem of the following form. There
exist a centering sequence A, and a norming sequence B, such that

lim P(lOgZ”—_A” <x|Z,> 0) = F(x), (5)
n—00 B,
where F(x) is a distribution function.
Example 1. Assume that
L(x) = B~ og!' ™ x) exp{—log? x}(1 + 0(1)) asx — oo, (6)

where § € (0, 1). Then, recalling that H(x) = L(x) under (1) and using the definition of
V(x), (3), we have

Yoodx
V(iy) = / — = exp{logﬂ vl +o(l)) asy— oc. (7)
1 xL(x)

Because of continuity of the limiting distribution in (4), we may replace H and V by their
asymptotic equivalents given in (6) and (7), respectively. Thus,

lim P(8~ (log' ™ 0, Nexpllogf Z, —log? 07"} <x | Z, >0)=1—¢7*
n—o0
under (6). Substituting x = B~ 'e” and taking the logarithm, we obtain

y
lim P(log’ Z, —logf Q;' + (1= ploglog ;' <y 12, >0) =1~ eX?(‘%)'

n—oo
Therefore,
ey
lim PlogZ, < by + NP | Z,>0)=1- exp(——>, (8)
n—oo IB
where
by :=1log? 0;1 — (1 —p)loglog 0, . 9)

Noting that
by +0"P =byP + %b,i/ﬂ‘l(l Fo(l) asn— oo,

and taking into account the continuity of the right-hand side of (8), we conclude that

1/p )
logZ, —b Y
lim P(Ogln/Tl" <2 ‘ Zy > O) =1 —exp(—e—>. (10)
n—00 b, B p

The next equalities follow from the definition of b, (9),

bi'? =log 0;' = (B~' = D(log' ™ 0; ") loglog 05" + o(log'# 0;1).
b'P ™l =10 QN o) asn — oo,
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Substituting these expressions for b,lz/ P and b,lz/ A=1into (10) and dropping the o(1) term under

the P-symbol, we observe that (5) holds with F(x) := 1 — exp(—eﬂx /B),

A, =log Q;l — 1)(log1_ﬁ Q;l)loglog Q;l, and B, := logl_ﬂ Q;l.

Using these formulas, we obtain, from (5), the relation
log Z
lim P( 08 Zn
n—oo

1 1
log Op

> €&

zn>0)=0 (11)

for every ¢ > 0.
In the next two examples the process log Z,, converges without centering, i.e. A, = 01in (5).

Example 2. If L(x) ~ log_’3 x as x — oo for some B > 0 then
V() =B+ D og’ ! x(1 4+ 0(1)).

As we have already mentioned, we may insert the asymptotic equivalents of H and V' into (4).
Thus, we have

, logft! 7,
lim P T <X
(B+ D logf Oy

Zn>0):1—e_x,

which is equivalent to

B+1
lim P(log Z, < xlogﬂ/(ﬁ"'l) Q;l | Z, >0)=1-— exp(— x )
n—00 B+1

Roughly speaking, here log Z,, grows as logf/(A+1 Q;l. This is slower than for the process
from the previous example; see (11).

Example 3. Let log;yx := logx and, for all k > 1, define recursively log ) x =
log(log ) x). Suppose that L(x) ~ (log, x)~! for some k > 2. For this choice of L(x),

logy X
V<y>=f0 Ty~ loenlogg v +o(1) asy — oo,

Hence, by Theorem 2,

lim P(log Z, logg Zn < x1oguy Q' | Zy > 0) =1 —e ™™, (12)

n—oo

Taking the logarithm, we obtain

X

1lim_P(log) Zn +10g¢41) Zn < loggyr) Q' +logx | Zy > 0) = 1—e™.

Since P(Z,, > N | Z,, > 0) — 1 for every fixed N, and log(k_H) Q;l — o0 asn — 00, we
infer that, for every ¢ > 0,

lo V4
lim P( _ 8@ 4n
n—oo

-1 1
10g441) On

> €

Zn>0):O.
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Therefore, for every k > 2,

lim P(
n—oQ

This allows us to replace logy Z, in (12) by log oz _1) Q. As aresult, we obtain

logy Zn
=
logk—1) On

—1‘>8 Zn>0>:0.

log, Oy !

-1

lim P<10g Zy <X
logak—1) On

n—oo

Zn >0>=1—e_x.

This example shows that the process log Z,, can grow with an arbitrarily small speed.

Next we turn again to the situation that was described in Theorem 1. Assume that
f&) =s+ 1 =9)TL(1 =57,

where @ € (0, 1] and L(x) is a slowly varying function. Then, by definitions (2) and (3),

H(x) =x"“L(x) (13)
and
Vy) = fy —dx =2 (I+o(1)) asy— oc. (14)
1 xI7¢L(x)  aL(y)

Since V (y) increases, we have
P(Q,Z, <x | Z,>0)=P(V(Z,) < V(xQ,jl) | Z, > 0).

Normalizing the random variable V (Z,) with H (Q,jl) and taking into account (13) and (14),
we arrive at the identity

P(QuZy < x| Zy > 0) =P(H(Q;YV(Z)) <o 'x* +6,(x) | Z, > 0),

where ¢,(x) — 0 as n — o0o. Combining this equality with Theorem 1, we conclude that the
sequence of distributions
P(H(Q;, YV (Zy) < x | Zy > 0)

converges weakly to some nondegenerate limit. Thus, we can combine Theorems 1 and 2 to
obtain the following result. If

@ =s+T=)TL -7
for some 0 < o < 1 and some slowly varying L (x) then

lim P(H(Q; )V (Zy) <x | Zn > 0) = F(x),

where F @ (x) is a distribution function.

The rest of this paper is organized as follows. Section 2 is devoted to the proof of Theorem 2.
Section 3 contains an alternative proof of Sze’s result on the asymptotic behavior of the
nonextinction probability and some remarks related to this.
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2. Proof of the main result
In this section we prove Theorem 2 and Corollary 1.

2.1. Auxiliary results

An essential step in our method is to connect the weak convergence of the functional
normalized sequence V (Z,) with the convergence of Laplace transforms of Z,,.

Lemma 1. Let V(x) be a continuous, increasing, slowly varying function. We denote the
inverse function of V(x) by G(x). If there exist a continuous function ¢(x) and a sequence
an > 0 such that, for all x > 0,

. Zn
nlggoE{eXp(_G(anx)> ‘ Zy > O} = ¢(x), (15)
then, for all x > 0,
lin;OP(an_lV(Zn) <x|Z,>0)=pkx). (16)

Proof. We can easily verify that, forall x, ¢ > 0and an arbitrary sequence {a, }, the following
estimates hold:

E!exp(— Zn ) ‘ Z, > 0} <P(Z, < G(an(x +¢)) | Z, > 0)

G(ayx)
G (an(x + &)
+eXP<_ G (ans) )

E:exp<— Zn ) ’ Zy > 0} >P(Z, < Gay(x —¢)) | Z, > 0)

G(aux)
G(an(x —¢))
xexp|\ ————— |-
G (anx)
Since V (y) is increasing and slowly varying, then by Theorem 1.11 of [7] we have

. G)
lim =
x—o00 G(cx)

for every constant ¢ > 1. Thus, for any given ¢ > 0 and all x > 0,

Z
limsupP(Z, < G(a,(x —¢)) | Z, > 0) < limsupE{exp(— z ) ‘ Z, > O},

n—00 n—00 G(apx)

Z
lim inf E{ exp| — —— Z, >0t <liminfP(Z, < G(a,(x +¢)) | Z, > 0),
n— 00 G(ayx) n— 00

or, equivalently,

Z
limsupP(an_IV(Zn) <x—¢e|Z,>0)< limsupElexp(— i > ‘ Zy > O}, (17)

n—00 n—00 G(anx)

Z
liminfE:exp<— L ) ‘ Zn > 0} < liminfP(a,;'V(Z,) <x+e| Z, >0). (18)
x

n— 00 G(ayx) n—
If (15) holds, then (17) and (18) imply that

limsupP(a; 'V (Z,) <x | Z, > 0) < o(x +&)

n—oo
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and
liminf P(a;'V(Z,) < x | Zy > 0) > ¢(x — &).
n—o

Letting ¢ — 0 and taking into account the continuity of ¢(x), we obtain (16).

Remark 1. The above proof of Lemma 1 is in the spirit of the proof of Lemma 1 of [5], but
essentially simpler.

Lemma 2. Let the sequence {yi; k > 0} be recursively defined by

Yi+1 = Yk — Ykl (Vi) yo € (0, 1], (19)

where [(y) is an increasing function on (0, 1], 0 < I(y) < 1 forall y, and limy, o [(y) = O.
Then

lim 2L 20)
k—oo  Yi
Proof. Since y, decreases, the limit y* := lim,_ o y, exists, and y* is the root of the

equation y = (1 — I(y))y. But, under the condition that /(y) < 1 the latter equation has the
unique solution y = 0. Thus, y* = 0, i.e. the sequence y, converges to 0. Therefore,

Yn+1
Yn

=1—-I(y,) > 1 asn — oo. (21)

This completes the proof.

Lemma 3. Let the function 1(y) be slowly varying as y | 0 and satisfy the conditions of
Lemma 2. Then there exists the sequence oy | 0 such that, for everyn > Qand j > 1,

Vi dy n+j—1
Jj < / —— < Jj+ .
.Vn+j yl()’) Z’l:
Proof. Obviously,
Yk — Yk+1 —1 (22)
il (Vi)
Since yl(y) increases, it follows that
_ Yo d
| = T Ykl / 4y (23)
Vil (i) e YLOY)
and % g
/ Yo Yk Ykl (24)
vier YLD Yer1l (Vi)
Furthermore, in view of (22), it follows that
— [
Yk = Vil _ Yk k) _ (25)
Y+l Ve+1) Vi1l (k1)
Now applying (21), we obtain
Vil (yr) [(yr) _
= (=1~ (26)

Vel k1) 1 (kt1)
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Since /(y) is slowly varying, it follows, from (20), that

’ [(yk+1)
im
k—oo [(yr)

= 1.

Returning to (25) and taking into account (23), (24), and (26), we conclude that, for some
sequence oy — 0,

. n+j—1 _ n+j—1
j<f Yk T Vi1 <j+ Z .
Vatj yl(y) = Yttt Okt1) Pt
This completes the proof.
Corollary 2. If (n + j) — oo then
Yn d
il / = 0 @7
\n+1 yl(y)
Set |
d
W (x) ::/ 2 0<x<l, (28)
x YY)

where [(y) is as defined in Lemma 2.

Lemma 4. Let [(y) and {y;} be as defined in Lemma 3, the sequence b, be decreasing and
satisfying the condition

W(b,) = a,x(14+0(1)) asn — oo, (29)

where x € (0, ), a, := 1/1(y,), and k, := min{k: yr < b,}. Then

lim 21t _ o=x,

n—oo yn

Proof. First of all, we note that b, converges to 0 as n — oo. Indeed, since y, converges to
0 and limy_, /(y) = 0, the sequence aj, tends to co. According to condition (29), b, — 0 as
n — o00. Hence, k;,, tends to oo.

On the one hand, using Corollary 2 with n = 0 and j = &, we have

W(yk,) ~ k, asn — oo. (30)
Using the definition of k,, and the monotonicity of b,, gives

WOk,—1) < Wbn) < W(yk,)-
On the other hand, setting j = 1 in (27), we obtain
Yen=1 dy
Wyk,) — W(yk,-1) = / —— =140(1) asn — oc.
Yin yl(y)

Hence,
W(yk,) ~ W(b,) asn — oo. 3D
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Finally, combining (30), (31), and (29), we have
kn ~ W(yk,) ~ W(by) ~apx asn — o0. (32)

Since /(y) increases

/yn dy 1 Vn
> log .
sy, YLD Lyn) 7 Yntk,

Conversely, by Lemma 3,
Yn dy
—— ~k, asn — oo. (33)
Ytk Y1)

As aresult, we have

1
log n

[(yn) Yn-+ky,

Taking into account (32) and recalling that a,, = 1//(y,), we obtain, for every ¢ € (0, 1) and
all large n, the inequality

< ky,(140(1)).

x> (1—e¢)log n ;
Yn+ky,
whence,
Yn < ex/(l_g)yn+kn < e)‘/(l_g)y,,.

Since I(x) is slowly varying, it follows, from the previous inequalities, that

L(y)
— 1 asn—> o
[(yn)
uniformly for y € [yu, yn+x,]- This, together with (33), gives
In dy 1 Yn
kp ~ ~ log asn — 00.
Ynthkn yi(y) [(yn) Yn+k,

Conversely, it follows, from (32), that k,, ~ a, x. Hence, recalling thata,, = 1//(y,), we obtain

lim log
n—oQ yl’l+kn

= X.

This completes the proof.
2.2. Proof of Theorem 2

The function V (x) defined in (3) satisfies the conditions of Lemma 1. Thus, to prove
Theorem 2 it suffices to show that (15) holds with a, = [H(1/0Q,)]"" and p(x) = 1 —e™*.
For a critical Galton—Watson process the sequence Q,, satisfies the recursion equation

1
Ork+1=1—f0=0Qk) = Qk(l - H(—)) (34)
Ok
i.e. the sequence { Oy} coincides with {yx} defined in Lemma 2 for /(x) := H(1/x). Further-
more, we can easily verify that the function (f(s) — s)/(1 — s) is decreasing. Recalling the
definition of H (x), (2), we see that /(x) is increasing. By (1), H(x) = L(x) varies slowly at oco.
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Therefore, /(x) varies slowly at 0. We note, finally, that /(x) < I(1) = pg < 1 for x € [0, 1].
Summarizing, we conclude that [(x) = H (1/x) satisfies all the conditions of Lemma 3.
Let

1
Sp = sp(x) = exp:—G(a 3 }

Evidently, s, increases and (1 — sp)~ ' ~ G(ayx) as n — oo. Hence,

1
V( ) ~dapXx asn — 0. (35)

1 - Sn
Noting that V(1/x) = W(x) for all x € [0, 1], we can rewrite (35) in the following form:
wW{ —s,) ~ayx asn — o0.

Consequently, all the conditions of Lemma 4 are fulfilled with I[(x) = H(1/x), y, = Q,, and
b, = 1 — s,. Therefore,

lim 20tk _ e, (36)
n—oQ n
where
kp :=min{k: Qr < 1 — s5,}. (37)
From this definition of k, it follows that fi —1(0) < s, < f%,(0). Thus,
Stk —10) < fu(sn) < S+, (0). (33)

Using the inequality

1
1= 7(f;0) = ff-(()) Sy dy > fI(f;0)1 = f;0)),

we obtain
L1000 = £i(0) <1— fi+1(0) < 1— f;(0) (39)

for every critical Galton—Watson process. Since lim;_, o f "(f 7(0)) = 1, we conclude, from
(39), that (1 — f;-1(0)) ~ (1 — f;(0)) as j — o0o. Combining this with (38) yields

U= fu(sn) ~ Qnik, asn — oo. (40)

From this relation and (36) we find that

i { < Zy ) ‘ } T < 1— fn(sn)> . —x
im Ejexp| — Z,>0t=lm|{]l————=|=1—¢"".
n—00 G(ayx) n—>00 1 — fn(0)

This completes the proof.

Remark 2. The reduction of (1 — f,(s,)) to (1 — f,4«,(0)) with a proper k,, which is realized
in the proof of Theorem 2, was proposed in [8]; see also [2]. If the asymptotic behavior of
the nonextinction probability Q,, is known, we can immediately derive the corresponding limit
theorem; see Theorems 1 and 2 of [2]. Assume, for example, that Q, ~ n~1% as n — oo for
some @ € (0, 1]. Letting s, = 1 — xQ, and recalling the definition of k,, (37), we see that
k, ~ n/x% as n — oo. Therefore, by (40), we have

1 — fu(sn) ~ Qn+k,, ~ (1 _|_x—ot)—1/oth asn — 00.
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Finally,
lim E{s?" | Z, > 0} =1— (14 x"%)~1,

n—odo

i.e. we obtain assertions (a) and (d) of Theorem 1.
In contrast to [2], the approach we use to prove a limit theorem for Z,, does not require any
information on Q. Instead, we consider the ratio Q4+, /Q,, which is in the spirit of [8].

Remark 3. Anasymptotic expression for 1 — f;, (s) can be found under the additional condition

L(x) = o(log™! x). (41)

By Theorem 1 of [10], this condition is sufficient for the validity of the relation
1— fu(s) ~[Gn+ V(1 —5)""NI"" asn — .

In particular,
O, ~[Gm)]™" asn — oo. (42)

Using the method described in Remark 2, we can derive Theorem 2 from (42). Note that
assumption (41) is superfluous.

2.3. Proof of Corollary 1
Obviously,

P(QuZy <x | Zy > 0)=PHQ,; YW (Z)) < HQHV(x0; )| Z, > 0).  (43)
It follows, from the definition of V (x), (3), that, for arbitrary ¢ € (0, 1),

Yoodx loge™!
V(y) > THO) = HO) (14+o0(l)) asy — oo. (44)
&y

This means that H(y)V (y) — oo as y — oo. Since H(x) (= L(x)) is slowly varying,
L, W0, ) ~L(x0,hV(xQ,!) asn — oo (45)

Combining (44) and (45), we conclude that L(Q;l)V(x Q;l) — o0 asn — o0. This relation,
together with (43) and (4), proves the corollary.

3. On the nonextinction probability

In Subsection 3.1 we give sufficient conditions when the sequence y;, defined in Lemma 2,
is asymptotically, as j — oo, equivalent to W1 (j); see Lemma 7, below. An application of
this result to the sequence Q, gives us the asymptotic behavior of Q. In Subsection 3.2 we
discuss the influence of the function L(x) of (1) on the nonextinction probability.

3.1. On the inversion problem for the function W(x)

Let {y;} be the sequence defined in Lemma 2. It follows, from (28) and Corollary 2 with
n = 0, that
Wi =Jj+v;

and ¥; = o(j) as j — oo. Hence,

yi = WG +v)).
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Fix @ > 0 and let /(x) = x% in (28). Then W (x) =« (x~% — 1), and, consequently,
T +o) ~Wlx) asx — oo (46)

In particular, y; ~ w=I( J)as j — oo. But, if W(x) is defined by a slowly varying /(x), then
(46) is not true in general. However, if [(x) goes to O sufficiently fast then W~'(j + Vi)~
w-! (j),as Lemma 7, below, shows. The proof of Lemma 7 is based on the following auxiliary
results.

Lemma 5. Let [(y) satisfy the conditions of Lemma 2 and, in addition, let

I'(y) < c% a7

for some positive constant c. Then there exists a constant C > 0 such that, for everyn > 0 and
J=1
n+j—1

) Yn dy
J <f O Z L(yk). (48)
Yn+j (y )
Proof. 1t follows, from (47), that, for any x > y,

(x) X xX—y
log— <clnh— <c .

[(y) y y

Hence, by applying (21), we obtain
(k) : ( 1 )}
<expyic|l ———— =1 )t =14+ 0U(w)).
e P\ =100 ’

Comparing this bound with (25) and (26), we conclude that there exists a C > 0 such that, for
anyn >0and j > 1,

n+j—1 n+j—1

Z Yk T Vi1 <j+C Z (3n).
n

—~ Vit (Vk41)

Applying this bound to (24) and taking into account (23), we complete the proof.

Lemma 6. Let the function f(x) have an increasing second derivative, f(1) = f'(1) = 1,

and set
[x):=x""(fd=x)+x=1).
Then ]
I'(x) < Q
X
Proof. Let
gx)=fl—-—x)+x—1.
Obviously,
gx)=1—f'1-x), g'(0) =0, g(0) =0,
and

g = f'(1—x
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Furthermore,

X
g (x) =/O g"(y)dy > g"(x)x,
since g”(x) decreases. Hence,
/ /! / d /
28 (x) > g (0)x +g(x)= a(xg (x))-

Integrating both sides, we obtain
/
xg' (x) < 2g(x),

i.e.
g s g
X x2 x2
It remains to note that
sx) 1)
x2 X
and /
g g(;f) — ().
X X

This completes the proof.

We are now ready to state the main result of this subsection.

Lemma 7. If [(x) satisfies the conditions of Lemma 5, and, in addition, if [(x) = o(log™" x),
then, as j — 00,

yi = W) (1 + o(1)).

Proof. Letting n = 0 and yg = 1 in (48) and taking into account the definition of W (x),
(28), we have
j—1
J<Wp) <j+CY 1. (49)
k=0

It follows, from the left inequality and monotonicity of W (x), that y; < W=1(j). Since I(x)
increases, this bound implies that

j—1 j—1
D 1) < DLW k).
k=0 k=0

Noting that / (W_1 (x)) decreases, we have, for every k > 1, the bound

k

W () < / LW () dx.

k—1

Therefore,
j—1

Sty = [Crov-wya.
k=1 0
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Substituting x = W (y) in the last integral and taking into account the equality

W(x)=-—

xl(x)’ (50)

we can easily verify that

j X w=l() / w=l() | X
fo (W™ (x))dx :/1 LYW (y)dy = _/1 y dy=—logW™ ().

Thus,
j—=1
Y 1w ) < —log W (j).

k=1

Substituting this bound into (49), we obtain, for some C < 00, the inequality
j<W(yj) <j—ClogW= (),

or, equivalently,
Wl —ClogW™(j) < y; < W (). (51)

To show that these bounds for y; are asymptotically equivalent, we consider the difference
log W' (j) —log W' (j = Clog W' (j)).

Since log w1l j) and (log W1 (x) are negative, this difference is positive and does not
exceed
ClogW='(j) inf (log W= (x) < c0. (52)
x€lj.j—Clog W=!(j)]

Applying (50), we obtain

W) 1 R
Wl Wlmw ey )

(log W= (x) =

Since I(W~1(x)) is decreasing, the left-hand side of (52) equals
—ClUW™ (/) log W ().
This means that
Jlim (log W (j) —logW™'(j = Clog W' (j))) =0

if I(x) = o(log~! x) as x — 0. The statement of the lemma follows from (51) and the last
relation.

Now we use Lemma 7 to determine the asymptotic behavior of the nonextinction probability
of Z,. In view of (34) the recursion formula (19) holds for y, = Q, if

z(x)zHG) = x N f(1=x) =1+ x). (53)
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It is easily seen that the generating function f(x) of every critical Galton—Watson process
satisfies the conditions of Lemma 6. Thus, all the conditions of Lemma 5 are fulfilled for /(x)
defined by (53). Now applying Lemma 7 with y, = Q,,, we obtain

O, ~ W_l(n) asn — 00,

provided that H (1/x) = o(log_1 x) as x — 0. This result was obtained in [10] (see Theorem 1
and Corollary 2 therein) using another method.

We conclude this subsection with an example, which shows that the condition /(x) =
o(log™! x) is close to being necessary for the validity of the statement of Lemma 7.

Example 4. Assume that [(x) = log=® x~! for some « € (0, 1]. In this case,
o 1 1
Ynt1 =yu| 1 —log™™® — | foryp<e .
Yn

Taking the logarithm of both sides, we arrive at the equality

1 1
log =log— — log(l — log™® —)

Yn+1 Yn Yn

Using Taylor’s expansion for log(1 — x), we obtain

|| w1
log :log——l—Z—_log_J“ —.
Yn+1 Yn =l J Yn

Hence,

1 1 11 1 1\\*"!
10g0l+1 — 10g0l+1 _ <1 + log—cx—] — 4= log—ZOl—] — 4+ O(IOg—3a—] _))
Yn+1 Yn Yn o 2 Yn Yn

1 1 1 1
=log®™ — 4+ (@+1)+ s log™* — + 0<log_20‘ —)
Yn 2 Yn Yn

Letting x; := log"“ y,,_l , We have
a+1 _ _
Xntl =Xy + (@ + 1)+ T)Cn of/+l) + O (x, 2a/(a+1)).

Hence,

n—1 n—1
1 _ _
Xp = X0+ (@ + Dn + E %xj a/(a+1) + 0( ¥; 2a/(ot+l))_ (54)

Clearly, x, = (¢ + 1)n 4 o(n) as n — oo. Therefore,

X;a/(a+1) — (O[ + 1)—()[/(()l+])j—()t/(()l+1)(1 +0(1)) aSj — 0.

Summing over j € [0, n), we obtain

n—1

1 _
Z %xj afletl) _ c)n@tD (1 +0(1)) asn — oo,
j=0
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where c(ar) = 27 (o + )T/ @D Substituting this equality into (54), we have
Xn = (@ + Dn +c@)n/@ (1 +0(1)) asn — .
Recalling the definition of x,,, we obtain
yu = exp{—((a + D) /@D — (@)n 1=+ (1 L 5(1))} asn — 00,  (55)

where ¢/ (o) = 27 (o + 1)1~/ (@t D),
Conversely, W (x) = (« + 1)7"log®* x =1 if I(x) = log™ x~". Thus,

W=l n) = exp{—(( + D)n)!/ @Dy, (56)

Comparing (55) and (56), we see that y, and W~Y(n) are not asymptotically equivalent for all
a e (0,1].

3.2. On the connection between the asymptotics of L(x) and Q,

To use (42) we need to determine the asymptotic behavior of G(x) = V~1(x). But this
is not easy, because of the slow variation of V (x). We will demonstrate it with the following
example. Assume that

1

V(x) =alog’ x + blog? P x + o(log” =" x), (57)

where a and b are positive, & > 1, and B € (0, 1]. To find the asymptotic behavior of the
function G (x), we consider the equation

az’ +bz"7P + g(2) = x, (58)

where g(z) = o(z?~1). Ttis easily seen that z = (x/a)l/e(l + o(1)) as x — oo. Letting
z = (x/a)!’?(1 4 8(x)) in (58), we have

1-B/6
x(14+05(x) + 0% (x))) + b(;—c) (14 (0 = B)S(x) + O*(x))) + o(x' =) = x.

Therefore, as x — o0,

b (x\ P
8(x) = —%<5) (14 o(1))

AV e\ (=B
7= <—> - —(—) (1 4+ o(1)).
a af \ a

This means that under (57), we have

2\ 17 b /x\1=P/0
Gx) = exp{(;) < ) (1 —|—0(1))} as x — 0Q.

~ab\a

and

Therefore, in order to find the asymptotics of G(x), it is not enough to know only the main
term of the asymptotics of V (x). Consequently, if Z @, i =1, 2, are Galton—Watson processes
satisfying (1) with slowly varying functions L® and L™ (x) ~ L® (x), then it may happen
that Q,(ql) and Q,(f) are not asymptotically equivalent.
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