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PROBABILITY INEQUALITIES FOR A CRITICAL
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Abstract. The upper bounds for the large deviation probabilities of a critical Galton—Watson
process are derived under various conditions on the offspring distribution.
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1. Introduction and statement of the main results. Let Z,, be the criti-
cal Galton-Watson process, and let M,, be its maximum up to time n, i.e., M,, =
maxy<,, Zr. In what follows, unless otherwise noted, it is assumed that Zo = 1. By ¢
we denote the random variable with the distribution coinciding with that of offspring.
Put P{¢ = k} = pi. We assume that the process Z, is critical, i.e., f/(1) = 1, where
f(s) = > r2 o pes®. To exclude the deterministic case f(s) = s we assume also that
po > 0. Denote B = f"(1) = E{(E — 1), C = f"(1), B, = E¢", r > 1. For every
N >0 put B =E{£(¢—1); € < N}, B, = B{€"1(€ ~ 1); € < N} /2.

The main purpose of this work is to obtain the upper bounds for P{M,, = k} and
P{Z, = k} under various conditions on the distribution of .

It should be noted that there are only a few papers devoted to the probability
inequalities for branching processes. In all these papers it is assumed that Cramer’s
condition holds (the convergence radius R of f(s) is strictly bigger than one). To all
appearances, for the first time the upper bounds for P{Z,, = k} were the subject of
investigation in [1], where the following inequality was obtained:

—k
1
1 P{Z, 2k} S (1+ 14
W =i = y°)< TR e
for every 0 < yo < R — 1. It is also shown in this paper that the following inequality
follows from (1):

limsupP{Z,, 2 k} S e,

n— oo

if setting k = [Bnu/2]. On the other hand, according to the limit theorem for the
critical Galton—Watson process (see, for example, [2]),

B
(2) lim sup 771 P{Z, 2k} =e""

n—oo
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Subsequently Makarov [3] proved that there exists ng such that for all n = ng the
upper bound

k
Co 2
3 P{Z, 2k} —(1-
(3) {Zn 2k} = n < 2+B(n+lognlog(N)n))
is valid, where ¢y is some constant and log ) n is the Nth iteration of log n.
From the asymptotical point of view, the last inequality is more preferable than (1)
because for k = [Bnu/2] it implies that
B B
lim sup -n P{Z, =2k} < Q2 eu,
But without the prior estimation of the parameters ng and ¢ inequality (3) does not
allow us to find the numerical bounds of the tail probabilities of Z,.

Concerning the maximum of the critical Galton—Watson process, the main efforts
were directed at studying the tail behavior of My, = sup,, Zj (see [4], [5]) and deriving
the asymptotic formulas for the expectation EM,, (see [6] and references therein). The
probability inequalities for M,, were studied in the dissertation of Karpenko [7] who,
in particular, proved the inequality

P{Z, =z vk} L <1

4 P{M, =2k} < ) )
() { - }_ mlnl<nP{Zl§I/k|Z():k} -

which connects tail probabilities of the random variables M,, and Z,,. It is easily seen
that

D{Z, | Zy=k}=kD{Z; | Zy =1} = ki B.
Hence, by the Chebyshev inequality,

k k Bi

P Zi<f‘ZO:k -P ZifEZi<ff’ZO:k <42

2 2 k
and consequently,
4B(n —1)
—

<n

minP{Zi > ‘Zozk} >1-

— N |

From this bound, letting v = % in (4), we conclude that for every k = 8Bn,

P{M, >k} < QP{Z,L > ’;}

Therefore, we can derive probability inequalities for the maximum from the inequali-
ties for the random variable Z,,.

In the present paper we will use another approach which consists of the application
in classical bounds for maxima of sub- and supermartingales.

This approach allows us to get probability inequalities directly for M,, avoid-
ing (4). Of course, the same bounds will hold also for Z,.

THEOREM 1. If R>1,0<yo < R—1, By = f"(1+ o), then the inequality

(5) P{Mngk}gyo[<1+W>k_1r

holds.
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Letting yg — 0 in the bound (5), we arrive at the inequality

(6) P{M, >k} <

| =

which can also be derived from the well-known Doob inequality for the maximum of
submartingale (see [8])
< EX,

(7) P{ max X > J;} <

0<k<n x

Naturally we question the relation between the right-hand sides in (1) and (5)
which we denote, for brevity, by g1(yo) and ga(yo), respectively. It is easy to check
that if

1 k
) >2
< 1/yo+Bon/2>

then
Yo 1 " Yo
< <2 1+ — =2—— .
T+ 91(Y0) < g2(¥o) Z/o( ot Bon/2> o 91(%o)
If
1+ 1 ‘ <2
1/yo+ Bon/2) =7
then
Yo
>2 .
92(yo) 2 T 91(%0)

Let y, be the value of y which minimizes g2(y), i.e., g2(y«) = min go(y). It does
not seem possible to find a simple expression for y,.. However, we can localize y, more
or less precisely. To demonstrate this we consider the binary critical Galton—Watson
process. The approximation for y, which we derive below will be used in Corollary 2.
It is easy to verify that for the binary process,

ot = (1+ 122 1] 2w

where a = n/2. Obviously, log g2(y) = logy +log¥(y). Simple calculations show that

k k
Ota(it@rDy  (O+@rDy?

—(log ¢ (y))" >

Therefore,

(loggg(y))' < i - i = P)

(1+(e+1)y)?  y(+(a+1)y)*
where P(y) = (1+ (a+ 1) y)? — ky. The quadratic polynomial P(y) has different real
roots y— < y4 if and only if & > 4(a + 1). Under this condition, (logga(y))’ < 0 for
y_ <y < yy. Consequently,

(8) y_gl;g% 92(y) = g2(y+)-
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Note that

k—2(a+1)£ k> —4k(a+1)
2(a+1)2 ’

Y+ =

Hence, y+ > (a+1)71. If k/n — oo, then

k 2
a+1)?2 a+1

(9) Y+ =1 +O(k™).

It is easily seen that P(2/k) < 0 if k > 2(a + 1)/(v/2 — 1). Therefore, for k >
2(a+1)/(V2-1),

(10) y_ <

e N

Assume that y < 2/k. Then

y k y k—1 9 k
1 —1<kyl1 kyl1+= kye?.
(+1+ay) <y(+1+ay) <y<+k> = he

Hence,
(1) n () >
i —
0<r;1§r21/k 92Y ke?
It follows from (9)—(11) that
12 i — mi i , .
(12) o nin 92(y) mm(ogzlég/kgz(y) gz(y+))

Obviously,

y 1 1

1 1 1
l+ay al+(ay)~! _a_c12y+(a3y2)

as ny — 00. According to (9),

k a+1 n?
A e ()

as k/n — oo. Hence, as k/n — oo, we have

1 n 1 n
=k Yo'+ 1+0(— ) )=k (1+0( =+ ) )
ay, (@™ +1) + k + nk + k2
As a result we get
m 11 1 n

1 _ 1= Lony
(13) l+ays a k+0<nk+k2>
Consequently,

Y+ log 2
14 1 1
(14 og( +1+ay+) "
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if the ratio k/n is large enough. By (9) and (14) there exists the constant L > 0 such
that

klog2 < 1
n ke

8k
92(y+) < —5 expq —
n
if k/n > L. Comparing the latter inequality with (11) and (12), we see that

g2(y+) = min  ga(y)
0<y<yy

for k/n > L, i.e., y. = y;. Hence, using (9), we conclude that y, — oo if k/n? — oco.
Putting yo = y+ in (5) and applying (9) and (13), we get

(15) P{ank}§iexp{—2:+log(22k)} (HO(Z‘L;’))

if k/n — oo but k/n? — 0.
Now we return to the general situation and state two corollaries from Theorem 1.
COROLLARY 1. Assume that 1 < p < R and that n satisfies the condition

2
16 n =< __
(16) = nn,
where Q, = f"(p). Then for k > nQ, + 1,
4 k
1 P{M, 2k} < — - .
a7) 00,24 = o e{ gt |

One may consider inequality (17) as an analogue of the Petrov inequality (see [9,
Theorem 16, p. 81]).

Denote C, = f"'(p). If C = 0, then the process is binary and C, = 0 for all
p 0.

COROLLARY 2. IfC > 0,1 < p< R, and

B Bn\ 2
(18) 2(Bn+1)<k§(c/\(p1)><1+2n) ,
P
then
6.5k 2k 8C,k2n
> T _ P
1 PO =] < B ap exp{ Bn+2 ' (Bn+2) 1}

IfC =0 and k > 2(Bn + 1), then

6.5k 2k
20 P{M, 2k} < ——= - 1¢.
(20) WM 2 kY < (5 oy eXp{ Bn+2 }
If condition (18) is fulfilled, then the second summand in the exponent in (19) is
negligible for k = o(n®/?). Thus, for k = o(n/?) we can rewrite the bound (19) as
follows:

(21) P, 2 1y S0 {25 (o).



Downloaded 11/18/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

230 S. V. NAGAEV AND V. VAKHTEL

It is proved in [10] under condition R > 1 that for k = o(n?/logn),

(22) P{Z, >k} = % exp{—;];}(l +0o(1)).

Bound (21) differs from the right-hand side of (22) by the factor (3.25¢) k/Bn. The
same relation takes place between (20) and (22), but in the larger domain k =
o(n?/logn), i.e., if (22) holds.

The conditional distribution P{Z, < x|Z, > 0} is approximated by the ex-
ponential distribution F,(z) with parameter Bn/2. The generating function of this
distribution is

1

B [ e anm = g

Let us estimate F),(x) with the aid of the inequality
1— Fy(z) < e "™ F,(h).

It is easily seen that

~ 2k 2
mgn efhan(h) = eXp{B7’L + 10g ;;},

i.e., the bound

—2z/Bn __ 1 _ 26;‘% —2z/Bn
e =1-Fy(x) < B ©

holds. The additional factor 2ex/Bn here is almost the same as in (21). Note that
for the binary process it coincides with the excessive factor in (15). Therefore, the
bound (5) is optimal in some sense.

We now proceed to the case when Cramer’s condition fails.

THEOREM 2. Assume that B, < oo for some r € (1,2]. Then for every N such
that

(23) N"' > eB,n,

the inequality

r—1 r—1\ k/N -1
24)  P{M, =k} < % log<egrn ) Ki\]Bn> - 1} +nP{¢> N}

holds.

Note that the following theorem does not assume the existence of moments of the
random variable £ of orders higher than one.

THEOREM 3. Let r =2 2. Then for all N 2 1 and yg > 0 the following inequality
is valid:

1 1 k -1
P{M, =k} < — 1 — — —1
{ = } = (yO + N) |:< =+ 1/y0 + ean/Q +nﬂrey0N/Nr2> :|

(25) +nP{e> N




Downloaded 11/18/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

PROBABILITY INEQUALITIES FOR A GALTON-WATSON PROCESS 231

To prove Theorems 2 and 3 we use the truncation method with the subsequent
estimation of generating functions of truncated random variables. This approach
was used earlier to deduce probability inequalities for sums of independent random
variables. The most general results in this direction can be found in the paper of
Fuk and Nagaev [11]. In this work the finiteness of any moments is not assumed
and all bounds are expressed in terms of truncated moments and tail probabilities of
summands.

The first summand in (25) corresponds to the limit theorem for the critical
Galton—Watson process, and the second corresponds to the probability of attaining a
high level as a result of one big jump, i.e., at the expense of the appearance of the
particle with a large number of offspring. Inequality (25) is, in some sense, interme-
diate. Its right-hand side contains free parameters. Finding their optimal values is a
sufficiently complicated problem. The next theorem illustrates how the parameter yq
can be chosen.

THEOREM 4. Suppose that B, is finite for some r > 2. Then for alln = 1,
N 21, and k = Bn,

—2)log(2N) + 1 1 F
PIM, > kY <20+ 1) ertt T 1
{Mn 2 b} = 2(r + 1)e N T T e BV
/N
r+1 o N (B "
(26) +2l e ot ) +aP{E> N,

where v = r(2r +1)/(2(r +1)?).
COROLLARY 3. For arbitraryn 2 1 and k = Bn,

log(2k) + (r —2)~* 1 -F
P{M, >k} <4 1)2emt1 1
{Mn 2k} = 4(r+1)% k +(r+1)eT(Bn\/1)
r/(r—2)
r+1 (B, C(r)
(27) + <nBT + 2e —Bn (eB> ) o
where

r+1\" (2r+2\"
¢r) = (r2> <27’+ 1) '

Obviously, C(r) decreases if r > 2 and lim, o C(r) = cc.

Bounds (26) and (27) are valid for ¥ 2 Bn. In the case when k < Bn, the
sufficiently precise bound can be derived from the Doob inequality (7). Indeed, from
the simple inequality P{M,, = k} = P{Zj, 5 = k} and the limit theorem for the
critical Galton—Watson process we conclude that

likm inf kP{M, >k} > 2¢2

as k — oo and k < Bn. On the other hand, by (6),
kP{M, =k} < 1.

It turns out that there exists another approach which is based on the Fuk prob-
ability inequalities for martingales [12]. Note that the results of Fuk cannot be
applied to the process Z,, (which is a martingale) since the conditional moments
E{|Z,+1 — Z,|"| Z, = k} are not bounded in k. But this condition is fulfilled for the
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process W,, = v/Z, which is a supermartingale. It is easy to verify, repeating word
for word all Fuk’s arguments, that his inequalities are valid for supermartingales. As
a result we have the following theorem.

THEOREM 5. If B, < oo for some r > 2, then for all k =2 Bn,

k G(r,B,B;)n
I(r) Bn k" ’

(28) P{M, >k} < exp (_

where 1(r) = 2r2e?"=2, and

r

G(r,B,B,) = < 2>2r <3(r +1)"(B, +¢e"'B")

r—

~1/(r—2) (3,1 L\
+B 57 (@ -2)B, + e BT ‘

Further, we compare the bounds deduced by different methods. Letting r = 3
in (27) and (28), we get, respectively,

log(2k) + 1 1\ " 8B3 \ 323
P{M, >k} < 64¢* 1 By + - | o
(M 2 k} = 64" —— < +4e3Bn> T\"Pst 35ap, ) s

and

k 36 272
P{M, =2k} < ————— ) + = (192(Bs + €'B*) + —— (4B3 + ¢ B*)* | n.
{Mn 2 }—eXp( 1864Bn)+k‘3 ( (Bs ¢ B + {5 (4Bs + "B I
Note that the first term in the right-hand side of the second inequality does not contain
the factor converging to zero. The second terms are of the same order of decreasing
in k, but they depend on moments in different ways.

2. Proofs of the main results.

Proof of Theorem 1. For every h = 0 we define the random variable Y, (h),
n = 1, by the equality Y,,(h) = €%~ — 1. It is easy to check that this sequence is a
submartingale. Applying the Doob inequality, we have

EY,(h) fn(eh) -1
_ hk _
(29 PM, 2 b} = P{max¥i(h) 2 M - 1} < T =

Consider now the sequence of real numbers which are defined by the equalities

B
(30) Yn—1 :yn+7oyyzu Yo >0, n=1,
on every step y, being taken as the positive solution of the equation y,_1 = y +

(By/2) y?. For this sequence the following inequalities are obtained in [1]:

1 1 B()TL
31 — <=+ =,
( ) Yn Yo 2
(32) fn(l + yn) <1+ Yo-

Letting h = log(1 + y,) in (29) and taking into account (31), (32), we arrive at the
desired result.



Downloaded 11/18/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

PROBABILITY INEQUALITIES FOR A GALTON-WATSON PROCESS 233

Proof of Corollary 1. Put yo = 2/(n),) in the inequality of Theorem 1. For this
value 1+ yo £ p, according to (16), and consequently, By < €,. This means, in its
turn, that (14 1/yo + Bon/2)~! 2 nQ, + 1. Letting a9 = Byn/2, we have

P B R U SR S
1/yo + Bon/2 1+ (a0 + 1) yo 1+ (a0 +1) o
1 1
- -
1+1/y0+Bon/2 TLQP+].

(1+ ! >_k <e { i }<e—1
_— >~ exX —_—— .
1/yo0 + ao =P\, 11

From these bounds and equality (x —1)™! = 271/(1 — 27!) we conclude that

1 k 1‘1< 1 k
—_ - XPe ————— ¢-
1/y0 + ao 1_e1 P nQ, +1

Substituting this bound in the right-hand side of (5), we obtain the desired result.
Proof of Corollary 2.  First assume that C, > 0. Let yo = k/(a + 1)2, where
a = Bn/2. By the Taylor formula for yo < p — 1,

(33) =1

(34) By = f"(1+yo) =B +yf"(1+0y0),  0€(0,1).
It is easily seen that under condition (18),
(35) By < 2B.

Using (33), we have

1 1 - Yo
) =1
1/yo + Bon/2 1+ (1 +ao)yo

1 1
(36) = e T U F a0+ (o))

(ap is defined in the proof of Corollary 1). If (18) is fulfilled, then, in view of (35),

B
(37) a0+1:%”+1<3n+1.

On the other hand, according to the choice of yq,

1

(38) (1+ao)(1+ (14 ao)yo)

1
=
It follows from (36)—(38) that

1 —k
14— <e !
( 1/y0+Bon/2)

if k> 2(Bn+1).
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Therefore,

<1+W>k—1>(1—e—1) (1+1/y0+130n/2)k.

Hence, because of (36) and (38),

1 k —1 1 1 —k
1+— -1 < 1
{( +1/y0+Bon/2> } 161< + 1/y0+B0n/2>

k
1. — 15.
(39) <16 exp{ T+ + }

In view of (34),

CLkn
1 14—
a+1<a+ +2(a+1)2
Consequently,
1 1 k
(40) Cphrn

> — .
1+ap” 14+a 2(a+1)*

From (5), (39), and (40) we get (19).

If C =0, i.e., in the case of the binary process, then By = B, ag = a. Thus,
instead of (37) we have the equality ap +1 = Bn/2 4+ 1. As a result, inequality (39)
holds for k£ > 2(Bn + 1). Now (20) follows from (5), (39).

Proofs of Theorems 2 and 3. Fix N = 1. Let f(s) be the truncation of the
function f(s) on the level N, i.e.,

f(s): Z pist.

0<k<N

Let ¢ be the minimal positive root of the equation x = f(x)

For every n 2 1 denote by A,, the event that every particle in the first n gener-
ations (including the zeroth) contains no more than N offspring. The probability of
the event {M,, = k} can be bounded in the following way:

(41) P{M, 2 k} S P{M, = k; A,}+P(4,),

where A,, is complementary to A,,.
It is easily seen that

(42) P(An) = fn(l)v

where f,, (s) is the nth iteration of the function f(s).
Since f'(s) £ 1 for all s € [0, 1], we get

@) = fia(1) = F (Fi-1(1) = £ (F:(1)
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Consequently,

n—l

(43) P(4,) = — fi+1(1)) = nP{£ > N}.

:O

.

Remark. Inequality (43) can also be obtained, using the following arguments
which were proposed by a referee:

n—1 Zy
P(4, (UU{@ >N}><ZEZP{ak>N}nP{5>N}

k=01:1=1 k=0 i=1

where {¢; 1} are independent copies of &.

Since f@(l) is nonincreasing and bounded, there exists lim,, .o fn(l) =gz* <1
and z* = f(2*). Since the equation x = f(x) has a unique solution on the inter-
val [0,1], * = . Therefore, f,(1) | o as n — oco. Hence, by virtue of (42),

(44) P(A,) 11— x.
Noting that the function f’ (s) is nondecreasing, we arrive at the inequality
1—@o=1-f(zo) =1~ f(1) + f(1) = f(zo) £ 1~ F(1) + F'(1)(1 = xo).

Hence, using the equalities Y .o pi = Y 0y @p; = 1, we get the bound

(45) 11—z < l_f(l) _ LienP <=

T1-f(1) XN N
if P{& >N} =3, nypi >0 IfP{{ > N} =0, then 2o = 1, and relation (45)
remains valid.

To estimate the first summand in (41) we need the following lemma.
LEMMA 1. For every h > 0,

max(f,(e"), e") — xq

Proof. For every i = 1, define
Xi = GhZiI(Ai), YO = 6h.

It follows from the definition of A; that A,11 C A; for all . This means that zero is
the absorbing state of the process X;. Therefore,

(47) E{Xi+1 ‘ X1 = T1,--- Xz 1 = Tj— 1, = 0} E{XH_1 | X = 0} =0.

If the event {X; = e"/} occurs, then the events {I(A;) = 1} and {Z; = j} also
occur. In this case,

I(Aerl):I(é-l §N7 l:]-, aj)a

where {¢;} is the sequence of independent random variables with the common distri-
bution {pg}.
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Hence, for every j = 0 we have the equality
E{Xi | Xi=a21,...,. Xis1 =21, X; =} = B{X;11 | X; = "}
(18) = B{MOFHONG SN, I=1,... j)| Zi = j} = (F(e").

From (47) and (48) we conclude that the sequence X; is a supermartingale if h satisfies
the condition f(e) < e, and it is a submartingale if f(e") = e".

In the first case we will use the following well-known inequality (see, for exam-
ple, [13]):

AP{ sup Y; > )\} < EY, —E{Yn; sup Y; < )\}.

0<i<n 0<i<n

Here Y; is a supermartingale and \ is an arbitrary positive number.
Let A = e, Y; = X;, EY) = e". Therefore,

eh’“P{ sup X; 2> ehk} <eh —E{X,; sup X; < e}

0<i<n 0<i<n

Expectation in the right-hand side of this inequality can be bounded in the following
manner:

E{Xn; sup X; < ehk} > P{An; sup X; < ehk}
0<i<n 0<isn

—P(A,) — P{An; sup X; = ehk} > P(A,) — P{ sup X; = ehk}.

0<isn 0<i<n
As a result, we have

(ehk — 1)P{ sup X; 2 ehk} <eh—P(4,).

0<i<n

Hence, taking into account (44), we obtain the bound

eh—l'()
49 P{ X, > hk}g .
(10 2 Xz S G

Further,

P{M, 2 k; A,} = P{I(An) sup ehZi > ehk} < P{ sup X; = ehk}.

0<i<n 0<i<n

Hence, in view of (49),

eh—[L'o

ehk —1

(50) P{M, 2 k; Ap} =
if  satisfies the condition f(e") < e

In the case f(e) > e”, we apply the inequality (see [8])

)\P{ sup Y@A} gE{Yn; sup Yiz)\}.

0<i<n 0<i<n

Here Y; is a submartingale and A is a positive number.
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Subtracting P{supg<;<,, Yi = A} from both sides we have

(A—l)P{ sup Yi§>\}§E{Yn—1; sup Y@A}

0<i<n 0<isn

—E(Y, - 1) fE{Yn —1; sup Y < )\}.

0<i<n
Assume that Y; is nonnegative. Then

—E{Yn —1; sup Vi < A} < _E{Y,-1,Y, <1} <P{Y, < 1.

0<isn

Thus,

(A — 1)P{ sup Y; = )\} <E(Y, - 1) + P{Y, < 1}.

0<is<n
Letting here Y; = X;, A = e"*, we arrive at the bound

(" = 1)P{ sup X; 2 M} < fu(eh) — 14 PLX, =0},

0<i<n
Noting that P{X,, = 0} = P(4,,) and using (44), we get

.
(51) P(M, 2k A} SP{ sup X, 2o} < =00
el/ —

0<i<n

where h satisfies f(e®) > el

237

It should be noted that bounds (50) and (51) coincide when h is such that

h _

el = f(e") because in this case fn(eh) = ¢! for every n. Let us denote by hg the
positive root of e = f(e"), i.e., ho is the fixed point of the mapping f(e”). The
statement of the lemma can be interpreted as follows: If h < hg, then to bound

P{M,, 2= k; A} we use inequality (50); otherwise we use inequality (51).
Let us now prove Theorem 2. Put

1 N7'—1
=—1lo
Yo N g nB,
and consider the recurrent sequence
eynN
Yn—1 = Yn + B, W
Obviously, y,, decreases. Therefore,
eYoN
Yn > Yn—1 — By N
Summing up these inequalities, we have
eVoN
(52) Yn > Yo — nB; N

It follows from (23) that yo > 1/N. On the other hand, by the definition of yo,

evoN 1
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Going back to (52), we see that y,, > 0.
In [11] the following inequality is obtained:

N yN _ 1 _ N
E{ey§;§§N}§1+y/ udP{§<u}+eN71TyN/ u” dP{€ < u}.
0 0

Since
N N
/ wdP{e <u} <1, / W dP{E < u} < B, < oo,
0 0
we have
- ey N
f(e) :E{€y£§ SN = 1+y+BrW~
Letting y = y,,, we get
- eynN
fle) <14y, + B, N = 14y, Se¥nt,
Therefore,
(54) fu(e) S 14y S e,

Hence, putting h = y,, in Lemma 1, we get the bound

Yo _ o

€ 0
> k: < -7
(55) P{M, 2 ks An} < S0
The assumption py > 0 and the criticality of the considered process mean that £ has
a nondegenerate distribution. By the Jensen inequality, B, > (E£)” =1 for r > 1.
From this bound and (23), we conclude that

log N™—1 - log N
N N

A

-1

Yo < e

By the formula of finite differences, e¥0 < 1 + e/¢yy < 1+ 3y/2. This inequality
and (45) imply

3 3 1 3 1
Yo _ 2 _ 2 — <2 -
(56) e x0<2y0+1 x0<2yo+N<2<yo+N).
It follows from the definition of yo and relations (52), (53) that

N 1 1 N1
- — = —log .
B,n N N eB,.n

1
(57) Yn > N log

Substituting bounds (57) and (56) in (55), we obtain

3 eNr—l Nr—l k/N -1
P{M, >k A} < 1 —1] .
oz o) < gy e ) |(G)

The statement of Theorem 2 follows from the last inequality and relations (41)
and (43).
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Let us turn now to the proof of Theorem 3. By the definition of f (s),

Fa+y) = > pe(l+y)"

0<k<N

It follows from the Taylor formula that

k(k—1)

E(k— 1
5 PA+y) 2 <1+ky+ k1) y2evk.

1+ <1+ ky+ 5

Therefore, we have the bound

FA+y)s D mety Y koety® Y pk@ey’“

0SkEN 0SkEN 0SkEN

(58) S 1+y+y2S(y),
where
k(k—1
S(y) = Z pk%eyk
O<k:<N
= Y pM Yoy s p MY = ) 1 5.
0ZkSr/y r/y<k<N

Note that if y < /N, then the second term in the right-hand side of this representation
equals zero.
Since e¥* < e for k <7 /y,

(59) swee Y ptt e

0Sk=r/y

A

Note that 27 ""2e® increases if x = r — 2. Hence, for z = r — 2 we have the inequality

r—2
e””éeZ(g:) , z€r—2,z2],

and consequently,

(60)

k(k—1) (k\"7° _ e¥N _
_ k N
s)= 3 nttHers 5 e MDY < 205

r/y<k<N r/y<k<N

Collecting bounds (58)—(60), we conclude that

2.0 B e
(61) fa +y)<1+y+ye’”§+y6,Nr
Let the sequence y, be defined by the equality
_ e¥nN

B
(62) Yn—1 = Yn + yie b + yzzﬂr Nr—2
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It is easy to check that 422" B/2+22%3, %Y /N"~2 has an inverse function on z = 0,
with the latter being positive. Hence, we conclude that y, > 0 for every n. Note also
that the sequence y,, is nonincreasing.

Dividing both parts of (62) by y,yn—1, we arrive at the bound

1 1 B - e¥oN 1 B ewl
< r_ <...< r_
yn:ynfl—‘re 2+ﬁ7)NT72: :y0+e 2”4‘67»]\/,7‘727’1,.
Consequently,
1 B ewN N\
(63) Z/n>(yo+€ 2n+ﬂr]\]—,,.2n> .

Comparing (62) and (61), we verify that f(l +yn) = 14 yp—1. Hence,
(64) Fal4yn) = faer (L4 90)) S ot (L yn1) S S 1o
Letting h = log(1 + y,,) in Lemma 1 and taking into account (64), we have

y0+1—x0

P{M, =2k Ay} S ——.
W 2 ke S g1
Using (45) and (63), we obtain the bound

(65)

1 1 k -1
P{M, 2k A< (yot+ ) [(1+ — _ 1 .
{ = } = <y0 N> |:< 1/y0 + ean/2 + nﬁTeyoN/N’!‘—2> :|

Combining (41), (43), and (65), we get the desired result. o
Proof of Theorem 4. 1t is easily seen that the truncated moments B, 3, are
simultaneously positive or equal to zero. First we assume that B > 0 and 3, > 0. Let

1 BN™2 1
Yo =« log——+ —.

N B, N
It is easily seen that
1 (r—2)log(2N) +1
(66) N <% < N ;
— eyl — » B
(67) ﬁTWZBB<€ 5

Replacing B with B in the inequality of Theorem 3 and taking into account (66), (67),
we have

k -1
W) —1} +nP{{ > N}

Obviously, (14 x)¥ = (1+ 1/k)¥ = 2 for all k and = 1/k. Hence, for x = 1/k we
have the inequality

(68) P{M, >k} < 2y, [(1 +

1 _ (1+$)_k -
(I+z)f—1 1—(1+a)F <2(1+a2)7"
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On the other hand, if z < 1/k, then

1 _ 1 N (42 (1wt
T = () - |

Summarizing, we get

1 <9 1 e 1
_—_ = m —_— _—
Ara)f—1="\" 2k ) T+ a)k

Applying this bound to the first term in the right-hand side of (68), we arrive at the

inequality
oo (14— ]
o 1/yo + e"Bn
e(1/yo + e"Bn) 1 -F
<4 ], —— 1+ ——mMm——+— .
(69) = max{ ’ 2k * 1/yo +€e"Bn

If 1/yo < re"(Bn V1), then
T r4+1
max{l, e(l/yo +e Bn)} <max{l, (r+1)e (Bn\/l)}

k - 2k
(r+1)e ! Bn
<> _7- -
= 5 max< 1, [

Therefore, for k 2 Bn and 1/yg < re”(Bn V 1) the following bound is valid:

r r4+1
max] 1. e(1/yo + e"Bn) < (r+1)e .
2k 2
Consequently,
1 k -1 1 —k
2 I+ —— | =1 Z2(r+1)e Tyl
yo[( +1/y0+ean) ] <2r+1)e yo( +(T+1)6T(an1)>

if k= Bn and 1/yy < re”"(BnV 1).
Invoking (66), we obtain for k = Bn and 1/yg < re”(Bn V 1) the inequality

1 k -1
2 1+ —] -1
w|( gems)

log(2N) + 1 1 F
N (1+(T+1)6T(Bn\/1)> ’

e(1/yo + €"Bn) e(r+1) e(r+1) 1
1, L~ — 23 < 1 -
Yo max{ , ok < yomax{ 1, ook 5 Waxyyo, o

1) < e(r+1) max{ 1 1}§ e(r+1) maX{L Bn}

(70) <20r+1)e ! (r=2)

If 1/yo > re”"(Bn V 1), then

[IA

2r rerBn’ k 2rBn k
It follows from the condition 1/yo > re”(Bn V 1) that e"Bn < 1/(ryo). Thus,

—k —k
1 Yo
72 14— 1 .
(72) ( +1/y0+eTBn) << +r+1>
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Applying (71) and (72) to bound the right-hand side of (69), we get

(73) oo [(10— L\ ] T cgert iy )
Yo 1/yo + e"Bn =~ rBn r+1

for k 2 Bn, 1/yo > re"(Bn V 1).
Obviously, log(1 + z) = 2 — 22/2 if > 0. Consequently,

(1+2)* Sexp<—kz<1— §)>

for all > 0. Hence, letting x = ryo/(r + 1) and taking into account that yo < 1/r in
the considered case, we derive

—k
Yo kryo 1
(™ ( +r+1> _exp( r—i—l( 2(r+1)>>
It follows from (73) and (74) that
k -1

1 r+1
& 2 1+ ———] -1 <2 vk
( ) vo |:< * 1/yo+eTBn) :| == rBn eXp( Y y0)7

where v = 7(2r +1)/(2(r 4+ 1)?). This bound is valid for k = Bn, 1/yo > re”(BnV 1).
Substituting the chosen value instead of yg, we have

an (B O\
exp(—vkyo) = e (BNTQ) :
Note that
& § BT - Br—l < &
B B B
Therefore,
. B, vk/N
(76) exp(—ykyo) < e /N (BNT_Q)
It follows from (70), (75), and (76) that for k = Bn,
k -1
1 (r—2)log(2N) +1
2 I+ ] —1] Z2(r+1)e !
O e e e e E
—k vk/N
1 r+1 /N B,
7 1 92— — el TN .
(") x ( TrrD e’"(Bn\/l)) B ¢ BNT2

Combining (68) and (77), we get the desired result.
Assume now that B = 3, = 0. Then the inequality of Theorem 3 takes the
following form:
P{M >k}<( +1>1
Turning yo to infinity, we obtain for k > 1 the bound

P{M, > k} < nP{€ > N}.

+nP{¢> N}
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If £ =1, then independently of the values of the truncated moments, the right-hand
side of (25), and consequently, the right-hand side of (26), is bigger than one, whereas
P{M, = 1} = 1. Thus, the proof of the theorem is completed.

Proof of Corollary 3. Let N = k(r —2)(2r + 1)/(2(r + 1)?). If N < 1, then
nB,/N" > 1, and consequently, bound (27) is trivial. In the case of N = 1, we use
bound (26). Estimating P{{ > N} by the Chebyshev inequality, we get the desired
result.

Proof of Theorem 5. Let S = Zle 71;, where {n;} are independent copies of
the random variable n = ¢ — 1.

LEMMA 2. For every t 2 2, the following bounds are valid:

t/2
(78) E{(\/k S — VR Sp > 0} < g <; + 1) (tEgt/Q“ + et/2+1Bt/2),

t/2
(79)  E{(Vk+ Sk —VE)' S >0} <3 (; + 1) (kEgt/Q + et/2+1Bt/2).
Proof. Using the inequalities

\/I+y*\/5§%7 Vx+y7\/>§\/§a $>O7 y>07

we get

E{(M—\/E)t; S >o}
- E{(\/k—kSk VR 0< S, < k} +E{(\/k+5k VR Sy = k}

(80) < kTY2E{SL; 0< Sy <k} +E{S? S >k}

Integrating by parts, we arrive at the equalities
k
E{SL; 0< S, < k} = —k'P{Sk = k} + t/ 2 IPLS, > ) da,
0
t/2. _ pt/2 to[ t/2—1 >
k
Substituting these expressions into (80), we have

k
E{(\/k + Sk — VE)Y S > 0} < k*t/%/ 2 TIP{Sy = 2} dx

0

t o0
(81) + 3 / 2 27IP{S), = ) d.
k
Consider the first term in (81). Theorem 4 in [11] implies
(82) P{Sp =2z} < kP{nZy}+eXp(; — g 1og<§7€+1>).

If x/y = p, where p is an arbitrary positive number, then because of (82),

k k k 2 —p
t/ o' TIP{Sy =2 a} dx < kt / a:t_lP{n > x} dx + tep/ it <1 + x) dx
0 0 P 0 pBk

k/p oo
S ktpt/ o' 7'P{n 2 a}do + tep(PBk)t/2/ o1+ 2%) 7 da.
0 0
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Now setting p = t/2 + 1 and taking into account that
e 1
/ 2142?72 e = n
0

(see, for example, [14]), we obtain the inequality

k t t 2k /(t+2)
¢ o P(s zayde s t(2 i 1) [ ez
0 0

" t/2
(83) + (2 + 1) el/2HIBt2Rt/2,
Obviously,

/ 7P {n 2 x}dr < zs/ TP 2 2} dr
0 0

for all 0 £ s < t. Furthermore, by the definition of 7,

z z 1
/ TP 2 2} da < / T TIP{E > 2} da £ P | DI
0 0 -
As a result, we get the inequality
/ TP {n > 2}dr < = E¢' .
0 t—s
Letting z = 2k/(t 4+ 2) here, we have, for s = ¢/2 — 1 and s = ¢/2, respectively,

2K/ (t42) 1 ; —t/24+1
/ J}t_lP{n 2 Jj} dx < ( + 1) kt/2—1 ]3575/24—17
0

= t2+1\2
2k/(t+2) 9 /¢ —t/2
/0 ' 7'P{n > x}de < . (2 + 1) kt/QEft/z.

Going back to (83), we obtain the inequalities

k t/2
t
(84) t/ TIPSy 2 ) da < (2 + 1) K2 (LEEY2T 4 /21 pl/2),
0

t/

k 2
(85) t/ 2 TIP{S, > 2} dx < (; + 1) k2 (2EEY 2k + e!/* T BY/2).
0

Now we bound the second term in the right-hand side of (81). Letting y = 2z/t
in (82), we get

oo o0 2
L / xt/Q_lP{Sk Zatdr < L k/ xt/z_lP{n > x} dx
2 J, 2" ], ¢

0o —t/2
t t/2/ t/2—1 22°
= —+1 dx.
+ 3 e A T Bk + T

The second summand in this inequality can be bounded in the following way:

o) —t/2 o) 2\ —t/2
t t/2/ t/2—1 2z° t t/2/ t/2—1 2z
— —+1 dr < - — d
2 L. " Bk =9 " tBk .

" t/2+1 00 ¢ t/2
_ (2> et/QBt/th/Z/ :L,ft/Qfl dr = <2) €t/2Bt/2.
k
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We bound the first summand using two different approaches. First,

t [ 2 t & 2

7/ #27Pdn > L < —/ #PPi{n > 2 g

2/, t % J, t

1t t/241 o ot [t t/2 .
= E{n ;>0 S — 3 +1 E¢ .

“k\2 = 2k
On the other hand,

t [ % £\ /3L oo
- / xt/Q_lP{n > } dz < () / a:t/2_1P{77 = atdr
2 Jk t 2 2%/t

t t/2 t t/2
(2> E{n'/* n>0} < (2+1) E¢'/2.

A

As a result, we have

0o t/2
t t t
(86) kg / /1P LS, > a} da < <2 + 1) (2 Eet/2+! 4 et/2Bt/2>,
k
¢ [e'e) ¢ t/2
®7)  k - / 227IP{S, >z} dx < (2 + 1) (k;Egtm + et/2Bt/2).
k

Combining (81), (84), and (86), we arrive at inequality (78). Respectively, inequal-
ity (79) follows from (81), (85), and (87). The lemma is proved.

Now we continue the proof of Theorem 5. We introduce the following random
variables:

Wn = V Zn7 Xn=W,-W,_1.

It follows from the Jensen inequality that the sequence W, is a supermartingale. It
is easily seen that

E2
E{XSIZn_lzk}zE(\/m_\/g)2§%:B.

Furthermore, by the first inequality in Lemma 2 with ¢t = 2(r — 1),

E{X!I(X, >0)| Zu1 =k} = E{(VE+ Sk — Vk); S >0}
3

< 3 "1 ((2r—2) B, +€"B") = H.

Thus, we have shown that all conditions of Theorem 2 in [12] are fulfilled with
t = 2(r — 1). By the corollary from this theorem,

> < z? nHy, 7 y
Pz o) sew( g )+ (Gps)  + PGz

where 3 =1—1/r, I(r) = 2r?e?" 2.
Applying (79), we conclude that for every i,

E{X/"; X; >0} =EE{X?"I(X; >0) | Zi_1} £3(r+ 1)"(B, + "' B") = H>.
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Hence,

- H
Y Pix zyp < B2
i=1 v

Therefore,

x? nH, paly nHs
P{ r]?éai(Wk = :c} = eXP(l(r) Bn> + <xy2’“—3> + 2

Setting y = (r — 2)a/r, we arrive at the bound

P{ max Wy 2 :r}

k<n

a? r Y e—vse—2 [\ n
< _ r—= [ _
sov(-im) * (7o) (Hrm ™2 (5) ) &

Noting that

P{maxWi > \/E} = P{m<aXZi =k},

we get for k 2 Bn the desired inequality.

Note that similar transformations of random processes were used earlier, but
only to find recurrence conditions for random walks. In the fundamental work of
Lamperti [15] the functions logz and z? were used, and in [16], [17] 2* are applied,
with a < 2 and 1 £ a £ 2, respectively.
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