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The decay spectrum of a muon bound in the 15,5 state of an atem is caleulated using V-A theory. Accurate

mucn and eleciron wave (unctions including finite nuclear size effects and vacuum polarization are used for the eva-

luation of the electron emission spectra of various elements, The formalism to perform the angular integration of
the matrix elements is developped for the V-A weak interaction.

Abaout twenty years ago, Primakoff and Porter [1] found that the lifetime of bound muons is quite different
from that observed in the free decay. Later discussions of this effect involved various approximations for the muon
bound state wave function and the electron state [2-4]. It is our aim to recalculate the energy spectrum of the
emitted electrons essentially without any approximation. The muon baund state wave function is obtained hy nu-
merical integration of the Dirac equation where the potential which includes vacuum polarization [5] is derived
from a two parameter Fermi nuclear charge distribution. The finite size of the nucleus is introduced in the standard
partial wave expansion for the final state of the electron with m, # 0. In order to calculate accurately the spectrum
for high electron energies the nuclear recail is taken into account by a multiplicative factor A(E,) calculated in
Bormn approximation. Higher order dispersive corrections between the initial bound muon and the final free elec-
tron are neglected. We use the convention # = ¢ =1, and the y-matrices are in the representation given by Kallén [6].

Assuming V-A theory for the decay of a bound muon the transition probability 5P/&7 is obtained after integra-

tion over the neutrino states and spin summations giving
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where 0, = (K, iw) is the 4-momentum transferred to the neutrinos with
k=(que+qu“), w=m, - B - E, .

The transition matrix elements W,z occuring in eq. (1) can be written as

W= fd3r {e” [ (P)y,(1 +75)¢“(r)]p_)exp (ik-r) fd3r<p_|i'“(r)'yﬁ(l +y )l (r)le dexp(—ik-r).
The integrals (3) contain an angular integration of the type

v, f\p“f v, ¥ x Vexp (ik+r)ds2 .

These inlegrals can be expanded into multipales giving

vy = [ uf (W, exp(ik-r)d2 = 47rzl“]h(kr)YM(k) [kt ]err}'-Lf:jjdﬂ,
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The angular integrals in egs. (5) and (6) are well known from electron scattering and internal conversion processes
{8,9]. The functions ¥% simply denote the usual Dlrac spinors [7]. The axial-vector matrix element can be calcu-
lated from eqs. (5) and (6) by replacing ¥ M, 175\If . The method outlined abave can be generalized to all matrix
elements of the form

M= fq:“"oq:“'exp (ik-r)dQ . (7
where
O=(]’7517¢1:i7375|aﬂﬂ) [10] . (8)

To obtain the energy spectrum for the electrons we have to integrate over the directions of the asymptotic electran
momentum g, and of the transfer momentum k. After the summation over the muon and electron spins we norma-
lize the spectrum relative to a free muon decay rate. If we choose the k-direction as both the z-axis and the quanti-
zation axis, the efectron spectrum ME_) can he written as
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where 4(£,) denates the recoil factor defined below. The electron and muon wave functions are given by
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In the above formula we have introduced the abbreviations J =+/2J + 1 and C. =g, f*f,g The angular matrix
element {kgugl ¥y | kg IXRI}YMXH'C‘Q is given explicitly in ref. [8] . Furthermore, the e, denate the usual
spherical unit vectors. The expression “subst.” stands for the pseudo-vector term which is exactly analogous to the
vector term in the curled brackets except for the substitution g =+ —if,f = ig, and x| = x{ . The recoil factor
A(E,) introduced in the expression (9) is defined by

A(EC) =N(Ee )gom ’,‘N(EC)Bom ’ an
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where 1'\1(Ee)'lfm.n is the energy spectrum of the electron calculated in the plane wave Born approximation (PWBA)
with inclusion of the nuclear recoil energy. Far this case the muon bound state wave function 15y p is assumed to
have the simple hydrogenic form
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The recail effect becomes anly important in the last third of the phase space available to the electran. With these
approximations the integrals occuring in the expression for the energy spectrum NMEpom Without recoil correc-
tion can be evaluated analytically to yield [10]
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The abbreviations used in (13) are defined by
A=4(Zm,0)?,  p=El-m_, c=3(WA+EZ-2WEF) R, =atbx+x’,

a= 4(Zmya)2 + Eg — mf, W,=m, - mH(Za]zfl e=h(W, — E)E,, 1/1'# = misz192ﬂ3 free decay rate.
In fig. 1 we show a comparison hetween various approximations for the energy spectrum N (E,) of 205TI, The
dotted line in fig. 1 shows the energy spectrum calculated by means of eq. (13), where the hound state of

the muon was approximated by a nonrelativistiv point nucleus wave function and the electron by a plane

wave. [f one uses distorted ouigoing electron wave functions which include the finile size of the nucleus, the
dashed-dotted line is obtained, which shows the expected improvement upon the previous approximation. The
muon binding energy was still assumed to be the Schrodinger eigenvalue corresponding to the simple bound state
wave function (12). Finally, the solid line denotes the exact energy spectrum N(E,) calculated by means of eq.(9).
In this case we used the numerical muon binding energy By, including the vacuum polarization and several higher
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2 e f H "'-_ i Fig. 1. The calculated electron spectra N(Eg) for bound muon
.-"; _f L decay in 2E‘rf'Tl is plotted for various approximations versus
e i I", ' the total enetgy £, of the electron in the CM system of the
T ) \ | muonic atom. The dotied line shows N(£,) in the PWBA, the
I."l - 3 ! A ! dashed-dotted line gives the spectrum calculated with distorted
1 I.",J % i electron wave functions, and the solid line shows the spectrum
i % \'-._ | evaluated by means of eq. (9). The crosses cerrespond to calcu-
' '-r N i lations of Huff [4] but for the charge number Z = 82, The free
/'. i 0a {',:‘- \-Itm,__ 05 Eglmy) n'lmon def:ay'is in.clude.d for compariscn. The energy of the
r electron is given in units of the free muon rest mass.
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| Fig. 2. The calculated energy spectrum N(E,) for bound muan
1 F e decay in 288i is plotted versus the total energy Fe given in
';" units of the free muon rest mass. The solid line shows the ex-
,/ 02 04 08 Em) act spectrum calculated with eq. {9), whereas the datted line

shows (£} in the PWBA,

order corrections. The impravement upon other calculations [4] are essentially cbtained for low and high free
electron energies. This will give the important background for further experiments in the field of weak interactions.
To study the dependence of N(E,,) on the nuclear charge number Z as well as on the different approximations dis-
cussed above we investigated the following elements [10]: 160, 24Mg, 288i, 84 Cu and 205 T1. We found a good
agreement between our calculation and PWBA theory for charge numbers Z < 20. This can be verified in fig. 2
where we compare the exact spectrum calculated by means of eq. (9) with the PWBA result (eq. (13)) for 28Sj
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