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ABSTRACT  When ligand binding to proteins involves the

resence of more than one ligand inside a given biomolecule,

inear deterministic rate equations become useless. A stochastic
approach, however, permits a treatment of the migration and
binding of small molecules to proteins even at ﬂgh ligand
concentrations. An appropriate linear master equation and its
analytic solution are given. As an example, the binding of carbon
monoxide to myoglobin at partial pressures from 1 to 103 bars
(0.1 to 100 MPa) is treated.

1. Deterministic and stochastic approach

The discovery that access to the binding site in heme proteins
is governed by multiple barriers (1) leads to interesting problems
in reaction kinetics. Consider, as an example, the binding of
carbon monoxide to myoglobin (Fig. 1). The ligand CO may
encounter, on its way from the solvent S to the binding site 1
at the heme iron, four potential barriers in succession.t Assume
that the ligand concentration [CO] in the solvent S is so small
that at any given time there is at most one ligand within any
biomolecule. The binding kinetics can then be described by
deterministic linear rate equations, of the form

dl\:;t(t) = k1oN1(t) — ka1No(t) — kosNo(t) + ksoNs(t). [1]

Here, No(t), for instance, denotes the fraction of biomolecules
with a CO molecule in well 2 at time ¢ and kg, the rate pa-
rameter for the step 2 — 1. The initial conditions depend on
the experimental arrangement. In flash photolysis, all binding
sites are initially occupied, all other wells are empty. The
photolyzing light pulse breaks the bond between the heme iron
and CO, and the ligand is promoted to well 2. The initial con-
ditions for photodissociation thus are No(0) = 1, N;(0) = N3(0)
= N40) = 0. In a stopped-flow experiment, the ligand is ini-
tially in S and all other wells are empty.

The sequential model of Fig. 1 and deterministic linear rate
equations adequately describe many experiments. However,
a more powerful approach is needed for more complex situa-
tions. The number of wells can be larger than five, transitions
may occur between any two wells, and many ligands may si-
multaneously occupy a given biomolecule. In myoglobin, for
instance, binding at the iron is covalent; the first ligand that
occupies well 1 blocks further transitions. The other wells,
however, can very likely accept more than one ligand. These
features call for a generalization of the treatment of migration
and ligand binding, and we present here a stochastic ap-
proach.

In the stochastic approach (2-5) the system at time ¢ is
described by a set of stochastic variables [x)(t), xa(t), ...,
x.(t), . .]=x(t). Here x.(t) denotes the number of ligands
in well L at time ¢ in a given biomolecule with L = 1,2, . . . Lax

The costs of publication of this article were defrayed in part by the
payment of page charges. This article must therefore be hereby marked
}t:dofertlsement in accordance with 18 U. S. C. §1734 solely to indicate
this fact.

26

(L max = 4 in Fig. 1). Each well in a given biomolecule can be
occupied by at most x7*** ligands. The total number of ligands
in all wells is not fixed, and fluctuations can thus be handled.
Blocking of well 1 by the first bound ligand is expressed by x"**
= 1. Blocking of other wells by a given number of ligands can
also be stated by corresponding restrictions on xJ**. A proba-
bility p(x;t,\) is introduced for finding the system at time ¢ in
configuration x; A describes parameters such as temperature,
pH, ligand concentration, and hydrostatic pressure. The time
dependence of p is determined by a master equation. In the
present paper we only sketch the essential steps; the full theory
will be published elsewhere.

2. Experimental approach

In a typical experiment, ligand binding is monitored optically.
The optical absorption spectra of a free heme protein and one
with bound ligand differ. From the absorbance measured at
a suitable wavelength, the fraction Nexp(,\) of biomolecules
without bound ligand can therefore be determined. To compare
Nexp(t,\) with the result of a calculation, two features must be
noted. First, migration in each individual biomolecule is a
stochastic process, with large fluctuations. An experimental
observation measures an average over a very large number of
independent biomolecules; Nexp(t,A) thus is an ensemble av-
erage and fluctuations in Nexp(¢,\) can be neglected (central
limit theorem) (6). Second, the optical spectrum changes when
the ligand binds covalently to the heme iron. In terms of Fig.
1, the bound state corresponds to one, the unbound, to zero li-
gands in well 1. Ligands in wells 2 . . . L, have a negligible
effect on the optical spectrum. We can thus make the identi-
fication

z

X2, . . . XLmax

(2]

The experimental binding data can be evaluated if the time
development of the probability function p(x;¢,\) is known.

Nexp(t,x) = p(xl = 0’ 12, AR me;t’x)'

3. Microscopic description

To arrive at a microscopic picture of ligand migration, we
postulate sequential, locally stable, potential wells as in Fig, 1.
The random variable x;,(¢) describes the occupation of well L
at time ¢ in a given biomolecule and also the actual value in the
state-space x;, = 0,1,2.. . .. The meaning of x; () will always
be clear from the context. The stationary transition rate for a
transition in which one ligand jumps from well L to well K is
denoted by I'(xk |x1.;)),

T(xk |xL;N)

ok —=1,..) — (..a—1,...2x..)

* To whom reprint requests should be addressed.

1 Inref. 1, we denoted wells 1 to 4 by A to D and the solvent by E. The
notation used here makes the equations simpler.

1 P. Hinggi, unpublished.


http://crossmark.crossref.org/dialog/?doi=10.1073%2Fpnas.75.1.26&domain=pdf&date_stamp=1978-01-15

Chemistry: Alberding et al.

For the evaluation, we make a number of assumptions:

(1) We assume that the biomolecules are independent and
do not influence each other.

(#) We neglect transitions in which two or more ligands
within the same biomolecule jump simultaneously.

(##) We assume the transition rate L — K to be proportional
to the number x;, initially present in well L and to depend on
all other variables in the form

T(xk |xL;N) = 2L yke(xxN). [3]

The rate parameters vk, are in general still functions of the
occupation number xx of the final well K. In the innermost well
(K = 1), the ligand binds covalently to the heme iron. This fact
leads to two conditions:

(iv) The binding is so tight that well 1 acts as a trap; transi-
tions from well 1 to all others can be neglected,

yk1(xk;A) =0, K=2,...Lpax (4]

(v) The first ligand to occupy well 1 blocks further transitions
so that

T(x1]xL;N) = 2L v1L(N)dzy 1. ‘ (5]

(vi) We assume that the solvent acts as a bath with constant
ligand concentration, [S]. For transitions involving S, Eq. 3
consequently becomes

L([S]|xL;A) = xLvsL(N), (6]
T(x [[SEN) = [S]¥/Ls(xL;N). (7]

The prime on v’Ls indicates that it is a second-order rate pa-
rameter. The binding site, L = 1, is assumed not to couple di-
rectly to the solvent:

¥s1=7"1s=0. (8]

(vit) We further assume that all wells except 1 can accept
an arbitrary number of ligands and that the relevant rate pa-
rameters are independent of the occupation number of the well.
Eqgs. 3 and 7 then become for K,L = 1

D(xk|xL;N) = 2L vkL(N) (9]
T(xL|[SHA) = [SY'Ls(N) = BL(N). [10]

In Eq. 10, [S] can be considered one of the parameters of the
set A.

(viti) The time development of the probability p(x;¢,\) shall
be Markovian. The transition rates then depend only on internal
physical parameters and variables, but not on the initial prep-
aration, p(to), of the system (7).

(ix) All biomolecules are assumed to be identical and the
potential, given for a special case in Fig. 1, shall be time inde-
pendent.

In the specific example treated in Section 4, we add two more
assumptions, namely

(x) Transitions occur only between neighboring wells.

(xi) In photodissociation, the flash breaks the bond between
the heme iron and the ligand. At time ¢ = 0%; the ligand moves
to well 2 without perturbing the other initial probabilities
(sudden approximation), and is immediately thermalized.

Not all of these assumptions are based on equally firm
grounds. 1, #, iv, and v can be well justified. Assumption ix is
certainly too restrictive, as is known from experiment (1), and
we will lift this restriction in another publication. Assumptions
vid, x, and xi are most likely inadequate, but the restrictions on
the occupation number of the various wells, alternate pathways,
and the processes during photodissociation are not yet known
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FIG. 1. Access to the binding site in a héme protein is governed
by multiple barriers. (A) Reaction path; (B) potential along the re-
action path.

and probably differ from biomolecule to biomolecule. The goal
is to find an analytic expression for Ne(t,\), with all as-
sumptions valid. Comparison with experiment tests the as-
sumptions and the theoretical treatment can then be general-
ized.

The nonlinear deterministic rate equations for the time ev-
olution of x(t,\) follow from Eq. 3 as

B _ Mixe ) + 8 [
in which

B=(B1 . L) (2]

and in which the matrix M is defined by
Mg = yro({xk(t))), K#L (13]

L
Mgk = —vsk — g yLx({xL(t))). (14]
L =K

The bracket, (xk(t)), denotes the average occupation number
in well K at time ¢. Eq. 11 is nonlinear. In the low concentration
limit, [S] — 0, at which each biomolecule is occupied by at most
one ligand, the blocking of well 1 can be neglected. Eq. 11 then
coincides with the linear rate equations of the type of Eq. 1,
with ypx — kkr and (xx(t)) — Nk(t).

Because it is difficult to describe the blocking of well 1 with
a deterministic approach, we now turn to the stochastic treat-
ment. If, as assumed in vi#i, migration of the ligands is Marko-
vian, the rate of change of the probability p(x;t,\) obeys the
linear master equation

(x) Lﬁ" f (xr. + 1)ykep(xr + l1xx — LX)

L#K

L Lnax
Lg.;‘ (r + Vysep(er + LX)+ L; BLp(xL — 1,¥)

Lanex Langs

- S ykep(x) —
[=2 K=
L=K

Lmax
S xLysLp(x)
L=2

L L : S
_ngx BLp(x) + ngl (xL + Dy1Lbx,1 p(xr + La1 — 1,X)

Lgax
— S Ly 1Lde 0 p(x). [15]
L=2

Here, X' is the reduced vector derived from x by removal of the
explicitly written components. For brevity, we have also
omitted the parameters ¢ and X in y and p. In order to solve for
the set of probabilities obeying this master equation, a gener-
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ating function G(y;¢,A) is introduced through the definition
G(yl: LK ’yLw;t)A)

1 ©

=y 5.3 Pt ff‘m [16]

21=0 x2=0 XLmax™
The evolution equation for G then follows from Eq. 15 as

= e - 16 + 1) 2
L=2 L=2

oyL
Luax L
+ i‘! f'YKL(yK

+3... X f‘m[m + 1)by1 plar + Lxp = 1,%)

x1 x’-max

oG
- yL)—

I"I’yfr (17]

— x1.85,,0 p(x)

Comparison of Egs. 2 and 16 shows that
Nexp(t,A) = G(0,1,. .. Lit,N). (18]

Eq. 17 can be solved analytically for G(0,1, . . . ,1;¢,\); with the
initial probability p(x;t = 0*,)), the desired expression be-
comes

Nexglt.\) = exp [—ubn-1 '}1‘2' BL(N)
X [Lg. puk ~'BKL(expuxt — 1)bx1 + Bl'“but]}
K=2

X i ... i p(0,x5. . x1.;t =O0\)

x9=1 XLmax=1
L ‘L

X I"l“[l— b1 E‘BKmeexpuxt]“. [19]
L=2 K=1

Here, bx = (b, . . - bi ) are the eigenvectors of the matrix
M, with corresponding eigenvalues ux. The matrix M, Egs. 13
and 14, is defined with constant elements yxz,(A) (assumption
vii). B is the cofactor matrix of the matrix of eigenvectors, b;
| bll denotes the determinant of b.

4. An example—myoglobin

As application of Eq. 19, we consider binding after photodis-
sociation in Mb. Flash photolysis experiments have shown that
at least four wells exist inside Mb, so that the potential en-
countered by CO is as given in Fig. 1 (1). At CO partial pres-
sures of less than one bar (1 bar = 105 Pa), the probability of
having more than one ligand inside a given protein is small and
the use of the linear deterministic equations (1) is justified. At
higher CO concentrations, however, these equations are no
longer adequate, while the stochastic approach is still valid.
With the assumptions i-xi, and L. = 4, M and B are given

by
0 vi2 0 0

M=f 0 ~(nzt a2 ves 0
0 vs —(v23 + v43) Y34 ’
00 Y43 = (v34+ vs4)

8 =1(0,00,84). [20]

Before the photoflash, all wells are in thermal equilibrium with
the solvent; because of the covalent binding, well 1 is fully oc-
cupied. We assume with xi that the flash moves the ligand from
well 1 to 2, but leaves the other initial probabilities unperturbed
(sudden approximation). At time ¢ = 0%, the initial probability
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FIG. 2. Mean initial occupation of wells 2-4 at 230 K in Mb before
photodissociation as function of the CO partial pressure.

therefore satisfies
p(Lxg,x3,x40*,X) = 0, p(0,0,x3,x40*,X) =0,  [21]
and the grand canonical initial probability becomes
O\)) %2~
)

(x2 = 1)!
X (1= 3001 = 612 ZLOIZ e a0

X <X4(O,X)> )x4
x4'

p(x0*\) =

exp(—(x4(0,\))). [22]

The initial mean values x2 to x4 are determined by

(x2(0»x)) 0
(x30\) | =—-M:"1{o } (23]
<x4(0’x)) ﬁ4

in which M, denotes the matrix M without the first row and
column and with y;2 = 0. With Eq. 19, Ne,p(¢,A) now be-
comes

Nexp(t,)\) = exp(— (xf(t,)\) ))

X [1 — Bl 3 B“bxlexpuxt] [24]
K=1
in which
(x1(2,N)

4 BK4
= | blI=84 [B“but + 2. — (expukt — l)bKl]
K=2 MK

4 4
+ K22 (xx(0,\)) || Bl Lgl BLKpy yexpuxt. (25]

The mean value (x](¢,\)) has a simple interpretation: If the
recombination were to start with an initial occupation of zero
at the binding site and the equilibrium Poisson distributions in
wells 2-4 with mean values given by Eq. 23, (x1(t,\)) would
be the mean occupation number of site 1 if no blocking were
to occur. In reahty, the actual mean (x;(¢,\)) has little in
common with (x](¢,\)).
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Fi1G. 3. Computer-simulated rebinding curves for MbCO. N(t)
after photodissociation at 230 K. The CO partial pressure increases
from 1 to 103 bars. The solid lines are calculated with the stochastic
model, the broken ones with deterministic linear rate equations. The
top lines of labels in the figure refer to the stochastic calculation.
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Nexp(t,\) depends, for a fixed value of A, on the rate pa-
rameters vy and 8. The rate parameters are determined by fit-
ting Eq. 24 to the experimental data. Here we demonstrate how
the deterministic and stochastic approaches give different re-
sults when the probability of finding more than one ligand in-
side a given biomolecule can no longer be neglected. As an
example, we consider the rebinding of CO to Mb after photo-
dissociation at 230 K, with rate parameters v;2 = 2.8 X 106571,
v3g = 4.7 X 10557, 493 =2.3 X 104571, y45 = 3.7 X 108571,
Y34 =4.9X10257] yg4 = 1.9 X 102571, B4 = [COlyys = 5.5 X
10° pco s~1, in which pco is the CO partial pressure in bars (1).
For clarity, we assume ix to be valid and neglect distributed
barriers. The initial mean values (x;), determined from Eq. 23,
are given in Fig. 2 as a function of pco. The outermost well, 4,
is appreciably populated above about 10 bars, the next one
above 100 bars. The solubility of CO inside Mb therefore is
considerably larger than in the solvent, and deviations from the
linear deterministic rate equations should be expected already
around 10 bars. The curves for Nexy(t, 230 K, pco), calculated
for both the stochastic (Eqs. 24 and 25) and linear deterministic
rate equations (ref. 1) and shown in Fig. 3, bear out this ex-
pectation. At 10 bars, the stochastic theory predicts a slightly
faster rebinding. At 100 bars and above, the discrepancy be-
comes large, and the linear deterministic rate approach is no
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longer useful. The results in our preliminary experiments with
CO partial pressures up to 128 bars obey the qualitative features
of the stochastic description and disagree with the deterministic
one. We cannot, however, expect that the actual data will follow
the stochastic prediction exactly, because some of the as-
sumptions i-xi are too restrictive. It is, for instance, unlikely that
an arbitrary number of ligands can occupy wells 2-4. It will be
the goal of future work to remove restrictions.

Experiments with high ligand concentrations, to which the
present paper is mainly addressed, appear at first sight to have
little direct bearing on biological processes. Such experiments
may, however, help elucidate ligand migration within
biomolecules and explore the limitations on the capacity of
accommodating ligands. In some systems more complex than
Mb, nonlinear situations may occur even under biological
conditions. In cytochrome oxidase, for instance, Sharrock and
Yonetani (8) have found evidence for an oxygen reservoir that
connects to a number of heme groups and is occupied by many
CO; molecules. The processes that take place under such cir-
cumstances can be treated by a straightforward adaptation of
the ideas presented here.

The motivation for the present investigation came from R. H. Austin,
who performed our first experiments with high CO concentrations.
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