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Markovianity and ergodicity for a surface growth
PDE

D. Blomker? F. Flandolif M. Romito?

Abstract

The paper analyses a model in surface growth, where uniqueness of
weak solutions seems to be out of reach. We provide the existence of
a weak martingale solution satisfying energy inequalities and having the
Markov property. Furthermore, under non-degeneracy conditions on the
noise, we establish that any such solution is strong Feller and has a unique
invariant measure.

2000 Mathematics Subject Classification. Primary 60H15; Secondary 35Q99,
35R60, 60H30.

Key words and phrases. Surface growth model, weak energy solutions, Markov
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1 Introduction

The paper deals with a model arising in the theory of growth of surfaces, where
an amorphous material is deposited in high vacuum on an initially flat surface.
Details on this model can be found in Raible et al. [28], [27] or Siegert & Plischke
[30]. After rescaling the equation reads

with periodic boundary conditions on the interval [0, L] (i.e., h and all its deriva-
tives are L-periodic), where the noise 7 is white in space and time. One could
also think of h being defined on a circle of circumference L.

Periodic boundary conditions are the standard condition in these models.
The boundary is not considered to be important and L is very large. Sometimes
the model is considered also on the whole real line, even though we do not
examine this case. We remark that from a mathematical point of view Neumann
or Dirichlet boundary conditions are quite similar for the problem studied here.
The key point ensured by any of these boundary conditions is that there is a
suitable cancellation in the non-linearity, namely

L
/ h(he?)ge dz = 0,
0
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which is the main (and only) ingredient to derive useful a-priori estimates.

The main terms are the dominant linear operator and the quadratic non-
linearity. The linear instability —h,,, which leads to the formation of hills, is
sometimes neglected (as we shall do in the analysis of the long time behaviour
in Section H).

For general surveys on surface growth processes and molecular beam epitaxy
see Barabdasi & Stanley [1] or Halpin-Healy & Zhang [21]. Recently the equation
has also become a model for ion-sputtering, too, where a surface is eroded by a
ion-beam, see Cuerno & Barabdsi [9], Castro et al. [7].

Sometimes one adds to the model an additional non-linear term —h,> of
Kuramoto-Sivashinsky type, but in the present form the equation is mass con-
serving (i.e. fOL h(t,x)dx = 0). This comes from the fact that (L)) is considered
subject to a moving frame, which is a time dependent coordinate system, that
takes into account the average growth of the surface due to the deposition pro-
cess.

Known results on the model

Before stating the main results of the paper, we give a short account of the
previously known results concerning both the deterministic and the stochastic
version of the model.

> If n = 0 then the equation has an absorbing set in L2, although the solution
may not be unique. (Stein & Winkler [31]).

> There exists a unique local solution in LP([0,7), H') N C°((0,7), H!) for
initial conditions in H” with v > 1 — % and p > 8 (see Blomker & Gugg

Bl).

> There are stationary solutions, which can be constructed as limit points
of stationary solutions of Galerkin approximations (see Blomker & Hairer

[6]).
> There are weak martingale solutions by means of Galerkin approximation
(see Blomker, Gugg, Raible [ H]).

The main problem of the model, which is shared by both the deterministic and
the stochastic approach, is the lack of uniqueness for weak solutions. This is very
similar to the celebrated Navier-Stokes equation. With this problem in mind,
a possible approach to analyse the model is to look for solutions with special
properties, possibly with a physical meaning, such as the balance of energy —
we shall often refer to it as energy inequality — or the Markov property.

Main results

Here we use the method developed by Flandoli & Romito [I§], [T9] and [20] in
order to establish the existence of weak solutions having the Markov property.
For the precise formulation of the concept of solution see Definitions and
2.0

The method is essentially based on showing a multi-valued version of the
Markov property for sets of solutions and then applying a clever selection prin-
ciple (Theorem Bl). The original idea is due to Krylov [24] (see also Stroock &
Varadhan [32, Chapter 12]).



A key point in this analysis is the definition of weak martingale solutions.
The above described procedure needs to handle solutions which incorporate
all the necessary bounds on the size of the process (solution to the SPDE) in
different norms. These bounds must be compatible with the underlying Markov
structure. This justifies the extensive study of the energy inequality in Section

Once the existence of at least one Markov family of solutions is ensured, the
analysis of such solutions goes further. Indeed, the selection principle provides a
family of solutions whose dependence with respect to the initial conditions is just
measurability. By slightly restricting the set of initial condition, this dependence
can be improved to continuity in the total variation norm (or strong Feller in
terms of the corresponding transition semigroup). In few words, we show that
the smaller space H! (see next section for its precise definition) is the natural
framework for the stochastic model.

Our last main result concerns the long time behaviour of the model. We are
able to show that any Markov solution has a unique invariant measure whose
support covers the whole state space. In principle the existence of stationary
states has been already proved by Blémker & Hairer [6]. Their result are not
useful in this framework, as we have a transition semigroup that depends on the
generic selection under analysis, which is in general not obtained by a suitable
limit of Galerkin approximations. In this way, our results are more powerful,
as they apply to every Markov solution. The price to pay is that the proof of
existence of an invariant measure is painfully long and technical (see Section H).

We finally remark that, even though our results show that every Markov so-
lution is strong Feller and converges to its own invariant measure, well posedness
is still an open problem for this model and these result essentially do not im-
prove our knowledge on the problem. Even the invariant measures are different,
as they depend from different Markov semigroups.

A comparison with previous results on the Markov property

There are several mathematical interests in this model, in comparison with the
theory developed in Flandoli & Romito [I8], [T9] and |20] for the Navier-Stokes
equations. Essentially, in this model we have been able to find the natural space
for the Markov dynamics, thus showing the existence of the (unique) invariant
measure. It is still an open problem for the Navier-Stokes equations, in the
framework of Markov selections, to find a space that allows for both strong
Feller and the existence of an invariant measure.

Another challenge of this model has concerned the analysis of the energy
inequality. Here the physics of the model requires a noise white in time and
space, while the analysis developed in the above cited papers has been based on
a trace-class noise with quite regular trajectories.

Finally, we remark that there is a different approach to handle the existence
of solutions with the Markov property, based on spectral Galerkin methods,
which has been developed by Da Prato & Debussche [I0] (see also Debussche
& Odasso [14]) for the Navier-Stokes equations (no result with these techniques
is known for the model analysed in this paper). Their methods are similar to
Bl AL ).



Layout of the paper

The paper is organised as follows. In Section Bl we state the martingale problem
and define weak and energy solutions. We also give a few restatements of the
energy balance. We next show in Section B that there is at least one family of
energy solutions with the Markov property. In Section Bl we show that the tran-
sition semigroup associated to any such solution has the strong Feller property.
Existence and uniqueness of the invariant measure is then shown in Section

Finally, Sections [fl and [ contain a few technical results that are used along
the paper. They have been confined in the last part of the paper to ease the
reader from such details and focus on the main topics.

2 The martingale problem

2.1 Notations and assumptions

Let D> be the space of infinitely differentiable L-periodic functions on R with
zero mean in [0, L]. We work with periodic boundary conditions on [0, L] and
mean zero and we define for p € [1, o0]

Lr={heIP0,L): /L h(z)dz = 0}.
0

with the standard LP-norms. For instance, |f|2£2 = fOL fA(x)dx and (f,g)r> =
Jo f@)g(x) da.

Let A be the operator 92 on £2 subject to periodic boundary conditions. The
leading linear operator in ([l is A = —A2. Let (ex)ren be the orthonormal
basis of £2 given by the trigonometric functions sin(2mmz/L) and cos(2mmz /L)
with m € N, and let \; be the eigenvalues of A such that

Aek = )\kek.

Notice that A\, ~ —k*.
Let Q : £? — £? be a bounded linear operator such that

Qer = aiek, k €N,

so that Q is non-negative self-adjoint operator. This is sufficient to model all
kinds of spatially homogeneous Gaussian noise 7 such that

En(t,) =0  and  En(t,2)n(s,y) =0t — s)g(z —y) ,

where ¢ is the the spatial correlation function (or distribution). Now Q = gx,
which is the convolution operator with g. For details see Blomker [2] and the
references therein.
In a formal way we can rewrite ([Il) as an abstract stochastic evolution
equation
dh = (Ah — Ah + B(h, h)) dt + dW,

where W is a suitable Q-Wiener process (for details see [Z2)), and B(u,v) =
—A(Oyu - Ogv).



Let us finally comment on the spaces we are using. The Sobolev spaces H”
for v € R are defined as the domains of fractional powers of 1 — A, which are
equivalent to standard Sobolev spaces. See for example Henry [22], Pazy [26],
or Lunardi [25]. Here we use the explicit expansions of norms in term of Fourier

series
HY ={u= Z arer ¢ |ul3, = Z A2 (1= M\)"? < o0} .
keN keN

This is equivalent to saying that H? consist of all functions h in H, (R)

which are L-periodic and satisfy fOL h(z)dr = 0. Furthermore, the standard
H7(]0, L))-norm, which is defined by fractional powers of the Laplacian, is an
equivalent norm on H”. We also use the space

wht .= {ue H |ulyyia = |u|pa + [Opu|gs < 00}

Note that all usual Sobolev embeddings, such as for example H! c C°([0, L])
or H2 c W4 still hold. For a more detailed presentation we refer to Blomker
et al. [A, Section 2].

2.1.1 The underlying probability structure

Let Q = C([0,00); H™%) and let B be the o-algebra of Borel subsets of Q. Let
€:[0,00) x Q — H~* be the canonical process on 2, defined as £(t,w) = w(t).

For each t > 0, let B, = o[€(s) : 0 < s < t] be the o-field of events up
to time ¢ and B' = o[¢(s) : s > t] be the o-field of events after time ¢. The
o-field B; can be seen as the Borel o-field of Q; = C([0,t]; H=*) and, similarly,
Bt as the Borel o-field of Qf = C([t, 00]; H~*). Notice that both Q; and QF can
be seen as Borel subsets of Q (by restriction to corresponding sub-intervals).
Define finally the forward shift ®; : Q — Qf, defined as

D, (w)(s) = w(s —t), s>t (2.1)

Given a probability measure P on (€,B) and ¢ > 0, we shall denote by
wr Plg Q- Q! a regular conditional probability distribution of P given
B:. Notice that € is a Polish space and B; is countably generated, so a regular
conditional probability distribution does exist and is unique, up to P-null sets.

In particular, P|g [w': £(t,w’) = w(t)] =1 and, if A € B; and B € B, then

PlAN B :/AP|§t[B] Pldw).

One can see the probability measures (P|g )ueq as measures on {2 such that
Plg W' € Q:W'(s) = w(s), forall s € [0,t]] =1 for all w in a B;-measurable
P-full set. We finally define the reconstruction of probability measures (details
on this can be found in Stroock & Varadhan [32, Chapter 6]).

Definition 2.1. Given a probability measure P on (,5), t > 0 and a B;-
measurable map @ : Q@ — Pr(Q') such that Q,[& = w(t)] = 1 for all w € Q,
P ®; Q is the unique probability measure on (2, B) such that

1. P®; Q agrees with P on By,

2. (Qu)weq is a regular conditional probability distribution of P ®; @, given
B:.



2.2 Solutions to the martingale problem

Definition 2.2 (weak martingale solution). Given pg € Pr(£?), a probability
measure P on (2, B) is a solution, starting at pg, to the martingale problem
associated to equation (L)) if
W1 P[L7,([0,00); HY)] = 1,

loc

[w2] for every ¢ € D>, the process (M, B, P)i>0, defined P-a. s. on (22, B)
as

Mf = (£(t)—¢(0), 90>L‘2+/<§(5)7 PreoetPra) oo dS_A<(§w(s))2v Pua) 2 ds

0
is a Brownian motion with variance ¢ Qéwﬁg,
[w3] the marginal at time 0 of P is pg

Remark 2.3. Tt is not difficult to prove that the definition of weak martingale
solution given above coincides with the usual definition given in terms of exis-
tence of an underlying probability space and a Wiener process. This equivalence
is proved in Flandoli [T6] for the Navier-Stokes equations and one can proceed
similarly in this case.

Define, for every k € N, the process fi(t) = aikak (and O = 0 if ap =
0). Under any weak martingale solution P, the (8r)ken are a sequence of

independent one-dimensional standard Brownian motions.
Similarly, the process

W(t) = arBi(t)e (2.2)

is, under any weak martingale solution P, a Q-Wiener process and the processﬂ

Z(t)=> /O =% 4B (s)ey, (2.3)

keEN

is the associated Ornstein-Uhlenbeck process starting at 0. As the Oy are i.i.d.
Brownian motions and the ej, are an orthonormal system in £2, the sum above
is convergent in L2(€), £?) (see for example Da Prato & Zabezyk [12]).

Notice that, obviously, Z and W are random variables on 2. In the following
lemma we summarise all the regularity result for Z that we shall use throughout
the paper.

Lemma 2.4. given a weak martingale solution P, let Z be the process defined

1The process Z can be equivalently defined as

t
Z(t,w) = W(t,w) +/ A=W (s,w) ds.
0

The process Z is thus defined, in some sense, path-wise. Note that stochastic integrals usually
only have versions (or modification) that are continuous in time. But we sometimes need an
explicitly definition of Z as a map from 2 — €. Thus a version of the process cannot be used.



1. For everyp >1andT >0, Z € LP(2 x (0,T); Wh*). Moreover for some

A>0,
1 T
sup —EF [/ exp{\|Z ()[4} dt] < cc.
>0 T 0
2. For everyp>1 andy €10,3), Z € LP(Q; L}5,([0,00), H")).

3. Z is P—a. s. weakly continuous with values in H", for every v € [0, %)

Proof. Statements (1) and (2) are proved respectively in LemmaE2 and Lemma
of Section @l The last statement follows from (2) and the continuity in time
of Z in H~*, due to the fact that Z is defined on €. O

Definition 2.5 (energy martingale solution). Given g € Pr(£2), a probability
measure P on (€, B) is an energy martingale solution to equation ([II) starting
at po if

[E1] P is a weak martingale solution starting at uo,

[€2] PV € L§5.([0,00); £2) N L7, ([0, 00); H?)] = 1,

loc loc
[E3] there is a set Tp C (0,00) of null Lebesgue measure such that for all
s € Tp and all t > s,

PIE(V, Z) < E(V, 2)] = 1,

where V(t,w) = £(t,w) — Z(t,w), for t > 0, and the energy functional £ is
defined as

1 t
8:(0,) = 30O+ [ (vaolfs—[unfs — (s, 2uhes = (2vaa (20)?, i) ) ds.
0

for v € L*([0,t]; £2) N L?([0,t]; H?) and z € L4([0,t]; Wh4) N L*°([0, t]; HY).

Remark 2.6 (The equation for V). Let P be an energy martingale solution,
then it is easy to see that, by definition, My = (W (t), )2 for all ¢ € D>.
Moreover,

(Z(t), 9) 2 + / (2(5), Qunea) 2 ds = (W (1), @) 2.

and thus
t
(V(t) —£(0), )2 +/ (V, Qazae + Pex) ez +(Z — (Vo + Zz)za Prz)2)ds =0,
0

or, in other words, V' is a weak solution (i.e. in the sense of distributions) to the
equation, .

with initial condition V'(0) = £(0).

Remark 2.7 (Finiteness of the energy). Given an energy martingale solution P,
we aim to show that, under P, the energy &; is almost surely finite. Indeed,
by [E2], it follows that V() is P-a. s. weakly continuous in £2 (see for example
Lemma 3.1.4 of Temam [33]), and so the function |V (¢)|%. is defined point-wise
in the energy estimate. Similarly, the other terms are also P-a. s. finite by [E2]
and the regularity properties of Z under P (see Lemma 7).



Remark 2.8 (Measurability of the energy and equivalent formulations). This
last remark is concerned with the measurability issues related to the energy
inequality and with some equivalent formulations of property [E3] of the above
definition. We first prove in the next lemma that property [E3] is quite strong
and that, in a sense that will be clarified below, the energy inequality is an
intrinsic property of the solution to the original problem ([[II), and does not
depend on the splitting V' 4+ Z. A similar result was proved in Romito [29] for
the Navier-Stokes equations. We then show measurability of the energy balance
functional and give some equivalent formulations of the energy inequality.

Before stating the lemma, we introduce some notations. Let 29 € H! and
a >0, and let Z = Z, ., be the solution to

Z = ~Zppow—aZ +n,  Z(0) = 2. (2.4)
The process Zis given by Z=2z ~+w, where w solves the (deterministic) problem
W= —Wypgs — QW — QZ, w(0) = zp, (2.5)

and so it is well defined P-a. s., for every martingale solution P. Define suitably
V=Vas as V=¢(—Z, it follows that V — V = w and V solves

The corresponding energy functional is given by
« 1 2
£6(v,2) = (1) Bt
t
+/ (|wa|%2 - |vw|i2 - a(v,z),;z - <Uw72w>/;2 - <2vw2w + (zw)2,vm>£2) ds,
0

and in particular & = &;.

Lemma 2.9. Let P be an energy martingale solution, then for every zg € H*
and o > 0, o o
PEF(V,Z2) <€X(V,2)] =1, (2.7)

for almost every s > 0 (including s = 0) and every t > s, where ‘7, Z have been
defined above.

Proof. The proof works as in [29, Theorem 2.8] and we give just a sketch. Since
V =V —w, it follows that

V(0)IZ2 = [V(B)lZ2 + lw(®) 22 — 2(V (1), w(t)) 2,

and, since by assumptions the energy inequality holds for V, it is sufficient to
prove a balance equality for w and (V' (¢),w(t))z2. Indeed, it is easy to show by
regularisation that

1 i ~ 1
Sl + [ (unfis + o)) dr = Sl (29



P-a. s. for all s > 0 and t > s. We only need to show that for almost all s > 0
and t > s,

V() w(t))e2 = (V(s),w(s)) ez <

¢ t
:—2/ (Vow Waz) £2 dr—i—/ (Wa, Voo + Zy ) g2 dr (2.9)

t t
—a/ <V,Z>£2d7“+/ (Waw, (Vi + Z3)%) p2) dr.

We sketch the proof of the above formula. Since we know that almost surely V' €
L ([0,00); L2)NLZ ([0, 00); H?), it follows by LemmaEH of Section @ that V' €

loc

L% ([0,00); H=3). Moreover, we know that 29 € H! and Z, € L} ([0,00); L*)

loc
and so it is easy to see (by writing the energy balance for |w,|%.) that w €

L? ([0,00); H?), hence w € L? ([0,00); H~?). By slightly adapting Lemma 1.2

loc loc

of Temam [33, §III], this implies that (V,w),> is differentiable in time with
derivative (V, w)s -3 33 + (0, V)32 p2. Integration by parts then gives (Z3).
Finally, [E3], Z8) and &) together provide (7). O

Proposition 2.10. Given zg € H' and o > 0, denote by V and Z the processes
defined above corresponding to zo and . Then the map (t,w) € [0,00) X  —
EX(V(w), Z(w)) is progressively measurable and

(i) for all 0 < s < t, the sets Es(z0,) = {Sf‘(f/,Z) < SSO‘(V/,Z)} are
Bi-measurable;

(i) for allt >0, the sets
Ey(z0,a) = {EX(V,Z) < EX(V, Z) for a. e. s <t (including 0)}

are Bi-measurable;
(i) the set

E(z0,0) = RN{EX(V,2) < EX(V, Z) for a.e. s >0 (incl. 0), all t > s}

is B-measurable, where

R ={Z € Ly, ([0,00); W), V € Li5,([0,00); £2) N Lo ([0, 00); H*)}.

Moreover, given an energy martingale solution P, property [E3] is equivalent to
each of the following:

[E3a] There are zo € H' and o > 0 such that for each t > 0 there is a set
T C (0,t] of null Lebesgue measure and P[Es (z0, )] =1 for all s T

[E3b] There are 29 € H' and o > 0 such that for each t > 0, P[E;(zp,a)] = 1.
[E3c] There are zg € H' and o > 0 such that P[E(zp,a)] = 1.

Proof. Measurability of the map £% follows from the semi-continuity properties
of the various term of £%* with respect to the topology of €2 (see also Lemma 2.1
of Flandoli & Romito [19]).



The measurability of each Es ;(20, ) now follows easily from measurability
of the map £%. As it regards (%), fix t > 0 and notice that the Borel o-algebra
of the interval (0,¢) is countably generated, so that if 7; is a countable basis,

Ey(20,0) = Eot(20,0) N () {/ 1p(s)(EX(V, Z) — EX(V, Z)) ds < 0}
TeT, 70

and all sets {fg 17(s)(EX(V, Z) — E2(V, Z)) ds < 0} are Bi-measurable by the
measurability of £¢.
We next show (iii). Let J C [0,00) be a countable dense subset and define

Ry ={Z e L}, .([0,t); Wh), V€ L>=(0,t; £2) N L*(0,t; H?)}

loc

(notice that the regularity of Z and V implies that of V and Z), then R; € B;
and, by the lower semi-continuity of the various terms of EX(V,2) — £EX(V, Z)
with respect to t, it follows that

E(zp,a) = ﬂ (R N Ey(20, @)
teJ

is B-measurable. The last statement of the lemma is now obvious from the
above equalities, property [E2] and Lemma P41 O

3 Existence of Markov solutions

This section is devoted to the existence of Markov solutions for equation ([I).
To such aim, define for each x € £2,

C(z) = { P : P is an energy martingale solution starting at d, }.

We state the main theorem of this part.

Theorem 3.1. There exists a family (Py)qcp2 of probability measures on (§2, B)
such that for each x € L2, P, is an energy martingale solution with initial
distribution §,, and the a. s. Markov property holds: there is a set Tp C (0, 00)
with null Lebesque measure such that for all s € Tp, all t > s and all bounded
measurable ¢ : L?> — R,

E”[¢(&)|Bi] = BT [p(&—o)]-

Proof. We use the method developed in Flandoli & Romito [19] (cf. Theorem
2.8). If is sufficient to show that the family (C(x)),c2 defined above is an a. s.
pre-Markov family. We recall now the various properties of an a. s. pre-Markov
family, which we need to verify in order to prove the theorem (see also Definition
2.5 of Flandoli & Romito [T9]).

1. Each C(x) is non-empty, compact and convex, and the map z — C(x)
is measurable with respect to the Borel o-fields of the space of compact
subsets of Pr(2) (endowed with the Hausdorff measure).

2. For each z € £? and all P € C(z), P[C([0,00); £2,.,)] = 1, where £2_, is
the space £2 with the weak topology.

10



3. For each z € £% and P € C(x) there is a set T' C (0, 00) with null Lebesgue
measure, such that for all ¢ € T the following properties hold:

(a) (disintegration) there exists N € B, with P(NN) = 0 such that for all
w¢gN

w(t) € L2 and Plg, € ®,C(w(t));

(b) (reconstruction) for each Bi-measurable map w — Q,, : Q — Pr(Q?)
such that there is N € B; with P(N) =0 and for all w ¢ N

w(t) € L2 and Q. € D:.C(w(t)),
we have that P ®; Q € C(x).

The validity of these properties is verified in the following lemmas. Properties
(1) and (2) are proved in Lemma and Lemma B4 while Lemma and
Lemma B show disintegration and reconstruction, respectively. [l

3.1 The core lemmas for the proof of Theorem [B.1]

This section contains the key results used in the proof of Theorem Bl To this
aim, we first state a tightness result for sequences of energy martingale solutions
that we shall use in the proof of the core lemmas. The proof of this theorem
(restated as Theorem [B7) is given in Section

Theorem 3.2. Let (P,)nen be a family of energy martingale solutions with
each P, starting in pu, and

/ [log(|x|c2 + 1)]" pn(dx) < K, for alln € N,
£2

for some k>0 and K > 0. Then (P,)nen is tight on QN L%([0,00), H!).
Furthermore, there is a constant depending only on T > 0, zo € H', K > 0,
and k > 0, such that

EPn [1og(1 + /OT |€2(8)|%2 ds)r <C, (3.1)

T K
En [log(l —|—/ |V (8) |22 ds)} +EP[ sup log(1+ |V(1)[22)]" < C. (3.2)
0 t€[0,T]

Lemma 3.3 (Continuity lemma). For each x € L2, the set C(x) is non-empty,
convex and for all P € C(z),

PIC([0,00); £3,,] = 1.

Proof. Existence of weak martingale mild solutions is proved in Blémker & Gugg
3], using standard spectral Galerkin methods. This is similar to Lemma B4l

By Remark Z3] this implies existence of weak martingale solutions according
to Definition In order to prove the energy inequality of Definition Z8 one
can proceed as in the next lemma (where it is proved in a slightly more general
situation).

Next, it is easy to show that C(x) is convex, since all requirements of both
Definitions and 20 are linear with respect to measures P € C(z). Finally, if
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P € C(x), we know by statement (3) of Lemma 4 that, under P, the process
Z is weakly continuous. Moreover, by property [E2] of Definition X8 V' is also
weakly continuous and in conclusion C([0,00); £2__,) is a full set. O

weak

Lemma 3.4 (Compactness lemma). For each x € L2, the set C(x) is compact
and the map x — C(x) is Borel measurable.

Proof. Following Lemma 12.1.8 of Stroock & Varadhan [32], it is sufficient
to prove that for each sequence (z,),en converging to z in £2 and for each
P, € C(xy), the sequence (P, )nen has a limit point P, with respect to weak
convergence of measures, in C(z).

Let x, — x in £? and let P, € C(x,). By Theorem B2 (P,),en is tight
on QN LZ ([0,00); H'). Hence, up to a sub-sequence that we keep denoting by
(P )nen, it follows that P, — P, for some P. To complete the proof it remains
to show that P € C(x). Therefore, we need to verify that the limit point P
satisfies properties [W1], [W2] and [w3] of Definition and properties [E2] and
[E3] of Definition EZA

We start by proving [w2] for P. Given ¢ € D>, we know that for each
n € N the process (|Q1/2¢|Z§Mf,6t,Pn)t20 is a one-dimensional standard
Brownian motion. Now, since P,, — P and M ¥, as a function from ) with values
in C([0,00);R), is continuous, it follows that M¥ has the law of a standard
Brownian motion under P. Indeed, continuity of M¥ allows to pass to the
limit in the characteristic functions. Since moreover M¥ is adapted and has
continuous paths, we can conclude that (|QY/2¢| 2 Mf, By, P)i>o is a standard
Brownian motion.

Property [W3] is obvious, since the marginals of P,, at time 0 converge, by
assumption, to both d, and the marginal of P at time 0, hence they coincide
and P is started at d,.

Before proving the other properties (namely, [w1], [E2] and [E3]) for P, we
need to remark the following statement, which will be crucial for the conclusion
of the proof. By using the tightness from Theorem with K = log(1 +
|z|22)", the boundedness of the stochastic convolution in L}ff([o, o0); Whi)
from statement (1) of Lemma ZZl and the classical Skorokhod theorem (see for
example Tkeda & Watanabe [23]), we know that there exist a probability space
(%, F,P) and random variables (h("), z("))neN and (h(oo), z(o"))neN such that

1. each (h(™,2("™) has the same law of (£, Z) under P,
2. (h(>), 2(>)) has the same law of (¢, Z) under P,
3. bW — n(>®) in QN L2 ([0, 00); HY), P-a. s.,

16

4. 2" — 2() in L5 (0, T; Wh?), P-a. s..

In particular, v(™ = h(") — 2(") hag the same law of V under P, (and so is for
v(®) = p(>0) — 2(>) and V under P).

In the rest of the proof we shall verify properties [W1], [E2] and [E3]) on the
processes (h(>) 2(>)). Since they have the same law as (&, Z) under P (as
stated above), we shall conclude that these properties hold for P.

In order to prove [W1], it is sufficient to show that

P2 20,011y > K] — 0 as K T oo for all T > 0.

12



By ), we know that EP [log(l—f—fOT |2, ds)] < Cr, so that Fatou's lemma
implies a similar estimate for A(>) and Chebychev inequality gives the result.

One can proceed similarly to prove [E2], using (B2) and the fact that norms
in L°°(0,T; £?) and in L?(0,T;H?) are lower semi-continuous with respect to
the topology where v(™ — p(°0),

In order to prove [E3], we show that property [E3a] (with zg = 0 and o = 0)
of Proposition ZT holds true. Fix ¢t > 0. Before proving [E3a], we state two
useful remarks.

A first useful fact is that v(™) converges weakly in L?(0,t;H?) to v(>). In-
deed, we can use [E3], applied to each v(™, and the bounds of z(") in the
space L;OGC/B([O, o0); Wh4)| ensured by statement (1) of Lemma EZ and in
L2 ([0,00); H'), ensured by statement (2) of Lemma4l to show that (v(™),en
is bounded in L2(0,¢; H?), P-a. s.. The bound follows from an inequality for each
v(™ which can be obtained from the energy inequality in the same way as ED)
in Lemma B®). It follows then that v(™ — v(°) in L2(0,t;H?), since we
already know that v(™ converges to v(>) in L?(0,t; H).

A second useful fact is that there is a null Lebesgue set S C (0,¢] such that
for all s € S,

P ([0 (s)[ 2 — [0 (s)|z2 for a subsequence v(™) | = 1. (3.3)

Note that this does not imply a.s. convergence for a subsequence, as the subse-
quence may depend on o € X.
To prove ([B3) note that v(™ — v(>°) P-a.s. in L?(0,t; £?), and so

1 t
Bllog(1+ 7 [ o — o)z ds)] — 0

This follows from uniform bounds on higher moments from B2) with x > 1.
By Jensen inequality,

I I
IEP[;/O log(1 + [v™ — v 2,) ds] < EP[log(1 + ¥/0 ™) — (|2, ds)],

and so there are a set S C (0,¢] (notice that 0 ¢ S since we already know that
0™ (0) — v(>)(0)) and a subsequence v(*") such that

EF[log(1 + [0 (s) — v (5)[2)] = 0 forall s € S.

From this claim @3) now easily follows, possibly by taking a further sub-
sequence depending on o € 3.

We are now able to prove [E3a] for P (with zgp = 0 and o = 0). We know that
for each n € N there is a null Lebesgue set T}, C (0, t] such that P[&,(v(™), 2(") <
Es(w™ 2] =1, for all s € T,,. Let T = SUJT, and consider s ¢ T, so that
E (™, M) < £,(v™ | 2(M) holds P-a. s. for all n € N.

We can use now all the convergence information we have collected. Re-
call that for v(™) we have ), strong convergence in L2, (0,T;H') and weak

convergence in L? ([0, 00); H?). Furthermore, for 2(™ we can rely on strong con-

vergence in L}ff([o, 00); Wh* and boundedness in L$° ([0, 00); H!). Actually,

strong convergence of z(™ in any LY ([0, c0); W4 is true, but in the analysis
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p = 16/3 is sufficient to control cubic terms like for instance fg <Ug(02), (zg(gn))g)ﬁz.
See also the proof of Lemma [E6] where these terms are bounded. For simplicity
of presentation, we omit technical detail of this analysis, which is similar to [5],
where convergence of statistical quantities similar to the energy for the spectral
Galerkin approximation were studied, we are able to pass to the limit n — oo
in the energy.

In conclusion P& (v(®), 2(0)) < £,(v(>), 2())] = 1. O

Before stating the next two lemmas (which contain the multi-valued form of
the Markov property), we need to analyse what happens to processes W, Z and
V under the action of the forward shift ®;,, for a given to > 0. First, given s > 0
and zg € H', denote by Z(t,-|s, z0) the Ornstein-Uhlenbeck process starting in
zp at time s, namely

t
Z(t, s, z0) = A%z + Z ozk/ =M dgy (r)ey.

In particular, we have that Z(¢,-|0,0) = Z(¢,:). Set moreover V(¢,-|s, z0) =
& — Z(t,-]s,2z0). Now, from [w2] and [ZZ) it is easy to verify that, for all
w € Qo

W (t, @, (w)) = W(t + to,w) — W (to,w),

and it depends only on the values of w in [tg, tg + t]. Similarly,

Z(@;}l(w),ﬂs,zo) = Z(w,t+ to|s + to, 20),
V(@%l(w),ﬂs,zo) = V(w,t + t0|8 +t0,Zo). (34)

Lemma 3.5 (Disintegration lemma). For every x € L? and P € C(x), there is
a set T C (0,00), with null Lebesgue measure, such that for all t € T there is
N € By, with P[N] =0, such that for all w ¢ N,

w(t) € £? and P|3, € ®:C(w(t)).

Proof. Fix x € £? and P € C(x), let Tp be the set of exceptional times of P,
as given by [E3] of Definition EZf, and fix to € Tp. Let (P|§t0)weg be a regular

conditional probability distribution of P given B;,. We aim to show that there
is a P-null set N € B, such that w(tg) € £? and P|‘z‘§t0 € &4, C(w(ty)) for all
w & N. In order to prove that P|‘l§t0 € ®;,C(w(to)), we need to find the P-null
set N and to verify that P|§t0 satisfies properties [E1] (hence [wW1], [W2] and [wW3]
of Definition Z2), [E2] and [E3] of Definition 2 We shall find the null set N
as N = Ngy U Ny U Ny, where Ny is the P-null set such that [E1] holds for
P|‘l§t0 for all w & Ny, and similarly for Ny, Ny

The proof of property [E1] for the conditional distributions P|‘z‘§t0 is entirely
similar to Lemma 4.4 of Flandoli & Romito [19], so we shall focus on the proof
of properties [E2] and [E3].

We start by [E2]. We need to show that P|‘z‘§t0 V(@' () € So,00)] = 1 or,
equivalently, by ([B4), that P|‘l§t0 [V(-,-[to,0) € S}y,00)] = 1, where we have set,
for brevity, S; = L (J; £2) N L2 (J;H?), for any interval J C [0, 00). Set

loc loc
Reg;, = {Ve Slo,to) and eAtZ(to, ) € S[O,oo)}a
Reg’ = {V (-, [t0,0) € Sty.00) }» (3.5)
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then Reg, € B, and Reg'® € B0, since by definition V and Z are adapted.
Moreover, since V(¢ + to,w) = V(t + to,wl|to,0) — e Z(tg,w), it follows from
[E2] for P, statement (2) of Lemma 4 and the regularity properties of the
semigroup e, that Reg;, N Reg™ is a P-full set and so, by disintegration,

1= PlReg,, NReg] = | Pl [Reg) P(d).
Reg;,

Thus, there is a P-null set Ny € By, such that P|‘[§t0 [Reg’] =1 for all w ¢ Ny
and [E2] for the conditional probabilities is true.

Next, we prove [E3] for the conditional probabilities. Indeed, it is sufficient
to verify condition [E3c] of Proposition BT Set

A={&(V,Z)
Ay ={&(V, 2)

(V,Z) for a.e. s > 0 (including 0, tg), all t > s}

<&
< &(V,Z) for a.e. s € [0,to] (including 0, to), all t € [s,to]},

where, for the sake of simplicity, in the definitions of the above sets we have
omitted the information on regularity for V and Z, which are essential to ensure
measurability (compare with Proposition EZT0). They can be treated as in the
proof of [E2] above. We have A;, € B;, and P[A] = P[A;,] = 1, since to & Tp.
Now, if w € Ay, N {Z € H'} (which is again a P—full set by statement (2) of
Lemma E4)), set

B@)=ANn{w:w=won [0,%)]}

and notice that, for such w, B(@) is equal to
{c‘,}(Vm7 Zz) < E(V, Zz) for a. e. s > to (incl. to), all t > s},
since V(t 4 to,w) = V(t + to,wl|to, Z(to,w)) (a similar relation holds for Z as

well), and we have set Vz(-) = V(:|to, Z(to,w)) and Zz(-) = Z(-|to, Z(to,w)).
Moreover, the map

w — 1At0ﬂ{Z€H1}(W)P|gtO [B(w)]

is By,-measurable, since P|§, [B(w)] = P|g, [A] for all w € A, N {Z € H'}.
Now, by [E3c] for P (with 2o = 0 and o = 0) and disintegration,

1 = P[A] = EP[La, ngzery () Plis,, [BO)),

and so there is Ngy € By, such that P|§)50 [B(w)] = 1 for all w & Ngy or, in
different words, such that [E3c] holds (with zg = Z(tp,w) and « = 0) for P|§t0
for all w g N[E3]' O

Lemma 3.6 (Reconstruction lemma). For every x € L2 and P € C(x), there
is a set T C (0,00), with null Lebesgue measure, such that for each t ¢ T, for
each Bi-measurable map w — Q,, : Q — Pr(Q%) such that there is N € By with
PI[N] =0, and for allw ¢ N with

wt)e L?  and Q. € BC(w(t)),

we have P ®; Q € C(x).
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Proof. Let x € L%, P € C(z), Tp be the set of exceptional times of P and fix
to & Tp. Let (Qu)wen be a Bi,-measurable map and Ng a P-null set such
that w(tg) € £? and Q, € P+,C(w(ty)) for all w & Ng. In order to verify that
P ®¢, Q € C(x), we only check properties [E2] and [E3], since the proof of [E1]
can be carried on as in Flandoli & Romito [T9, Lemma 4.5].

We start by [E2]. Consider again sets Reg, € By, and Reg' € B! defined in
(1) and notice that, by [E2] for Q,,, for each w ¢ Ng we have that Q,[Reg™] =
1. Moreover, by [E2] for P, statement (2) of Lemma 4 and the regularity
properties of the semigroup e??, it follows that P[Reg,; ] = 1. Finally, since we
know that V(¢ + tg,w) = V(t + to,w|to,0) — e Z(tg,w), it follows easily that
Reg,, N Regh® = {V ¢ S[0,00) } and so

(P®¢, Q)[V € Spp,00)] = (P &1, Q)[Regy, NReg™] = A Qu[Reg”] P(dw) = 1.
€8to

We next prove [E3]. Again, we prove it by means of [E3c], thanks to Proposi-
tion ZT0 Define A and Ay, as in the proof of the previous lemma (the regularity
conditions on Z and V are again omitted). Since to & Tp and Ay, € By,, we
know that (P ®:, Q)[At,] = P[A+,] = 1. Moreover, by statement (2) of Lemma
B4 there is a P-null set N € By, such that Z(tg,w) € H! for all w ¢ N.
For each @ ¢ N, define B(w) = AN{w : w = won [0,%]} and notice that, if
w € Ay N (N N Ng)© (which is again a B;,-measurable (P ®;, Q)-full set), then
by [E3c] (with zg = Z(tg,w) and a = 0) for @, it follows that Q,[B(w)] = 1.
The map w — 1a, n(NnNg)e (W)Qu[B(w)] is then trivially B;,-measurable and
equal to 1, P-a. s.. Moreover, we have that Q,[4] = Qu[B(w)] = 1 for all
w € Ay N (N N Ng)© and so

(P @1, Q)[A] = E” [14, n(vavg)- Q- [B()]] = P[A, N (N N Ng) = 1.

In conclusion, [E3c] (with zp = 0 and «a = 0) holds true for P ®;, Q. O

4 The strong Feller property

Throughout this section we shall assume that the noise is non-degenerate. This
is summarised by the following assumption.

Assumption 4.1. The operator Q7 is bounded, where @ is the covariance of
the noise. In different words,
ag >0 >0,

for some constant &, where aj are the eigenvalues of Q.

Theorem 4.2. Under the above assumption, any a. s. Markov family (Py)yer2
of energy martingale solutions defines a Markov semigroup that has the H'-
strong Feller property.

Proof of Theorem [[-3 We mainly rely on [I9] and [20]. Let (Py)sec2 be an
a. s. Markov family of energy martingale solution and denote by (Pt)t>o the
corresponding (a. s.) semigroup generated by P,. Then the claim follows from
the following lemma.
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Lemma 4.3. There is an € = €(|g|y1, R) — 0 for g — 0 such that

[Pep(x + g) — Pep(x)| < Clgly log(1/gln) (4.1)

for all |glyr < 1, all ¢ € L®(HY) with |p|c= < 1, and all |z|y1 < R/4 for
some sufficiently large R.

With this lemma at hand, we define for ¢ € L>°(H!) with |p|z~ =1 and ¢
(i.e., €) sufficiently small ¢, = Pi_cp € L®(H') with |p.|z~ < 1. Thus

[Peo(z 4 h) = Prp(x)| < [Pepu(x + g) — Pepu ()| < Clglper log(1/lglrer) - (4.2)
This implies strong Feller for P;. O

Following the arguments of [I9] and [20] it is enough to prove strong Feller
for the following regularised problem

3,571 = _Errrr =+ (_71 + (%r)z)szp(mﬁ{l) + oW, (4-3)

where x, € C* is a cut-off function such that x, =1 on [0, p?] and x, = 0 on
[2p?, 0). For all ¢ > 0 we have

ol <1, GO <COp20 Ixo(C)CPI < CpP, X (CP)CP < CpP 2.

Let ngp ) be the (unique) Markov energy martingale solution solution of the
regularised problem 3]). This is well defined, as we can solve [3]) path-wise.
The mild solution of E3) is given by

h(t) = e h(0) — /O t 2e=AF(h(s)) ds + Z(t), (4.4)
where Z has been defined in (23] and
F(h) = (=h+ (ha)*)xp(|Bl50).
Using the embedding of L' into H~'™ for v € (0, ), we can easily check that
F(h) = F(ho)ls-1500 < Cplhi—habs and  [F(R)ly-rsss < Clp+2). (45)

Now uniqueness for #3)) in C°([0, c0), H') follows from standard path-wise fixed
point arguments. The proof is straightforward as we can rely on one hand on F'
being Lipschitz and bounded, and on the other hand e/ generates an analytic
semigroup such that

let 4wl < |lwlpr  and  |0%etMwlp < M1+ 7Y w|py-11ay

(see for example Henry [22] or Pazy [26], Lunardi [25]).
Next, define

7, = inf{t > 0 : the solution of @3) is bounded in %' on [0,#] by p} . (4.6)

Thus the solution of the regularised problem coincides with the energy solution
up to 7, and in view of (Bl we have

[Pep(@+9) = Pep(a)| < 2(Pulr, < €+ Potglr, < &) + PP p(x+9) = PP (),
(4.7)
where P(¥) is the semigroup generated by E3) or (@), respectively.
In order to prove Lemma we need the following two lemmas.
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Lemma 4.4. There is a p > 1 sufficiently large, such that for p > 1 andt <1

P

C o e
Pl +g) = P p(@)] < Il

for all z,g € H!.

Lemma 4.5. There is a small constant c; depending on vy, and M such that
for all p > 1, e € (0,1], ho such that |holyr < p/4+ 1, we have

P [, > €] > Py, [tz%pd 1Z ()| < p/4]

for all e < Crp=2/.
Using arguments analogous to [20, Proposition 15] we immediately obtain

Corollary 4.6. There are two constant c, C > 0 depending on v and M such
that for all p > 1, € € (0,1], ho such that |holr < p/4+ 1, we have

Pyt > d < Cems/e

for all e < c,p~2/7.

Proof of Lemma[.3. For g,z € H' such that |z[y: < p/4 and |g|yr < 1, we
can apply Corollary B0 for Eo = z and Eo = z +g. From 1) together
with Lemma B4l and the embedding of H! into H~! for € < min{1,c,p~2/"},
p > max{4|z|y1, 1}, t <1,

1
[Peo(@ +g) = Pepla)| < Ce™*"/ 4 Clglyes 7o (48)
Thus, if we fix for a suitable constant C' > 0

C
€e=minql; ————— for some g > max{p,2/v},
{ ) tp:2/7)

then we obtain

[Pep( + g) = Pep(a)| < Clgla In(1/]g]301)-
O

The remainder of the section is devoted to the proof of the two remaining
lemmas.

Proof of Lemma[f.] First from @A) for ¢t <1
¢
()l < [R(0) |22 + C/ (t = 8) T E (B)lpg-140 ds + | Z(t) 542 -
0
Thus from X)) for ¢ < min{l,7,} and p > 1

B(t) 3 < p/4+CT)p* +1Z() s |

which easily implies the claim. [l
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Proof of Lemma[f4} We proceed analogous to the proof of [I9, Proposition
5.13]. For every x € H', let h(t,x) be the solution to equations (EJ) with
h(0,z) = z. By the Bismut, Elworthy & Li formula,

D, (P 0)(w) = 3Elo((t, ) / (Q7Dyh(s, x), dW (s)) 2],

Now Burkholder, Davis & Gundy inequality states

T /2
E sup \/ (er| < cB( [ 120 eat)”
t€[0,T] 0

and thus, for |p|e. < 1,

C 1
(Pl +9) = (PP < T swp E[( |Q D (s, w4 )2 ds )" |.

Now t(t) = Dyh(t, = + ng) with ¢(0) = 1g solves
Bh = —uzs + O2DF (R[] (4.10)
with
DF(R)[¥] = —=(¢ + 2hatbe) xo ([hl0) = 2(h + (Ba) ) (1R300 ) (s )2

The following arguments are only formal, but as we are working with unique so-
lutions they can all be made rigorous by Galerkin approximations. Multiplying

ETD) with (-, ¢)y—1 yields for p > 1

SOUUB s + [0 < IDEGW] ]
< Clilem (Wler + Rl lélres ) xo (Bl
+ Ol (hle + R )Xo (BBl Rba Yo
< Cplila [ple.

where we used Hélder, Sobolev embedding and the definition of the cut-off .

Using Sobolev embedding of £> into H® for some § > % together with
interpolation and Young inequality yields for some sufficiently large p > 1 and
some constant ¢ > 0

1
K + W < SI0Ba + eIl
First, by Gronwall Lemma

()31 < [(0)[3,- 16",
and then

t t
| Wit < 6O+ [ G ds < [0OBe”

This together with @) and the assumption on Q finishes the proof. O
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4.1 Some consequences

It is well known that the strong Feller property implies that the laws P(t,z,-)
are mutually equivalent, for all x and t. A less obvious fact, which follows from
Theorem 13 of Flandoli & Romito [20], is that the same property holds between
different selection. In details, if PU)(¢,z,-) and P®)(t,z,-) are the Markov
kernels associated to two different selections, then P (¢, z,-) and P®)(t,x,-)
are mutually equivalent for all x and ¢.

Before enumerating all other properties following from strong Feller, we need
to show a technical result on the support of the measures P(t, z,-). Following
Flandoli & Romito [I9], we say that a Borel probability measure p is fully
supported on H! if u[A] > 0 for every open set A in H!.

Proposition 4.7 (Support theorem). Under Assumption [}, let (Py)ycr2 be
an a. s. Markov family. For every x € H' and T > 0 the image measure of Py
at time T is fully supported on H'.

Proof. The proof is rather technical but straightforward, we only give a sketch
of it. To this purpose, we follow the same steps of Flandoli [15] (see also Propo-
sition 6.1 of [T9]). By Assumption Il the Wiener measure driving the equation
is fully supported on 2, or any smaller space, where W is still defined. Thus it
turns out that we only have to analyse the following control problem

where w is the control. More precisely, we need to prove the following two
statements.

1. Given T > 0, there is A € (0,1) such that for p > 0, z € H!, y € H*
with |z]11 < Ap and |yl < Ap, there are w € Lip([0,T]; H!) and h €
C([0,T); H') that solve [ETT) with h(T) =y and 7,(w) > T, where 7, is
defined as in (0.

2. Let w, — w in WP([0,T]; D(AP)), with v € (%, %), p > 1 such that vp >
1and 8 € (3 —7,—%). Let hy, h be the solutions to @) corresponding
to wp, w and let 7, = 7,(wy) and 7 = 7,(w). If 7 > T, then 7, > T for
sufficiently large n and h,, — h in C([0, T]; H1).

For the first claim, one uses {4 with w = 0 to get a time T, < T such that
h(T.) € H* and |h(Ty)|51 < p (here we choose \, using the estimates on the
semigroup e‘4). Then h is given in [T}, T] by linear interpolation from h(T}) to
y and w in such a way that IT]) is satisfied.

For the second claim, 7, p and 3 are chosen so that the Wiener measure corre-
sponding to the random perturbation gives probability 1 to W?([0, T]; D(A?))
and the convergence of w,, implies that 2z, — z in C([0, T]; H'), where 2, z are
the solutions to 2 = —zz4ze + W corresponding to w, and w (this also gives a
common bound to 7, and 7, as in Lemma EEH). From this, it is easy to see, by
the mild formulation @Z)), that h,, — h. O

Proposition 4.8 (Local regularity). Let (Py)zecz be an a. s. Markov family
and assume Assumption[1} Then for each x € H' and all times t > 0,

Py[there is € > 0 such that £ € O((t —e,t +¢); HY)] = 1.
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Moreover, for each x € H!, the set Tp, of property [E3] is empty, that is the
energy inequality holds for all times.

Proof. Let (Pt)t>0 be the transition semigroup defined by the given Markov
family and set v = fol(P;*cSO)ds. Set moreover Q,;, = {¢€ € C((a,b); H')} and
ﬁt = Uﬁt,g,tﬁ. We first observe that by BI),

t+1
P 2>:/P52>ds<7,

a2 o= [ Rolleslia = plds <
where in particular the constant C' depends on ¢ (but it is increasing in t). Now,
by the Markov property, for all p > 0,

ﬁ[ﬁt—s,t+€] = /Py[§5,35] 7"'t—QEﬁ(dy) > ( inf Py[ﬁs,&s])(l ¢ )7

[yl <p B log(1 + p)

where 7, P is_the marginal of P at time s. By Lemma we know that
infj,|, ,<p Py[Q:3:] T1as e — 0 and in conclusion P[] = 1.

By disintegration, P, [§~2t] = 1 for v-a. e. x, hence for a dense set of H! by
Proposition EZ and in conclusion for all 2 € H! by the strong Feller property.
O

The previous proposition and Theorem 6.7 of [T9] (suitably adapted to this
framework) improve our knowledge on the Markov property as follows.

Corollary 4.9. Under Assumption -1}, if (Py)zec2 is an a. s. Markov family
of solutions to ([LTl), then (Py)zenr is a Markov process. Namely

EF [0(&)|Bs) = EPe [p(&—s)], P, —a.s.,

for all x € HY, ¢ € Cp(L?) and 0 < s < t.

5 Existence and uniqueness of invariant mea-
sures

Existence of an invariant measure for ([l is straightforward for trace-class
noise, as one can rely on Ito formula applied to the energy balance given
by |h(t)|%:. The standard approximation is then tight, since we can control
E[f) a2 dt].

In this section we prove existence of an invariant measure for more general
noise (such as space time white noise) under the assumption (which will be valid
for the whole section) that the equation has no linear instability, namely

h=—heeee + (ha)2, +1 . (5.1)

In order to take the linear instability into account, gauge functions have to be
used, as in Blomker & Hairer [6] or Collet et al. [§], Temam [34], but up to now
this is quite technical and only applicable to Dirichlet or Neumann boundary
conditions. For periodic boundary conditions this question is still open.
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Theorem 5.1. Let (P;)cr2 be any a. s. Markov family of energy martingale
solutions to B&l). Then there exists an invariant measure for the transition
semigroup associated to (Py)zep2 with support contained in HY, for some v €
(3:3)-

Remark 5.2. Note that the upper bound ~ < % is stated only for convenience.
The crucial restriction is v > %, as in the proof of this theorem we shall need
that Z,. € W4 which is implied by Z,. € H”, where Z,. is the process
defined in E4).

By the results of the previous section we can immediately conclude that the
invariant measure is unique (via the strong Feller property and Doob’s theorem)
and that it is fully supported on H! (by means of Proposition ET).

Corollary 5.3. Under Assumption[{_]], the invariant measure provided by The-
orem [l above is unique and fully supported on H'.

So far we know that each Markov solution has its own unique invariant
measure. In principle, these invariant measures come from different transition
semigroups and do not need to be equal, even though they have something in
common. For example, we know from [20, Theorem 13] that they are mutually
equivalent. At this stage, the problem of uniqueness of the invariant measure
over all selection is open, as well as the well posedness of the martingale problem.

5.1 The proof of Theorem B.1l

Existence of an invariant measure will be proved by means of the Krylov-
Bogoliubov method. Let (P;).cc2z be a Markov solution and consider the fol-
lowing family of measures on £2,

T
“T:%/o Poe(s) € ]ds, T=>1,

where P, is the energy martingale solution starting at = 0.

It is sufficient to show that the family (ur)r>1 is compact in H?, for some
7 (see for example Da Prato & Zabczyk [I3, Theorem 3.1.1]). Thus we need to
show that for all € > 0 there is R > 0 such that

prlz: |zlyy > 2R] <e, for all T > 1. (5.2)

The proof of this statement is divided into several steps. In the first step we
divide the estimate of ([2) into two pieces, corresponding to terms V and Z.
In the second step we estimate the term in V' by means of a disintegration in
smaller intervals. In the third step we show that the quantities obtained in the
previous step can be bounded by solutions to some simpler ODE. The fourth
step contains the analysis of these one-dimensional ODE, while the fifth step
gives a bound on stochastic convolutions for large a. Finally, in the sixth step
we pack all the estimates together and we average with respect to the initial
condition of the linear process Z, thus obtaining a uniform estimate that finally

provides (B2).
Step 1: Splitting in V and Z.
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Fix a value a > 0 (it will be be chosen later in the proof in Step 5 and
consider for every zy € H?Y processes Z = Zg ,, (defined in @A) and V =
& — Zu,»- As in Remark 28 V satisfies

V i+ Vowsa = (Vo + Z0)*], +aZ,  V(0)=—z.
Now we can bound

1 T
prle: ol > 2R) = 7. [ Pollg(s)ler > 2R) ds
0
IR .
7 [ BollV($)lwo +12(s)lrer > 2R] ds
0

T _ T _
%/O Pol |V (5) rer >R]ds+%/0 Po[|Z(s) e > R] ds

IN

IN

IN

1 [T ~ 1 [T ~
—/ Po[ |V (8)] >R]ds+—/ Py[|Z(8)|n~ > R]ds,
T 0 T 0

and we can estimate the two terms separately. The term in Z converges to
0 as R 7 oo from Chebychev’s inequality and statement (2) of Lemma 4 so

everything boils down to an estimate of the term fOT Py[|Vaa(s)| > R] ds.
Step 2: The p—moment.

A standard way to estimate terms like L fOT Po[|Vaa(s)| > R]ds is to use
Chebychev inequality and the information that some moment of |V, (s)] is finite.
We are not able to bound any moments (or log—momentsﬁ) uniformly in time.
All we can show is that there is a suitable function ¢ such that the p-moment
of |V, (s)| is bounded uniformly in time.

Let ¢ : [0,00) — R be a function, which we will determine at the end of the
proof (see Step 5), such that ¢ is increasing, concave, with ¢(r) T co as r T oo,
and for every z, y > 0,

pr+y) <C+o(x) +log(y +1) < C+p(z) +y. (5.3)

By using Chebychev’s inequality and concavity of ¢ we get
1t 17 ~ ) )
7 ), PollVesle > Rlds = 5 | Rlp(Veal)a) > o(B)] ds

< @(]1%2)EP0 [% /OT ‘P(|‘7M(3)|2£2) ds}

[T] k+1 _
B[ ety as]
k=0

(7]
< s ([ W i)

2Blomker & Hairer [6] give a different proof of existence of an invariant measure, which
relies on Galerkin approximations and the estimate of a log-moment of |Viz(s)|2. Here we
consider any arbitrary solution to the equation, which in principle is not a limit of Galerkin
approximations, since it is not known if the solution is unique.

IN
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and so it is sufficient to bound

k+1

EF [ /k Vs (5)[22) ds)] (5.4)

independently of k.

Step 3: Gronwall’s estimates.

In this step we use the energy inequality for 1% (cf. @), the Gronwall’s
estimate given by Proposition 3 and comparison theorems for ODE to simplify
the estimate of (). From the energy inequality we know that for all ¢ and
almost every s € [0, ],

16 ~
3

V(0)2: + / Vsa(r) 22 dr < |V (5)[2 + C / \Za () [ 27 () s dr
+c/ (Za(P)s + 22 2a) dr  (5.5)

< [V(s)|2 +/ (a1 (r) |V (r)| 22 + b1(r)) dr.
where we have set
a1(t) = C1Z:(M) 5 and  bi(t) = O(L+ ) (| Zo(t)[4e + |Z(8)[22). (5.6)

By using Poincaré inequality A|| - ||z2 < || - |32, it follows that

V(0)2 + / = ()T () s dr < |7 (5)]2 + / bi(r) dr.

By the modified Gronwall’s lemma (Proposition [Z3), we know that |V (£) 2, <
u1(t), where u; solves the following one-dimensional problem,

1 + (A —a1)uy = by, u1(0) = |20[Z-.

Moreover, by a standard comparison principle for ODE, u?(t) < ua(t), where
us solves
Ug + ()\ — CLQ)ILQ = bo, UQ(O) = 1,(,1(0)2 = |Z()|4£2, (57)

with ag(t) = 2a1(¢) and ba(t) = A~1b3(t), since

d
E(u%) + 20\ — a1)u? = 2uiby < Mu? + 212

In conclusion, |‘7(t)|‘é2 < uz(t) and so, using (BH), we get

k1 _ k41 _
/ IV (5)]2a ds < |V (k)2 + / (@ (T ()2 + bi(r)) dr
k k

k+1

<14+ sup |‘~/(7’)|§2 +/ (ar(r)® + by (r)) dr
relk,k+1] k

k+1
<1+ sup wus(r)+ / (al(r)2 + b1(r)) dr.
relk,k+1] k
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By applying ¢ to the previous inequality and using (B3)), we finally get

k1 k1
EFo M/k Vra(5)[2) ds)] < O+ P [/k (ar(r)? + b1 (1)) dr|
S+ kP [ (Te[skulg)ﬂ] Ug (T‘))] (5.8)
< C(L+ |z0lbia) FEP[p( sup  us(r))],

relk,k+1]
since we know by Lemma B4 that all moments of a; and b; are bounded by
some constant and the initial condition zg.

Step 4: Estimate of the auxiliary function us.

In this step we analyse the term E’® [(sup,e k1) v2(r))], in order to get
an estimate independent of k. By its definition 1),

t
us(t) = | 2| paelo (ZAFaz(m)dr +/ els (FAFax (M) dry, 6y gg
0

t
< Jzo[faed (FATOCN A (1+a2)2/ dis{—eﬁ(‘“e(”)dr} ds
0

¢
+ A1+ a2)2/ els (FA+0()) dr g (5.9)
0

< ((1 +a®)? + |zo|4£2)ef(f(_k+9(r))dr + A1+ a?)?us(t),

where 0(t) = as(t) + (1€fit2))2 (so that 6 depends on a only through Z, see (50))

t
ws(t) = / oA+ dr g
0

and

which is a solution of 43 + (A — @)ug = 1, with initial condition u3(0) = 0. Since

uz(t) < sup exp(/st(—% +6(r)) dr)) /Ot exp(—%(t —s))ds

s€[0,t]

< ; sup eXP([(—% + G(T))dT)), (5.10)

s€[0,t]

by using inequalities (B9) and (EI0) and property (B3) of o, we finally get

t
o sup ws(r)) < C+ sup / (=A+0(r))dr +log(1+ (1+a?)*+ |z0|4}v2)
rElk k1] lkk+1] Jo

D)
—|—<p((1—|—o¢2)2 exp[ sup  sup / (—= +06(r)) er
telk k1] sel0,e] Js 2

k+1
§C+/\+/ (=X +0(r)dr + (14 a?)? + |23 (5.11)
0

A k+1 A
+ 1+a?)?exp|=+ sup / ——40(r))dr
@(( ) |:2 s€[0,k+1] Js ( 2 ( )) :|)
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Step 5: A bound for 0 for large «.

The choice of a becomes now crucial. We will first bound the terms in
(BEID) that are outside of ¢ uniformly in time. We first use Young and Hoélder
inequality to derive

= A
6(t) < CAIZ(1)[whs + 3

where the constant C > 0 depends on A, but not on ¢ or a. Recall that
Z(t) = AN 20 £ Wa_o(t), with Wa_o(t) = fot e(t=9)(A=) g}/ (). Thus using
that e*4 is a bounded semigroup on W%, we obtain

EP (| Z()|[1eh%] < Ce™ 003 2o (t)[[ren’s + CEP[[Wa—a (b)) -

As A — « is a strictly negative operator, we can always bound moments of the
stochastic convolution uniformly in time. Using Sobolev embedding for some
sufficiently large v < 3/2 yields for all ¢ > 0

ERWaa@liel] < (BP0 - A0 2Waa@2])
8/3
< (trace{(l “AYQ(a— A)*l})
— 0 fora—oo.

In the following, we choose « sufficiently large such that

EP[0(t)]) < 2 + Ce OB ()| 19h%,  forallt > 0.

Step 6: Average over all zy and conclusion of the proof.

In Step 2 we have shown that Theorem Bl is proved if we can bound (&4
independently of k. Putting together the conclusion of Step 3 (B8) and the
conclusion of Step 4 ([Tl together with the bound from the previous step, we
get

32
prle : [zl > 2R] < C(L+ |z0lz2 + |20l )1 + |20/F7 )+

1 [T] » k+1 )\
4+ ——— Ep(Cy rexp| sup / ——40(r))dr| ).
p(R?)T kZ:O @( A Le[o7k+1] s ( 2 () D

Now we integrate the inequality above over zg, with respect to the invariant
measure of Z and, by virtue of Lemma BEH below, we obtain

prlx :|zly > 2R] <
(T] k+1
1 A
<Om+ ——— EPo(Cyaexp| sup / ——=+06(r))dr| ).
. @(Rg)TkZ:O <p( ’A Le[o,k+1] s ( 2 ) D

where (O(t))icr is the process defined as in Step 4 with Z replaced by the

26



stationary solution Ze of problem (). Due to stationarity we have

k+1 0
A A
sup / (—5 +0O(r))dr D sup ] / (== +0O(r))dr

s€[0,k+1] s€[—(k+1),0 2
R
< sup (—=+0(r))dr
s€(—00,0] /s 2

t
2 sup /(—é—l—@(r))dr.
0 2

t€[0,00)
Therefore, if we define the random variable
~ tooa
X = sup / (—= +O(r))dr,
t€[0,00) JO 2
we only have to prove that there exists a function ¢ as above such that
R [@(Ca,AeX)] < 0.
Since X is finite with probability one by the ergodic theorem, such a ¢ exists

by Lemma [Tl The proof of Theorem BJlis complete.

Remark 5.4. In the previous proof, we were only able to bound some moment
of V., but using the trick of Debussche & Da Prato [I1], where « is allowed to
be random, it is possible to bound arbitrary polynomial moments on bounded
time intervals.

Lemma 5.5. Let § > 0 and let ¢ be a positive map defined on the probability
space Q. If for all 2y

6 <EP[¢(Zaz,)]  for Po-almost every & € Q,

where Za,zg is the Ornstein-Uhlenbeck process starting in 2o, as defined in (Z3),
then

5< [ o upude)
Hl
where (g s the law of the stationary Ornstein-Uhlenbeck process.

The lemma is easily proved by averaging both sides with respect to zy with
the stationary Ornstein-Uhlenbeck process and using Tonelli theorem.

6 A priori estimates

In this section we state all regularity results on processes Z and V. The first
part contains the results on Z under an arbitrary weak martingale solution (from
Definition Z2). Similarly, the second part contains the results on V' under an
arbitrary energy martingale solution (from Definition EZH).
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6.1 Weak martingale solution

Here we will present some lemmas on the regularity of Z without using equiva-
lent versions, since our approach forces us to keep the canonical process.

Lemma 6.1. Given a weak martingale solution P, then for every T > 0,
T
IEP/ |Z(8) 410 dit < oc.
0

Proof. Tt is enough to verify that (Z,)? € L*(Qx(0,T), £?). From the definition,
we can write Z(t) as a complex Fourier series, such that

Zy = I,
k#0

where I}, is a time dependent Gaussian real valued random variable with E? IF <
C|k|=2. Thus, EP I} < Clk|™*, too. Now,

(Z:)* =) > Il g™,
n€Z k#0,n
We derive
2
EPN(Z)2 2 = 3B (Y Tilus)

nez k#0,n

< Z Z Z EP | I || - || 11| 1]

n€Z k#0,n 1#0,n

<> (X )

neZ k#0,n

where we used Holder’s inequality in the last step. It is an elementary exercise
to check that the series in the last equation converges. Thus integration in time
yields the result. U

Lemma 6.2. Let P be a weak martingale solution. Then for some A > 0 there
is a constant C' such that

T
/ EP exp{ | Zo ()2} dt < CT  for all T > 0.
0
Thus, for some constant C' depending only on q, p and T,

Lop P 1 _p q
?};}3 f]E ||ZHLP([07T]’W1,4) < 0 and ?l;% TE HZ”LP([O,T]?WlA) S C

Proof. Using Lemma we know that EF||Z,(t)[|2. < C for all ¢ > 0. As
Z,(t) is a Gaussian random variable in £%, Fernique’s theorem (see Da Prato
& Zabezyk [12]) implies that

supE” exp{)\||Zw(t)||%4} < 00,
>0
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for some A > 0. Thus
T
B 21 pyomny < C [ B exp{AIZu(0)2:} de < O,

where the constant does not depend on 7. The last claim follows from Holder
inequality. (|

The following lemma on the L*°([0, 00), £?)-regularity is necessary to trans-
fer weak continuity in £2 from V to Z. Note, again, that we cannot prove
continuity of Z, as we are not using continuous versions of the canonical process
Z.

Lemma 6.3. Let P be a weak martingale solution. Then for 0 <y < %, p>1
and T >0
Z € LP(Q, L>=([0,T], H"))

and thus
P[Z € L*°([0,00), H")] = 1.

Due to Z € Q, we thus have Z is P-a.s. weakly continuous with values in H".

Proof. Using the factorisation method (see Da Prato & Zabczyk [[2, Chapter

5]),
Z(t) = C, / =A@ — e~y (1) dr,
0

where .
Y(T):/ TmIA(r — )T AW ().
0

We fix T'> 0, a € (0, 3_827) and m > é > %, and let the constants depend on
them. Now using Holder’s inequality,

t T
sup |Z(t)|xy < C sup / (t — 7)Y (1) |3 dr < C(/ Y (7)|% dr)
170 0

t€[0,T tel0,T

3

Thus using that Y is Gaussian,

T > m/2
B" sup 20l < C [ BV dr < 0( 3 iadine )"
te[0,T) 0 P

The last series converges, as a2 < C and A\, ~ —k*. Taking T' € N concludes
the proof. O

6.2 Energy martingale solution

This part is devoted to the proof of the tightness property for sequences of
energy martingale solutions, essentially by means of bounds on the process V.

Lemma 6.4. Let (Pp)nen be a family of energy Markov solutions. Then the
sequence of laws of V under P, is tight in L?(0,T,H), if and only if (Pp)neN
is tight in L?(0,T, H').

The same result is true for any space in which Z is defined, for example
C(0,T,H™%).
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Proof. We prove only one direction, the other one is the same. As Lawgz, =
P,[Z € ] is by Definition and Lemma the law of the stochastic con-
volution in L?([0,7],H') and thus independent of n. Hence, the family of
measures (Lawz ,)nen is tight in L2([0, 7], H'). Thus there is a compact sub-
set K.1 C L*([0,7],H') with P,[Z € K.1] > 1 —e. Furthermore, by the
tightness of P,[V € -], there is a compact set K.o C L?([0,T],H') such that
P, [VeK.]>1—c¢.
Define now the compact subset

Kesz=Ke1+ Keo={u=u1 +uz| u; € K.},
then by £ =V + Z we have

P,[K.3]>P,[Z€K.1, VEK. o] >1—2e,
which concludes the proof. O
Lemma 6.5. Let P be an energy martingale solution. Then for all T > 0
10V | L2(j0,71,-2) < ClIV [ 2(0,71,72) (1 + (V][ oo ((0,77,22)) + ClI Z]| L4 (10,7,71)
P-almost surely, with constants independent of P.

Proof. From Remark EZ8 we know that for ¢ € H? with |¢|ys = 1 we have

at<va SD>,C2 = _<Vw$ + Va Spww>£2 - <(Vw + Zw)27 Qow$>/$2 .

Thus using the embedding of L! into H~! and an interpolation inequality,

|8tV|H—3 < |VM|L2 + |V|L2 + |(Vw + Zw)2|L1a
< |V|H2 + O|V|L2|V|H2 + 2|Z|$_‘1.

Integrating the square in time yields the result. [l
Lemma 6.6. Let (P,)nen be a family of energy martingale solutions. Define
G(R) ={u: ||u||L°°([O,T]7L2) <R and ||u||L2([07T],H2) < R}.
Suppose that P, is started at a probability measure p,, such that

[ osaes + 1) i) < .
for all n € N and for some k > 0, then

C
PlVeGR]|>1- ———.
sup PalV € GBI 2 1= o Ry

Proof. By property [E3], we have that, P,-almost surely,
t
VO + [ Varltods <
0
t
< [V(0)Z +/ (1ValZe + 21Valca| Zol 24 |Vis |22 + 1 Zo] 24 Vsl 22) ds
0

t
1
< V()2 +/0 5lVelza + OO+ |Zu|2)VIZe + C1Zal g ds,
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where we have used the Sobolev embedding of H! into £*, interpolation, Young,
and Poincaré inequalities. Now from Gronwall’s inequality it follows that, for
all t € [0, T,

t
VO + [ Varltods <
0
< (V)2 + 1211} exp(C) 2|/ (6.1)
= L2 L4([0,T],Wh4) p L16/3([0,T],W14) ) .

where the constants might depend on T'. Applying (log(z + 1))* and using the
inequality

log(x +y+ 1) < C(log(x + 1) + log(y + 1)*) for x,y > 0,

leads to .
EP» [ sup log(1 + |V(t)|%2)} <C
t€[0,T]
and

t K
£ [log(1 + / Vaals) 2 ds)] " < €.
0

where the constant is independent of n. Now Chebychev inequality yields the
result. |

We are now able to prove Theorem We rewrite the statement for con-
venience of readers.

Theorem 6.7 (Restatement of TheoremB2). Let (P,)nen be a family of energy
martingale solutions with each P, starting in u, and

/ [log(|z|z2 + 1)]7 pn(dx) < K, for alln € N,
LQ

for some k >0 and K > 0. Then (P,)nen is tight on QN L%([0,00), H!).
Furthermore, there is a constant depending only on T > 0, zo € H', K > 0,
and k > 0, such that

E" [log(1+ /OT €2 (5)[2 ds)r <c,

T K
B flog(1+ [ Vaa(s)l3a ds)]” + B[ sup log(1 + |V (0)2)]" < C.
0 t€[0,T]

Proof. For the bounds on logarithmic moments of V' we use the bounds obtained
at the end of the proof of the previous Lemma[E.8l Using the bounds on Z from
Lemma yields the bound on logarithmic moments of €.

For the tightness of the law of V' under P,, we use Lemmas [0l and 3 for the
bound for 8;V, together with the compact embeddings of H'([0,7], H3) into
C([0,T),H=*) and of L%([0, T], H*) N H([0, T], H~3) into L3([0, T], H') (see for
example Temam [33]).

For the tightness of P, we use Lemma B4 on transfer of tightness in the
spaces L2([0,00), H') and C([0,T], H™%). O
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7 Some useful technical tools

7.1 A suitable concave moment
We aim to prove the following proposition.

Proposition 7.1. Let X be a random variable with values in [0,00). Then there
is a concave and non-decreasing map ¢ : [0,00) — [0,00) such that ¢(x) T oo

and
E[p(X)] < oo.

Moreover, ¢ can be chosen in such a way that for some constant C,
Pz +y) <d(x)+Cy,  forallz,y e [0,00).

Remark 7.2. Notice that the last condition on ¢ given in the proposition above
can be replaced by
Pz +y) < ¢(x) + Clog(l +y)

for some constant C' > 0 and for all z, y € [0,00). Indeed, let ¢ be the
map given by the proposition, then ¢(x) = p(log(1 4+ z)) has exactly the same
properties of ¢ and ¢(z + y) = ¢(log(l + = +y)) < é(x) + Clog(1l + y), since
log(1+ 2 +y) <log(l + z) + log(1 + y).

Proof. We first show that there is a non-decreasing continuous map u : [0, 00) —
[0,00) such that u(0) = 0, u(x) T 0o as © — oo and E[u(X)] < co. Choose a
sequence (Tp)nen such that g = 0, z, T oo and 4"Plz, < X < xp41] — L.
This can always been done, since X is a. s. finite. Now, let u be the piece-wise
constant function that on each interval [z, 2, 11) takes the value 2. We finally

set u(t) = L [I[a(t) — inf> (s)] ds.

Next, we show how to construct a map ¢ as in the statement of the propo-
sition such that ¢ < 1+ w. Define the sequence (yn)nen as yo = 0 and
yn = max{z € [0,00) : u(z) = n}, for n > 1. The sequence (yn)nen is in-

creasing and y,, 1 co. Define ¢ as ¢(yo) =0, ¢(y1) = 1,
P(Yn—1) — ¢(Yn—2)

Yn—1 — Yn—2

(yn) = min{n, A(Yn—2) + (Yn — yn72)}7

and by linear interpolation for all other values of z € [0, 00). In other words, at
each point y,, the map is defined either as the continuation of the line y,,_s —
Yn—1 Or as u(yy,), depending on which is the smallest value. The construction
is shown in the picture. All properties of ¢ are apparent from the picture, we
only show that ¢(y,) T co. Let A = {n: ¢(y,) = n}. If A is infinite, we are
done, otherwise, let N be the largest value in A, then for z > yy,

B(w) = Blyw—1) + LIV (o
YN —YN-1
and ¢(z) T oo, since ¢p(xn—_1) < N -1 < N. O
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Figure 1: An example of the construction

7.2 A slight variation of Gronwall’s lemma

Here we give a detailed proof of the variation of Gronwall’s lemma used in
Section BJl The result is elementary and probably well known, it is given here
only for the sake of completeness. The main differences are the following: we
do not assume that the term a(-) is positive and the inequality holds only for a.
e. time, but then it holds starting from arbitrary initial times.

Proposition 7.3. Let a, b € L*(0,T), with b > 0 and let u : [0,T] — R be
a lower semi-continuous and positive function. Assume that there exists a set

S C (0,T] (thus, not containing 0) with null Lebesque measure, such that for all
s¢ S and allt € [s,T],

u(t) < wu(s)+ /St a(r)u(r)dr + /St b(r)dr.

Then ,
u(T) < u(0)elo *) ds+/ b(s) e/ o) dr g
0

Proof. We only need to prove the proposition if a(-) is piecewise constant. In-
deed, if this claim is true and a € L'(0,T), there are piecewise constant func-
tions a, such that a, — a and without loss of generality we can assume
that each a, is constant on a finite number of intervals whose extreme points
do not belong to S (but possibly for the last one). By the usual Gronwall’s
lemma we can deduce that u is bounded by some constant M. We then set
bn(s) = b(s) + Mla(s) — an(s)|, and we apply the claim with a,, and b,. As
n — 00, we recover the original statement.

Assume then that a = ZZ;& agly,, where the intervals Ji = [tk,tkt1),
O=ty<ti<--<t,=Tandtg, t1,...tp—1 € S. If ap > 0, since t;, € 5, we
know by the usual Gronwall’s lemma and semi-continuity of u that

th+1

(tirn) < ult) e 0ot g [ () et g,

ty
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If a < 0, we reverse time as it is done in the proof of Theorem 5 of Flandoli &
Romito [I7] and we apply again Gronwall’s lemma to get

oyl
ultirs) < ufte) ot o [ g eonten =0 g

tr

It is then easy to prove by induction on k£ < n that

t ti ty,
u(ty) < u(0) oo™ als)ds _|_/ b(s) oJiFa(r)dr go
0

and in particular k = n is exactly what we aimed to prove. [l
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