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Theorem A  Assume that ¥ is Hamiltonian displaceable. Then
1
RFH® (, M) = {0}.

We shall prove this result by a leafwise intersection argument, follow-
ing [2]. A more algebraic proof of Theorem A was given in [8] in the
framework of symplectic homology, and their proof should also apply to
Rabinowitz—Floer homology, cf. Section 6.

This note is organized as follows. In Section 2 we recall the construc-
tion of non-equivariant Rabinowitz—Floer homology RFH(X, M), and in
Section 3 we construct S'-equivariant Rabinowitz-Floer homology
RFHS (3,M). The core of this note is Section 4 in which we prove
Theorem A. In Section 5 we give an alternative and somewhat easier ap-
proach to the invariance of RFHS' (X, M). In Section 6 we briefly discuss
other approaches to proving RFHS' (X, M) = 0 for displaceable hypersur-
faces.

2. Recollections on Rabinowitz—Floer homology

In this section we recall the construction of the (non-equivariant)
Rabinowitz—Floer homology of a hypersurface T of restricted contact type,
following [10] and [2]. Our construction of equivariant Rabinowitz—Floer
homology in the next section will be based on this construction.

Consider an exact convex symplectic manifold (M, A). This means that
A is a one-form on the connected manifold M such that d\ is a symplectic
form, and that (M, d)) is convex at infinity, i.e., there exists an exhaustion
M =, My, of M by compact subsets My C Mj.; with smooth boundaries
OM), such that A|sps, is a contact form. We further fix a closed connected
smooth hypersurface ¥ in M that is bounding and of contact type. The
former means that M \ ¥ has two components, one compact and one non-
compact, and the latter means that A|y is a contact form, or equivalently
that the vector field Y), implicitly defined by ty, dA = A is transverse to 3.

For a smooth function F' on M, the Hamiltonian vector field Xp is
defined by ¢x,d\ = dF, and % denotes the flow of Xr. The Reeb flow ¢4,
on ¥ is the flow of the vector field R defined by dA(R,-) =0 and A(R) = 1.

2.1. The Rabinowitz action functional-
A defining Hamiltonian for ¥ is a smooth function F': M — R such that
¥ = F~1(0), such that dF has compact support, and such that % restricts
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T'(U(')7T’7 ) (’U( nsT Z) (8)

We shall denote the circle S! with this action on £ x R x §2V+1 by T.
Denote the quotient of this action by £ x R Xt S2N+1 The functional
AFNT . £ R x §2V+1 R defined by

AFNT(y p 2y =— | v*A— v
ANz = = [ wan [ F(o)a )

is Morse-Bott if and only if the functional AF defined in (1) is Morse-Bott.
Indeed, the critical set of AF"NT is the critical set of AF times §2N+1,
Since the functional (9) is invariant under the action (8), we can define the
equivariant Rabinowitz action functional AHNT: £ x R xp §2V+! - R by

F,N;T 21} = — *y
APNT (o) == [ oA [ Flo)d (10)

and since the action (8) is free, this functional is Morse-Bott under the
assumption (3) on X.

3.2. Equivariant Rabinowitz—Floer homology
T-equivariant Rabinowitz—Floer homology RFH (X, M) is the direct
limit in NV of the Floer homology of the functional AF*N:T, where F is any

defining Hamiltonian for 3.

1. The chain groups. Fix a defining Hamiltonian F' for ¥ meeting
assumption (3), and fix V € N. Then AFNT is Morse-Bott, with critical
manifolds the union of ¥ x {0} x §2V+1 and C; x {kn;} x S?2N*1 k € Z\ {0},
where each C; x {7;} is a circle of simple Reeb orbits of period n;. Since the
action of T on £ x R x S2N+1 ig free,

Crit APNT = Crit APNT T = Crit AF xq §2V+1

is a closed manifold. Denote by gg:nv+1 the round Riemannian metric on
S$2N+1and choose a Riemannian metric gs; on ¥ and S'-invariant Rieman-
nian metrics gc, on C;. Then the Riemannian metric gy on Crit AFNT
defined by gn|sx(o}xs2rv+1 = g @ gsev+1 and gnle, x{knpxs2v+1 = go; D
gszn+1 is T-invariant, and hence descends to the Riemannian metric g5 on
Crit AF"NT, Choose a Morse function hy: Crit ANT 5 R such that the
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pair (hy,gk) is Morse-Smale (that is, the stable and unstable manifolds
of the negative gradient flow of Ay with respect to g% intersect transver-

sally). The chain group FC(AFNT hy) consists of Novikov sums 3 &.c
with ¢ € Crit Ay, as in Section 2.2.

2. The almost complex structures. If one works with polyfolds,
one can, again, just take a fixed J € J.on- Here, we again fix J, € Jeon and
look at smooth S x §2N*1 x R-families J = {J; ,(-,7)} C Jeon such that

sup | Je,z(;m)llce < oo forall{eN (11)
t,2,m

and such that there exists a constant ¢ > 1 (depending on the family) for
which

1
@)l < 1,z (2, m) < ell Je ()]
for all z € M and (t,2,7) € S* x 2N+t x R. (12)

Furthermore, we impose that the family J is S-invariant:

Jt—f—'r,'rz('a 7]) - Jt,z('y 77)
for all (¢,2,7) € S x $?N*+1 x Rand 7 € S'. (13)

The space ¢ 5% of all families J in Jeon satisfying (11), (12) and (13) is
non-empty (since property (13) is obtained by averaging over S!) and con-
tractible.

3. The boundary operator. Let hy: Crit APNT _, R be the lift of
hn. Then hy is Morse—Bott, with T-orbits as critical manifolds. Given two
critical points ¢, ¢~ of hy, denote by C*, C~ the corresponding critical
circles of h nN. GivenJ € ¢ S consider all gradient flow lines with cascades
M(ct,¢™) from a point in C* to a point in C. Here, the (partial) Morse
flow lines are (partial) negative gradient flow lines of hy on Crit APNT with
respect to g, and the cascades (i.e., the Floer gradient flow lines) are finite
energy solutions (v,7,z) € C®(R x S, M x R x §2N+1) of the problem
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R x §2N*+1 is not compact, and that we work with cascades instead of
suitable perturbations of the Hamiltonian F'. We expect that combining
the construction in [7] with the L*-estimates on the n-component from
[10, Section 3] leads to the same groups RFHY (X, M) in view of a version

of the Correspondence Theorem 3.7 in [6].
A construction of an S!'-equivariant Rabinowitz—Floer homology that

stays within the setting of S'-equivariant symplectic homology was given
recently in [13]. We expect that also this homology is isomorphic to
RFHT(Z, M).

4. Proof of Theorem A

In this section we prove our main result: RFH'(Z, M) = 0 if ¥ is
displaceable. For the proof, we first recall how the analogous result is proven
in the non-equivariant case. We shall apply the same method in the non-
equivariant case.

4.1. The perturbed Rabinowitz action functional, and leafwise
intersections

It has been shown in [10] that RFH(X, M) vanishes if ¥ is displaceable.
This result has been reproved in [2] by a more geometric argument, in which
the functional AF is perturbed to a functional whose critical points are
leafwise intersections. While the argument in [10] can be useful in problems
where the leafwise intersection argument does not help (such as proving
the existence of a closed characteristic on a displaceable stable hypersurface
[12]), we here apply the leafwise intersection argument from [2].

A perturbation pair for the Rabinowitz action functional is a tuple

(x, H) € C(5%,]0,00)) x C®(M x S*,R)

such that [¢, x(t) dt = 1. For a perturbation pair, the perturbed Rabinowitz
action functional Ai g L xR — R is defined by

AL 4 (v,m) =-/ v*,\—n/SI x(t) F(v(t)) dt—/SI H(v(t),t)dt. (17)

S’l

The critical points (v, 7) of this perturbed action functional are the solutions
of the system
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Ay, ([, 2]) = - /S UTA=T /S Yl ) F(v(t))dt
- [ G0, 6. )ae - k().

Denote by
P € C® (S x §2V+1, [0, 00)),
G e C®(M x S' x §*N+1 R),
k € C®°(S2N+1 R)

the lifts of ¢, G and k. We can then write the lift of Ay g« to LxRx S2V+1
as

Az azlvn, z) = /1 v*A —17/31 P(t, 2)F(u(t))dt
_ /.9 G(o(t),t,2)dt ~ K(2) (21)

The critical points (v,7,2) of Ay & 7 are the solutions of the system

3\

o(t) = nY(t, z) Xp(v(t)) + Xg(v(t), t),

0= /S Bt F (o), , (22)

0=p /S F(u($)0.5(t,2)dt - /S 0.G(o(t)t,2)dt - dK(2). |

Definition 4.3 A perturbation triple (v, G, k) is called admissible if the
following two conditions hold.

(i) For each z € S*"*! and each solution (v,n) of equation (18) with
respect to the perturbation (¢,,G,) the identity F (’u(t))d'qbt (2) =0
holds for all t € S*.

(i) |dGqe(2) 3| < |dk(2) 3| for all z ¢ Critk, 2 # 0 € T,S*N+! and
(z,t) € M x St.

Lemma 4.4 Assume that (¢, G, k) is an admissible perturbation triple.
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and choose a Hamiltonian function H: M x §! — R with H(-,t) = 0 for
all t € {0,1/2] whose time 1-flow py displaces ¥. By Lemma 4.6, the pair
(x, H) has an equivariant extension (¢, G, k). Let [v,n, 2] be a critical point
of Ayck. Choose z € S?N+1 over [z]. By Lemma 4.4 and by (II) of
Definition 4.5,

0(t) = nx(t + tz) Xp (v(t) + Xpr(e4e.) (v(2), B),

0= /51 x(t+t,) F(v(t))dt.

By Lemma 4.2, v(t,) is a leafwise intersection point for H(-,¢ +t,). This is
impossible because ¢y displaces 2. It follows that the functional Ay g x =

Af;g,lr has no critical points. The Floer homology FH(.A:;IC\'{,TCr is defined
along the lines of Section 3.2, see Section 5. Since .Af;gg has no critical

points, the Floer complex of Af;g;f is trivial, and hence FH(ASgE) = 0.

Theorem A thus follows from the invariance FH(Af;gE) ~ FH(APRNT),
which is proven in the next section.

5. Invariance

The goal of this section is to prove
Proposition 5.1 FH(Af;gE) >~ FH(AHNT),

This isomorphism can be proven along the lines of the proof of
Corollary 3.4 in [10]. In this section we give a different proof.

We start with reviewing two continuation methods for showing invari-
ance of a Floer-type homology. For simplicity, we describe these methods in
the setting of Morse homology and Morse-Bott homology on a non-compact
manifold M. For ¢ = 0,1 let fi: M — R be smooth Morse functions with
compact critical sets Crit f;.

Method 1  Assume that there is a smooth family {fs}ogs<1 of Morse
functions fs: M — R such that the critical sets Crit f; are all isotopic.
More precisely, assume that there is a diffeomorphism

¥: Crit fy x [0, 1] — H Crit fg x {8}, (.'II, 3) = (il/‘s,S).

0<sx1
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My, (0rc) M,,,,‘{a,, c)

Morse homology: c; is still in the image of the boundary operator 9, and
while now neither a; nor b, are in the kernel, a; — by is in the kernel of J;.
Hence we still have

MH( f1, j1) = MH;(f1, /1) = Z2{a; — b1).

A bifurcation as above, that creates a component in My, is called a
slide bifurcation, or a handle slide, since such a bifurcation acts on the cor-
responding handle decomposition of M by sliding one handle over another.
The other type of bifurcation that appears in a generic isotopy between
Morse functions are birth bifurcations and death bifurcations, namely the
birth of two critical points or the cancellation of two critical points. Such
bifurcations do not arise in the situation at hand.

Below we shall apply this method in a Morse-Bott set-up: Assume
there is a smooth family {fs}og<s<1 of Morse-Bott functions fs;: M — R
with compact critical sets Crit f; and a diffeomorphism

¥: Crit fy x [0,1] — H Crit fs x {s}, (z,8) — (s, 5).

0<sx<1
Choose a Morse functibn ho on Crit fy. Then the functions
hs(zs) :== ho(z)

are Morse functions on Crit fs, and the sets Crit h; are isotopic. For a
Riemannian metric g, on Crit f5, for a Riemannian metric js on M and for
T5,Ys € Crith, denote by My, ;. h. 4. (%s,ys) the set of negative gradient
flow lines with cascades from z; to ys, and by My, ;. . ¢.(Zs,Ys) the space
of unparametrized gradient flow lines with cascades.

For s = 0,1 choose a Riemannian metric g, on Crit f; such that
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homologies of (fo, jo, R0, go) and (f1,J1, h1, 1) are isomorphic, see {17, The-
orem A.17)].

Historical Remark Floer used Method 1 in [15] to prove invariance
of his homology for Lagrangian intersections. (He also dealt with isolated
bifurcations of the critical sets, namely birth and death bifurcations, by first
putting them into normal form and then constructing a chain map between
the complex before and after the bifurcation that induces an isomorphism in
homology.) Such a bifurcation analysis was later also used in [14], (18], [25].

The powerful and flexible Method 2 was invented by Floer only later in [16].
¢

Proposition 5.1 can be proven by Method 2, by adapting the proof of
Corollary 3.4 in [10]. We leave the minor modifications to the interested
reader. Here we give a different argument, that takes into account the
structure of the functional Af;:gfg, and uses Method 1 once and Method 2
twice.

Consider the four functionals on £ x R xp §2N+1,

Aot ) == [ oa=n [ P
Ar(foimal) == [ va—n [ Fow) ~ k),

Aa(fo,n ) == [ v'A—n [ 3P - k@),

—~

As([v,m, 2]) = _/51 VA — T)/S] P(t, z)F(v(t))dt — /Sl G(v(t),t, z)dt — k(2).

The functionals Ay and A; are Morse-Bott by our assumption (3) on 3
and since k is Morse, while 4, is Morse-Bott by Lemma 5.2 below. The
functional Ajz is Morse-Bott because it has no critical points. Hence the
four lifted functionals A;: £ x R x S2¥+1 _, R are also MorseBott.

The Floer homology FH(A4,) = FH(Ag,ho,Jo) was defined in
Section 3.2, and the Floer homology FH(A;) for ¢ = 1,2,3 is defined in
the same way: One chooses a Morse function h; and a Riemannian met-
ric g; on Crit.A; such that (h;, g;) is a Morse-Smale pair, lifts them to the
Morse-Bott function h; and the T-invariant metric g; on Crit j,-, and de-
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Corollary 3.3 in [10]. It follows that FH(A;) = FH(A3).

Proof of Lemma 5.2. We use the method in Appendix A.1 of [2]. Fix s,
and fix a critical point (vg,70,20) € £ x R x §2N+1, We decompose A as

;\s(v, n,2) = Ao(v) + 1o Fay (v, 2) + (no — n) Fy(v, 2) + E(z)

where

Ao(v) = —/Sl v*A—1no /Sl ¥s(t, 20)F(v(t)) dt,
Fag,)i= [ (Fults) = Bult D) Fo(0)
Fyp(v,2) = /S 1 Vs(t, 2)F(v(t)) dt.

In order to compute the Hessian of A, at (vo, Mo, 20), we apply “a change of
coordinates”: Consider the twisted loop space

Luor = {w € C([0,1], M) | w(0) = ¢y, p(w(1))}

and the diffeomorphism ®,,r: L,,r — L = C>®(S', M) given by

Lo (w)(£) = Gy, (w(2))

where we abbreviated Fy(-) := 1s(t, 20)F(-). Then the path wy = . Olpovo =

vo(0) € ¥ is constant. Hence tangent vectors w(t) at wg are curves in the
linear space T,,, M with

W(1) = d, ' (wo) B(0). (24)

We are going to compute the kernel of the Hessian of the pulled-back
functional

.A? = ((I)noF X idR X id32N+1)*.,Zs: E"IOF x R x SZN+1 — R

at the critical point (wo,70,20). First notice that ®; pdAo(w)[w] =
fol w(Lw, w)dt for any w € L, r and W € Ty Lpyr, and that
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1 —~ ~
(®nor X idgen+1)* Fay(w, 2) =/0 (¥s(t, 20) — ¥s(t, 2)) F(w(t)) dt,

1
(PpoF X idg2n+1)* Fyp(w, 2) = / Ys(t, z) F(w(t)) dt
0
(since F' is preserved under ¢} . ). The differential of A2 therefore is
dA® (w, 7, 2)[i, 3, ]
1
d
—A w(aw,w> dt

1 - - ~
+ 1o /O {(s(t, 20) — Ys(t, 2))dF (w(t)) W(t) — Bots(t, 2) 2 F(w(2)) }dt
-y /O Vs(t, z) F(w(t)) dt

+ (0 1) / Bult, z) dF (w(t)) (1) + 0sBu(t, 2) 2 F(w(t)) dt

+ dk(z)3.

At the critical point zo := (wg, 0, 20) the Hessian of A2 applied to &; :=
(W3, N, 2;) therefore is

Hess Af(xo)[fl, fg]
1
= /0 w(%ibl,wz)dt
1 ~ ~
- 770'/0 {0:95(t, 20) 21 dF (wo) o (t) + 8,1Ps(t, 20) 22 dF (wo) 1 (t) }dt
1 —~
i /0 Bt 20) dF (wo) i (2) dt

1 ~
— 72 /0 Vs(2, 20) dF (wo) Wy (t) dt

+ Hess k(z)(2, 29)
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