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FLOER HOMOLOGY FOR NON-RESONANT MAGNETIC FIELDS ON FLAT TORI

URS FRAUENFELDER, WILL J. MERRY AND GABRIEL P. PATERNAIN

ABSTRACT. In this article we define and compute the Novikov Floer homology associated to
a non-resonant magnetic field and a mechanical Hamiltonian on a flat torus T2Y. As a result,

we deduce that this Hamiltonian system always has 2N + 1 contractible solutions, and generi-

22N

cally even contractible solutions. Moreover if there exists a non-degenerate non-contractible

solution then there necessarily exists another.

1. INTRODUCTION

In this paper we study existence and multiplicity results for periodic solutions of fixed pe-
riod 7 of a system of N interacting particles on the plane subject to a magnetic field. We
suppose that the magnetic field as well as the potential are periodic on the plane, so that we
can carry out our study on the torus.

Let us first describe our set-up for a single particle, i.e.the case N = 1. We abbreviate by
T? = R?/Z? the two dimensional torus. We model the magnetic field via a 2-form o € Q*(T?).
If r: T*T? — T? is the footpoint projection, consider the magnetic symplectic form,

Wy =d\+ 70

where A\ = z1dp; + x2dp, is the Liouville 1-form on the cotangent bundle of the torus. Abbrevi-
ate the circle of length 7 by S, := R/7Z. For V € C*°(S, x T? R) a 7-periodic time-dependent
potential we define the 7-periodic Hamiltonian Hy € C*°(S, x T*T?,R) by

1
HV(taxap) = 5’]9‘2 + V(t7x)

where the norm of p is taken with respect to the flat metric on the torus. The Hamiltonian
vector field X,y of Hy with respect to the magnetic symplectic form is implicitly defined by
the equation

Wo(Xov, ) = —dHy.

We are interested in T-periodic solutions of X, v/, i.e. solutions w € C*(S;, T*T?) of the ODE
ow = X,y (t,w). (1.1)

We denote by P, (o, V') the moduli space of solutions. Since the fundamental group of the two
dimensional torus equals m(T?) = m(T*T?) = Z? we get a decomposition of this moduli
space as
P-(0, V)= |J P, V)
hez?

where P! (o, V) denotes those elements in P, (o, V) which represent h in the fundamental
group of T*T?. In particular, P2 (o, V') denotes the contractible solutions.

We do not know if periodic solutions always exist. However, we can prove their existence
under the following non-resonance condition we explain next. Denote by ;1 = dx; A dzy the
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volume form on the two torus with respect to the flat metric. Then we can write o = ap for
some function a € C*®(T? R).

Definition 1.1. We say that o is non-resonant in period 7, if there exists k € Z such that

2n(k +1
a(m)<L+), Yz e T2
T T

2k
— <

Our first main result for a single particle system is the following.

Theorem A. Assume that o € Q?(T?) is non-resonant in period T. Then for every V. € C*(S, x
T2, R) we have #P2(a, V) > 3. Moreover, for a generic potential V' it holds that #P2 (o, V) > 4.

In general noncontractible solutions may not necessarily exist. However, our second main
result tells us that if a noncontractible and nondegenerate solution exists a second noncon-
tractible one has to exist as well. For that recall that if qbfzv denotes the flow of the Hamiltonian
vector field X,y and w € P (o, V), then w is called nondegenerate if

det(D7, - (w(0)) — 1d) # 0.

Now we are in position to state our next main result for a single particle system.

Theorem B. Assume that o € Q?(T?) is a non-resonant magnetic field in period 7, V.€ C*(S, x
T2, R), and w € P (o, V) is nondegenerate for some h # 0 € 71 (T?). Then it holds that #P! (o, V') >
2.

We next explain how Theorem A and Theorem B generalize to systems of N interacting
particles. The configuration space of N particles is given by the 2N-dimensional torus T?V.
To keep track of our particles we choose for 1 < j < N a torus T3 = T? and think of the 2N-
dimensional torus as T*V = vazl ']I‘?. We denote by p;: T2V — ’]I'? the canonical projection.
We generalize the notion of a non-resonant magnetic field to the many particle case as follows.

Definition 1.2. A two form o € Q?(T?") is called non-resonant in period 7, if for 1 < j < N
there exist non-resonant in period 7 forms o; € QQ(']I?) in the sense of Definition 1.1 such that

N
0= Zj:l P;Uj'
We are now in position to generalize Theorem A to the case of N particles.

Theorem A+. Assume that o € Q*(T?YN) is non-resonant in period 7. Then for every V € C*(S, x

TN R) we have #PY(o, V) > 2N + 1. Moreover, for a generic potential V' it holds that #P%(o, V') >
22N

Of course Theorem A+ immediately implies Theorem A by specializing to the case N = 1.
On the other hand Theorem A+ is not a consequence of Theorem A. Here the key point is that
in Theorem A+ we do not need to assume that the potential is of product form, which means
that our particles are allowed to interact with each other. In the non interacting case, i.e. the
case where the potential V' can be writtenas V' = z;vzl p;V; for potentials V; € C*°(S; x T%,R)
Theorem A+ is an immediate consequence of Theorem A. In fact, in this case we get even the
stronger lower bound 3" for the number of solutions.

Similarly, Theorem B generalizes to the case of N particles as follows.
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Theorem B+. Assume that o € Q*(T?Y) is a non-resonant magnetic field in period 7, V € C*(S, x
T2V R), and w € P!(o,V) is nondegenerate for some h # 0 € w1 (T*N). Then it holds that
4P (5, V) > 2.

We conclude this Introduction by briefly explaining our approach. Unsurprisingly, we use
a variant of Floer homology. This semi-infinite dimensional Morse homology associates to
this Hamiltonian system a chain complex C'F! (o, V,7) which is generated by the elements
of P!(0,V) and defines a boundary operator by counting perturbed holomorphic cylinders
which asymptotically converge to the periodic orbits. A priori it is far form obvious that this
recipe gives a well defined boundary operator. Indeed, the question as to whether Floer’s
boundary operator is well-defined or not depends on a difficult compactness result for the
perturbed holomorphic curve equation, which cannot be expected to be true in full generality.
The main point of the present paper is that under the non-resonant condition from Definition
1.1 we can establish this compactness result. The usefulness of Floer homology stems from its
invariance under perturbations. If the magnetic field is a constant multiple agp of the volume
form p (cf. Definition 1.1) and 7 > 0 and k£ € {0, 1,2, ..., } are such that

21k < 7 |ag| < 2m(k + 1),

then for the special case V = 0 we can directly compute the Floer homology H F!(agpu,0, 7):

H M agu,0,7) = § T8, =0, (1.2)
0, h+#0.
Theorems A and B are immediate consequences of (1.2) and the aforementioned invariance
properties of HE!. Strictly speaking the case V' = 0 is never non-degenerate. It is however
“weakly non-degenerate” in the sense that the Hamiltonian action functional is Morse-Bott. In
this case it is still possible to define the Floer homology; see Section 4 for more information.
Theorems A+ and B+ follow via a similar argument.

On a more technical level, there are two additional points of interest in our construction.

Remark 1.3. The symplectic form w, is not atoroidal. This means that the Hamiltonian action
functional (cf. (3.8)) is not real valued on the loop space of 7*T", and one needs to use a
suitable Novikov cover. Thus the Floer homology H F that we construct is actually a Novikov
Floer homology.

Remark 1.4. As is well known, an alternative (more classical) approach to proving results like
Theorems A and B is the Lagrangian formulation where one studies a Lagrangian action func-
tional on the (completed) loop space of T?, and attempts to define a Morse homology for it.
When defined, this Morse homology should agree with the Floer homology. For the flavours of
Morse/Floer homology we use in this paper this result is due to Abbondandolo and Schwarz
[AS06] and is explained in more detail in this setting in [FMP12, Appendix A]. In Section 5
we explain how the non-resonance condition from Definition 1.1 implies that the Lagrangian
action functional satisfies the Palais-Smale condition. If o is sufficiently small (more precisely, if
one can take k& = 0 in Definition 1.1) then the Lagrangian action functional is also bounded be-
low, and in this case one can recover Theorems A and B using this functional (see e.g. [AMO06]).
However if k£ > 0 in Definition 1.1 then the Lagrangian action functional is no longer bounded
below, and hence one cannot define a Morse homology with it. In fact, (1.2) shows that for
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k > 0, the Floer homology is not the homology of a topological space (it is zero in degree zero)
and hence one should not expect to be able to define a Morse homology for the Lagrangian
action functional.

The results of this paper were announced in our earlier article [FMP12].

Acknowledgement. We are grateful to Felix Schlenk for his helpful comments and discussions.
UF is supported by the Alexander von Humboldt Foundation and by the Basic Research fund
2010-0007669 funded by the Korean government. WM is supported by an ETH Postdoctoral
Fellowship.

2. PRELIMINARIES

We think of T?V as being embedded inside C?" as S x --- x S'. We denote by (-, ) the
standard Euclidean flat metric on T2V, which comes from the real part of the Hermitian inner

(o)

the canonical almost complex structure on C?".
The embedding T?" C C?¥ induces an embedding of the trivial bundle 7*T?" inside C*".
To minimize ambiguity, we write ((-,-)) for the induced metric on T*T?" and J for the cor-

product on C?V, and we denote by

responding almost complex structure on T*T*V (thus ((-,-)) and J are defined in the same
way as (-,-) and j, but on C*" instead of C?"). We will freely use the “musical” isomorphism
v+ {(v,-) to identify TT?" with T*T?*V without further comment. Under this identification
{(-,-)) is the Sasaki metric on TT?".

In addition to the isometry TT?Y = T*T?¥, the metric also determines a horizontal-vertical
splitting of the tangent bundle T7*T2":

Ty T TN = T, 12N @ T3 172N 2.1)

which sends a tangent vector ¢ to the pair £ — (D7(§), K(£)); here K is the connection map
associated to the Levi-Civita connection V induced from (-, -). In fact, under our embedding
this corresponds to the splitting C* 2 C2V @ C?V. In particular, if we write ¢" := Dr(¢) and
€Y := K(&) then one has

({6, 0 = (€h,¢M) +(€v,¢).
Using this notation, the almost complex structure J sends (¢",£%) — (—£v,¢&"). The almost
complex structure J is compatible with the standard symplectic structure d\ in the sense that

dAA(J- ) = () -

T2N . Whilst all of what follows in this section

Now let us introduce a closed 2-form ¢ on
is valid for any closed 2-form o, since in this article we will only work with product 2-forms
o= Z;V: | pjoj, where each o; € Q*(T?), we shall restrict to this case right away. Such a 2-form
o is equivalent to an N-tuple (a1, ...,an) of smooth functions a; : T2 — R, where oj = ajp.
Here 1 is the volume form on T? induced by (-, -).

The metric (-, -) allows us to associate to 0 an endomorphism Y, of TT?N, called the Lorentz
force, via

oz (v,0") = (Yo (z) -v,0").
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We denote by J, the open set of almost complex structures .J on T*T?" that are both com-
patible with d\ and tamed by w, - this just means that the bilinear form dA(.J., -) is both positive
definite and symmetric, and the bilinear form w,(J-,-) is positive definite (but not necessarily
symmetric). Unfortunately in general J will not belong to 7. This can be rectified by rescaling.
Given A > 0 we define the rescaled almost complex structure

1.4
Jp = A .
A (A-Id

Definition 2.1. Fix A, > 0. Let U(c, A, ¢) denote the set of almost complex structures J € 7,
which are uniformly tame in the sense that

1
we(JE, &) > ZdA(Jg,g) forall ¢ € TT*T*V, (2.2)
and which satisfy
HJ - JAHOO <Eé.

A priori there is no reason why U(o, A, €) should be non-empty. However in [FMPP12, Lemma
2], we proved:

Lemma 2.2. If 0 = Z;-V:lpj(aj,u) and A > maxi<j<y ||la;||,, then for any 0 < e < 1 the set
U(o, A, €) is open and non-empty. More precisely, one has

B(Ja,e) CU(o, A, e),
where B(Ja,€) :=1{J € T, | ||J — Jall <€}

We will also need the following easy result.

Lemma 2.3. Suppose J is an almost complex structure on T*T?N which is compatible with d\. Let
kg denote the minimal positive eigenvalue of the positive symmetric operator —J o J. Then for any
v € TT*T*N one has
1
((v,0)) < ZdA(Jv,v).

Proof. A simple computation:
d\(Jv,v) = dA(JJv, Jv)
= ((Jv, Jv))
= ((=J o Juv,v))
> kg (v, ).

O

Given 7 > 0 we write £, T2V = C>(S,, T?V). For each h € Z*"N = 71 (T*V) we write L T2V

T2V of loops belonging to the homotopy class h. We write £, T*T?" for

for the component of £
the free loop space of the cotangent bundle. We define the L?-inner products (-, ), on £, T

and ((-.-)), on £, T*T?" using the metrics (-, -) and ({-, -)) respectively. Thus

(6,0 = /0 "), co)) d.

Let us now rephrase the non-resonance condition in a way that will be more convenient later
on. Given v € £,T?", we denote by F;) € I'(y*End(7T'T?Y)) the unique solution to the Cauchy
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problem

ViFg () = FJ(t) o Yo(7(1), F7(0) =Id. (2.3)
Since Y, is antisymmetric, the operator Fy is an orthogonal transformation. If o = Zjvzl p;(a;jn)
and

¢
50 = | a0
then one has for (v1,...,van) € TT?V that

E)(t)(v1,...,van) = (exp(b] (t)3)(v1,v2), ..., exp(b} (t)3)(van—1,van))

where here j is the complex structure on T2 (not T?Y), and each pair (vg;_1, v2;) is thought of
as belonging to TT2. The following lemma is therefore straightforward.

Lemma 2.4. Suppose o = Z;V:1 p;joj. Then o is non-resonant in period T (in the sense of Definitions
1.1 and 1.2) if and only if there exists € > 0 such that for any curve v € L. T*N and all v € T, T,
one has

(£ (1) = 1d)o| > e o] . (24)

a

Remark 2.5. Of course, one can still define F) even when o is not of the form Z;V: 1 pj»aj.
The construction in Section 3 would go through without any changes if we took (2.4) as the
definition of non-resonance rather than Definitions 1.1 and 1.2, which thus allows us to de-
fine the Floer homology groups HF!(o,V, ) for magnetic forms that are not of the form
o= Z;V:1 pjo;. Nevertheless, we do not know how to calculate H F!0,V,7) unless o is of
this form, which is why Theorem A+ and Theorem B+ are stated for product magnetic forms.

3. DEFINING THE NOVIKOV FLOER HOMOLOGY

3.1. The Novikov framework. Consider the 1-form a, € Q!(£,T?") defined by

%wmwzfo@%ow G3.1)

S

Since o is closed, a, is closed, and thus for each h € Z?" = 7;(T?) we can define a map

O (LhT2N) - R by
o) = [ fa= [ fo

where we think of a map f : S' — LIT?V representing an element [f] € (L2 T2?V) also as a
mapf:S1 xS, — T2V,
Given h € Z*V, thought of as a lattice in R?, let 7}, : [0, 1] — R2Y be defined by

An(t) := th. 3.2)

Let y;, € LIT?N denote the projection 7}, = q o 35, where q : R*¥ — T2V denotes the universal
cover. Denote by
= m (LhT2N)  Ker (D).

Then T'? is a finitely generated free abelian group, I'? = Z™ for some m. I'? is cyclic if and
only if [a,] € H*(L,T*;Z) is an integral class (see [Far04, Lemma 2.1]), that is, if and only
if o € H*(T*N;Z) is integral. Let Q : L(T?V,0) — LMY denote the covering space of
LMT2N with deck transformation group I'*. We call Q a finite integration cover for o of LET?V.
An element of L?(T?" | 5) is an equivalence class [y, z] of a pair (v, z), where v € LTV and
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z:[0,1] x S, — T2V satisfies

Z(O’ t) = 'Yh(t/T)’ Z(la t) = W(t)’ (3.3)

and the equivalence relation is given by

(7:20) ~ (v.21) & [20827] € ker(@7), (3.4)

where 2, (s,t) := 21(s, —t), and [208z; ] denotes the element of 71 (L£T?") containing the map
St x S, — T" obtained by gluing 2o and z; along y,.

Remark 3.1. Note for h = 0 one has ®? = 0 since the lift of ¢ to the universal cover R?Y of T2V

is necessarily exact, and hence [g, f*o = 0 for any map f : $* — T?". Thus for h = 0 the space
LY(T?N, 5) is exactly LOT?Y.

The action of I'" on the fibre Q~!(v) is given by (f, [v, 2]) ~ [7, 21 f], where f : St xS, — T2V
is a representative of f € T'?, and ztf : [0,1] x S; — T2V is (a smooth reparametrization of) the
map

z(2r,t), 0<r<1/2
(28f)(s,t) == (3.5)
f@r—1,t), 1/2<r<1.
It follows directly from the definition that the one-form Q*a, € Q' (L*(T?V,¢)) is exact. In
fact, if A, : L?(T?", o) — R is defined by

Aolli)= [ s (3.6)
[0,1] xS+
then we have
Q a, = dA,.

Note that
Ag([y, 2#1]) = As([7. 2]) + @2(f).
Let A” denote the Zy-Novikov ring

Al = {chfk | ek € Za, fx €T, ®L(f) = —ccask — 00}5 (3.7)
k=0

The fact that T'” is a finitely generated free abelian group implies that AP is always a field
([FHS95, Theorem 4.1]).

Remark 3.2. Note that L?(T?" 5) and A” depend only on the projective line in H?(T?";R)
determined by o, that is, on {t[o] : t € R\{0}} c H?(T?";R). Indeed, it suffices to observe
that ker(® _ ,,) = ker(®%) for each ¢t € R\{0} and each # € Q'(T?V).

It will be convenient to view these covering spaces also as covering spaces of the free loop
space LMT*T2N of T*T2N. To this end, given h € Z2N, we denote by Q : L*(T*T2N, o) —
LMT*T2N the cover whose fibre Q! (w) over w € LMT*T?N is simply the fibre Q(r o w)
for the cover @ : L*(T?V o) — L£PT2N defined above. In other words, L?(T*T?V, &) consists
of equivalence classes [w, z] of pairs (w, z), where w € LT*T" and » satisfies (3.3) (with v
replaced by 7 o w), and the equivalence relation is the same as (3.4). Note that the group of
deck transformations of L2 (T*T?" ¢) is again I'?, and the action (f, [w, z]) — [w, 2 f] of ') on
the fibre Q! (w) is the same as in (3.5).
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Next, given a smooth potential V' € C*®(S, x T?V R), let Hy € C*(S, x T*T*¥ R) be
defined by

1
HV(t,CC,p) = 5 |p|2 + V(t,:ﬂ)
We define the Hamiltonian action functional Ay : LAT*T?N — R by

Ay (w) = /S w*\ — /0 Hy (t,w)dt. (3.8)
It is well known that the set of critical points of Ay corresponds precisely to the set P.(o =
0, V) of solutions to the ODE (1.1) (with ¢ = 0). Fix h € Z?¥, and define
Ay LMT*T?N 5) = R;
by
Aoy (1w, 2]) = Ay (@([w, 2])) + Ay (7 0w, 2])

:/ w*)\—/ Hv(t,w)dt+/ 2*o.
r 0 [0,1] xS+

Amv([w? Zﬁf]) - AGV([w? Z]) + @Z(f), for f € F]O—LW
and it is not hard to check that the set Crit” (A, 1) of critical points of A, 1 on L(T*T?V ) is
simply the preimage Q! (P (0, V)):

Then

Crit" (A1) = {[w, 2 € LY(T, o) | w € Ph(o, V)} .
Recall that a critical point [w, z] of A1 is said to be non-degenerate if
det(Dég,y (w(0)) —Id) # 0, (3.9)

where ¢! |, denotes the flow of X, v-.

Definition 3.3. We say that the triple (o, V, 7) is non-degenerate if every element of Crit (A, 1)
is non-degenerate (for all h € 7). Equivalently, (o, V, ) is non-degenerate if and only if
Ay : LMT*T?N o) — R is a Morse function for all h € Z2¥.

The next result is very standard; a proof for ¢ = 0 can be found in [Web02, Theorem 1.1],
and the same argument goes through with only minor changes in the general case.

Theorem 3.4. For a given closed 2-form o € Q*(T?N) and a given 7 > 0, the set of potentials
V € C®(S,; x T2V R) for which (o, V, ) is non-degenerate, is of second category in C°°(S, x TN R).

Set
Flo,V;68) = {w e LT TN | (|0yw — Xoy (8, w)]|, < 5} .
The following lemma explains why the non-resonance condition from Definition 1.1 is impor-
tant.

Lemma 3.5. Assume o is non-resonant in period 7, and let € > 0 be such that (2.4) holds. Then for all
w = (7,p) € F(a,V;6) one has
Vo
IPlloo < <\/?+ — | 0+ V7TIVVIL): (3.10)

g
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Proof. In terms of the horizontal vertical splitting (2.1) one has

Oy —p
Sw — X, v (t, w) = 3.11
= Xavltw) < Vip+ Yo (1)p + VVi() ) G4y

and hence
10w — X (8, w)||2 = / Vip+ Yo(y)p + VVi(y) 2 dt + / 0y — plPdt.
0 0

Fix w € F!(o,V;6). Since T*T?N = T2V x RN is a trivial vector bundle, it makes sense to
consider the path y = (y(0),n) : [0,7] — T*T?" by

n(t) := F7(t) - p(t),
where F (t) was defined in (2.3). Observe that
Vin = (Vi) -p+ Fg - Vip
= FJ(Vip+Y5(7)p),

TZN

Since F7 (t) is an orthogonal transformation of T, ;) T*", we have

/0 V()| dt = /0 Vap+ Yo (y)pl? dt

gz( [ 19w+ vaep + Vv Par+ [ |vvm>|2dt)
0 0
<252 427 |VV|2,,

where we used a? < 2(a + b)? + 2b%. Thus in particular,

dist(y(0), y(r)) < / Ven®)|dt < V7 \J262 + 27 [ WV, (3.12)
0
where dist is the distance measured with with respect to the metric ((,-)) on TT?". However
since
n(0) = p(0), n(r) = FJ(7) - p(7),
one has

dist(y(0),y(r)) = [(F5 (1) = 1d)p(0)] = € |p(0)], (3.13)
where we are using the fact that (-, -) is flat to conclude that the ((-, -))-geodesic running from
y(0) = (7(0),7(0)) to y(7) = (v(0),n(7)) is the straight line in T’y T" from 7(0) to n(7). Com-
bining (3.12) and (3.13) we conclude that

2
pO)] < L\ w2 [OVIE < 0604 F IOV
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Next, given s € S; one has
[p(s)] = [p(0)]] < /0 [Ve(lp(t)])] dt

<[ (VP
0 |p|

(*) / T (Vi + Yo (7)p. p)|
0

Ip|

< / IV + Yo (7)p| dt
0

< / Vit Yo(y)p + VVi(y) di + / VVi(y)) di
0 0

; 1/2

Sﬁ(/ |vtp+Ya<v>p+vvt<w>|2dt) OV
0

< VR VFIVVIL),

where () used the fact that (Y, (v)p, p) = o,(p,p) = 0. Thus

max p(t)] < <ﬁ+ £> 6+ V7 IVV).

teS, 9

O

Remark 3.6. The only place in the paper where it is crucial we are working on a torus T" is in
the preceding lemma. More precisely, (3.12) and (3.13) use the fact that T" is parallelizable and
has a flat metric (-, -).

Corollary 3.7. Suppose o is non-resonant in period 7. Then for any potential V € C>(S, x T2V R),
the set P (o, V') is compact. Thus if (o, V, T) is non-degenerate then P (o, V') is a finite set.

Remark 3.8. In fact, a similar argument shows that if o is non-resonant in period 7 then P (o, 0)
has no non-constant solutions. Indeed, if w = (v, p) belongs to P-(o,0) then it follows from
(3.10) that p = 0 and that v is constant (cf. (3.11)). In particular, this shows that P! (o, 0) = 0
for all h # 0.

As mentioned in Remark 2.5, Lemma 3.5, Corollary 3.7 and Remark 3.8 all go through if we
take the validity of 2.4 to be the definition of non-resonance.

3.2. Moduli spaces. From now on we assume that ¢ is non-resonant in period 7, and (o, V, 7)

is non-degenerate. Fix two critical points [w ™, 27, [w*, 2] € Crit?(A,.). Write o = Z;Vﬂ p;(aju),
and choose A > max;<j<y ||a;|| . We will work with paths {.J; };cs, C U(o, A, &¢), where the
setU (o, A, o) was defined in Definition 2.1, and ¢y > 0 is a small constant to be specified later.
Lemma 2.2 shows that such paths {J;} exist, and moreover that a sufficiently small perturba-
tion {J/} of {J;} still belongs to U(o, A,ep). This means that it makes sense to talk about a
“generic” family {J;} C U(o, A, ¢).

Denote by
MA (™, 27 Tt 24,0,V {0)

TQN

the set of smooth maps v : R x S; — T™* which satisfy the Floer equation:

Osu+ Jp(u)(Oru — Xp v (t,u)) =0, (3.14)
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and which submit to the asymptotic conditions

+
Sl}rinoou(s t) =w(t), Sl}rinooﬁ u(s,t) =0, uniformly in¢,

and which in addition satisfy
[w+, 2 f#(rou)] = [er, z+].

Here @ : [0,1] xS, — T*T?" is the compactification of u (such a map u exists as the convergence

of u(s, t) to w*(t) as s — +oc is exponentially fast due to the assumption that [w™, 2*] are non-

degenerate), and = (7 o u) denotes (a smooth reparametrization) of the map

z7(2r,1), 0<r<1/2

(4w o m)irt) = (mou)(2r —1,t), 1/2<r<1.

We can consider u € M ([w™,27],[wt,2],0,V,{J;}) asamap u : R — LYT*T?V,¢) as
follows. Write u(s,t) = (z(s,t),p(s,t)), and set
u(s) := [u(s, ), 2(s)], (3.15)

where z(s) is (a smooth reparametrization) of the cylinder obtained by gluing z~ onto the
cylinder {z(7, %) }(;.1)e(=o0,s|xs, - Thus @ is a flow line of A, y:

O3t + Vg, Agy (i1(s)) = 0,
where V ;, A, denotes the vector field on L2(T*T?V , ¢) defined by
Vi Asv(w,z]) = Jy(w)(Ow — Xo v (¢, w)).
Lemma 3.9. Ifu € M ([w™,27],[w", 2%],0,V, {J;}) then
ol < 4 sup 2 (A (™27 = Apy ([, =),
where kj, > 0 denote the minimal positive eigenvalue of —J o Jy, as in Lemma 2.3.

Proof. We compute:

|0su H2 def/ / ((Osu, Osu)) dtds

< sup —/ / dA(J 0su, Osu)udtds

teS,; Ky

< 4 sup —/ / we (J10su, Osu)dtds

teS, RJ;

~asup L (lim_ Ay (09) ~ i Aoy (i) )

teS, Ky \57—
1
= dsup — (A, v([w™,27]) = Agv([wh,27])) .
teS, Ky

O

We now wish to prove that the moduli spaces M”([w™, 2], [w*,2"],0,V, {J;}) have good
compactness properties. The next result is an easy consequence of Lemma 3.5.

Lemma 3.10. There exists a constant T > 0 such that if

u=(z,p) € M([w™,z7],[w", z7],0,V, {h})
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then
p(ss)llg < T (1 + [|Osuls,)ll5) -

The following theorem is the central result of this section.

Theorem 3.11. There exists g > 0 such that if {J;}ies. C U(o, A, eq) then for any pair (C, E) C
R x [0,00), there exists a compact set K(A,C, E) C T*T*N with the following property: Suppose
[w, 2% € Crith(A,.v) satisfy
Asv([w™,27]) <C,
Aoy (w™,27]) — Apv(fwt,2T]) < E.
Then if u € M ([w™, 27, [wt, 27],0,V, {J;}) one has

u(R x S;) C K(A,C, E).

Theorem 3.11 can be proved following Abbondandolo and Schwarz’ method in [AS06], as
we now explain. The method has two distinct stages. The first stage appears as Lemma
1.12 in [AS06], and asserts that under the hypotheses of the theorem, there exists a constant
S(A,C, E) > 0 such that for any u = (z, p) belonging to M”([w™, z7], [wT, 2*],0,V,{J;}), and
any interval I C R it holds that

Ihics. 2 < SC BT, [Fpliss, [ < S(C B) (1142 +1). (3.16)

A careful inspection of their proof shows that everything apart from Claim 1 and Claim 2 goes
through verbatim in our case. Claim 1 however is precisely the statement of Lemma 3.9, and
Claim 2 is precisely the statement of Lemma 3.10. The second stage appears as Theorem 1.14 in
[AS06]. The proof then uses Calderon-Zygmund estimates for the Cauchy-Riemann operator,
together with certain interpolation inequalities, to upgrade equation (3.16) to the full statement
of Theorem 3.11. It is this stage that requires sup,cs_ ||.J; — J || to be sufficiently small (for some
A > 0), and thus which determines the constant 5 > 0 referred to at the start of this section.
Anyway, provided that this is satisfied, the proof of this stage goes through word for word in
our situation.

3.3. The Novikov chain complex. We continue to assume that o is non-resonant in period 7,
and (o, V,7) is non-degenerate. For each w € P! (o,V), let ucz(w) denote the Conley-Zehnder
index of w. In order to define the Conley-Zehnder index we choose a vertical preserving sym-
plectic trivialization (see [AS06]); the fact that ¢ (T*M,w,) = 0 means that that the value of
pcz(w) is independent of this choice of trivialization. Note however that our sign conventions
match those of [AS10] not [AS06]. The non-degeneracy condition (3.9) implies that pcz(w) is
always an integer.

Given j € Z let

Pr(o,V); = {w € P}(0,V) | nez(w) = j},
Crit? (Ao ); = {lw, 2] € Crit} (Asv) | nez(w) = 5}

It follows from Theorem 3.11 that for a generic family {.J; };es, C U(0, A, <o) the moduli spaces
M ([w=, 27, [wt, 2%],0,V, {J;}) all carry the structure of a (ucz(w™) — pucz(w™))-dimensional
manifold. Moreover if ucz(w™) = pcz(w™) + 1 then the quotient space

MA[w™, 27, [wh, 2,0, V. {J;})/R
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is a finite set. We define the Novikov Floer chain group as

CFJh(O',‘/,T) D= {Z crlw, 2] | pez(wi) = J, Aoy ((wg, 21]) = 0o as k — oo}.
k=0

= Phio,V); @ AL

Thus CFJh(J, V,7) is a #P!(o,V),;-dimensional vector space over A (note our assumptions
imply P! (0, V) is a finite set, cf. Corollary 3.7). The boundary operator d;, : CF; — CFj_; is
defined by

9y, ([w, 2]) == Z n(fw, 2], [w', ') [W', 2], [w,z] € Crit’(A,v);,
[w’,2']€Crit} (Ao, v ) -1
where
n([w, 2], [w', ') :== #a2 M (Jw, 2], [W', 2], 0, V, {J:})/R.
The fact that the boundary operator is well defined (i.e. 9y, ([w, 2]) is a well defined element of
CF;_1) is an immediate consequence of Theorem 3.11.

A standard Floer-theoretic argument, as explained in [F5S95, Section 5], tells us that 9, o
9, = 0, and hence we may define the Novikov Floer homology H F! (o, V,T) to be the homology
of the chain complex {CF!(o,V, 7),0;,}. Moreover HF!(o,V, 7) is independent (up to canon-
ical isomorphism) of the choice family of almost complex structures {J; }tcs, C U(o, A, ep)
(see for instance [AS06, Theorem 1.19]), which explains why we may safely omit it from our
notation.

Remark 3.12. Suppose that ¢ is non-resonant in period 7 but that (o, V, 7) is degenerate. By
Theorem 3.4 we can make an arbitrarily small perturbation of the potential V' to a new one
V' such that (o, V’, 7) is non-degenerate. Moreover if V" is another such perturbation then
by Theorem 3.13 below we have HF! (o0, V', 7) = HF"(o,V" 7). In other words, we can still
define HF!'(0,V, 7) even when (o, V, 7) is degenerate, by simply setting

HF!o,V,7) & HF! o,V 7)

for any potential V' such that ||V — V|| _ is sufficiently small and such that (¢, V', 7) is non-
degenerate.

3.4. Invariance. In this section we prove invariance through exact deformations of the mag-
netic form o, and deformations of the potential V. Fix a 1-form 6 € QI(TZN ), and set

0s:= 0+ sdb.

Fix 7 > 0 and assume that:
e 0, is non-resonant in period 7 for all s € [0, 1].
Note that A” = A for all s € [0, 1] (cf. Remark 3.2). Suppose Vp, Vi € C(S; x T?N | R). Set

Vs i=(1—9)Vo+ sVi.

Assume that:
e For generic s € [0,1], and in particular for s = 0, 1, all the triples (o5, Vs, 7) are non-
degenerate.
Under these conditions we have proved that the Floer homologies H F!* (g, Vo, 7) and HF! (o1, V4, 7)
are both well defined. We now wish to prove they are isomorphic.
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Theorem 3.13. Under the above assumptions there exists a continuation map
W CF»?(O-Oa Vb’T) - CF»?(O-Ia VYI’T)
inducing an isomorphism

Y HF" (00, Vo, 7) — HFM oy, Vi, 7). (3.17)

The key ingredient needed to prove Theorem 3.13 is the following proposition, which proves
energy estimates for certain s-dependent trajectories. Fix a smooth cutoff function 5 : R — [0, 1]
satisfying 8(s) = 0for s <0and B(s) = 1fors > 1, with 0 < f/(s) < 2forall s € R.

Proposition 3.14. There exists 6 > 0 with the following property. Suppose 0 = sp < s1 < -+ <
sy = 1 satisfies
maX(Sj_H — Sj) < 0,
j

and set

Bj(s) == s + B(s)(sj+1 — 55);

ol =0+ Bj(s)df, ol :=o,,,

‘/s](tax) = Vﬁj(s)(t?x)a V] = ‘/;j-
Then given any E € R there exists R(E) > 0 with the following property: forany j = 0,1,...,N —1,
iflw=,z7] € Crit’;(A(,jyj) and [wr,27] € Crit?(Ao.j+1’vj+l) satisfy
AUJ',VJ'([ZU?’ Z+]) - Aaj+1,Vj+1([w+’ Z+]) <E,

then given any solution

we MM(w™, 27, [wh, 27,0, VI {J;})

(where the moduli space of s-dependent solutions is defined analogously to before) it holds that
195ull; < R(E).

Proof. Fix j € {0,1,...,N — 1}. Asin Section 3.2, it is convenient to interpret a map u(s,t) =
(z(s,t),p(s,t)) as in the statement of the proposition also as a map @ : R — L2(T*T?" o) as in
(3.15). Thus @ is a flow line of A _; |

Ot + Vo, A i (u(s)) = 0.

Alu) = /Z ' (%Aagyg) (u(s))

We first bound |A(u)| in terms of ||sul|3. Note that

‘<%Aam> (i(s)) /O (%vg‘) (u(s, -))dt‘ 4 '(%Aag) ([x(s,-%z(s)])‘ :

We can estimate the first term via

[ (557 o ] < 267 133 = ...

For the second term we have
0
'(a—f‘af)<[x<s,->,z<s>1>1sza | wtsre+2) [ 5o
S S, St
< 25101 0ra(s, )+ [ 230

Set
ds.

<

+ 26

)
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where the reference loops 7, were defined in (3.2) and

Joras, )l = [ fovals. ) .
We now estimate
10 (s, Iy < V7 1Bea(s, )l
<7 (14 19ia(s, )13)

<r (1 + sup I, (s, ) + (s ->||3> |

T

where the last line follows from taking horizontal components of the equation
Ou = Jy(u)Osu+ X ;i 1i(t, w)
(cf. (3.11)). Set

Ch =270
Co == sup || J¢|1 %,
tes,

Cs := 297 (0] + 27 [[Vi — Villoo +2 \/ﬂ 70

We have shown
A(u) < C18 [[plio.yyxs |f5 + CrCd Dsull3 + C0.
It follows from Lemma 3.5 that there exists a constant 7' > 0 such that
[plo,17xs, || < T(1+ ||8sulfo,ixs. ||)
(cf. Lemma 3.10), and hence

2 <3721+ ||Bsulp s, |-

Hp’[O,I]XST
and hence we can estimate
A(u) < (3C1T? + C1C9)d ||05ul|3 + (3CLT? + C3)6.
Next, the conclusion of Lemma 3.9 becomes:

0sully < 4sup 5 (B + Aw)),
€S,

where as xj, was defined in Lemma 2.3. Thus provided we choose ¢ small enough such that
4 sup %(36’1T2 + C10y)6 < %,
teSy Tt

we obtain
|0sul|3 < 8 sup (B + (3C1T° + C3)0).
teSr

This completes the proof. O

Proposition 3.14 is precisely what is needed in order to extend Theorem 3.11 to s-dependent
trajectories (see [AS06, Lemma 1.21] - in particular the statements of Claim 1" and Claim 2’).
One now applies a standard adiabatic argument to complete the proof of Theorem 3.13; see for
instance [Sal99] for more details.
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4. COMPUTING THE NOVIKOV FLOER HOMOLOGY

Having defined the Floer homology HF"(c,V,T) for any magnetic field ¢ which is non-
resonant in period 7, and any potential V' (if (o, V, 7) is degenerate then one first perturbs V,
as in Remark 3.12), we now proceed to compute it.

Suppose we work on T? with o = agu for some ag € R such that ag7 ¢ 27Z. By Remark 3.8
one has P!(,0) = () whenever h # 0, and for h = 0 one has P! (o, 0) = T2. This immediately
implies that H F!*(0,0,7) = 0 for h # 0, since in this case (c,0, 7) is vacuously non-degenerate
when restricted to non-contractible critical points. In the contractible component (o, 0, 7) is not
non-degenerate on the contractible component, since the critical set is diffeomorphic to T?. So
far if we wanted to compute H F?(c,0,7) we would first choose a small perturbation V¢ and
then define

HF(0,0,7) ¥ HFO (o, Ve, 7). (4.1)
However there is a much easier method. Indeed, whilst A, is not a Morse function on
L9T*T?, it is a Morse-Bott function. This gives an alternative way to compute HF?(a,0,7).
One first picks an additional Morse function f of the critical point set (in this case, a Morse
function f on T?), and then counts gradient flow lines with cascades of the pair (A, f). We
emphasize that this is a particularly simple instance of Morse-Bott Floer homology, since there
the critical manifold is connected. The correct grading to assign in the Morse-Bott case is given
by

pf(w) := pcz(w) — 3 dimy, Crit(Agy0) + indf(w), for w € Crit(f) C Crit(Aqpu0),

where dim,, Crit(A,,,0) denotes the local dimension of Crit(.Ag, ) at w, and ind ¢(w) denotes
the Morse index of w as a critical point of f. In our case this simplifies to

py(w) = o — 1+ ind(w),
where 1y € Z is the common value

o = pcz(constant loop). 4.2)

Anyway, this gives a new Floer homology group H F?(o,0, 7)MB, which does not depend on
the choice of Morse function. Moreover for any sufficiently small perturbation V¢, one has

HF,?(U, 0, T)MB ~ HF*O(O', Ve T).
We refer the reader to [Fra04, Appendix A] or [BF11, Section 2.3] for more information. Since
the critical manifold is simply T? in our case, we immediately obtain

HFS(O-’OaT) = H*+M071(T2;Z2) (43)

where jp was defined in (4.2). In Lemma 5.4 below we show that g = 2k + 1 where £ is the
unique integer such that 27k < |ag| 7 < 27w(k + 1).

Now suppose ¢ is non-resonant in period 7 and V' is any potential such that (o, V, 7) is non-
degenerate. Let ag := ng o. Then app—o is exact, say appu—o = df. Thus if we set o5 := o+sd#,
and we choose a generic homotopy from V; from V' = V; to V° = Vj, we can apply Theorem
3.13, together with (4.1) and (4.3), to deduce that

H*+2k(T2; Z)7 h = 07
0, h#0,

12

HF!0,V,7) 2 HF"(aop,0,7)
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where as before k is the unique integer such that 27k < |ag| T < 27(k + 1). Theorems A
and B now follow by standard arguments. Indeed, if (o, V,7) is non-degenerate then since
rank HFY(0,V,7) = rank H, 9(T?;Zs) = 4, we immediately see that #P2(a, V) is at least
four. The argument is more involved in the degenerate case, but standard; see for instance
[LO96] or [AH13].

Finally to deal with the case N > 1 we first argue as above to see that if 0 = Z;Vﬂ pj(a;ju)
for constants a; € R such that a;7 ¢ 277 then

H*+2k(T2N;Z)7 h = 07

HF"0,0,7) =
0, h 0,

where k = Z;Vﬂ k; and k; is the unique integer such that 27k; < |a;| 7 < 27(k; + 1). Then in
the general case where 0 = Z;V:1 pjoj, with each o; € 0?(T?) non-resonant, we use the exact

*

; ¢, and ¢; 1-form on T2N satisfying

non-resonant deformation o := o + sdfl, where 6 = Z;Vﬂ )

de: </ O'j),u,—O'j.
T2

Now Theorems A+ and B+ follow similarly.

5. THE LAGRANGIAN SETTING

In this section we briefly outline the “Lagrangian” method, with the aim of explaining Re-
mark 1.4 from the Introduction. In this setting rather than working with the free loop space
L. TN we work with its Sobolev completion £, T?N := W12(S,, T?N). Unlike £, T2V, the space
L. T2N carries the structure of a Hilbert manifold, and therefore is much better suited for doing
Morse homology. In this section we use the Hilbert product (-, ), , on L. TN defined by

T

(€.Crp = /0 " (e, ) e+ /0 (V6. Vi) dt.

We restrict our attention to the contractible component EQ’]I‘QN ; thus the functional A, from
(3.1) is well defined on EQ’]I‘QN itself (cf. Remark 3.1). As before fix a time dependent potential
V € C®(S; x TV, R) and set

1
Ly(t,z,v) =5 [|? = V(t,z).
The Lagrangian action functional S,y is defined as the sum

Sov (7)1 =Sv(v) + As(7),

where Sy is the standard Lagrangian action functional
Svi) = [ Lv(t. (0. 000
0
The following lemma is straightforward.

Lemma 5.1. A loop v € LOT2N is a critical point of S,y if and only if there exists w € P2(o, V') such
that wow = 7.

Recall that a C'-functional S : M — R on a Riemannian Hilbert manifold M satisfies the
Palais-Smale condition if every sequence (x;) C M for which S(zy) is bounded and ||dS(zy)|| —
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0 admits a convergent subsequence (here |-|| denotes the dual norm on 7, M). We wish to
prove:

Theorem 5.2. Suppose o is non-resonant in period 7. Then for any potential V € C*°(S, x T2V R),
the functional S, v satisfies the Palais-Smale condition.

To see this note that
45y ()€l = [ (V0 = Yol)0ry = TVi0),

and hence if () is a sequence such that ||dS, v (7%)|| = o(1) then

/\waw+x¢maw+vwwm%ﬁ:mu
0

Thus by an argument very similar to Lemma 3.5 one has that

/ Ol dt = O(1),
0

Now the standard argument, which was originally due to Benci [Ben86], goes through, as ex-
plained in [FMP12, Appendix A].

Ideally one would like to use S, to define a Morse complex CM?(o,V, ) whose genera-
tors are the critical points of S, . The homology of this complex should compute the singu-
lar homology of the space £0T2N. Moreover one expects that when defined, the homology
HMY(0,V,7) should be isomorphic to the Floer homology HF?(c,V,7). In our setting such a
construction is possible if and only if the functional S, is bounded below. We refer the reader
to [AMO6] for more information on the Morse complex, and to [AS06] for the idea behind the
isomorphism between the Morse and Floer homologies. Here we note only the following point.

Lemma 5.3. Take N = 1 and o = ap for some a € R. Assume that at ¢ 2nZ, and consider the
functional S,y : LOT?N — R. Then the functional S,y is bounded below if and only if |ar| < 27.

Proof. The fact that S, v is bounded below for |a7| < 27 was proved in [FMP12, Appendix
A]. Let us show that S, is not bounded below if |ar| > 27. It suffices to consider the case
V = 0. Let 75 : S, — RV denote a circle of radius R with centre the origin (explicitly
Yr(t) := Re?>™/7), and let vz := q o g, where q : R?Y — T2V denotes the projection map of

TR? (27
Sau,O(’YR) = <_ - a> )

T T

the universal cover. Then

which for ar > 27 tends to —oco as R — oo (if a < 0 one should consider ¢ — Yr(T — t)
instead). O

Finally, we compute the index jump d referred to in (4.3).

Lemma 5.4. Take N = 1 and o = au for some a € R. Assume that at ¢ 277, and let ko € Z denote
the unique integer such that
2rky < la| T < 2mw(ko + 1).
Consider the functional Aay, o : L2T? — R. Then the Conley-Zehnder index po of a constant solution
is given by
o = 2ko + 1.
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Proof. For simplicity we take 7 = 1 and assume a > 0 in what follows. It is easier to make the
computation on the Lagrangian side, and then use the classical result due originally to [Dui76]
that relates the Conley-Zehnder index with the Morse index of the corresponding solution on
the Lagrangian side.

Moreover to compute the Morse index it is convenient to use a Fourier expansion. If v €

Yty =) ey,

keZ

LoT? then we can write

Then one easily checks that
Sau,O(’Y) = Z (27T2k2 - aﬂ-k) h/k‘Q .
ke

From this we can read off that the Morse index of a constant solution is
inds,, ,(constant) = 2 - # {k € Z | (27k — a)k < 0} = 2k,

where the 2 comes from the fact that the Fourier series have complex coefficients. The relation
between this Morse index and the Conley-Zehnder index is given by

1
pcz(w) = inds,, , (7 0 w) + 3 dim,, Crit(Aqy,0)

(see [APS08, Section 4] for a detailed proof of this result in the case ¢ = 0, and see [Merl1,
Theorem 4.4] for justification as to why this result still holds for non-zero o). Thus we have

po = 2ko + 1

as claimed. U
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