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ON A THEOREM BY EKELAND-HOFER

PETER ALBERS AND URS FRAUENFELDER

ABSTRACT. In [EH89l Theorem 1] Ekeland-Hofer prove that for a centrally symmetric, re-
stricted contact type hypersurface in R?" and for any global, centrally symmetric Hamil-
tonian perturbation there exists a leaf-wise intersection point. In this note we show that
if we replace restricted contact type by star-shaped there exists infinitely many leaf-wise
intersection points or a leaf-wise intersection point on a closed characteristic.

1. INTRODUCTION

Let S C R?" be a hypersurface. Then S carries a rank-1-foliation where the tangent space
to a leaf Lg(z) through x € S is given by Zs(x) :={v € T,,S | w(v,w) =0 Yw € T,.S}. Here
w is the standard symplectic form on R?". A point = € S such that

Y1(z) € Ls(x) (1.1)

is called a leaf-wise intersection point, see [Mos78]. A hypersurface is of restricted contact
type if there exists a 1-form A € Q'(R?") with

d\=w
{)\x(v) #0 Yve ZLs(x). (1.2)

We call a hypersurface Z/2-invariant or centrally symmetric if it is invariant under the sym-
plectic involution I : R*" — R*" given by I(z) = —z. We set D,, 75 := {¢ € Symp(R*") |
¢pol=1To0¢}. In [EHR9] Ekeland and Hofer prove the following theorem.

Theorem 1.1 ([EH89], Theorem 1). Assume that S C R*" is a connected, compact, Z/2-
mwvariant hypersurface of restricted contact type. Let t — 1y be an isotopy of the identity in
Dy, 7/2- Then there exists a leafwise intersection point x € S.

In this article we improve Theorem [[LT] under the additional assumption that S bounds a
star-shaped (with respect to the origin) region in R?", that is, it is of restricted contact type
with respect to the standard primitive Ay = % > xidy; — yidax;.

Theorem 1.2. Assume that S C R?" is a connected, compact, Z./2-invariant, star-shaped
hypersurface. Let t — vy be an isotopy of the identity in Dy, 7/5. Then there exist infinitely
many leaf-wise intersection points on S or there exists a leaf-wise intersection point y such
that the leaf Ls(y) is closed, that is, Ls(y) is a closed characteristic.

Remark 1.3. If n > 2 then for a generic isotopy of Z/2-equivariant 1y € D, 7,5 there are
no leaf-wise intersection points on closed characteristics. Hence, there exist infinitely many
leaf-wise intersection points. This follows from a Z/2-invariant version of [AF08al Theorem
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3.3]. That Theorem 3.3 holds in the Z/2-invariant case is due to the fact that for critical
points (v,n) of A (see below) the loop v does not pass through the fix point 0 of I since for
an invariant Hamiltonian function H the Hamiltonian flow ¢}, fixes 0 for all times.
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2. EQUIVARIANT RABINOWITZ FLOER HOMOLOGY

We consider the standard symplectic space (R?",w = d)g) and the symplectic involution
I :R*™ — R? given by I(x) = —x. Let F : R* — R be the I-invariant function
F(z) := 4(]z|? — 1). In particular, the Rabinowitz action functional

A:C®(S'R™) xR — R
(v,m) — —/v*/\o—n/F(v)dt

is invariant under I. Moreover, I acts freely on the critical points of A and on the space of
gradient flow lines (in the sense of Floer) which asymptotically converge to critical points,
where we use an [-invariant compatible almost complex structure J to define the gradient of
A. Therefore, we can construct equivariant Rabinowitz Floer homology easily as follows:

(2.1)

RFC%/2(52H_1,R2H) = RFCk(SZn_17R2n)/(Z/2)
0%/2[z] := (0]

For details on the construction of Rabinowitz Floer homology and its relation with leaf-wise

intersection points we refer to [CE09, [AF0O8D]
Theorem 2.1 ([CF09)]). Since S?"~! is Hamiltonianly displaceable

(2.2)

RFH, (5"~ R?") =0 (2.3)
Theorem 2.2. For all k € Z we have
RFHZ/2($%~1 R?") =~ 7,/2 . (2.4)

PROOF. For a critical point (v,7n) of A the n-periodic loop v(t/n) is a Reeb orbit on $?"~1 with
respect to the standard contact form or in case (v,0) the loop v(t) is constant and represents
a point on S?"~!. Since the Reeb flow ¢’ on S?"~! is periodic the action functional A is
Morse-Bott with critical manifolds

Cr2S™ 1 kez (2.5)

where a point z € S?"~! is identified with (¢t — ©?™*(z),2rk) € C). The Conley-Zehnder
index pcy equals 2nk on Cy. We fix on $?"~! the Morse function

2n
fz1, ... x0,) = Zzazf . (2.6)
i=1
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f descends to a Z/2-perfect Morse function f on RP?"~! = §27=1/(7/2). In particular, f
has precisely one critical point in each degree 0,...,2n — 1 and therefore, f has critical points
Y1, z; of degree [ = 0,...,2n — 1 satisfying —y; = 2z;. The Morse differential § computes to

oyy=vyi—1+z-1=590z, Yi=1,...,2n—1 (2.7)
and therefore in the quotient using the notation & := [y;| = [2]
0§ =25_1=0 Vi=1,...,2n—1. (2.8)
We define Morse functions
ffo0p —R, keZ (2.9)
by f* := f via the identification C}, =2 S?"~!. We denote the critical points of f* by ylk,zlk,
[=0,...,2n — 1.
The boundary operator 0 in Rabinowitz Floer homology is defined by counting gradient
flows lines with cascades, see [Fra04], [CF09]. Since the Conley-Zehdner index equals 2nk on

the critical manifolds Cj, the complex RFC, (5?71 R?") has exactly two generators in each
degree. By index and energy reasons

oyf = oyl and 92F =62F Vi=1,....2n 1, Vk € Z . (2.10)
Again, by index reasons and by symmetry there exists a*, b* € Z/2 with
Oyt = akyk 4 0FE =0T vkeZ. (2.11)

From 00 d = 0 and ZI0) we conclude a* = b*. According to Theorem 211 by Cieliebak-

Frauenfelder we have RFH, (S?"~!,R?") = 0. This implies that a* = b* = 1 since otherwise

y§+1 is a cycle but not a boundary, compare figure [

k k k
Y 2 o§

k k k
Y11 211 o0& 1
k k k
Yo =) 0& o

FIGURE 1. The non-equivariant and the equivariant chain complexes.

With this we can compute the Z/2-equivariant complex (RFC? 2(52”_1,R2n),8Z/ 2) as
follows. We have generators £lk = [ylk] = [zlk], 1=0,...,2n—1, k € Z, of degree degﬁlk =
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[ 4 2nk. In particular, there is exactly one critical point in each degree. We compute

k k
C T2 forl=1,...,2n—1
0"2¢t = oy = [ylk—ll : klll _
[Yon—1 + 29,1] forl=0

B {25;11 forl=1,...,2n—1 (2.12)
C 265t for1=0
=0.

That is, the equivariant complex is acyclic. This proves the Theorem. 0

In [AFT10] we associated spectral values o(£) to homology classes ¢ in Rabinowitz Floer
homology. We define

& := {o(¢f) | & € RFHZ*($™ 1 R™)} . (2.13)
From the proof of Theorem [2.1]is follows immediately
S =277 (2.14)

since A(£F) = —27k.

3. PROOF OF THEOREM

We first assume that the isotopy ; is generated by a compactly supported Hamiltonian
function H : R*" x [0,1] — R. Since 1y o I = I o), we can assume

H(t,I(z)) = H(t,x) . (3.1)

Moreover, since S is star-shaped it is a graph over the standard sphere S?"~!. Therefore, we
can find a family of functions F, : R — R, r € [0,1], such that F; '(0) = S, Fy = F =
%(wz — 1), and all hypersurfaces F=1(0) are I-invariant and graphs over S?*~!. Thus, all

Rabinowitz action functionals
Ay C®(SLR*™) xR — R

(v,m) — —/v*)\o —n/Fr(fu)dt— /rH(t,U)dt

are [-invariant. Moreover, I acts freely on the critical points and gradient flow lines for
each r € [0,1]. Equality 214] implies that Ay has critical points of arbitrarily large critical
value. [AF10, Corollary 5.13] implies that then also A; has to have critical points with
arbitrarily large critical value. In particular, A; has infinitely many critical points. It follows
from [AFO08b, Proposition 2.4] that critical points of A; give rise to leaf-wise intersections.
Moreover, the map from critical points to leaf-wise intersection points is injective unless there
exists a leaf-wise intersection on a closed characteristic. This proves the theorem in case that
1y is generated by a compactly supported Hamiltonian function. N

A general isotopy 1; € Symp(R?") is generated by a Hamiltonian function H : R*" x
[0,1] — R which however is not necessarily compactly supported. The set

K :={¢y(z) |z €S, t€[0,1]} Cc R*™ (3.3)
is compact since S is compact. In particular, all critical points (v,7n) of A satisfy

v(t)e K VteS'. (3.4)

(3.2)
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Thus, we can cut-off H outside K to make it into a compactly supported Hamiltonian without
changing the critical points of A. Thus, by first part of the proof we are done.

REFERENCES

[AF08a] P. Albers and U. Frauenfelder, Infinitely many leaf-wise intersections on cotangent bundles, 2008,
arXiv:0812.4426.

, Leaf-wise intersections and Rabinowitz Floer homology, 2008, arXiv:0810.3845, to appear in

Journal of Topology and Analysis.

, Spectral invariants in Rabinowitz Floer homology and global Hamiltonian perturbations, 2010,
arXiv:1001.2920.

[CF09] K. Cieliebak and U. Frauenfelder, A Floer homology for exact contact embeddings, Pacific J. Math.
293 (2009), no. 2, 251-316.

[EH89] 1. Ekeland and H. Hofer, Two symplectic fized-point theorems with applications to Hamiltonian dy-
namics, J. Math. Pures Appl. (9) 68 (1989), no. 4, 467-489 (1990).

[Fra04] U. Frauenfelder, The Arnold-Givental conjecture and moment Floer homology, Int. Math. Res. Not.
(2004), no. 42, 2179-2269.

[Mos78] J. Moser, A fized point theorem in symplectic geometry, Acta Math. 141 (1978), no. 1-2, 17-34.

[AFOSb]

[AF10]

PETER ALBERS, DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY
FE-mail address: palbers@math.purdue.edu

URS FRAUENFELDER, DEPARTMENT OF MATHEMATICS AND RESEARCH INSTITUTE OF MATHEMATICS,
SEOUL NATIONAL UNIVERSITY
E-mail address: frauenf@snu.ac.kr



