®
OPEN a ACCESS Universitit Augsburg
OPUS AUGSBURG w k Universititsbibliothek

Spectral invariants in Rabinowitz-Floer homology and
global Hamiltonian perturbations

Peter Albers, Urs Frauenfelder

Angaben zur Veroéffentlichung / Publication details:

Albers, Peter, and Urs Frauenfelder. 2010. “Spectral invariants in Rabinowitz-Floer
homology and global Hamiltonian perturbations.” Journal of Modern Dynamics 4 (2):
329-57. https://doi.org/10.3934/jmd.2010.4.329.

Nutzungsbedingungen / Terms of use: licgercopyright
Dieses Dokument wird unter folgenden Bedingungen zur Verfiigung gestellt: / This document is made available under these conditions: 4\ >ﬁ
Deutsches Urheberrecht i %‘ 1=
Weitere Informationen finden Sie unter: / For more information see: ) &
¥

https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/


https://doi.org/10.3934/jmd.2010.4.329
https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/

arXiv:1001.2920v1 [math.SG] 17 Jan 2010

SPECTRAL INVARIANTS IN RABINOWITZ FLOER HOMOLOGY AND
GLOBAL HAMILTONIAN PERTURBATIONS

PETER ALBERS AND URS FRAUENFELDER

ABSTRACT. Spectral invariant were introduced in Hamiltonian Floer homology by Viterbo,
Oh, and Schwarz. We extend this concept to Rabinowitz Floer homology. As an application
we derive new quantitative existence results for leaf-wise intersections. The importance of
spectral invariants for the presented application is that spectral invariants allow us to derive
existence of critical points of the Rabinowitz action functional even in degenerate situations
where the functional is not Morse.

1. INTRODUCTION

We consider an autonomous Hamiltonian system (M, w, F') where (M,w) is a symplectic
manifold and F': M — R is a smooth time-independent function. The dynamics is given by
the flow ¢!, of the Hamiltonian vector field X which is defined implicitly by w(Xr, ) = dF(-).
Since F' is autonomous the energy hypersurface S = F~1(0) is preserved under ¢". Therefore,
S is foliated by leaves L, := {¢%(z) |t € R}, x € S.

It is a challenging problem to compare the system F' before and after a global perturbation
occurring in the time interval [0,1]. Such a perturbation is described by a function H :
M x[0,1] — R. J. Moser observed in [Mos78]| that it is not possible to destroy all trajectories
of the unperturbed system if the perturbation is sufficiently small, that is, there exists x € S

Ohy(w) € Ly . (L1)

Such a point x is referred to as a leaf-wise intersection. Equivalently, there exists (x,n) € SxR
such that
O () = o (x) . (1.2)
We point out that the time shift 7 is uniquely defined by the above equation unless the leaf
L is closed. If the time shift is negative then the perturbation moves the system back into
its own past. Likewise, if the time shift is positive the perturbation moves the system forward
into its own future.
Already the existence problem for leaf-wise intersections is highly non-trivial. The search

for leaf-wise intersections was initiated by Moser in [Mos78] and pursued further in [Ban80
[Hof90, [EH89, [Gin07, Dra08, [AFO8b, [Zil08, [AF08al, [Gur09, Kan09, MerI0]. We refer to
[AF08a] for a brief history.

To our knowledge the size of possible time shifts 17 has not been studied so far.

Theorem 1. Let B be a closed manifold with dimH, (%) = oo where L5 = C*(S!, B).
Let (M := T*B,w) be its cotangent bundle and F : M — R be a smooth function such
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that S := F~Y(0) is a reqular level set which is fiber-wise star-shaped. We assume that
H : M x[0,1] — R has compact support. Then there exist (x,n) € S X R such that
Op(x) = oy () (1.3)

with arbitrarily large positive and negative time shifts n.

Remark 1.1. Thus, in classical Hamiltonian dynamical systems perturbations can move the
system arbitrarily far into the past and future.

Remark 1.2. Theorem [ cannot be true for arbitrary energy surfaces S. Indeed if S is Hamil-
tonianly displaceable there are no leaf-wise intersections at all for a displacing Hamiltonian
H.

Corollary 1.3. Under the assumptions of Theorem [1l there exists infinitely many leaf-wise
intersections or a leaf-wise intersection x where L, is closed. The latter we refer to as periodic
leaf-wise intersections.

We recall that if dim B > 2 generically there are no periodic leaf-wise intersection, therefore,
generically there exist infinitely many leaf-wise intersections, see [AF08a].

We use our variational approach to leaf-wise intersections by interpreting them as critical
points of a perturbed Rabinowitz action functional, see [AF08b]. Rabinowitz Floer homology
for unit cotangent bundle can be expressed with help of the homology H,(.Zp) of the free loop
space .Zp of B, see [CFO09, [AS09]. Hence, if the perturbed Rabinowitz action functional is
Morse it has to have infinitely many critical points. The main difficulty in proving Theorem [l
is to extend this result to degenerate situations in which Rabinowitz Floer homology cannot
be directly defined. To overcome this problem we define spectral invariants for Rabinowitz
Floer homology. Spectral invariants were introduced by Viterbo [Vit92], Oh [OL97, [Oh99],
and Schwarz [Sch00] in the context of Hamiltonian Floer homology. An interesting and useful
feature in Hamiltonian Floer theory is the relation between spectral invariants and the pair-
of-pants product. This direction is not needed for the applications in the present article and
therefore not pursued. It is an interesting problem for the future to study product structures
in Rabinowitz Floer homology and their relations to spectral invariants.

If the Rabinowitz functional is Morse the spectral invariants are defined by a standard
minimax procedure. In order to extend them to arbitrary Rabinowitz action functionals one
has to proof a local Lipschitz property. This is the main technical issue and occupies most
of this article. Spectral invariants are useful since even in the degenerate case they assign
critical values to a Rabinowitz Floer homology class.

Acknowledgments. This article was written during visits of the first author at the Seoul Na-
tional University and the Institute for Advanced Study, Princeton and visits of the second
author at the ETH Ziirich and the Institute for Advanced Study, Princeton. Both authors
thank these institutions for their stimulating working atmospheres.

This material is based upon work supported by the National Science Foundation under
agreement No. DMS-0635607 and DMS-0903856. Any opinions, findings and conclusions or
recommendations expressed in this material are those of the authors and do not necessarily
reflect the views of the National Science Foundation.

2. A VARIATIONAL APPROACH TO LEAF-WISE INTERSECTIONS

We recall from [AF08a] the notion of Moser pair.
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Definition 2.1. A pair 9t = (F, H) of Hamiltonian functions F, H : M x S — R is called
a Moser pair if it satisfies

F(,t)=0 Vvtel[3,1]] and H(,t)=0 Vte0,3], (2.1)

and F is of the form F(z,t) = p(t) f(z) for some smooth map p : S* — [0, 1] with fol p(t)dt =1
and f: M — R. We denote the set of Moser pairs by MP(M).

For a Moser pair 9 = (F, H) the perturbed Rabinowitz action functional is defined by
AT Ly xR — R

! ! 1 (2.2)
(v,m) = —/ VA — / H(v,t)dt — n/ F(u,t)dt
0 0 0
where Ly := C(S', M). A critical point (v,n) of A™ is a solution of
0w =nXp(v,t) + Xu(v,t)
(2.3)

1
/ F(v,t)dt =0
0

In his pioneering work [Rab78] Rabinowitz studied the case of the unperturbed functional,
that is, the case H = 0. In this situation critical points correspond to closed characteristics
on the energy hypersurface F~1(0).

In [AEO8D|] we observed that critical points of the perturbed Rabinowitz action functional
A™ give rise to leaf-wise intersections.

Proposition 2.2 ([AF08D]). Let (v,n) be a critical point of A™ then x = v(3) € F~1(0)
and

¢p(x) € Ly (2.4)

thus, x is a leaf-wise intersection.

3. RABINOWITZ FLOER HOMOLOGY

Rabinowitz Floer homology is the semi-infinite Morse homology associated to the Rabi-
nowitz action functional. In the unperturbed case it has been constructed in [CF09] under the
assumption that the energy hypersurface F~1(0) is a smooth restricted contact-type hyper-
surface. This construction in the unperturbed case has been extended to stable hypersurfaces
in [CEPQ09]. In [AFO8D] we extended the construction in the case of restricted contact-type
hypersurface to the perturbed Rabinowitz action functionals. In this article we continue our
study of the perturbed Rabinowitz action functional for restricted contact-type hypersurfaces.

Let (W,w = d\) be a compact, exact symplectic manifold with contact type boundary
¥ = JW, that is, the Liouville vector field L defined by irw = A points outward along X.
In particular, (3, := A|y) is contact. We denote by M the completion of W obtained by
attaching the positive half of the symplectization of 3, that is, (M = WUg (¥ xRy ),w = dX)
where A is extended by e"a, r € R4, over X xR,. Since W is compact and exact the negative
half > x R_ of the symplectization embeds into W. In the following we will identify 3 x R
with its embedding into M.

We choose a smooth function p : S = R/Z — [0,1] with fol p(t)dt = 1 and p(t) = 0

for t € [%, 1]. We fix 0 < § < 1 once and for all and choose a smooth monotone function
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5 : R — R with
r for |r| <4/2
B(r)=<6 forr>4 (3.1)
- forr <-4
For later convenience we require in addition that
0<p(s)<2. (3.2)
For any smooth function f : > — R we define
B(r— f(@)) plt) fory=(5,7) €T xR
Fy(y,t) ==
—dp(t) forye M\ (£ xR)
We denote by X7 := {(x, f(z)) | x € ¥} C M the graph of f over ¥ and abbreviate F' := Fj.

(3.3)

Lemma 3.1. The 1-form ay := A|g, = e/ a is a contact form on ¥y with Reeb vector field
Ry given by Xg,|n, where X¢, is the Hamiltonian vector field of the function G(z,r) :=
r— f(z): 3 x R — R. In particular,

)\(XGf) =1. (3.4)
Proor. That oy is a contact form is straight forward to check. In order to prove Ry = Xg f Is P

we first note that ¥y = G]TI(O) and thus X¢, |5, is indeed tangent to 3. It remains to check
the following two equations on X

iXGfdaf = O,

ap(Xe,)=1. (3.6)
The defining equation of X¢, is
Z'XGf <e’"(dr Ao+ da)) = dGy . (3.7)
On X = {r = f(«)} this reads
ixg, <ef(df Ao+ da)) — dGyls, =0 (3.8)
————
=day

This proves the equation (3.5). To prove (3.6 we observe

a N N T T 8 r
1= de<§) =101Xg, (e (dr AN a +da)) =e dr(5>a(XGf) =e"a(Xg,) - (3.9)
On X = {r = f(z)} this becomes
1=ela(Xg,) = ap(Xa,) . (3.10)
U

Definition 3.2. We set
H:={H € C°(M x S') | H has compact support and H(t,-) =0 Vt € [0, %]} (3.11)

Remark 3.3. It’s easy to see that the Ham(M,w) = {¢}, | H € H}, e.g. [AF08D], where ¢k,
is the time-1-map of the Hamiltonian flow of H.
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Definition 3.4. We define the subset MP(X) of Moser pairs
MPE) ={M=(F;,H)|feC®?X), HeH} (3.12)
where F is defined in equation ([B3]). We call 9t € MP(X) a Moser pair adapted to X.

Proposition implies that for MM € MP(X) critical points of the Rabinowitz action
functional A™ are leaf-wise intersections on ¥ ¢- We choose a compatible almost complex

structure J on M such that on a d-neighborhood of X; the almost complex structure is

SFT-like with respect to the contact form oy, see [BEHT03]. That is, J interchanges the
Reeb vector field Ry and Liouville vector field L, preserves the contact distribution, and is
translationally invariant. Here ¢ is the universally chosen constant, for instance as in the
definition of Fy, see ([B.3). Now we change J to J by requiring

JRp = T@L JL=e @R, (3.13)

and that J = .J on the contact distribution. Then .J still is a compatible almost complex
structure. Such a J is called twisted SFT-like.

Remark 3.5. Since J is twisted SFT-like we have on a J-neighborhood
I Xa I =Ll =1 (3.14)
and since A\(Xg,) =1
Al =1. (3.15)
Let MM € MP(X) be an adapted Moser pair. The norm of the gradient of A™ equals

1 2
I9Afy )| = 1100 = X, 8) = X Ol +| [ Pl ) (3.16)

where the L?-norm is taken with respect to the metric g(-,-) := w(-,J-). We denote by .Z the
component of the contractible loops in M.

Definition 3.6. A gradient flow line of A™ is (formally) a map w = (u,n) € C®(R,.Z x R)
solving the ODE
dsw(s) + VAT (w(s)) =0, (3.17)

where the gradient is taken with respect to metric m defined as follows. Let (41,7:1) and
(ti2,7)2) be two tangent vectors in T(, , (£ x R). We set

1
w((Gni), (2,7)) = [ (e, aa) e + e (3.18)
0
According to Floer’s interpretation, [Flo88], this means that u and 1 are smooth maps u :
R x S' — M and 1 : R — R solving
O+ J(u) (O — X (u,t) — nXp(u, 1)) = 0
1 (3.19)
s — / Fy(u,t)dt = 0.
0
Definition 3.7. A Moser pair 9t is called regular if A™ is Morse.
We recall the following
Proposition 3.8 ([AEO8bD]). A generic Moser pair is regular.



6 PETER ALBERS AND URS FRAUENFELDER

We need the following slightly stronger version here.
Proposition 3.9 ([AFO8bD]). A generic adapted Moser pair is reqular (see Definition[3.7).

PROOF. We note that the property of AH) being Morse is in fact a property of the hyper-
surface ¥ = F~1(0) as long as the defining function F has 0 as a regular value as is apparent
from the proof of Proposition A.2 in [AF0O8b]. Moreover, the property of X of being a graph
is a C'-open condition. Thus, the assertion follows from Proposition 3.8l O

For a regular contact-type Moser pair 9 the Rabinowitz Floer homology RFH. () is
defined from the following chain complex

RFC (M) := {5 = Z Eec| #{ce CritAM | £, #£0 € Z/2 and AM(¢) > Kk} < 00 Vk € R}
¢t pez(e)=k
(3.20)
where the boundary operator is defined by counting gradient flow lines of A™ in the sense of
Floer homology, see [CEQ9] for details.

If the Moser pair is of the form 90t = (F,0) then A™ is never Morse. But for a generic
Fy the action functional A™ is Morse-Bott with critical manifold being the disjoint union of
constant solutions of the form (p,0), p € Xy, and a family of circles corresponding to closed
characteristics of w on Xy.

Definition 3.10. An adapted Moser pair is called weakly regular if it is of the form just
described or if it is regular. The set of adapted weakly regular Moser pairs is denoted by
MPTI(X).

Remark 3.11. For adapted weakly regular Moser pairs 201 Rabinowitz Floer homology
RFH,(9M) can still be defined by taking the critical points of a Morse function on the critical
manifolds as generators, see [CF09] for details.

For My, My € MP™I(X) there exist canonical isomorphisms

G« RFH, (M) — RFH, (M) (3.21)
called continuation homomorphisms. They satisfy
Gy oGy =G Gt = idRemc) - (3.22)

We refer the reader to [CEQ9] for details.

Definition 3.12. The inverse limit defined with respect to the continuation homomorphism
is denoted by

RFH, = RFH, (X, M) := h£1RFH*(9ﬁ) (3.23)
Moreover, we refer by
¢™: RFH, — RFH,(9M) (3.24)

to the canonical map which in our case is an isomorphism.

Remark 3.13. The main difficulty in defining Floer homology is compactness up to breaking
of gradient flow lines. The new obstacle in Rabinowitz Floer homology is to establish uniform
L bounds for the Lagrange multiplier 7(s) along gradient flow lines with fixed asymptotics.
The crucial ingredient is a period-action inequality for almost critical points. This has been
established in the current set-up in [AF08b, Lemma 2.11]. In this article we present an
enhanced version of this lemma, see Lemma This enhancement is needed to study
continuity properties of spectral invariants in Rabinowitz Floer homology.
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We recall the definition of the cut-off function : R — R
r for |r| <4/2
B(r)=q0 forr>¢ (3.25)

-5 forr <-4

and

| Br—f(x))p(t) fory=(z,7) e X xR
Frlw.) = {—5 p(t) forye M\ (X xR) (3.26)

Definition 3.14. We introduce a semi-norm on the set H, see Definition B.2] by
1
o (H) = / max |\(2)[ X (2, 8)] — H(z, 8)|dt VH € H . (3.27)
0
Lemma 3.15. For all (u,n) € C*°(S!, M) x R with
m 0
A" ) < (3.25)
we have the estimate
2 m
nl < 5 (|A™ (w,m)| +6/4 + w(H)) (3.29)

where the norm of the gradient is given in equation (3.10]).

Remark 3.16. We point out the constants appearing in Lemma B.15] are independent of the
function f € C°°(X) appearing in the Moser pair I = (Fy, H).

PrRooOF. We define
Ug(f) ={(z,7) |z €X, re(flx)—0/2,f(x)+/2)} (3.30)

Claim 1: Assume that u(t) € Us (f) for all t € [0, 4], then

2

< s (1A )|+ IV AP )]+ (D) ) (331)

where k(H) has been defined in Definition B.141
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Proof of Claim 1. We compute using Lemma 3]

Wi — /Htu )dt —n /OlFf(t,u(t))dt

AP )| = \— /
‘ /A ) [Byu — X (t,u) — nXp, (t,0)] /A ) [Xr1 (¢, )] de

: 1
+/0 Au(t)[n Xp,(tu) dt—/ H(t,u(t))dt —n /0 Fr(t,u(t))dt

=p(t) X (u(t))

=n

1 1
- 77(1—/0 Ff(t,u(t))dt> —/0 Au(t) [Beu — Xpr(t,u) — nXp, (t,u)]

€(—6/2,6/2)
1
[ o e ] — ey
> 7|77|(22_ ) — ||/\\U(5(f)||00 |0 — Xp(t,u) — 77XFf (t,u)|[p — K(H)
—_———

=1
2—9
> P12 Z0) oy Xt w) — X, (60) 2 — (D)
nj(2—-29
> M 20 1 A )2 — )
where || Ay, [|co = 1 since J is twisted SF'T-like on Us(f). This inequality implies Claim 1. [J

Claim 2: If for (u,7) there exists t € [0, ] with u(t) & Us (f) then ||V A™ (u,n)|| > $.
2

Proof of Claim 2. If in addition u(t) & Us (f) holds for all ¢ € [0, ] then using (3.10)
4

1 1
VA )l = | [ Frtae.i] = § [ otnar =7 (3:32)

Otherwise there exists ¢’ € [0, 3] with u(#') € Us(f). Thus, we can find 0 < a < b < £ such
4
that either

u(a)eaU%(f), u(b)eaU%(f) and u(t)EUg(f)\U%(f)Vte[a,b] (3.33)

or

u(a)e@U%(f), u(b)eaU%(f) and u(t)EUg(f)\U%(f)Vte[a,b]. (3.34)
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We only treat the first case here. The second is completely analogous. We recall from Lemma
B the definition Gy(z,r) =r — f(z).

VAT (u, )l = [|0pu — Xar (u,t) — nXp, (u,1)]] 2

) 3
> / B¢ — Xy (u, 1) —nXp, (u, 1)t
“ =0
1
b 2
1 2
> —_— — X t dt
= /aHVGfHQ‘gt(atuava) ng( Ff(u, ),VGf)|
=0
> oo ([ e sn| @)
[l - u
HVGf\U%(f)HCO o lat! (3.35)
1 /b d ‘
> —Gr(u(t))] dt
N GHTog ol Jo |t
1 /bd
> —Gr(u(t))dt
NGl lles Ju @)
1)
>
4||VGf|U%(f)||CO
_9
4

where we used g(Xp,, VGy) = dGj(Xp,) = dGy(p(t)Xg,) = 0 since on Us(f) it holds
2
Fy = p(t)Gy. Moreover, according to Remark .5 we have ||[VGy|| = [[X¢,[| = 1 on Us(f).
2
This proves Claim 2. O

To prove the Lemma we observe that the assumption ||V.A™ (u,n)|| < % excludes the case
treated in Claim 2. O

4. WARMUP — SPECTRAL INVARIANTS IN MORSE HOMOLOGY

In this section we explain spectral invariants in the finite dimensional case. The main
construction scheme is already visible in the finite dimensional, nevertheless, the proof of
local Lipschitz continuity is much easier.

Let M be a closed manifold and f: M — R a Morse function. We recall that the Morse
chain complex CM,(f) is the graded Z/2 vector space generated by the set Crit(f) of critical
points of f. The grading is given by the Morse index pniorse of f. The boundary operator
0 : CML(f) — CM,_1(f) is defined on generators by counting gradient flow lines. Indeed,
we choose a Riemannian metric g on M such that stable and unstable manifold with respect
to the negative gradient flow of V f = V9 f intersect transversely, that is, W*(x) h W*(y) for
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all z,y € Crit(f). Then the moduli space
M(z_,xy) = (v R— M|[54+Vf(y)=0, lim v(s) =z4} (4.1)

s—+o0

is a smooth manifold of dimension dim M (x—,2+) = IMorse(T—) — pMorse(T+). Moreover, R
acts by shifting the s-coordinate and we denote the quotient by

M(z_,zy) = M\($_,x+)/R. (4.2)
Moreover, if pnorse(—) — tMorse(Z4+) = 1 then M(z_,z4) is a finite set. We set
m(z_,xy) = #aM(x_,24) (4.3)

the mod 2 number of elements in M(z_,z). Then we can define the differential 0 = 9(f, g)
as a linear map which is given on generators by

Or_ = Z m(x_,x4) T4 . (4.4)
x4 €Crit(f)
/’I‘MOFSe("E*)_/J'Morse(-'E+):1

It is a deep theorem in Morse homology that the identity
holds, see [Sch93] for details. Then

HM.(f,9) := Hi(CM4(f), 0(f, 9)) (4.6)

is the Morse homology of the pair (f,g).

Up to canonical isomorphisms Morse homology does not depend on the Morse-Smale pair
(f,g9). These canonical isomorphisms are called continuation homomorphisms and are con-
structed in the following way. For two Morse-Smale pairs (f4,g+) we choose a T' > 0 and a
smooth family {(fs,gs)}ser of functions fs : M — R and Riemannian metrics g5 such that

£ fo for s < =T _Jg-fors<-T (4.7)
Y | fefors>T s = g4+ for s > T .

For critical points z+ € Crit(fy) we consider the moduli spaces
N(@_,zq) =N(z_, 24 fo, 95) = {7 : R— M | 4(s)+V* fs(7(s)) =0, lim ~(s)=z4}.

s—=to0
(4.8)
A homotopy (fs,gs) is called regular if the moduli space N (z_,xy) is a smooth manifold
of dimension dim N (z_,24) = pMorse(Z—) — IMorse(T+). A generic homotopy is regular.
Moreover, in the special case fs = f_ = f1 and g; = g— = g+ we have the identity

N(z_,zy) =M@ zy). (4.9)
If pinorse(T—) — piMorse(T+) = 0 the space N (z_,x,) is compact and we set
n(z_,zy) = #N(z_,24) . (4.10)

Then we can define a linear map
Z =Z(fs,9s) : CM,(f-) — CM.(f+)
T > n(a—,aq)wy . (4.11)

x4 €Crit(f4)
HMorse ("E* ) —HMorse (er ) =0



SPECTRAL INVARIANTS IN RABINOWITZ FLOER HOMOLOGY 11

We denote 0y := I(f+,g+). In the same manner as d o @ = 0 one proves in Morse homology
Z00.=0,07, (4.12)
see [Sch93]. In particular, on homology we obtain the map

¢: HM.(f-, 9-) — HM.(f+, 9+) (4.13)

which is the continuation homomorphism. By a homotopy-of-homotopies argument it is
proved that ¢ is independent of the chosen homotopy (fs,gs), see [Sch93]. Moreover, the
continuation homomorphism is functorial in the following sense. If we fix three Morse-Smale
pairs (fa,9a), (fb,9s), and (fe, g.) we denote the corresponding continuation homomorphisms
by ¢¢ : HM,(fa,9a) — HM.(fy, g5) and similarly ¢S and ¢;- Then we have the following
identities

(E=(oo¢t and (0 =iduw,(fage) - (4.14)
In particular, we conclude that ¢ is an isomorphism with inverse G-

Definition 4.1. Let (f, g) be a Morse-Smale pair. For £ =) &x # 0 € CM,(f) we set

f(&) == max{f(z) | & # 0} (4.15)
and for X # 0 € HM,(f,g) we set
o(X) =min{f(£) | X =[]} . (4.16)

We call o(X) the spectral value of X. Thus, o is a map

o U HM,(f,9) — R. (4.17)
(f,g9) Morse-Smale

Theorem 4.2. Let (fi,g+) be two Morse-Smale pairs. Let X # 0 € HM,(f-,g—) then
min(fy — f) < o(C(X)) — o(X) < max(fy — /) (4.18)

Remark 4.3. The estimate in Theorem is sharp as can be seen for example by choosing
f+ = f-+const.

An immediate corollary of Theorem is the following.
Corollary 4.4. The spectral invariant o(X) does not depend on the Riemannian metric g.

As preparation of the proof of Theorem .21 we consider the following special homotopy. We
fix a smooth monotone function 5 : R — [0, 1] satisfying 5(s) = 0 for s < —T and §(s) =1
for s > T'. Then we set

fs = Bs)f++ 1= B(s)f- = B(s)(f+ — f-) + [- (4.19)
and choose any homotopy gs from g_ to g..

Lemma 4.5. Let (fs,gs) as above. If N(x_,z4; fs,9s) # 0 we have
fr(aq) = f-(2-) < max(fy — f-) (4.20)



12 PETER ALBERS AND URS FRAUENFELDER
PROOF. We choose an element v € N (z_, x4 ; fs, gs) and estimate

fulas) = 1) = [ RGs)ds

- [“{areoben+ Low}a
= [T {0 [T )] + B 16 i

= [ -0006) [T LOEL T LO6)] + F5) (f ~ 1)0) {ds
- \\264 <max(fy—f-)

<0
< max(fy — f-) /_ " B(s)ds

=max(fy — f-) .
(4.21)
O

Corollary 4.6. Let X # 0 € HM,(f-,g-), then
o(C(X)) —o(X) < max(fy — f-) . (4.22)

PrOOF. We first assume that the homotopy fs = B(s)f+ + (1 — B(s))f- is regular. Let
=73 ,&x € CM,(f-) be a representative of X. Then

=3 (Y &nt@y)y (4.23)

My

and thus

f+(Z(€)) = max{fy(y) | my # 0} . (4.24)
Now we choose y € Crit(f1) s.t. f4(Z(§)) = f+(y). Since 1, # 0 there exists z € Crit(f-)
such that &n(z,y) # 0, i.e. & # 0 and n(x,y) # 0. In particular, N'(x,y) # () and by Lemma
we conlude

f+(y) = [-(z) < max(fy — f-) . (4.25)

Then using &, # 0 we estimate

f+(Z(8) = =€) < f+(y) — f-(2) < max(fy — f-) (4.26)
and

o(C(X)) = o(X) = min{f1(n) | [7] = ¢(X)} —min{f_(£) | [¢] = X}

<min{fy(n) [ n=Z(§), [{] = X} —min{f_(§) [ [§] = X}

< min{f4(Z(¢)) | [¢] = X} min{f_(§) | [(] = X} (4.27)

< min{f_(£) + max(fy — f-) | [{] = X} —min{f_(§) | [¢§] = X}

= max(fy — f-) .
If the homotopy fs from above is not regular then we can approximate it by regular homo-

topies. The Corollary follows by noting that the estimate of Lemma is correct up to an
arbitrarily small error. O
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Proof of Theorem [{.2 According to Corollary .6l we have

o(C(X)) = 0(X) < max(fy — f-) . (4.28)
and thus by symmetry

0(X) = o(¢(X)) = o(¢CTH¢(X))) = o(C(X)) < max(f- — fi) = —min(fy — f-) . (4.29)

O
With help of the continuation homomorphism we define the inverse limit
HM, := {iinHM*(f, g) - (4.30)
Thus, for any Morse-Smale pair (f,g) we have an isomorphism
¢%9) . HM, — HM,(f, 9). (4.31)

Definition 4.7. For a Morse function f and Y # 0 € HM, we set
oY) = o—<§(f’9)(Y)) (4.32)

where g is any Riemannian metric so that (f,g) is Morse-Smale. Moreover, for fixed Y # 0 €
HM.. we define

py : {f €C>| fis Morse} — R

frrap(Y). (43
Remark 4.8. o is well-defined, see Corollary 4.4l
Corollary 4.9. Let Y # 0 € HM, and fi+ be Morse functions then
oy (f+) = py (f < I f+ = f-lleoq) = max|fy — f-|. (4.34)

That is, py is 1-Lipschitz continuous with respect to the C° norm.
PrROOF. We choose g+ such that (fi,g+) are Morse-Smale and set X4 := (U+94)(Y). Then
loy (f+) = py (f-)] = |o(X4) — o(X-)|

< max{max(f_ — fy), —min(fy — f_)} (4.35)
=|f+ — f-llcom)
where in the inequality we use Theorem and X = ((X_). O

Definition 4.10. For f € C'(M) we define the spectrum of f
S(f) := f(Crit(f)) (4.36)

to be the set of critical values of f.

Corollary 4.11. Let Y # 0 € HM.. The map py has a unique extension to a 1-Lipschitz
continuous function py : CO(M) — R. Moreover, if f € CY(M) then py(f) is in the
spectrum of f:

py (f) € 6(f) - (4.37)



14 PETER ALBERS AND URS FRAUENFELDER

PROOF. We recall that {f € C* | f is Morse} is dense in C°. Therefore, for f € C°(M)
there exist Morse functions f,, with ||f, — f||co — 0. By Corollary

oy (fn) = Py (fm)] < || fn = Fimllco (4.38)

the sequence (py(fn)) is a Cauchy sequence in R, thus converges. We set (by abuse of
notation)

py (f) = lim py (fn) (4.39)
and note that for two sequences (f,,) and (f},) with || f, — fllco, [|fh — fllco — 0 we can again
by Corollary estimate

lim [py () — py (fo)| < lm||f} = fallco = 0. (4.40)

Thus, the extension py is well-defined. A similar argument shows that the extension py is
1-Lipschitz continuous.

In order to show that py (f) is a critical value of f € C'(M) we first note that if f is in
addition Morse then py (f) is a critical value by the very definition of py. For the general
case we point out that the space of Morse functions is in fact dense in the space of C'-
functions. Thus, for f € C1(M) we can find a sequence f,, of smooth Morse functions such
that || f, — fllcr — 0. In particular, also ||f, — f||co — 0 and therefore py (f) = lim py (f5).
Thus, there exists z,, € Crit(fy,) such that py(f,) = fn(z,). Because M is compact we can
choose a convergent subsequence x,, — x € M. Since ||f, — f|lc1 — 0 we conclude that
df (x) = lim dfy,, (z,,) = 0. Thus, z € Critf. Finally,

f(x) =1im fo, (z5,) = lim py (fn,) = py (f) - (4.41)
This proves the claim. U
The following Theorem explains the term spectral invariant.

Theorem 4.12. Let { f;},¢c[0,1) be a continuous family of C' functions such that the spectrum
S(fr) C R is independent of r and nowhere dense. Then

py (fo) = py (f1) (4.42)
for all Y #£ 0 € HM,.

Remark 4.13. The assumption that &(f,.) is nowhere dense follows from Sard theorem if f,
is sufficiently differentiable.

Proor. We consider the function

[0,1] — R (4.43)
r= py (fr) - '
By Corollary 1T this map is continuous and by assumption takes values in a nowhere dense
subset of R. Thus, it’s constant. O
5. SPECTRAL INVARIANTS IN RABINOWITZ FLOER HOMOLOGY
Definition 5.1. Let M € MP"(X). For { =) .&.c # 0 € RFC.(9M) we set
A™(€) := max {AM(c) | & # 0} (5.1)

and for X # 0 € RFH, (M)
om(X) == inf {A™(€) | [¢(] = X} € RU {—00} . (5.2)
We call ogy(X) the spectral value of X.
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Remark 5.2. A priori the spectral value ogy(X) depends on the almost complex structure J
used in the definition of the boundary operator in the Rabinowitz Floer complex. As in the
warm-up (section M) it is easy to show that ogn(X) is in fact independent of J.

Lemma 5.3. Let M € MP"(X). If the spectral value satisfies ogp(X) € R then it is a
critical value:

om(X) € &(AM) := AM(Crit(A™)) . (5.3)
PROOF. Let &, € RFC,(9MM) be a sequence such that X = [£,] and
Jim AT (&) = om(X) . (5.4)

By definition there exist ¢, = (un,n,) € Crit(A™) with the property

A en) = A (&) (5.5)
From Lemma B.I5] we conclude that there exists a constant C' = C'(H) such that
1] < C(IA™ ()| + 1) (5.6)

and since lim, o0 AM(&,) = oon(X) the Lagrange multipliers 7, are uniformly bounded.
Thus, by Arzela-Ascoli and the critical point equation (23]) there exists a convergent subse-
quence ¢,, — ¢* € Crit(AM) satisfying

AT () = ogp(X) . (5.7)
O

The goal of this section is to compare the spectral invariants for different Moser pairs. This
is established in Theorem The main idea is to estimate how the action develops along
the continuation homomorphisms.

For that let My = (Fp.,Hy) € MP"™(X). We abbreviate ¥4 := ¥y and choose a
smooth monotone function 6 : R — [0, 1] with (s) = 0 for s < 0 and 0(s) = 1 for s > 1
with 0 < 0'(s) < 2. We set

fo=00s)(f+ = f-) + /- (5.8)
and
Fy:=Fy, and Hg:=0(s)(Hy —H_)+H_. (5.9)

For the definition of the function Fy we refer to equation [B.3]). We consider the following
family of Rabinowitz action functionals

1 1 1
A, ) = — /0 WA — /O Hao(u(t), )dt — /O Fu(u(t), D)t (5.10)

and set : ) :
A (u,n) ::—/0 u*)\—/o Hi(u(t),t)dt—n/o Fy (u(t), t)dt . (5.11)

The continuation homomorphism Cgﬁj : RFH,.(9M_) — RFH, (M) is defined by counting
solutions of

Osw(s) + VAs(w(s)) =0 (5.12)
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that is, w = (u,n) solves the problem

Osu+ J(u) (O — Xp, (u, t) —nXp,(u,t)) =0

1 (5.13)
O — / Fy(u,t)dt = 0.
0
Proposition 5.4. Let w be a solution of (B.12) with limg_1o = wy € CritAy. If
5(2 —9)
— f_ < —7 14
1f+ = f-llcom) < 198 563 (5.14)

then

8A;
2—9

)A-(w),0} + 8 + 24, <§‘é2__2§on 4 (5;_‘1?2)) (5.15)

Ap(wy) < max { (1 +
where we use the abbreviations

1
Ao :/0 [H_(-,t)=Hy (- O)[lcoandt ,  Ar:=||fs—f-llcorw), Az:=max{x(Hy),k(H-)} .

(5.16)
PRrROOF. Since by definition
~Jp®)B(r = fs(z)) fory=(z,7r) €L xR
E(y,8) = {—5p(t) forye M\ (¥ xR) (5-17)
we have
o d L 08 (= £@)06) (file) — fo(w) fory = (z,r) €S xR
Ely,t) =Bt = {0 fory e M\ (T x R)
(5.18)
and thus
[Fe(y, )] < 20()0"(3)[1.f+ — f-llooes) (5.19)
using that 0 < 8/ < 2. For v = (u,n) € £y X R we compute
/ L 0As o ! / ! /
A (v) == W(U) = —/0 H.(u(t),t)dt — 77/0 Fi(u(t),t)dt . (5.20)
We set
0 < B (w) = /U 10sw(s)|Pds , 0 < E,(w) := /Oo 105(s)|2ds (5.21)
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We recall that w solves (5.12]) and estimate
Ay D [ g
Ao+ [ A Gl) + dAfus)du()ds
=A_(w-) +/ Al(w(s)) + (VAs(w(s)), Osw(s))ds

=A_(w_)+ AL(w(s)) + (—0sw(s), Dsw(s))ds

—00
g

=A_(w_)+ Al(w(s))ds — E7 (w)

o 1
[ (et () - Ho )+ 20000 Gl F-llos) ) deds
= A_(w_) - E7(w)
o 1
[0 [ (il 0 - 0} 20O~ F-llovgs ) des
= Ao = B2 @)+ [ O — H -+ 20— v ds

<A (w-) = E7(w) +[[Hy — H-[|- + 2[[nllcomw)l|f+ = f-llcos)

(5.22)
where
1 1
1y = Ly = [ gl (2 = HO)C 00t = HoA|- = = [ mind (0 = ) )
and similarly it holds
As(w(0)) 2 Ap(wi) + Eg(w) — |[Hy — H-[|+ = 2[[nllcow) || f+ = [-llcoz) - (5.23)
In particular, we have
[As(w(0))] < max{A_(w_), —As(wy)}
(5.24)
ALE Dllosqundt + 2lnlleogllF — I-lloogsy -
Moreover, we obtain for o = 400
A (wy) < A_(w-) = E(w) + ||[Hy — H_[|- + 2|[nllcow) | f+ — f-llco) - (5.25)

For 0 € R we define

r(0) == inf {7 > 0| [V Agar(w(o +7))]| < Z} (5.26)
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where 0 is as in Lemma [3.15l Then we compute for the energy

2

() o+7(0)
Bw) = [ lowElPisz [ [VAWEd 2 0. (620)

Y
5%

Combining the estimates (5.25]) and (5.27) we obtain

16 16
(0) < 2 B(w) < 19 (A_(w_) ~ Aswt) + | Hy — H_||- + 2llnllcogo |1 f+ — F-lloogs)) -
(5.28)
From the definition of Fy (see equation (5.9)) it follows
1 1
/ Fs(t,u(t))dt‘ <5 / p(t)dt =6 . (5.20)
0 0
From these estimates and the gradient flow equation (G.I3])
1
oun(s) = [ Fu(t.u(v)ie (530)
0
we obtain
7(0)+0o
W) < o+ @)+ [ 0a(s)lds
7(0)+0o 1
e+l + [ | [ Rt (o) ds
o 0 (5.31)
< In(o +7(0))| + 7(0)d
< [n(o +7(0))|
16
t5 (A—(’w—) — Ay (w+) + |[Hy — H-||- + 2[|nllcow) | f+ — f—Hc%z))
Using Lemma [B15] the definition of 7(o), and estimate ([5.24]) we get
2
In(o +7(0)| < 5= (Mo (w(0))| + 6/4 4+ max{r(H.), s(H-)})
9 1
=55 (maX{A—(w—)7 — A (wi)} +/0 1H-(-t) = Hy ()]l coany dt

2ol fs — F-llcogs + /4 + H<H>)

(5.32)
where we used that x(H) is a semi-norm, in particular,

k(Hs) = k(0(s)Hy + (1 — 0(s))H_)
<0(s)s(Hy) + (1 —6(s))s(H-) (5.33)
<max{k(H;),k(H_-)} .

We recall the abbreviation
Ay =max{k(H;),k(H_-)} . (5.34)
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Combining the previous two inequalities we obtain

1
(o) < 525 (oA (w00, ~ At} + [0 = o Cllovan

+ 2l[nllcom)llf+ — f-llcozy + /4 + Az)

16
+ ?(A_(fw_) — A (wy) + |[He — H-[|- + 2[Inllcom) |1 f+ — f—HcO(z))
(5.35)
145
< B ([0~ Ho Dl + 2lesgo 1+~ F-lors)
16
+ mmaX{A (w-), —Ap(ws)} + — 5 (A-(w-) = As(wy))
(6 +4Az)
4—26
We recall the abbreviation
1
Bo= [ IH- () = Ha e Bllcogandr (5.36)
Since the right hand side of (5.35) is independent of o we conclude that
146 (0 +4A,)
Inllengsy < g7 (B0 + 2Alcogey 17+ = F-lloo) + 75 .

16

b g mas{A_(w.), ~ Ay (wi)} + 2

25_35 (A (w-) — «4+(w+))

thus

64 — _ 32145 (5 + 44,)
(1= S = £-lloo) nllowgey < Sz 80+

42 max{A_(w_),—As(ws)}  (538)

2—-90
16
+ F(A_(w_) — A (wy)) -
Now we recall our assumption
0(2—06
17+ = F-lleom) < oo (5.39
and therefore
64 286 0 +4A
ooy < B 2307, 0 4422)
5( —9) 2—-9 (5.40)
4 32
+ mmax{ft (w-), = A4 (wi)} + — 5 (A-(w-) = Ay (wy)) -

Using the abbreviation
Ay =||f+ = f-llco) (5.41)
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and combining the inequalities (5:25]) and (5.40) we obtain

64 — 286 (6 + 4A)

A+(w+) SA_(M_)+A0+2A1 <mAQ+ 59 ¢

(5.42)

g A () —A ()} + (A )~ i)

In the case A (wy) < A_(w-) or 0 > Ay(wy) the assertion of the Proposition to be
proved follows trivially. Therefore, from now on we assume that A, (wy) > A_(w_) and
A4 (wy) > 0. Then we can simplify the above estimate to

Ap(wy) < A-(w-) + 4y

64 — 286 (6+40;) 4 (5.43)
N s L (CRURIEVHUS) )P
Next we distinguish two cases. If A, (wy) > A_(w-) > 0 then
64 — 286 0 +4A 4
A+(w+) < A_(U)_) + A() + 2A1 <mA() + ( ;__ 52) + 5 _ 5./4_(’[1)_))
(5.44)
B 8A, 64 — 280 (6 + 4A,)
—A_(w_)(1+2_5)+A0+2A1<5(2_5)A0+ )
If Ap(wy)>0> A_(w-) then
64 — 286 (5 + 4A5)
< . .
A+(ZU+)_A0+2A1<5(2_5) Ag + 54 > (5.45)
The Proposition follows from the last two inequalities. O

Theorem 5.5. Let My = (Fy, Hy) € MP"(X). We abbreviate ¥4 := Xy, . Then

om_(X_) < 6126?51 max {oo_(X_),0} + (% +2(0 + 4A2)) (e% — 1) (5.46)

where X = C%f (X_) #0 € RFH.(My) and Ay, A1, and Ay are as in Proposition [5.7).

Proor. Under the assumption

52— 0)
f+ = F-lleom) < 58 " 63 (5.47)

Proposition (4] implies as in Corollary that

8A; 64 — 286 (6 +4A9)

X_ ,0} Ag+2A A . (5.48
S Yom (X),0}+ 20+ 1<&2_® A R
where X; = gjg; (Xo) # 0 € RFH,(9M;). In general this assumption is not satisfied. But
we can always split the homotopy from f_ to fi into many small homotopies each of which
satisfies the above inequality. To obtain the statement of the theorem we eventually take an
adiabatic limit. We again define

fo=00)(fr —f-)+f-, seR (5.49)

om, (X4) < max{(l—l—

and
Fy:=Fy, and Hg:=0(s)(Hy —H_)+H_. (5.50)
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where 6 is the cut-off function defined above Proposition [5.4l We choose N € N such that

256 — 1120

N > ﬁ”ﬁ— I-llcos) (5.51)

and set for k=0,..., N

, H* .= H,,

ff=f &, and ME = (Fpe, HY) . (5.52)

2

For convenience we proceed with the proof under the assumption that 9" is a regular Moser
pair. Otherwise, in the following arguments 9t* has to be replaced by an arbitrarily small
regular perturbation. By taking the limit this does not influence the action estimates. We
recall that 0 < §’ < 2 and observe that by the choice of N

17548 = Pl = (0051 = 008)) (F+ = F)lleogsy
< 2(i — %)||f+ — f-lleos)

< %lf+ = f-lleos) (5.53)
9 _
< o555
In particular,
AP = [ = Flleos) < $A (5.54)
Similarly,
1H e (1) = Hi (0)lleoony < Kl [H4 (1) = H-( )lleogary (5.55)
and therefore
Ak—/HH; ~ Hy (- Dlloondt < 30 (5.56)
Finally, since s is a semi-norm
k(HY) < max{k(Hy),k(H_)} = Ay . (5.57)

Thus, we conclude from Proposition [5.4] as explained at the beginning of the proof

k
8A] >O‘mk(Xk)70} + Al +2A’f<

oonis1 (XF1) < max { (1 +

64— 285 ., (0 +4Ay)
2-5

A

5290 T2 ;

61-282 (5+44y)

5(2—0) N 2-0
(5.58)

{1 725 1 Jom (0.0 + 00+
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where XF+1 = C%:H(Xk) (mkH( X_). Lemma [AT] implies that

164, 1 2 4 (64—285 2 (5 + 4A,)
oo, (X4) < (1+ 2_5N) max{agm(X_),NA0+NA1<6(2_6) A0+ —

61-2852 (64489 (15 }V)N—l
2
+<NAO+NA (5(2—5)NA0+ 2-35 >>

<1+ 1l>—1

N
:(1+16A1l) max{am(X—)7£Ao+%A1<75( 2853A0 7(5+4A2)>}

2-6N N 2—60) N 2-0

5 (2 4 [64—286 2 (6 +4A) 16A; 1\N
+N16A1<NA°+NA1<5(2—5)NA°+ 2-6 >><(1+2—5ﬁ> _1>

B 16A, 1 2 4 [64—285 2 (0 +409)

- (1+35%) maX{UW(X—%NAO*N 1<mﬁ T

2—-96 64 — 289 2 (0 +4A9) 16A; 1\N
+16A1<2A0+4A1<5(2—5)NA0+ 2-6 >><<1+2—5ﬁ) _1>‘
In the limit N — oo
1644 —

om. (X+) < e?7% max {agn 0} + — | Ao+ Alw e% -1
" 8A; 2-6 (5.59)

_ ~ ) sy
= e 2-9 max {Ugj’(i(X_),O} + g(T +2(5+4A2)) <e 2—5 — 1) .

O
Definition 5.6. We define the norm of an adapted Moser pair M = (F¢, H) € MP(X) by

1
1] = [[fllcos) +/0 HH (5 8)llcoanydt + w(H) - (5.60)
We denote by o o
D) = {M' = (F', H') | || — M| < 1} (5.61)
the open 1-ball around M in MP(X).

Estimating Ag, A < ||y — M_|| and Ay < max{||Mt4 ||, ||9%-]|} and using of the mono-

tonicity of x 617_1 for x > 0 we immediately obtain from Theorem the following
corollary.

Corollary 5.7. Under the assumptions of Theorem [5.1 we have

16]|9m . —m_|| 1 16]|m . —m_||
om, (Xp) e o max{om (X2), 044 (2o+Smaxf |l ;- |}) (e 25 1)
(5.62)
Definition 5.8. For a weakly regular Moser pair 9 € MP"(X) and X # 0 € RFH,. we set
om(X) = a((m(X)> (5.63)

where RFH,, and Cm are defined in Definition B.12l Moreover, for fixed X # 0 € RFH, we
define
px : MP™(¥) — R

M s oo (X) . (5:64)
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Convention 5.9. From now on we fix a weakly regular Moser pair My = (FYy,, Hy) €

MPTed(x)).

Lemma 5.10. For a Moser pair MM = (F, H) we define

o 1 — 16(] |90 — | +1)
B := {X € RFH, | 0w, (X) > 5 (2 3+ 8max (|00, [90| + 1}) (= 27— - 1)}
(5.65)
If X € B(9M) then the map
px i MP™ — R, M s oon(X) (5.66)

is locally Lipschitz continuous around 9 with respect to the norm on MP(X) introduced in
Definition 5.6

PRrROOF. We recall that D(9) denotes the open 1-ball around 9t in MP(X). We assume by

contradiction ogy (X) < 0, VO € D(OM) N M. Then applying Corollary 5.7 to ogp_ (X) =
oo (X) and o9, (X) = o, (X) we obtain

1 16|99 —' ||
ooy (X) < g(2 6+ Smax { M|, [|][})) (e #7 ~1) (5.67)
From
||V]| < [[O0T]| + 1, [[9 — MV[| < [[Mg — M| + 1 (5.68)
we get
1 16] |29 —9m'| |
omy(X) < 5 (24 8+ Smax {Moll, [2V][D) (e =5 ~1) o
_ 5.69
1 _ 16(]|Mg —M||+1)
< <(2+ 0+ smax (|l [+ 1)) (7 5 —1)
This contradicts the assumption that X € B(9). Thus, we conclude
ogr(X) >0 VO € D) NN . (5.70)

We choose I, 9" € D(OM) N M"Y and estimate for X € B(IM) using again Corollary (.11
and 9, M” € D(M) and employing the elementary estimate e/ < 1 +e“t or ef —1 < e“t,
vt € [0,C):

16|90 —om’’ ||

ofja’ —om"|| 1 e|ja’ —om"||
px (M) <e 2 pX(Em”)+§<2+5—|—8max{||§m/||,||£)Jt”||})><e = _1>
16
25
1 Dl 225 16 Y
+8(10+5+8HDLRH)) <62 I —m H)

16
[ — || ) px (")

16
2—-90

< (14 e =l — || pxe (M)

32
= px (M") + (62"5 5

4 %(10 5+ 8))) (27

o’ — ) .
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Using again Corollary B.7] we estimate

16][9m”" —mg ||

px(M') <e” 75 max {px(Mo),0}

1 16][9m" — g ||
+ < (24 8+ smax{Jo ||, Imol}) (e # - —1)

8
16(]|MM—Mg||+1)
<e 5 max {px(My),0} (5:71)
1 — 16(1M =2 ||+1)
+ < (2 0+ smax{|[@| + 1Mol }) (e o —1)
=: C(MO,X) .

Combining the last two inequalities we see

32 16
px () < px (M) + C (Mo, X)e? 5 -—

+ 5 (1048 -+ D) (2% 5l — o))

1902 — |

and thus

1
px(I') — px (M) < OOy, X)ex™5 Sl — |

1 o 32 16 SV (5.72)
+ < (10-+ 5+ 8] ) (€75 5=/l — "))
< D(T, My, X) || — 0|

where we abbriviate

DN, My, X) := C(My, X)e-5 21_65 + %(10 Ty 8||ﬁ||)) (e% 21_65) : (5.73)

By symmetry
|px (M) — px (M)| < DM, My, X)[[20" — M| . (5.74)
This proves the Lemma. ]

We recall that we fixed 9y € MP(X). Similarly as in Corollary .11l we can extend px.

Corollary 5.11. Let 9 € IM(X) and X € B(ON). Then there exists a Lipschitz continuous
function

Py : D) — (0,00) (5.75)
satisfying
Py () = px () v € D(O) N MP™I(X) . (5.76)
Moreover, is a spectral value
Dy (M) € &(AM) . (5.77)

Finally, we have

16]9mg —9M||
—0 Y

a7y o L == 16|19 )|
px (M) < e P () + = (2+ 8 + Smax{| Mol [A}) (e 25 —1). (5.78)
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ProoF. That px has an extension as a Lipschitz continuous function follows immediately
from Lemma [5.10] and the fact that 9179 (X) is dense in M(X), see Proposition

To prove that py (9M) is a critical value of A™ we choose a sequence 90, € M9 (L) ND (M)
with 9%, — M. Then by Lemma B3] there exist w,, = (vn, 7,) € CritA™ with

px (M) =A™ (wy) (5.79)
Moreover, by Lemma we conclude
1] < C(JA™" (wn)] + 1)
= C(lpx(M,)] +1)
< C(Ipx ()| + DM, Mo, X)|[ — My || + 1)
< C(Ipx(M)] + DM, Mo, X) + 1)

(5.80)

by Lipschitz continuity and definition of D(91). In particular, the sequence 7, is uniformly
bounded and applying the Theorem of Arzela-Ascoli w,, — w* € CritA™ and

Py (M) = A™(w?) . (5.81)

The last inequality claimed in the statement of the Corollary follows from Corollary [5.7]
together with the observation that py (9%) > 0. The latter follows from (B.70) by continuity

of px. O
Definition 5.12. For an adapted Moser pair 9t € MP(X) and X € B(I) we define
(X)) == px (M) . (5.82)
Corollary 5.13. We recall that we fixed a weakly reqular My. If
{om,(X) | X € RFH,} C RU {—o0} (5.83)
is unbounded from above then
{om(X) | X € B(M)} C (0,00) (5.84)

is also unbounded from above for all M € MP(Z).

PRrROOF. The assumption that the spectral values are unbounded together with the definition

of B(OM), see Lemma [5.10] implies that also the set

{om,(X) | X € B(M)} C (0,00) (5.85)
is unbounded from above. Combining this with the estimate in Corollary [5.17] implies the
assertion. g

6. PROOF oF THEOREM [l

We recall that in Theorem [l we assume that (M = T*B,w) where B is a closed manifold
and S C M is fiber-wise star-shaped hypersurface. We fix a a bumpy metric g in the sense of
Abraham [Abr70] and set

%= {(¢,p) € T"B | |lpllg = 1} - (6.1)
According to the Theorem of Abraham [Abr70] bumpy metrics exist (and are even dense).
Since g is bumpy the Moser pair

Ny = (Ffov 0) S E)JI(E) (6.2)
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is weakly-regular if we choose fy = 0. A hypersurface in T*B is fiber-wise star-shaped if
and only if it is of the form X for some f : ¥ — R. In particular, there exists a function
fs X — R with

S =Xy . (6.3)
Proposition 6.1. With the above notation we have
pez(X) >0 = oy, (X) >0 VX € RFH.(OMy) . (6.4)

PROOF. First we recall that critical points (u,7) of A™ with positive/negative 1 are posi-
tively /negatively parametrized geodesics for g and that the Conley-Zehnder index coincides
with the negative of the Morse index. In particular, positive Conley-Zehnder index implies
negatively parametrised geodesics. Let

= ) &ceRFCx(Mp) (6.5)
¢t pez(e)=k
then since My = (F},,0) the action value A™0(u,n) = —7 is the negative of the period of the
geodesic. In particular, A™0(c) > 0 if pucz(c) > 0. O
Lemma 6.2. Under the same assumptions as in Theorem [l for each x > 0 the set
Fy, :={X € RFH>0 | 0 < oo, (X) < K} (6.6)
is finite.
PrOOF. We fix an auxiliary Morse function f on the critical set Crit.A™0. Then
%, = {ce Crit(f) | 0 < A™(c) < K} (6.7)

is finite, see Remark [3.11] for notation. Indeed, this follows from the theorem of Arzela-Ascoli
together with assumption that 9%, is weakly regular, see also the proof of Lemma B3l If
X € RFH>(My) and oo, (X) < k then X is of the form

X=) &e (6.8)
Ce((flﬁn

with & € Z/2, and therefore,
H R, < 27 (6.9)
is finite. O

Proposition 6.3. Under the same assumptions as in Theorem [l the set
{om,(X) | X € RFH>o} (6.10)
is unbounded from above.
PROOF. Assume by contradiction that there exists x > 0 such that
om,(X) <k (6.11)

for all X € RFH>(("Mp). From the Proposition we also know 0 < ooy, (X). We recall
from [CFOQ9, [ASO9] that the assumption on H,(.#p) implies the same for Rabinowitz Floer
homology, that is,
dim RFH, (M) = oo . (6.12)
Thus, the set
Fy, ={X € RFH>o | 0 < o9y, (X) < K} (6.13)
is infinite. This directly contradicts Lemma U
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To finish the proof of Theorem [0 we set Mg = (Fyq, H ) where fg is as above and He
is such that qﬁ% = ¢L,. We apply Corollary to My and conclude that

{Tms(X) [ X € B(Ms)} € (0,00) (6.14)

is unbounded from above. Thus, A™s has arbitrarily large critical values. At a critical point
(v,n) € CritA™s we compute

AMS (3 ) = —p — / IN(X 5 (0(), 1)) + F(t, o(t))] dt (6.15)
and thus
n< —A™S(v,n) + k(H) (6.16)

~

where k(H ) is the seminorm defined in Definition BI4l In particular, there exist critical points
of AMs with arbitrarily negative 7-value. This proves Theorem [ for negative n-values.
Looking at Rabinowitz Floer co-homology the statement for positive n-values follows.

APPENDIX A. AN ITERATION INEQUALITY

Let z,, n > 0 be a sequence of numbers satisfying

Tpt1 < max{ax,,0} + 3 (A1)
for numbers a > 0, and 8 > 0.
Lemma A.1.
n—1 ' a’ — 1
o < @™ max{zo, B} + Y o = o max{zo, ) + 5 T (4.2)
j=0

PrOOF. The proof goes by induction on n. For n = 0 we check
xo < max{xzg, B} = o’ max{zg, 8} + 5 Z ol . (A.3)
j=0

For the induction step n — n + 1 we distinguish two cases.
Case 1: x,, <0. Then

Tpy1 < max{ax,, 0} +

=5
n (A.4)
< a" max{zg, B} +8 - Z ol .
>0 =0

>1
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Case 2: x,, > 0. Then

Tpe1 < max{az,,0} +
<aw, +f

n—1
< a(a"max{xo,ﬂ} —i—BZOéj) + B (A.5)
=0

= o" max{zo, B} + BZ o’

Jj=0

where we used the induction hypothesis in the third inequality. This proves the Lemma. [J
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