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FLOER HOMOLOGY FOR NEGATIVE LINE BUNDLES AND REEB
CHORDS IN PRE-QUANTIZATION SPACES

PETER ALBERS AND URS FRAUENFELDER

ABSTRACT. In this article we prove existence of Reeb orbits for Bohr-Sommerfeld Legendri-
ans in certain pre-quantization spaces. We give a quantitative estimate from below. These
estimates are obtained by studying Floer homology for fibre-wise quadratic Hamiltonian
functions on negative line bundles.

1. INTRODUCTION

In this article we consider a closed, connected symplectic manifold (M,w), which is integral,
that is, [w] € H3(M;Z). Furthermore, let L C M be a closed Lagrangian submanifold.
Throughout this article assume that the pair (M, L) is symplectically aspherical (see equations

(Z1) and (£33)) for the definition).

Definition 1.1. A pair (E, «) consisting of a complex line bundle E — M and a connection
one form « is called a Bohr-Sommerfeld pair for (M,w, L) if

(1) 3N € N s.t. the curvature of « satisfies F,, = Nw,
(2) the holonomy hol,, : 71(L) — S* takes values only in {0, 3} C S'=R/Z.

The integer N = N(E, «) is called the power of the Bohr-Sommerfeld pair.

Pre-quantization spaces and Bohr-Sommerfeld pairs naturally arise in geometric quantiza-
tion theory. Both notions appear in various places in the literature. For the Lagrangian case
of Bohr-Sommerfeld we refer the reader for instance to Eliashberg-Hofer-Salamon [EHS95],
Eliashberg-Polterovich [EP00], and Ono [Ono96].

To a Bohr-Sommerfeld pair (E,«) for (M,w, L) we naturally associate a Legendrian sub-
manifold £ in a pre-quantization space of (M w) as follows. The hyperplane distribution
§ = ker « restricted to the unit circle bundle & of E is a contact structure on . Condition
(2) in Definition [Tl implies that L lifts to a Legendrian submanifold L of (E,f). The group
72 acts on (i&,f) by e — —e. The quotient is denoted by (X,&, £). We note that £ is
diffeomorphic to L. This is not the case if we don’t divide out by the Z/2-action.

Given a positive, autonomous Hamiltonian function H € C'°°(M) on the base M we denote

by ap the contact form on (3,€) which is induced by the S'-invariant contact form NlHa

on . We denote by Ry (H) the set of Reeb chords of the triple (X, az,£) and by RL(H)
the set of Reeb chords of period strictly less than 1] The set of contractible intersection
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I The contact from am determines uniquely the Reeb vector field Ry by an(Ry) = 1 and tr,day = 0.
Then a Reeb chord of period T' > 0 is a map e : [0,7] — X solving ¢ = Ry (e) and e(0),e(T) € L.
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points LN ¢l (L) of L and its image under the time-1-map ¢}, of the Hamiltonian flow of H
is denoted by Pr(H)H

The close connection between Reeb chords and Lagrangian intersection points was already
fruitfully applied in the work of Eliashberg-Hofer-Salamon [EHS95], Givental [Giv89] [Giv90al
[Giv90b], and Ono [Ono96].

Our first main result gives a lower bound on the number of Reeb chords of period less than
1 in terms of the number of Hamiltonian chords of period equal to 1. The proof uses the
observation that Reeb chords are in 1-1 correspondence to Hamiltonian chords with quantized
action, see Proposition Our result shows that in a certain sense the time-one dynamics
“remembers the past” as phrased by Leonid Polterovich.

We recall that a subset of a topological space is called generic if it is a countable intersection
of open and dense sets. It follows from Baire’s theorem that generic subsets of C*°(M) are
dense. To a Hamiltonian function H : M — R we assign the following finite data set

@(H) = {(AH(‘T)vuﬁj/laslov(x;H)) ’ S PL(H)} ) (11)

where Ap is the action functional (see equation ([2.4)) and pfy, . is the Maslov index as
defined in [RS93].

Theorem A. Let dim M > 4. Then there exists a generic subset of C°°(M) such that for
each Hamiltonian function H in this subset there exist constants C' = C(Z(H)) > 0 and
N = N(%(H)) € N with the following property. For any Bohr-Sommerfeld pair (E, «) with
associated Legendrian £ and power N(E,a) > N we have the estimate

#Rp(H +c) > §#Pr(H) (1.2)
for all ¢ > C.

Remark.

e In Section [l we introduce the two notions of a huge and a non-resonant Hamiltonian
function. Moreover, we define the wiggliness W(Z(H)) € N of a Hamiltonian function.
Then in Theorem A we have N(Z(H)) = W(Z(H)) and C(Z(H)) is so that H + C
is huge. In fact, any Hamiltonian function H becomes huge after adding a sufficiently
large constant. Moreover, the wiggliness of a Hamiltonian function H is large if H has
1-periodic orbits with small but non-zero difference in action values. Finally, the non-
resonancy condition is the generic property appearing in Theorem A. It guarantees
that the action functionals detecting intersection points and Reeb chords are Morse.

e We point out that Reeb dynamics of a4 (in particular the number #R(H + ¢)) is
sensitive to adding constants ¢ while P (H) is unaffected.

e In fact, the period of the Reeb chords found in Theorem A is bounded below by a
constant 7(H) > 0 depending on the wiggliness and the local behavior of H near L.
Moreover, we get information on the action of the Reeb chords. We refer the reader
to Theorem [5.27] for the full statement.

e We note that the Bohr-Sommerfeld property is stable under taking tensor powers. In
particular, whenever there exists a Bohr-Sommerfeld pair (E, «) for (M,w, L) then a
suitable high tensor power of (E, «) will satisfy the assumption of Theorem A.

2 The set of intersection points L N qﬁ}{(L) is in 1-1-correspondence to the set of Hamiltonian chords
z(t) = ¢4 (x(0)), £(0),x(1) € L. An intersection point is contractible if the corresponding chord = satisfies
[] =0 € m(M,L).
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e The same techniques used to prove Theorem A can be adapted to obtain an analogue of
Theorem A for the number of closed Reeb orbits in terms of the number of contractible
fixed points. In the periodic case multiple covers of a Reeb orbit contribute to the
count. However, it should be possible to use the information on action, period, and
index to get estimates for the number of geometrically distinct Reeb orbits. This will
be treated in the future.

Floer’s theorem gives a lower bound for Pr(H) in topological terms of L. Thus, we obtain

Corollary 1.2. Under the assumptions of Theorem A
dim L
#Rp(H +c)> 1 Z bi(L; Z)2) (1.3)

where b; = dim H;(L;Z/2) are the Betti numbers.

Remark 1.3. We point out that the estimate (L2)) does not hold in general. In section [ we
construct a large class of examples of Bohr-Sommerfeld pairs of power 1 for which R:(H) = (.

Remark 1.4. For fixed Legendrian £ in a pre-quantization space and H : M — (0,00)
Theorem A can be rephrased in terms of the function

p = pr g (—min H,00) — N, ple) == #RE(H +c) . (1.4)
Namely, if the power of the pre-quantization space is large enough we have
p(c) > $#PL(H) (1.5)

for sufficiently large c. Moreover, the example from Section [6l mentioned in the Remark above
implies that there exists £ and H such that

wu(e) =0 Ve <0, (1.6)
see Remark The function p should not be confused with the function
v=vrp:(0,00) — Nxg, v(c) = #Rp(cH) (1.7)
which has the following properties. v is monotone increasing, moreover
v(ic)=0 (1.8)
for all ¢ smaller than the smallest period of a Reeb chord of ay. We point out that the
function p in general won’t satisfy c_)(ligin 0 u(c) = 0. Moreover, since there is no relation

between Reeb chords of ay and aj. it is unlikely that p is monotone.

The method of proof for Theorem A is to study Floer homology of fiber-wise quadratic
Hamiltonian functions on F. In fact, for the construction of Floer homology itself the Hamil-
tonian function can be chosen as usual, namely any time-dependent nondegenerate Hamil-
tonian function. We construct a version of Floer homology for periodic orbits HFY (H) and
for chords with Lagrangian boundary conditions HFY (H; L).

Here are some details of the construction. Let £ — M be a complex line bundle with
first Chern class c1(E) = —[w]. Then E and its tensor powers EV can be endowed with
the structure of a symplectic manifold being convex at infinity. For a generic Hamiltonian
function H : S'x M — R we define a finite-dimensional, Z-graded Z/2-vector space HFY (H)
which is associated to a fiber-wise quadratic lift of the Hamiltonian function H to the bundle
EN. HFY (H) is defined as the Floer homology of the action functional of classical mechanics
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for the lift of H. For a Bohr-Sommerfeld Lagrangian L C M we construct a Lagrangian lift
LN < EN. Then HFY(H;L) is the Lagrangian Floer homology of LY and the fiber-wise
quadratic lift of H.

The homology HFY (H) and HFY (H; L) depends on both H and N. By choosing N =
N(H) large enough HFY(H) detects all periodic orbits of H and HFY (H;L) detects all
Hamiltonian chords of H.

Theorem B. Given a generic H there exists a positive integer N = N(H) such that
dim HFN (H) = #P(H) (1.9)

where P(H) is the set of contractible 1-periodic orbits of the Hamiltonian vector field of H
and

dim HFYN (H; L) = #Pr(H) (1.10)
where Pr,(H) is the set of contractible 1-periodic chords of H.

Theorem B is proved as Proposition (periodic case) and Proposition (.7 (Lagrangian
case). Theorem A follows from the Lagrangian version of Theorem B in the following way.
If H is positive and autonomous then there exists a compact perturbation of the quadratic
lift of H such that the action functional of this perturbation detects Reeb orbits resp. chords.
Theorem A follows then from Theorem B together with the invariance of Floer homology
under compact perturbations. The factor % in Theorem A is due to the Z/2-symmetry which

was divided out to obtain the space X from .

Remark 1.5. The periodic case of Theorem B could be used to prove a periodic version of
Theorem A. Unfortunately, as such it’s not very interesting because Reeb orbits can be iterated
and iterates potentially contribute to the set R!(H). However, since we have additional
information about period and action of the Reeb orbits a refined analysis should lead also to
non-trivial estimates in the periodic case. We plan to treat this in the future.
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2. FLOER HOMOLOGY FOR CLOSED SYMPLECTIC MANIFOLDS

2.1. The periodic case. In this section we briefly recall Floer’s construction of his semi-
infinite dimensional Morse homology on the free loop space. We follow closely Dietmar
Salamon’s lecture notes [Sal99]. Let (M,w) be a closed connected symplectic manifold. We
assume for simplicity that (M, w) is symplectically aspherical, that is

C{M‘WZ(M) =0 and w’ﬂ'Q(M) =0. (2.1)
For a time-dependent Hamiltonian function H € C*(S! x M) we set H; := H(t,-) € C>®(M)
for t € S := R/Z. The time-dependent vector field Xy, = Xy (t,-) defined by

w(Xp,,-) = dHy(-) (2.2)

is called the Hamiltonian vector field of H. We denote by .Z the set of smooth, contractible
1-periodic loops in M. The subset of contractible 1-periodic orbits of Xz is denoted by

PHH) = {z €2 |i(t)=Xu(t,z(t)}. (2.3)
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Elements x € P!(H) will also be referred to as (contractible) 1-periodic orbits of H. They
are the critical points of the action functional of classical mechanics Ay : .2 — R defined
by

1
Ap(z) = — / Fw— / H(t, (1)) dt (2.4)
D2 0

where Z : D> — M is an extension of the contractible loop z to the unit disk D?. Since
(M,w) is symplectically aspherical the definition of Ay does not depend on the choice of
an extension. The Hamiltonian vector field Xy defines a flow ¢, of symplectomorphisms of
(M,w). The Hamiltonian function H is called nondegenerate if

det (Dgp}{(:E(O)) —1)#0 (2.5)

for all z € PL(H). This is implied by the requirement that graph(p};) intersects the diagonal
in M x M transversally. However, the latter condition is stronger since it implies (23] for
all periodic orbits rather than only for contractible ones. Contractible periodic orbits of a
nondegenerate Hamiltonian function are isolated. Thus, #P!(H) < oo since M is closed. To
each periodic orbit z € P'(H) the Conley-Zehnder index pucz(z; H) € Z is assigned. This is
well-defined as an integer due to the symplectic asphericity of (M,w). The Conley-Zehnder
index is normalized so that for a C%-small Morse function f we have

pez(x) = pnorse(r) —n Vo € Crit(f). (2.6)

For a nondegenerate Hamiltonian function H Floer’s complex (CF.(H),d(.J, H)) is defined
as follows. CFy(H) is generated over the field Z/2 by all periodic orbits with Conley-Zehnder
index equal to k

CF.(H)= P Z/2 ). (2.7)
z€PY(H)
nez(w)=k
To define the differential 9(.J, H) we choose an S'-family of w-compatible almost complex
structures J = J(t,-) and consider solutions to Floer’s equation, that is, maps u : R x S —
M satistying

{ dsu+ J(t,u) (dpu — Xp(t,u)) =0 (2.8)
u(—00) = z_, u(+o00) = x1 € P'(H) '
The space of solutions M(z_,zy;J, H) is called a moduli space. The energy
+oo 1
E(u) = / /\8Su]2dt ds (2.9)
—00 0

of elements u € M(z_,xy;J, H) can be computed in terms of the action functional Ag
B(u) = An(-) — Ap(ey) | (2.10)

Floer’s equation can be interpreted as (a replacement for the ill-defined) negative gradient
flow of the action functional Ag. The moduli space M(z_,x1;J, H) carries an R-action
o« u(s,t) := u(s + o,t) which is free if x_ # z,. From the energy identity (2.10) it follows
that M(z_,x_;J, H) contains only one element namely the s-independent solution x_.
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Theorem 2.1 (Floer). For a generic family of almost complex structures J = J(t,-) all
moduli spaces are smooth manifolds and

dimM(z_,z4;J,H) = pcz(v+; H) — pez(z—; H) . (2.11)

Remark 2.2. Since we do Morse theory for the action functional Ay on the loop space
of a compact manifold, gradient trajectories can escape to infinity in the loop space only if
derivatives explode. By Floer’s equation the only way this can happen is by bubbling-off of
holomorphic spheres. Since the symplectic manifold in question is symplectically aspherical,
there are no non-constant holomorphic spheres, hence the necessary compactness is achieved.

Theorem 2.3 ([Flo88]). For z,z € PY(H) the moduli space

—

Mz, z; J,H) == M(z,z;J,H)/R (2.12)

is compact if poz(z; H) — pcz(xz; H) = 1 and compact up to simple breaking if pcz(z; H) —
pcz(xz; H) = 2. That is, in the latter case it admits a compactification (denoted by the same
symbol) such that the boundary decomposes as follows

OM(w,zJ . H) = | ) M,y J,H) x My, 2, H). (2.13)
yeP' (H)
Counting elements of zero dimensional moduli space defines the differential 0 = 9(J, H)
oxr_ = Z #gﬂ(x_,er;J,H) STy

yeP' (H)
pez(zy)=pcz(r-)+1

(2.14)

The previous theorems imply that the boundary operator 0 is well-defined and satisfies
0% = 0. This defines Hamiltonian Floer homology of H

HF, (H) := H,(CF,(H),d(J, H)) . (2.15)

As suggested by the notation, HF,(H) does not depend on the chosen almost complex struc-
ture J. Furthermore, for Hamiltonian functions H, K, L : S* x M — R there exist canonical,
grading preserving isomorphisms

m(K,H) : HF,(H) = HF,(K) (2.16)
satisfying

m(L,K)om(K,H)=m(L,H) . (2.17)
Hence, Floer homology does not depend (up to canonical isomorphisms) on the Hamiltonian

function. Using the fact that for a C%-small Morse function Floer trajectories are in 1-1
correspondence to Morse trajectories the following theorem can be shown.

Theorem 2.4 ([Flo88]).
HF,(H) 2 H,_(M:7/2) . (2.18)

The maps m(Hi, Hy) are called continuation homomorphisms and are constructed as fol-
lows. We choose a smooth 1-parameter family Hg(t,x) of Hamiltonian functions such that
Hy = Hy for s <0 and Hg = Hq for s > 1. The set of solutions of

{ Asu+ J(t,u) (8pu — Xp, (t,u)) =0

u(—o0) = x_ € P(Hy), u(+00) =z, € P(H;) (2.19)
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is denoted by M(z_,x1;J, Hs). Counting the elements of zero-dimensional components of
the moduli spaces M(x_, x4 ;J, Hy) defines the map m(Hy, Hy) : CF(Hy) — CF(Hy) which
is a chain map: 9(J, Hy)om(H;, Hy) = m(Hy, Hy)o9(J, Hy). The induced map on homology
is denoted by the same symbol. It can be shown that the homomorphisms m(H;, Hy) on
homology do not depend on the chosen 1-parameter family H;. Moreover, an explicit inverse
is given by the map m(Hg, H1). We recall the following well-known energy identity.

Lemma 2.5. For u € M(z_,z4;J, Hy) holds

oo 1 co 1
Apy () — Ag, (24) = / / a;is(u)dtds—l— / / 0,ul2dtds (2.20)
—oo 0 —oo 0

PRrROOF. We refer to [Sch93] or [Sal99]. O

2.2. The relative case. Historically, the relative case of Floer homology was treated in fact
before the absolute case in Floer’s seminal article [FIo88].

As before (M,w) is a closed connected symplectic manifold. Let L C M be a closed
connected Lagrangian submanifold which is symplectically aspherical, that is

[iMaslov| o) =0 and  wlr, ) = 0. (2.21)

We denote by I the interval [0, 1] and let H : I x M — R be a smooth Hamiltonian function.
In this case the action functional Ay is defined on the space of contractible paths

P ={xeC®I,M)|x(0),z(1) € L;[z] =0€m(M,L)} . (2.22)

We denote D? := {2z € D? | Im(z) > 0}. Then for each z € & we can choose a map

z: D% — M satisfying Z(e™) = x(t) and (D2 NR) C L. As in the periodic case the action
functional of classical mechanics Apg : &2 — R is defined by

1
Ap(z) = — /az*w - /H(t,x(t))dt . (2.23)
D2 0

This definition is independent of the choice of Z since L is symplectically aspherical. The set
PL(H) of critical points of Ap are called Hamiltonian chords, i.e.

PLHH) ={x € 2 |i(t) = Xg(t,z(t))} . (2.24)

There is an injective map from P; (H) into the set of intersection points L N ¢t (L) given by
the evaluation map x +— z(1). By symplectic asphericity the Maslov index ppfasiov induces a
well-defined map

{@ — 7 if dim L = even (2.25)

L@—>%—|—Z if dimL = odd

which we denote by x +— pnasiov(; H). Here, we use the Maslov index pinasioy With the
following normalization. For C?-small functions f whose restriction to L is Morse there is
a 1:1 correspondence between the critical points Crit(f|;) and Hamiltonian chords P} (f).
Then the Maslov index is normalized by

o3

HMaslov = MMorse — (226)
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on corresponding Hamiltonian chords and critical points. We call the Hamiltonian function
H nondegenerate if
Doy (Too)L) N Tory L (2.27)

holds for all z € P} (H). For nondegenerate H the action functional Ay is Morse. In this case
we define Floer’s complex (CF.(H;L),0(J,H)) as follows. The set CFy(H; L) is generated
over the field Z/2 by all Hamiltonian chords with Maslov index k

CF.(H;L)= P  2z/2 () (2.28)
(EG'P}/ (H)
EMaslov (23 H)=k
where k € Z or k € % + 7Z according to dim L = even or dim L = odd.
To define the differential we consider the moduli space My (z_,z4;J, H) of perturbed
holomorphic strips, that is, the set of solutions u : R x [0,1] — M of Floer’s equation with
Lagrangian boundary conditions

dsu+ J(t,u)(Opu — X (t,u)) =0
u(s,0), u(s,1) € L (2.29)
u(—00) = x_, u(+o0) = x4 € PL(H)

As in the periodic case blowing-up of derivatives in the interior leads to bubbling-off of
holomorphic spheres. In addition, blowing-up of derivatives might occur at the boundary
of the strip. This gives rise to bubbling-off of homomorphic disks with boundary on the
Lagrangian submanifold L. Both of these phenomena are excluded by symplectic asphericity.
In particular, the construction of Hamiltonian Floer homology carries over unchanged to
the Lagrangian case. This leads to the definition of Lagrangian Floer homology HF.(H; L).
Again using continuation homomorphisms m (K, H) it can be shown that Lagrangian Floer
homology is independent of the Hamiltonian function. Floer proved

Theorem 2.6 (Floer).
HF.(H;L) = Hn_,(L;Z/2) . (2.30)

3. FLOER HOMOLOGY FOR NEGATIVE LINE BUNDLES - THE PERIODIC CASE

3.1. Negative line bundles. As in Section 2] we assume that the symplectic manifold
(M,w) is closed, connected and symplectically aspherical. Moreover, we require the symplectic
form to be integral, i.e.
[w] € HX(M;7Z) . (3.1)
Therefore, for each N € N we can choose a complex line bundle EV 2y M with first Chern
class ¢ (EN) = —Nw].
We continue to use the convention S' = R/Z. In particular, the Lie algebra equals R.
With this convention the action of S on the bundle EY is given by

St x EN — EN

2mit

(t,u) — e™u (3.2)

On EV we define a symplectic form € as follows. We choose a Hermitian connection 1-form
a on EN'\ M whose curvature I, = da satisfies

F,=Nuw. (3.3)
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Furthermore, we fix the function f(r) = mr® 4+ . Abbreviating r = ||e|| the following 2-form
Q= f'(r)dr Na+ f(r)N p*w (3.4)
is a symplectic form on EV. We note that this is well-defined and satisfies [y, = w since

f'(0) = 0. Furthermore, on EV \ M the symplectic form can be written as Q = d(f(r)a).
The vector field defined on EV \ M

f(r) o
X =L — 3.5
7/r) or )
is a Liouville vector field for €2, that is LxQ = €, or equivalently f(r)a = txQ. Here L
denotes the Lie derivative. In particular, for all ¢ > % the manifold

Yo ={f(r) =c} (3.6)
is of contact type. If we consider the canonical variable p = In f(r) the Liouville vector field
can be written as 9

We note that the positive part of the symplectization of ¥, embeds into EY whereas the
negative part only embeds partially. For a nondegenerate Hamiltonian function H : S x
M — R we set

(3.7)

H(t,e)=N-f(r)- H(t,p(e)) : S* x EN — R. (3.8)

The connection 1-form « induces a natural splitting of TEY into horizontal and vertical
subspaces

T.EN =T'"EN ¢ TP EN . (3.9)

Moreover, the projection p gives rise to an isomorphism TehEN = TyyM. The horizontal

component X % and the vertical component XI% of the Hamiltonian vector field of H with
respect to {2 compute to

p*X%(t, e) = Xg(t,ple)) (3.10a)

X%(te)=—N- H(t,p(e)) - R(e) (3.10b)

where R is the unique vertical vector field satisfying a(R) = 1. We note that R restricts to
the Reeb vector field of the contact manifold .. Moreover, the projection of a 1-periodic
solution of X is a 1-periodic solution of Xp.

Remark 3.1. For notational convenience we do not record the integer IV in the notation of
the function f, the symplectic form €2, the lift H , etc.. Moreover, the above construction is
canonical in the sense that

EN @ M = pN+M (3.11)
see Appendix [Dl

Lemma 3.2. The flow qb% preserves the Liouville vector field X, and thus the 1-form «. This
implies that the linearized flow is of the form
Doy (e) 0>

A G

with respect to the splitting TEN = T"EN @ T'EN. In particular, D(b% maps horizontal
vectors on horizontal vectors.

(3.12)
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PROOF. Since « is an Hermitean connection form dr vanishes on horizontal lifts, where r
denotes the radial coordinate. Equations ([BI0a) and (3.10D) imply that ¢7; preserves the
radial coordinate r. More precisely, we have the equality
9% (ae) = agf(e) (3.13)

where a € R~ acts by multiplication in the fiber. This immediately implies that ng%
preserves the vector field % and thus X according to equation ([B.5]). Thus, we conclude

F(r)a(€) = Q(X, €) = ADEH(X), Dé% (€)) = AX, DT (E)) = F(r)a(De%(€)  (3.14)
that is (qﬁ%)*a = «a. Moreover, since qﬁ% preserves the radial coordinate and dr vanishes on
horizontal lifts we know that

DY-(TPEN®e < R>) =T} o EVe <R > (3.15)
H
Then ((b%)*a = o immediately implies
T (ph Ny _ h N
DoL(TTE™) = qu;?(e)E . (3.16)
O

Remark 3.3. Since the r-coordinate is preserved by the flow qb% orbits are either entirely
contained in the zero-section M or do not intersect M at all.

The principal S'-bundle p: S ={ee BN | e[| = 1} — M associated to (E", ) gives
rise to a contact manifold (Z ,a). By definition (E ) admits a canonical S'-action. Any
Slinvariant contact form on ¥ with the same co-orientation is of the form ap = ﬁa for
some autonomous, positive and S'-invariant function H : Y — (0,00) which we identify
with a function H : M = %/51 — (0, 00).

We recall that for a Hamiltonian function H on the base M we define in equation(3.8]) the
fiber-wise quadratic lift H to EN. The following lemma establishes a relationship between

the Reeb vector field Ry of ey and the Hamiltonian vector field of H.
Lemma 3.4. The Reeb vector field Ry of (3, ap) equals —Xg.

Proor. If follows from equations (B.10al) and (3.10D]) that
ap(—Xg)=1. (3.17)

Moreover, if we write X7z = Xy — NHR according to the splitting TEN =TM & TYEN the
following holds.

1
dOzH(Xﬁ,'):ﬁdOé(XH NHR,-) — NszH/\Oz(XH NHR,-)
1
- ﬁda(XH, ) — NHQdH(XH NHR)a() + —a(Xy — NHR)AH()
1
=0
(3.18)
We used da = Np*w, da(R,-) =0, a(R) =1, and o(Xpg) =0=dH(Xp) = dH(R). O

Lemma 3.5. We fix a bundle p : EN — M.
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(1) Assuming that H is nondegenerate, the following are equivalent.
(a) H is nondegenerate
(

b) A ()§Z—Z Ve € PL(H).

(c) All perlodlc orbits of H are contained in the zero-section M (and then are nec-
essarily periodic orbits of H).
(2) Moreover, if there exists a 1-periodic solution e of Xz which is not contained in the
zero-section M then all orbits z - e obtained by fiber-wise multiplication by z € C are
I-periodic solutions of X . In particular,

Ag(e) = Am(p(e)) (3.19)

in both, the degenerate and the nondegenerate case.
PROOF. Let e(t) be a 1-periodic solution of X ;7 and set z(t) = p(e(t)). From equation (310a)
it is apparent that € P'(H). We denote by P! : Eﬁo) — Eﬁt) parallel transport with

respect to a along the path x and by P, ! its inverse.

Let us assume that e(0) lies not in the zero-section. Since e is 1-periodic we conclude that
the angle Z(e(0),e(1)) € Z (due to our convention S* =R/Z).

We will compute this angle in two steps. We consider ey(t) := P, ¢ (e(t)) € E:c(o) Then

the angle between eg(1) and Pl(eg(1)) = e(1) is given by the holonomy which equals, see

equation (D.I),
— hol,( /ea—/*da—/ep (Nw) N/:Ew (3.20)

where we choose & : D? — M such that é(exp(2mit)) = e(t). Because of equation (B.10hI)

the path ey(t) in fiber EZ\EO) satisfies

éo(t) = —N - H(t, (1)) - R(eo(t))
=—N-H(tz(t)) -i-eo(t)

where 4 - eg(t) is multiplication by i € C in the fiber E 0y Thus, the angle Z(eo(0),e0(1))
between ep(0) = €(0) and ep(1) equals

(3.21)

1
N [ H(t,z(t))dt . (3.22)
/
Then Z(e(0),e(1)) € Z is equivalent to
An(z) € %Z (3.23)

Before we prove the Lemma we observe that given x € P'(H) and ey € E. (o) the following
path

e(t) == exp (27TiN / H(r, :E(T))dT) Pleg (3.24)

solves the ODE
é(t) = Xg(t,e(t)) . (3.25)
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Moreover, e(1) = e(0) if and only if Ay (z) € +Z by the computation above.
We now prove part (2) of the Lemma.

From equation (B2I]) it is apparent that if e is a 1-periodic solution of X 7 then so is z - e for
any z € C. In particular, if e does not lie in the zero section, by multiplication with z € C we
can fill the entire fibres over p(e) with periodic orbits. Since the action functional is constant
on this critical manifold part (2) follows.

Let us prove part (1).

(b) implies (c¢): We show that not (c) implies not (b). If there exists a 1-periodic orbit
eec P! (ﬁ ) not lying in the zero-section then the above discussion shows that A (p(e)) € +Z.
This implies not (b).

(a) implies (b): We show that not (b) implies not (a). Assume that there exists e € P'(H)
with Az (e) € +7Z. As we concluded above this implies that the fibers over p(e) are filled
entirely by 1-periodic orbits. This clearly shows that H is degenerate.

(b) implies (a): The linearization of the time-1-map ¢ of the Hamiltonian H at a fixed point

x in the zero-section M is represented by the following matrix using the canonical splitting
T.EN =T,M & EY

Dép(z) 0 ) (3.26)

Do) = (70

where the angle 8 = N - Ag(x) by the considerations from above. Since H is assumed to be
nondegenerate D¢y () has no eigenvalue equal to 1. Hence, D¢y () has an eigenvalue equal
to 1 if and only if = N - Az(x) € Z.

(b) implies (c): We assume not (b) and (c). In particular, there exists z € Pl(ﬁ ) which is
entirely contained in M and satisfies Ay (z) € %Z. As we observed above the latter implies

that = can be lifted via (3.24]) to a loop e € 771(]?[ ) for any eg € E, (). This clearly contradicts
(¢) and concludes the proof of the Lemma. O

Remark 3.6. Let H : M — R be autonomous and g : R — R a smooth function. We
consider a 1-periodic orbit e of Hy := g(H), that is e solves

e(t) = Xg (e(t) = ¢ (H(e)) X7 (e(t)) - (3.27)

Since H is autonomous we compute
1d

5o (o (@) =g (F() - g (H(e)) - AL ()

(3.28)

In particular, ¢’ (fl (e)) is constant. This implies that the projection x(t) = p(e(t)) is (after
reparametrization) a periodic orbit of H with period ¢’(H (e)). In case that e is not contained
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in the zero section M the proof of Lemma shows that

Ap(x) € %z. (3.29)

Let H be a Hamiltonian function and ¢ € R then we denote by H¢(t,x) := H(t,x) + c.

Definition 3.7. For a fixed N we call a nondegenerate Hamiltonian function H : S* x M —
R strongly nondegenerate if the action spectrum of Ay and %Z are disjoint.

Corollary 3.8. If H is strongly nondegenerate then H:S'xEN — R s nondegenerate.

Corollary 3.9. Let H : S' x M — R be a nondegenerate Hamiltonian function. Then there
exists an arbitrarily small constant ¢ such that H¢ is strongly nondegenerate.

PROOF. Both corollaries follow from Lemma by noting that the number of critical values
of A for nondegenerate H is finite. O

3.2. Convexity. In this section we prove a convexity result for a class of Hamiltonian func-
tions in the symplectization of a contact manifold (X,£). We assume that £ arises as the
kernel of a contact form «. Then the symplectization can be written as (R x 3, Q := d(e”a)).
The symplectization admits the natural Liouville vector field X = a% which induces the flow

o' (p,z) = (p+t,x). Furthermore, the Reeb vector field of « is denoted by R. We recall that
it is uniquely defined by the properties a(R) = 1 and tg da = 0.

We denote by Jx; the space of almost complex structures J on R x 3 satisfying the following
properties

(1) J is invariant under the Liouville flow ¢,

(2) J(&) = ¢ and is compatible with the fiber-wise symplectic structure do on &,

(3) J(X)=R.
Such a J induces the Riemannian metric g(-,-) = Q(-,J-) on R x X. If we define the function
fe€C®Rx %) by f(p,x) := e’ we obtain

Vfi=X and ¢g(X,X)=7f. (3.30)
We define the following class of Hamiltonian functions
Hy :={H € C*(5' x ) | dH;(R) =0} . (3.31)
For H € Hyx, we set
H(t,p,x):= f(p,x)- H(t,z) . (3.32)

We point out that the Hamiltonian functions H as defined in Section B] belong to Hy.

Remark 3.10. If we extend H € Hy to R x ¥ independently of the R-variable we obtain a
¢x-invariant function which we denote by H again.

Proposition 3.11. Let U be some open subset of C and H € Hy. We consider a map
u € C®(U,R x X) solving Floer’s equation

Osu+ J(s,t,u)(Opu — Xz(t,u) =0  Vs+tieU (%)
for a smooth family J(s,t) € Jx. Then
A(f () = [|95ull* . (3.33)
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PROOF. We use the identity
—dd°(f(w)) = A(f(uw))ds Adt, (3.34)

where d°(f(u)) = d(f(u)) oi. Using Vf = X, dH;(R) = 0 and Floer’s equation () we
compute
_dc(f(u)) = g(Xa asu)dt — Q(X, atu)ds

= u*(1xQ) 4 dHy(X)dt — dH,(JX)ds (3.35)
— u* (1x ) + Hy(u)dt .
Therefore, LxQ = Q, Cartan’s formula and () implies

A(f(w))ds A dt = —dd°(f(u))

d ~
=u"Q+ —H,
w4+ 7 t(u)ds N dt

N g (3.36)
- [||85u||2 — dH,(8su) + EHt(u)]ds A dt
= ||0su||* ds A dt .
O

Remark 3.12. If we consider s-dependent families H (s, t,z) where H(s,-,-) € Hy, for all s
then the result of the last Proposition is modified to

OH

A(f(w) = ll0sul[* + f(u) - H=(tw) . (3.37)

By standard application of the Maximum Principle (see for example [GT83| Theorem 3.5])
we obtain the following

Corollary 3.13. Ifu € C®(U,R x X) is a solution of Floer’s equation (x) and f ow attains
a maximum then f owu is constant.

Moreover, if we allow in Floer’s equation (x) s-dependent families H(s,t,x) then the as-
sertion holds under the additional assumption

%—Ij(t, W >0. (3.38)

Remark 3.14. Assume that the Hamiltonian function H in Proposition B.I11]is autonomous
and takes only strictly positive values, H : R x ¥ — (0,00). Then ay := N—lHa is another
defining contact form for the contact structure £ on ¥. Furthermore, solutions of Floer’s
equation with Hamiltonian function H on the symplectization of (X, a) coincide with solutions
of Floer’s equation with Hamiltonian function 1 on the symplectization of (X, ap). Then
Proposition B.I1] reduces to the standard convexity results in symplectic homology, see for
instance [FH94l section 2].

3.3. Index considerations. According to equation ([8I0al) a 1-periodic solution of Xy can
either be considered as lying in M or in (the zero-section of) EY. The next proposition
computes the difference ,uglzv (z; H) — pdL, (z; H) of the Conley-Zehnder indices in terms of the

action value Ay (z). We denote by |3] the integer part or Gauss bracket of a real number
B eR.
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Proposition 3.15. Fiz a bundle p : EN — M and a strongly nondegenerate Hamiltonian
function H : S' x M — R. Let x be a 1-periodic orbit of Xy or equivalently of X then

uEy (s H) = pdhy (s H) + 2\ NAg ()] +1. (3.39)

PRroOF. This follows directly from equation ([:26) and the product property of the Conley-
Zehnder index (see [Sal99, section 2.4]) by noting that pcz(e*™Pt,t € [0,1]) =2|3] +1. O

Remark 3.16. The above index formula reflects the following symmetry breaking. If H :
M — (0,00) is a C%-small, positive Hamiltonian function then —n —1 < ,ugIZV (z;H)<n—1
whereas if H : M — (—o0,0) is a C?-small, negative Hamiltonian function then —n + 1 <
,uglzv (x; H ) < n+ 1. This is due to the fact that in the latter case His negative quadratic in
the fiber direction whereas in the former case it is positive quadratic.

3.4. Definition of Floer Homology. Let (M,w), p : EN — R, Q and H as in Section
B where H is strongly nondegenerate. In particular, the set of 1-periodic orbits 771(]?[ ) is
finite, hence we define CF]kV (H) := CFk(ﬁ ) as in Section 2], graded by the Conley-Zehnder
index ,ugg on EV.

Let the contact hypersurface Y. for some ¢ > % be defined as in equation (3.6]). We denote
by J& . the space of smooth S'-families of Q-compatible almost complex structures .J on EV
with the property that there exists a compact neighborhood K = K (J) of the zero-section in
EYN and an S'-family of almost complex structures J'(t) € J(2.), t € S* such that J and .J'
agree on BV \ K.

Floer homology can now be defined as in Section 2.1} since (E™V,Q) is symplectically as-
pherical and convex at infinity. More precisely, by Corollary B.13] all solutions of Floer’s

equation are contained within the compact set K, compare Remark Thus, we obtain a
complex (CFYN(H),oM).

Definition 3.17. For a strongly nondegenerate H we set
HFY (H) := H.(CFY (H),0") (3.40)
which is Z-graded Z/2-vector space.

To extend the definition of continuation homomorphisms m(H;, Hp) from Section [ZTlto the
current setting we need to ensure that the convexity at infinity applies to the moduli spaces
M(z_,zy; H s) for a l-parameter family Hg. According to Corollary B.I3] this is the case if
Hy(t,z) < Hy(t,z) for all (t,z) € S*x M since then we can choose H, = (1—(s))Ho+3(s)H
for some monotone smooth cut-off function § : R — R satisfying f(s) = 0 for s < 0 and
B(s) = 1 for s > 1. We note that Hy < H; implies ];AIO < ]?Il. As in the compact case

m(ﬁ 1, ﬁo) does not depend on the chosen 1-parameter family H s given that % > 0 holds.

Definition 3.18. For Hamiltonian functions Hy, H; : S x M — R satisfying Hy < H; we
denote the continuation homomorphism m(Hy, Hy) by

m(Hy, Ho) : HFY (Hy) — HFY (H;) . (3.41)
The following Proposition is proven as in the closed case, see for instance [Sal99, [FH94].

Proposition 3.19. For Hamiltonian functions Hy < Hi < Hs the following equality holds
m(Hg,Hl) Om(Hl,Ho) = m(HQ,Ho) . (342)
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The first part of Theorem B is the following Proposition.

Proposition 3.20. For a nondegenerate Hamiltonian function H there exists a negative line
bundle p : EN — R and an arbitrarily small constant ¢ such that

dim HFY (H®) = #P'(H) (3.43)
where PY(H) is the set of contractible 1-periodic orbits of the Hamiltonian vector field of H.

PRroOF. This is an application of the index formula in Proposition BI85l Since H is nonde-
generate the set PL1(H) is finite. Thus, we can choose an arbitrarily small ¢ such that Ape
has only irrational critical values. Now we choose N so large that for all 2,y € P'(H) with

Ane(x) # Ane(y)
N 77c N 77c
|y (5 H) = péiz (y; HO)| > 2 (3.44)
holds. This is possible according to Proposition 315l This implies that the boundary operator

in Floer’s complex vanishes, since action along gradient flow lines strictly decreases and the
boundary operator is of degree —1. O

4. FLOER HOMOLOGY FOR NECGATIVE LINE BUNDLES - THE RELATIVE CASE

4.1. Bohr-Sommerfeld Lagrangian submanifolds. Inspired by the work [EP00] by Eliash-
berg and Polterovich we make the following definition.

Definition 4.1. Let (M,w) be a symplectic manifold with integral symplectic form, [w] €
H%(M;Z), and L C M be a Lagrangian submanifold. We call a pair (E, ) consisting of a
complex line bundle p : F — M and a connection 1-form « on E a Bohr-Sommerfeld pair
for (M,w, L) if the following holds

(1) F, = Nw for some N = N(E,a) € Ny,
(2) The holonomy homomorphism hol,, : w1 (L) — S* of (E|z,a|r) takes values only
in {0,3} C S' =R/Z.
The integer N(FE, «) is called the power of (F,«).

Remark 4.2.

e Since L is a Lagrangian submanifold and the curvature of E equals F,, = Nw, the bun-
dle (E|L, «|r) is flat over L and thus, the holonomy homomorphism hol,, : m (L) —
S is well-defined.

e If (E, «) is a Bohr-Sommerfeld pair for (M,w, L) then so is (E®k, a®k) for any k£ € N,
and N(E®* a®F) = EN(E, o). We refer the reader to Proposition[D.I]in the appendix
for further details.

alr

In the following we give two existence criteria for Bohr-Sommerfeld pairs, see Corollary
and Theorem [£71

Proposition 4.3. Letp : E — M be a complex line bundle with ¢1(E) = —[w]. Furthermore,
we assume that the map i1 : Hi(L; R) — Hy (M; R) is injective and that the bundle E|;, — L
is trivializable. Then there exists a 1-form « such that (E,«) is a Bohr-Sommerfeld pair of
power N(E,a) = 1.
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PRrOOF. First we choose a connection 1-form « satisfying da = F,, = w. The last equation
determines o up to adding p*7 where 7 € Q!(M) is closed. Since L is Lagrange we conclude
F,|r =0, that is, the bundle E|f, is flat, thus

hol,, : 71 (L) — S* (4.1)

is defined. Since E|j, is trivializable we can choose a connection 1-form o on E|; with
vanishing curvature and trivial holonomy. In particular,

where 8 € QY(L). Due to the vanishing of the curvature of both connections we conclude
dB = 0. Since by assumption ' : H'(M;R) — H'(L;R) is surjective, there exists [7] €
H'(M;R) such that i'([r]) = [3]. By construction, we have 3 — 7|, = df for some function

f:L —R. Weextend f to f: M — R and set 7 := 7 + df. In particular, 3 = 7|z holds.
We define

a:=a-—-pT. (4.3)

We notice that Fiz|r, = 0 and
alp =alp —p 7l =alp —p*f=ar (4.4)
has trivial holonomy. O

Remark 4.4. In the above proof we construct a connection « with trivial holonomy. In
particular, the bundle E|;, — L is canonically trivialized via the parallel transport of a.

Corollary 4.5. Let (M,w) be an integral symplectic manifold, and i : L C M a Lagrangian
submanifold such that i1 : Hi(L;R) — Hy(M;R) is injective. We denote by E the complex
line bundle with ¢i(F) = —[w].

(a) Then there exists an integer N > 0 and a connection I1-form a such that (E®N,q) is a
Bohr-Sommerfeld pair for (M,w, L) of power N.

(b) In case that H2(L;7Z) is a free abelian group we can choose N = 1.

PROOF. Since w is integral we can choose p : E — M with ¢;(E) = —[w]. Then ¢;(E|L) =
i*c1(E) = —i*[w] = 0 € H2(L,R) since L is Lagrangian submanifold. In particular, ¢;(E|L) €
H2(L;Z) is a torsion class, and thus, there exists an integer N such that 0 = Nei(E|L) =
c1(E®N|L). Therefore, E®N|, — L is trivializable and the assertion of the corollary follows
from the preceding proposition. O

Example 4.6. If (M,w) is an integral symplectic manifold then the diagonal A C (M x
M, (—w) ® w) is Bohr-Sommerfeld by the previous corollary.

An additional source of examples of Bohr-Sommerfeld pairs are integral symplectic mani-
folds (M,w) supporting an anti-symplectic involution. Following Welschinger [Wel03] we say
that a triple (M,w, R) is a real symplectic manifold if (M,w) is a symplectic manifold and
R € Diff (M) is an anti-symplectic involution, that is

R’=id, R'w=—w. (4.5)

Note that the fixed point set of an anti-symplectic involution is a (maybe empty) Lagrangian
submanifold of (M,w).

Theorem 4.7. Let (M, R,w) be an integral real symplectic manifold. Then there ezists a
Bohr-Sommerfeld pair for (M,w,FixR).
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PROOF. As noted above since (M, w) is integral there exists a complex line bundle E, — M
satisfying

c1(B,) = —[w] € H3(M;R). (4.6)
Since R*w = —w it follows that
c1(R*E,) = —c1(E,) € H*(M;R). (4.7)
Hence as in the proof of Corollary there exists n € N such that
c1(R*ES™) = —¢1(E®™) € H*(M; 7). (4.8)

We set £ := E®N with N := 2n. Thus, we obtain a complex line bundle p : E — M.
We claim that the involution R now extends naturally to an S'-invariant involution R¥ of
the bundle £ with the property
poREF =Rop. (4.9)
This is the content of Proposition [.8] below. Assuming this fact we complete the proof of the
theorem. We choose a connection 1-form «g on E satisfying

Foy =—Nuw. (4.10)
Define a RP-antiinvariant connection 1-form o on E by
a=%(ap— (RF)*ay) . (4.11)
We note that
F, =da = L(dag — (RF)*dag) = —&§ (w — (RF)*w) = —Nw (4.12)

To compute the holonomy of o on the Lagrangian submanifold Fix R we pick v € C*®(S!, FixR).
Furthermore, we choose a loop e € C*®(S', E'\ M) satisfying p o e = 7. Then the holonomy
of a along ~ is given by

1
hol, ( /e Q. (4.13)
0
Using (R¥)*a = —a we compute

1 1
—/e*a:/eRE =
0 0

From po RFoe = Ropoe = Ro~ we conclude

(RPoe)a. (4.14)

o _

hol, ( /e a—/R oe)*a = —hol,(Ro7) (4.15)

Since v takes values in FixR we have R o~ =+, thus we finally conclude

holy, () = —holy (R o) = —hol,(v) (4.16)
This implies that holy () € {0,4} C S'. Hence the tuple (E, ) is a Bohr-Sommerfeld pair
for (M,w,FixR). O

It remains to prove the following proposition.
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Proposition 4.8. There exists an S -invariant involution RY of the bundle E extending R,
more precisely

poRE=Rop. (4.17)

PROOF. We use the same notation as in the previous proof and abbreviate by F' = EZ™ the
square root of E. It follows from (5] and the fact that a complex line bundle is determined
up to C* isomorphism by its first Chern class, see [GHTS, Chapter 1.1], that

R'F = F*, (4.18)
We denote by
F={ee€F:|e|| =1} (4.19)

the unit circle bundle of F. We note that F is a principal S'-bundle over M. We denote
the S = R/Z-action by g.e. Then [{IS]) implies (see also Appendix D)) that there exists a
smooth map v : F — F satisfying

_ (_ o 1 o
ozl sseer)

The map 1 need not be an involution. However, it follows from (£20]) and the fact that R is
an involution that there exists a map p € C*°(M, S') such that

V(o) = p(p(o)).0, oc€F. (4.21)
Lemma 4.9. The map p satisfies the equation
o@) = —p(R)), we M. (1.22)

Proof of the Lemma. To prove ([E22)) we compute 1/® in two ways. First note that for o € F
and z = p(o) it follows from (£.20)

V(o) = ¥ (v*(0)) = ¥(p(x).0) = (—p(x))4(0). (4.23)

Alternatively we compute using p o = Ro p and (£21])
V(o) = 4*(d(0)) = p(p(¥(0))) ¥ (o) = p(R(p(0))) ¥(0) = p(R(x)).1b(0) (4.24)
The two equations imply (£.22]). O

The gauge group C*°(M,S') acts on solutions of ([@Z0) in the following way. Let v €
C*>(M,S') and 1 be a solution of ([20) then the map 1, : F — F defined by

Py(0) =(p(o))-P(o) (4.25)
is also a solution of @ZI)). Let p, € C>°(M,S') be as in [@2I) the obstruction for 1., to be

an involution.

Lemma 4.10. The maps p, p, € C*(M, S!) are related by

py () = v(R(2)).p(a).(—(z)), =€ M. (4.26)
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Proof of the Lemma. For 0 € F and = = p(0) € M we compute
py(x).0 =43 (0)
=y (7(2)9(0))

= (=@ +7(p(6(0))) ) ¥*(0) (4.27)
= (=@ +7(R@)
= < — () +v
This implies (£26]). O

If F is a principal S'-bundle over M, then the tensor product of F with itself is given by

Fo=F@F = (FxuF)/A. (4.28)

Here F x s F is the fiber product of F with itself over M. This is a principal torus bundle
over M. Dividing out the antidiagonal A = {(g, —g):g € Sl} C T? we obtain a principal
Sl-bundle over M again. A smooth map ¢ : F — F satisfying (@20) induces a map
Yy 1 Fo — Fo defined by

VYal(o1,02)] = [Y(01),¥(02)], (01,02) € F xm F. (4.29)

Note that 1o satisfies ([@20) for F» again. Let ps € C°°(M,S') be the obstruction of ¥ to
being an involution. Note that

p2(x) =2p(x), zeM. (4.30)
Lemma 4.11. The map ¥ = (l/Jg)p = p.)o is an involution on Fs.

Proof of the Lemma. Using (£22]) and ([4.20) we compute for x € M

p2.p(x) = p(R(2)) + pa(x) — p(x) = —p(x) + 2p(z) — p(z) = 0. (4.31)

This proves the Lemma. O

To finish the proof of Proposition .8 we note that the complex line bundle F is by definition
E =F®? = (F, x C)/S*. We define a involution R¥ : E — E by the formula

RE[(J, 2)] = [(¥(0),—2)] . (4.32)

Then the property po R¥ = R o p follows 1mmedlately from the fact that W is a solution of
([@20). This finishes the proof of Proposition [ O

Example 4.12. The Clifford torus T € CP" is the fixed point set of an anti-symplectic
involution given by [zg : ... : z,] — [|zZTO\2 R ‘2] Thus, Theorem (.17 applies and T" is
a Bohr-Sommerfeld Lagrangian, even though the simpler homological condition of Corollary
does not apply.
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4.2. Definition of Floer Homology. We are considering an integral, closed, symplectically
aspherical symplectic manifold (M,w). Furthermore, we assume that L C M is a closed
Lagrangian submanifold which is symplectically aspherical:

IMaslov | ro(v,r) =0 and - wlr,arn) = 0. (4.33)

Let p : EN — M be a complex line bundle and a a connection 1-form as in Section B.1]
that is ¢;(E) = —N[w]. We assume that (EV,«) is a Bohr-Sommerfeld pair for (M,w, L).
By definition the power of (E¥, a) is N. We fix an identification of a fiber E = C for some
x € L. Since the holonomy of «|y, takes only values in {£1} parallel transport along any loop
in L starting at = will map R ¢ C = EY into itself. Thus, parallel transport along paths in
L defines a R-vector bundle LY over L. We obtain a non-compact Lagrangian submanifold
LY c (EN,Q) satisfying

uMaleV‘ﬂz(EN’LN) =0 and Q’WQ(EN’LN) =0. (4.34)

If the holonomy is trivial then the bundle EV|y is canonically trivialized, i.e. EN|; = L x C
and LV = L x R. N

To define Lagrangian Floer homology HFY (H; L) for a Hamiltonian function H as defined
in Section [B.I] we establish a relative version of Corollary BI3l Let u : R x [0,1] — EYV
be a solution of Floer’s equation with Lagrangian boundary conditions. We recall that the
Hamiltonian H is of the form N f(r)H(t,z). In Proposition BI1 we derived for the function
F(s,t):= fou(s,t) : Rx[0,1] — R the equality

AF = ||0sul]?. (4.35)

In order to apply the maximum principle at a boundary point of R x [0,1] we employ a
reflection argument. For convenience we only treat the boundary component {0} x R. We
extend F' to a map F' : [—1,1] x R — R by setting F(s,—t) = F(s,t). In order to prove
F e I/Vli’f([—l, 1] xR) it suffices to show %—f(s, 0) = 0 for all s € R. This relies on the following
facts established earlier in Section

e X(z) € T,L"N for all z € LV,

.« Vf=X,
o dH(R) = 0.
At the point (s,0) we compute
oF
e =< Vf,ou >

=< X, 0u >= w(X, JOpu)
=w(X,—0su+ JXg)
= —w(X,05u) + w(Xy, JX) (4.36)
= —w(X,0su) + dH(JX)
= —w(X,0su) + dH(R)
=0
The last equality follows from the fact that both dsu and X are tangent to the Lagrangian

submanifold LY. The above computation implies F € VVI?)S , thus the maximum principle

applies to F': [-1,1] x R — R. We conclude



FLOER HOMOLOGY FOR NEGATIVE LINE BUNDLES 23

Corollary 4.13. Ifu: R x [0,1] — EV is a solution of Floer’s equation and f ou attains
a maximum then f owu is constant.

Moreover, if we allow in Floer’s equation s-dependent families H(s,t,x) then the assertion
holds under the additional assumption

%—Z(t, W >0, (4.37)

We note that critical points of Az project via p : EN — M to critical points of Ag. The
analogue of Proposition B.15] in the relative case reads

Lemma 4.14.
(1) Assuming that H is nondegenerate, the following are equivalent.
(a) H is nondegenerate.

(b) Az (e) ¢ %z Ve € Pyox (H).

(¢) All Hamiltonian chords of H are contained in the zero-section M (and then are
necessarily Hamiltonian chords of H).

(2) Moreover, if there exists a 1-periodic chord e of X5 which is not contained in the
zero-section M then all chords 7 - e obtained by fiber-wise multiplication by » € R are
I-periodic chords of X . In particular,

Ag(e) = A (p(e) (4.38)
in the degenerate and the nondegenerate case.

PRrROOF. The proof is analogous to the proof of Lemma The only modification is in the
computation of the angle. In the relative case the Bohr-Sommerfeld condition (see Definition
7)) is crucial. We denote z(t) := p(e(t)) We consider a Hamiltonian chord e € Ppn (];AI)
and choose a path v : [0,1] — L in L such that y(0) = x(1) and (1) = x(0). This is
possible since, by definition, [¢] = 0 € m(EY, L"). We study the parallel transport along the
loop z#~ and consider the angle Z(e(0), Py (e(1))). We note that by the Bohr-Sommerfeld
condition P (e(1)) € Liv(o)’ In particular, we have Z(e(0), P} (e(1))) € 7. On the other
hand, as in the proof of Lemma [3.5] the angle computes to

Z(e(0),Py(e(1))) = NAg(z) € 3Z. (4.39)
The remaining assertions follow as in the proof of Lemma U

Proposition 4.15. For x € Pi(ﬁ)
1

N o~
Nl{//[aslov(x; H) - :u'ﬁl/laslov(x; H) + \‘NAH(‘T)J + 5 : (440)
ProoOF. This follows as in the proof of Proposition and Lemma [.T4] O

Remark 4.16. If H : M — (0,00) is a C%-small, positive, and strongly nondegenerate
Hamiltonian function then

n+1 LN = n—1
9 < MMaslov(x; H) < 9

(4.41)
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whereas if H : M — (—00,0) is a C?-small, negative, and strongly nondegenerate Hamil-

tonian function then 1 1
n — LN = n
9 S NMaslov(x; H) S 2 . (442)

We call a Hamiltonian function H € C*°(I x M) strongly nondegenerate if H is nondegen-
erate and

A (e) ¢ %Z Ve € Py (H) . (4.43)

In particular, as in explained in LemmaI4] if H is nondegenerate, Pt (fl ) is a finite set and
moreover, the critical points of Az and Apy coincide.

Definition 4.17. For a strongly nondegenerate H we set
HFY (H; L) == H,(CFY (H; LY),0V) . (4.44)
We recall that in the absolute case HFY (H) has been defined in Section .4l

5. APPLICATIONS TO HAMILTONIAN CHORDS

In this section we continue to assume that (M?", w) is a closed, connected, integral symplectic
manifold and L. C M a closed, connected, symplectically aspherical Lagrangian submanifold.
Moreover, we assume that (EV, @) is a Bohr-Sommerfeld pair for (M,w, L).

We recall from the introduction.

Definition 5.1. Let H : Ry x M — R be a Hamiltonian function. A pair (z,7) where
7> 0and x € C([0, 7], M) solving

i(t) = Xu(t,2(t))
{ x(0),z(r) € L (5:1)

is called a Hamiltonian chord of period 7. If the Hamiltonian chord is contractible (relative
L) its action is defined as

Api(a,7) = — / Fw— / H(t, 2(t))dt, (5.2)
D2 0

where T realizes the homotopy of x to a constant. If 7 = 1 we recover the previous definition
Ap(z,1) = Ag(x). The set of contractible (relative to L) Hamiltonian chords is denoted by
¢(H).

From now on we will only consider contractible Hamiltonian chords.

Remark 5.2. (1) If (x,7) is a Hamiltonian chord for H then also for H + ¢ for any
constant ¢ € R. Furthermore,

Agie(z,7) = Ag(x,7) — cT (5.3)

(2) An autonomous Hamiltonian function H : M — R is constant along its chords.
Furthermore, for each a € Ry there exists a canonical map €(H) — €(aH) given by
ax* (z(t), ) := (x(at),7/a). The action transforms as follows

Ap(z,7) = Agg(a* (z,7)). (5.4)

From now on we only consider autonomous Hamiltonian functions.
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Definition 5.3. For a strongly nondegenerate Hamiltonian function H : M — R we define
its wiggliness to be the minimal integer W(H) > 0 such that Ve € R and VN > W(H) the
following holds

[¥iacton (€ He) = iffasov (@3 He) 22 Var,& € Pr(H) with A () # Au(€)  (5.5)
where ﬁc = ];T—E:
Lemma 5.4. The wiggliness W(H) is finite and satisfies W(H) = W(H + ¢).

Proor. We first recall the following inequalities:
la—b]+[b] =la—b+[b]] = [a—1]=|a] -1
la—b]+[b] <a—b+b=a
from which we obtain the following string of inequalities:
la] = [b] =1 < [a—b] < a] - [b] (5.7)
Since the set Pr(H) is finite the following quantities are well-defined

K= max{’ﬂl%/[aslov(x7H) - :uij/laslov(fv H)‘ .’L’,f € PL(H)}

(5.6)

(5.8)
o= min {|Ap(2) = Au(©)] | 2,€ € PL(H) with Ap(2) # An(€)} -
Obviously a > 0, therefore there exists Ny € N with
aNo > pu+5. (5.9)
We estimate for N > Ny and z,& € Pr(H) with Ag(z) # Ag(§) using Proposition

N -~ N -~
MI%/[aslov(g; HC) - MI%/[aslov(x; HC) = ‘:u’ﬁ/laslov(f; H+ C) + LNAH+C(€)J + %

- (MI{//Iaslov(x; H+ C) + LNAH+C($)J * %)‘

> - ‘Ml%daslov(g; H) - lul%/laslov(:m H)‘

+|INAw() - Ne| ~ [N Am(x) - Nel|
(5.10)
> — e+ [ [NAR() = NAy ()]~ 1
> —p+ |[Na) -2
> —p+ [Noa) —2
> —pu+ Noaw— 3
> 2

Thus, the wiggliness W(H) < Ny, thus finite. The second assertion is obvious from the
definition. O

Definition 5.5. A nondegenerate positive Hamiltonian function H : M — (0, 00) is called
huge if it satisfies

htason (3 H) + [N Aw(2)] < =22, o € PLH), YN 2 W(H),  (5.11)
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where dim L = n.

Remark 5.6. We note that every nondegenerate Hamiltonian function becomes huge after
adding a sufficiently positive constant. Indeed, observe that the Maslov index and the wig-
gliness do not change under H +— H + ¢ for ¢ > 0 whereas Ap. = Ay — c¢. Moreover a huge
function remains huge under adding positive constants.

Proposition 5.7. Let H be huge and choose N > W(H). If H is strongly nondegenerate for
EN then the following holds

dimHFY (H; L) = #PL(H), (5.12)
furthermore,
1
HFY (H; L) = 0 sz—"; . (5.13)

PRrROOF. The latter two requirements in Definition together with the index formula from

Proposition imply

n+1
2

thus (B.I3]) follows. The first statement of the proposition follows from the fact that the

differential in Floer’s complex CFY (H; L) vanishes. Indeed, two Hamiltonian chords of H

either have the same action or Maslov index difference different from 1. 0

N 7y
luMaslov($; H) < -

(5.14)

Proposition 5.8. Let H : M — R be a Hamiltonian function such that H|p, : L — R is a
Morse function. Then for all N € N there exists eg = €g(N) > 0 such that for all 0 < e < €

there is a 1-1-correspondence between Pr(eH ) = Crit(H). Moreover, all Hamiltonian chords
x € Pr(eH) are nondegenerate and

,uMaslov(x) = ﬂMorse(i‘) - %dlmL (515)

where the critical point & of H|r corresponds to the Hamiltonian chord x. If H takes only
positive values then —% < Acp(z) < 0.

PROOF. Let p be a critical point of H|r. In case that dH(p) = 0 we are done, otherwise
there exists a coordinate chart y : V. — U C R?" with the following properties, where the
coordinates on R?" are denoted by (21,...,Tn,Y1,---Yn).

e x(p) =0 and Ja; # 0 such that

X(LQV) = {(33‘1,...,!En,a1 2

7:31,...,“7%3;) | (1,...,20) €R"AU} (5.16)

o .«(Xm)=>1", bia%i where the b; are constants.
The unique (and nondegenerate) chord (z€,y¢) := (z{(t),...,z5(t), y5(t), ..., y5(t)) of period
€ is given by
b 20
2S(t) = —% Fbit, yit) =2 o<t <e. (5.17)

We first prove equation (5.15]). In a Weinstein neighborhood of L we write H = Honw+ h
where 7w : T*L — L is the projection. The equality of the Maslov index and the Morse
index can be seen by choosing a homotopy from H = H om+ h to H o7 and noting that the
Hamiltonian chords of eH o 7 are exactly the critical points for the Morse function H]|r,.
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Now assume in addition that H takes only positive values. We set ¢ := H(p) > 0 and
denote &€(t) := x (2%, y°). Then the above formulas imply
H(Y) = ¢+ O(e?) (5.18)
and since 0 <t <e
[ w€) =001 15D = 0 (519)
thus
Acr() = — / W(E) — H(E) = —cc+ O(). (5.20)
Hence, for sufficiently small ¢ > 0, the action will satisfy the claimed inequality. g

Definition 5.9. Let H : M — (0,00) be positive, strongly nondegenerate, and such that
H|p : L — R is a Morse function. For N > W(H) we define the magnitude of H to be

%H is strongly nondegenerate and

m(H,N) :=inf¢ r >0 n+1 N ~  n-1 (5.21)

- D) < /Ll%/[aslov(x; %H) < T) Vo € ,PL(%H)

Proposition 5.10. Let H be as in the definition above. Then m(H,N) is finite.
PRoOOF. This follows immediately from Propositions and and Remark O

Remark 5.11. If the Hamiltonian function H is huge, then m(H, N) > 1 for all N > W(H).

Definition 5.12. Let H be an autonomous Hamiltonian function and N € N. A solution
(x,7) with 7 > 0 of

{ & = Xu(z), 2(0), z(r) € L, (5.22)

AH(x, T ) c ﬁz,
is called a N-quantized Hamiltonian chord. We denote the set of N-quantized chords with
period less or equal than 7y by PE(H ; 70, V).

The interest in quantized Hamiltonian chords comes from the relation to Reeb chords which
we explain next. We recall that (E”V, @) is a Bohr-Sommerfeld pair for (M,w, L).

Lemma 5.13. We denote by (iN ,E) the contact manifold obtained from tlle S 1-bundle~0f
EN together with its horizontal plane field distribution induced by . Then LN .= LN NN
is a Legendrian submanifold of (X%, ¢).

PRroOF. Using the contact form o we decompose T,EY = T'EN @ TYEN into horizontal
and vertical part. Then vertical part Te”EN is spanned by the vectors R, and X, where R
is the infinitesimal generator of the S'-action and X the Liouville vector field, see Section
B Using the canonical identification of T"EN = T p(e)yM the definition of LY immediately
implies

T.LN = T, L ® RX. (5.23)

and thus _
T,LN = Ty L (5.24)
implies the claim. U

Remark 5.14. If the first Stiefel-Whitney class wy (LN) € HY(L;Z/2) of LN vanishes then
the Legendrian submanifold £ has two connected components, otherwise one.
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The group Z/2 acts on (E,E,EN) by e — —e. The quotient is denoted by (X,£,L). In
particular, £ is diffeomorphic to L. N

As explained above Lemma [3.4] (where 3 is denoted by ¥ etc.) every positive, autonomous
Hamiltonian function H € C°°(M) gives rise to a S'-invariant contact form ay = ﬁa on

v inducing the same contact structure E Since ay is S'-invariant it descends to a contact
form on (X, ) which we denote by aj again.

Proposition 5.15. If the Hamiltonian function H : M — (0, 00) is autonomous and positive
then N -quantized Hamiltonian chords are in 1-1-correspondence to Reeb chords of (£,€, L)
with respect to the contact form ayy.

PROOF. Lemma states that £ = LN NSV is a Legendrian submanifold of (3,¢). The
previous Lemma together with Lemma B4l implies the assertion as follows. Given an N-
quantized chord z of H we concluded in Lemma resp. Lemma .14l that the fibers over x
are filled by chords of X5. Thus, we find a chord e lying in ¥. By Lemma [3.4] the chord e
is a Reeb chord of £V with respect to ay. Replacing e by —e gives rise to a different Reeb
chord lying over the same quantized Hamiltonian chord p(e) in M. After dividing out this
action the statement of the proposition follows. O

Definition 5.16. We call an autonomous Hamiltonian function H : M — R non-resonant
if it satisfies for all N > W(H)

(1) H is strongly nondegenerate for N.

(2) For all N-quantized chords (z,7) the following is true: Do (Tyo)L) M Ty L and
XH(x(O)) ¢ Tx(O)L and XH(:E(T)) ¢ TSC(T)L

(3) H|r : L — R is Morse.

Remark 5.17. Part (2) in the previous definition implies that Crit(H) N L = (.

The following lemma provides a sufficient condition for the number of N-quantized chords
to be finite. We point out that we assume do not assume the Bohr-Sommerfeld condition for
L.

Lemma 5.18. We assume that L C (M,w) is a closed, aspherical Lagrangian submanifold
and that H : M — (0,00) is a positive Hamiltonian function satisfying the transversality
conditions D¢l (Ty)L) h TyryLy, Xu(2(0)) & Tyo)l, and Xy (2(7)) & Ty L for all N-
quantized chords. Then the set 732 (H; 19, N) of N-quantized chords with period less or equal
than 7 is finite.

PROOF. The proof of this lemma is contained in the appendix, where this is Lemma [BAl [

Remark 5.19. We point out that a priori condition (2) in the non-resonancy definition
implies that a quantized chord (x,7) is isolated only in the set of 7-periodic chords and not
necessarily in the set of all chords. The latter assertion is provided by the previous Lemma
under the additional assumptions that the Hamiltonian function H satisfies Xp(2(0)) ¢
Too)Ly Xu(x(1)) & Ty(ryL, and H > 0. Without the assumption H > 0 quantized chords
need not be isolated. We give a counterexample in the appendix, see Example

Theorem 5.20. If dim M > 4, then the set of non-resonant Hamiltonian functions is a
generic subset of the set of autonomous Hamiltonian functions.
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The proof is postponed to Appendix [Al

Let H : S' x M — R be a nondegenerate Hamiltonian function. We set
min(H) := min{ Ay (z) | z € PL(H)},

1 (5.25)
max(H) = max{Ag(z) | x € P;(H)}.

Theorem 5.21. We consider a non-resonant, huge Hamiltonian function H : M — R. We
choose N > W(H). Then the number of Hamiltonian chords (z,7) € €(H) satisfying

(1) (z,7) is an N-quantized Hamiltonian chord of H,

(2) _ <7<l
m(H,N)

(3) Ap(z,7) € [amin(H) — ||H||, amax(H) + max H |
is as least as big as [2#P}(H)].

Proof of Theorem A: Theorem A from the introduction is a special case of Theorem [(.21]
since by Proposition Reeb chords are in 1-1 correspondence to quantized Hamiltonian
chords. Indeed the constant N(Z(H)) is the wiggliness W(H) and C = C(Z(H)) is such
that H + C' is huge, see Remark

O

Proof of Theorem [5.Z1. We abbreviate p(H) := #P4 (H). Proposition .7 implies that there
exist distinct, non-trivial class &1,...,§,m) # 0 € HFY(H) with k < -5
We abbreviate m := m(H, N) and fix 0 < e < nll such that eH is strongly nondegenerate

and
n—1

2

for all z € P(eH). We recall that the set of N-quantized chords with period less or equal
than 7y is denoted by PE(H ;70, V). We choose a function g : R>g — R>¢ satisfying

9 < HMaslov

(wiel) <

(5.26)

(1) ¢'(p) = € for p < max H + & where € is chosen as above,

(2) g(p) = p for p > max H + 20,

(3) ¢"(p) > 0 for all p € (max H + 6, max H + 2§).

min(H) || H]]
m ‘m-—1

injective on the interval [max H + §, max H + 24].

where 0 < 20 < min{ } We note that (1) and (3) imply that ¢'(p) is

Lemma 5.22. The action functional .Ag( I is Morse.

Proof of the Lemma. Let x be a critical point of Aﬁg' We have to show that ng}q (Tx(O)LN) 0
g

Tm(l)LN . If 2(0) € LN \ L then this follows from Proposition [C.3] together with property (3)
of the function g and property (2) in the non-resonancy condition of H and the fact that H
takes only positive values, since it is huge. If £(0) € L then by property (1) of the function
g and the choice of € we conclude that (z,7) € Pr(eH). Since near the zero-section M the

function g(H) and eH agree and the latter function is strongly nondegenerate, the lemma
follows. O
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max H + 20 — L(||H|| + 26)

slope = % /7
ﬁg(minH) ’
1 +---- “/7/ “““““““ g (p)

Ells
y

min H max H +6 maxH + 26

FIGURE 1. The graph of g

We set H, g = g(ﬁ ). The Hamiltonian vector fields transform as follows
Xp (e)=g'(H(e)) - Xg(e). (5.27)

Furthermore, ¢/(H(e)) = const, according to Remark For a chord e € Py~ (ﬁg) we
abbreviate

e<7e:=g(H(e)) <1. (5.28)

By equation (5.27)) a chord e € Pyn (ﬁg) is also an element e € Py (1o H) = Py (T/E)
For all chords e € Py~ (Hy) with the property H(e) < max H + 6 we conclude 7. = €, by
property (1) in the definition of the function g. Using the equation (5.26]) and the fact that

Xp, = Xgg in the neighborhood {y € E| H(y) < maxH + 6} of the zero section M we
compute

n+1 N -~ N — n—1
- 2 < MI%/[aslov(e; Hg) - MI%/[aslov(e; EH) < 2 (529)
By the second property of g and equation (5.27]) we have
Xﬁg(y) = Xg(y) for {y € F| H(y) > max H + 26} . (5.30)

From the definition of H and the assumption that H takes only positive values it follows that
the complement of the set {y € F | H (y) > max H + 26} has compact closure in E. Thus,
the function H, ¢ is a compact perturbation of H. The standard invariance arguments in Floer
homology imply

HF,(H,; LN) =~ HF,(H; LN) = HFY (H; L) . (5.31)
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In particular, since &y,...,{,m) # 0 € HF]kV(H, L) for k < —"TH we conclude that there

exist distinct elements ey, ..., e ) € Py (ﬁg) with Maslov index uMaSlOV(ei;ﬁg) < —"TH.

Therefore, by equation (5.29), e; cannot lie in the neighborhood {y € E | H(y) < max H + &}
of the zero section M. For brevity we set 7; := 7.

We claim that € < 7; < 1. By properties (1) and (3) the inequality € < 7; follows imme-
diately. By definition we have 7; < 1. In case 7; = 1 we conclude from equation (B.27)) that
X ﬁg(e) = Xj(e). But by assumption H is non-resonant, in particular strongly nondegener-
ate, thus there are no Hamiltonian chords of Xz not lying in the zero-section M.

The analog of Remark in the relative case shows

Az (plei)) € %Z- (5.32)
We set
zi(t) = p(ei(t/m:)) (5.33)

and note that x; is a Hamiltonian chord of H and has period 7;, that is (z;,7;) € €(H).
Equation (532]) and the transformation formula (5.4]) imply

1
.AH(!EZ',TZ') S WZ. (5.34)
Thus, we find distinct elements e1,...,e, ) projecting to N-quantized chords (4, 75),

i=1,...,0(H). We claim that not more than two e; project to the same N-quantized chord.
In particular, the number of N-quantized Hamiltonian chords equals [$o(H)| = [$#P}(H)],
by definition of p(H).

To prove this claim we assume that there exist e and ¢’ such that 7. = 7 =: 7 and
p(e(t/7)) = p(e/(t/7)) =: z(t). We recall from the claim above that e < 7 < 1. Since ¢/(p) is

injective on the interval [max H + 6, max H + 26] the equality 7. = ¢’ (H(e)) = ¢'(H(¢)) = 7o
implies H(e) = H(€'). Since H is constant along x we conclude H(p(e)) = H(p(e')). This
implies that f(r(e)) = f(r(e’)). Now, since f is injective r(e) = r(e’). This proves e = +¢’.

It remains to show that Ay (2,7) € [amin(H) — [|H||, amax(H) + max H | for the N-
quantized chords found above. This is done in two steps.

Let £ € PL(H) be a 1-periodic chord of H. Then by Proposition [5.7] the chord ¢ defines
a non-vanishing homology class [¢] € HFY (H;L). Its image under the continuation isomor-

phism m(ﬁlg, H):HFN(H;L) — HF(ﬁg; L) can be represented as a formal sum Zfil[yf]
where y5 € PL(];AIQ).

We first estimate the action value of yf from above in terms of the action value of &.
For this we interpolate between H and ﬁg via the homotopy K := B(s)H + (1 — ﬁ(s))ﬁg,
where B(s) : R — [0,1] is a smooth monotone cut-off function satisfying f(s) = 1 for
s <0 and B(s) =0 for s > 1. According to Lemma we have the following inequality for

ue My Ky)
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oo 1 oo 1
Ap(€) - Ag, ) / / B'(s)(H — Hy)(u)dtds + / / |Osul?dtds
—oco 0 —oo 0

= —sup(H — I;Tg)
—inf(Hy— H) =0

For simplicity we abbreviate y = yf

p(y(t/7)), where 7 = ¢/(H(y)). We want to find an upper bound on the action value Ag (z,7)
in terms of A a, (y). This is achieved as follows.

and denote the induced quantized chord by z(t) :=

Ap(z,7) - Aﬁg(y) = A g (7 *

g
< sup{g(H(e)) | H(e) < max H + 25}
—inf{¢'(H(e))H(e) | H(e) < max H + 26}

1
=maxH +2) — —min H
m

< max H
The last inequality holds by definition of ¢:
in(H H
95 < min {m M} (5.35)
m m—1

Moreover, we used that min H = min H.

We recall the fact that Ag and Ag have the same critical points P} (H) = PiN (H) and
critical values. In particular, from the definition amax(H) = max{Ag(z) | x € PL(H)} it
follows A (§) < amax(r)- If we combine this with the two previous inequalities we obtain

Ap(x,7) < Aﬁg(y) +max H < Az (&) +max H < amax(H) + max H (5.36)

The lower bound on Ay (x,7) is derived similarly by interchanging the roles of H and H, g-
This leads to:
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g9

oo 1 oo 1
Agy o) = Ag©) = [ [ 86, - Bweds + [ [ o.uPatas
—oco 0 —oo 0

> - SUP(ﬁg - ﬁ)

— —sup{H,(e) — H(e) | H(e) < max H + 20}

> min H — ﬁg(minH)

The last inequality follows from the fact that the function g —id : R>¢g — R>( is monotone

decreasing and thus the function Hy(e)—H(e) = (9—id)(H (e)) is maximal at min H = min H.
From the inequality Hy(min H) < max H + 26 — L(||H|| 4 20) (see figure[I) we conclude

Ag,(y) = Ag(6) = min H — Hy,(min H)
> min H — (max H + 26 — %(HHH +26))

= —[11H1] +26 — (||| + 26)]
_ <% _1> || - <1—%> 2
> (-1 ey () L

= —[IH]|

In the second last inequality we used again the definition of §. Finally, we estimate

AH(x,T) - Aﬁg(y) =An

= H,(y) — ¢'(H(y))H (y) (5.37)
= g(H(y)) — ' (H(y)H (y)
> inf{g(H (e)) — ¢'(H(e))H(e)}
=0
and conclude
An(2,7) = Ag (y) = Ag(€) = | H|| = awin(H) — [|H]|. (5.38)
[l

6. A COUNTEREXAMPLE

We consider a closed, symplectically aspherical, and integral symplectic manifold (M,w)
which contains a Lagrangian sphere L of dimension at least 2. As Paul Biran explained to
us there are plenty of examples, see Example According to Corollary there exists a
Bohr-Sommerfeld pair (E, «) for (M,w, L) of power N = 1.
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On L we choose a Morse function f : L — R with two critical points. We extend f
to a function H : M — R. After a perturbation we can achieve that H is non-resonant,
see Theorem Moreover, if we choose the perturbation small enough, we may assume
that H|y, still has exactly two critical points. After adding a suitable constant H takes only
positive values.

According to Proposition [B.§] there exists ¢y > 0 such that for 0 < € < ¢y the Hamiltonian
function eH has exactly two Hamiltonian chords x4 of Maslov index jinasiov(25%) = £5 and
action value —1 < A.g(z%) < 0. The action value estimate follows from equation (G.20).
Since the power of the Bohr-Sommerfeld pair equals 1 Reeb chords of period < 1 are 1-
quantized chords of period < 1, see Proposition

We claim that egH has no l-quantized chords. Hamiltonian chords of ey H of period 7
are Hamiltonian chords of T7egH of period 1. Thus, for 0 < 7 < 1 we have to compute
the Hamiltonian chords of eH for some 0 < ¢ < ¢y. From above we know that all of these
have action values in the interval (—1,0), thus none of them is 1-quantized. In particular,
RL(H) = 0. This shows that in general the estimate (I.2)) in Theorem A fails.

Example 6.1 (Paul Biran). We take any projective algebraic manifold M with 7o (M) = 0.
Inside M we choose a sufficiently high degree hyperplane section Y such that there exists a
Lefschetz pencil inside M whose generic fiber is symplectomorphic to . Since mo(M) = 0
the Lefschetz pencil necessarily has singularities, see Section 5.1]. Thus, the vanishing
cycles will give rise to Lagrangian spheres in 3. By the Lefschetz hyperplane theorem 7o (X) =
0 if dimg(3) > 6.

Remark 6.2. Choosing ¢y such that —% < Aem(z) < 0 and mineH < % for all 0 < € < ¢
the argument from above shows that the function p introduced in Remark [[.4] satisfies

pu(e) =0 VYe<O0. (6.1)
APPENDIX A. BEING NON-RESONANT IS A GENERIC PROPERTY

In this appendix we prove Theorem [(E.20] asserting that on a symplectic manifold (M,w)
of dimension dim M > 4 a generic autonomous Hamiltonian function is non-resonant (see
Definition [5.16]). We first prove the following lemma.

Lemma A.1. If dim M > 4 there exists an open and dense set 74 C C*°(M,R) of smooth,
autonomous Hamiltonian functions such that for H € J# there are no solutions (x,0,7) €
C>®(R, M) x Ry x Ry of the problem
T = XH (J})
z(t+ o) = x(t) (A1)
z(0), z(1) € L
PROOF. There exists an open and dense set 74 C C°°(M,R) of Hamiltonian functions H for
which
(1) Mg :={(z,0) € C*°R,M)xRsg | = Xg(x), x(t+0) = z(t)} is a two dimensional
manifold and
(2) ev: Mg x Ryg — M x M given by ev((x,0),7) = (x(0),z(7)) is transversal to
L x L.

This implies that the space of solutions to problem ([AJ]) is a smooth manifold of dimension
dim Mg + 1 —codim(M x M,L xL)=3—2n<0 (A.2)
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since we assume 2n > 4, hence there exists no solution to (A.I]). O

Lemma A.2. There exists an open and dense set 7% C C°°(M,R) of Hamiltonian functions
H satisfying

e H|;: L — R is Morse,

o CritHN L = 0.

PROOF. The restriction map C*°(M,R) — C*°(L,R) is continuous and open. Thus, the
pre-image of an open and dense subset of C°°(L,R) is open and dense in C*°(M,R). Since
the Morse functions on L form an open and dense subset of C°°(L,R) the first property in
the Lemma defines an open and dense subset of C°°(M,R). The set of functions f : M — R
with Crit(f) N L = 0 is open and dense in C°°(M,R). This implies the assertion. O

Proof of Theorem [2.20. 1t suffices to prove genericity of properties (1) — (3) in Definition [5.10
for a fixed N € N.

Step 1:  Genericity of property (1) in definition (.16]

Since C'* is not a Banach space we first work in the C* category and then deduce the C'>
case by a standard argument due to Taubes, see Chapter 3.2]. For k > 2 we denote
by % C C*(M,R) the open and dense space of Hamiltonian functions having no solutions
to problem (A.I]) and which satisfy the conditions of Lemma[A.2] We claim that the space

M = {(H,z) € A% x C*(I,M) | & = Xy (z), 2(0),2(1) € L} (A.3)

is a Banach manifold. In order to prove this, we interpret M as zero-set of a section s in a
Banach space bundle £F — B* as follows.

BY := % x C*((1,00); (M, L)), &y, =T (& T M) (A.4)
s(H,x) =4 — Xg(x) (A.5)

We are required to prove that the vertical differential of s along the zero-section is surjective.
If (H,z) € M = s70) then this operator D) T(H@)Bk — 5(]“H7m) is given by (after
choosing a connection)
To prove surjectivity of Dy ) at (H,z) € M = s71(0) we first show that the Hamiltonian
chord z is an injective map. Otherwise, if there exist g > t{, such that z(ty) = z(t{) we
conclude that z(t) is 7 = to — t{, periodic, since x solves the autonomous ODE & = Xy (z).
In particular, (x,7) solves problem (A.T]), unless z is a constant map. Since by assumption
H € % we are left with the case z(t) = zo € L is constant. Thus, the Hamiltonian function
H has a critical point at xg € L. This contradicts the second condition in Lemma [A.2l
Thus, the chord z is injective. Therefore, for all n € 5(]“H7m) there exists a function H defined

in a neighborhood of 2 such that X (x(t)) = n(t), hence D(H,x)(]f[, 0) = n is surjective.
This shows that the space M is a Banach manifold. To prove that Az is Morse for generic
H € "% we consider the projection 7 = pr; : M — #%. We will show below that it is
equivalent for H to be a regular value of 7w and for Ay to be Morse. Thus, by the Sard-Smale
Theorem, the action functional Ay is Morse for a generic Hamiltonian function H € J*.
We now show the following equivalence: H is a regular value of 7 iff Ay is Morse. For
(H,z) € M let w(H,z) := H be a regular value of the projection, that is, VH € % x CF
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there exists & € T*~Y(2*T'M) such that (H,%) € T #1,2)M. In particular,

Since z is injective we can realize all vector fields in T*~!(z*TM) in the form X (x) where

H ranges over all C*-functions on M. In other words, H is a regular value of 7 if and only
if the operator & — V& — V;Xp(z) is surjective. It is well-known that this operator is a
Fredholm operator of Fredholm index 0, thus, it is surjective if and only if it is injective. We
conclude that H is a regular value of 7 if and only if there is no non-constant solution & to the
equation V& — V3 X (x) = 0, that is, if and only all critical points z of the action functional
Ap is a nondegenerate.

Since being Morse is a C*-open condition, the action functional Ay is Morse for a C*-open
and dense set of Hamiltonian functions. We now deduce the C™ assertion from the C* case.
Using that being Morse is an C*-open and dense condition and that C* is dense in C* we

)

can find for any H € C'™ a sequence H Z(k € C™ satisfying

k) C* .
° HZ-()—>Hforz—>oo,
e A ) is Morse.

H;

Then the diagonal sequence H ng) converges in C'° to H. Thus, the set of smooth Hamiltonian
functions H such that Apg is Morse is dense in C'°°. Moreover, being Morse is a C'°-open
condition.

According to Lemma and equation ([£43)) Ay is Morse if and only if Ay is Morse and
the spectrum of Apy contains no value of the form ﬁZ. We will prove that this property
holds for an open and dense set of Hamiltonian functions. We denote by % C C*°(M) the
open and dense subset of Hamiltonian functions H for which Ay is Morse. We consider the
R-action on C*°(M) given by H +— H + r for r € R. We observe that 73 is an R-invariant
subset. Since the spectrum of Ay for H € 74 is a finite set it follows easily that the set
{H € s | SpecAy N 5%Z = 0} is open and dense in /4 and hence also in C*(M).

Step 2: Genericity of property (2) in definition
For 7 > 0 we set 2% := C*([0,7], M). We fix P € N and define

2k = |J {rpx 2} (A.8)
7€(0,P)

is a (trivial) bundle over (0, P) and set
Bk = {(H,ZE,T)Ge%ﬂkx%]g|$(0),ﬂj(7')€L}. (A.9)

The reason why we define the bundle 27 only over (0, P) rather than over (0,00) is that
sequences of chords of bounded period 7 converge according to Arzela-Ascoli. This will be
used below in order to apply Taubes’ procedure. The tangent space of this Banach manifold
Bfg is given by

T Bl = { (H.,7) € CHM) x TH@ T R | ) € To0F (A.10)
(H.a,7)Bp ' T, (1) 4+ 72(7) € Ty L [ '
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We define a Banach bundle £F — Bfg with fibers

Efreny =T (@"TM) xR . (A.11)
For m € ﬁZ the zero-set of the section s, : Bfg — &P defined by
Sm(H,z,7):= (2 — Xg(x), Ag(x,7) —m) (A.12)
equals
M(m, P):={(H,z,7) € BY | &= Xp(x), Au(z,7) = m} . (A.13)

In order to show that M(m, P) is a Banach manifold we show that the operator

. k k
D(H,x,‘r) . T(H,:L‘,T)BP — g(H,LL‘,T)

) . (A.14)
(H,3,7) = (Vi = Vi Xpg (2) = X (2), - /H(x)dt ~ H(x)?)
0
is surjective along the zero-section. Given (n,r) € E(I“H@J) =T+ 1(2*T M) x R we proved in
Step (1) that there exists (H, ) such that
Vit — Vi Xpg(z) — Xpy(x) =17. (A.15)

In fact, since x is injective, we are free to choose £ = 0. In light of the boundary condition
#(7) + 72(7) € Ty(r)L this then forces 7 = 0. After setting

H:=H - = r—l—/ﬁ(:ﬂ)dt (A.16)
T
0

it follows
D2 (H,0,0) = (n,7), (A.17)

that is, Dy, - is surjective along the zero-section. We define

¢:BY — TM xTM

A.
(H,z,7) — (£(0),3(7)). (A.18)

To compute d¢ we recall that there exists a canonical involution ¢ : TTM — TTM defined
as follows. We think of an element in TTM as an equivalence class of maps v : (—¢,€) X
(—€,€) — M. Then on representatives the involution ¢ is defined by ¢(v)(s,t) := v(t,s). In
particular, v € T,T'M is mapped to ¢(v) € Tyr(z), T'M where m : TM — M is the projection.
We compute

dp(H,2,7) : Tp.0,m Bp — Ta(0),a(r)(TM x TM)

(H,#,7) — (L(gé(o;),L(aé(T)) + %fc‘(f)) .

In order to apply Lemma (see below) we need to check that Ds,,(H,,7)|er dp(H,z,7)
is surjective and that d¢(H,z,7) is surjective. The latter is obvious. The former follows
from the above computation leading to equation (A.I7). Indeed, Dsy,(H,x,T)|co (M)x {0} x {0}
already is surjective and C*°(M) x {0} x {0} C kerd¢(H,x,7). Lemma [A.3 implies that
D\ M(m,p) : M(m, P) — TM x TM is a submersion.

(A.19)
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We fix an auxiliary Riemannian metric on M and consider the submanifold T+L ¢ TM
of all vectors perpendicular to T'L. Then, since @|pq(m,py : M(m, P) — TM x TM is a
submersion, the moduli space

ME(m, P) == M(m,P)N ¢ Y (T+L x T*+L) (A.20)

is a smooth manifold. Since the period 7in (H, z, 7) is bounded, the set of regular Hamiltonian
functions, that is, the regular values of the projection 7 : M+ (m, P) — %, is open and
dense.

As in Step (1) the Sard-Smale Theorem and the procedure of Taubes gives rise to a generic
set 7 (m, P) of smooth Hamiltonian functions. Then each Hamiltonian function in the generic
set ﬂ € (m, P) satisfies the requirement (2) in definition O

m,P

We learned the following Lemma from Dietmar Salamon.

Lemma A.3. Let £ — B be a Banach bundle and s : B — £ a smooth section. Moreover,
let ¢ : B — N be a smooth map into the Banach manifold N. We fix a point = € s~(0) C B
and set K := ker d¢(x) C T,,B and assume the following two conditions.

(1) The vertical differential Ds|x : K — &, is surjective.

(2) dp(z) : TpB — Ty, N is surjective.
Then do()|ker Ds(x) : ker Ds(x) — Ty, N is surjective.
Proor. We fix § € Ty,)N. Condition (2) implies that there exists n € T.B satisfying

d¢(z)n = €. Condition (1) implies that there exists ¢ € K C T, B satisfying Ds(z)( = Ds(x)n.
We set 7 :=1n — ( and compute

Ds(z)T = Ds(x)n — Ds(x)¢ =0 (A.21)
thus, 7 € ker Ds(z). Moreover,
dp(x)7 = do(z)n — dp(x)¢ = dp(x)n = § (A.22)
=0
proving the Lemma. O

APPENDIX B. AUTONOMOUS HAMILTONIAN SYSTEMS WITH LAGRANGIAN BOUNDARY
CONDITIONS

The main result of this appendix is Lemma [B.5] stating that under certain assumptions the
number of N-quantized chords is finite. We close this section with two examples demonstrat-
ing that these assumptions are necessary.

Throughout this section (M,w) is a symplectic manifold and L C M is a Lagrangian
submanifold.

Proposition B.1. Let H : M — R be an autonomous Hamiltonian function. We assume
that there exists a point x € L and T > 0 such that x, := ¢y (x) € L, D¢y (T, L) M T, L, and
Xu(2(0)) & Ty L and Xy (2(7)) & Typr)L. Then there exist unique (up to reparametriza-
tion), smooth families s — xp(s) € L and s — 1r(s) for s € (—¢,€) such that i (0) = x,
and T (0) = 7 and

) (wy(s) € L, T(0) £0 and 2(0) #0. (B.1)
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Definition B.2. In the situation of the above Proposition we denote the induced Hamiltonian
chords by

Ty (s,t) = ¢y (zn(s)) Vtel0,7u(s)]. (B.2)

Remark B.3. The corresponding statement of the above proposition in the periodic case
was known to Poincaré and is proved Chapter 4.1 of the book [HZ94]. More precisely, in
Proposition 2 in Chapter 4.1 of it is proved that the above family 25 (s) can be chosen
to be parameterized by energy, that is H(zg(s)) = H(x) + s.

We point out that this stronger assertion does not hold in the relative case, in general, as
Example shows.

To prove Proposition [B] we need the following
Lemma B.4. If Xy (x) € T, L there exists £ € T, L with the property
dH (z)§ # 0. (B.3)
In particular, 7L h 1,3, where ¥ = H~'(H(x)) is the level set through .

Proor. We assume by contradiction that

0=dH(z){ =w(Xg(x),§) Ve e T, L. (B.4)
This implies that X (z) € (T wL)w = T, L. This contradiction proves the Lemma. O
Proof of Proposition [B.1l Differentiating the equation
H(¢y(x)) = H(z) (B.5)
yields
dH (¢ (2)) D¢y () = dH (z). (B.6)

Thus, since dH (z) # 0, we can choose a small neighborhood U of = and € > 0 such that on
the open set V := {¢';(z) |x € U, t € (—¢,7 + €)} the function H|y has only regular values.
To prove the proposition we follow closely the proof of Proposition 2 in Chapter 4.1 of
[HZ94]. Due to the assumption Xg(2(0)) & Tyl and Xg(2(7)) & Ty L we can choose
two local hypersurface ¥; C M, ¢ = 0,1 in a neighborhood Uy of x and U; of x, with the
property
T,.Y0P < XH(I') >=T,M and LNUyC X

Ty 1@ < Xp(z,) >=T, M and LNU, C 3.

Moreover, (for sufficiently small neighborhoods U;) there exists a smooth function 7 with
7(x) = 7 such that

(B.7)

¥y) = 67" (y) : To — Ty (B.8)
is well-defined. As in the proof of Lemma 1 in Chapter 4.1 of it follows that
- diyp(z) 0
Do) = (M1 7). (B.9)

D¢7;(x) is nondegenerate since it is a symplectic transformation. Thus, di(z) is nondegener-
ate. We choose local coordinates on ¥; such that the Lagrangian submanifold L corresponds
to R" @ {0} ¢ R?"~! in both coordinate systems. We denote the map ¢ in local coordinates
by

¢ R g1 (B.10)
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and assume that 1(0) = 0. With respect to the splitting R2"~! = R” @ R"~! we write
(1, 10) = ($1($1,$2),1Z2($1,$2)) , (B.11)

i Oz Jl O Jl <A B>
dy(0) = T P = . B.12
( ) <8x1¢2 am2¢2 ¢ D ( )
We claim that 89“1;2 has full rank. Indeed, from the transversality D¢}, (T,L) th T, L it
follows (in local coordinates) that

and abbreviate

B a A B 0 a Aa *
doy(0)- (ol =(C D o]-[o]=|Cal|#]0 (B.13)
0 Fl F2 1 0 Fla 0

for all a # 0 € R™ Since Fj is a 1 x n-matrix the above inequality readily 1mphes that
dimkerC = 1. Hence, C = 8x1¢2 has full rank. This implies that locally ¢2 (0) is a
1-dimensional submanifold of L. B
We choose z7(s) to be a parametrization of the local 1-manifold v, *(0). This includes that
assertion z';(0) # 0. Tx(s) is defined accordingly. It remains to be proved that 77,(0) # 0.
Let us assume by contradiction that 77,(0) = 0. We recall the notation 7 = 74(0), z =

zp(0) and 2, = ¢} (x) = (bTH(O (2(0)). Then the following holds

Do (T.L) 3 Dot O @) - al4(0) = o | 67O an(s)

_9
GE

s=0
(B.14)

0 wn(s) € T, L
S=

€L
where we used 77,(0) = 0 in the second equation. The transversality assumption D7, (T, L) rh
T,, L implies that 2/;(0) = 0. This contradiction concludes the proof. O
The following lemma is Lemma [5.18] on page

Lemma B.5. We assume that L C (M,w) is a closed, aspherical Lagrangian submanifold
and that H : M — (0,00) is a positive Hamiltonian function satisfying the transversality
conditions D¢l (Tyo)L) 0 TyryLy, Xu(2(0)) & Tyo)l, and Xy (2(7)) & Ty L for all N-
quantized chords. Then the Set 73 [ (H;79,N) of N-quantized chords with perlod less or equal
than 7 is finite.

PROOF. Let (z,7) be a N-quantized chord, in particular, it is a critical point of the action
functional Ag , : C*([0,7]; M, L) — R given by

An (@) == An(z,7) (B.15)
where Ap(z,7) is defined in Definition 511 that is
dAp (x)=0. (B.16)

Let us assume that there exists a sequence (z,,7,) € P} (H;70,N). Since M and L are
compact and (7,) is bounded the Arzela-Ascoli theorem implies that a subsequence (x,,7,)
converges to an element (z,7) € PJ(H; 1, N). For v large enough the subsequence (2, (0), 1)
is part of a local family (zg(s), 7h(s)) given by Proposition [B.Il We assume by contradiction
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that the convergent subsequence is non-constant. Because all (z,,7,) are N-quantized we
have

% SZOAH(:%H(S),TH(S)) =0. (B.17)
On the other hand we compute using 77,(0) # 0, H > 0, 5 (0) = z and 74(0) =7
3} 3} 3}
55| Al @H(8), H(8)) = 5o|  Anr(Bn(s) = 5| (TH(s) = T)H(zn(s))
= QA (2) 35 (0) — i (0)H () (B.18)
=0

— —rh(0)H(z) #0

This contradiction concludes the proof. ]

We conclude this section with two examples showing that the condition that the Hamil-
tonian function is positive is necessary. Moreover, they show that the family of Hamiltonian
chords from Proposition [B.I] cannot be parameterized by energy as opposed to the periodic
case.

Example B.6. In figure 2] we assume that the area of the grey-shaded region equals an
integer. Then there are uncountably many quantized chords connecting the point P and Q)
inside {H = 0} where the point Qs locally varies on {H = 0}.

Qs

{f = 0

L

FIGURE 2. Infinitely many quantized chords

Example B.7. We construct an example of two Lagrangian submanifolds and a Hamilton-
ian function such that the Hamiltonian vector field intersects both Lagrangian submanifolds
transversely. Moreover, the Hamiltonian flow has a one-parametric family of Hamiltonian
chords of constant energy. In particular, this family cannot be parameterized by energy.
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In R* with coordinates (z1,22,y1,%2) and symplectic form > dz; A dy; we consider the
following two Lagrangian submanifolds

L1 = {:El = X9 :0}
Ly =1+ < X, Y >

where e; := (1,0,0,0), X := (a,0,0,b), and Y := (0,a,b,0), for a,b # 0 to be determined
later. We note that

(B.19)

wX,)Y)=ab—ab=0. (B.20)
We set
H(zy,22,y1,92) := 11 thus Xy = aiml . (B.21)
In particular,
Op (w1, 22,41,y2) = (1,22, 41,Y2) + Teq . (B.22)

Obviously, Xy intersects Lo, L; transversely. Moreover, ¢k (L1) = (e1+ L)  La. According
to Proposition [B.] (which obviously holds also for two transverse Lagrangian submanifolds)
there exists locally a one-parametric family zp(s) € L1 and 74(s). In this example they are
explicitly given by

zr(s) :==(0,0,0,s) € Ly TH(s) =1+ %s. (B.23)
Indeed,
7 (@ (s) = (1+ %s, 0,0,5) = e1 + %X € L. (B.24)
We observe that for a # 0 the period 75 (s) is non-constant while
H(zp(s))=0. (B.25)
We note that the intersection point of L; and Ls is given by
L0 Ly = {(0,0,0, _2)} . (B.26)

The symplectic area of the Hamiltonian chord qﬁ}i(s) (xg(s)) relative to Ly and Lo obviously
vanishes, since the affine subspace containing the intersection point (0, 0, 0, —3) and the chord
is Lagrangian. There exists a representative Li# Lo of the Lagrangian isotopy class of the
Lagrangian connected sum for which qﬁ;{(S) (xp(s)) is still a Hamiltonian chord with vanishing

symplectic area. In particular, QS;{(S)(x 1 (s)) are quantized chords for all s.

APPENDIX C. TRANSVERSAL INTERSECTION FOR QUANTIZED CHORDS
The main result in this appendix is Proposition which is crucial for establishing the
fact that the action functional Ag( ) is Morse, see Lemma [5.22]
We use the notation introduced in Section Bl Here are the essentials: p : E — M is

a complex line bundle. H is the fiber-wise quadratic lift to £ of a Hamiltonian function on
the base M. The flow of a Hamiltonian function H is denoted by ¢7;, and the Hamiltonian

vector field by Xp. The function H, g = g(H). L C (M,w) is a Lagrangian submanifold.
Lemma C.1. The following two equations hold
podTy =gy op (1)

and

dp(¢(x)) o Do () = Doy (p(x)) o dp(x) . (C.2)
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Moreover, for v € F and £ € T, FE
L (@) =64 w) (€3)
and
Dol (x) & = DL (@) - & + o (A (@) (A (2) - €) X (0 () (C.4)

PROOF. Integrating the equations ([I0al) and (B.I0D) with respect to 7 leads to the first
equation. Differentiating with respect to x gives the second. The third equation follows from
the transformation rule

Xp, =9 (H)Xy. (C.5)

We recall that ¢’ (ﬁ ) is constant along chords of ]?Ig, see Remark The last again by
differentiating. O

Lemma C.2. Assume that there exists € LY \ L and 7 € R, such that ¢%(m) c LN and
DTy (p(2) (Ty(ayL) M Ty, (pay) L holds. Then

T N N _ N _
D¢%(T:L7) N Td)}[(m)L = Té)’%(m)L =< X >, (C.6)
where X is the Liouville vector field, see equation (B.5]).

PROOF. This follows immediately from Lemma O

Proposition C.3. Let g: R — R be a smooth function and recall the notation ]?Ig = g(]?l
Let x € LN \ L such that (JS% (x) € LN and H(p(z)) # 0. We assume D¢y (p(x)) (T L)
g9

Ty, (o)) L where 7 := g/ (H(x)). If g"(H(z)) # 0 then

D(b%g(a;)(TxLN) th Tyr (LY (C.7)

T

holds.

PrOOF. We pick € T, L™V and assume by contradiction that ng}? (x)-neTy (x)LN.
g Hg

Step 1:  We show that dH (z) -n = 0.

We write = n"* + cX (z), where " is horizontal and ¢ € R. Lemma asserts
D&% (x)-n = Dafy(e) -n -+ (A(a)) (Bl () - n) X5 (0%, (@). (C.8)

Since we assume Dq%g (x)-ne€ Td,% (x)LN we can again write
g

Doty (2) -0 ="+ DX (0} (@)). (C9)
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We compute
0=a(¢"+bX(¢} (2))) (D¢ )
a(De )+a( '(H(x)) (dH () - n) g(¢};,g(w)))
a(n) +¢" (@) (4 (@) - n)a(X5(6h, () 10,
=a(n +cx< >> g ﬁfx»(dﬁ ) ~NH(p())]
= —N-H(p())g"(H(x)) (dH(x) - n)

#0

where we used that « vanishes on horizontal vectors and the Liouville vector field X, more-
over, that « is preserved by gb%, see Lemma [3.2) and the explicit form of X, see equations

(I0a) and BI00). We conclude that dH (z) - n = 0.

Step 2:  We prove that " = 0.

I
Q

The assumption Dq%g (x)-ne Tq% (x)LN together with dH (z) -1 = 0 and equation (C.8)
g9

implies
1 .n = Do (2) - B N
Doy () 0= Dog(x) -1 € Tyr (i) L7 - (C.11)
Since n € T, LY
D¢ (x) - n € D () (Tol™) N Tyr () LY (C.12)
therefore, Lemma implies that
D¢%(x) -n € < X(¢5(2)) >= T;’%(m)LN : (C.13)

Since (15% preserves the Liouville vector field X we conclude from 1 = 1 4 cX () that n* = 0.

Step 3:  We prove that n = 0.

From Steps 1 and 2 we conclude dH (z)-n and n = cX, thus we compute
0=dH(eX)-n= (Nf'(r)H(p(x))dr + N f(r)dH(z)) - cX
= Nf'(r)H(p(z))dr - cX (C.14)
=cNf(r)H(p(z))-
In particular, we obtain from H(p(z)) # 0 and f(r) # 0, that ¢ = 0 and therefore n =0. O

APPENDIX D. HOLONOMY OF LINE BUNDLES

Let 7 : £ — M be a principle S'-bundle with connection 1-form a. We recall the following
explicit formula for the holonomy around a loop 7 : S — M in terms of a connection 1-form
«@

1
hol, () = —/n*a €S'=R/Z. (D.1)
0
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Here  : S' — &£ is a loop satisfying m o = 5. Alternatively, the holonomy hol,(y) € S' is
determined by

P (e) = holy(7).e (D.2)
where, e € & o), Py 1 &) — &,(0) denotes the parallel transport along v with respect
to the connection «, and g.e denotes the S'-action. More details can be found in the book

[KN96l Chapter II].

Proposition D.1. Let (£,a) and (F,[3) be principal S*-bundles with connection 1-forms
over the manifold M = £/S* = F/S'. Then the following holds.

(1) There exists a canonical connection 1-form a® B on the S'-bundle € ® F. Moreover,
the holonomy hol, : C*(S*, M) — S satisfies

hol,gs = hol, + holg . (D.3)
(2) There exists a canonical connection I1-form o* on the dual S*-bundle £* and
hol,» = —hol,, . (D.4)

(3) The bundle (£ ® £, a ® a*) is canonically isomorphic to the trivial bundle M x S*
together with its trivial connection.

We only sketch the proof:
We think of a connection a in € as an S'-invariant hyperplane distribution H¢ which is

transversal to the infinitesimal generator of the S'-action. We construct £ ® F. The fiber
product £ x 3y F of £ and F is defined as follows

Exu F={(e;f) | pele) = pr(f)}- (D.5)
This is a principal 72-bundle over M. We set A := {(g,—g) | g € S'} C T? and define
EQRF = (ExyF)/A (D.6)

which is a principal T72/A = S'-bundle. We denote by H¢ resp. H” the hyperplane distri-
butions on & resp. F. Then

HE 9 = dp M (HE) ndp7 (HT) (D.7)

is a T?-invariant codimension-2-distribution which is transversal to the infinitesimal genera-
tors of the torus action. In particular, H**M7 descends to connection H¢®7 on £ ® F.

To compute the holonomy we recall that for a loop v € C®(S!, M) and e € E5(0) the
holonomy hol, (y) € S! is determined by

P (e) = holy(7).e (D.8)

where P3' : Ey(0) — &4(0) denotes the parallel transport along v with respect to the connec-
tion « and g.e denotes the S!'-action. We observe on &€ x 7 F that

PyB(e, f) = (P (e), P (f)) = (hola(7).e, holg(7).f) € (€ xar Fy o) - (D.9)

Thus, hol,gs = hol, + holg holds. Statement (2) about the holonomy is proved analogously.

We construct £*. We recall that £ is a compact manifold with a free S'-action ¢ : S'x& —
£. We define ¢* : S* x & — & by ¥*(g,e) := ¥(—g,e). Then £* is the principal S'-bundle
with total space £ and action 1¥*. Moreover, the connection H¢ = H¥.
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For (3) the canonical isomorphism is given by

P EQRE — M x S?

[6,6*] = [6,1/1*(9, e)] — (pg(e),g) ) (D.10)
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