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Quantum groups and cylinder braiding

Tammo tom Dieck and Reinhard Héaring-Oldenburg
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Abstract. The purpose of this paper is to introduce a new structure into the representation
theory of quantum groups. The structure is motivated by braid and knot theory. Represen-
tations of quantum groups associated to classical Lie algebras have an additional symmetry
which cannot be seen in the classical limit. We first explain the general formalism of these
symmetries (called cylinder forms) in the context of comodules. Basic ingredients are tensor
representations of braid groups of type B derived from standard R-matrices associated to so-
called four braid pairs. These are applied to the Faddeev-Reshetikhin-Takhtadjian construc-
tion of bialgebras from R-matrices. As a consequence one obtains four braid pairs on all
representations of the quantum group. In the second part of the paper we study in detail the
dual situation of modules over the quantum enveloping algebra U, (s/,). The main result here
is the computation of the universal cylinder twist.

1991 Mathematics Subject Classification: 17B37, 18D10, 57TM25.

1. Cylinder forms

Let A = (A4, m, e, u, ¢) be a bialgebra over the commutative ring ! with multiplication
m, unit e, comultiplication y, and counit e. Let r: 4 ® A — K be a linear form. We
associate to left 4-comodules M, N the K-linear map

NV MAN > NOM, x®yrYr(y'®x)y? ®x?,

where we have used the symbolic notation x+— ) x' ® x? for a left A-comodule
structure uy,: M - A ® M on M. We call r a braid form on A, if the z,, y yield a
braiding on the tensor category 4-Com of left A-comodules. We refer to [7, Def.
VIIL.5.1 on p. 184] for the properties of r which make it into a braid form.

Let (C, u, €) be a coalgebra. We use symbolic notations like p(a) =) a, ® a,
and (p ® Np(a) = py(a) =Y a, ® a, ® a; = Y a,; ® a;, ® a, for the comultipli-
cation. The multiplication in the dual algebra C* is denoted as convolution: If
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620 T. tom Dieck, R. Héring-Oldenburg

f, g€ C* are K-linear forms on C, then the convolution f* g is the form defined
by a+ ) f(a,)g(a,). The unit element of the algebra C* is . Therefore g is a
(convolution) inverse of f, if f* g = g * f=¢. We apply this formalism to the co-
algebras 4 and 4 ® 4. If f and g are linear forms on 4, we denote by f® g the
linear form on A ® A defined by a ® b+ f(a)g(b). The twist on A ® A4 is
1a®b)=>b®a.

Here is the main definition of this paper. Let (4, r) be a bialgebra with braid
form r. A linear form f: 4 — K is called a cylinder form for (4, r), if it is convolution
invertible and satisfies

QD) fom=(®exrixE®N*xr=rix(c®N*rx(f®¢).
In terms of elements and symbolic notation, (1.1) assumes the following form:

(1.2) For any two elements a, b € A the identities

flab) =Y fla)r(b, ® a,)f(by)r(as ® by)
=Y r(b, ® a,)f(b;)r(a, ® b3)f(ay)
hold.

A cylinder form (in fact any linear form) yields for each left 4-comodule M a
RK-linear endomorphism

Iy:M > M, x—Y f(x")x?.
If ¢ : M — Nis a morphism of comodules, then ¢ o t,; = 1 o . Since ¢, is in general
not a morphism of comodules we express this fact by saying: The #,, constitute a

weak endomorphism of the identity functor of 4-Com. We call ¢,, the cylinder twist
on M. The axiom (1.1) for a cylinder form has the following consequence.

(1.3) Proposition. The linear map t,, is invertible. For any two comodules M, N the
identities

ien = Zvm (v @ 1p) 2y vy @ 13) = (b ® 1) Zy m (ty @ 1p) Zy v

hold.
Proof. Let g be a convolution inverse of f. Set s5,,: M - M, x+— Y g(x')x2. Then
Sutu(x) =) f(xNg(x?)x?2 =Y e(x')x? = x,

by the definition of the convolution inverse and the counit axiom. Hence s,, is
inverse to 1,,.
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Quantum groups and cylinder braiding 621

In order to verify the second equality, we insert the definitions and see that the
second map is

x ® y Zf(xl)r(yl ® XZl)f(yzl)r(yZZI ® x221)y222 ® x222

while the third map is
x@y e Y r(y' @ xHf (P Hr(y* @ ¥ f(x*21)y**2 @ x*22.

The coassociativity of the comodule structure yields a rewriting of the form

Yrey'eyey??=Yu"n® 0% (") ®

and similarly with y replaced by x. We now apply (1.2) in the case where
(a, by = (x', y").

By definition of the comodule structure of M ® N, the map ) 5 5 has the form
x@y— Y f(x'y")x* ® y*. Again we use (1.2) in the case where (a, b) = (x', y?)
and obtain the first equality of (1.3). O

We also mention dual notions. Let 4 be a bialgebra with a universal R-matrix
Re A® A. An element v e A is called a (universal) cylinder twist for (A, R), if it is
invertible and satisfies

(1.4) p)=@®1D) - t1R-1®v)'R=17R-(1®v)'R-v®1).

The R-matrix R= 2 a, ® b, induces the braiding zyy: MO N >N M,
x@y+—Y by® a,x.Letty: M - M, x— vx be the induced cylinder twist. Again
the ¢,, form a weak endomorphism of the identity functor. If v is not central in A4,
then the ¢,, are not in general 4-module morphisms. The relations (1.3) also holds
in this context.

If a ribbon algebra is defined as in [7, p. 361], then the element 81, loc. cit., is
a cylinder twist in the sense above.

2. Tensor representations of braid groups

The braid group ZB, associated to the Coxeter graph B,

4
. che———a B"
t g & En-1
with n vertices has generators ¢, g,, ..., g, and relations:

@1 181181 = 811841
g =gt  i>1
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622 T. tom Dieck, R. Héring-Oldenburg

8i8; = 8;&: li—jl=2
8i8i8i = 8;8i&; li—jl=1.

We recall: The group ZB, is the group of braids with » strings in the cylinder
(C\0) % [0,1] from {1,...,n} x 0 to {1,...,n} X 1. This topological interpretation
is the reason for using the cylinder terminology. For the relation between the root
system B, and ZB, see [2].
- Let V be a &-module. Suppose X: V® V-V ® Vand F: V — V are K-linear
automorphisms with the following properties:

(1) X is a Yang-Baxter operator, i.e., X satisfies the equation

XNUNX®N=>010XNX@HIR X)

onVRVRV.

(2) With Y = F® 1, the four braid relation YXYX = XYXY is satisfied.

If (1) and (2) hold, we call (X, F) a four braid pair. For the construction of four
braid pairs associated to standard R-matrices see [4]. For a geometric interpretation
of (2) in terms of symmetric braids with 4 strings see [3].

Given a four braid pair (X, F), we obtain a tensor representation of ZB, on the
n-fold tensor power ¥®" of V by the following assignment:

22 —~FR1® -®1
g X=1® ®X®  -®1.

The X in X acts on the factors / and i + 1.
These representations give rise to further operators, if we apply them to special
elements in the braid groups. We set

tM)=t, t(j)=gj-18-2"""8118:182 " &-1, Li=t(Mt(2) - t(n)
g(]) =&i8j+1 """ Lj+n—-15 Xmn =g(m)g(m—1) g(i) .

The elements ¢(j) pairwise commute. We denote by 7,: V®" — V®" and by
Xpn: V" @ VO - V@ ® V®™ respectively, the operators induced by ¢, and by
Xp.n» TESpECtively.

(2.3) Proposition. The following identities hold
Tm+n = n.m(Tn ® 1)1Ym,n(7ﬂm ® 1) = (Tm ® 1)Xn.m(Tn ® 1)Xm,n .

Proof. We use some facts about Coxeter groups [1, CH. IV, §1]. If we adjoin the
relations 1> = 1 and g} =1 to (2.1) we obtain the Coxeter group CB,. The element
t, is given as a product of n* generators ¢, g;. The unique longest element of CB,
has length n? and is equal to ¢,. The element X, ¢, Xpnlm Of CB,., has length
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Quantum groups and cylinder braiding 623

(m + n)? and therefore equals ¢,,,, in CB,,.,. By a fundamental fact about braid
groups [1, CH. IV, §1.5, Prop. 5], the corresponding elements in the braid group
are equal. We now apply the tensor representation and obtain the first equality of
23). O

For later use we record:

(2.4) Proposition. The element t, is contained in the center of ZB,. O

3. Cylinder forms from four braid pairs

Let V be a free R-module with basis v, ..., v,. Associated to a Yang-Baxter operator
X:V® V- V® Visa bialgebra 4 = A(V, X) with braid form r obtained via the
FRT-construction (see [7, VIIL.6] for the construction of 4 and r). We show that
a four braid pair (X, F) induces a canonical cylinder form on (4, r).

Recall that 4 is a quotient of a free algebra 4. We use the model

Hom(Ve®", Ve =4.
=0

The multiplication in 4 is given by the canonical identification E, ® E, = E,,,,
f® g f® g, with E, = Hom(V'®*, ¥®*). The canonical basis T} : v, d;,v; of
E, induces the basis

T.‘j — TlJll ® - ® Y:ik
of E,, with multi-index notation i = (i, ..., i), j = (j;, - - -, ji)- The comultiplication
in 4 is given by u(7/) = Y, T¥ ® T/ and the counit by &(T7) = 6.

In section 2 we defined an operator T, € E, from a given four braid pair (X, F).
We express 7, in terms of our basis

T;‘(Ui) = ZEJUJ )
J

again using the multi-index notation v; = v; ® --- @ v;, when i = (i}, ..., ;). We
define a linear form

fiA-8], T/ F.

(3.1) Theorem. The linear form f factors through the quotient map A — A and induces
a cylinder form f for (A, r).

Proof. Suppose the operator X = X,,,: V" ® V®" —» V¥ ® V®™ has the form
X, ®v) =3 X0, ® v,. We define a form 7: 4 ® 4 - & by
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624 T. tom Dieck, R. Hiring-Oldenburg

FFEQRE -8, TFrQT)— X7.

The form 7 factors through the quotient 4 ® A and induces r.

Claim: The forms 7 and f satisfy (1.1) and (1.2). Proof of the claim: In the proof
we use the summation convention: summation over an upper-lower index. Then
we can write 4, (T¥) = T¥ @ T¢ ® Tf and u, (T) = T} ® T @ Ty. The equality
(1.2) amounts to

cd _ pkylapb yed _ ylk pb yad pc
F;’j _EijE Xba_XijEkaF'a'

These equations are also a translation of (2.3) into matrix form. This finishes the
proof of the claim.

We have to show that f maps the kernel / of the projection 4 — 4 to zero. But
this is a consequence of (1.2), applied in the case b =1, since one of the terms
a,, a,, a, is contained in 7 and 7 is the zero mapon /@ 4 and 4 ® L

It remains to show that f is convolution invertible. The pair (X ~*, F~ ') is a four
braid pair. Let 7 and f be the induced operators on 4. Then f* f=¢ = ffon A,
and (1.2) holds for (f, 7) in place of (f, r). The Yang-Baxter operator X ~! defines
the same quotient 4 of 4 as X. Hence the kernel ideal obtained from X ~! equals
I, and therefore f(I) =0. O

We have the comodule ¥ > 4 @ V, v;— Y ;T ® v;, and similarly for ¥"®* using
multi-index notation. By construction we have:

(3.2) Proposition. The cylinder form f induces on V ®* the cylinder twist tyex = T,. O

4. Tensor categories with cylinder braiding
The results of the previous section have the following categorical structure:

(1) & is a category;

(2) & is a subcategory with the same objects;

(3) Thecategory &f carries the structure of a tensor category with a braiding z,, »;

(4) 9B is a right tensor module category over 7;

(5) Foreachobject Van automorphism ¢, : ¥V — Vin 4 is given. The ¢, constitute
a weak endomorphism of the identity functor of /.

(6) For each pair M, N of objects the identities (1.3) hold.

The meaning of (4) is the following: There is given a functor ® : & X o/ —» & and
a natural associativity isomorphism a: 4 ® (B® C) = (4 ® B) ® C of functors
B x oA x oA — B. The pentagon axiom of tensor category theory (which still makes
sense in this context) is also assumed. The tensor product functor and the asso-
ciativity a restrict to the given tensor product and associativity in the tensor category
4. The unit object of & is a left and right unit for ® : 2 x o/ — 2 and the triangle
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Quantum groups and cylinder braiding 625

axiom holds. An example of this type of module category arises from a tensor
category # and a tensor subcategory . (See [7, X1.2] for such notions.)

We considered the case where £ was the category of A-comodules and K-linear
maps and o the category of 4-comodules and A-linear maps. (5) is induced by a
cylinder form.

The prototype is given by the braid categories themselves. The objects are the
natural numbers n € N,. The morphisms in £ from » to » are the elements in ZB,
with composition the group multiplication. There are no morphisms from m to n
for m + n. The morphisms in &/ from # to n are the elements of the Artin braid
group ZA,_,, the subgroup of ZB, generated by g,, ..., g,—,. The tensor product
is given on objects as m ® n = m + n and on morphisms as the following homomor-
phism ZB, xZB, » ZB,, .,

L8 8m-1€ZB,— 1, 81,....8m-1€ZB,, 1,

6,81 ---28n-1€ZB,
Hgmgm—l'”gltglgz”'gm’gm+l’-"9gm+n—IEZBm+n-

The braiding is given by the morphisms x,, , of section 2 and the morphisms ¢, are
also specified in that section. By (2.4), the ¢, constitute an endomorphism of the
identity of 4.
There is a natural quotient category of this braid category (when K-linearized),
namely the Temperley-Lieb category of type B via the Kauffman functor (see [3]).
For an elaboration of the categorical viewpoint and applications to knot theory
along the lines of [9] see [5] and [6].

S. The example SL_(2)

We illustrate the theory with the quantum group associated to SL,. For simplicity
we work over the function field Q(gq'/?) = K.

Let V' be a two-dimensional R-module with basis v,, v,. In terms of the basis
v, ®v, v, ® v,, 1, ® v,, v, ® v, the matrix

51 X=g12

defines a Yang-Baxter operator. The FRT-construction associates to X the algebra
A generated by a, b, ¢, d = T}, T?, T}, T} with relations
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626 T. tom Dieck, R. Héring-Oldenburg

ab =gba bd=qdb
ac=gqca cd=qdc
be=ch
ad—da=(q—q Ybc.

The matrix

_(0 5
(52) F-(a 0)

yields a four braid pair (X, F) for arbitrary parameters with invertible af (see [4],
also for an n-dimensional generalization). The quantum plane P = K{x, y}/
(xy — gqyx) is a left A-comodule via the map pp: P - A ® P given by

r=0s=0

o i s A7 L : "
xz J) — —s(itj—r—s)—r@i—r) rbl—rcsdj—s r+s. i+j—-r—s
pe(x'y) =3 3. q [r][s]a ® x"*y

where [{] is a g-binomial coefficient

i g

-1

[i]z_[_’l_ [ = (13021 [, [i]=

7 —
r| [Li—r] 9—q

(compare [7, IV], where different conventions are used).
The operator T, = (F® 1) X(F ® 1) X on ¥V ® V has the matrix (withd = g — g~ %)

0 0 0 B EY FL EMOEY
0 afd af qpo | F i FY FY EY
0 af O po I 2TR ST O 05
a* qab af afd+qb? i} FY B FY

with respect to the basis v, ® vy, v; ® v,, v, ® v,, v, ® v,. This is also the matrix
of values of the cylinder form f

aa ac ca cc
ab ad c¢b cd
ba bc da dc
bb bd db dd

f

Let det, = ad — gbc be the quantum determinant. It is a group-like central element
of 4. The quotient of 4 by the ideal generated by det, is the Hopf algebra SL,(2).
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Quantum groups and cylinder braiding 627

(5.3) Proposition. The form f has the value —q~'af on det,. If —q 'aff =1, then
f factors over SL,(2).

Proof. The stated value of f(det,) is computed from the data above. We use the
fact that

r(x ® det)) = r(det,® x) = &(x),
see [7, p.195]. From (1.2) we obtain, for a € 4 and b = det,, that

fab) =Y fla)r(b, ® ay)f(hy)r(a; ® by)
=3 fla,)e(ay)f(det)e(a,)
=f(a),

by using the assumption that f(det,) = 1 together with the counit axiom. O

We consider the subspace W = V, of the quantum plane generated by x2 xy, y*.
We have

pp(x?) = > ® y*+ (1+ ¢ Hab ® xy + a*> ® x*
pp(xy) =bd ® y* + (ad+ ¢ 'bc) ® xy + ac ® x?
) =@y +(1+q Hed®@xy+c* @ x*.

This yields the following matrix for 1, with respect to the basis x2, xy, y2

0 0 B2
0 qap (g+4q ")po

2

a? qub afd+ qb?

In the Clebsch-Gordan decomposition V' ® V = V, ® V, the subspace V, (the trivial
irreducible module) is spanned by u = v, ® v, — ¢~ ' v, ® v,. This is the eigenvector
of X with eigenvalue — g~ *2. It is mapped by T, to — ¢~ 'afu. If we require this
to be the identity we must have aff = — ¢q. We already obtained this condition by

considering the quantum determinant.
The matrix of #,, with respect to the basis w, = x, w, = |/1+ ¢ 2xy, w, = y*is

0 0 B
G4 FE={0 qup  |/T+40
o [/1+4*ab ofd+q6’

In case a = B this matrix is symmetric.
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628 T. tom Dieck, R. Haring-Oldenburg

The R-matrix X on W ® W with respect to the lexicographic basis w; ® w; with
wy = x% w, =]/14q *xy, wy = y* has the form

q2

o* 1

(55) X,= A 1

It uses 6* = g2 —q~ 2%, p=6*(1—q~?), A= q '6* By construction, (X,, F,) is a
four braid pair.

One now has the problem of computing ¢, on irreducible comodules W. We treat
instead the more familiar dual situation of modules over the quantized universal
enveloping algebra.

6. The cylinder braiding for U-modules

The construction of the cylinder form is the simplest method to produce a universal
operator for the cylinder twist. In order to compute the cylinder twist explicitly we
pass to the dual situation of the quantized universal enveloping algebra U. One can
formally dualize comodules to modules and thus obtain a cylinder braiding for
suitable classes of U-modules from the results of the previous sections. But we
rather start from scratch.

We work with the Hopf algebra U = U, (s/,) as in [8]. It is the associative algebra
over the function field Q(g'/?) = & generated' by K, K~ ', E, F with relations
KK '=K'K=1,KE=q*EK, KF=q *FK, EF-FE=(K— K Y/(q—q™ Y,
comultiplication u(K) = KQ K, y(E)=E®R1+KQE, u(F)=FRK '+1QF,
and counit ¢(K) =1, e(E) = ¢(F) = 0. A left U-module M is called integrable if
the following holds:

1) M= @ M?" is the direct sum of weight spaces M" on which K acts as multi-
plication by ¢" for ne Z.
(2) E and F are locally nilpotent on M.

Let U-Int denote the category of integrable U-modules and U-linear maps. (It would
be sufficient to consider only finite dimensional such modules.) An integrable U-mod-
ule M is semi-simple: It has a unique isotypic decomposition M = @, o M (n),

! There is another use of the letter F. It has nothing to do with the 2 x 2-matrix F in (5.2).
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Quantum groups and cylinder braiding 629

with M (n) isomorphic to a direct sum of copies of the irreducible module V.
The module ¥, has a K-basis x,, x;,...,x, with F(x)=[i+1]x;+,, E(x;) =
[n—i+1]x;_,, x_; =0, x,,, = 0; moreover, x; € ¥~ 2. The category of integr-
able U-modules is braided. The braiding is induced by the universal R-matrix
R =k o ¥ with

—1\n
6.1 Y= nn-12 8= 9 ) pn o pon
( ) n§0 1 [n]' ®

and k = ¢"®%/2, Note that ¥ is a well-defined operator on integrable U-modules.
(This operator is called @ in [8, section 4.1] and L} in {8, p. 46].) The operator
acts on M™@® N" as multiplication by ¢™2. If we view H as the operator
H:M™ > M™ x> mx, then g ®H2 is a suggestive notation for x. The braiding
zyn:M® N> N® Mis tcR, ie., the action of R followed by the interchange
operator 1: x @ y—y ® x.

A four braid pair (X, F) on the vector space V yields a tensor representation of
ZB, on V®" We start with the standard four braid pair (5.1) and (5.2) on the two-
dimensional U-module V = V. Let T, : ¥®" - V'®" be the associated cylinder twist
as defined in section 2. By the Clebsch-Gordan decomposition, ¥, is contained with
multiplicity 1 in V'®", Similarly, ¥,,,, < ¥, ® V¥, with multiplicity one [7, VII.7].

(6.2) Lemma. There exists a projection operator e,: V®" — V®" whose image, V,,
commutes with T,.

Proof. Let H, be the Hecke algebra over & generated by x,, ..., x,_; with braid
relations x; x; x; = x; x;x; for |i — j| = 1 and x; x; = x; x; for |i — j| > 1 and quadratic
relations (x; + 1)(x; — ¢%) = 0. Since X satisfies (X — ¢'/?)(X + ¢~ /) = 0, we obtain
from the action of ZA,_, = ZB, on V®" an action of H, if we let x; act as ¢*/*g;.
Since T, comes from a central element of ZB,, see (2.4), the H -action commutes
with T;,. It is well known that there exists an idempotent e, € H, for which e, V®" = V,
(quantized Schur-Weyl duality). This fact implies the assertion of the Lemma. 0O

(6.3) Corollary. The subspace V, < V®" is T,-stable. D

A similar proof shows that all summands in the isotypic decomposition of V' ®" are
T,-stable.

We denote by 1, the restriction of 7, to ¥,. On V,, ® ¥, we have the induced operator
Tun = Znm(Tp ® 1) 2, 0 (1,, ® 1) Where z,,,, denotes the braiding on V, ® V,.

(6.4) Lemma. The subspace V,,.,c V,,® V, is 1, ,-stable. The induced morphism
equals Ty, . .
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630 T. tom Dieck, R. Hiring-Oldenburg

Proof.Consider V,, ® V, < V®" ® V®" = y®m*n The projection operatore,, ® e,
is again obtained from the action of a certain element of the Hecke algebra H,, .,
Hence V,, ® V, is T, . ,-stable and the action on the subspace V,, , , is 1,, + ,- We now
use the equality (2.3)

T‘m+n= n.m(T;|®1)Xm.n(Tm®1)'

The essential fact is that X, , is the braiding on ¥®™ ® ¥ ®". It induces, by naturality
of the braiding, the braiding z,,,on V, ® V,. O

Let A(n) = («/(n)) be the matrix of 7, with respect to x,, ..., x,. In the next theorem
we derive a recursive description of 4 (n). We need more notation to state it. Define
inductively polynomials y, by y_; =0, y, =1 and, for k£ > 0,

(6.5) “Vk+1=qk93’k+ﬂqk-15[k]?’k—1-

Here y, = ,(6, g, ¢, B) is a polynomial in 6 with coefficients in Z[g, ¢ %, a™*, B]
and 6 = g — ¢~ *. Let D(n) denote the codiagonal matrix with «*f" ~*g*" =¥ in the
k-th row and (n — k)-th column and zeros otherwise. (We enumerate rows and
columns from 0 to »n.) Let B(n) be the upper triangular matrix

o [Mdve [Blva 0 7.

o ['1'Ive o Va-1

(6.6) B(n) =
Yo V1

Yo

Thus the (n — k)-th row of B(n) is

0 0 k k k k k
9 s Uy 0 Vo, 1 ))19 2 Vz,---, k_1 Ye-1s k Yk'

(6.7) Theorem. The matrix A(n) is equal to the product D (n) B(n).

Proof. The proof is by induction on n. We first compute the matrix of 7,, on
V, ® V, and then restrict to ¥, ,. In order to display the matrix of 7, , we use the
basis

Xo® Xg5 .05 X, ® X0, Xo ® Xy, ..., X, QX
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Quantum groups and cylinder braiding 631

The matrix of 7, ; has the block form

0 B4
adA(@n) A'@n) )’
The matrix A'(n) is obtained from A4(n) in the following manner: Let ag, ..., o
denote the columns of A(n) and B,, ..., B, the columns of A’(n). We claim that

n

Bi=oag* "0u;+ Bg* " on—i+ 1oy +edli+ 1],

Wlth Ot-l = Ot,,+1 = 0
Recall that 7, ; = (1, ® 1)z, ,(t, ® 1)z, ;. In our case the universal R-matrix has
the simple form

R=x-(1+(q—-q HYFQ®E).

For the convenience of the reader we display the four steps in the calculation of
7,1, separately for x; ® x, and x; ® x,.
X ® xo > q" 2 x, ® x;
- ag" 22 x, ® x,
—oox; @ x,

- aofx; ® xg .
J

X ® X, - q_(,,—zi)/2xl ® x;+ i + l]q("_2"*2)/2x0 ® Xi41
g "2 (Bxo+0x) ® x; +ad[i+ 11" P2 %, ® x;44
B ®@xo+ g "o — i+ 11X ® X,
+ g2 70X, @ x, +ad[i+1]x4 ® X,
Y alx, @ xo+) Bg* T on—i+1]al- 1 x; ® x,
7 J

+ 4% 00 x; ® xy + Y ad[i+1]als 1 x; ® Xy
J J

This proves the claim about the matrix for 1, ;.

We now use the following fact about the Clebsch-Gordan decomposition (it is
easily verified in our case, but see e.g. [7, VIL.7] for more general results): In the
Clebsch-Gordan decomposition ¥V, @ V, =V, ., ® V,_, a basis of V, ., is given by

Fi

yj=El']_'(xo®xo)=q_jxj®x0+xi—1®xl'
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632 T. tom Dieck, R. Hiring-Oldenburg

We apply 7, to the y;. Since there are no overlaps between the coordinates of the
;> we can directly write 1, ;(y;) as a linear combination of the y,.

We assume inductively that 4(n) has bottom-right triangular form (i.e., zeros
above the codiagonal) with codiagonal as specified by D(n). Then A4'(n) has a
nonzero line one step above the codiagonal and is bottom-right triangular otherwise.
From the results so far we see that the columns of 4(n + 1), enumerated from 0
to n + 1, are obtained inductively as follows: The 0-th row is (0, ..., 0, " *!). Below
this 0-th row the j-th column, for 0 <;j < n+ 1, has the form

6.8) aglo;+q* " 200;_ + BgP " 36 [n—j+ 2]a_ ;.
From this recursive formula one derives immediately that the codiagonal of A4 (n)
is given by D(n).

Finally, we prove by induction that 4(n) is as claimed. The element in row &
and column » — k + j equals

P I 4
s,

For n =1, we have defined 7, as 4(1). For the inductive step we use (6.8) in order
to determine the element of A (#) in column n — k + j and row k + 1. The assertion
1s then equivalent to the following identity:

k . k
ok gkt h <fx []:I Vit q"gz"”’”()[j_ 1:|Vj1

) k
+ﬂqn~2k+21‘35[k—-j+2] l:j_2:|’yj_2)

n— n— k+1
=dk+1ﬂ kq( k)(k+1)|: J :IVJ

We cancel a-, -, and g-factors, use the Pascal formula

©9) |:a-; 1] g [Z]+q-a+b_1 [bi 1]

and the identity

. k k .
[k—1+2][j_2] =[j_1]u—1]

and see that the identity in question is equivalent to the recursion formula (6.5)
defining the y-polynomials. O
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We formulate the main result of this section in a different way. First we note that
it was not essential to work with the function field &. In fact & could have been
any commutative ring and g, a, § could have been any suitable parameters in it.
We think of 6 as being an indeterminate.

Let L(a, ) be the operator on integrable U-modules which acts on V, via
x; b " IRigIn Dy,

J J

Let

Y] Ek
6.10) T(o, )= k;} T Tt

T(a, B) is well-defined as an operator on integrable U-modules. Then (6.7) can be
expressed as follows:

(6.11) Theorem. The operator t(a, ) = L(a, B) o T(x, f) acts on V, as 7,. O

In section 8 we give another derivation of this operator from the universal point
of view.

One can develop a parallel theory by starting with the four braid pair (X ~ !, F~1).
This leads to matrices which are top-left triangular (i.e., zeros below the codiagonal).
By computing the inverse of (5.1) and (5.2) we see that, in the case («, f) = (1, 1),
we have to replace (g, 8) by (g~ %, — 0).

The following proposition may occasionally be useful. Introduce a new basis
Ug, ..., u, in ¥, by

—itn—i n
X;=q in—1i)12 I:l:|ul

Then a little computation shows:

(6.12) Proposition. Suppose a = . With respect to the basis (u;) the R-matrix and
the matrix for t, are symmetric. 0O

7. The y-polynomials

For later use we derive some identities for the y-polynomials of the previous section.
A basic one comes from the compatibility of the cylinder twist with tensor products.
Again we use § = g — ¢~ '. We give two proofs of (7.1).

(7.1) Theorem. The y-polynomials satisfy the product formula

min{(m,n)

Ym+n = Z a_kﬂkqm"_k(k+l)/26k[k]![’Z][Z:I Ym—kVn~k-

k=0
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634 T. tom Dieck, R. Hiring-Oldenburg

Proof. For the proof we consider 1, , = (7, ® 1)z, (7, ® 1)z,,, on V, ® ¥, and
compute the coefficient of x,, ® x, in 7, ,(x, ® x,). Note that x,, ® x, is the F-
primitive vector (lowest weight vector) of the summand V,,,,< V,® V¥, in the
standard basis. Hence the coefficient in question is a™}?(m + n) which, by (6.7),
equals a™ "y, 1

From the form of the universal R-matrix we see directly that z, ,(x, ® x,) =
g™ x, @ x,,. If we write

Zn,m(xj ® xm) = Z rjun!z]xu ® -xu 3
u,v

then

Trn(Xm @ X)) = Y q""2ai(@)rimoui(m)x, ® x, .
Jok,u,v

We need the coefficient when (k, v) = (m, n) in which case we have the formal identity
A" e = g 1) i ()
J.u
The universal R-matrix yields

Znm(X; @ X)) = Y, 0O [+ 1] [+ k]l Xm-i ® Xj4s

k>0

with « = k(k —1)/2 + (n —2j — 2k)(2k — m)/2. Moreover

- n-— n— m m m
“: k(n):a kﬁkq( k)kyn—k» am—k(m)=a |:k:|?m—k'

When we insert these values into the formal equation for «™*"y,, . ,, we obtain the
desired result. O

The dependence of y, on the parameters « and f is not essential. Define inductively
polynomials y; in 8 over Z[q, ¢~ '] by setting y* ; = 0, y5 = 1 and, for k >0,

Vi1 =40y +q* Ok vy,

i.e., by setting y; (0, 9) = 7,(0, ¢, 1, 1). A simple rewriting of the recursion formulas
then yields the identity

g B k/2
7.2) n(ﬂ,q,a,ﬂ)=y;(ﬁ,q)(&) ‘

Note that 7y; contains only powers 6’ with / = k mod 2.
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Normalize the y’ to obtain monic polynomials f, (8) = g **~ 172+, (0). The new
polynomials satisfy the recursion relation

(73)  Bsr=0B+(1 =g )iy

In order to find an explicit expression for the §,, we introduce a new variable g via
the quadratic relation § = g — g™ !.

(7.4) Proposition. The polynomials f satisfy the identity

B.e—e ") = i (= 1)igi=D [’1] 0" 2
o j

J

Proof. We use this identity in the recursion formula (7.3) and compare the coefficients
of @"*17 2, A little rewriting shows that the claim reduces to the Pascal formula
(6.9) for the g-binomial coefficients. O

We can write ¢* + (— 1)*o™* as an integral polynomial P, in 8 = ¢ — ¢~ *. That
polynomial satisfies the recursion relation

0Py =Py —P-y.

It is possible to write P, in terms of Tschebischev- or Jacobi-polynomials. The last
proposition thus gives

/2] . Tn
B0 = ¥ (~ Vg u P 2y(0).

The product formula (7.1) was a consequence of representation theory. In view of
the applications to be made in section 8 it is desirable to have a proof which uses
only the recursive definition of the y-polynomials. We now give such a proof. By
(7.2), it suffices to consider the case a = f = 1.

Second proof of (7.1). We write

Cpon = gmn =K+ U2 gk L)1 [’Z:l [Z] ;

and want to show that

min{(m,n)

Ym+n= Z Clzn,"ym—kyn—k~
k=0
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636 T. tom Dieck, R. Haring-Oldenburg

Denote the right hand side by y(m, n). Then y(m, n) = y(n, m). We will use the
recursion (6.5) and the Pascal formula (6.9), with ¢ replaced by g !, to show
y(m+1,n) = y(m, n + 1). Since y(m + n, 0) = y,,+ , the proof will then be complete.
We set y, = 0 for k < 0, then we can sum just over k > 0. The C-coeflicients satisfy
the following Pascal type relation

(7'5) C,:"+l'" — q”"‘C,:""'—I-5q""‘“q’""‘[n—k+1]C,{"_'"l .

The verification of (7.5) uses the Pascal formula for [} '] and a little rewriting.
We now apply this relation in the sum y(m + 1, n) and obtain (with an index shift
k — k + 1 in the second summand)

ym+1,n) = Z 4" Yk 1 Y-k
X

+ Y —k1g" ek m DG O Yk
k

In the second sum we apply the recursion to the factor in parentheses to obtain

y(m+1,n)
= Z Cl:"'"(qn_k?m—k+1?n—k +qm—k'}’m—k?n—k+1 - qn+m—2k9)’m—k'}’n—k) .
k

Since y(m, n) = y(n, m), we obtain y(m, n + 1) from y (m + 1, n) upon interchanging
m and n in the foregoing identity. That interchanges the first two summands in the
parentheses and leaves the third fixed. O

8. The universal cylinder twist

In this section we work with operators on integrable U-modules. These are R-linear
weak endomorphisms of the category U-Int. Left multiplication by x € U is such
an operator; it will be denoted by the same symbol or by /.. If ¢ is an operator,
then u(t) is the operator on U-Int x U-Int which is given by the action of 7 on
tensor products of modules. If 7 denotes the twist operator, then we define
7(t) = 1t o t o 7. We have the compatibility pu(/,) = /,xy and tu(l,) = /(. The oper-
ators u(#) and 7(¢) are again weak endomorphisms of the categories involved.

Typical examples of such operators which are not themselves elements of U are
the universal R-matrix R and its factors x and ¥, see (6.1). We also use the operators
L=T/  and L* = T}, of Lusztig [8, p.42].

Since R acts by U-linear maps each operator ¢ satisfies the standard relation

(81) Rop()=rtu(r)oR
of a braiding.
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An operator ¢ is called a universal cylinder twist on U-Int if it is invertible and
satisfies the analogue of (1.4)

82 p@=tRU®NHRI®1)
83) ROU®HR(®1)=(®1)TRA®NR.

We denote by 7, the action of ¢ on the module V. Then (1.3) holds if we use R to
define the braiding. Recall the operator #(a, ), defined at the end of section 6. Here
is the main result:

(8.4) Theorem. Suppose aff = —q. Then t(a, B) is a universal cylinder twist.

We treat the case («, f) = (1,— ¢) in detail and reduce the general case formally to
this one. We skip the notation «, f and work with ¢t = LT. Note that L is Lusztig’s
operator referred to above. We collect a few properties of L in the next lemma.

(8.5) Lemma. The operator L satisfies the following identities:

(1) LEL"'=—KF LFL™'=—EK™', LKL"' =K.
Q) uL)=LRL)Y¥Y=1R(L L)k

G rLN=CLOHx L xk1®L) =1 L)x"".
@ LOLYULRL '=kotWor "

Proof. For (1) see [8, Proposition 5.2.4.]. A simple computation from the definitions
yields (3) and (4). For the first equality in (2), in the case L* see [8, Proposition
5.3.4]; the second one follows by using (3} and (4). O

In the universal case one of the axioms for a cylinder twist is redundant:

(8.6) Proposition. If the operator t satisfies (8.2) then it also satisfies (8.3).

Proof. Apply 7 to (8.2) and use (8.1). O

Proof of theorem (8.4). The operator L is invertible. The operator T is invertible

since its constant term is 1. Thus it remains to verify (8.2). We show that this identity
is equivalent to

87 wM=x(@Dx ' (LT'ONPYL®(T®1),
given the relations of Lemma (8.5). Given (8.2), we have

uw(T)=pL HtRA LNk Y(LT®1).
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638 T. tom Dieck, R. Héiring-Oldenburg

We use (8.5.2) for u(L™1), cancel T(R) and its inverse, and then use (8.5.3); (8.7)
drops out. Similarly backwards.
In order to prove (8.7), one verifies the following identities from the definitions

k(1 ® Tk~ = ki []V(—’i' (K* ® EY)

=) k
L RNPLON =Y (—tg e 2 giphg pr
K=o (k]!

Using this information, we compute the coefficient of X" E* ® E" on the right hand
side of (8.7) to be

min(r,s) 6"

,,Z‘o (= 1rgmremhe [#1![s — n]'[r — ]! Vs=nlron:

The coefficient of the same element in u(7’) is, by the g-binomial formula, equal to

=rs 1
q [S]![r]'. 7r+s‘

Equality of these coefficients is exactly the product formula (7.1) in the case where
(o, B) = (1, — g@). This finishes the proof of the theorem in this special case.

A similar proof works in the general case. A formal reduction to the special case
uses the following observation. Write a = ¢~¢. Then, formally, L(a, f) = K°L in
case aff = — ¢q. This fact is used to deduce similar properties for L, = L(a, ) from
lemma (8.5), in particular

L3'FL, = o 'BqKE.
The final identity leads to (7.1) in the general case. O

We point out that the main identity in the construction of the universal twist involves
only the Borel subalgebra of U generated by E, K. Of course, there is a similar
theory based on F, K and another braiding. The constructions of section 6 show
that the universal twist is determined by its action on the 2-dimensional module
V,. Hence our main theorem gives all possible universal cylinder twists associated
to the given braided category U-Int.
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