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1. Introduction

Two-dimensional integrable systems are described by solutions of the spectral parameter
dependent Yang—Baxter equation (YBE). With multiplicatively written spectral parameter it
reads

Ri(t) Ry (tit) Ri(12) = Ry () Ri(t112) Ry (1) Vi, t. (D

This equation lives on V ® V ® V where R € End(V ® V) acts according to its subscript
either in the first and second or second and third factor.

If the system is restricted to a half plane with reflecting boundary then a second matrix
is needed describing the boundary particle interaction. That is, we need a spectral parameter
dependent K (¢) € End(V) satisfying Sklyanin’s reflection equation [8]

R(t1/1)(K(t1) ® DR(111)(K(12) ® 1) = (K (12) @ DR(1112)(K (1)) @ DR(11/12) - (@)

This paper presents a solution of equations (1), (2) where R(¢) is the usual Baxterization
[5] of the R-matrix of orthogonal quantum groups. K (t) is constructed algebraically from
representations of a new generalization of the Birman—Wenzl algebra which is associated
with the Coxeter type B braid group. It is worth noting that the type B Hecke algebra does
not allow analogous Baxterization [7]. The problem of Baxterization has been treated in
greater generality by Bellon ef al [1]. However, we hope that our explicit solution may
nevertheless be interesting.

2. The restricted type B Birman—Wenzl algebra

For every root system there exists an associated Weyl group (Coxeter group). For type
A, root systems it is the permutation group. For type B, it is a semi-direct product of a
permutation group with Z7. It has generators 1o, 71, ..., T, and relations Tiz =1,li—j| >
=y =175,i+1=j>0= 1757 =177 and 171707 = 71771 Tp. Omitting the
quadratic relations from the Coxeter presentations of these groups one obtains the braid
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group of the root system. tom Dieck initiated in [3] a systematic study of these braid
groups. Among the quotients of the group algebra of the type B braid group there is the
following restricted BMW algebra.

Definition 1. The restricted type B Birman—Wenzl algebra BB, is defined to have invertible

generators {Y, Xy, ..., X,,—} and parameters A, g, q;. Using the definitions
. A=Al .
d:=q—q xi=1- 5 q0:=¢q (3)
X, — X! ,
e,-::l—i_1 i=1,....,.n—1 4)
q9—q
the relations are
XX '=Xx"X;=1 ®)
Xin:Xin |l—]| > 1 (6)
XiX;X;i =X; X;X; li—jl=1 (7)
X[e[ = e,-X[ = )\6,’ (8)
eiXii_lle,- = )fFlei (9)
X, Yx,y=vYx,rx, (10)
Y =qY +qo (11
YX1Y€1 =€ (12)

The term ‘restricted’ refers to the fact that Y satisfies a quadratic relation while the X;
satisfy cubic polynomials. The value of g is enforced by (12). The algebra BB, is studied
in detail in [6].

It should be noted that throughout this paper we are working with generic parameters.
For non-generic values one would have to introduce the ¢; as generators in their own right
and take care of poles.

It is obvious that X, ..., X,,_; generate a standard Birman—Wenzl algebra [9] (which
is of type A).

Lemma 1.
el = xe; (14)
X=X — 5+ de; (15)
X7 =1+68X; — She; (16)
0= —NXi+q H(Xi—q) (17)
eiej = eje; li—Jjl>1 (18)
Y =gq,'Y —qugy (19)
0=[X\YX\Y,{Y,e, X1}] (20)
elYX\Y = e 21

erYer = xqi(1 — qoh) ey . (22)



The proofs are straightforward with the possible exception of the last equation:

e1Yer=eYYX Ye, =qieiY X1 Yer +qgoe1 X1Yer = qixe; + qoreYe
= (1 —gor)e1Yer = qi1xe; = e1Ye; = qix(1 — qo)»)7161 .
3. Solution of the reflection equation

Solutions of the Yang—Baxter equation can be obtained from the standard (type A) Birman—
Wenzl algebra by the following Baxterization procedure [2]:

Ri(t) = =8t(t +gr™ D)+ (@ — D@ +gr"HX; +8t(r — e; . (23)
To also find a solution of (2) we make the ansatz
K(1) = fot) + i)Y . (24)

Using the relations of the previous section (equations (12) and (21) are multiplied with ¥ ~!
and then used) it is then a tedious but straightforward computation to reduce (2) to

LHS(2) — RHS(2) = (1 — ¢*)(t1 fo(t2) f1 (1) — 1185 fo(12) fi(11) — ta fo (1) fi(12)
+tit2 fo(th) f1(12) + ittt f1(1) f1(t) — qitnts fi (1) f1(82))
(—(Ag’t1Ye)) + A’ Y1 + 2t Y ey + AgtinY ey — Mgt Y ey
—APntiYe, —r*nY X — @0V X — M qiinY X, — AP nB3Y X,
+ag’teY — Ag*he Y — Atine)Y — Aqtine Y + A g’ tite Y

+ag ey + A’ X Y + @0 X Y + MqiinX Y + AgPn2 X, Y .
To make this vanish we take the second factor which contains all the occurrences of
fo, f1 and divide it by fo(%2) f1(t1):
0=t —n08 +(qibf; —qi0) fi(n) fol) ™ + (@ —6) o) /@)™ fol) ™ fitn) .
Introducing F(t) := fo(¢) fi(1)~! and multiplying with F(t,) we obtain
(11 F (1) — 5311(q1 + F(12))) — (L F (1) — t712(q1 + F(11))) = 0.
We require 0 = #, F(t,) — 1311(q1 + F (2)) and find F(t) = t>q; (1 — t>)~ .

Proposition 2. K(t) = (t?q1(1 —t>)~' + Y) fi(¢) is (for all f;) a solution of the reflection
equation (2).

4. Tensor representations

In [4] tom Dieck found representations of BB, acting on n-fold tensor products of
representation spaces of orthogonal quantum groups. Following Wenzl he used the R-
matrix of the quantum group U,(soy), N = 2m + 1,m € N. We denote its N-
dimensional defining representation by V. = {v; | i € [I}. The index set is I =
{(-N+2,-N+4,...,-3,-1,0,1,3,..., N — 2}. Denote by f;; the matrix with a
single entry of 1 at position i, j. Then the R-matrix reads

R= Z(CIfi.i ® fii+q " fii ® frii) + foo ® foo+ Z fij ® fii
i#0 i#),=J

+g—q) Zf;,i@fj,j— Zqizjfi,j(@f—i,—j . (25)

i<j j<—i



From E =1 — (R — R™")/8 one obtains
E=Y g fi;® fi;. (26)

iJ
E? = xE with x =Y, ¢' and thus A = ¢!~ V.
The following matrix was found by tom Dieck:

F=—footq Y fait@ ' =DY_ fii. 27)
i#0 i>0
It is shown in [4] that it fulfills F?> = (¢7' — )F + ¢~ ' and (F ® DB(F ® 1)B =
B(F ® 1)B(F® 1) as well as E = E(F ® 1)B(F ® 1). Hence a representation of BB,
with parameters ¢; = (¢! — 1),A = ¢'~" on the n fold tensor product is given by
¢ :B*B, > End(V®), Y > F®1---Q1, X, > 1®---1®B®1---®1.
Combining this with the results of the previous section we obtain the matrix solution of
the reflection equation.

References

[1] Bellon M P, Maillard J-M and Viallet C-M 1991 Phys. Rev. Lett. 67 1371; Phys. Lett. 159A 233, 221

[2] Cheng Y et al 1992 New Solutions of YBE and new link polynomials J. Knot Theor. Ramifications 1 (1)
3146

[3] tom Dieck T 1993 Knotentheorien und Wurzelsysteme I, II Math. Gottingensis 21 44

[4] tom Dieck T 1995 On tensor representations of knot algebras Math. Gottingensis 45

[5] Jones V 1989 Commun. Math. Phys. 125 459

[6] Héring-Oldenburg R Birman—Wenzl-Algebren vom Typ B PhD Thesis in preparation

[7] Levy D and Martin P 1994 Hecke algebra solutions of the reflection equation J. Phys. A. Math. Gen. 27
L521-6

[8] Sklyanin E K 1988 J. Phys. A. Math. Gen. 21 2375

[9] Wenzl H 1990 Quantum groups and subfactors of type B, C, and D Commun. Math. Phys. 133 383-432



