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APPROXIMATE SOLUTION OF SYSTEMS 

OF EVOLUTIONARY QUASI-VARIATIONAL INEQUALITIES

Ronald H.W. Hoppe

PecUcaied to P^o^. E. Hohl on occa^ton o£ ht& 75th birthday.

Abstract. We will construct approximations to the 

maximum solution of systems of evolutionary quasi- 

-variational inequalities based on a nonlinear 

semigroup approach using the concept of order 

preserving convergence in discrete approximations 

of ordered Banach spaces.

1. Introduction

Let H be a separable order complete real Hilbert lattice and 

let V be a separable reflexive Banach space with dual V 1 such 

that Hc_̂  V* each space being dense and compactly embedded 

in the following one. We assume V to be a vector lattice with 

respect to the ordering induced by that on H and E to be an 

M-normed Banach lattice with order unit e, E a closed subspace 

and sublattice of H with continuous embedding Ec* H. Given m €|N 
m

we denote by H®, V111 and Em  the product spaces - II H etc. with 
v=1

canonically defined norms and orderings. For v = 1,...,m let 

AV : V->V’ be linear monotone operators, let MV :Hm ->Hbe order 

preserving concave operators satisfying ((V n E)m ) c V n E, 

M^tO) £ 0 and let fV : [0,T] int E+ be given functions with bounded 

variation. Then, for u° £ (VOE + )m  we are looking for a function
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u : E0,T ] ■* V111, u = (u\ ... ,um ) t satisfying u(t) € ( v n E + )m , 

u t (t) € (V1 )m , t€(0,T), u(0) = u° such that for all v = 1,. .. ,m 

and t G (0,T)

u V (t) i M v (u(t) ) , (1.1a)

<u^(t)+Av uv (t),vv -uv (t)> > (fV (t),vv -uv (t))„ (1.1b)
u n

for all v V  £ M V (u(t)),

where <•,•> denotes the dual pairing between V', V and (-,•)
H

is the inner product on H X H .

The system (1.1a),(1,1b) constitutes a system of variational 

inequalities with implicitly given upper obstacles, so-called 

quasi-variational inequalities which typically arise in optimal 

switching control of stochastic processes (cf.[3]). Consider e.g. 

a stochastic system operating in m different regimes that can 

be described by the diffusion processes

dyx (t) = b v (yx (t))dt + aV (yx (t))dw, yx (0) = x

where xGii, fl is a bounded domain in Euclidean space dGN, and 

w is a standard d-dimensional Wiener process, the drift

b v = (b^, —  ,b^) and the diffusion aV = (oYj) ,  1 £ v < m, being 

sufficiently smooth functions on lRd . Then, given continuous 

running costs fv  = fv (x,t), x G fl, t £ 0 ,  1 < v < m and nonnegative, 

subadditive switching costs k(v,p,x), x G Q ,  1 £ v, p £ m, the 

control objective is to find an optimal switching control policy 

v v,x t = *T 1' ' T 2 ' v 2'' * * r a n d o m  s t o PPin 9 times and

regimes such that the total cost
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TA T* 
J X t = E v X + [ i exp(-c(s)s)fV (y (s),s)ds 
V f A / V f rfk f L- A

N T A TX

+ y exp(-c(T )T.)k(v._.,v ,y (T .))] 
-L i -L A, J-

is minimized, where v(t) =v., T . ¿ t ^ T .  . , with given v =v, 
v i z 1+1' o '

c ( t ) = c  \  T ^ t S x i + 1 , cV  = cV (x), x€Q, 1 i v < m, being nonnegative 

discount factors, T* is the first exit time of yx  from 2, 

N— T the total number of switchings and . denotes the 1AT^ V 9X / U

expectation.

If zV (x,t) = inf J and uV (x,t) = z V (x,T-t), then a formal
v v,x,t 'x ' 

application of the dynamic programming principle shows that 

u =  satisfies a system like (1 . 1a) , (1. 1b) with

H = L 2 (Q), V = (n) and E = C(Q), the operators A V and M V , 1 < v < m,

given by 

d d
A V v = - J a ii i x ) v x x " X + c V (x)v,

i,j = 1 1 3  x ix j i=1 1  x i

M^v = min (k(v,]j,x) +v^(x) ] 

y-1,. .. ,m 
U+v

where a v = (aY t av  = (av ) *, 1 v i m.
1 J  1 J -  I z

0  1 00 00 +  oo X
When H = L z (fi) , V = (fi) , E = L (ft) , A = -A and M : L (Q) -> L (fi) 

a T-contraction, a single quasi-variational inequality has been 

studied by Barthelemy and Catt^ in [1] associating with this 

inequalitiy a nonlinear semigroup in L°°(n) whose generator is 

given implicitly via its resolvent which is shown to be the 

maximum solution of an appropriately defined elliptic quasi- 

-variational inequality. Moreover, in case of vanishing switching 

costs when (1.1a),(1.1b) reduces to the parabolic Hamilton-
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-Jacobi-Bellman equation the same techniques have been used by 

Benilan and Catt6 in [2],[4], while, adopting their ideas, in 

[9] an approximation to the Bellman semigroup associated with 

an abstract Hamilton-Jacobi-Bellman equation has been given 

within the framework of order preserving discrete convergence 

in discrete approximations of ordered Banach spaces. In the 

subsequent sections we will use the same concept to generate 

approximations to the maximum solution of the system (1.1a), 

(1.1b).

2. Order preserving discrete convergence

In this section we will give a short introduction to the concept 

of order preserving discrete convergence in discrete approxima­

tions of ordered Banach spaces. Since most of the material is 

taken from [9], proofs will be omitted.

Let X,X , n£N, be real Banach spaces with norms |-|v ,|*|v n A
x x  nand let R = (Rn )^ be a sequence of restriction operators

Rn : X  * X n s a t is fyin 9

(i) IRX (au+Bv)-aRX u-BR̂ v|| •* 0, u,vEX, a,B€(R, 
n

(ii) |RX u| - |u| , uex, (2
n  n x

(iii) sup|R u| < “ , uex.
nen n  x n 

Y
Then the triple (X,IlXn ,R ) is called a discrete cn-approximation 

(approximation with convergent norms) and the discrete strong 

convergence of a sequence <u n )^i/ u
n EX n , n ^ ' 0̂ '  to an u € X  

is defined by
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s ’ l i m X u n =  u  “  ”u n - R n u ^x * °- 
n

We w i l l  r e q u i r e  an a d d i t io n a l  c o n d i t io n ,  nam ely

(iv ) I f  u^n )  e x ,  n € and u € X such  t h a t  (2 .1 )

u ^  u in  X th e n  s - l im ^  R ^ u ^  = u ,

which e x p re s s e s  a c e r t a i n  u n ifo rm ity  o f  d i s c r e t e  s tro n g  co n v erg en ce  

( fo r  a d e t a i l e d  d i s c u s s io n  o f  t h a t  c o n v e rg e n c e , i t s  p r o p e r t i e s  and 

i t s  im p o rtan ce  in  c o n s t r u c t iv e  f u n c t io n a l  a n a ly s i s  se e  th e  b a s ic  

p a p e rs  by G r ig o r i e f f  and Stummel [ 7 ] , [ 1 3 ] ,  [ 1 4 ] ) .  I f  we d e n o te  by 

X1 ,X' , n E N , th e  d u a ls  o f X,X , th e n  th e  t r i p l e  . n n
( (X ',X) ,11 (X^,Xn ) , (RX , RX ) ) i s  s a id  to  be a d i s c r e t e  d u a l 

c n -a p p ro x im a tio n  i f  t h e r e  h o ld s  ( c f . [ 1 1 ] ) :

Y  Y  »
( i)  (X,nxn ,R ) ,(X ',IIX ^ ,R  ) a re  d i s c r e t e  c n -a p p ro x im a tio n s ,

(2 .2 )
( i i )  i f u  EX , f  e x ' ,  n E H ’ c N , and u € X, f  € X’ a re  such n n n n

t h a t  s -lirr i  u =Xu , n Xs -’ l inm v l f  = f , th enn n<f ,u  > -► < f ,u > . 

F or seq u en ces  f n EX^, czlN, we can  d e f in e  a d i s c r e t e

weak co n v erg en ce  to  an e lem en t f € X1 a s  fo llo w s :

w-lim__. f  = f  ♦♦ <f ,u  > -> < f,u >  f o r  a l l  uE X  and a l l  X’ n n n
seq u en ces  ( ^ J ^ , /  un €X n , n € N ’ , such  t h a t  s - l i i r ^  un  = u . 

/  f
I t  i s  o b v io u s  t h a t  in  c a s e  o f  d i s c r e t e  d u a l c n -a p p ro x im a tio n s  

in v o lv in g  r e f l e x i v e  Banach sp aces  we may l ik e w is e  d e f in e  a 

d i s c r e t e  weak co n v erg en ce  o f  seq u en ces  (u
n ) ^ i  r u

n  € x
n / 

t o  an e le m en t u E X .

F o r s u b s e ts  G cX  , n E N , we in tro d u c e  th e  fo llo w in g  l i m i t  n n
s e t s
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s-Lim  i n f  X G n = {uEX '1 n3 (u ̂ )Mn,u  nEX  ,nEXN n: s - l im v u = u } , 

s-Lim  supX„ Gn„ = {u€X 1I  3 (u n kINT l ,u  n EX n ,n € ^ ’c h  : s - l im Xv  un = u} .

O b v io u sly , s-L im  supx  Gn  c  s-L im  i n f x  Gn - I f  e q u a l i ty  h o ld s ,  th e  

common l i m i t  s e t  w i l l  be d en o ted  by s-L im x  Gn < In  d i s c r e t e  d u a l 

c n -a p p ro x im a tio n s  o f  r e f l e x i v e  Banach sp a ce s  we can  a n a lo g o u s ly  

d e f in e  th e  s e t s  w -L im supx Gn , w-Lim i n f x  GR  and w-Limx  Gn - I t  i s  

c l e a r  t h a t  in  g e n e ra l  s-L im  in f  GR  cw -Lim  sup x  Gn . I f  b o th  s e t s  

c o in c id e  we w i l l  d e n o te  th e  common l i m i t  by Limx  G^.

So f a r  we have n o t  ta k e n  c a re  o f a p o s s ib le  l a t t i c e  s t r u c tu r e
Y on X r e s p .  Xn , nE |N . Now, i f  (X,HXn ,R ) i s  a d i s c r e t e  c n -a p p ro x i-  

m ation  o f Banach sp a ce s  and v e c to r  l a t t i c e s  X,Xn , nE |N , th e  

d i s c r e t e  s t ro n g  co n vergen ce  w i l l  be  c a l l e d  o rd e r  p re s e rv in g  i f  

f o r  a l l  u EX and a l l  sequences  (^n )^ t  / uR EXn , t h e r e

h o ld s

s - l im x  un  = u =» s - l i n ^  un  = u + . (2 .3 )

I t  fo llo w s  im m ed ia te ly  from  th e  l i n e a r i t y  o f  d i s c r e t e  s tro n g  

convergence  t h a t ,  i f  (2 .3 ) i s  s a t i s f i e d ,  th e n  we have d i s c r e t e  

s tro n g  con verg en ce  o f a l l  b a s ic  l a t t i c e  o p e r a t io n s .

A n e c e s s a ry  c o n d it io n  f o r  o rd e r  p re s e rv in g  d i s c r e t e  s tro n g  

convergence  can be g iv e n  in  te rm s o f  th e  r e s t r i c t i o n  o p e r a to r s  
Y

Rn ( c f - [ 9 ;  L e m m a  2 .3 ] ) :

LEMMA 2 .1 . I f  th e  d i s c r e t e  s tro n g  convergence  in  a d i s c r e t e
Y c n -a p p ro x im a tio n  (X,IIXn ,R ) i s  o rd e r  p re s e rv in g  th e n

H + HX *  °» u € X . (2-4)
XX XX Zkn

I f  Xn , nE  IN , a r e  Banach l a t t i c e s  th e n  a ls o  th e  c o n v e rse  h o ld s  

t r u e .
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For discrete cn-approximations satisfying (2.4) we have the 

following approximation property for the positive cone X+ resp.

• + 
closedness result for the positive cones (Xn ) which generate 

*
the order duals Xn  (cf.(9; Lemma 2.4]):

V
LEMMA 2.2. Let (X,IlXn ,R ) be a discrete cn-approximation with 

V
(Rn )^ satisfying (2.4) . Then there holds

(i) X+ c s-Lim infv X* , A. n

(ii) w-Limsup , (X')+ a: (X')+ . 
A XI

Under the stronger assumption of order preserving discrete strong 

convergence we can prove strong convergence of positive cones and 

order intervals (cf.[9; Lemma 2.4]):

y
LEMMA 2.3. Let (X,IlXn ,R ) be a discrete cn-approximation with 

order preserving discrete strong convergence. Then there holds

(i) s-Lim^ X* = X+ ,

(ii) If u,v € X, u £ v and u .v € X . n€H' ch, such that n n n

s-lim^ u
n  = u, s-lim^ vn = v, then 

s-Lim^ [un ,vn ] = [u,v].

Using the concept of order preserving discrete convergence 

developed so far, in the remaining part of this section we will 

construct suitable discrete approximations of the spaces involved 

in the definition of the system (1.la),(1.1b) of quasi-variational 

inequalities. We will assume that (H,IIHn ,R ) is a discrete cn- 

-approximation of separable order complete real Hilbert lattices 

with order preserving discrete strong convergence and that
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( (V ',V ),H (V ^,V n ) , (RV  ,RV ) ) i s  a d i s c r e t e  d u a l c n -a p p ro x im a tio n  o f  

r e f l e x i v e ,  s e p a ra b le  r e a l  Banach sp aces  V,Vn , n6 |N , w ith  (R^)^ 

s a t i s f y i n g  (2 .1 ) ( iv )  , such  t h a t  Vc^ HC_> V  , v
n <—> th e

em beddings H
n  b e in g  d i s c r e t e l y  com pact. T h is  means t h a t ,  

g iv en  a bounded sequence  (un ) ^ /  UR  G n E N , f o r  each  subsequence  

IM' a|SI th e r e  e x i s t  a n o th e r  subsequence  and an u € H such

t h a t  s - l im ^  un  = u . In  p a r t i c u l a r ,  a s  a consequence o f t h a t  d i s c r e t e  . 

com pactness we have [

w - l in ^  un  = u s - l i i r ^  un  = u . (2 .5 )

We f u r t h e r  suppose V,Vn  to  be v e c to r  l a t t i c e s  w ith  r e s p e c t  to  

th e  o rd e r in g s  in d u ced  by th o se  on H,Hn . We assume th e  r e s t r i c t i o n  

o p e ra to r s  R^ to  be o r d e r  p re s e rv in g  and to  s a t i s f y  (2 .4 ) , th e  

p o s i t i v e  cones V+ ,V^ h av in g  nonvo id  i n t e r i o r  and th e  norms || • IIv  

b e in g  such  t h a t

K U  £ >uJv  - un eVn • (2 -6) 'n n

M oreover, we suppose E c H  and E
n cH n , n £ N , to  be M-normed '

Banach l a t t i c e s  w ith  o rd e r  u n i t s  e r e s p .  en  th e  o rd e r  r e l a t i o n s  

ind u ced  by th o se  on H,Hn , such t h a t  (E,IIEn ,R ) i s  a d i s c r e t e  

c n -a p p ro x im a tio n  w ith  o r d e r  p r e s e r v in g  d i s c r e t e  s tro n g  convergence
Eand s - l in u£,* e„n = e ,  (Rn )JMN f u l f i l l i n g  ( 2 . 1 ) ( i v ) .  We assume t h a t  

E r e s p .  ER  i s  c o n tin u o u s ly  embedded in  H r e s p .  Hn , th e  em beddings 

EQ  H, E
n <— n € N , b e in g  d i s c r e t e l y  s t r o n g ly  c o n v e rg e n t, i . e .  

s-lim ^, un  = u im p lie s  s - l i n ^  un  = u , and we f u r t h e r  assume 

R* (V n E) c  Vn  n En , R^(v n E) c  Vn  n En , n G N, v  n E and Vn  0 ER  

h av in g  nonvoid  i n t e r i o r .  F i n a l l y ,  we r e q u i r e  (u
n “ e

n ) € v
n  f o r  

each  un  € Vn , th e  m appings un -► <u
n “ e

n ) + b e in g  bounded on bounded
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s e t s  o f V . n
A lth oug h , in  g e n e ra l  we can n o t e x p e c t o rd e r  p re s e rv in g  d i s c r e t e  

s tro n g  converg en ce  in  (V,IIVn ,RV ) , s in c e  I • H v  a r e  n o t  l a t t i c e  
n

norm s, we have ( c f . [9 ;T h m .3 .1 ] ) :

THEOREM 2 .4 , L e t (H,HHn ,RH ) and ( (V1 ,V ),n (V ^ ,V  ) , (RV *,RV ) ) be

g iv e n  a s  above . Then th e  d i s c r e t e  weak convergence  o f sequences  
u n e V n ' C N, i s  o rd e r  p r e s e r v in g  and L in^  V* = V+ .

3 . D is c re te  s tro n g  co n vergence  o f  maximum s o lu t io n s

We w i l l  now c o n s t r u c t  a p p ro x im a tin g  system s o f q u a s i - v a r i a t i o n a l

i n e q u a l i t i e s .  To do so l e t  A  ̂ : V V ’ n 1 £ v £ m, be l i n e a rn n n
m onotone o p e r a to r s  s a t i s f y i n g

< A nu n '^ u n - c e n» + >  2  £ V n <3 - 1 ’

f o r  a l l  c € R + . We assum e A^ to  be u n ifo rm ly  c o e rc iv e  in  th e  

se n se  t h a t  th e r e  e x i s t s  yC R+ such t h a t  f o r  a l l  X e R+

< A n t ln ' u n >  +  ^ U IJ H 2  ^ u J v  '  u n e v n '  1 ^ ’»' <3 - 2 »
n n

and we r e q u i r e  s t a b i l i t y  o f  th e  seq u en ces  i . e .

sup ¡A^O < H v S m .  (3 .3 )
nGN n

M oreover, we suppose M^, n £ h r  1 S v < m, to  be o rd e r  p re s e rv in g  

concave o p e r a to r s  M̂  ; ■* Hn  s a t i s f y i n g  Mn ^ Vn n E n^m  ̂ c V n n E n '

M^(0) > 0 and

Mn (u n + r e n) = Mn ( u n ^ + r e n ' u n €  (V n n E n ) m  ( 3 ’ 4 )

f o r  a l l  r € R + , w here E™ = (e , . . . , e )  i s  th e  o rd e r  u n i t  in  E™. n n n n
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Then, g iv en  f u n c t io n s  : [0 ,T ] -*E*, n € |N , 1 v < m, w ith

bounded v a r i a t i o n  and i n i t i a l  d a ta  u° £ (V n E + )m , n € f j ,  f u n c t io n s  n n n
un : [ 0 , T ] ^ ,  un = ( u ^ , . . . , u ^ )  a re  sou gh t s a t i s f y i n g

u
n ( t)  e  V̂ n n  E n^m '  6  (V i / '  t G  < ° 'T ) '  u n t 0 )  = u n a n d  t h e  

system  o f  q u a s i - v a r i a t i o n a l  i n e q u a l i t i e s

u ^ ( t )  i  ^ ^ n ^ ^  (3 .5 a)

^ » t ^ ^ u ^ H v W ^  .  < f > ' V n - u n<t>)H n  <3 ’ 5 b >

f o r  a l l  v^ i  (un (t ) ) ,  t  G (0 ,T ) , 1 5  v i  m.

C le a r ly ,  we w ant th e  system  ( 3 .5 a ) , ( 3 . 5b) to  ap p ro x im ate  ( 1 .1 a ) ,  

(1 .1 b ) .  To a s s u re  t h i s  we r e q u i r e  d i s c r e t e  convergence  o f th e  

d a ta ,  i . e .

s-lim ^, f ^ ( t )  = u n ifo rm ly  in  t G [ 0 , T ] ,  1 i  v £ m (3 .6 a)

s - l im  m u° = u ° .  
Em  n

(3 .6b)

C oncern ing  th e  o p e ra to r s  AV ,A ^, 1 S v £ m, we assum e c o n s is te n c y  

o f th e  p a i r s  Av ,(A ^ k . and Av I , (AV I )M where D(AV ) = 
n  lD(AV ) n ’D(A^)

= {uEV O E* |A v u C V n E } , D(A^) d e f in e d  c o r re s p o n d in g ly :  For 

each  uE V  ( re s p .  uE D (A v )) t h e r e  e x i s t s  a sequence  ( ^ J ^ z  

un €Vn , nE H  ( re s p .  u ^ D i A ^ ) ,  n  G such t h a t  s-lim ^. UR  = u 

and s - l im ..,  A^u = Av u ( re s p .  s - l in u , u = u and s - l im ^  A% = AVu) .

In  p a r t i c u l a r ,  i t  fo llo w s  from  o u r a ssu m p tio n s  and [1 3 ;1 .2 ( 6 ) ]  

t h a t  (A^)^ co n v e rg es  d i s c r e t e l y  s tr o n g ly  to  Av  w ith  r e s p e c t  to  

( (V*,V),H(V’n ,Vn ) , (RV  ,RV ) ) ,  i . e .  f o r  uGV and sequ ences  o f  

e le m en ts  u „ G V ,  n E N , such  t h a t  s - l im ., u = u we have n n v n
s - l im ^ , A^un  = Av u . M oreover, i t  fo llo w s  from  [11] t h a t  th e
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p a i r s  AV , ( A ^ N a r e  a “P s e u d o m o n o t o n e  i n  th e  fo llo w in g  se n se :

For any sequence  <u
n )^» r un  € Vn , n e ^ , c lN '  and u 6 V w ith  

w -lim ^ un  = u and a l l  sequ en ces (wn ) ^ ,  , WR  6 VR , n e iN ',  w ith  

s - l i n ^  wn  = u such t h a t

lim  sup <A^u , U —w > £ 0
nGN1 n n n n

th e r e  h o ld s

<AVu f u-v> £ lim  in f  <A~u ,u  -v  > 
neN' n n  n n

f o r  a l l  v € V  and a l l  seq u en ces  ( v ^ ^ , , v n ^ V n ' n £ N ',  w ith  

s - l i m V V n = v ’
We f u r t h e r  r e q u i r e  th e  p a i r s  (A^)^ to  con v erg e  d i s c r e t e l y  

w eakly to  Av  w h ile  th e  p a i r s  Mv , 1 “ v  = m '  a r e  s u PPo s e d

to  be b o th  d i s c r e t e l y  w eakly  and s t r o n g ly  c o n v e rg e n t w ith  

r e s p e c t  to  ( (W ,V) ,H ( V ^ ,^ )  , (RV  ,RV ) a s  w e ll  a s  d i s c r e t e l y  
p

s tr o n g ly  c o n v e rg e n t in  (E r IIEn ,R ) s a t i s f y i n g  a d d i t io n a l ly

(R ^ u )  > R^MV ( u ) , 1 < v < m  (3 .7 )
n n n

where R ^ u  = (R^u1 , . . .  ,R^um ) . 
n n n

The m ain r e s u l t  o f  t h i s  p a p e r  i s  to  p rove  th e  e x is te n c e  o f 

n o n l in e a r  c o n t r a c t io n  sem igroups S ( t )  : (E+ ) m -> (E+ ) m , 

Sn ( t)  ! ^ n ^ '  n e t J '  t £ R + = [ 0 ," )  w hich d e f in e  in  a

g e n e ra l iz e d  se n se  th e  maximal s o lu t io n s  to  ( 1 . 1 a ) , ( 1 . 1b) r e s p .  

( 3 .5 a ) , (3 .5 b ) and to  e s t a b l i s h  d i s c r e t e  s tro n g  conv ergen ce

Sn ( t)  •* S ( t)  u n ifo rm ly  in  t e  [ 0 ,T ] .  F o r t h i s  p u rp o se  l e t  

g v  € i n t  E+
r g^ £ E*, n e 1 < v < m, X € K+ and c o n s id e r  th e  

fo llo w in g  system  o f s t a t io n a r y  q u a s i - v a r i a t i o n a l  i n e q u a l i t i e s
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u \ v n E + , uV £ MV (u) (3 .8 a )

<AV , VW >  > À’ 1 ( g ^ u ^ v ^ - u ^ ) v v  £ Mv  (u) (3 .8b )

r e s p .  i t s  d i s c r e t e  c o u n te r p a r t s

n n n uv  < n MV (u ) n n (3 .9 a)

V V V<A^U n n n n
2 A’ 1 . V V V V. V . „V , .

« V B ' Y V H '  V n “ W  ’ 
n

(3 .9b)

We a s s o c i a te  w ith  ( 3 .8 a ) , (3 .8b) r e s p .  ( 3 .9 a ) , ( 3 .9b) th e  
s e l e c t i o n  maps S : (V n E+ ) m  + 2 iV  n  E  * r e s p .  SR  : (Vn  n E^)m  * 

■* 2 V̂ n  n  E r ) w hich a s s ig n  to  u € (V n E + ) m r e s p .  u G (V DE*)m  
n n n

th e  s e t  o f s o lu t io n s  S(u) r e sp . Sn (un ) of th e  system  o f

v a r i a t i o n a l  i n e q u a l i t i e s

wV € V 0 E, wv  S MV (u)

<Av wv , v W >  > A’ 1 (gV- W\ v W ) H , v V S MV (u) 

(3 .10a)

(3 .10b)

r e s p .  i t s  d i s c r e t e  c o u n te r p a r t s .  C le a r ly ,  uE  (V 0 E + ) m  r e s p .  

u^E  tVn HE^)m  i s  a s o lu t io n  t o  ( 3 .8a) , ( 3 .8b) r e s p .  ( 3 .9 a ) ,  

(3 .9b) i f f  u C S (u )  r e s p .  u
n

e s
n (u

n )«

I t  fo llo w s  from  th e  a ssu m p tio n s  t h a t  ( 3 .1 0 a ) ,( 3 .1  Ob) and th e  

d i s c r e t e  c o u n te r p a r t s  a re  u n iq u e ly  s o lv a b le ,  i . e .  S and Sn  a re  

s in g le - v a lu e d .

The f i r s t  s te p  w i l l  be to  p rove  t h a t  th e r e  e x i s t  maximal 

s o lu t io n s  to  ( 3 .8 a ) , (3 .8b ) r e s p .  ( 3 .9 a ) , ( 3 . 9 b ) . Based on o u r 

a ssu m p tio n s  on A^ th e r e  h o ld s  ( c f . [ 1 ;  Lemme 1])

LEMMA 3 .1 . For each  v = 1 

a re  m -T -a c c re tiv e .

,m th e  o p e ra to r s  Av  I , n E N , n lD ( A ^)
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As an im m ediate consequence  o f  Theorem 3.1 we have t h a t  th e  

e q u a tio n s

( I n + X A > n  = <  V =  1 ..........m

adm it un ique  s o lu t io n s  u v  € V DE , nG|N. I t  fo llo w s  from  th e  n n n
com parison  theorem  f o r  v a r i a t i o n a l  i n e q u a l i t i e s  t h a t  uR  =

= i s  a  s u p e r s o lu t io n  t o  ( 3 .9 a ) , ( 3 .9 b ) . On th e

o th e r  hand , i t  i s  o b v io u s  t h a t  u = ( 0 , . . . , 0 )  i s  a s u b s o lu t io n .-n
S in ce  th e  s e l e c t i o n  map Sn  i s  i n c r e a s in g ,  th e  K n a s te r -  

-K a n to ro v ic h -B irk h o f f  f ix e d  p o in t  theo rem  ( c f . [ 12 ] ,  [ 15 ]) im p lie s  

t h a t  th e  s o lu t io n  s e t  o f  ( 3 .9 a ) , ( 3 .9b) i s  nonvoid  and p o s s e s s e s  

a minimum and a maximum e le m e n t.

N ex t, we d e f in e  th e  c lo s e d ,  convex s e t s

Kn ‘X ” n ) = { u n e  ( v n n < > "  । * (3 .12)

X’ 1 v n £ V n '

vV £ u \  u^ £ MV (u_) , 1 £ v £ m} n n n n n

w hich can  be c o n s id e re d  a s  th e  s e t s  o f  s u b s o lu t io n s  to  ( 3 .9 a ) ,  

( 3 .9 b ) .  To be more p r e c i s e ,  we have

THEOREM 3 .2 . The maximum s o lu t io n  un  C (v
n

n E n^m  o f  ( 3 .9 a ) ,  

(3 .9b ) i s  th e  maximum e lem en t J ^ (g n ) o f  th e  s e t  K n ^ ? g n ) '

P ro o f . C hoosing vn  £ un  in  (3 .9 b ) i t  i s  c l e a r  t h a t  u
n

e K
n (^?9n )* 

On th e  o th e r  h an d , i f  w
n €K n (X;gn ) th e n  we may ta k e  v^ = 

= u ^ - ( w W - c e J + , 1 S v S m , c € in  (3 .1 2 ) and we g e t  n n n n

whence w S u  , s in c e  c € R+ can  be cho sen  a r b i t r a r i l y  n n
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We w i l l  now show t h a t  th e  system  ( 3 .7 a ) , ( 3 . 7b) p o s s e s s e s  a 

maximum s o lu t io n  w hich i s  th e  maximum e lem en t j \ g )  o f th e  

s e t  K(A;g) d e f in e d  in  th e  same way a s  th e  s e t s  For

t h i s  p u rp o se  we f i r s t  p rove

THEOREM 3 .3 . Suppose t h a t  s - l im ^  g^ -  gV ,

u C (V DE+ ) m , n € N , such  t h a t  s-lim _ 7 uV n n n v n

1 i  v i  m, and uE  (VO E+ ) m ,

u v , 1 S v i  m. Then th e

sequence (Sn (un ) ) ^  i s  d i s c r e t e l y  com pact and s - l im  Sn‘un>
= S(u)

P ro o f . In  view  o f (3 .2 ) i t  fo llo w s  t h a t  w n ” S n^u n ^ ' nG N ,

i s  bounded and h en ce , by [ 1 1 ;1 .( 7 ) ]  th e r e  e x i s t  a wEV and a 

subsequence  N’ cN  such t h a t  w -lim ^ w
n  = w (n E H 1 ) .  L e t K(u) -

= {v e v"1 | v V SMV (u ) ,  l^v im ) and K
n <u

n ) d e f in e d  a n a lo g o u s ly . S ince  

s - l i im , MV (u ) -  MV(u) , 1iv^m , we have Lim K (u ) = K(u) and th u sv n n * m n n
w €K (u) b e c au se  o f w EK ( u ) . O n  th e  o th e r  hand , f o r  each n n n
vG K (u) th e r e  e x i s t s  i ^ ) ^ ,  vn eK n (un ) ,  w ith  s - l i m ^  VR  = v .

M oreover, t h e r e  e x i s t s  (z n )Nh t , z n €K n (u n ) ,  n E N f such t h a t  

s - l in L 7 zv  = wV , 1 v i  m. Then

lim  
nGN*

<A-  V w V ,w V - z  V : n n n n 0,

and th e  a -p se u d o m o n o to n ic ity  o f AV ,(A ^ )^  g iv e s

<Av wv ,wv - v v > < lim  i n f  <A%V ,w ^-v v >- n G t l . n n n n

S A- 1 (gv -wv ,wv -v v ) H , v € K ( u ) .

(3 .13)

A gain , by th e  com parison  theorem  f o r  v a r i a t i o n a l  i n e q u a l i t i e s  u^ 

i s  a s u p e r s o lu t io n  to  ( 3 .1 0 a ) , ( 3 . 1 0b) and h en ce , u s in g  th e  T- 

- c o n t r a c t iv e n e s s  o f  (I +AAV ) we co n c lu d e  t h a t  0 < w~ i  n n n
£ II^ IIE e

n ' 1 v < m. T aking ad v an tag e  o f Lemma 2 .3  ( i i )  we th e n  
n

g e t  0 s wv  < ||g v ||E e whence wV €VDE+ . S in ce  wEK(u) and w s a t i s f i e s
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(3 .13 ) we m ust have w -  S(u) • F i n a l l y ,  i t  fo llo w s  from  (3 .2 ) t h a t

n

th e  r ig h t -h a n d  s id e  c o n v e rg in g  to  z e ro  a s  n w hich y ie ld s  

s - l im ^  w^ = wv , 1 i  v S m.

THEOREM 3 .4 . I f  s - l im E  g^ = g V , 1 < v < m , th e n

= K (A ;g ).

P ro o f , L e t un  € Kn ^ ; g n) ' n  e  and u  e  such  t h a t  w - l in ^  =

= u V , 1 £ v S m. Then w - l im ^  ( I n +AA^)u^ = d + ^A V i u V '  w -lim ^ M^(UR ) = 

= Mv (u) and i t  fo llo w s  from  Lemma 2 . 2 ( i i )  and Theorem 2 .4  t h a t  

(I+AAV )u v  £ g \  u V £MV (u )f  H v i m .  As in  th e  p ro o f  o f  Theorem 3 .3  

we deduce t h a t  u € (V 0 E+ ) m  whence u € K(A;g) . We have th u s  shown

w-Lim sup K (A;g ) c  K(A;g) . To p ro v e  K(A ;g) c  s-L im  i n f  K (A ;g  ) 
— —1(1 11  11  * * All 11 11

we rem ark t h a t  K(A;g) =K ^(A ;g) nK^(Mv ) and = 

= ^ ^ ^ n 1 ^ ^ ^ n ^  w h e r e  K1 (A;g) = { u £ (V n E + ) m | (I+AAV )u V < gV ,

1 < v < m}, K2 (MV ) = {u€(V n E+ ) m  | uV <Mv (u) , 1 S v < m} and (A jg J  , 

K2 (M^) d e f in e d  c o r re s p o n d in g ly . Now, i f  u € K ^ (A ;g ) s e t  h^ = 

= RE ( ( I +AAV ) UV ) A g^, n € N , 1 £ v < m. T here  e x i s t s  un  £ (v
n

n E n ) m  

such t h a t  ( I n +AA^)u^ = h ^ , 1 i  v £ m. B ut s - l i m ^  h^ = g V and th u s

i t  fo llo w s  from  (13 ; 1 .3  (2 )]  t h a t  s - l im y  u^ = u v . On th e  o th e r  hand , 
y

ta k in g  a d v a n ta g e  o f  (3 .7 ) and th e  f a c t  t h a t  RR  i s  o rd e r  p re s e rv in g  

we have K2 (MV ) c s -L im  i n f K 2 (M^). S in ce  K(A;g) h as  nonvoid  

i n t e r i o r ,  i t  i s  th e n  ea sy  t o  draw th e  c o n c lu s io n .

D eno ting  by J* (g )  th e  maximum e lem en t o f  K (X ;g ), in  view  o f

Theorem 2 .4  i t  fo llo w s  from  th e  p re c e d in g  r e s u l t  t h a t

w -lim  „  
V111

J ^ ^ n ^  = a t  l e a s t  f o r  a su bsequ ence  N* C N. M oreover,
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th e r e  e x i s t s  (v n kNT , vn  n (X;g n ) ,'   n E N , sjunc h  ] t h a t  s - l im  „  v 

= (g) and we

J n ( 9n’

may a g a in  u se  (3 .2 ) to  deduce t h a t  th en

= ( g ) . Now, by Theorem 3 .2  we have s
n (J n ^ n ^  =

= w h ile Theorem 3 .3  t e l l s  us s - l im  m  s
n i J n ^ n ^  =

A Awhence J  (g) = S (J  ( g ) ) .  O v io u s ly , any s o lu t io n  to  ( 3 .8 a ) , { 3 .8b)

i s  an e lem en t o f K(A;g) and th u s  we have shown

COROLLARY 3 .5 . The maximum e lem en t (g) o f K(A;g) i s  th e  

maximum s o lu t io n  o f th e  system  o f q u a s i - v a r i a t i o n a l  i n e q u a l i t i e s  

( 3 .8 a ) , ( 3 .8 b ) .

Now, f o r  A E R+ l e t  us d e n o te  by and J ^ ,  n E N , th e  o p e ra to r s  

which a s s ig n  to  g E ( i n t  E+ ) m  r e s p .  gn  E (En ) m t h e  maximum e lem en ts  

j \ g )  o f  K(A;g) r e s p .  J ^ (g n ) o f  Kn ^ ' g n) * O u r  f ^ r s t  r e s u l t  i s

THEOREM 3 .6 .  For each  nE N  ( j \ r D + i s  a  fa m ily  o f  T - c o n tr a c t iv e  
— n A tjx
r e s o lv e n t  o p e ra to r s  = (E^)m -»- (E^)m .

P ro o f . U sing s ta n d a rd  p e n a l i z a t io n  te c h n iq u e s  f o r  q u a s i - v a r i a t i o n a l  

i n e q u a l i t i e s  we w i l l  show t h a t  i s  th e  l i m i t  o f a sequence o f 
T - c o n tr a c t iv e  r e s o lv e n t  o p e ra to r s  ( J ^ 'G) r t ,+ . We d e f in e  

n e m
An  : (V n E)m ^ E m  by UR  6 D(AR ) i f f  u^ E D(A^) , 1 < v i  m. AR  i s  m-T- 

- a c c r e t i v e ,  s in c e  so a re  th e  o p e ra to r s  A^. We f u r t h e r  d e f in e  

p e n a l i z a t io n  o p e ra to r s  P ^ : E n ^ E m , EER+ , by (p nu n ^ = e " ^ u n - M n û n ^  * 

1 i  v i  m. S in ce  th e  o p e ra to r s  commute w ith  t r a n s l a t i o n s  by a 

p o s i t i v e  c o n s ta n t  ( c f . ( 3 .4 ) )  and a re  o rd e r  p r e s e r v in g ,  i t  i s  e a s i l y  

shown t h a t  th e y  a re  T - c o n tr a c t iv e  ( c f .  [6 ; P ro p . 2]) and th e n  we 

may u se  [1 ; Lemme 2] to  deduce t h a t  th e  p e n a l i z a t io n  o p e r a to r s  

p£ a re  T - a c c r e t iv e  and L ip s c h i tz ia n  w ith  L ip s c h i tz  c o n s ta n t  2E- ^ .

As a sum o f an m -T -a c c re tiv e  and a T - a c c r e t iv e  L ip s c h i tz ia n
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o p e ra to r  th e  o p e r a to r s  CE = An +P^ a re  m -T -a c c re tiv e  and h en ce ,

th e  r e s o lv e n t  o p e ra to r s  J n '  = a re  T - c o n t r a c t iv e .  Now,

l e t  (g ^ ' e )£££+ F 1 5 v £ m, be m onotonely  d e c re a s in g  f a m i l i e s  o f  

e lem en t g ^ , e eE ^ such  t h a t  g ~ 'E ->g~ (E -> 0) in  E . S e t t in g  n n n n n
u^ = J ^ , e (g^) and u s in g  th e  c o e rc iv e n e s s  and p seu d o m o n o to n ic ity  

o f th e  o p e ra to r s  A^, i t  fo llo w s  t h a t  th e r e  e x i s t s  an e lem en t 

un  € KR  U ;g n ) such  t h a t  u ^ ' e  —* ( E 0) , 1 $ v $m , in  ( c f .
X v k[1 ; P r o p .1 ] ) .  To p rove  un  = J n (gn ) w e  r e c u r s iv e ly  d e f in e  un ' ,

k = 0,1 , . . . ,  by

v , o
u n XAnV n’ '

0 = gn
V, £ 

u n ' k  +  = < £ '  k £ 1 -

I t  can  be shown by a s l i g h t  m o d if ic a t io n  o f  th e  p ro o f  in  [9 ; 
v kThm .3.8] t h a t  (uR '  co n v erg es  m onotonely  d e c re a s in g ly  to  

u ^ ' £  and t h a t  f o r  any wn €Kn (X;gn ) we have w ^ u ^ '^ .  C o n se q u e n tly , 

w^ £ u ? e  y i e ld in g  w~ < u^ and th u s  u -  (g ) .n n J  n n n n n

We a r e  now in  a p o s i t i o n  to  draw th e  c o rre sp o n d in g  c o n c lu s io n s  

f o r  th e  fa m ily  and to  e s t a b l i s h  s tro n g  co nv erg en ce  o f  

J n t o

THEOREM 3 .7 . I f  s - l i n ^  g^ = gv .

and ( J À ) x e R + i s  a fa m ily  o f  T - c o n t r a c t iv e  r e s o lv e n t  o p e ra to r s

J A : (E+ ) m * (E+ ) m .

P ro o f . L e t Ce  = A+Pe  w here th e  o p e ra to r s  A : (V n E )m *E® and

P £ : Em Em , e E R + , a re  d e f in e d  a s  in  th e  p ro o f  o f  Theorem 3 .6 .

M oreover, l e t be a m onotonely  d e c re a s in g  fa m ily  o f  

e le m en ts  g e  e (E+ ) m  w ith  gv , e  •* gV ( E * 0) , 1 £ v S m, in  E and
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a n a lo g o u s ly  choose g £ € (E*)m , n £ |N , such t h a t

in  En  and s - l im E  g ^ / £  = gv ' e
f 1 i  v Sm. Due to  ■* Mv  and th e  f a c t  t h a t  

Eth e  d i s c r e t e  s tro n g  co nv erg en ce  in  (E,HEn ,R ) i s  o rd e r  p r e s e rv in g  

we have Pn
£ -*P£ . C o n se q u e n tly , th e  p a i r  C£ I ,, (C£  I „ k Te l D(AV ) m  n 'D(A^)m ^

i s  c o n s i s t e n t  and s in c e  C£ l can be e a s i l y
¡D(AV ) m

shown to  be m -T -a c c re tiv e , we may ap p ly  [1 3 ;1 .3  (3 )] to  deduce
t h a t  s - l im  m  J ^ ^ n 1 = u £ w here u £ = J Ä ' £ (g £ ) = (I+XC£ ) " 1 g £ . Then

£ E
(u ) i s  a m onotonely  d e c re a s in g  fam ily  o f e lem en ts  in  an 

M-normed Banach l a t t i c e  w ith  o rd e r  u n i t  and h en ce , th e r e  e x i s t s  

u £  (E+ ) m  such t h a t  u £ ->u ( E ->0) in  Em . U sing th e  u n ifo rm ity  o f 

d i s c r e t e  s tro n g  co n v e rg e n c e , f o r  a s u i t a b ly  chosen  n u l l  sequence 
+ ’ e n £ A ' e n En

( E n>N' e n e P  '  n € N '  w e  h a v e  u n = u ' u n = J n t g n > '
£ 
E X  Xw h ile  Theorem 3 .4  y i e l d s  w -lim  u n  = J  (g) whence u = J  (g) . yin n

I t  fo llo w s  from  Theorems 3 .6  and 3 .7  t h a t  th e  o p e r a to r s  C and CR , 

n e  IN, d e f in e d  by t h e i r  g rap h s

C = U . { ? ( g l , X ’ ’ (g -J A (g ))  I g e f E 1 ) ” } , 
xep

C n = “ । g n e  <E n ’ m }

Ac. IK

a re  a c c r e t i v e  and clD (C )cR (I+ X C ) = E+ , c l  D (Cn ) c  R d n
+ ^c

n ) = E*, 

l e |R + . Then th e  C r a n d a l l -L ig g e t t  g e n e ra tio n  theorem  [5 ; T h m .III]  

im p lie s  t h a t  -C and -Cn  g e n e ra te  n o n l in e a r  c o n t r a c t io n  sem igroups 

S ( t)  : (E+ ) m -* (E+ ) m  r e s p .  Sn ( t)  : (E*)m ^ (E*)"1, which a r e  th e

s o lu t io n  o p e ra to r s  to  th e  e v o lu t io n  e q u a tio n s

u t  ♦ C 3 f  , u (0 ) = u ° e c lD ( C )
( u n > t + Cn 3 f n ' %  (°) = ^  e c l  D (Cn ) .

(3 .1 4 a)

(3 .14b)

F o llo w in g  [1 ; Thm.2] i t  can  be shown t h a t  th e  s o lu t io n  to
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(3.14a) resp. (3.14b) represents the maximum integral solution 

to (1.1a),(1.1b) resp. (3.5a),(3.5b). Since Theorem 3.7 assures 

discrete strong convergence of the generator resolvents, we 

have Sn (t) ->S(t) uniformly on bounded subintervals of R and 

thus discrete strong convergence of the maximum integral solutions 

for appropriately chosen initial data.

A final remark should be due to the solution of the approximating 

systems (3.5a),(3.5b). Discretizing in time by the backward Euler 

scheme, at any time-step we have to solve a stationary system 

of the form (3.9a),(3.9b). Starting from the supersolution 

ujo) =u we can use Bensoussan-Goursat-Lions’ iterative scheme 
n n

= S n^u n^ i “ 1 (c f -i3],[8J) to generate a sequence 

(u^^)^£^ of iterates converging monotonely decreasingly to the 

maximum solution of (3.9a) , (3.9b) . Thus, for each i € N  we must 

solve variational inequalities of type

max[ (In +XA^) =0, 1 < v S m

which in the concrete situation of stochastic switching control 

and approximation by finite difference schemes of positive type 

can be efficiently done using the multigrid techniques developed 

in [10].
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