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Multi-Grid Methods 
for Hamilton-Jacobi-Bellman Equations 

Ronald H.W. Hoppe 
Fachbere ich  M a t h e m a t i k  der Technischen Universit~it Berlin, Strasse des 17. Juni  135, 
D-1000 Berlin 12, Federa l  Republ ic  of G e r m a n y  

Summary. In this paper we develop multi-grid algorithms for the numerical 
solution of Hamilton-Jacobi-Bellman equations. The proposed schemes re- 
sult from a combination of standard multi-grid techniques and the iterative 
methods used by Lions and Mercier in [11]. A convergence result is given 
and the efficiency of the algorithms is illustrated by some numerical exam- 
ples. 

                                                    

1. Introduction 

We study multi-grid techniques for the numerical solution of the Hamilton- 
Jacobi-Bellman (HJB-) equation 

max [AVu(x)-fV(x)]=O, x~(2, (1.1 a) 
l_<v_<m 

u(x)=0, x~F=c~ (1.1b) 

where O is a bounded, smooth domain in Euclidean space Ra, deN,  the f~ are 
given functions from C2(f2), and the A v are second order, uniformly elliptic 
operators of the form d 02 

the coefficients satisfying for all 1 _< v _< m 
v v v 2 - v v aq, bi,c eC (O), aij(x)=a2i(x), 

d 

7xl~[ 2> ~, a~j(x)~i~j>70[~l 2, 
i , j = l  

cV(x)>eo, Xe~ 

- - +  ~=~ b~' ~ + c  * (1.2) 

xeO, 1 < i , j<d  

xe~, {e~a (1.3) 

with constants 71 >--70 >0  and Co=>O. 
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The HJB-equation is often encountered in applications, for example in 
stochastic control the solution of (1.1 a), (1.1b) characterizes the infimum of the 
cost function associated to an optimally controlled stochastic switching process 
without costs for switching (cf. e.g. [1, 5]). The existence, uniqueness and 
regularity of a solution to the HJB-equations have been intensively studied in 
the past years where the best result so far has been established recently by 
Evans in [4] who proved that, under the assumptions made above, (1.1a), 
(1.1b) has a unique solution u e C ( O ) c ~  C2'~ for some 0>0.  In some particu- 
lar cases, namely when m = 2  or d=2,  it is even known that u~C2'~ 
Therefore, with regard to finite difference discretizations with step size h we 
can expect convergence of approximate solutions and at least interior estimates 
for the global discretization error of order O(h~ Some iterative schemes 
combined with finite difference techniques have been developed and numeri- 
cally implemented by P.L. Lions and Mercier in [-11] where, roughly speaking, 
the nonlinear problem (1.1 a), (1.1b) is reduced to a sequence of linear ones and 
the linear systems obtained by discretization are solved using standard tech- 
niques. On the other hand, it is well-known that multi-grid methods provide a 
powerful tool for solving linear or nonlinear elliptic problems (see e.g. the 
survey articles by Trottenberg, Stiiben [13] and Hackbusch [8]). It is the 
purpose of this paper to show how to apply the iterative schemes used in [,11] 
in connection with multi-grid techniques in order to get efficient algorithms for 
the numerical solution of the HJB-equation. 

2. Methods of Successive Approximations for the HJB-Equation 

Let It.~'. = { x  = ( x v l , . . . ,  x~d)lxv, = v ih, v = (v 1 . . . . .  va)eZ a} be a uniform partition of 
1/a with step size h > 0  and define ~2h:=f2c~N ~ with Fh=0f2 h being the set of 
intersection points of F and the grid-lines of N~. We denote by Co(Qh) the 
vector space of grid-functions u h on ( 2 h : = f 2 h W F  h with Uh(X)=O, x e F  h, and by 
[[" lip, l < p < o e ,  the discrete LP-norm on C0(Qh). For each ve{1 . . . . .  m} we then 
choose finite difference approximations A~ of the elliptic operators A v which 
are of positive type, i.e. the corresponding discretization matrix is an irreduc- 
ible, diagonally dominant M-matrix. This can be formally done, since it has 
been shown by Motzkin and Wasow [,12] that each uniformly elliptic operator 
admits such a finite difference approximation. However, it should be noted that 
in practice special care must be taken of the discretization of the mixed second 
order derivatives in (1.2) (a construction of finite difference schemes of positive 
type for uniformly elliptic operators in the plane is given by Bramble and 
Hubbard in [-2]). Denoting by f [ ,  1 < v _< m, the pointwise restriction o f f  v to f2 h 
the discretized HJB-equation takes the form 

max [,A~Uh(X)-- f [ ( x ) ] = O ,  x e O  h, (2.1a) 
l <=v<=m 

Uh(X ) = O, x e F  n. (2.1 b) 
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If we define v0(x), x6f2h, as the index v0(x)~{1 . . . .  ,m} for which the maximum 
is attained in (2.1a) and if we set Ch[Uh]Uh(X)=A~h~ C rU ]tXi--C~otX) JhL hA\ P-- Jh 
then (2.1a) can be formally written as 

Ch [Uh] Uh(X) = fh [Uh] (X), X ~ O h. (2.2) 

The following theorem gives an existence and uniqueness as well as a stability 
result for (2.1a), (2.1b): 

Theorem 2.1. Suppose that A~h are finite difference operators being consistent with 
A v, v = l  . . . .  ,m, such that A~h--2Ih is of  positive type for some 2>0.  Then there 
holds 

(i) The vectorial HJB-equation (2.1a), (2.1b) admits a unique solution 
uh~ C 0 f f 2 J  

(ii) I f  Uh6Co(t2h) resp. Vh6Co(Oh) is the unique solution of  (2.l a), (2.1b) resp. 
the corresponding equation with f~, replaced by g~, then for 1 <p < oo 

Ilu~ - vhll~ <max[[] C h ' [Uh](fh[uh] --gh[Uhl)tl p, 
(2.3) 

I[ c ;  1 [Vh] ( L  [vh] -- gh [Vh])II p]. 
In particular, we have 

IlUh--vhllp<2 -x max Ilfff-g~llp. (2.4) 
1 <--v<--m 

Proof. (i) The unique solvability of (2.1a), (2.1b) has been shown by De- 
lebecque and Quadrat  in I-3; Theorem 3]. 

(ii) (cf. [11; Theorem 7.1].) From (2.1a), (2.2) it follows that 

C~ [u~] (v~ - u~) __< g~ [u~] - L [u~], 

C~[v~] (u~ - v~)__< LEv~]  - gh [v~]. 

Using the fact that Ch[Uh] and Ch[Vhl a r e  of positive type, we get 

--C~l[Uh](gh[Uh]--fh[uh])<--__Uh--Vh <--__C~l[Vh](fh[Vh]--gh[Vh]), (2.5) 

and hence 
[u h - Vhl N max[I C h 1 [Uh](fh[uh ] __ gg[Uh])l ' 

(2.6) 
[ C h L [Vh](fh[Vh ] __ghUVhl)ll ' 

where [Whl = w~ + w~. 
Since the discrete LP-norms [l'llp, l < p < m ,  are lattice norms, (2.3) is a 

direct consequence of (2.6). 
Finally, Ch[Uh]=(Ch[Uh]--2Ih)+2In. But Ch[uh]--2I h is of positive type 

whence C h 1 [Uh] < 2 -  1 lh" Analogously, C# 1 [vh] < 2-1 lh" Using this in (2.5) and 
arguing as before, we arrive at (2.4). 

Setting Vh=Ulr~h and g~=A~(uln,), l < v < m ,  in Theorem2.1,  we get the 
following a-priori estimate for the discretization error: 



242 R.H.W. Hoppe 

Corollary 2.2. Under conditions (1.3) let us assume that u~CZ'~ and let the 
hypotheses of Theorem 2.1 be fulfilled. Then there holds 

Iluh-ul~hllp=O(h ~ (h~O). (2.7) 

We now present two iterative schemes for the numerical solution of the 
discretized HJB-equation which have been proposed in [11] and which will 
serve as the basis for our multi-grid algorithms. The first scheme requires the 
solution of an unilateral variational inequality at each step of the iteration: 

Scheme I 

Step 1. For ~E{1 . . . .  ,m} determine u ~ h,m as the solution of 

A~u~ = f~(x), xef2h, (2.8 a) 

u~ = 0, x ~ .  (2.8b) 

Step 2. For n > l  and l<_v<m, given uh, v_u+v-l,1 N = ( n - i ) m ,  where u Nh,o-uh,,.,- u 
compute u+~ Uh, ~ as the solution of 

v N + v  v N + v  N + v - - 1  - -  max[AhUh, ~ (x)--f;, (X),Uh, v (X)--Uh,~_ 1 (X)]--0, X~f2 h (2.9a) 

uN+~/x~=0, x e F  h. (2.9b) h , v  t ! 

Note that (2.9a), (2.9b) can be interpreted as an obstacle problem for the 
determination of the iterate uh, ~u+" with the obstacle given by its predecessor 

N + v - 1  
U h ,  v - -  1 " 

The second scheme is based upon a linearization of (2.1a) by choosing 
locally that equation for which the maximum is attained: 

Scheme II  

Step 1. Determine u ~ as the solution of (2.8a), (2.8b). 

Step 2. For n > 1, given u~,-1, set 

. 1 f l  if v = v  o (2.10) 
~ -  (x)  = ~0  otherwise L 

where 

v0: =min{v~ {1, ..., m} [A~u" h- l(x) - f ] ( x )  = max [A~u"h- l(x) -- f~(x)]} 
1 _-<tt _-<m 

and then compute u~, as the solution of 

,"~-l(x)[A~u"h(x)--f](x)]=O , XEf2h, (2.11 a) 
v = l  

u"n(x ) =0, x~F  h. (2.11 b) 

Remark 2.3. In practice the problem (2.9a), (2.9b) in Step 2 of Scheme I is 
solved by Step 2 of Scheme 1I for the case of two operators, namely A~ and Ih. 
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Denoting by N h the total number of grid-points in O h, Step 2 of the second 
algorithm requires the solution of a linear system of the form 

C~- 1 [u~,- 1]u~ = fh "-1 [u~,- 1] .  (2.12) 

Here, the i-th row of the (N h, Nh)-matrix C~,-l[u~,-a] resp. the i-th component 
of the vector fh"-a[U~,-1], l<=i<=Nh, are given by the i-th row of the matrix 
corresponding to A~ ~ resp. the i-th component of the vector f~.o. It is clear that 
C~,-l[u~ --1] also is an irreducible, diagonally dominant M-matrix and hence, 

C h [u h j is not (2.11a), (2.11b) is uniquely solvable. Note however, that ,-~ ,-1~ 
necessarily positive definite. 

Convergence results for both iterative schemes have been established in [3] 
resp. [11] : 

Theorem 2.4. Let the assumptions of Theorem 2.1 be satisfied. Then, for all 
.. ~u ~+~ N = ( n - 1 ) m ,  neN,  generated by Scheme I, and v~_{1, .,m} the sequence t h,~ ~, 

the sequence {u~}, n~N, obtained by means of Scheme II, converge monotonely 
decreasingly to the solution of the discretized HJB-equation (2.1a), (2.1b). 

3. Multi-Grid Algorithms 

The proposed algorithms are a suitable combination of standard multi-grid 
techniques applied to the discretized HJB-equation (2.1a), (2.1b) and the iter- 
ative schemes of Sect. 2. Concerning the first scheme, we remark that multi- 
grid methods for variational inequalities have been considered recently by 
Hackbusch and Mittelmann in [9] but in a different context, namely for 
variational inequalities stemming from obstacle problems for minimal surfaces. 

Let f 2 h : = ~ 2 c ~ d ,  k=O, 1 . . . . .  l, be grid-point sets where  {hk}~= 0 is a de- 
creasing sequence of positive real numbers such that 

hk<hk_l<=Chk, l<_k<l (3.1) 

and let A~ be finite difference approximations of positive type consistent with 
A v, v= 1, ...,m. For the fine-to-coarse resp. the coarse-to-fine transfer within the 
multi-grid cycles we define restriction operators 4 - 1 :  Co(f2hk)~Co(f2h~_, ) resp. 
prolongation operators p~+ x : C0(f2h~) ~ C0(f2hk+ ). 

In the multi-grid algorithm we start from an approximation u~ on the 
finest grid f2h, which we choose as a supersolution of the discretized HJB- 
equation with respect to f2h. Such a startvector can be obtained by the 
following nested iteration technique applied to the discretized elliptic bounda- 
ry-value problem (2.8a), (2.8b). For convenience the algorithm is written in 
quasi- ALGOL: 

Nested iteration for generating a startvector 
~A ~ ~- l r~.  rio . -approximat ion  of~ ho, Jho' ho' - -  

for k : =  1 step 1 until l do 
beg in -o  :=p~_ fi~ . Uhk 1 hk-  1 ' 

for j . '= 1 step 1 until #1 do mgm(k, fi~k,f~) 
end nested iteration; 

(3.2) 
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procedure m g m( k, u , f  ) ; 
if  k = 0 then u: = (A~o)- ~f  else 
begin integer j; array v, d; 

for j , =  1 step 1 until i I do u:=GhkU ; 
d : = r 2 - X ( A ~ u - f ) ;  
v: = 0 ;  
for j: = 1  step 1 until #2 do m g m ( k - l , v , d ) ;  
U:=u--pk aV; 
for j : =  1 step 1 until i 2 do u:=GhkU ; 

end. 

(3.3) 

(3.3 a) 

(3.3b) 

Note  that  in the smoothing parts (3.3a), (3.3b) of the linear multi-grid pro- 
cedure mgm(k ,u , f )  the operat ion Gh~u denotes the applicat ion of the relaxation 
step with respect to a chosen smooth ing  method  applied to the equat ion A~hU 
= f with the input u as startvector.  

We now describe an a lgor i thm (nmgm I) based upon  the first i terative 
scheme of Sect. 2: 

Having  determined an iterate u N+~-I l<_v<m, N = ( n - 1 ) m ,  n > l ,  on the h~,v-- 1 ~ 
finest grid 12h,, we obtain  a new iterate Uh,,~N+~ by performing the following multi- 
grid cycle on the variat ional  inequality (2.9a), (2.9b): 

We first apply a certain smoothing procedure  which consists of several 
steps of a suitable iterative scheme, e.g. Gauss-Seidel relaxation, to the linear- 
ized version of (2.9a) obtained from Uh,.~ _N+~-I~ according to Step 2 of Scheme II. 
We thus obtain a smoothed  grid-function ,~u+~ by V'hi. v 

f S + v  __ G i l  r u N +  v -  1-] u N +  v -  1 (3.4) 
hl,v - -  hzL hi ,v - -1  3 h i ,v - -1  

where i 1 is the number  of relaxation steps. Denot ing the defect by 

dS+V_A~ fis+~ h , . ~ -  h, h,.~--fh,, (3.5) 

the defect correction equat ion to be solved on the coarser  grid is given by 

max [A~h,_, u~, +_ ~. ~(x) -- dNh, +_ ~. ~(X), (3.6 a) 

uN+ v ~x~_rt-lfN+vtx~q=O, XEt2h~_I h l - l , V  1- ] l ht,v \ ./d 

u s+~ (x~-0 ,  XEFh, 1 (3.6b) hz- l~vy  I - -  
where 

d N + v  _ _ A v  l - - l ~ n + v  1 A n + v  (3.7) h z _ ~ , v - - . . h ~ _  r! Uhz,v - - r / -  ~h t ,v  " 

We then compute  a corrected iterate Uh,,~-u+~'"~w according to 

fiN+ . . . . . .  fN+~_pl_  ~(r/- t fiN+~ N+~ , (3.8) ht,v - -  hl,v hl,v - - ~ h l - l , V ~ "  

Finally, we obtain a new iterate u N+~ by performing i 2 steps of the smoothing hl,v 
method  applied to the linearized version of (2.9a) on f2h~ with Uh,,~_N+"-lX replaced 
by r,s+ . . . . .  and fiN+ . . . . .  -h~,~ h~,~ as startvector,  i.e. 

UN+ v __ Gi2 Fr,/v + . . . . .  -1 fin+ . . . . .  (3.9) hl,l~ - -  h l k~h l , v  -I hl,v " 
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So far we have descr ibed one cycle of a two-gr id  i teration.  In the mul t i -gr id  
case with 1>2, the solut ion of the defect cor rec t ion  equat ions  on f2h~, k <  l, is 
successively replaced by the technique descr ibed above, using r k fiN+~ k + l  hk+l,V a s  
star tvector ,  unti l  the coarsest  grid f2ho is reached. This means that  in the fine- 
to-coarse  par t  of the cycle the smooth ing  is appl ied  to the l inear equat ion  

C ~ u N + ~  ~ ~ + ~ t , ~  Xef2h~ ' (3.10a) hk hk,v ~Xl=~hk,v k~l ' 

UhU+~(X) = 0, XeFh~ (3.10b) 
where 

and 
C ~ - A  ~ C/N+~r if r k ,4N+~ ~ (x)>O, h k - -  hk' hk,v W'~]--bthk,v [ )~ ~r/~+ l ~ h k + t , v !  

- I  ),N+~r ~ _  k •N+v tx~ if [rk dN+v Chk--  hk, "h~ ,~  , - - r~+l  h . . . . .  ~ ,, ~k+l"h  . . . . .  , (X)<0. 

The  correct ion p rob lem on f2ho can be solved by means of the second i terat ive 
scheme with r~ N+~ h,,~ as s tar tvector .  If the chosen re laxat ion  me thod  is con- 
vergent,  it can also be used as an i terat ive solver on level k = 0. 

Moreover ,  we may  use nested i tera t ion which means that  several  cycles are 
per formed at each level ke{1 . . . . .  l}. 

Final ly,  the mul t i -gr id  i te ra t ion will be te rmina ted  if for all va {1 . . . .  ,m} the 
d i f f e r e n c e  u S + V - h i  N-m+vl  between two successive i terates is less than a hl,v hl,V 
given bound  ~>0.  Hence, the comple te  mul t i -gr id  scheme ( M G S  I) takes the 
form: 

S c h e m e  M G S  I 
u ~ :=fi~ s tar tvector  ob ta ined  by nested i tera t ion;  hl,m hl 
n : = 0 ;  
start n: = n + 1 
N : = ( n - 1 ) * m ;  
for v :=  1 step 1 until m do 
begin f: = fh~ ; 

--U N else N+v- l .  i f v = l  t h e n u : - -  h ~ , , ,  U"=Uh~,~- I , 
for j : =  1 step I until ~c 1 do n m g m  I ( v , l , u , f ) ;  
L/N + v.  __ 

ht,v . - -U;  
end; 
if n = 1 go to start else 

for v: = 1 step 1 until m do d~: = u N-m+~a,,~ _Uh,, ,  ,N+~., 

if  min Nd~l[~>~ then go to start else 
1 <v_<m 

go to end M G S I ;  
end M G S  I. 
procedure n m g m  I(v, k, u , f )  
if  k = 0 then u : =  solut ion of defect correct ion 

equat ion  else 
begin integer j; array v 1, v2, d; 

(3.11) 

(3.12) 
(3.12a) 
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f o r j . ' = l  step 1 until i 1 do u : = G h u ;  (3.12b) 
k - 1  . 

v l : = r / ,  u ,  V 2 : ~ - - - V l ,  
 9 v k - - 1  A v d .=Ahk_ ,v l - r i ,  ( hkU--f); 

for j . '=  1 step 1 until ~c 2 do nmgm I ( v , k - l , v 2 , d ) ;  
u: =u -p~_  1(vl -v2 ) ;  (3.12 c) 
f o r j : = l  step 1 until i2 do u : = G h u ;  (3.12d) 

end nmgm I. 

Note  that  the i teration processes G~ in the fine-to-coarse par t  (3.12b) resp. the 
coarse-to-fine par t  (3.12d) are not the same at each occurrence but are de- 
termined by the linearized versions of (2.9a), (2.9b) (in case k=l )  resp. of the 
defect correct ion equations (in case k < l). 

If  we use the second iterative scheme of Sect 9 2 instead of the first one, we 
obtain a multi-grid a lgori thm (nmgm II) where, given an approx imate  solution 
Un-h, 1 on f2n,, in the fine-to-coarse part  of  the cycle we compute  fi"h~, 1 _--< k =<I, as 
in nmgm I (cf. (3 9 (3.12b)). Note  that  now Gh~ denotes the same relaxation 
method  used in nmgm I but this t ime applied to the linearized (according to 
(2.11) resp. (2.12)) versions of the vectorial  HJB-equat ions  

Av n n max [ h~Uhk(X)--f~k,v(X)]=O, X~f2hk , (3.13a) 
l ~ < v _ < m  

u~k(x)=0 , x~Fh~ (3.13b) 

where the f/,~,~, v = 1 . . . . .  m are recursively given by 

~ n  v 

f/ '"v= f/" (3.14) 
s _ _ - - v  k ~n ~k / - - v  ~n 7% x 

and u "-~ resp. r k fi" k<l ,  are taken as startvectors.  In the coarse-to-fine h, k + l  h k + l '  
part  of the cycle we then determine new iterates u" in a similar way as in hk 
nmgm I, i.e. we first compute  

. . . . . .  ~n I~ , r k - l ~ n  n ,), (3.15) 
hk - -  h k - - P k - -  1 [  k U h k - - U h ~ , -  

with u" denoting the new iterate on the ( k - 1 ) - t h  level, and we then perform h k -  z 

i 2 smooth ing  steps applied to the linearized version of (3.13) with ~ . . . . .  hk a s  

startvector 9 
The complete  multi-grid scheme (MGS II) reads as follows: 

Scheme MGS I I  
u~ "-f i~ s tar tvector  obta ined by nested iteration; (3.16) - -  hl 
n: = 0 ;  
start n : = n +  1; 
for v: = 1 step 1 until  m do f~: = fh~ ; 

n - - 1 .  

f o r j : = l  step 1 until x 1 do nmgm II( l ,u , f l  . . . . .  fro); 
U n . - -  . h~  9 - - U ,  
d : -  u n -  1 __U n 

- -  hi hi 
i f  I l d l l ~ > e  then go to start e lse  go to end M G S  II;  
end M G S  II. 
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procedure n m g m  I I (k ,u , f l  . . . .  ,fro) (3.17) 
if k = 0 then u." = solution of defect correction 

equation else 
begin integer j; array vl, v2, d 1 . . . . .  din; 

for j : =  1 step 1 until il do u:=Ghku; 
. k - 1  . V l . - - r  ~ U, U 2 : = V l ;  

for v : = 1 step 1 until m do 
dv:= A~k_lv 1 k-1 -ri (Ah~u-L); 
for j : =  1 step 1 until ~c 2 do nmgm I I ( k - l , v 2 , d  ~ . . . .  ,din); 
u:=u-p~_ l(vl -v2); 
for j : =  1 step 1 until i 2 do u:=Gh~u; 

end nmgm II. 

Convergence results for multi-grid methods involving finite difference approxi- 
mations for elliptic boundary-value problems have been given by Hackbusch in 
[6]. The main requirements are an approximation and a smoothing property, 
the former describing the approximability of the difference equation on level k 
by the correction process involving the defect equation on level k - 1  and the 
latter reflecting the effect of the relaxation process. Both properties can be 
stated in terms of suitably chosen discrete norms: Denoting by 1" I~ the discrete 
analogues of the Sobolew norms and by [']s,r the corresponding operator 
norms as in [6], we require that for all 1 _< v < m  and k > 1 

r k - i A  v k _ A  v 6~ (3.18a) h k P k - 1 - -  hk-1 -{- hk- I 
with 

2 (3.18b) t6hk_ 112,--2 < Chk-1.  

If we choose pk_ ~ based on interpolation of order 2 as in [6] and r k-  ~ as the 
associated full weighted restriction, (3.18a), (3.18b) is easy to fulfill in view of 
the assumed smoothness of the operator coefficients. Moreover, with that 
choice of prolongation and restriction we have 

C-lluh~_Jo<]p~_luh,_~lo < Cluh~_,[o, Uh~_ ~Co(On~_), (3.19a) 

k-1 < (3.19b) r i . . . .  C, s = - 2 , 0 ;  I lhk--pk_~rk-l l2 ,0<Ch2_ ~. 

Finally, we require stability of the difference operators Ch~['], k>=0 according 
to 

I C ~  [']1~,~+2 < C, s =  -2 ,0 ;  [Chk[~ (3.20) 

While by construction of Ch~[" ] the third estimate in (3.20) can be easily 
established, if we require the same for all difference operators A v 1 < v <m, i.e. hk' - -  - -  

A ~ [ hk[O,_2"( C ,  (3.21) 

the first two estimates can be deduced as follows: The operator Ch~[" ] can be 
viewed as a consistent difference approximation of an uniformly elliptic differ- 
ential operator C with piecewise smooth coefficients for which the correspond- 
ing stability results hold true with respect to the continuous-case Sobolew 
norms (cf. [10]). Then, taking into account the ['lo,o-stability of Ch~['] guaran- 
teed by Theorem 2.1, we may conclude following the ideas in [7]. 
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Since the smooth ing  iterations are applied to the linearized versions of the 
discrete HJB-equat ions,  denoting by Shk[ ' ]  the i teration opera to r  of the relax- 
ation process Gh~[" ] we have to require that  

ICh~[']Sih~[']lo,o < C(i)hk 2, 1 <--i~imax(hk) (3.22) 

with C(i)-~O (i-*oo) and imax(h)--.oo (h--~0). 
In [6] the smooth ing  proper ty  is deduced for Gauss-Seidel  i teration as 

relaxat ion process under  the assumptions  that  the principal par t  of the differ- 
ence opera to r  is positive definite and that  the difference opera tor  admits  a 2- 
cyclic splitting. While the latter condit ion will be satisfied for bo th  M G S  I and 
M G S  II, the principal par t  of Ch~[" ] is indeed positive definite for M G S  I, but 
for M G S  II  we cannot  expect that  unless we are dealing with opera tors  A ~ 
having a c o m m o n  principal  part,  i.e. v _  al j -a l j  for all l<_v<_m. Nevertheless,  in 
many  cases we can assume (3.22) for M G S  II  by the following reasoning: Let 
us denote by t?h~k the set of all grid points  Xet2h~ such that  Ch~[" ] corresponds 
to A ~~ for all neighbors of x, i.e. hk 

= x + h e  EO 1 <  < d  ~] ,~={xeaJvo(Y)=Vo(X) ,y  _ ~ ,  ~, = ~ =  }, 

where the eu's are the d unit vectors in IRa. Then the set t22 = f~h, \Q~ describes 
the discrete internal free boundary.  For  sufficiently small  h k the number  N. (2) h k  

= c a r d ~ ? 2  is small compared  to .~r(1)=Nh--~(2).h~ ~'h~ SO that  Ch~['] can be in- 
terpreted as a per turba t ion  of a positive definite operator ,  the per turbat ion  
being so small that  (3.22) can still be verified. Fur thermore ,  it has to be noticed 
that  the solution Uh~ of the discrete HJB-equa t ion  on level k is not  a fixed 
point  of  the i teration process Ghk[Whk], Whk+Uh. Nevertheless,  we may  assume 

Uh~ = G~h~ [W~] (Uh~ + ~ ) ,  (3.23 a) 

Iq~to < ClwJh~ --Uh~[O, (3.23 b) 

- -u  N+~-I w 2 - f i s +  . . . . .  and in M G S I I  w 1 - u  " - J  2 where in M G S  I w ~ -  h . . . .  1, *~-- h~.~ h~-- h~ , Wh~ 
_ ~ n , n e w  
- -  ht~ " 

1tAbu --d~h~)<O, l < v < m ,  it turns out that  in Finally, observing r k - ~  h~ h~ -- -- 
M G S  I r~-luh ~ is the solution of the corresponding defect equat ion on level k 
- 1  and thus a fixed point  of the i teration but not in M G S  II  where rkk - lUh ~ 
only is a subsolution. Therefore,  in M G S  II  we have to choose another  restric- 
t ion opera to r  ~k-~ in order  to guarantee  that  

max [r k-l"AV ~ - I h k U h k - - d h k ) ] - - O .  (3.24) 
1 <-v<m 

Denot ing  by ~k-x the opera to r  of pointwise restriction to the coarser  grid, this 
can be achieved if we take 

f r  k-  1 if x~f2~ ~ k - l =  k , (3.25) 
k kk~'- 1, if X ~f22~" 

Since the modif icat ion of rk k- ~ given by (3.25) is confined to the internal free 
/~T(2)~ ~'T(1) assumpt ions  (3.18) and (3.19b) can still be expect- boundary,  in case ,,h~ "~"h~ 
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ed to hold true. After these prerequisites we are now in a posit ion to prove 
convergence for the multi-grid schemes M G S  I and M G S  II: 

Theorem 3.1. In addition to the hypotheses of  Theorem 2.1 let us suppose that the 
assumptions (3.1), (3.18)-(3.23) are satisfied with ~ - 1  instead of  r~ -1 in case of  

U n M G S  II. Further, let LluS+v~h~.~ J, N = ( n - l ) m ,  n~N,  l_<v_<m, resp. { h,}, ne]bl, be 
the sequences generated by M G S  I resp. M G S  II  with respect to a startvector 
u~ meCo(f2h, ) resp. o uh ~Co(f2h, ). Then, for both schemes we can find imin> 1 and 
hma~>0 such that for ~c2>_2 and imin<=i=il +i2 <i(ht) , ht <=h . . . .  there holds: For 
each e > 0 there exists no(e ) >= 1 such that for n >= no(e ) 

UN+~--Uh, IO l < v<m,  (3.26a) 

[u~, --Uh,] o < e. (3.26b) 

Proof. Since the idea of proof  is essentially the same for both  schemes, we will 
only give the proof  for M G S  I1. Moreover,  we may  restrict ourselves to the 
case of a two-grid scheme and i 2 =0 ,  because the p roof  for i 2 > 1 only requires 
minor  modifications and the convergence in the multi-grid case can be easily 
deduced from that  of the two-grid method. 

Denot ing by u~,_, the solution of the defect equat ion on level l - 1  within 
the n-th i teration step, we get 

un )(Uhl--Uh) P l - 1  h , _ l - - P t - l r l  Uh V (3.27) h_Uh =(ih__ptl_~.]-i  ~, + t U" t ~t-1. 

Using (3.19b), (3.20), (3.22) and (3.23), for the first term on the r ight-hand side 
of (3.27) we find 

I(t~, -p',_ ,~[- ~)(~, - u~,)l o =< II~, -p ' ,_ ,  ~'- '12,o I c; ,  ~ [u~7 ']1o,2 
. C r u " - l q s i t r u  n - t ]  n -1  h,L h, J h,L h, ,Io, o[lUh, --Uh, lo+lt/~,lo] 

< CC(iOlu~ 7 1 _uh,]o. 

Concerning the second term, we observe that ?[-~ uh, is the solution of 

max [A~h, , uh,_, -- A~,_~ ~'~-~ uh, + ~[ - ~(A~, uh, -- fh~)] = 0. 
1 <v~<m 

Hence,  taking advantage of (2.3) and (3.18)-(3.23) we get 

[pll_ 1 (U~,_ 1 - -~[- -  lUh,)l 0 <max([  C~,_ ~ ~ [u~,_ , ] [ - - 2 , 0 ,  [Chtl-,['r[ - 1Uh, ]{ -  2,0) 
~v ~ l -  i '~ l ~1- 1 "{ max ] h,_,12,_2+lr, - 2 - 2  max IAh, lO,_2[Ih--pt_lr i [2,0} 

l_<v<m l_<v_<m 
1 un--1  il n--1 n--1 "[C~ l [ u ~  - ][o,2[Ch,[ h, ]Sh,[Uh, ][o,o[luh, -uh, lo+ltt~,[o] 

< CC(iOlu,h~ 1 -un,  lo. 

Consequently,  
C ' / i -1  ]U"h,--Uh,]o <= C (tl)luhr --Uhl[ o, 

f rom which the conclusion of the theorem can be drawn immediately.  
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Recalling that Theorem 2.4 states monotone convergence of the sequences 
generated by Scheme I resp. Scheme II it is an interesting question whether 
that monotonicity can be preserved by the multi-grid schemes MGS I resp. 
MGS II. Concerning MGS I the answer is affirmative, because the multi-grid 
process directly applies to equations (2.9a), (2.9b). However, for MGS II this 
argument cannot be used, since the multi-grid scheme does provide approxi- 
mations to the full nonlinear HJB-equations and not to its linearized versions. 
Nevertheless, for MGS II we do have mouotonicity as long as u~, 1 is a 
supersolution in the sense that 

max [A~ u"h~- 1 __ fhVz] ~0. (3.28) 
l < v < m  

Provided the chosen relaxation method is a monotonely convergent iterative 
scheme (as it is Gauss-Seidel iteration applied to difference equations of posi- 
tive type), it follows from (3.28) that Un,=Un,~" < "-~. Then ~[-lfi,h, is a supersolution 
of the defect correction equation whence fi~,new__<fi~. If (3.28) also holds true for 
fi~,,ew, by the same argument as before we achieve at u~ <fi~' "ew and thus 
u~,=<~; -~ 

4. Numerical Results 

As a first example we have considered the case of two uniformly elliptic 
operators A 1, A z with constant coefficients 

82 82 82 
82 82 t~2 A 2 = - 0 . 5  8-~--0.1  8x~y Oy 2 (4.1) A l = - - 8 ~  - -0"5  c3x~3y 8y 2' 

and functions f l ,  f2  given by 

f l  =fZ=max(Aaul,  A2uz), UI = X(1 -x )y (1  - y )  (4.2) 

so that u I turns out to be the exact solution of the corresponding HJB-equation 
(1,1a), (1.1b) with respect to f2={(x,y)iO<x,y<l}. This simple example has 
been treated by Lions and Mercier in [11] using the first and the second 
iterative scheme of Sect. 2 based upon a discretization of the second order 
derivatives by 

t~2 ,.~h-2D~,,xD~,x, 02 ,.~h-2D~..yD~y 
~X 2 Oy2 , , 

(4.3) 
t~ 2 1 h_ E[D~.~D+y + D~D~y ] 

g x g y ' ~  . . . .  

where D • D • denote the forward resp. backward difference in x resp. y. h . x '  h,y 
Since v ~ - v v a12 < ~ m l n ( a l ,  a22), v=  i, 2, the discretizations (4.3) result in a difference 
scheme of positive type. The linear systems obtained in Step 2 of both schemes 
have been solved in [11] by the conjugate gradient method in case of Scheme I 
and by Gaussian elimination in case of Scheme II. The termination criterion 
for the iteration was e = 10-5. 
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For the implementation of the multi-grid schemes MGS I and MGS II we 
have taken the same discretizations (4.3) with respect to the grid size sequences 

h o-2,-! ha = 88 h2 =st_ 
(4.4) 

ho= 88 ' hi _1 - g ,  h2 = 11-6 

and we have chosen ~=1, / q=k t2=2  in (3.2) and t q = x 2 = 2  in (3.11) resp. 
(3.16). As smoothing procedure we have used Gauss-Seidel relaxation with 
relaxation parameter ~o = 1. The number of relaxation steps has been chosen to 
be i 1 = i 2 = 2  in mgm, nmgm I and nmgm II (cf. (3.3), (3.12) resp. (3.17)), and the 
defect correction equation on the coarsest grid has been approximated by i 3 = 5 
Gauss-Seidel iterations applied to the linearized equation obtained by means of 
Step 2 of Scheme II. Finally, the coarse-to-fine prolongation has been imple- 
mented on the basis of bilinear interpolation and the fine-to-coarse transfer as 
the corresponding weighted restriction. The startvector on the coarsest grid has 
been taken as the restricted exact solution and the accuracy bound was again e 
=10 -5. 

Table l a contains the results obtained by MGS I, MGS II (with all the 
parameters as specified above) at the center of the grid-point sets, i.e. x = y = 0.5 
where the exact solution is u~=0.0625. Table l b shows the corresponding 

h 1 results for a two-grid scheme ( 0=~, h 1 =~0; all other parameters as before) as 
well as the comparable results obtained in [11]. 

We remark that for Scheme II  resp. MGS II the total number of iterations 
is much smaller than for Scheme I resp. MGS I. This is mainly due to the fact 
that for Scheme I resp. MGS I in each iteration cycle (corresponding to Step 2 
of Scheme I) the obstacle is active only once so that the iterates are the same. 

Comparing the total number of iterations for MGS I and Scheme I, it turns 
out that MGS I basically inherits the convergence behaviour of Scheme I 
which is not surprising, since in MGS I the multi-grid technique applies to the 
equations which have to be solved within the iteration process of Scheme L 
Concerning MGS II and Scheme II, MGS II seems to be superior, since the 
correction process involves the full nonlinear HJB-equations while in 
Scheme II  linearized HJB-equations are solved within each iteration step. In- 
deed, the total number of iterations for MGS II is essentially the same for both 

1 the three-grid schemes with hmin-g resp. hmin=lAg and the two-grid scheme 
with hrnin=~6 o thus reflecting a characteristic feature of multi-grid methods. 

In the second example we have taken two second order uniformly elliptic 
operators with variable coefficients and with lower order terms 

~2 ~2 
A1 = --(X+6) 2 ~ 2 - - ( x + 6 ) ( y + 2 ) ~ y - - ( Y + 2 )  2 ~y2 

0 
+ [0.5(x +6) -43  0f~+ 0.5(y + 2) ~yy+ 1, 

02 ~2 
A 2 = - (x + 6) 2 ~ -  0.8(x + 6)(y + 2) ~ - 0.75(y + 2) 2 - -  

J 

+[ (x  + 6 ) - 2 ]  ~f~+ (y + 2) 0@+4. 

0 2 

Oy 2 

(4.5) 
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Table 1 a 

R.H.W. Hoppe 

n MGS I MGS 1I 

h m i n l  h m i n = ~  6 __1 - hmi. - ~  hml. =~6 --8 

1 0.065551 0.064771 
2 0.065551 0.064771 
3 0 . 0 6 4 7 4 2  0.063981 
4 0 . 0 6 4 7 4 2  0.063981 
5 0 .064553  0.063803 
6 0 .064553  0.063803 
7 0 .064478  0.063745 
8 0 .064478  0.063745 
9 0 .064468  0.063718 

10 0 . 0 6 4 4 6 8  0.063718 
11 0 .064461  0.063705 
12 0.064461 0.063705 
13 0.063698 
14 0.063698 

0.064798 0.064120 
0.064796 0.064118 

Table lb  

rt hmin =1!o Lions-M. (h =t~o) 

MGS I MGS II Scheme I Scheme II 

1 0 . 0 6 5 1 7 9  0.064173 0.065222 
2 0 .065179  0.064153 0.065222 
3 0 . 0 6 4 3 4 5  0.064153 0.064384 
4 0.064345 0.064384 
5 0.064199 0.064248 
6 0.064199 0.064248 
7 0.064156 0.064171 
8 0.064156 0.064171 
9 0.064140 0.064171 

10 0.064140 0.064171 
11 0.064132 
12 0.064132 
13 0.064128 
14 0.064128 

0.083143 
0.064099 
0.064099 

Again,  the functions f t ,  f z  have been chosen according to 

f l  = fZ =max(AlUla, AZun), Un=sinrcxsinny (4.6) 

which means  that u n is the exact solut ion of the HJB-equat ion  (1.1 a), (1.1b) on 
f2= {(x, y)lO<x,y< 1}. 

The discretization has been performed with respect to the same grid size 
sequences as in the first example (cf. (4.4)), and  the difference operators A~,~, 
0 < k < 2 ,  v =  1,2, have been constructed by the Bramble -Hubbard  technique as 
out l ined in [2; Chap. III]  with the only  difference that we have used one-sided 
difference approximat ions  for the first order derivatives to avoid any step size 
restriction. The pro longat ion  and restriction operators as well as the smoothing 
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Table 2 
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n MGS I MGS II 

hmln =2 hmi . = ~  h _1_ hml. =lAg r n i n  - -  8 

K1-2 x 1=5 x 1=2 x 1=5 x I =2 K 1 =5 x 1 =2 x 1 = 5 

l 0.74898 0.74898 0.73068 0.73068 
2 0.74834 0.74824 0.72621 0.72610 
3 0.72808 0.72750 0.71765 0.71744 
4 0.72808 0.72750 0.71765 0.71744 
5 0.72364 0.72327 0.71541 0.71519 
6 0.72364 0.72327 0.71541 0.71519 
7 0.72166 0.72143 0.71432 0.71419 
8 0.72166 0.72143 0.71432 0.71419 
9 0.72078 0.72069 0.71385 0.71372 

10 0.72078 0.72069 0.71385 0.71372 
11 0.72039 0.72036 0.71356 0.71348 
12 0.72039 0.72036 0.71356 0.71348 
13 0.72023 0.72021 0.71339 0.71333 
14 0.72023 0.72021 0.71339 0.71333 
15 0.72015 0.72015 0.71328 0.71322 
16 0.72015 0.72015 0.71328 0.71322 
17 0.72012 0.72012 0.71320 0.71316 
18 0.72012 0.72012 0.71320 0.71316 
19 0.72010 0.72010 0.71314 0.71311 
20 0.72010 0.72010 0.71314 0.71311 
21 0.72010 0.72010 0.71311 0.71308 
22 0.72010 0.72010 0.71311 0.71308 
23 0.71308 0.71306 
24 0.71308 0.71306 
25 0.71307 0.71305 
26 0.71307 0.71305 
27 0.71306 0.71304 
28 0.71306 0.71304 

0.72157 0.72011 0.71391 0.71319 
0.72017 0.72009 0.71329 0.71305 
0.72010 0.72009 0.71313 0.71304 
0.72009 0.71306 0.71304 
0.72009 0.71305 

0.71304 

procedure,  the i teration for solving the defect equat ion on the coarsest grid 
and the te rminat ion  cri terion for the multi-grid i terat ion have been chosen as 
in the first example. Moreover ,  the nested i terat ion for the determinat ion of a 
first iterate on the finest grid has been implemented  in the same way, i.e. with 
# 1 = / ~ 2 = 2  and i 1 = i 2 = 2  while the startvector on the coarsest grid has been 
taken as the slightly per turbed pointwise restricted exact solut ion fin =un+0 .1 .  

Table 2 above shows the values of the iterates at the grid point  x=0 .5 ,  y 
=0.25 where the exact solut ion is given by un=0.70711. We remark that  both 
M G S  I and M G S  II exhibit the same behaviour  as in Example  I. In particular,  
we have tested the effect of increasing the number  xl  of mult i-grid iterations 
nmgm I resp. nmgm II by choosing K~ = 2  and ~c 1 = 5  while keeping the W-cycle 
structure of the mult i-grid schemes, i.e. ~c 2 = 2 in each case. Since in M G S  I an 
increase in ~cl only improves the approximate  solution of the variat ional  
inequalit ies occurr ing within each i teration step, the number  of  M G S  I iter- 
ations basically remains unchanged.  In M G S  II however,  an increase in ~c~ 
directly improves the approximat ion  of the full nonl inear  HJB-equa t ion  so that 
the number  of M G S  II i terations can be diminished. 
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