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Constructive Aspects in Time Optimal Control

R. Hoppe

Abstract., Approximations of time optimal control problems are con -
sidered in the framework of discrete convergence in discrete approxima-
tions. The control systems are formulated in an abstract Banach space set-
ting including both the case of distributed and boundary control. Con -
trollability of the given and the approximating systems is studied in
terms of the corresponding input maps and general convergence results

are established for the reachable sets,optimal controls and minimum times.

1. INTRODUCTION

Given an initial state u® in a reflexive,separable Banach space E,

we consider a control system (C) evolving according to
(1.1) u(t) = s(tlu° + L T, t 20

where 8§(t) : E » E,t 2 0,is a C, -semigroup of type (M,w) with infini -

tesimal generator A : D(A) < E » E, the operator Ltisa.bounded linear

map from L” ((0,t)3V) in E, V being ancther reflexive,separable Banach

space,and the input f is taken from the class of admissible controls

(1.2) Fo o= {Fel7([0,£3;V) | | £(0Il, <1 a.e. in [0,8]},

1

A state u~e E is sald to be approximately controllable if there exist
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£° » 0 and an admissible control &;Fto transferring the system from u®

1 .
to B(u ,e) = {ueE | | u-ul i g S €} 5, e > 0O, in time t°, i.e.

(1.3) u(0) = u°,  u(t®)eB(ul,e)

where u(t), t«[0,t°], is the corresponding admissible trajectory obtain-
ed from (1.1). The smallest t° for which (1.3) holds true is called the
transition time of the admissible control £ and the infimum t* of the
.transition times of all admissible controls is called the minimum time

with respect to u®, B(ul,e¢) and F. Finally,if there exists an f*eFt*

such that (1.3) is satisfied with transition time t*,then f *will beda-

noted as optimal control.

The abstract control system (C) can serve as a model for both di-
stributed and boundary control.In fact,if V = E and Lt is given by
t

(1.4) e - / S(t-1)£(x )da,
O

then u(t),t =z O,represents the mild solution of the evolution equation

(1.5 é%u(t) = Au(t) + £(t), t 2 0,

and we may interpret (C) as a distributed control problem.On the other

hand,if L_ is given by

t

t
(1.6) sz =z - f AS(t-1)Df(7r)d 1,
o]

where S(t), t 2z 0, is additionally supposed to be analytic and D is a

bounded linear map from V in E such that
6 -

(1.7 |1 As(t)D]] = o(t )

for some 0 <8 < 1l,then (C) may be viewed as the Banach space Rrmulation

of a boundary control problem,the operator D denoting for example the

Dirichlet map {cf.[19]).



Constructive Aspects in Time Optimal Control 245

Remark. Note that in view of [19;Thm,3 1 condition (1.7) ensures that the

input map LE given by (1.6) is indeed a bounded linear operator from

Lw([O,t];V) in E. In both cases it is well known (c¢f. e.g. [11, [ 51,
[101) that if ul is approximately controllable,then there exists an op-
timal control ¥ which,gnder some additional assumptions ,is uniquely
determined and satisfies the bang-bang principle.

In studying the above control problems a decisive role will be played
by the adjoint operators L; which can be interpreted as observability
maps for the corresponding dual observed systems (see e.g. [43). The

*

t
V*)C(Lm([O,t];V)* given by

maps L_ can be shown to be bounded linear operators from E* in LlQO,th

d
(1.8) (L)"= 876 - )
for distributed control and by

b.* * * *
(1.39) (Lt) =D S (t - *)A

in case of boundary control.

For notational convenience the spaces Lm([O,t];V) respectively
1 . ® .
L ([O,t];V*} will henceforth be denoted by W respsctively Wl.

The approximate solution of time optimal control problems both in
case of distributed and boundary control has been studied by wvarious
authors (ef. e.g. [31,081,0111,012],[137,[141,[15]). In the sequel, following
the approach in [8], we will develop a unified theory based on the con-
cept of discrete convergence in discrete approximations. For this pur-
posé,let us assume that <En)ﬂiand (Vn)]N are sequences of reflexive Ba-
nach spaces approximating E and V in a sense which will be made precise
in the next section. Furthermore,let (Sn(t))]N be a sequence of qisemi—
groups Sn(t) : En > En’ £t 2 0, nelN, of type (Mn,mn) with infinitesi -

mal generators An:D(An)gEn > En and let (Lt,n>ﬂq be a sequense of input

o0 * l
1, . T s s ° a
maps t.n W, %Y nelN . Given initial states uz and final states n
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both in En’ nelN ,we consider control systems (Cn) given by

= g ° £ >
(1.10) u_ () MO Ly nfrs b2 0,

and we are looking for admissible controls fnsFthwithin the class

>

A

(1.11) F =(f eW = L ([0,£1;V ) | 11 £ (x) Ils 1 a.e. in [0,t]}
t,n n o n n n

steering the system from u; to Bn(ui,e) in some finite time t;, i.e.
1
(1.12) u_ (0) = u®, u (£°)eB (u ,e).
n n n n n n
For distributed control the input maps Lt n are specified by
3
t
(1.13) L, f = f 5 (t - o)f (v)dr,
n n
while for boundary control

t
(1.1 L f = - f A S (¢t - 3D £ (<)dx
4 nn n 1

assuming Sn<t)’ t 2 0, nelM ,analytic and Dn : Vn > En’ nelN, bounded

with

(1.15) A8 (£)D |1 = ot Y, 0 <8 <1,
nn n

2. DISCRETE CONVERGENCE IN DISCRETE APPROXIMATIONS

We will shortly review some highlights in the theory of discrete
convergence in discrete approximations which will serve as a basic tool
in the subsequent sections. Por details we refer to [61,[71,[16] and

[17]. Given real Banach spaces E, En’ nelN ,and a sequence R = (Rn)]N

of restriction operators Rn : E En, nelN , the triple (E,HEn,R) is
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called a discrete approximation with convergent norms (cn-approximation)

iff
(1) HR (au + Bv) -~ aoR u =R v Il _ + O (ncIN),

n n n E

n

o,8eIR ; u,velE,

(ii) WRu Il > dhull g (nelN ), wucE,
n

(iii) sup I Rnu 1 En < o , uek.

ne IN

A sequence (un) of elements uneEn, nelN'cIN, is said to converge di-

]N '
scretely strongly to an element ueckE (s—limE u, = ulneN® )) iff |l u-
~-Rull, » 0 (nedN').
n hn

Obviously,if s—limE v o= u (neIN') ,we also have nornm-convergence, i.e.

+~ |l ull E (neN') ,which justifies to call (E,HEn,R) a cn-approxi-
mation.
A dual concept is the discrete weak convergence of functionals:

A sequence {u*)

* * -
o of elements uneEn, nelN' <IN ,converges discretely

weakly to an element uw*er” (w—limen = u (nelN')) iff for each u ¢ E

and any seguence (un)IN’ R une En, neMN' , we have

*x *
~1im = TN ! nelN?'
] & % u (nelN') <= <u LU > E*,E > < U LU >E*,? (ne Y,
n’n
where < *,°* 5% 1 respectively <.,.> B B refers to the dual pairing between
3 s
n’n

o

E and B’ resp. E and E*.
n n

It is easy to see that if w—-limE*u:1 = u” (neW') then || u il g* %
- -+ *
1im inf | unH E;

* * *
If (B ,HEn,Q) is a cn-approximation of the dual space E , and the

Banach spaces E,En, neW ,are reflexive ones,we may likewise define a
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discrete weak convergence of sequences of elements in Erl (cf. [91)

A sequence (un) uneEn, neIlN' ¢ IN ,converges discretely weakly to

™’

uek (w-limE u = u (neMN*)) 4iff for each u e and any sequence ( u; }}N”

urTeE’;, ne W' ,fhere holds

A * * * *
s=1im_* u_ = u (nelN') =< u ,u> _x* > < U ,u>
E n n' n En ’En

1
E*,E (ne IN")

If £ is separable,we have the following equivalent characterizatiors of

discrete strong resp. discrete weak convergence (cf. [9],[16 ):

Lemma 2.1, Let (E,HEn,Rj and {E*,nﬁn*,Q) be cn-approximations where

E,En, nelN, are reflexive Banach spaces and E is separable.Then for exh

ueE and any sequence (un)lN' U

eE , nelN' <IN, we have s-1im u_ =
n ———— E n

= u (nelN') [resp. w-lim uo=u (nelN')] iff each u*eE* and any se-

E
* * * . * *
quence (un)IN’ , uneEn, ndN', such that wr—lzunE,{un = u (nelN') [resp.
. * * * *
S—llmE*un = u {nelN')] there holds < u_su > E; ’En—) < u ,u>E*’E(neIN').

Moreover, we have the following discrete weak compactness of boun

ded sequences in En resp. E; (ef. [61):

Lemma 2.2, Under the same hypotheses as in Lemma 2.1, for any boun-

'k

. *
ded seguence (un)m, > UeE , nel' <IN [respectively (u Dpgv s We® s

nelN'c W] there exist a subsequence WM%"c IN' and an element ucE { resp.de EY

such that w-limE u = {(nelN") and | u Il I u ”E {nem") [ resp.

>
E
n

. * * * .
welimpx W= u (nel™) and uw Il px > uTl e (ne W) .

E E
n

We also need the notions of strong resp. weak limits of subsets ,

0 cE , nelN' cIN. We define
n n

s-Lim supERn ={ugE | 3 (un} U e s ne " cWN' s-—lj.mE u = u (neWMy

jNﬂ

s-Lim inf @ = (uek | 3 (un)]N' > Upeq >nel' : os=limyu = u (nelN)} .
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Similarly,we introduce the sets w-Lim SUpLO and w-Lim infE Q, re-

placing discrete strong by discrete weak convergence in the above de-
finitions.

Clearly,we have the following inclusions

(i) w~Lim 1nfE Qn cw-Lim supE @, s-Lim 1nfE 2, cs-Lim supE Qs

(i1} s=Lim 1nfE e, cw-Lim 1nfE 2, s-Lim Supg 9, cw~Lim supp @ -

If in (i) equality holds,we simply write w-Lim Qn:mmpedﬁﬂekys—Lﬁ%;Qn-

E

Moreover, if w-Lim sup Q. cs3-Lim infE Q> all the 1imit sets caln-

E
cide and will be denoted by LimE Q-

We denote by B(E,F) the Banach algebra of bounded linear operators
B : E~+ F and by C(E,F) the class of densely defined linear operators

A with domain D(A) in E range R(A) in F. Let us assume that (E,nEn,R ),
* *
(E*,HE;,QE ) and (F,HFH,RF), (F*,HF;,QF) are cn-approximations sati-

sfying the assumptions of Lemma 2.1. A sequence (An)IN of operators
AneC(En,Fn), nelN, is said to converge discretely strongly [discretely
weaklyl to an operator AecC(E,F) (An+ A (ne W) )respectively An—‘A {nelN )1

iff for each ueD(A) there is a sequence (u )

BN uneD(An), nelN, such

that s-1i = -1i - R -
at s imgu = u (nelN) and s llmF An u, Au (nelN) [resp. w img u

= u (nelN) and w-lim_ A u_ = Au (neWN) J.
F n n
The sequence (An)]N is consistent with A iff for each ueD(A) there

ists a -11 = ™
exists sequence (un)ﬂl’ uneD(An), neIN, such that s llmE v u{ne M)

and s-llmF An u, = Au (nemW) . If BneB(En,Fn), nelN , the sequence (Bn%N

is called stable iff lim sup [an}! <o and inversely stable iff there
neaN

exist a positive constant Y and a final piece INlc N such that

| B >
| n unHF Y“unHE
n I

B unEEn’ neﬂil.
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Lemma 2.3. (cf. [161). Let B e B(En,Fn), nelN , and BeB(E,F).Then there
holds:

(1) Bn» B (nelN) if and only if the sequence (Bn)m is stable and con-

sistent with B.

(ii) B> B (nelN) <= B; “BY (nem)
B+ B (nel) <= B »B  (nelN).
n n

(iii) If <Bn>3N is inversely stable and consistent with B, then B  1is

injective.
(iv) The sequence (Bn)IN is inversely stable,consistent with B and s-

lim Supg R(Bn) CR(B) if and only if s-1lim R(Bn) = R(B) and s—li%Bnun=

I

= Bu {nelWN) =s-1lim_ u = u (nelN).
E n

Another important concept is that of a-regularity (c¢f.[61,[71)
A pair A,(An)m of operators AGC(E,F),AneC(En,Fn)} nelM, is said to be
a-regular iff for any bounded seguence (un)m, R uneD(An), nelN'c N ,
such that s—limF A}/1 wooEw {neIN') for some weF there exist a subsequerce
IN" <IN' and an ueD(A) such that s—limB u = u {(nelWN") and w = Au.

Obviously, a-regular operators satisfy s-Iim sup, R(A‘n)g R(A).

Moreover,we have (cf. [61,[71):

Lemma 2.4. Suppose BeB (E,F) and BﬂeB(En,Fn), nelN ,to be a-regular.

Then there holds:

(i)} If B is injective,then <B'ﬁ')IN is inversely stable.

(i1) Suppose (B ) to be stable and let AeC{(E,F), A& «C(E ,F )}, nelN
e n” IN n n n

Then,if the pair A’<An)IN is a-regular,so is the pair BA,(BnAn)]N .

(ii1) If B is injective and the pair B’(Bn) is a-regular and consi-

N

stent, then there exists a constant y>0 such that |} Bull P z yHull B

ueE.
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We close this section with the notion of discrete compactness of

operators : A sequence (Bn)m of operators BneB(En,Fn), nelN is called
discretely compact iff given a bounded sequence (un>ﬂq’ ue En’ n < ;
for any subseguence IN'cIN the sequence <Bn“n)nw contains a discrete-

ly strongly convergent subsequence.

3. CONVERGENCE OF INPUT MAPS AND REACHABLE SETS

* *
Throughout the following we will assume that (E,HEH,RE),(E s HEn,

* *
E v v . . .
QT ), (V,nvn,R ) and (V*,HV;,Q ) are cn-approximations of reflexive ,

separable Banach spaces E,V respectively their duals by seauences of reflexive

Banach spaces E_,V nelN,respectively their duals.Then, We canonically get

o @ W wl ® v
cn-approximations (W ,Hwn,Rw) (Wl,ﬂwi,QW ) by setting (Ri f(r):Rmf(T),

Wt vr
- *
(a Ny = Q€7 (%) ,7el0,8], ne .

We will begin with some basic controllability results. The con-
trol systems (C) abd (Cn) are exactly controllable iff the input maps
L, and Lt, , nelN, t > 0, are surjective, i.e. R<Lt> = E and R(Lt,n>:
= En’ nelWN ,and approximately controllable iff cl RU%) = E and dLR(Ltr9=

3

= En’ nelN . A necessary and sufficient condition for exact controlla-

bility is the existence of positive constants v(t) and Yn(t), nel

such that

* ok * * *
(3.1a) HL,u oz y(edllu [l *x, u €E

t 1 E

W
P * * * * *
(3.10) !ILt,nunl! 1 z Yn(t>|lunll ) unéEn’
wn En

while approximate controllability holds iff N(L;) = {0} and N(L: =
* 2

* * i *
= {0}, N(Lt) and N(Lt,n) denoting the null spaces of L, and Lt,n re
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spectively.

Clearly, (3.1a) resp. (%.1b) holds true if and only if BE(O,y tNe

LB (0,1) resp. B (O,y {t)¥cl., B . {(0,1). Due to this fact,the control systems
t W<>o En n t,n wn

<Cn> are said to be asympbotically uniformly exactly controllable if

there exist yo(t) > 0 and a final piece N, < W such that (3.1b) is sa-
tisfied for all neﬂﬂl with yn(t) replaced by yo(t). Consequently ,we have

the following obvious criterion for asymptotic uniform exact controlla-

bility:

Lemma 3.1, The control systems (Cn) are asympotically uniformly exactly

controllable if and only if the sequence (L; n)EJ is inversely stable.
3

Moreover,in view of Lemma 2.3(iii) and Lemma 2.4(1),(iii) we get
the fcollowing relationship between approximate controllability of (C)

and asymptotic uniform exact controllability of (Cn):

Theorem 3.2,
*

(i) TIf (C) is approximately controllable and the pair L*,(Lt n)]N is

a-regular,then <Cn) is asymptotically uniformly exactly controllable.

(ii) Conversely,if for (Cn) asymptotic uniform exact controllability

holds true and (LZ n) is consistent with L*,then (C) is approximately
5

controllable. If,additionally,the pair L*,(L*

) is a-regular,then (C)
t,n ~— =Skt St

is exactly controllable.

In finite dimensional spaces the notions of exact and approximate
contreollability coincide while in the infinite dimensional case it is
well known that many control systems are not exactly but only approxi=-
mately controllable (cf.[181). So,with regard to applications, where
(Cn) is usually obtained from (C) by finite difference or finite element
techniques,the standard situation will be that (C) is approximately con-
trollable while (Cn) is asymptotically uniformly exactly controllable.

The results of Theorem 3.2 require a detailed study of the input
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maps and their adjoints. As a first step in this direction we will
establish convergence criteria for the semigroups Sn(t), nelN ,and their
adjoints. For this purpose let us make the following assumptions:

S(t) and Sn(t), nelN, t = 0, are Co—semigroups of type (M) and(%ﬁmg

with infinitesimal generators A (E,E) and AneC(En,En) such that

i

(Al) M = lim sup Moo< o, ® = lim sup w_ <= ,

(A2) the pair (AI - A),( AT = A >DJ’ A> max(w,w), is a-regular
and consistent,
(A_) the pair (1% = 8%),( 2a1% - 8% ) ,i> max{w,w) is a-regular
3 n n ~W!

and consistent.

Theorem 3.3.

Suppose that assumptions (Al),(AZ) [respaﬂjyely(AI)KAB)]hOkitrue-Then

kY * *
sn<t> + 5(t) (neW) [respectively Sn(t>+s (t) (neW)1 uniformly on finite

subintervals of [0,=).

Proof. The a-regularity of (Al ~ A),()\In - An))IN , A> max(w,d),yields
s-1lim supER(AIrl - An)sR(kI - A) while <Al> implies the inverse stabili-

ty of the sequence ( AIn - An )DI' Together with the consistency of

(AT - 8),¢ xIn - An )DJ , Lemma 2.3 (iv) gives discrete strong conver-

gence of the resolvents,i.e. (AIn - An>_1 + (I = A)_l (ne IN) .Then,by

standard arguments,cne can easily deduce uniform discrete strong con-

vergence of the semigroups Sn(t} + 8(t) (nelN) .To establish uniform

discrete strong convergence of the adjoint semigroups,exactly the same
arguments as before do apply. ==

An immediate consequence of the preceding result is

Conollary 3.4, Under the hypotheses of Theorem 3.3 wekmveIg 0 Li

3
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ad d .
(nelN) [resp. (Lt n)* > (Lt)* (neW)] uniformly on bounded subintervals

3

of [0,®).

b
In order to get convergence results for the input maps LE’Lt I of
b4

the abstract boundary control systems let us state another set of assum-

ptions:

<Bl) The sequence (Dn>DJ is stable and

0 < liminfs < limsupe < 1,
n n

B The pair D, (D i istent,
(B,.) pai ,( n)DJ is consisten

(B_) The pair D*,(D*) is consgistent,
n" NN
A > A (nemW),
n

(B_) The pair A*’(A;>EJ is consistent

(B6) The pairs D*,(D*) *

d., x s * *
Dy DT Y ana 4%, )

,n
are a-regular,

(B.) The sequence (Dn)]N is discretely compact,

(88) The pair D’(Dn>EJ is a-regular.

Theorem 3.5,

Under conditions (Al)’(B1> there holds:

(i) If assumptiocons <A2)’(Bz)’<BM> [resp. (A3>’(B3)’(85)} are satisfied

b Io] b * b, *
th L L . > 1 1 -
en £.n > L, (nelN) [resp (Lt,n) (Lt> (neN) wuniformly on boun

ded subintervals of [0,«).

(ii) If assumption (B,) holds true,then the pair (Lb}*,((Lb )*} is
6 t t,n N —

a-regular.
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b . .
s \ - b is di-
(iii) Under conditions (A2>’(B&> and (57} the sequence (bt n>ﬂi i

*

scretely compact.

Proof. (i) 1In view of (B1>’(B2)’ Lemma 2.2 (1) gives Dn+ D{neW) .

Since Sn(t) + 3(t) (nelN) by means of Theorem 3.3 and AL~ A(neIN)

because of (Bu), we immediately get AnSn(t --)En+As(t - -)D(neN) which
in turn yilelds Lb > Lb {nem)
J t,n t € .

In order to prove convergence of the adjoints, we claim that
b
t,n

((L >*)EJ is consistent with (Lg)i In fact,by <B5) for each u*c E'c

. * * * . N * %
cD(AY) there exists (un)ﬂq,UneD(An),neﬂd,such that S_llmE*un:u (nelN )

. * * % * * *

and s-lim *A u_ = A u (nelN). But 8 (t - -)»> S (t - +) (e W) and D_~
E nn n n

-+D Yneﬂw because of Theorem 3.3 and Lemma 2.2 (i) whence
. * * * % % k* * K b * *

—l S t - = -— - 4+ =14 -
s lmV*Dn n( )Anun DS (t YA u (nelN) and thus s ln&ﬂﬁlk,n)un

:Qi)*u* (nelN) . On the other hand, <B1) implies the stability of

b . .
((Lt n>*>ﬂq and consequentely,the assertion follows again from Lemma
3

2.2 (i).
Obviously,in both cases the discrete convergence is uniform on

bounded subintervals of [0,«).

(i1) The a-regularity of the adjoint input maps follows by applying

Lemma (2.4) (ii) twice.

(iiiy 1f (fn)ﬂi’ fnewn, nelN , isa bounded sequence,then (fn(r))ﬂq is
bounded for almost all te[0O,t] and hence,by (B7) for any IN' <IN there
exist IN" cIN' and v(t1)eE such that s—limE ann(r) = v(t) (nelNM. Since

S (8) +8(t) (neN) and because of (By),we arrive at s-lim_A S (t-1)D f ()=
n Enn nn

b
= AS(t - 1)v(1) (nelN") whence s-1im_ L f = w {(nelWN™) where
E "ty,n n

t
W o= [ AS(t - 1)v{t)dr . ==
o
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We now consider the reachable sets

o

(3.2a) R, = {ueB | u = S(tyu"+ Ltf, feFt},

3, _ L= o £, f .

(3.2b) Rt,n {dnﬁﬁn } u, Sn(t}un + Lt,n g neFt,n}

o . . o ) _.d X b

If u®¥ = 0, we will write Rt’ and 1f Lt = Ltrespectlvely Lt = Lt , the
. . . b o]

corresponding sets will be denoted by Ri,Ri’O respectively Rt,R:’

The following results establish convergence of the reachable sets
both in case of distributed and boundary control (the terms lmbrackets
. . b
always will refer to the boundary control systems, 1i.e. Rt = Rt ete.):

Theorem 3.6.

Under assumption (Al) we have for each t > O:

(i) If condition <A3> is satisfied [respectively conditions (AZ»)’(Bl)’

is discretely weakly compact and

o
<B3>’(B5>]’ then the sequence (Rt,n)]N

there holds

w-Lim supp Rz n QRE.
3

Moreover, if w—limE ug = u® (nelN) ,then we also have

w-Lim supy Rt n SRt
3

. .. O
(ii)Ifconditiona (AE)’(BU)’(B7>’(BS) hold true,then the sequence (Rt,n)]N

is discretely compact and

. b,0 b,0
s-Lim supERt’n :Rt’
3

(iii) Suppose that condition (AE) is fulfilled [respectively conditions

(A2>’(B2>’<BU)]' Then there holds

R, g s~Iim inf_R

o o
t E t,n
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o) o]
If additionally s—limE u =u {(nelN) , then also

R, & s-Lim infER

t t,n

(iv) If assumptions (A2),(A3) {respectively (AE)’(AB)’(BIL)_(BS)] are
met ,then

LooR0
leERt on Rt

. . o
Fyrthermore, if s—l:J.mEu?1 = u (neWN) ,then also

Li =
lmERt a R

>

Procg. Assertions (i),(iii) and (iv) will only be shown in case of
boundary control,because the corresponding proofs for distributed con-

trol follow the same pattern:

b,0
(i) Let (u_) be a bounded sequence of reachable states u ¢R_’ ,nelN,
n" IN n t,n
and let W'c W . Then there exist f_eF , nelN' , such that u_= Lb £
n t,n n t,n n

After a correction on sets of measure zero,we may assume that for each e

el0,t1 the sequence (fn(r)}m is bounded and hence,by Lemma 2.2 there

exist a subsequence IN" c<WN' and f (z1)e¢V such that w—limvfn(f) = f (1)

(nelN™) and || f(r1) HV < 1lim inf l|fn(1') llvns 1, i.e. f'eFt.Now, let
* * * * . * *
uneEn, nelN" , and u €E such that S—llmE* u = u {(neN") .Then we have
* _D b ® K
f = T © =
Uk nfn BN E < Ly ugsfy > Ay
n’"n n’'n

t
*
::] <D*S {(t —T)A*u*,f (r) > _* dr.
nn nn n
o] n n

Since s-lim * D*S*(t -1 )A*u* = D*S*(t - T)A*u* (nelN") because of
v nn nn

Theorem 3.5(i), Lemma 2.1 implies that the integrand converges point-
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wise to < DS *(t - T)A*u*,f<1'>> T Moreover ,the integrand is uniformly bounded
3

and consequently,the integral converges to

t
/ < TSt - ,tk) s« dr =
v,V
o
~ Do * B * _b
= <(Lt) u ,f >wl’woo =< oy ’Ltf >E* E
We have thus shown w—limE U= u (nelN") where u = Lif, f‘eFt.
Let us now assume that uew-lim supER:’g , 1.e. there exists a
3

b,0 .
sequence (un) ueR 7>, neN'e N, such that w-1im uo=u (nelW' ).

N*'® "n o t,n E
Because discretely weakly convergent sequences are bounded,we may use
the above result to conclude that there are a subseguence IN"<IN' and

an element f ¢f such that w-1lim un = sz’ (ne IN") . Since 1limits of di-

T E
; . b .
scretely weakly convergent sequences are unigue,we get u = Ltf’ i.e.
b,0
uERt .

Moreover,since S;(t) + §(t) (nem) , t 2 0, because of Theorem

3.3, Lemma 2.1(ii) tells us Sn(t) ~38(t) (nelN) . So,if w—limEuS1 = u®

(ncN) we getb w-limESn(t)u?1 = 8(t)u® (neM) . Combined with that what

we have shown before,we have w-ILim sup Rb qu.
E t,n t
b,0

.. Cn . taki ; :
(ii) Again,taking (un)]N' une Rt,n

s, ne N'e¢N ,as a bounded sequence

of reachable states u = L  f f eF , neIN' ,we may assume (£ (<)),
n n t,n n i)

b
t,n n’ s
to be bounded for each e[ 0,t]. Assumption (B7) implies the existence

of a subseqguence IN"<IN' and an element v(t)eE such that s—lijan‘n(T) =

= v(r) (nelN") . Then,by (B8) we deduce the existence of another sub-

sequence WN™cWN" and an element f£{1)eV such that s—limvfn(r) = ()

{(neIWN™) and v(z) = Df(zr). Since || f‘n(r)n _ 1, we also have
n
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HIEAC ORI - < 1, i.e. feFt. Moreover, Sn(t) + S(t) (nelN) ,t =z 0,by Theo-

) - i —)D _f =
rem 3.3 and An > A (nelN) because of (Bu) whence s lmEAnSn<t T) . n(T)

AS(t - ¢ )Df(1) (neW"') and thus also s-lim Lb £ o= Lbf {(neIN™)
E t,nn t
5,0

If ues-Lim supp Rt 0 the above arguments and the uniqueness of discre-
3

A . . b, .
te strong limits imply the existence of an feFt such that u = Ltf,l.e.
b,0
R >
ueR_

b,0 . b .

(iii) 1Ir ueRt there exists feFt such that u = Ltf.Assumlngl} £l Vﬁl

for all te¢[0,t], by (BZ) for each 1¢[0,t] there exists a sequence

(f () ,f (1)e V., nelN, such that s-1im_ £ (1) = f(1) (nelN) and
n ™ n n V n

s—limEann{T) = Df{t) (nelMN). Note that we also have norm convergence,

i.e.ll fn(r)HV > i f(r)]lv {(neW) . So,ifr |i f(T)HV <1, for a final

1
piece ]Nl <IN we also have Ii fn(T)H Vn< 1, neJNl . We set g, (v) =
=) fnmu;.,i £ (8, MeWAN , and g (1) = £_(s), ned, . If 11 £(0) 11 =1,
we define gn(f) = fn(T), if 1 fn{y){lvn < 1,and gn( ) =

...1 N .
= fn(’[) Iy fn(T) otherwise.Consequently,in any case || gn(T) [l vns 1
Df(t) (nelN),

and s-lim gn(r) = (1) (nelN) as well as s—llmEDngn(T)

But Sn(t} + 8{t) (neM), t = 0, by Theorem 3.3 and An + A (n>MWN) in

view of (BU,) which yields s-1im A S (t - v)D g (1) = AS(t - )Df(1) (nel)
n'n n°n

E
and also s-lim Lb g = Lbf (nelN) . Since F we have Lb g ¢
E t,n°n Tt € - ot Ent 0’ t,n°n
b,0 . . .
th , which gives the assertion.
s
If s-lim_ u® = u® (neM) ,we get s-lim_ S (tJu® = 8(t)u® (nelN) and
F o n E n n
. . . b
consequently,taking the above result into account,we arrive at Rt <

-lim inf R
SlelnEt,n

(iv) The assgertion is an immediate consequence of (i) and (iii). =
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4., CONVERGENCE OF MINIMUM TIMES AND OPTIMAL CONTROLS

Based upon the convergence results for the input maps and reacha-
ble sets we are now able to establish convergence of minimum times and
optimal controls. The first result concerns the approximability of (C)

by (Cn):

Theorem 4.1.

1 . .
Let u"¢E be an approximately controllable state in the sense that (1.3)

holds true for some ¢ > O, let conditions (Al),(A2)[reSDectiyely (Al),(Ag)

(82},(}3&)] be satisfied and assume that (Cn) is agymptotically -~ uniform-—

ly exactly controllable. Moreover,let ugeEn, uieEn, nelN, such that

. . 1
s-l:.mEul?1 = y° (nelN) and S—llmE u, = ul (nelW) . Then there holds:

(i) For any & » O there exist n{(8) > O with n(8) > O as &+ O, a _se-

quence (e ) of positive real numbers with lim e < ¢ and a final pie-
~Er— n' IN firew N

ce IN, <IN such that for each nelN., there is an u eR % satisfying
== " 1 ——==Tn t€+5,n
('14.1) N ul —uw g n(8) = e +n(8).

n n En n n

(ii) Let additionally condition <A3) [respectively conditions <A3>’

<Bl)’(83>’(85)] be fulfilled. Then, for any null sequence (Gn)]N of

pogitive real numbers,denoting by t; and f;, ne]Nl,, the minimum time

and an optimal control with respect to uo,ul,B (ul,n (8 Y), we_ _have
n- n Erl n°- n n R

t; > t*E (nelNl) and there exist a subsequence IN' c]Nl and an  optimal

control f*eFt* such that w-limv g;(t) = f*(r) (neMW') for almost all
€

Te[O,t*] where g;(r) = f;(r), 0 < 1 < tZ’ and g:l(‘f) = 0 elsewhere:

(iii) In the case of boundary control,if in addition to the assumtions

in (i),(ii) conditions (87),(B8) are met, then the same statements as




Constructive ASpects in Time Optimal Control 261

in (ii) hold true with discrete weak replaced by discrete strong con-

vergence.

* *
Proof. Let u (t), 0 s t < te,be the optimal trajectory with respect

to uo,ul and BE(ul,e). Since S(t)u »~ u as t » 0% ,for given & > O there

exists n(8) >0 such that
(4.2) Hs(s)yu™(6") = u™ (e )1 < n(e).
€ € E

v = u*<t:> (neT).

. * * . +
Setting v. = R u (t ), nelN, we obviously have s-1lim
n n € En

But Sn(é) +> 3(8) (nel) and hence,there is an nl(é)eﬂﬁ such that for

all n = nl(é)

(4.3) S (6)v = v Il < n(6).
n

On the other hand,by Theorem 3.6(iii) there exists (f )., £ ¢ F =« s
n’ IN n te,n

nelN ,such that s-lim_w = u*(t*) (nelN) where w_ = 8§ (t*)uo + L x £,

E'n € n n € n ts,n n

Consequently,there exists ng(é}aﬂé such that for all n 2 n2(6)

(4.4 HSn(é)(wn - vn)llErl < YO(G)

and th fo > i i i § - =
us,for n = nz(é) we find gneFé,n satisfying Sn( ) (wn vn)

1

*
=L, g . If we take u = 8 (8)v_and h (7} = £ {1),0 = 1t <t ,h (1)
n n n n n £ n

&,n°n

(t-1t"), t% < t7+6,then h eFf a S (t7 +s ) u® o+
= - T = y * =

gn T e’ e PR en ne t€+6,n an un n . + un
+ L h i.e.
t*+6,n n’ i.e unERt*+6,n Moreover,
4 &
1 1
- u < u - v + -
Hun nllE Il n n|lE IIVn unllE
n n n

1 1 *, %
But [lu - v IlEn > Jfu” - u (¢ DSIE €€ as n » = and thus, taking

(4.3) into account, (4.1) holds true for n = max(nl(a),nz(é)) with
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* *
(ii) It follows directly from part (i) of the proof that tnstE + (Sn

* *
for sufficiently large nelN,let's say ns]Nl cIN ,and thus lim sup tn éte

On the other hand,if u;(t}, 0 <t < t;, is the trajectory corresponding
* -~ * * -~
c = limi F andu* (¢ R~ . B
e fnth*’ and tE lim inf tn’ then e, ‘[0,{5]5 h un( e)e £ v
n g “en € ,0

Theorem 3.6(i) there exist a subsequence IN' CINl and an f‘eﬁc such that
€

s * o= . Y * o= - ny '

w lJ.mV gn(r) = f{1) (nelN') a.e. and w llmE un(te) u<t€> (n eN "' )

where u{t), 0 < t < £ , is the trajectory corresponding to f. Since

. . N . . 1
discrete strong implies discrete weak convergence,we also havew—hmgunz

. 1 ~ 1 ~
= ul (nelN) and hence, w—llmE (un - u;(tg)) =us - u(te) (nelN') whence

1 - L. 1 * -~
Hu - u(tg)I]Esllm inf }lun un(tg)ﬂ g SF€
n
It follows that t’; < EE = lim inf t; and consequently,combined with that
what we have shown before, we have t;; - t: (ne ]Nl) .

(iii) The assertion follows along the same lines by applying Theorem

3.6(41). =

The next result provides a partial characterization of the sets of

approximately controllable states in E:

Theorem 4,12,

Under conditions (Al},(AB) [ respectively {A1>’<A3>’<Bl>’(83>’(B5>j-l~eE

e} AP .0 s o _
(un)]N be a sequence of initial states une En, melN , such thatw llmEun

1 .
= u® (nelN ) ,and let (U“n)lN be a sequence of approximately controlla -

1
ble states une En’ nelN, such that (1.12) holds true for any segquence

(

e ) of positive real numbers with lime = ¢ for some ¢ > 0 andas-
n’ IN n=w n R, AR

sume that the corresponding sequence (t* )]N of minimum times is bounded.
€

n
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Then,each ulew—lim supE {(ur11>]1\]} is an approximately controllable state

in E in the sense that (1.3) holds true.In particular,there exists an

1 . . - . L.
u” ew=-Lim sup. { (ul) } with minimum time t* < liminf t"
E n’” N € £

If additionally condition (A,_) [respectively conditions (Ag),(B2),
Fod

(Ba)] is satisfied,(cn> is asymptotically uniformly exactly controlla-

N 0 0] 1 . 1
1 - u” = ¢ - -
ble, s l:unE o u” (nelN)} and u es~-Lim sup., {(un)]N} ,then for a sequen
* *
ce IN' <IN we have t =~ t (nelN') and,denoting by f;e Ec* 0 correppon-
€ € G
n €
n

ding optimal controls,there exist another subsequence IN"c<WN'and an op-

timal control f e F* such that w-limvg;(T) = (1) (n €N")a.e. where
g a.¢€. wi

g; is defined as in Theorem 4.1(ii).

Under assumptions (87),(88) the same holds true with discrete weak re-

placed by discrete strong convergence.

1 . .
Proof. If u ew-lim supE{ <ur11)1N} then there exists a subsequence
IN' <IN such that ul = w—limEuil (neW') . Since (t~ )IN' is bounded, we
£

n

find W' eN' with t° > & (nem") . By Theorem 3.6(iii) there are another
€ £
n

subsequence IWN™cIN" and an fe F such that w—limEu;(t ) = ult Y {nem™)
£ £

€
* -~ . * -
where un(t) and uf(t) are the trajectories corresponding to fn and f

respectively, and we have

1 _ =0 - 1 -
Nu™ - u(t )l < lim inf |lu’ - u*(t")ll £ ¢
£ E n n e En

- 1
Now,let IN' N be such that t + t = liminf ¢t (nem') . But (u)
o [ €4 n'N

is bounded and hence,due to the discrete weak compactness of bounded

. . . 1 . . 1
sequences of elements in En,there exist " cIN' and u <E with w—lmE‘;.un =

1 .
= u (nelN'™) . By the same reasoning as above we conclude that ul is

an approximately controllable state with minimum time t; ste
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Under the additional assumptions there exist IN' <IN and a sequence @n)ﬁ'

of positive real numbers with 1im En = ¢ {nelN') such that

1 * *
- t < :
llun un( E)HEn £

n'

Let us assume t: < lim inf t: (neN'). If En < e this contradicts the
n
time minimality of t: . On the other hand,if
n
1 LI . .
eaBEn (un,sn) such that i}zn - un(tg)i!En + O {nelN') .Then,arguing as

in the proof of Theorem 4.1(i),for any 6> 0O and sufficiently large neN'

[yl

> e , we find z_ e
n n n

there exist controls gneFt* n and corresponding trajectories un(tL

+ 3

€

0

IA

*
t £t  +6,such that
€

s = u (546l s lul = a1, +n(8)
n n

which,letting & - O , also contradicts the time minimality of t; 4=
n

5. APPLICATIONS

As an example let us consider the parabolic equation

(5.1a) .%E u(x,t) + Au(x,t) = 0 , xe@ t >0
(5.16) u(x,0) = u®(x) , Xefl

. d
where g is a smooth bounded domain in Fuclidean space R, delN, and A

is a second order uniformly elliptic operator given by

d
) 3 3
im0 o B 5 ) ek 00 5 e
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with sufficiently smooth real-valued coefficients aij = aji R bi and c.

We consider boundary control either in the Dirichlet data

(5.lc}D u(x,t) = g{x,t) , xer=232 , £>0

or in the Neumann data

(5.10)N - u(x,t) = g(x,t) , xel=230 , t=>0

R d
where — = L n.a P
v J
. 1 1 e
Denoting by a{.,.): H(9) x H (8) R the bilinear form

b.i\-l— v dx + Qf cuv 4X,

da
= ¥ f oo o +
alu,v) 5: a, ., - dx 14 iox,

clearly, a(.,.) is bounded, i.e.

(5.2) lalu,v)l <C jul lv] u,veH ()

1,0 1,0 °

) 1
Moreover,let us assume for simplicity that a(.,.) is strictly H (Q) -

coercive, i.e.

(5.3) alu,u) 2 v lul , ueHi(a) , y>oO

2 2
It follows that the spectrum of the operators A D(AD)CL (Q)> L~ (),

D
D(A_) = {ueH2(Q)l u | = 0} respectively A D(A )cL2(9)+ Lz(ﬂ), D(AN)=
D r N N
2 ] . . .
={ud (Q)l v lr: 0}is confined to the pesitive half~axis and -4 re-

. . . 2
spectively -A  generate strongly continuous semigroups SD(‘G):L (@)~

; 2 2
—>L2(§2) » £ 20 , respectively SyéE):L7(a)>L (8) , t 20 ,of type (M,w)
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for some w< O.

Firally,let us denote by D the Dirichlet map u = Dg where
(S.Q)D Au{x) =0 , xef , u{x) = g{x) , xeT

and by N the Neumann map u = Ng where

(S.Q)N Au{x) = 0 , xeq , u(x) = gl{x) , xe?

3V

. 2 2
It is well known that under the foregoing assumptions D:L (T)»L (&) and
2 2 . .
N : L {r)=L"(0) are compact linear operators satisfying (1.7) for some

O« g<l. Consequently,the parabolic boundary control problems (5.1a),

(5.1b),(5.lc)D pespectively (5.lc)N can be cast in the abstract setting

2 2
ti 1 it B o= . Vo= (L (r . A = -
of Section 1l with (L7(a), 1.1 O,Q)’ (Lo(ry, 1.1 O,F)’ AD
respectively A = - AN and D denoting the Dirichlet and Neumann map re-
spectively.

We remark that the adjoint operatars 4% axi—A;VﬁthXXAg)ﬁm€H2(Q) ful =01}
T
respectively D(A;) = {usH2(Q)} (~%- + n.b)u%r= 0} likewise generate
v
strongly continuous semigroups Sg(t) and S;(t) , £20.

Furthermore,it folloxs easily from Green's formula

SO RPN IS | 2
(5.5) (Au’V)O,Q {u,A V)O§2 = ul(z= v + n.bv) do Sou v do
T T
. * =1 . *, =1
by choosing u=Dg , V:(AD) w respectively u=Ng , v:(AN) w that

*
the adjoints D and N" are given by

(5.6), DW= - (= ¢ n.b) (Agflw'rr ,
(5.6) Nw o= (ak)7?
Y wos () il
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We first consider the approximate solution of Neumann boundary control.

Given a null segquence (hn)DJ of positive real numbers hﬁ< 1 , neN , we

i’l (9) , where S;’k (@) , r>k=z0, denotes a regular (r,k)-

n

choose E = 3
n

system, 1.e. for every ueﬁl{ﬂ) s 120 , and every s with Osss<min( 1,k )

. k
there exists VES;’ (@) such that

(5.7 lv = u | <C h” ju] , u = min(r-s,l-s)

. . R .2 .
Then, denoting by Ri the orthogonal projection of L (@) onto En with

. . 2
respect to the inner product in L () , we have

E r r
(5.9) IR u - u lo,g < Ch™ Ju| rg O<r<? , ueH ()

and consequently, (HP(Q),HEH,RE), Ocr<?2 , define discrete cn- approxi-
mations with discrete convergence being equivalent to norm convergence
in L2(Q). But H (g) is dense in LQ(Q) and thus,these cn-approximations
uniquely induce a cn-approximation (L2(Q),HEn,RE) (ef. [61).

. =TS |
We choose Vn as the space generated by the traces of functions in %; (o)

3/2,1/2 "
h

Vn is known to define an 8 (r) system and hence, denoting by

n

v . . 2 .
Rn the orthogonal projection of L (r) onto Vn with respect to (.,.% .
b2

we have

v .
(5.10) IRu - u lo, 1 ¢ n¥ i, Lo p=min(3/2-r,r)
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By the same argument as above,we thus obtain a cn-approximation

2 v
(L (1)1 .R).

We define A : E > E b
efin N,n n n y

(5.11) (A u ,v ) = a(un,vn) s unjvneEn
and discrete Neumann maps Nn: V> E by

(5.12) a(Nngn,vn) :(gn’vn>O,F ’ n n

By (5.2) and (5.3%) it follows that for every x20 the sequence ( XIn +

+ AN’n)IN is both stable and inversely stable. In particular, —AN’n .

ngN, generates a semigroup SN n(t): En* En , £t20 , of the same type as
- 3

1
SN(t). Moreover ,denoting by RE the elliptic projection of H = H (%) on-

to E , 1.e.
n

H

a(Rnu,vn) = a(u,vn) s vn€En ,
.. ) ) H E )
it turns out immediately that A R = R'A . Since

N,n n n

(5.13) !RHu - ul < cn’ [u | l<r<? uer(Q)

n O,Q r”Q E] > >
the pair (>\I+AN),().In+AN,n)]N is consistent for every A20 , and we

1

thus obtain the biconvergence (il +A Y »{AI+A.) (neN) and (NI+AN )
n n N n N

N,
-1
+(AI+AN} {(ncM) . It is easy to check that the same statements hold

R . * *
true for the adjoint operators AN , A

N.n ? nelN . Consequently, assump~
>

tions (Al)’(AE)’<A3> and {B4>’(BS) of Section 3 are satisfied in this

case.

As far as the Neumann maps are concerned, it follows from (5.12) that
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H * V.. * X
N = RN d = R i lyi . stable and that
" n an an Nn nN |En implying that (Nn)]N is stable an

* * B
the pairs N,(Nn)]N and N ,(N ) are consistent thus establishing con-

n” I
s R 6 =8 )
ditions (Bl) {with n ), (B2> and (BB)
The discrete compactness of (Nn)]N (condition (BY)) follows readily

from the compactness of N. To establish a-regularity of N’(Nn>ﬂd let

(g.)

n Eg,gnevn, nelN , be bounded and assume Nngn*u {(neW) for some ue

2 . 2
€L (2), Then there exist a subsequence W' cW and a gelL (T) such that
g g (neW') and Nngn» Ng (nedi') whence u=Ng.Since (Nn)]N is inverse-
ly stable,we further have g g (nelNY) .
Por the approximate solution of Dirichlet boundary control we choose

2,1 1/2

1
EncHO(Q) as a (2,1)-regular system S (2) and VnCH (r) as a (3/2,

3/2,1/2 "+
1/2)-regular system Sh ’ (r) generated by the traces of a (2,1)re-
n
2,1

1 . E .
gular system Fn = Sh (Q)cH™(9). Again,we denote by Rn respectively

n

v . . \ 2
Rrl the orthogonal projections of LE(Q) respectively L (T) onto En re-

. H . . . . . .
spectively Vn and by Rrl respectively Rio the elliptic projections of

1 . 1 . .
H=H"(Q) respectively HO:HO(Q) onto Fn respectively En. We define
A :

D,n En» En oy
.14 =
(5.14) (AD’nun,vn>o,Q alu %) 5 u v eB

. .. 1 .
and discrete Dirichlet maps D :V -»E by D = RED% where D _:V -F is
n n n n nn n 'n n

given by
(5.15) a(Dl v} =20 E pt | =
: n®n°¥n’ ° > VR e ngn T8y
In view of A. RC = R0A_ , D' = R'D| and D* = R'D*|_ , conditions
D,nn n D n n vV n n E
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(Al>"(A3),(B1>—(B5) ean be established in a similar way as in the Neu-

mann case. The discrete compactness of <Dn>DJ (condition (B7)) follows
from the compactness of D which can also be used to deduce the a-regu-

{(condition (88}).

larity of the pair D,(Dn>]N

We finally consider the use of nonconforming methods in Dirichlet

boundary control (ef. [14]). We choose En as a regular (r,2)-system

r,2 .
Sh’ (9) , rz28 |, satisfying additionally the following inverse assump-
n
tion
(5.16) R T S L B Gl I S DR YR
n k,Q n k,T n n s,9 n sjT
where Osks<l and Osssmin(k,1).
We define AD n:En +En by the nonconforming Rayleigh-Ritz Galerkin tech
L]

nique as used by Bramble and Schatz in [21:

. -3
(5.17) (& u L,V ) = a(un,vn> + hn (un’%1>O,T

where a(u ,v = (Au LA E
( n’ n> ( n’ Vn)O,Q > YVt

3

. . . \ 2 R
Using the approximation properties of S; (92) and the inverse assump-

n

tions (5.16),conditions (A >_(A3> and (BM)’(BS) can be readily veri -

1
fied in view of [2;Thm.4.17.

. E_1 1 . .
Instead of choosing V. = E |_ and D = R D where D is defined as
n nI n nn n

in the conforming case,we may take a larger class of approximating boun-

2 . .
dary controls,namely we may choose V <L (T') as the space of piecewise
n

constant functions on T , and we may define discrete Dirichlet maps

Dn: Vné En by using the same nonconforming technique as in the defini-

tion of AD n ,i.e.

3
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(5.18) BB g v ) + h°
nn n n

-D = 0 E
(gn ngn’vn>O,T > Vu®5n

If follows from [ 2;Corollary 4.1 lthat for 4-rsksl/2

1/2-k
(5.19) 1Dngn Dgn} k,ﬂé c h !gnIO,F

which immediately gives stability of (Dn} and consistency of D,(Dn)

(conditions (Bl),(BZ)). In particular, Dn »>D(nelN) and discrete com -

t ¢ - i L it
pactness o (‘)n)]N as well as a-regularity of D,(Dn)ﬂq(condltlons (BY)’

(BS)) can be established as in the conforming case using the compact-
ness of D.

*
Finally,if we ¢ by A A v o= in .18 h A is de-
y,1i e choose v, by .ot n'n wn (5 ) ,where D.n

fined as in the conforming case:with respect to an (r, )-regular sy--

r,2
hn,o

stem S (9) ,we find

~ % ~ 3 *
<ann’gn>O,F = —(Dngn<av + n.by (A ) “w.)

from which we can deduce D;* D*(neDD and thus condition (BB)'
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