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Constructive Aspects in Time Optimal Control

R. Hoppe

Approximations of time optimal control problems are con ­

sidered in the framework of discrete convergence in discrete approxima­

tions. The control systems are formulated in an abstract Banach space set­

ting including both the case of distributed and boundary control. Con ­

trollability of the given and the approximat systems is studied in

terms of the corresponding input maps and general convergence results

are established for the reachable sets,optimal controls and, minimum times.

1. INTRODUCTION

Given an initial state Uo in a reflexive,separable Banach space E,

we consider a control system (C) evolving according to

(1.1) t ?: °
where S(t) : E + E,t ?: O,is a Co ­semigroup of type (M,w) with infini ­

tesimal generator A : D(A) c E + E, the operator is a bounded linear

map from L «O,t);V) in E, V being another reflexive,separable Banach

space,and the input f is taken from the class of admissible controls

(1.2) F
t

= {f ([O,tJ;V) I II f(T) II V ,; 1 a.e. in [O,tJ},

A state ulE E is said to be approximately controllable if there exist
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to > ° and an admissible control f t O transferring the system from UO

1 1
to B(u ,d = (uEE I II u-u II E d ,£ > 0, in time to, Le.

(1. 3) u (0) =

where u(t), t dO,toJ, is the corresponding admissible trajectory obtain-

ed from (1.1). The smallest to for which (1.3) holds true is called the

transition time of the admissible control f and the infimum t* of the

transition times of all admissible controls is called the minimum time

with respect to u O
, B(u l , £ ) and f. Finally,if there exists an f*E f

t
*

such that (1.3) is satisfied with transition time t ', then f * will be.da­

noted as optimal control.

The abstract control system (C) can serve as a model for both di-

stributed and boundary control.In fact,if V = E and L
t
is given ty

(1. 4)
tJ S(t-T)f(T )dT,

o

then u(t),t O,represents the mild solution of the evolution equation

(1. 5)
d
dtu(t) = Au(t) + f(t), t 0,

and we may interpret (C) as a distributed control problem.On the other

hand,if L
t
is given by

(1.6) J
t

AS(t-T)Df(T)dT,
o

where S(t), t 0, is additionally supposed to be analytic and D is a

bounded linear map from V in E such that

(1. 7) II AS(t )DII = °(t e - 1)

for some ° < e < l,then (C) may be viewed as the Banach space .iDnnulation

of a boundary control problem,the operator D denoting for example the

Dirichlet map (cf. [19J ).
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RemiVLk. Note that in view of U9;Thn.3] condition (1.7) ensures that the

map L
b
given by (1.6) is indeed a bounded linear operator from

t

([O,tJ;V) in E. In both cases it is well known (cf. e.g. l L'I , [ 5),
1[10)) that if u is approximately controllable, then there exists an op-

timal control f* which,under some additional assumptions ,is uniquely

determined and satisfies the bang-bang principle.

In studying the above control problems a decisive role will be played

by the adjoint operators L; which can be interpreted as observability

maps for the corresponding dual observed systems (see e.g. [4J). The

maps L; can be shown to be bounded linear operators from E* in

given by

O,tJ;

(1. 8)

for distributed control and by

(1. 9) * *D 8 (t *• )A

in case of boundary control.

For notational convenience the spaces Loo([O,t);V) respectively

([O,t);V*) will henceforth be denoted by WOO respectively wI

The approximate solution of time optimal control problems both in

case of distributed and boundary control has been studied by various

authors (cf. e.g. (3),[8),[11),[12],03),[14J,[15J). In the sequel, following

the approach in [8J, we will develop a unified theory based on the ron-

cept of discrete convergence in discrete approximations. For this pur-

pose,let us assume that (En)JNand (Vn)JN are sequences of reflexive 83.­

nach spaces approximating E and V in a sense which will be made precise

in the next section. Furthermore,let (8 (t» be a sequence of Co-semi-
n ill

groups 8 (t): .... En' t 0, nEJN, of type (M ,w ) with infinitesi -
n n n

mal generators A :D(A )£E .... E and let (L )IN be a sequense of input
n n n n t,n

w;:.... En' nElli . Given initial states and final states u 1
n
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, nelli ,we consider control systems (C ) given by
n

0.10 ) u (t)
n

S (t)UO + L f, t 0,
n n t ,0 n

and we are looking for admissible controls f EF within the class
n t,n

:::{ f
00 00

([O,t];V) (d in [0, t]}(1.11) F EW L II II " 1 a.e.
t,n n n n

UO 1 in finite time to i.e.steering the system from to B (u ,d some
n n n n'

(1.12) u (0)
n

1
(u ,cl.

n

For distributed control the input maps L are specified by
t,n

0.13) L
d

f
t,n n i

t
S (t
n

o

while for boundary control

0.14) b
f

,n n
o

(t dD
n

(T)dT

assuming S (t), t 0, nElli,analytic and D
n n

with

Vn -e- En' n e lli, bounded

(1.15) II (t)D
n II

e
OCt n

- 1
) , ° < en < 1.

2. DISCRETE CONVERGENCE IN DISCRETE APPROXIMATIONS

We will shortly review some highlights in the theory of discrete

convergence in discrete approximations which will serve as a basic tool

in the subsequent sections. For details we refer to [6],[7J,[16] and

07J. Given real Banach spaces E, En' nElli ,and a sequence R = ( )lli

of restriction operators R
n

: E -.. En' nElli, the triple (E,nEn,R) is
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called a discrete approximation with convergent norms (en-approximation)

iff

(i)

(ii)

II R (au + Bv) - aR u -SR v II + 0 (nc IN ) ,
n n n

a,SeJR; u,vcE,

II R u II + II u l l E (ne IN ) , ueE,
n E

n

(iii) sup II R u 11
n

< 00 , ucE.

A sequence (u )IN' of elements u s E , neJN' eJN, is said to converge di-
n n n

scretely strongly to an element u cE (s-lim, u = u(neJN'» iff II u-
E r: n

- R u II
n

->- 0 (ne IN') .

Obviously,if s-l

II un II E + II u II E
n

mation.

u = u (nEJN') ,we also have norm-convergence, i.e.
n

(neJN') ,which justifies to call (E,IIEn,R) a cn-approxi-

A dual concept is the discrete weak convergence of functionals:

* * *A sequence (u") , of elements u eE , nEJN' eJN ,converges discretely
n IN n n

*weakly to an element u e u (neJN') iff for each u e E

and any sequence (u) "u e E , neJN' , we have
n IN n n

* *u (nelli') <un'u
n
> * -+ < U ,u

En,En
> *E ,E

where <

E and
n

respectively < • , •> * refers to the dual pairing between
E ,E

*resp. E and E .

It is easy to see that if w-lim *u*
E n

1 im inf II u * II
n

u* '(DEJN') *then II u II

* *If (E ,TIE ,Q) is a en-approximation of the dual space
n

, and the

Banach spaces E, , neJN ,are reflexive ones,we may likewise define a
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discrete weak convergence of sequences of elements in E (cf. [9J ) :
n

A sequence (u ) ThTl ' u EE , nE lli' c lli ,converges discretely weakly to
n.ln n n

uEE ( un = u (nelli'» iff for each u*EE* and any sequence ( )lli"

* *u EE , nElli' ,there holds
n n

s -1 im * u * = u * (nElli ' )
E n

*=>< U ,u>
n n *E

n

*... < u , u > E *, E (n E lli')

If E is separable,we have the following equivalent characterizatioreof

discrete strong resp. discrete weak convergence (cf.

Lemma. 2.1. Let (E,TIE ,R) E *,TIE *,Q) be en-approximations where
-- n n --

E,En' nElli, are reflexive Banach spaces and E is separable.Then for ea:::h

u
n

(nElli')

u (nclli')J * *cE and any se-

... <s-limE*u
n*

= u* (nElli')J there holds < -: ,u > *
nnE ,

n
Moreover, we have the following discrete weak

*u , u> * E(n Elli ' ) .E ,

compactness of bOUfr

ded sequences in En resp. * (cf. [6J):

Lemma. 2.2. Under the same hypotheses as in Lemma 2.1, for any boun-

ded sequence (u )Thr,' uEE, nElli' clli [respectively (u*) UE£*
- n .1" n n -- n lli" n n

nElli' c lliJ there exist a subsequence lli"c lli' and an element uEE [resp.lfE

[II U liE (nElli")

(Y¥: lli Of) J .

and II un liE'"
n

*... llu II E*

such that w-lim u = u (nElli")
E n

w-lim
E*

= u* (nElli") and II U*n II E *
n

We also need the notions of strong resp. weak limits of subsets,

llncEn' nElli' clli. We define

s-Lim suPE
ll = {u,.E I 3 (u )IN'''U Ell , ncJN" cJN'
n n n n

u u (nEJN')} .
n
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Similarly,we introduce the sets w-Lim sUPEQn and w-Lim infE Qn re-

placing discrete strong by discrete weak convergence in the above de-

finitions.

ClearlY,we have the following inclusions

(i) w-Lim 5l sw-Lim sUPE
Qn' s-Lim 5l n

sUPE 5ln'n

(ii) s-Lim 5l n Sow-Lim inf
E 5ln' s-Lim 5l n Sow-Lim sUPE

Q .n

If in (i) holds,we simply write Qn respectively Qn'

Moreover, if w-Lim sUPE
Q
n
ss-Lim inf

E
Q
n,

all the limit sets coin-

cide and will be denoted by LimE Qn.

We denote by B(E,F) the Banach algebra of bounded linear operators

B E 7 F and by C(E,F) the class of densely defined linear operators
E

A with domain D(A) in E range R(A) in F. Let us assume that (E,TIE ,R ),n
* ** *E F * *F(E ,TIE ,Q ) and (F,TIF ,R ), (F ,TIF ,Q ) are en-approximations sati-

n n n

sfying the assumptions of Lemma 2.1. A sequence (An)lli of

A EC(E ,F ), ne lli, is said to converge discretely strongly [discretely
n n n

weaklyJ to an operator AEC(E,F) (A 7 A (DElli»[respectively A (nElli)J
n n

iff for each uED(A) there is a sequence (un) lli' unED(An), nElli, such

Au (nElli) J.U (nE lli) and w-limF An un

The sequence (An)lli is consistent with A iff for each UED(A) there

exists a sequence (u )"", U ED(A ), nElli, such that s-lim
E

U = u(nElli)
nm n n n

and s-limF A U = Au (nElli) . If B EB(E ,F ), nElli, the sequence (Bn)JN
n n n n n

is called stable iff lim sup II B II <00 and
l1J.E<JN n

stable iff there

exist a positive constant Y and a final piece c IN such that

'" Y IIUn II E ' un EEn,
n

nElli i :
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Le.mma 2.3.

holds:

(cf. [16 J). Let B E B(E, ), nEJN
n n

and BEB(E,P) . Then there

(ii) *B
n

B -+ B (ndN) <=> B*
n n

(iii) If )m is inversely stable and consistent with B, then B is

(iv) The sequence ) m j.s inversely stable ,consistent with B and s-

lim R(B ) eR(B)
n

s-l R(B )
n

= Bu (nEm) =>s-lim u
E n

Another important concept is that of a-regularity (cf.[6J,[7J)

A A,(A )ThT of operators AEC(E,P),A EC( ,F), nEm, is said to ben n n

a-regular iff for any bounded sequence )ThTl' u ED(A), f1Em'e m
m n n

w (nEm') for some wEF there exist a subsequer:ce

m" em' and an uED(A) such that s-lirrt; un = u (nEm") and w = Au.

Obviously, a-regular operators satisfy s-Lim sup R( )G R(A).
F

Moreover,we have (cf. [6J,[7J):

Le.mma 2.4. Suppose BEB (E,P) and B( ,F), nEm, to be a-regular.
n

Then there holds:

stable.

(ii)

( i ) If B _i_s_--='--__-=-_t_h_e_n (B;n) m _i_s_i_n_v_e_r_s_e _

(Bn)m to be stable and let AEC(E,F), AnEC(

Then

(iii) If B is injective and the pair B,( is a-regular and consi-m
stent, then there exists a constant y>O such that II Bu II F y II u II E

uEE.



Constructive Aspects in Time Optimal Control 251

We close this section with the notion of discrete compactness of

operators: A sequence (B) of operators B EB( ,F), nEJN is called
n IN n n

discretely compact iff given a bounded sequence ( U E -E ,
n n

n c IN ;

for any subs equ e nc e JNl eJN the sequence (B u )IN' contains a discrete-
n n

ly strongly convergent subsequence.

3. CONVERGENCE OF INPUT MAPS AND REACHABLE SETS

Throughout the following we wi I assume that (E,nE ,RE) , (
n

* *E V * * VQ ), (V,nV ,R ) and (V ,nv ,Q ) are en-approximations of reflexive,
n n

separable Banach spaces E, V resoectively their duals by sequences of reflexive

Banach spaces En,Vn nEJN ,respectively their duals.Then, we canonically get

en-approximations (
00 WOO 1

,llW ,R ) (W ,
n

ro

u l W
QW ) by set ing (R f(T)=, n (T) ,

*V -: *.
( T) = Q f (T), TE:[ 0 , t J, n E IN .

n

We will begin with some basic controllabil results. The con-

trol systems (C) abd (C ) are exactly controllable iff the input maps
n

,
,n

nEJN, t > 0, are surjective, i.e. R( E and R( ) =
,n

neJN ,and approximately controllable iff cl = E and cl )=
,n

nEJN. A necessary and sufficient condition for exact controlla-

bility is the existence of positive constants y(t) and y (t), neJN
n

such that

* * * * *(3.la) II LtU II ;0, y(t) II u II E*' u EE
WI

O. * * (t)llu*11 * *II L u II :2: y , u EE
n't,n n n n n

*while approximate controllability holds iff N(L
t)

{Ot and

* *= {OJ, N(L
t)

and N( ,n) denoting the null spaces of Lt and

N(L; ) =
* ",D

L re-
t,n
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spect

Clearly, D.la) resp. D.lb) holds true if and only if BE(O,y(t»s

LtB ",,(0,1) r-esp . BE (O,y (t)}sL B"" (0,1). Due to this fact,the control systems
W n n t,n Wn

(Cn) are said to be asymptotically uniformly exactly controllable if

there exist y (t) > 0
o

tisfied for all nE:IN
l

and a final piece :IN
I

c :IN such that D.lb) is sa-

with y (t) replaced by y (t). Consequently,wehave
n 0

the following obvious criterion for asymptotic uniform exact controlla-

bility:

Le.mma 3.1. The control systems (C ) are asympotically uniformly exactly
n

*controllable if and only if the sequence (Lt,n):IN is stable.

Moreover,in view of Lemma 2.3(iii) and Lemma 2.4(i),(iii) we

the following relationship bp.tween approximate controllability of (C)

and asymptotic uniform exact controllability of (C ):
n

Th e.0Jt e.m 3. Z•

is* *If (C) is approximately controllable and the pair Lt,(Lt,n):IN

a-regular,then (C ) is asymptotically uniformly exactly controllable.
n

(i)

(ii) Conversely,if for (C )
n

otic uniform exact controllab

* *holds true and (L
t

) is consistent with L ,then (C) is approximately
,n t ---

controllable. If,additionally,the pair Lt*,(L
t*

) is a-regular,then (C)
,n

is exactly controllable.

In finite dimensional spaces the notions of exact and approximate

controllability coincide while in the infinite dimensional case it is

well known that many control systems are not exactly but only approxi-

mately controllable (cf.[18]). So,with regard to applications, where

(C ) is usually obtained from (C) by finite difference or finite element
n

techniques,the standard situation will be that (C) is approximately con-

trollablewhile (C ) is asymptotically uniformly exactly controllable.
n

The results of Theorem 3.2 require a detailed study of the input
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maps and their adjoints. As a first step in this direction

253

we will

establish convergence criteria for the semigroups S (t), nElli ,and their
n

adjoints. For this purpose let us make the following assumptions:

Set) and S (t), nElli, t ;0, 0, are C -semigroups of type (M,\\)) and (M ,w)non n

with infinitesimal generators AEC (E,E) and A .,c (E ,E ) such that
n n n

lim sup M
n

< 00, lim sup w
n

<00 ,

(A
2
) the (AI - A) , ( - A ) lli ' A> max (w, w) , is a-regular

n
and consistent,

(A
3
) the (n* - A*) , ( * A* )lli' , A> max(w,w) is a-regular

n
and consistent.

Theo!l.em 3.3.

Suppose that assumptions (AI) ,(A
2
) [respectively (Al),(A3

) ] hold true. Then

* *S (t ) ->- Set) (nElli) [respectively S (t)->-S (t) (nEllil] uniformly on finite
n n

subintervals of [0,00).

P!l.006. The a-regularity of (Al - A),(Al - A)) , A> max(w
n n lli

),yields

s-lim AI - A )£=R( Al - A) while (A
l)L n n

i.mp.i r e s the inverse stabili-

ty of the sequence ( AI
n

)lli' Together with the consistency of

(AI - A), ( - A) , Lemma 2.3 (iv) gives discrete strong conver-
n lli

gence of the resolvents,i.e. (AI
" n

-1 -1
- A) ->- (AI - A) (nElli) .Then,by

n

standard arguments,one can easily deduce uniform discrete strong con-

vergence of the semigroups (t.) ->- Set) (nElli) .'1'0 establish uniform

discrete strong convergence of the adjoint semigroups,exactly the

arguments as before do apply.

An immediate consequence of the preceding result is

Under the hypotheses
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(nEIN) uniformly on bounded SUbintervals

of [O,eo).
b b

In order to get convergence results for the input maps L ,L of
t t,n

the abstract boundary control systems let us state another set of assum-

ptions:

(B
l
) 'rhe sequence (Dn)JN is stable and

o < lim inf e < lim sup e < I,
n n

(B
2)

The pair D,( )IN is consistent,

* *(B
3
) The pair D ,(Dn)JN is consistent,

(B
S
) The pair A*,( )IN is consistent

(B
6
) The pairs D*,(

are a-regular,

IN'
) * )

,n IN
and A*,(A )*

n

(B
7
) The sequence (D) is discretely compact,

n IN

ThtoJttm 3.5.

Under conditions (AI),(B
l
) there holds:

(i) If assumptions (A
2),(B2),(

) Crespo

then b
+ L

t
(nEJN)

,n
uniformly on oouri-

ded subintervals of [O,eo).

(ii) b *If assumption (B
6)

holds true,then the pair (L
t)

,CC ) *) is
,n IN

a-regular.
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(iii) Under conditions (A
2),(B4)

and (

scretely compact.

) the sequence ( .) is di-
,n IN

P!Loo6· (i) In view of (B
I),(B2),

Lemma 2.2 (i) gives D
n+

D(TIElN).

Since (t) + Set) (nElN) by means of Theorem 3.3 and

because of

in turn yields

), we immediately get

+ L
b

(nElN).
,n t

(t -.)"1) +AS(t - . )D(n lN) which
n

In order to prove convergence of the adjoints, we claim that

«L
b

)*) is consistent with (Lb
t
)*. In fact,by (B

S)
for each U*E E\;

t,n IN

* * * * *there exists (un) IN ' UnED(A
n
) , nElN , such that s-limE" Un=u (ndN

* * * *and s-lim *A u = A U (nElN). But
E n n

* *(t - .) + S (t - .) (nc IN) and D +
n

*+D (nElN) because of Theorem 3.3 and Lemma 2.2 (i) whence

* *s-lim *D S (t -
V n n

_,;-b)* *-V"t u (nElN)

* *DS(t-·)

On the other hand, (

*u

implies the stability of

uniform on

and consequentely,the assertion follows again from Lemma

2.2 (i).

Obviously,in both cases the discrete convergence is

bounded SUbintervals of [0,00).

(ii) The a-regularity of the adjoint input maps follows by applying

Lemma (2.4) (ii) twice.

(iii) If ( is

therebounded for almost all TdO,tJ and hence,by (B
7
) for any IN' elN

exist IN" elN' and V(T)EE such that s-lim
E

D f (T) = VeT) (nElN"). Since
n n

AS(t - T)V(T) (nElN") whence s

S (t ) +S(t)
n (n E:1N) and because of (B4) , we arrive at s-limEA S (t

n n

L
b

f w (nElN")
t,n n

where

w f
t

AS(t
o
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We now consider the reachable sets

(3.2a) {uEE I u

(3.2b) R
t,n

{u EE
n n u

n
S (t)UO +
n n

f
n' f Eft i .n ,n

If UO = 0, we will write and if L
t

d .
Ltrespectlvely the

corresponding sets will be denoted by respectively Rb Rb,O
t' t

The following results establish convergence of the reachable sets

both in case of distributed and boundary control (the terms irrbrackets

always will refer to the boundary control systems, i.e. etc.):

Theottem 3.6.

Under assumption (AI) we have each t > 0:

(i) If condition (A
3
) is satisfied [respectively conditions (A3),(Bl ),

),(BS)J, then the sequence is discretely weakly compact and

there holds

w-Lim sUP E

Moreover, if w-lim
E

= UO (nElli) ,then we also have

w- Lim sUPE
R cR
t,n - t

('ii)Ifconditions (A
2),(B4),(B7),(BS) hold true,then the sequence

is discretely compact and

L
" b,O b,O

s- .im sUPE Rt,n .:Rt

(iii) Suppose that condition (A
2)

is fulfilled [respectively conditions

(A
2),(B2),(B4) J . Then there holds
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o
If additionally s-lim

E
un

s-Lim inf
E
R
t,n

(iv) are

met,then

Furthermore, if u
O

(nEJN) ,then also

Assertions (i),(iii) and (iv) will only be shown in case of

boundary control,because the corresponding proofs for distributed con-

trol follow the same pattern:

( .i, ) () Rb , 0 :INLet un:IN be a bounded sequence of reachable states u E ,nt,n t,n

and let :IN'c:IN. Then there exist f EFt' nE:IN', such thatun=L
b

fn ,n t ,n n

After a correction on sets of measure zero,we may assume that for each TE

dO, t ] the sequenc e (fn ( T) ):IN is bounded and henc e, by Lemma 2 ..2 there

exist a subsequence :IN" c:IN'

(nE:IN") and

and f (T)EV such that w-lim f (,-) = f (T)
V n

Ilf(T) Il v liminf Ilfn(T) Il v 1, i.e. fEFt.Now, let
n

*such that s-lim
E*

un *u (nE:IN") .Then we have

* b< u,L f >
n t,n n

b * *E*,E = < (L t ) u .r > 1 WOO
n n ,n n n Wn ' n

=

Since s-lim * D*S*(t
V n n

** ** **-T )A u = D S (t - T )A u
n n

(nE:IN") because of

Theorem 3.5(i), Lemma 2.1 implies that the integrand converges point-
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* * * *wise to < D S (t - 'dA u ,f(d > V *V. Moreover, the integrand is uniformly Bounded,
and consequentlY,the integral converges to

t

f
o

> *V

< ( )* u* ,f > 1 00

W ,W > *E ,E

We have thus shown w-lim
E

un = u (ndN H
) where u = fEF

t·

L t t t 1 · Rb ,0 . th . t. e us now assume ha u EW- .im sUPE t ,n ' l. e. ere e x i s s a

sequence (un) IN' R
b , O

, u E
n t,n

, nEIN' e ill , such that w-lim
E

un u (n EJN' ) .

Because discretely weakly convergent sequences are bounded,we may use

the above result to conclude that there are a subsequence JNlle IN' and
b

an element f such that w-lim
E

= Ltf (DE JNII) . Since limits of di-

scretely weakly convergent sequences are unique,we get u = i.e.

t )

(nEJN) , t 0, because ofMoreover,since S* (t) + S* (t)
n

3.3, Lemma 2.l(ii) tells us S (t)
n

(n EIN) we get w-limES (t)UO = S(t)uO
n n

Theorem

(n EJN) . SO,if = Uo

(nE IN) . Combined with that what

we have shown before ,we have w- Lim sUPE ,n

(ii) Again,taking (un)IN" UnE nEIN'eJN ,as a bounded sequence

ofreachablestatesu L
b

f fEF ,nEJN',wemayassume (f
n
( 'I'» .,.>1 ,

nt, n n' n t ,.11 JH

to be bounded for each TE[O,tJ. Assumption ) implies the existence

of a subsequence INII eIN' and an element v (T )EE such that s-linLD f (T )
Enn

= VeT) (nEIN"). Then,by (B
s
) we deduce the existence of another sub-

f( T )

(nEIN'ft) and v Cr ) = Df(d. Since II f (dll ,,; 1,
n V

n
we also have
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II f(dll V :0; 1, i.e. feF
t.

Moreover, Sn(t) ->- Set) (nEJN) ,t :;, a,by 'Ihco-

->- A (neJN) because of (rem 3.3 and A
n

AS(t - T )Df(T) (nE IN'' , ) and thus also

) whence s-iltLA S (t-T)D f (T)
t:nn n n

s-lim L
b

f Ltbf (neJN")
E t,n n

If L· Rb ,0 th b t d . f diliEs- arn sUP
E

t ,n' e a ove argumen s an the un i.quene s s Olscre-

te strong limits imply the existence of an feF
t

such that u =

R
b , O

UE t

(iii)
b,O

If uER
t

there exists fEF
t

such that u = .Assuming II f(T)11 V5,l

for all Te[O,tJ, by (B 2 ) for each TE[O,tJ there exists a sequence

,f (T)e V , nEJN, such that s-lim f (T)
n n V n

and

s-lim D f (T) = Df(T) (neJN). Note that we also have norm convergence,
E n n

(neJN). SO,if Ilf(T)II
V

< 1, for

we define

1, neJN
l

. We set gn ( T ) =

f (T), n If II f( T) II V=l,
n

II f (T) II :0; l,and g ( T )
n n

i.e. II fn(T)II V->- Ilf(dll v
n

we also have Ilfn(T)II
V

<

n
fn(c), neJN \JN

l
and gn(T)

if

a final

as well as s-lim D g (T)
E n n

(nEJN)

other·wise.Consequently,in any case II gn(T) II V :0; 1
n

Df ( T) (n e IN).and s-limV

But S (t ) ->- Set) (neJN) , t :;, 0, by Theorem 3.3 and
n

->- A (n->-JN) in

TjD g (T)
n n

AS(t - T )Df(T) (neW)

and also s L
b

g
t,n n

(neJN) Since g eFt ,we have L
b

n ,n t ,

ERb,O which gives the assertion.
t,n

If s-lim
F:

= U
O (neJN) ,we get s S (t)UO = S(t)UO (nEJN) and

n n

consequently,taking the above result into account,we arrive at R
b s
t

s-Lim inf
E ,n

(iv) The assertion is an immediate consequence of (i) and (iii).
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4. CONVERGENCE OF MINIMUM TIMF£ AND OPTIMAL CONTROLS

Based upon the convergence results for the input maps and reacha­

ble sets we are now able to establish convergence of minimum times and

optimal controls. The first result concerns the approximability of (C)

by (C ):
n

TheoJr.em 4.1.

1
Let u EE be an approximately contr'ollable state in the sense that (1,3)

holds true for some E > 0, let conditions (A
l
) , (A

2)
[respectively

(B
2),(B4 ) ] be satisfied and assume that (C

n
) is asymptotically uniform­

that
1

uncE
n,

nEIN, ­'­s­'­u_c_h _

1
u (nEIN). Then there holds:

ly exactly controllable. Moreover

(i) For any 0 > 0 there exist nCo) > 0 with nCo) + 0 as 0+ 0,

quence (En)IN of positive real numbers with E $ E and a final pie­
n

ce IN
I
eIN such that for each nEIN there is an U ER * satisfying

­ 1 n t +o,n
E

(4.1 ) 1;1
1

un ­ un l l n (0)
n

E +n(o).
n

(ii) Let additionally condition (A
3
) [respectively conditions

* *positive real numbers,denoting by t
n

and f
n,

nEIN
l,

the minimum time

o 1 1and an optimal control with respect to u ,u ,BE (u ,n (0 », we have
n n n n n

n
+ t: (nEIN

l)
and there exist a sUbsequence IN' eIN

l
and an optimal

*control f EF
t*

E

*TdO,t ] where

such that

g * (T) = *(T), 0
n

g*(T) = f*(T) (nEIN') for almost all
n

* *$ T $ t , and g (T) = 0 elsewhere,
E n

(iii) In the case of boundary control,if in addition to theassymptions

in (i),(ii) conditions ( ),(BS) are met, then the same statements as
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in (ii) hold true with discrete weak replaced by discrete strong con-

vergence.

* ( ) * .Let u t ,Os t s t ,be the optimal traJectory
£

to UO and BE(u l , £ ) . Since S(t)u + u as t + 0+ ,for given

exists >0 such that

wi th respect

8 > 0 there

(4.2) * * * *IIS(8)u (t) - u (t )II
E

<
£ £

Sett v = R u*(t*), nEm, we obviously have s-lim v
n n £ E n

* *u (t ) (nit'N).
£

But S (8) + S(6) (nEm) and hence,Lhere 18 an n
l(6)Em

such that for
n

u s (8)v -vilE
n n n

n

On the other hand,by Theorem 3.6(iii) there exists (fn)m'

nEm ,such that s-lim w u*(t*) (nEm) where w = S (t*)
En £ n n £

f E F * ,
n t £,n

+ L * f.
t ,n n

£

Consequeotly,there exists n
2(6)Em

such that for all n (6 )

(4.4) IIS
n(6)(Wn-vn)II E

s
n

S (6) v and h (T) = f (T), 0 S T
n n n n

satisfyingand thus,for 0 n
2(8)

we find g EF6n ,n
(w - v )

n n

*s t ,h (T)
£ n

+
o

u
n

+ 6 )*(t
£

S
n

S (8)
n

and u
n

*t +8,then h EFt * 6
E n +,0

£

L
6
g. If we take

,0 n

g (T- t*), t*< T S
n £ £

+ L * h, i.e. u ER
t +8,n 0 n t 6,n

£ £

Moreover,

u II s
o E

n

I
II u -

n II E
n

+ II v
n

But II - v nil E + II
n

* *u (t )11 E s £ as n + co and thus, taking

(4.3) into account, (4.1) holds true for 0 max(n
l(6),

(6» with
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c
n II - V n II E •

n

( ii) * *It follows directly from part (i) of the proof that t
n

s: t E: + 8
n

* *for sufficiently large nEIN,let's say nEIN cIN,and thus limsupt t.
1 n E:

On the other hand,if *(t), a s: t s: *, is the traj ectory corresponding

By

such that

* I[0 nEff
, E E:,n

IN' c IN and an f EF-
1 t E:

*lim inf t , then
n

*to f EF * and tn t
n
,n E:

Theorem 3.6(i) there exist a subsequence

w-linv (n EJN' )
*

a.e. and w-lim u (t ) = u(t )
EnE: E:

(n EJN' )

where u(t), a s: t s: t , is the trajectory corresponding to f. Since
E:

discrete strong implies discrete weak convergence,we also

= u
l

(nEJN) and hence, w-lim
E

* 1(t )) = u - u(t ) (ncN") whence
E: E:

1
II u - u(tE:) II E s: lim inf Ilu 1

- u*(t ) II
nnE:

It follows that ;
E:

s: t lim inf * and consequently ,combined with that

what we have shown before, we have *-r t E: (nE IN l) .

(iii) The assertion follows along the same lines by applying Theorem

3.6(ii). =#=

The next result provides a partial characterization of the sets of

approximately controllable states in E:

Theoltc-m 4.2.

Under conditions

o
(un) IN be a sequence

U
O

(nEJN) ,and let

of initial states UOE E , 1!16JN, such that w-lillLu
o

n n K n
1

(un)JN be a sequence of approximately controlla

1
ble states u E E , nEJN, such that (1.12) holds true for any sequence______ n n

(E: n) IN of positive real numbers with E: = E: for some E: > a and as-
n

*sume that the corresponding sequence (t E: ) IN of minimum times is bourrled.
n
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in E in the sense that

Then,each ew-lim sUPE
IN} is an approximately controllable state

(1.3) holds true.In exists an

with minimum time t * <£ lim inf t*
E En

If additionally condition ( ) [respectively conditions (A
2),(B2),

correspon-
,n

*and,denoting by fne*->- t
E

satisfied,(C ) is asymptotically uniformly exactly control la-
n

o () 1. ( 1) }u n c IN and u e s-Llm sUPE { un IN ' then for a sequen-ble, s

ce IN' cJN

ding optimal controls, there exist another sub sequence IN II cJN' and an op-

timal control f*e such that = f*(T) (n dN")a.e. where

* .gn lS defined as in Theorem 4.1(ii).

Under assumptions (B
7),(B8 ) the same holds true with discrete weak re-

placed by discrete strong convergence.

there are another

we

subsequencea

is bounded,

with t* ->- t (neJN") . By Theorem
En E

- * -IN'''cJN'' and an fe F- such that w-lim u (t )
t E EnE

If u
lew-Lir.1

sup {(u
l)

} then there exists
E n IN

that u
l

= (neJN') . Since -; )IN'
n

3.6(iii)

subsequence

find IN' cJN'

IN I cJN such

where and u(t) are the trajectories corresponding to and f

respectively, and we have

1
<£ lim inf II un * -u (t) II

n E

*Now,let IN' cJN be such t ha t L
En

-,. t
E

lim inf

is bounded and hence,due to the discrete weak compactness of bounded

sequences of elements in En' there exist IN'' cJN' and u
l
sE with =

1 1
= u (neJN"). By the same reasoning as above we conclude that u is

an approximately controllable state with minimum time *
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Under the additional assumptions there exist IN' cJN and a sequence (£n)lJ'

of positive real numbers with lim £
n

£ (nEJN') such that

of Theorem 4.1(i),for any 6> a and sUfficiently large niN'

as-+- a (nEJN') .Then,arguing

* (nEJN'). S this contradicts thet If :5 £
e n n
n
the other hand,if S > c

n'
we find z E

n n
*time minimality of t£ . On

1 n * *(u ,£ ) such that lIz - u (t )11
n n n n £

EaB
E
n

in the proof

*Let us assume t < lim inf
c

there exist controls gnEFt*
£

*a :5t:5t +o,such that
£

and corresponding trajectories u (t),
+ o,n n

1
:5 II u - z II E +n (<9)

n n
n

*which, letting 0 -+- a , also contradicts the time minimality of t
£
n

S. APPLICATIONS

As an example let us consider the parabolic equation

(5.la) u(x,t) + Au(x,t)
at

0, xdl t > a

(5.1b) u(x,O) xdl

d
where Q is a smooth bounded domain in Euclidean space R , dEJN, and A

is a second order uniformly elliptic operator given by

(a .. (x )
lJ

:)

a·x.
J

) + + c(x)
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with sUfficiently smooth real-valued coefficients a .. =
lJ

We consider boundary control either in the Dirichlet data

i '
b. and c.

1

u(x,t) g(x,t) , XE r= aQ t > 0

or in the Neumann data

a u(x,t) = g(x,t) , X E r= aQ, t > 0
av

d
where

av
a

• Z n.a ..
1,J=1 1 lJ ax.

J

Denoting by a(.,.): Hl(Q) x Hl(Q) ->-JR the bilinear form

9- d
JJ au av J au

a(u,v)
i,5=l dx + ih

b.--- v dx + cuv dx,
11 a ax. 11 laX. Q

J 1

clearly, a(.,. ) is bounded, i.e.

(5.2) I a t u , v ) I C lull ,11
1

u j v cH (Q) •

Moreover,let us assume for simplicity that a(.,.) is strictly HI (11) -

coercive, i.e.

(5.3) a(u,u) Y lui 2
1,11

1uEH (Q) Y > 0 .

AD : D(A
D)

(11)->- L
2

(11),

D(AN)cL2(1l)->-L2(1l), D(\)=

a
av u I r= O} is oonfined to the po s i t.Lve haif...axi'S and rs-

generate strongly continuous semigroups SD(t) :L
2

(11)+

2 2
sNlt):L (Il)->-L (Q) , t 0 ,of type (M,w)

It follows that the spectrum of the operators

spectively -AN

2
->-L (Q) , respectively

2
D(AD) = {uEH (11) I u I r= O} respectively AN

= i u d{2 (Q) I
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for some w < O.
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Fipally,let us denote by D the Dirichlet map u Dg where

Au(x) o XEQ, u Cx) g(x) X E r

and by N the Neumann map u Ng where

Au(x) o X E Q , dV u(x) g(x) , X E r .

. .22
It is well known that under the foregolng assumptlons D:L (r)+L (Q) and

2 2
N : L (r)+L (Q) are compact linear operators satisfying (1.7) for some

0< 0<1. Consequently,the parabolic boundary control (5.1a),

(5.1b),(5.1C)D eespectively (5.1c)N can

2
of Section 1 with E = (L ((l), I. I 0 [l)',

be cast in the abstract setting

v

respectively A

spectively.

AN and D denoting the Dirichlet and Neumann map re-

. * * * 2We remark that the adjoint operators and with (Q) lulr=O}

* 2 drespectively D(A
N)

= {uER (Q) I (--- + n.b)ul O} likewise generate
d v r

* *strongly continuous semihroups SD(t) and SN(t) , t?O.

Furthermore,it folloxs easily from Green's formula

f u (Y.... v + n . bv ) d o - f
dV

(5.5) *(Au, v ) 0 - ( u , A v) 0 Q
,Q ,

r r dV
u v da

by choosing * -1u=Dg , v=(A
D)

w respectively
* -1

u=Ng , v=(A
N)

w that

* *the adjoints D and N are given by

*D w

*N w

) ( *)dV + n.b AD

* -1
(AN) wi r
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We first consider the approximate solution of Neu.mann boundary control.

Given a null sequence (h
n)

IN of ive real numbers h < 1 , nEN , we
n

choose E
n

(g) , where (g) , r>k20, denotes a regular
n

there exists

1
system, i.e. for every uEH (n) , , and every s with l,k )

Sr,k (n) such thatVE h

Iv - u I lui
s,n l,n

11 min(r-s,l-s) .

Moreover, we assume E to satisfy the inverse assumption
n

(').8) [u I
n

-1
1

h,n n Ion ', u EE
n n

Then, denot
_ 2

the orthogonal projection of L (n) onto En with

respect to the inner product in (n) , we have

E
IR u - u I s

n o ,»
r

Ch [u I ,
r,n

u

r E
and consequently, (H (n),rrE ,R ), 0<rs2 , define discrete cn- approxi-

n

mations with discrete convergence being equivalent to norm convergence

(n) and thus,these en-approximations

uniquely induce a en-approximation (L2
( n ) , rrE ,RE

)
n

(cf. [6J).

(r) onto V with respect to ("')0
n J

We choose Vn as the space generated by the traces of functions in
n

V is known to define an s3/ 2,1/2 (r) system and hence, denoting by
n h

n

R
V

the orthogonal projection of
n

we have

(5.10) 1

0
C h ll IU t , ll=min(3/2-r ,r)

, r r, r
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By the same argument as above,we thus obtain a en-approximation

We define A E + E by
N,n n n

(AN u ,v )0 Q,n n n ,
a Cu ,

n

and discrete Neumann maps N : V + E
n n n

by

(5.12) a(Ng,v)-(g v)
n n n - n' n O,r

v EE
n n

By (5.2) and (5.3) it follows that for every A?O the sequence (AI +
n

+ A ) is both stable and inversely stable. In particular, -AN '
N,n IN ,n

generates a semigroup S (t): E +
-, N,n n

SN(t). Moreover,denoting by the el

to E , Le.
n

, t?O , of the same type as

1
projection of H = H (Q) on-

H
a(R u,v )

n n
a(u,v )

n
v EE
n n

it turns out immediately that A RH
N,n n

. Since

(5.13)

the pair (AI+AN),(AI +A )IN is consistent for every A?O , and we
n N,n

thus obtain the biconvergence (AI +A
N

) +(U+A
N)

(nclN) and (AI +A )
n ,n n N,n

-1
+(AI+AN) (ncIN). It is easy to check that the same statements hold

* *true for the adjoint operators AN ' AN,n ' nEIN. Consequently, assump-

tions (Al),( ),(A
3
) and (3

4),(35
) of Section 3 are satisfied in this

case.

As far as the Neumann maps are concerned, it follows from (5.12) that
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RHNI * RVN*IN and N imp
n n V n n E

n n
* *the pairs N,(Nn)JN and N ,(Nn)JN

tha t (N
n)

IN is stable and that

are consistent thus establishing con-

readily

ditions (B
l
) (with 6

n=6),
(B

2
) and ( ).

The discrete compactness of (Nn)JN (condition (B
7
» follows

from the compactness of N. To establish a-regularity of N,(Nn)JN let

(g )IN,g EV , nEJN, be bounded and assume N g (nEJN) for some UE
n n n n n
2 2

EL (Q). Then there exist a subsequence IN' IN and a gEL (r) such that

ly stable,we further have g -s (nEJN').
n

For the approximate solution of Dirichlet boundary control we choose

gular system F
n

1 1 1/2
E cHO(Q) as a (2,l)-regular system ' (Q) and V cH (r) as a (3/2,
n ,0 n

3/2 1/2
1/2)-regular system Sh' (r) generated by the traces of a (2,l)-re-

n
2 1 1 E

Sh' (n)cH (n). Again,we denote by R
n
respectively

n

R
V

the orthogonal projections of
n

(n) respect
2

L (r) onto E re-
n

spectively V and by R
H
respectively

n n
1 1

H=H (n) respectively HO=HO(n) onto

A E E by
D,n n n

the elliptic projections of

respectively E . We define
n

(A u,v)on=a(u,vn)D,n n n," n
u ,v EE
n n n

and discrete Dirichlet maps D :V
n n

given by

by D
n

where Dl:V
n n n

is

(5.15)
1

) D
l

Ia(D g ,v 0 v EE = gnn n n n n ngn r

In view A R
E RHOA D

l RHDI * RV * I conditionsof and D
D,n n n D

,
n n V n n

D
E

,
n n
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(A
l)-(A3),(Bl)-(B5)

san be established in a similar way as in the Nffi-

mann case. The discrete compactness of (Dn)m (condition ( » fcllows

from the compactness of D which can also be used to deduce the a-regu-

larity of the pair D,(Dn)m (condition (B8» .

We finally consider the use of nonconforming methods in Dirichlet

boundary control (cf. [14J). We choose E as a regular (r,2)-system
n

(g) , , satisfying additionally the following inverse assump-
n

tion

(5.16) C h s - k ( I
n

I n + [u I "r)S," n s,

where Osksl and Osssmin(k,l).

We define A :E
D,n n

by the nonconforming Rayleigh-Ritz Galerkin tech-

nique as used by Bramble and Schatz in [2J:

CA u,v)
D,n n n O,g

a(u ,v ) + h-3(u ,v )
n n n n n O,r

where a(u ,v ) = (Au ,Av) ,
n n n n O,g ,v EE •

n n

Using the approximation properties of Sr,2(g) and the inverse assump-
h
n

tions (5.l6),conditions (A
l)-(A3

) and (B
4
) ,( ) can be readily veri -

fied in view of [2;Thm.4.1J.

Instead of choosing = E I
n f

and D
n

where D
l
n

is defined as

dary controls,namely we may choose

in the conforming case,we may take a larger class of approximating b ou n-
2

V cL (f) as the space of piecewise
n

constant functions on f , and we may define discrete Dirichlet maps

D : V + E by using the same nonconforming technique as in the defini-
n n n

tion of A ,i.e.
D,n
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a(n g ,v ) + h- 3 (g - u g ,v) r = 0 , v EE
n n n n n n n n 0, n n

271

If follows from [2;Corollary 4.1 Jthat for 4-r";k<f1/2

\1) g - Dg I
n n n k

C h1l 2- k I I
n gn o,r

which immediately gives stability of (D) and consistency of D,(D )
n n

(conditions ), (B
2)).

In particular, D
n

-+D(n lli) and discrete com-

pactness of (Bn)lli as well as a-regularity of D,(Dn)m (conditions

(B
S
» can be established as in the conforming case using the compact-

ness of D.

Finally,if we choose v by
n

fined as in the conforming

stem sr,2 (rt) ,we find
hn,O

* .AD A v = w in (5.1S),where AD lS de-
,n D,n n n ,n

case with r-e sne.c t to an (r , )-regular sy'--

-*
(D w ,g )0 r =

n n n ,
- d

(D g (::;- + n v b )
n n o\!

* -1
(AD ) w)O r,n n,

*from which we can deduce D -+
n

(nElli) and thus condition (B
3).
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