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Two-Sided Approximations for Unilateral Variational
Inequalities by Multi-Grid Methods
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Technische Universitdt Berlin, Fachhereich Mathematik, Berlin (West)

Summary: For the numerical solution of unilateral variational inequalities two iterative
schemes are developed which provide approximations from helow resp. from above.
Both schemes are based on some kind of active set strategy and require the solution of an
algebraic system of equations at each iteration step which is done by means of multi-
grid techniques. Convergence results are established and illustrated by some numerical
results for the elastic-plastic torsion problem.
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0. Introduction

We are concerned with unilateral variational inequalities arising from the mini-
mization of a quadratic functional Jj: R¥: ~R, N,eN, under constraints in the
form of upper resp. lower obstacles. The functional J, may be thought of as the
discretized form of a functional defined on some infinite dimensional function
space, the discretization being carried out by either finite difference or finite
element methods. The usual way to solve these problems numerically is to apply
such techniques as relaxation-projection schemes, duality or penalization methods
(see e.g. [1]). However, the application of these standard techniques is often
marred by the fact that convergence appears to be rather slow. For example,
concerning the relaxation-projection schemes it is well known that convergence
heavily depends on the proper choice of the relaxation parameter whose optimal
value, except in a few cases, ‘cannot be computed easily in advance.

Recently, two new algorithms have been proposed which, under some mono-
tonicity properties of the FrEcHET derivative of the functional J,, do provide
approximations from below resp. from above. In [5] KirsTEN and TICHATSCHKE
have developed a method of feasible directions where, in case of a lower obstacle
and starting from a suitably chosen initial vector, a monotonely decreasing se-
quence of iterates is generated which converges to the exact solution. On the
other hand, in [3] the author has developed a scheme based on the reformulation



of the variational inequality as a linear complementarity problem which, starting
from a subsolution, produces a monotonely increasing sequence of iterates con-
verging to the exact solution. Both algorithms have in common that in each
iteration step only a reduced system of linear equations has to be solved. While
in [5] this is done by Gaussian elimination, we suggest the application of multi-grid

methods which are known as highly efficient iterative solvers for such kind of
problems (cf. e.g. [2]).

1. The Iterative Schemes

Throughout the following R¥% denotes the N,-dimensional Euclidean space with

Euclidean scalar product (-, -), associated Euclidean norm | -| and canonical
ordering, i.e. up =vy iff up s =, 1 =1 =N, Moreover, (R¥2)+ refers to the posi-
tive cone and «}, is the projection of u;, ¢ R¥% onto (R¥4)+, L.e. wj=(uj 1, ..., u",;’Nh)
whoara T e wvaw (o, . N\ 1fn<AT

wnere Up ;= IMAX (Up 4, V), 4 TE=LV .
We consider the minimization problem
Jplun) = min Jp(op) (1.1}
vp €Ky
where .J, stands for a quadratic functional J : RY%: R and K, cRY* is a closed
. > ‘)
convex set given by either K= Ki = {0, ¢ R¥ |0, = Pil or K=K = {mp €RY |1, =

= U2 with regpect to a ‘r\“rnv resn. an upper r\"\ci’nc]n chmNh rpqp 1112 @Arh’

= 1 LA\
= £y 5 Wit respec wer resp. an uppe D8y &

Denoting by v J, the FrEcuEeT derivative of J,, we may assume vJ » to be of.
the form ¥ Jy(up) = Apur —fp involving a linear map 4 : RY: ~R¥% and a vector
freRY: We suppose 4, to be coercive in the sense that

|un| =1 (Apun, up —up) ~oo,  |up| oo (1.2)

for some ugeK,, and strictly T-monotone, i.e.

,—\
—
)

=

(Anun — Apon, (up—v3)*+) =0

with equality iff u, =wvp.

Under these assumptions it is well known that (1.1) admits a unique solution
uic Ky (cf. e.g. [4]). Moreover, u} is a minimizer of Jj iff uj solves the variational
inequality

[y

ﬁkdx

A o~ T
Up & Ly,

/
(
(Anun, wn —vp) =(fn, un—vn), vr€Ky. (1

~—

b
In case K,=Kj it is easy to see that (1.4a), (1.4b) is equivalent to the linear
complementarity problem

min (Apup—fr, uh—‘f’i)=0, . (1.5)
while for K, = K? one is led to

max {Apup —fn, uh—yf,%;):o. (1.6)



We now present' two schemes for the iterative solution of (1.4a), (1.4b). The
schemes can be applied for lower as well as for upper obstacle problems. For
notational convenience the statements will be explicitly given for the case of a
lower obstacle with necessary modifications in the upper obstacle case put into
brackets. Both algorithms have in common that for an iterate u(” ,v=0, an index
set [DwWySI,={1,..., Ny} has to be specified. Then, with respect to the
decomposition 1;,—]‘“( SN UTP ), IV @) =LA P uy?), the solution of a
linear algebraic system of the form

AV~ =0 (1.7)
is required where the linear map A}’ : R —RY% and the vector f;¢R¥% are
given by
[ (Apop)e, 3 i TP @)

(A vpe=4{ " . YIS
Lo, i eI,
) d{fn,i, it ie I (uy)

TP, i e IP ) (well, 2.

In the first algorithm which is a slight modification of that used in [5] the

sets 132 (uy’), »=0, are given by
72/ P N R T 4 Qy
1y W’h = dn | Up = Fh g, HH*! 2}. (L.s)
Another important aspect is the proper choice of a startiterate u}) € K3 [ul) ¢ K3

which will be determined according to the following result:

Lemma 1.1: Let ujcK; [ujc K3] be the unique solution of (1.4a), (1.4b) and

suppose that i € K; [w\¥ € K2} is chosen such that
Apuld —f,=0 (1.9)
(A —fr=0].

Then uy zuj [u =uil.

Proof: The proof will only be given for K, =K}, since the other case Kj =K
can be treated analogously.

We have min (4yul® — fr, u® — ¥}) =0 and min (4dpuf—fr, uj— P3) =0 whence
wi=uf, =¥, for icIP(uf) and (Apul —fa)i=(dnuf—fa)i=0 for icI0(up).
Consequently, (4s (uf —u®), (uf —ui®)*) =0 giving u\" = uj by means of (1.3). M

Remark 1.1: (i) In view of Lemma 1.1 a vectoru\® € Kiui? ¢ K2] satisfying
(1.9) is called a supersolution [subsolution] to (i.4a), (1.4b).

(ii) If we choose g,€ R™® by gn =max (fr, 42¥1) [gn =min (f, 4,¥})] and com-
pute u ” as the solution of 4,u{” —g,=0, then «” is a supersolution [subsolu-
tion] to (1.4a), (1.4b).

We are now able to state the algorithm in the following form:

Scheme I:
Step 1: Choose u}” € K [uy’ € K7] as a supersolution [subsolution] to (1.4a), (1.4b)
and set »=0.



Step 2: Set y=v +1, determine the set_I;2(uy~ ") according to (1.8) and compute
@3 as the solution of 47 Pa(? — fo-0 =g,
Step 3: Compute p3 =4y —u™Y. Stop the algorithm, if p{? =0, else go to Step 4.

Step 4: Determine %, as maximal admissible step length in direction p}”, i.e.

Zyv= min (¥}, —u70)/ps) | o3 <0)

(= min ((Z},~u7 "m0 | PR =0,
()
and set x,=min (1, 7,).
Step 5: Compute a new iterate u}) by ul) =uy™V +«,py” and go to Step 2.
Remark 1.2: For the practical implementation of the algorithm, glven an
accuracy bound e >0, in Step 2 7 (u{"V) is replaced by £2}(uy ™) ={i€ In | jul7V—
— W5 i=ep, u€{l,2}, and in Step 3 the stopping criterion is replaced by

descent dlrecmon on 11 (u};“l) {vheth Lon=Fh L e P (Y™, weft, 2}
(cf. [5; Thm. 2 1]) For completeness 'we state as the basic convergence result
(cf. [5; Thms. 2.3, 2.4]):

Theorem 1.1: Let uj¢ Kj[ujcK;] be the unique solution of (1.4a), (1.4b), let
uy, v=0, be the iterates generated by Scheme I and let IP@M), v=0, be the corre-
sponding sets of active constraints. Then under conditions (1.2) and (1.3) there holds:
The sequence (u;“’ Jezo 18 @ monotonely decreasing [increasing) sequence of ilerates
satisfying () =uj, v=0 [u}b‘) sui, v=0] while the sequence (I(z)( <v)))@0 s a
monotonely increasing sequence of uctive constraint sets such ﬂzat I (2 (u“)) S 1n(uj),
y=0.

Moreover, the iterates uy resp. the sets I (ul) converge ufter a finite number of
steps to uj resp. I ;f’mﬁ). '

- Proof: The proof will only be given in case of a lower obstacle, since for an
upper obstacle the reasoning is along the same lines.
In order to verify the monotonicity of the iterates and the active constraint sets

e prove by induction
(Apul? —fr)i =0, eIV, v=zo0, (1.10a)
ul ZulY =k, »=0, (1.10b)
I ST SIP (), v=0. (1.10c)

For »=0 (1.10a) holds true, since u}” is supposed to be a supersolution. Further-
more, in view of uill=ul’) for icIP ) and (dpu}’ — Apull);= e, (4@ —
—fr)i— (Apul? —f2))) =0 for ic IP Q) we get (Apufd — Apul®, (uP —u)+)=0



whence ;" ="’ by (1.3) and thus J\2 () S 7P (i) due to the definition of
the active constraint sets. Since u;” =uj by Lemma 1.1, we also have I 2 {u}") S
SIP(uy)and thus (4w} —Aus); = (Apud—fr)i — 1—JV)(A}lth —f) ~—ocv(A;zu<1)

(1 1 0 1 (2
~fa)i =0 for ie ID(uj (i;ﬂ]\ D) while u=uf =y}, for i¢IP(uf). This glves
(Apuf—ApuiP, (uf —uiPy+) =0, and consequently (1.3) yields um>u giving also

IP (WP S I (ui). Now, if we suppose (1.10a), (1.10b) and (1.10c) to hold true for
v—1, then taking advantage of 17wy ™) SIP(uf) we have (dpul —;‘h e

=(1—o) (Apud™ — fo); + o (Ap@) —fr)i =0 for- i IPwd™V)  which prov
(1.10a) for the »-th iterate. Using (1.10a) and u;;?;u;, the proof of (1.10Db) nd
(1.10¢) for the »-th iterate can be done in the same way as for »=0. We further
remark that ,
ay =ui, v=0, (1.11)

because (A, — Apuj, (@) —uf)*) =0 due to ayi=uj, for i€l (uy™) and

(An@y) — Apu}) =0 for ¢ IV (u™). Since there is only a finite number of lower
obstacles, in view of (1.10c) there must be an integer »¢N such that I2(u{?) =
=IP(uy) and thus u§*™Y=u}” also showing that #,”=u{" by means of

(v} ~{v) - 1. 1
uy =4,", vz0, which follow frum Lomunuué {1.10b) and (1.11). By (1. 10\./) we
already know I;Z)(ugl”"))cf,z (uy). Assuming i€ IP(uf) but i€ 72 (uy”) we would

have w(y? =al b >uj =¥, contradicting (1.11). Hence, we must have
Il =IP (u}) which in turn gives u}*"" = v} thus completing the proof of the

theorem. W
The second algorithm which has been considered in [3] is based on the charac-

terization of (1.4a), (1.4b) as the linear complementarity problem (1.5) [(1.6)].

Here, the active constraint sets I1P(ul), »=0, are determined by means of
e u}f) {zélh uﬁl‘)l V= Ahu(”—fh )i} (1.12) |
2 () ={icly| uys—¥5 =( Ahu ——fh )i}] -

Again, a suitable startiterate u‘ho’ has to be chosen although, as we shall see later

on, concerning the choice of a startiterate this algorithm is considerably more

robust than the first one.

As a counterpart of Lemma 1.1 we get:

Lemma 1.2: Let wjc K; [uic K;] be the unique solution of (1.4 a), (1.4 b) and
assume that w\> € RM% satisfies ‘

min (4p)? — fr, ¥ — ¥i) =0 (1.13)
[max (Al —fr, ud — P35 =0].
Then u\® sui [u® =),

Proof: Since 4Pul® —f¥ =0 and 0=min (4dpu}—fr, uj— Vi =APu} -2
we have ui’)=uj ; for zelﬁ;”( O and (4pu? — Apui)i=0 for i€ 1P (uy) givin%
(Arus® — dpug, (uy) —u$9)+) =0 and thus «{¥ =u} due to (1.3). In case K;=K;
the conclusion can be drawn similarly. ®



Remark 1.3: (i) In analogy to the first algorithm, a vector u;) ¢ RV% that
satisfies (1.13) is said tc be a subsolution [supersolution] to (1.4a), (1.4b). Note
however, that in contrast to the situation before it is not required that

(0) € Kh[u(()) EK};]

(11\ A natural choice for a subsolution [supersolution] is u}” = Pi{u = ¥2]. Note
also, that for K,=KL as well as for Kh_K2 the solution of Ahu(‘” fn=0 does
provide a subsolution [supersolution].

The second algorithm works as follows:

Scheme II:

Step 1: Choose 1} ¢RM* as a subsolution [supersolution} to (1.4a), (1.4b) and
set v=0.

Step 2: Set y=v+1 and determine the set 77u") according to (1.12).

Step 3: Compute a new iterate u{” as the solution of 4y ™ Vul! —fy= =0.

Step 4: Tf u’ =u{™Y, then stop the algorithm, else go to Step 2.

Remark 1 4 Given an accuracy bound =0, in practical computations the
stopping criterion in Step 4 is replaced by [u{ — ™| <e.

Before statmg the main convergence result for Scheme LI we recall that (1.4a),
(1.4b) is said to satisfy the strict complementary slackness condition, if (du} —
—f1)i=0 for iEIm(uZ‘) and (Apu} —fr)i >0 [(Arw} —Fr)i<0] for 1€ T2 (u}) .

RO Do Sy /4

Theoren 1.2: Under conditions (1 i.2), (1 3) and \1 16) the sequence 0] iterates
(h“), y=0, generated by Scheme I is a monotonely increasing [monotonely decreas-
ing] sequence converging to the unique solution uj ¢ Kp, of (1.4a), (1.4b).
Moreover, assuming strict complementary slackness, the limit u}, is attained after a
. finite number of steps. In particulm there exist indices vo€N and v1 €N, vy =g, such
that I{P (w3) S IR ™) S IP () for v =wo, and 12wy = I (u}) for v=u1.
Proof: As in the proof of Theorem 1.1 we will restrict ourselves to the case of
a lower obstacle. First, we remark that
min (Apul? —fr, ) — ¥3) =0, »=0. (1.14)

By assumption, (1.14) holds true for v=0. The proof for »= 1 follows immediately
from ‘ l '
min (Apul? —fr, u? — ¥ =AYV ~ V=0,

Now, in view of 0 =min (4pu — fs, 1l — Wl = AWu — ) and APuy™ — ) =0
we have AP ul —AVub™ =0. Consequently, uﬁlv“{l) =ul) for icl <2)( ) and
(Al — Apul™); =0 foric IV (ul)) which gives (4uy’ —Ahuﬁz”;), () —uy ™) +) =0
and thus u’ =uy™ because of (1.3). On the other hand, taking advantage of
(1.14) we may use the same arguments as in the proof of Lemma 1.2 to show that
) =ui, v=0.

Now, the sequence (uy” )v20 being monotonely increasing and bounded from
above by uj, there exists an u}*¢ RV? such that u}? —~uj* for » —co. Since there is



only a finite number of lower obstacles, the sequence (4}”), .o must be uniformly
bounded, and hence

min (Apuy) —fo, u)) =)= AP — 10 = A () —uf™) 0, v-0.
Moreover,
min (Apuy’ —fr, u)) — Vi) —min (Apul* — fryui® — P1)

for v ~oo, giving min (Apu}* —f, u}* — ¥;) =0 and thus uj* =u% due to the unique
solvability of (1.5).
If strict complementary slackness holds, we claim the existence of a » €N such
that
];’,2)(%1;;)gl;z?,)(u;;-&—l))g]f)(u;z\')), vE. (1.15)

If the first inclusion is not true, there would be a subsequence N’ <N and at least
one i€, such that i€7P(uf) but i¢ 1P (1)), veN’. Then (dpuj—fa)i=0 and
(Apuy™ —f1)i=0 contradicting the fact that (A;zu(””) —fu)i = (Apuy —fr); for

3 oo, 2N’ Morecy ond inclusion does not hold, there would be an-

[ oA ALALORS 61, if the 3eCona LLUDAULL AU
other subsequence N’ cN and an i€, with i€ 12 (uy*l) but P IP ), veN".
Consequently, we would have

{y = ~
(Apup) —fr)i<uly =¥ supi? —¥1 = - (dpul ™ —fr)i=0, veN”.

Then, going to the limit v —c, yéN”, we would end up with uj ;— ¥ =0 and
(Aru}—fr)i=0 contradicting the strict complementary slackness. Finally, in
view of (1.15) and the fact that there is a finite number of constraints, we must
have the existence of an integer »1 €N, v &, such that [ ;f)(u;b”)) Iﬁf’(u’};) and
thus w{V =u}. =

Remark 1.5: It is easy to see that we can éet rid of the assumption on u}) to be

a subsolution [supersolution], i.e. we even have global convergence of the algo-
1thm In fact. no matter hn“ /LI(O)CllDAh 18 nqupn q‘ftor f‘hﬂ ‘Fquf iteration we Q‘Pf

1T U, Wodix voi

%1
-

a vector u satisfying
min (Apuid —fr, wid — Vi = Au W0,
[max ( Ahu(l) fu, u (1) )>A‘0) (1) f(o)—O]

Consequently, =" is a subsolution [supersolution] and Theorem 1.2 asserts
monotone convergence of (uy’),=; to uj. This property will be of particular
importance for the multi-grid schemes to be developed in the next section.

2. The Multi-Grid Algorithms

In this section we assume that the variational inequality (1.4a), (1.4b) stems
from a finite difference discretization of an obstacle problem for a second-order
linear elliptic differential equation defined on a bounded domain 2 cR¢ with
piecewise smooth boundary. For simplicity we assume 2=(0,1)X(0,1) and



homogeneous DiricHLET boundary data, the discretization involving at most
second-order difference operators with respect to an equidistant grid-point set

Or={z;=(rh, joh) | O=j1, fo=Mp+1, hp=1/(Mz+1)} . (2.1)

We refer to Qp={x;€ 2 | 1 =5, jo =My} resp. Iy =12,\Q as the set of interior
resp. boundary grid-points. Setting Ni=card O and Ny=card 2, we clearly
have Ny={(M;+22 and N ,-C=M We denote by Cg(£2;) the vector space of grid-
functions on {2; vanishing at boundary grid-points and by C{£2) the vector space
of grid-functions on ;. Then, ordering the grid-points lexicographically, we can
identify a grid-function wu;€Co(%) with a vector u,cRY% by (1) =ug,i; where
G=n(Mp+2)+je+1, 0=h,jo=Mp+1, resp. ug;=up(zy;) where j;=(j;, ),
Jo=0/(Mr+2)], ji,=1—js, (Mp+2)—1,1=1 =N;. In the same way a grid-func-
tion ug € C(2x) can be identified with a vector uycRVE, Therefore, in the following
we will not make a notational difference between grid-functions uz€ Co(2) resp.
up€ C(Qy) and vectors 1, € R¥* resp. uy € RVE,

The sets 7*(u), u=1, 2, defined in the previous section, induce corresponding
grid-point sets QY (ug))={z; | il (“)(uﬁv’)} In particular, an interior grid-point

s

1 ve otherwis

;€ £2 is said to be active, if x;€ 4 Qk \uk ), and is called inactive otherwise.
mL m Y L T e QT TT 2
A1 1e most bbllhlllg PU.LUL/ |.U ch lmplemPDthOIl Ul DLIH:LLle 1 C\_{’- eneme 11 I8

the solution of the linear algebralc system (1.7). This will be done by multi-grid
methods which are known to be the most efficient iterative solvers for such kind
of problems (see e.g. [2]).
Consequently, let ({2;)._, be a hierarchy of equidistant grid-point sets with
step-sizes %y, satisfying Ap+1=he/2,0=k=[—1, given some hg=>0. Moreover, we
assume A; and fg, EP; resp. '1”2 to be linear mappings 4y : RYE ~RYt and vectors
feRYE, WicRYE resp. WieRYE, 0=k =/, resulting from analogously constructed
finite difference approximations with respect to 2, of the given infinite dimensio-
nal problem.
We remark that due to @\’ (x;)=P4(x;) resp. ul P (x;) = P4(xs), 7€ QP W),
©€{1,2}, we only have to solve a reduced linear algebraic system in each iteration
step. Thus, when applying multi-grid techniques for solving (1.7) on level / one
should take advantage of the particular structure. In other words, the problem
which arises is, given the sets 2% (u{”), u=1, 2, on level 7, how to specify the
corresponding sets on the lower levels 0 =k <{?
For € Qr, 0 =k =1, we define Ny(x)={z, xthpe;, x £ hyes, ¥t hyes, xthyes} N s,
where e;=(1, 0), e2=1(0, 1), e3=¢; +¢3, eg=e; — ez, as the set of neighboring grid-
points of . Then, following the strategy in [3] we set for 0 =k </
Q) = {2 € Qi | Nea(2) SO ()}, (:
_Q(2)( (v))___Qk\Q}(cl)( (z)) .

We define k&, by
kpn=min {0=k=1 | p‘“ (uP) =0},

i.e. k. is the lowest level with at least one inactive grid-point.

bo
o
~—



Denoting by p}c‘“lzCo(Qk-l) C’o( 1=k =l the prolongation based on a
bilinear interpolation and by it : Co(i2;) —Co(Zx ), 1 =k =1, the corresponding
weighted restriction (cf.e.g.[2]), we define prolongations ff_; resp. restrictions
)

7 by

k)
D

i ' {1 {viy
(BE_juga) _J (Dhorr-1) (27), 2 QY () (2.32)
k-1 1o, otherwise -
(e ) ()= J 7)), € Q) ’ (2.3b)
Ve = !‘Q otherwis <.

Using 75_; and #71 in the multi-grid iteration, it follows directly from (2.2) that
in the coarse-to-fine and the fine-to-coarse transfer only inactive grid-points are
involved while active grid-points are kept fixed.

Moreover, we have to provide suitable smoothing proceduresonlevels &, <k =/
and a iterative solver on level k. For both purposes we choose GAUSs-SEIDEL
iteration dehoting by v}fﬂ)_—:Skv;f), »=0, one (GaUss-SEIDEL iteration step with
respect to the reduced linear algebraic system on level k. The following algorithm
mgvi (v, v, &, ko, v, %) describes a complete multi-grid cycle for the com-
putation of an approximation v{¥ to the reduced linear system on level k=4,
starting from v(o’ Note that A;f), 2 refer to the linear operator resp. the right-
hand side arising in the reduced linear system on level £ determined with
respect to v,
mgvi (,v(l)) ,Ugtl)i Ey ks Ay ) !

If k= kyyy,, compute o) by x3 GAUSs-SEIDEL iterations using v, as startiterate,

(0)

W= D=8 0=x=xg—1, wP=0Q.

=U}C

Step 1: Compute a smoothed iterate 7\ by » (aUss-SEIDEL iterations using
v as startiterate, i.e.

(0)

59 = b, ("H) =8, O=zswui-1, wl=v?.

:Uk

Step 2: Compute the defect

dp= A(m Iéox /z":m
Step 3: Set

=k—11(0 : (1 (0,

2 ()= A0 @), i 2e ()

k-1 l w‘]:'—l(xj)’ if x]EQ(z) (v gco))’
Ic(g)l:A v —H Ny

and compute oY, by applying y mgvi-cycles mgvi (00, vl k-1,

kmin’ Yy %i)-



) ’r ) )

and determine a Qmoothed iterate v, by x» (GaTss-SEIDEL iterations

D m gl D 2§ sz —1, wP= 72

Combining Scheme I resp. Scheme II with the above multi-grid procedure

results in efficient multi-grid algorithms for the computation of approximations
from above resp. from below to the variational meqaahty i4a), (1.4b). To be

more precise, settmg h=h; in Scheme I [resp. in Scheme 11] and prespecifying an
accuracy bound ¢ according to Remark 1.2 [resp. Remark 1.4] the computation
of @y in Step 2 of Scheme I [resp. of 4" in Step 3 of Scheme 1] is done by
successive applications of mgvi-cycles as follows:

Step (i): Set v{¥=u.

Step (ii): Compute " by performing a multi-grid cycle

mgvi (U‘O’ v(l’ Lk _...v, ).

Step (iti): If o —o{®| <¢, then set @/ = and go to Step 3 of Scheme I [set
u =V and go to Step 4 of Scheme II], else set v{” =v" and go to

Ste i1)
ote 1),

=

f4

Henceforth, Scheme I resp. Scheme II coupled with the above multi-grid
technique will be referred to as mgvi I resp. mgvi IL.

The performance of both algorithms mgvi I and mgvi II, can be considerably
improved by an appropriate choice of a startiterate u” on the finest grid. This
can be achieved by nested iteration, i.e. prespecifying accuracy bounds ¢ on all
levels 0 =k =/ and starting from an initial approximation uoo) on the coarsest
grid, on levels 0 =k=I/—1 we compute an approximation «{) by application of
mgvi I resp. mgvi II using «” as startiterate, and then 1nterpolate ud to the

next finer grid £ +1 by u\%, = p{“u}c” 2E*1 denoting bilinear interpolation. Accord-

ing to Remark 1.5, nested interation based on mgvi IT causes no difficulties,
since no matter if the interpolated startiterate %, is a subsolution or supersolu-
tion in the sense of Lemma 1.2, convergence of the iterates is guaranteed. How-
ever, since the interpolated grid-function %%, may fail to be a sub-resp. super-
solution in the sense of Lemma 1.1, nested iteration using mgvi I must be per-
formed by taking extra care to assure that %%, is an appropriate startiterate on
level k4 1. We propose to proceed in the following way:

Step 1: Setw®, =pE ™, and set »=0.

Step 2: Set x=x+1, compute Y by projecting w;" onto the constraint set

K+l
K., [resp. K2.,] and determine QW (zX7), u=1, 2



Step 3. If (Ak+1l7);(;_11: —fre+1) (z7) =0, ;€ Qi1
[resp. (g —frea) (27) =0, ;€ 2541),
then set u{)); =@ and stop the algorithm,

else compute O (@ Dy as follows:

{ 1) {1) j=—1
If 'Cit‘lk-t-l\u’k:-l j, set ;€ 2.0, (@ kﬂ})
2 ( 1 {
If 2,2 2 )1 Ty )} and (4,Cﬂu'k’;1 —fes1) {25) <0
[I‘GST \A)‘-+1wk+1 ) —‘]/,,+1) (C‘CJ) = UJ then inactivate
a ;-
5, 1.e. set ;€ O (TITD), else set

236 O (@),
Step 4: Compute w?), as an approximate solution to the reduced linear system
with respect to O (@1), u=1, 2, by performing an mgvi-cycle, and go
to Step 2.
The nested iteration algorithm, based on mgvi I and the above correction

process to provide an appropriate startiterate, will be denoted by nmgvi I while
the eorresnonding n]ﬁrnvwf-]nm nmng mgvm IT at each level will be called nmeovi TT.

the ondin
Sp g algorithm

3. Numerical Results

As in [3] and [5] we have chosen the elastic-plastic torsion problem as a test
example. For an elastic- pIastic cylinder of cross section 2cR? with stress free
lateral surface, using HENckY's law and the vox Misgs yield criterion and nor-
malizing physical constants, the stress potential % turns out to be the unique

solution of the variational inequality
weK : ={vc Hy(Q) | v(z) =dist (z, éQ) a.e.}, (3.1a)
——fAu v—1u) 7C’f v—u)dx, vEK, (3.1b)

where ' denotes the positive twist angle per unit length (cf. e.g. [1]).

For a cylinder with rectangular cross section 2=(0,1)X{0,1) problem (3.1a),
(3.1b) has been discretized with respect to a sequence ()i, of grid-point sets
with step-sizes Ap1=Ag/2, 0=k=(—1, hp=1/2, choosing Ay as the standard
five-point approximation of — A and setting fr=2C, Pi=dist(-, I), [= Q2N 2y,
O0=k=l

Denoting by uj the exact solution of the discrete variational inequality, we
remark that the sets I{¥(u}) and I;”(uj) characterize the elastic and plastic
region respectively. To illustrate the monotone behavior of both the iterates u{”
and coincidence sets I{?(u’), v=0, for C=2.5 resp. C=5.0 and /=3 we have
computed approximations by means of mgvi I and mgvi II. In both algorithms
we have taken the W-cycle multi-grid structure, i.e. y=2 in Step 3 of the multi-
grid algorithm. Further, we have chosen x; =2 resp. »; =0 smoothing iterations
before resp. after the defect correction, & maximal number of x3 =10 iterations for
solving the defect equation on the coarsest grid and &=1.0E-4 as accuracy



bound. In mgvi I a startiterate %" has been determined according to Remark 1.1

. 24 . ‘. . . .
while #{” = W? has been chosen as a startiterate in mgviIl (all computations in
this section have been performed on the Cyber 175 of ZRZ, TU Berlin).
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For C=2.5, Figures Ia, (i)—(iv), represent the coincidence sets IP ()
(plastic region) for »;=1, »2=5, y3=9 and »4=12, obtained by mgvi I, while
Figures I b, (i)—(iv), illustrate the coincidence sets for »1=1, »3=2, »3=3 and



v4=6 in case of mgvill. In each case »4 is the smallest integer » for which
IP )= I (uf).
In Figures Ila, (i)—(iv), resp. Figures II b, (i)—(iv), the coincidence sets are
shown for ¢ =5.0.

Table 1. C=2.5, 4;(P) in P =(0.5, 0.3) for {=3

mgvi I mgvi IT

Y1
1 0.06641 0.44238
2 0.25144 0.38519
3 0.26474 0.356954
4 0.26443 0.33346
5 0.28155 0.32829
6 0.28252 0.32665
7 0.28691 (.32604
3 0.29975 0.32584
9 $.31087 $.3257¢
10 0.31340 0.32572
11 0.21876

12 0.32278

13 0.32558

14 0.32562

Table 2. € =5.0, u,(P) in P=(0.5, 0.5) for I=3

V] mgvi I mgvi IT
1 0.13281  0.44727
2 0.28570  0.41541
3 0.28834  0.41369
4 0.29610  0.41336
5 0.30989  0.41327
6 0.31151  0.41324
7 0.31501
8 0.32528
9 0.33361

10 0.33727

11 0.34151

12 0.34394

13 0.35441

14 0.36324

15 0.36844

16 0.37102

17 0.37493

18 0.37822
19 0.38494

20 0.38973

21 0.39631

22 0.41316

23 0.41318
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Tables 1, 2 contain the values of the stress potential «{”, »=1, at the point
P=(0.5, 0.5). Again, the numerical results illustrate the monotonicity of the
iterates as predicted by Thm. 1.1 resp. Thm. 1.2. Figures I, II and Tables 1, 2
indicate that mgvi I is considerably slower than mgvi II. This is not surprising
for ' =5.0, since in this case the plastic region is bigger than the elastic one, but
also for C=2.5, where the plastic region is smaller, mgvi II turns out to be faster
than mgvi L. '

The inferiority of mgvi I compared to mgvi IT can be compensated by nested
iteration. Indeed, using nmgvi I resp. nmgvi II the coincidence sets I;”(u})
are well predicted: For both nmgvi I and nmgvi II and /=3, 4, 5 it takes at most
three iterations on the finest grid until I (u}) is attained. For comparison we have
computed the residues

= 3 (4w’ ~fi) @)DV

3’»159;1)
with respect to the inactive griﬂ points € (')(l)(ql(“)\ N(l)-— ard Qél)(‘ﬂ,(z")),

For tl'Ls purpose, in nmgv1 1 and nmgvi II we have used y=2,m=2,%=0,3=10
and ¢ =1.0E-2, 0=k=]/—1,=1.0E-10, performing w,,,= 10 iterations on the
trnact orid a atartitarata o0 A 4—1\& nearaact omA - wo have nhngson ni(0)=n in
ALLIUOV 511\/‘-. LD vl UA\J\:J.(A/V\J (32 Wil LU LU owou é.l.l\A w&{) VWU A Yo VLIVOTIL l.l/o A\VERS S
nmgvi I resp. «§’ = P2 in nmgvi IT
Table 3. C =5.0, Residues for I =3,4 and 5
NG 4 s
?1 Nt nmgvil nmgviIl | nmgvil nmgvi IT i nmgvi I nmgvi IT
4 3.0E—-3 1.6E—3 1.5E-2 T.3E -4
3 7.0E —4 1.3E—4 5.0E-3 1.5E—4 3.7E-3 6.6E -4
6 1.7E—4 1.0E-5 21E—3 32E-5 1.4E -3 4.5E -4
7 4.3E-5 83K -7 78K —4 5.8EK—06 5.6E—~4 3.7E -4
8 1.0E-5 6.7E—8 3.0E -4 14E -6 22E -4 T0E—-3
9 2.6E—~6 9.7E—9 4.2E—-5 29E—-7 8.5E—-5 14E -5
10 6.3E —7 . 24E -9 1.6E—5 6.2E—8 34E-53 31E -6

Table 3 shows the corresponding results in case C'=3.0 for /=3, 4 and 5, »n
counting the iterations on the finest grid where for nmgviI the iterations needed
for the generation of an appropriate startiterate according to the algorithm on
p- 10 are included.

4. Conclusion

Two-sided approximations always are desirable, because they provide inclusion
regions for the exact solution. In this paper we have coupled the iterative schemes
given by KirsTeN, TICHATSCERE [5] and the author [3] with multi-grid techniques
resulting in computationally very efficient algorithms which give approximations
from below and from above for unilateral variational inequalities.
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