
Two-sided approximations for unilateral variational
inequalities by multi-grid methods

Ronald H. W. Hoppe

Angaben zur Veröffentlichung / Publication details:

Hoppe, Ronald H. W. 1987. “Two-sided approximations for unilateral variational
inequalities by multi-grid methods.” Optimization 18 (6): 867–81.
https://doi.org/10.1080/02331938708843301.

Nutzungsbedingungen / Terms of use:

Dieses Dokument wird unter folgenden Bedingungen zur Verfügung gestellt: / This document is made available under these conditions:
CC-BY-NC 4.0: Creative Commons: Namensnennung - Nicht kommerziell
Weitere Informationen finden Sie unter: / For more information see:
https://creativecommons.org/licenses/by-nc/4.0/deed.de

CC BY-NC 4.0

https://doi.org/10.1080/02331938708843301
https://creativecommons.org/licenses/by-nc/4.0/deed.de


Two-sided Approximations for Unilateral Variational 
Iile qualities by Multi-Grid Nethods 

Summary: For  t h e  i111liic-ri~~~1 si>liitii)n of ~ ; n i l n t ? l d  v ~ r i i ~ t i o n a l  iiiequalit,ies t w o  iterative 
schemes are cle'-eloped ~vhioh provide apprnsinlations from below resp. fro111 above. 
Both schemes are based on solne Iiin(1 of active set s t rategy and require t h e  solution of a n  
alge!>raic syaten: :>f e:l::atiol::: ;-it e w ! ~  i teration s tep w!?ich is done bj- means of multi- 
gric! techniques. Convergence results are established arltl illustrateil 1)y sonie nulneriod 
~ , e s d t s  for the  elastic-plastic torsion pro!>lc-l~l~. 

We are concerned with unilateral variational inequalities arising from the mini- 
mization of a quadratic functional Jh : ~ " h  - R, Xi, € N , under constraints in the 
form of upper resp. lower obstacles. The functional Jh may be thought of as the 
discretized form of a functional defined on some infinite dimensional function 
space, the discretization being carried out by either finite difference or finite 
element methods. The usual way to solye these problems numerica!!y is to apply 
such techniques as relaxation-projection schemes, duality or penalization methods 
(see e.g. [I]). However, the application of these standard techniques is often 
marred by the fact that convergence appears to  be rather slow. For example, 
concerning the relaxation-projection schemes it is well known that  convergence 
heavily depends on the proper choice of tile relasatioii parameter mhose optima! 
value, except in a few cases, cannot be computed easily in advance. 

Recently, two new algorithms have been proposed which, under some mono- 
tonicity properties of the FRECHET derivative of the functional Jh, do provide 
approximations from below resp. from above. In  [ 5 ]  KIRSTEN and TICHATSCHXE 
have developed a method of feasible directions where, in case of a lower obstacle 
and starting from a suitably chosen initial vector, a monotonely decreasing se- 
quence of iterates is generated which converges to  the exact solution. On the 
other hand, in [3] the author has developed a scheme based on the reformulation 



                            

of the variational inequality as a linear complementarity problem which, starting 
fro= a s.;bsolutioa, produces a monotonely iacreasing srqueace of iterates cca- 
verging to  the exact solution. Both algorithms have in common that  in each 
iteration step only a reduced system of linear equations has to be solved. While 

rsl this is der?e by Galxssiar, eiiminaticc, 5le q p e s t  the app!icatier! ~f ms!ti-*riCi " L V J  -0 b"' 

methods which are known as highly efficient iterative solrers for such kind of 
problems (cf. e.g. [ 3 ] ) .  

1. The Iterative Schemes 

Throughout the following RXh denotes the Nh-dimensional Euclidean space with 
Euclidean scalar product (., .), associated Euclidean norm j . 1 and canonical 
ordering, i.e. uh zvh iff uh,? ~ v h , j ,  1 s i s A r h .  Moreover, (!RYh)+ refers to the posi- 
tive cone and ui  is the projection of onto (RNh),. i.e. u,= ( ~ h , ~ .  ..., Z L ~ , ~ ~ ~ )  
n.honr\ " # +  - ,q,r I n ,  

' V  & L U A U  "%b,% - &A*'.,*& ,C*TA ', C ) ,  1 si Z??,~. 
J37e consider the minimization prob!em 

J;l(uh j = min Jh(vhj 
rhEKh 

where Jh stands for a quadratic functional Jh : RNh +R and Kh c RNh is a closed 
convex set given by either Kh = K i  = {vh E RNh ( vh 2 Yi} or Kh = Ki  = {vh E LRNh 1 vh Z 

yi) ,ith respect t= a lower r e s ~  I . o n  w u  ..nmav Urr"L nhrtq~ lo  v"uuw"A" ' $ J i ~ l f i ~ ' ~ h  r ~ ~ p ,  'J'~E ~ ~ h .  

Denoting by o Jh the F R ~  C H E T  derivative of Jh, we may assume D Jh to be of 
the form o Jh(uh) = Ahuh - f h  involving a linear map Ah : RNh + RNh and a vector 
fh E RNh. We suppose Ah to  be coercive in the sense that 

for some u;cKh and strictly T-monotone. i.e. 

with equality iff uh s vh. 
Under these assumptions i t  is well known that ( 1 . 1 )  admits a unique solution 

uz€Kh (cf. e.g. [4]). Moreover, u; is a minimizer of Jh iff uff solves the variational 
inequality 

I n  case Kh=K; i t  is easy to  see that (1.4a), (1.4b) is equivalent to the linear 
complementarity problem 

min (Ahuh - fh,  uh - !Pi) = 0 , 
while for Kh = K: one is led to 

max (Ahuh - f h ,  uh - !Pi) = 0 . (1.6) 



We now present' two schemes for the iterative solution of (I,&). (1.4b). The 
schemes can be applied for lower a.s well as for upper obstacle problems. For 
notational convenience the statements vr-ill be explicitly given for the case of a 
lower obstacle with necessary mochficatlons In the upper obstacle case put into 
hmckets. Both algorithms have in common that for an iterate ug), v z 0, an index 
set l f i (u2) j  Sih = ( I ,  . . , Nh) has to be specified. Then, with respect to the 
decomposition i h  = Ikl)(uy) L I r ) ( u k ) ) ,  I ; ) (U;~)  = lh\ijl-))(uf)), the solution of a 
linear algebraic system of the form 

A (v ) " *  $(%.) - '-1 a h  ~ n - l h  - u  (1.7) 
is required where the linear map : R'~-R"" and the vector fiL 6 R'" are 
given by 

I n  the first algorithm which is a slight modification of that  used in [5] the 
sais .f;)(hS'j, v 5 0 ,  are given t;y 

I , I r . s ii-l(u;l)=-(ttih 1 Uk,{= y&), j l ,  2 )  . \ L . D /  /i 0 1  

Another important aspect is the proper choice of a startiterate u:) E K i  [u(hO) E K;] 
which will be determined according to the following resuIt : 

Lemma 1.1 : Let u; E K; [uz E K;] be the unique solution of (1.4a), (i .4b j and 
suppose that u r )  E K i  [zcjo) E KE] is chosen suclt that 

A ~ u ~ L O ) - ~ ~ ~ O  (1.9) 
[Ahujo) -I;L s 01 . 

Then uf) z u ;  [[ut) su;]. 

P r o o f  : The proof will only be given for Kh =G. since the other case Kh =R; 
can be treated analogously. 

We have min (Ahuf) - fh ,  u!) - !Pi) s-0 and min (Ahu; - fh, u; - !Pi) = 0 whence 
u;:), ZU& r !Pi,( for i c ~ f ) ( u $ )  and (Ahu(;) - fh)i z (Ahu; O for ie l f ) (ug) .  
Consequently, (Ah (u$ - ur ) ) ,  (u; - u?)) +) 5 0 giving uf) z u; by means of (1.3). H 

Remark 1.1 : (i) I n  view of Lemma 1 .I a v e c t o r u f ) € K ~ [ z ~ ~ ~ )  E K;] satisfying 
(1.9) i s  called a supersolution [subsolutionj to (i .$a), ji.4b). 

(ii) If we choose gh E !RNh by gh z max (fh. AI,Yij [gh s min (fh, Ah !Pi)] and com- 
pute up) as the solution of AhukO) - qh = 0, then uk0) is a supersolution [subsolu- 
tion] to (1.4a), (1.4b). 

We are now able to state the algorithm in the following form: 

Scheme I: 
Step 1 : Choose u t )  E K; [ur)  E K;] as a supersolution [subsolution] to (1 . l a )  ,:(I .4 b) 

and set v = 0. 



Step 2 : Set v = v + 1,  determine the set-~f)(~&' j)  according to ( I  .S) and compute 
C;) as the solution of ALY1)f j;') -f:-') = 0.  

Step 3 : Compute pt) = fik) - z~k-l). Stop the algorithm, if P:) = 0 ,  else go to  Step 4. 

Step 1: Determine 2, as maximal admissible step length in dxection p:), i.e. 

and set x,= min ( I ,  5,). 

;Step 5 :  Compute a new iterate 11;) by 2lj,"= u;-l' + s,pki and go to Step 2 .  

Remark 1.2: Fczr the practical inplementation of the nlgorithm, giver? an 
accuracy bound E SO, in Step 2 1 f ' ( u t - l 1 )  is replaced by I ~ ~ ( Z ~ ~ - ~ ' )  = ( i ~  I h  I , z bk . ; l ) -  

- Y'i,tJ K E ) ,  p f (1, 71, and in Step 3 the stopping criterion is replaced by 
wax I~;'''' 1 F 

1 r ~ z 3 7 ~  

A c  chn~vn in [_;I t!le r ~ ~ t o p  pt) determined in Sten 4 of the n i o o n t h m  is fea- ..A- "LA,, 7 ,  LL *AL r ---0 '-------- 
sible descent directizn for the fuiicticjfial Jh .  Xoreover, pk )  is the globally best 
descent direction on hS:(uk-l)) = {vh € [ w - "  1 vh,i = i i ~ 2 ) ( ~ ~ ~ - 1 ) ) ) ,  E (1 ,  2 )  
(cf. [ B ;  Thm. 3.11). For completeness n-e state as the basic convergence result 
(cf. [B;  Thms. 3.3, 2.41): 

- Theorem 1.1 : Let U ; E  K;[ZL;E K i ]  be the unique solzction of (1 .4a) ,  (1.4b),  let 
J v )  , V Z O ,  be tlze iterates generated by Scheme I and let If)(z&")),  Y Z O ,  be the corre- 
sponding sets of uctive constraints. Then  under conditions (1 . I " )  and (1.3)  there holds: 
The  sequence ( z L ~ ) ) , , ,  i s  a nonotonely decreasing [increasing] sequence of iterates 
satisfying u k )  SU;,  Y z 0 [uj;) s t i ; .  v z 0 ]  while the sequence ( I ? ) ( U ~ ) ) ) ~ , ,  i s  a 
monotonely increusing sequence of active constraint sets such that I:)(U;)) I h ( u i ) ,  
v s o .  
?doreover, the iterates u t !  resp. the sets 1i"jz~~)) corwerqe l~ f f e r  a finite nun~ber of 
steps to 26, resp. 1i2)(u;). 

P r o o f  : The proof will only be given in case of a lower obstacle, since for an 
upper obstacle the reasoning is along the same lines. 

I n  order to verify the monotonicity of the iterates and the active constraint sets 
...A %..,,,,, I., :,A,. . wrz y z v v ~  u y  luuuct i~n 

(1) ( t )  ( ~ h ~ l . k ' - f h ) i ~ ~ ,  i € I h  ( t b h  ), Y Z O  , (1.10a) 
( v )  > U ( v ~ l )  2 L h =  h z~L;, V Z O ,  (1.10b) 

I u I ( )  I ( U )  y 2 0 . (1 .iOc) 

For v = 0 (1.10a) holds true, since ukO) is supposed to be a supersolution. Further- 
more, in  view of Z L ~ : ;  = t i$ for i € 1j;'.)(uio)) and ( ~ h 2 l . F )  - A ~ z L ~ O ) ) ~  = xv ((Ahc:) - 
- f h ) i -  ( A ~ U ~ O )  - f h ) f )  10 for i~ ~fil)(ujlO)) we get ( A ~ u ~ )  - A ~ z L ~ L O ) ,  (a;) -u t ) )  +) S O  



                                                   

whence ur)  % uj;" by (i .3j and thus I f ) ( u f ) j  & I i ' ) ( t ~ ~ ~ ) )  due to thk definition of 
the active constraint sets. Since uiO) ~ u ;  by Lemma 1 . 1 ,  we aiso have 12 jzciO))  
~ l f ) ( u ; )  and thus ( A h ~ i - A ~ u i l ) ) ~  = (Ah~~z- fh ) i  - ( I  - x , )  ( A ~ z L ~ ' ) - -  f h ) i  - X ,  (Ahciijsl) -
- f h  j i  S 0 for ic I:)(U;) glA1)juf)) while a t :  & u& = Wi,, for icli2)(u:). This gives 

1 i i )  , .k 11) \ (Aht12 - L4,t'2~j;. , !?(i - ?1.j;, j 2 9, arid eonsaquently (1 ..",) yizfds ~ l i z  giving also 
1T:)(tci1)) & l i2)(u$). Xow? if we suppose (1. IOa), (1.1Ob) and (1.10~) to hold true for 
v - 1 ,  then taking advantage of .. 1L2)(ut-") .. I f ) (u;)  n7e have (Ahut)  - f h ) i  = 
= ( 1  - z,) ( A ~ u , ~ - ~ ) -  f h ) ;  -+ K,  7-4hii,t)- fh)i  z o for iclf)(u;-')) mhich proves 
j 1. iea j  for the y-th iterate. usillg (1. 1 ga) aIld ,iLk) the ijmo"ff ( 1 .  lcb)  and 
jl.lOzj for the v - t h  iterate caii be clone iil the same ivay as for v=G.  We further 
remark that 

- ( v )  < ?&::: U h  = ,. V S O ,  (1 .11)  

Again, a suitable startiterate uj0) has to  be chosen although, as we shall see later 
on, concerning the choice of a startiterate this algorithm is considerably more 
robust than the first one. 

As a counterpart of Lemma 1.1 we get: 

Lemma 1." Let Z L ; ~ E K ;  [ z L ; ~ K ~ ]  be t l ~ e  ztnigz~e solt~tion of (1.4 a) ,  (1.4 b )  and 
n.ssumP that zc;) 6 satisfies 

Proof  : Since A:)u(,O) - fLO) SO and 0 = min (Ahu; - f h ,  21; - Pi) SA' , " )~;  - f:), 
me have ZL$ s U& for i c IF)(uko)) and ( ~ ~ 2 1 : )  - A ~ u ~ ) ~  s 0 for i c ~ i ' ) ( u f ) )  giving 
(Aha:) - AAui, (uiO) - - Z L ~ ) )  -) S O  and thus ui0) s z l ;  due to (1.3). In case Kh = K: 
the conclusion can be drawn similarly. W 



Remark 1.3: (i) In  analogy to the first algorithm, a vector 8h0)f R'-h that 
satisfies (1.131 is said to  be a subsohtion [supersdution] to ( l . ia) ,  (1.42). PvTote 
however, that  in contrast to the situation before i t  is not required that 

(0)  ~1 u'O)  K'] 
U h E  h [ h  h .  
(ii) A nak~~ra l  choice for. a suhsoluticr? [stlFersG!.cltjnnl .JzL, A" 4" Wh = yir ' O f  = ~ ' 1  Note hlUh ' hi. 
also, that  for K h  = K; as well as for Kh = K i  the solution of ahu;)  - f h  = 0 does 
provide a subsolution [supersolution]. 

The second algorithm works as follows: 

Scheme 11: 
Step 1 :  Choose z ~ L ~ ) $ i ~ " h  as n subsolution [supersolution] to (1.4a). (1.4b) and 

set v=O. 
Step 2 : Set v = v + 1 and determine the set i i2 )u t - ' ) )  according to ( 1  .I?!. 

Step 3 : Compute a new iterate z c t )  as the solution of ~k- l )u; '  - fjz"-i) = 0.  

Remark 1.4: Given an accuracy bound EPG, in practical computations the 
. . 

stopping criterion in Step 4 is replaced by lqlj? -?,[t-'lj < E .  

Befare stating the main convergence result for Bcheme 11 we recall that ( I .&),  
(1 .4b)  is said to  satisfy the strict complementary slackness condition, if (Ah?'; - 
- fh)i = 0 for i E 1(hl)(21;) and (Ah212 - fh)i r 0  [(Ahui - fh) i  G] for i E I ~ ~ ) ( U ; )  . 

mL.- .t.uevusni 1.2 t Undei. c~iidibions (i.21, (i .3)  and j i .  13) the sequence of iierates 
u k ) ,  v z 0, generated by Scheme I I  i s  a monotonely increasing [monotonely decreas- 
ing]  sequence converging to the unique solution U ~ E  K h  of (1.4a),  (1.4b).  

Xoreover, assuming strict complementary slackness, the limit i s  attained after a 
. finite number of steps. In particular, there exist indices vo E N and V I E  N , vl S V O ,  such 

tilat 1'2) ( u:b h )  c = I; (") (U;,Y+')) & I h  (2) (uh (4 ) for v Z V O ,  and Ih2)(u;)) = 1L2)(u;) for v z v l .  

P r o o f  : As in the proof of Theorem 1.1 v e  will restrict ourselves to the case of 
a lower obstacle. Pirst, we remark that 

m i n ( A h ~ ~ ) - f h , ~ j C Y ' - ! P ~ ) ~ 0 ,  V S O .  (1.14) 
By assumption, (1.14) holds true for v = 0, The proof for v z 1 follows immediately 
from 

min (A~zL:) - f h ,  7,;) - Yi) s~j:-l)?!j:) = 0 
Now, in view of 0 z m i n  (Aha;) - f h ,  u:) - Pi) h -  - A ( ' ) u ~ )  h - fk) and At)u;"l)  - f;) = 0, 
me have ~t )up-~ jCY)uYl )  g o .  Consequently, uk:l)su;i for i € ~ f ) ( u ; ) )  and 
(A~zc;)  - Ah~pl)) i  s 0 for i E I;)(U;)) which gives ( A ~ u : ) - A ~ u ; ' ~ ) ,  (u;)-u:+~))+) S O  
and thus z c t )  s up1) because of (1.3).  On the other hand, taking advantage of 
(1.14) we may use the same arguments as in the proof of Lemma 1.2 to  show that 

(4 <U:::, v z o .  
U h  = h 

Now, the sequence (ut)),,, being monotonely increasing and bounded from 
above by ug, there exists an U ~ * E I W ' ' ~  such that uk) -ug:': for v -a. Since there is 



                                                

only a f m t e  number of lower obstacles, the sequence (A:)),, ,  must be uniformly 
bounded, and hence 

T I ( \ ~ l )  m m ( ~ ~ ? ~ j , ~ ) - f ~  ~ , ~ ; ) - ~ i ) = ~ j l v ) ~ ~ ) - f ~ ; ) = ~ ~ ) ( t ~ ~ ) -  , 21-0. 

Moreover, 
min (A~u; )  - f h )  uk) - iy;) -min (Anu':'" h - fn,.uiX - Yi) 

for v -m, giving min (Ahuii:: - f h ;  ZL:* - Pi) = 0 and thus ui" =u; due to the unique 
solvability of ( I  . 5 ) ,  

If strict compiementary siackness hoids, we ciaim the existence of a votN such 
that  

u:::) 1:) (u;+l) c (2) 0,) I?( h ,  - )=Ih  ( Z L ~  ) ?  V Z V O .  (1 .15)  

( A h ~ ~ ) - f h j i ~ t ~ ~ , \ - y 1 . s ~ ~ , ~ 1 ) - y ~ i ~ ( A h t L ~ 1 ! - f h ) i z ~ ,  h,z YEN". 
Then, going to the limit v -a, V C  N", we would end up with u& - Pi,, = 0 and 
(Aha; - fh)i = 0 contradict'ing the s t r id  complementary slackness. Finally, in 
view of (1.15) and the fact that there is a finite number of constraints, we must 
have the existence of an integer vl c N, v1 S Y O ,  such that 1i2)(uk1)) = I~*)(u*)  and
thus ut1)=u;. . 

Remark 1.5 : It is easy to see that me can get rid of the assumption on ukO) to be 
a subsolution [supersolution], i.e. we even have global convergence of the algo- 
rithl-,. Ir, h c t ,  ne matter h o ~  u f ) ~  ~ " h  is chosen, slfter the first iteration x e  get 
a vector u:) satisfying 

min (Ah%:) - f h ,  uL1) - !Pi s ALO)U;) - fi0) = O . 
[ma, (A~U:)  - f h ,  u:) - Yi) z A ~ ~ ) U ! '  - fLO) = 01 . 

Consequently, ukl) is a subsolution [supersolution] and Theorem 1.2 asserts 
monotone convergence of ( T L ~ ) ) , ~ ~  to uz. This property will be of particular 
importance for the multi-grid schemes to be developed in the next section. 

2. The Nulti-Grid 'Algorithms 

I n  this section we assume that  the variational inequality (1.4a), (1.4b) stems 
from a finite difference discretization of an obstacle problem for a second-order 
linear elliptic differential equation defined on a bounded domain Q c [Wd with 
piecewise smooth boundary. For simplicity we assume Q=(O,l)x(O,I) and 



homogeneous DIRICRLET boundary data, the discretization involring a t  most 
secor?d-order difference eperators xith respect to  an eqnidistazt grid-point set 

We refer to  Qk=(xj€Qr 1 1 sjl, j2  sNkk) resp. rk=ok\.& as the set of interior 
resp. boundary grid-points. Setting 8 k  = card Qk and ATk = card Qk,  we cleariy 
have Zk = (-tit -?- 212 ant! Nk = M:. We denote by Co(Qk) the ~ e c t o r  spice of grid- :.,-- lullLtlullo .,.-- -- ull Gk vmiahing a t  boundary gi-id-points and by C(Rkj the vector space 
of grid-functions on Qk. Then, ordering the grid-points lesicographically, u-e can 
identify a grid-funct,ion u k €  CO(Qk) with a vector zck E iR+'qbv uk(x : )  = uk,ii where 
i.- . . . 3-j1(Mk+i")+jz+j-.. O S ? ~ :  j z ~ i M ~ i - 1  , resp. u k , ~  = uk(x j i )  where ji = ( j i  , j i2)  , 
ji, = [ i / (Mk  + i")], ji, = i - ji, ( M k  + 2 )  - 1, 1 s i zNk. 1n the same way a grid-func- 
tion Z L ~ F _  C(Qk) can be ident'ified mith a vector u,kc ~ " k .  Therefore, in the following 
we wig not make a notations! difference between grid-functions ( ;C , ( J~~)  resp. 
uk c C(Qk) and vectors uk E RSk resp, uk E ~ ~ k .  

The sets .. I ~ ) ( U ~ ) ) ,  .. p = 1 ,  2, defined in the previous section, induce corresponding 
grid-point sets ~ t ) ( u , t ' )  = {xji i E I , ~ ) ( Z L , ; )  )I. In particular, an interior grid-point 
qiQk' is to  be active, if q f Q ~ ~ ' ( 2 i ~ ' ) ,  ;3i-,,-j is cii&d inactive &herit-ise, 

rnL - --- - -L .L . . :7  ' 
ILK: LUUSII s ~ r ~ u i l g  phi iq the impiementuiiun of Scheme I resp. Scheme 11 is 

the solution of the linear algebraic system (1.7). This will be done by multi-grid 
methods which are known to be the most efficient iterative solvers for such kind 
of problems (see e.g. [2]). 

Consequently, let (i7k)k=0 be a hierarchy of equidistant grid-point sets with 
step-sizes hk satisfying hk + I =  hk/2, 0 s k z 1 - 1, given some ho =- 0. Moreover; we 
assume At and f k ,  yi resp. !$$ to be linear mappings Ak : ~ ' ' t - ~ ~ k  and vectors 
f E LRLVk, Yi  E RNk resp. E R"k, 0 s k s 2, resulting from analogously constructed 
finite difference approximations mith respect to of the given infinite dimensio- 
nal pro5!em. 

We remark that  due to 41')(xi) = Y f ( x i )  resp. Z L ~ ' - ' ) ( X ~ )  = ?(xi), x j (  Q ( ~ ~ ) ( U ~ ) ) ,  
p 6 (1,3), we only have to solve a reduced linear algebraic system in each iteration 
step. Thus, when applying multi-grid techniques for solving (1.7) on lev21 I m e  
should take advantage of the particular structure. I n  other words, the problem 
which arises is, given the sets Q ~ ) ( U : ) ) ,  p= 1, 2 ,  on level I ,  how to specify the 
corresponding sets on the lower levels 0 s k l? 

Fnr ~ E - Q ~ ,  O ~k s I ,  we define , ik(z) = ( z ,  z&hKei. x+hken, zk hke3 ,  xf hke43 nQk,  
where el = (1, 0 ) ,  ez = (0 ,  I ) ,  e3= el + e z ,  e4= el -ez, as the set of neighboring grid- 
points of x. Then, following the strategy in [3] we set for O ~ k - = l  

Q ~ ) ( u ( ; ) )  = { x € R k  / flk+1(5) ~ Q ~ ~ ~ ( z L ~ ~ ) ) ) ,  (2.2) 
(2) (4 - n, (u, ) - Q ~ \ Q ; ) ( u ~ ) )  . 

We define kmin by 
kmin=min ( O s k s l  j R~)(Z$'))*~)~ 

i.e. kmi, is the lowest level with a t  least one inactive grid-point. 



                                               

Denoting by pi-, : Co(Qk -1) - C0(Qk). l s k s 2,  the prolongation based on a 
bilinear interpolation and by 7;-I : CO(&'k) -CO(J?~  -$), 1 5 k 5 2 ,  the corresponding 
weighted restriction (cf. e.g. [.l)]i, we define prolongations j$-, resp. restrictions 
i;-l by 

Q 
( F ; - ~ ? L ~ - I )  ( x ~ )  = - 1  j j ,  x9 t3 Ly) ( z c y ,  1 0. otherwise 

Using pk-l and Fi-' in the muitl-grid ~teratlon, ~t folion-s directly from ( 2 . 2 )  that 
in the coarse-to-fine and the fine-to-coarse transfer only inactive grid-points are 
involved while active grid-points are kept fixed. 

Moreover. we have t~ provide suitable slnoothing procedures o ~ t  levels k,,,* c; k s I 
and a iterative solver on level Em,,. For both purposes we choose GATJSS-SEIDEL 
iteration ciehoting by vP1)=skv',"!. X ZO, one GAUSS-SEIDEL iteration step with 
respect to the reduced linear algebraic system an  level k. The following algorithm 

/ (0) m g ~ i  , u!), ,$, kqI,, ~ \ A----:'--- ----I-+" mr-lt;-nr;d P V P I P  fnr the onm- 
11, U G ? 3 C L l W G ~  & C l V u l y l U V ~  W U l u l  511 v j v - v  r u ~  

putation of an approxmation v:"!! to the reduced linear system on level k ~ ~ k , , , , ,  
starting from v f ) .  Kote that  A;), f? refer to the linear operator resp. the right- 
hand side arising in the reduced linear system on level k determined with 
respect t o  via). 

r n g i ( ~ , k k , , ~ ) :  
If k= kmin, compute v t )  by  xs GAUSS-SEIDEL iterations using 9:) as startiterate, 

i.e. 
(1) - (4 vk - wk , = s ~ z o ~ ) ,  o s x z x 3  - 1 ? 5~:) = v ( O )  L . 

xi k>icmin: 

Step 2 :  ~ornj$te a smoothed iterate F!) by x l  GACSS-SEIDEL iterations using 
v ( i )  as startiterate, i.e. 

Step 2 : Compute the defect 



                             

Step  4 :  Compute 

and determine a smoothed iterate c:) by xl GACSS-SEIDEL iteri~tions 
, ,I,;,~, -,-?. ei') as startiterate, i.e. 

Combining Scheme I resp. Scheme 11 with the above multi-grid procedure 
results in efficient mlilti-grid nlgorithms f w  the ~ ~ i i i p u i a i i o n  of approximations 
from above resp. from below to the variational inequality (1.4 a), (1.4 b). To be 
more precise, setting h = hl in Scheme I [resp. in Scheme 111 and prespecifying an 
accuracy bound E &cording to Remark 1.2 [resp: Remark 1.41 the computation 
of in Step 2 of Scheme I [resp. of zr{"" in Step 3 of Scheme II] is done by 
successive applications of mgvi-cycles as follows : 

Step (i) : Set vjo) = up) 

Step (jii) : Compute vjl) by performing a multi-grid cycie 

mgvl (vi'j. vjlj. I. k ,,,. y. x ; )  . 
Step (iii) : If 1vj1) - v(lo)\ < E ,  then set c!') = vjl) and go to  Step 3 of Scheme I [set 

u ( " ' ~ )  2 = vl(l) and go to Step 4 of Scheme 111, else set vlO) = vjl) and go to  
Ston 1 ; ; )  w U" r ! -* la  

Henceforth, Scheme I resp. Scheme I1 coupled with the above multi-grid 
technique will be referred to as mgvi I resp, mgvi 11. 

The performance of both algorithms mgvi I and mgvi 11, can be considerably 
improved by an appropriate choice of a startiterate ujO) on the finest grid. This 
can be achieved by nested iteration, i.e. prespecifying accuracy bounds ~k on all 
levels 0 s k s l  and starting from an  initial approximation u r )  on the coarsest 
grid, on levels 0 sks!- 1 we compute an approximation u:) by application of 
mgvi I resp. mgvi I1 using 21;) as startiterate, and then interpolate u:) to the 
next finer grid k + 1 by u z ,  =p~iz$) ,  pF1denoting bilinear interpolation. Accord- 
ing to Remark 1.5, nested interation based on mgvi I1 causes no difficulties, 
since no matter if the interpolated startiterate is a subsolution or supersolu- 
tion in the sense of Lemma 1.2, convergence of the iterates IS guaranteed. How- 
ever, since the interpolated grid-function ziZl may fail to  be a sub-resp. super- 
solution in the sense of Lemma 1.1, nested iteration uslng mgvi I must be per- 
formed by taking extra care to assure that uiO,), is an appropriate startiterate on 
level k + 1. We propose to proceed in the following way : 

Step 1 : Set wFjl = pX,+*z~t ) ,  and set x = 0. 
-(PI) Step 2 : Set x = x + 1, compute 1 ~ . ~ + ~  by projecting w:;') onto the constraint set 

Kk+l [resp. K;,,] and determine i2tJl(,~;fl1)), ,LL = 1, 2. 



                                          

Step 1: Compute w:",), as an approximate solution to the reduced linear system 
with respect to Q ~ l ( ~ ~ ; ' ) ) ,  p= 1, 2 ,  by performing an mgvi-cycle, and go 
to Step 2. 

The nested-iteration algorithm, based on mgvi I and the above correction 
process to provide an appropriate startiterate, will be denoted by nmgvi I while 
the : ~ r r e ~ ? ~ ) - ) $ ~ g  I z!gcrit,h,~~, 2~j1l-0 m m ~ i  TT o f  ~ ~ r h  I P V P ]  will he called nmevi  I T  e -3 - -- " 

As in [3] and [5] we have chosen the elastic-plastic torsion problem as a test 
example. For an elastic-plastic cyIinder of cross section Q c  W with stress free 
iaterai surface, using HENCKY'S law and the 1-037 X~SES yield criterion and nor- 
malizing physical constants, the stress potential u turns out to  be the unique 
solution of the variational inequality 

U E K  : = { v € H ; ( Q )  I v ( x )  s d i s t  (x, i ^Q)  a.e.1, (3.1 a)  

where C denotes the positive twist angle per unit length (cf. e.g. [I]). 
For a cyiinder with rectanguiar cross section R = ( O , i  j X ( 0 , i )  problem (3. Iaj, 

(3 , lb )  has been discretized with respect to a sequence (Dk);,, of grid-point sets 
with step-sizes hk+l = hk/2,  0  z k LZ-  1, It0 = 1/2, choosing A k  as the standard 
five-point approximation of - d and setting f k  = 2C, pi = dist(. , r k ) ,  rk = PQ n Qk,  
0 s k s Z .  

Denoting by uy the exact solutlon of the discrete variational inequality, we 
remark that  the sets I i l ' fu;)  aqd ~ f ' ( u ; )  characterize the elastic and plastic 
region respectively. To illustrate the monotone behavior of both the iterates up) 
and coincidence sets Ija(u(,')), Y zO, for C= 2.5 resp. C = 5.0 and Z =  3 we have 
computed approximations by means of mgvi I and mgvi 11. In  both algorithms 
we have taken the W-cycle multi-grid structure, i.e. y = 2  in Step 3 of the multi- 
grid algorithm. Further, we have chosen x1= 2 resp. xz = 0 smoothing iterations 
before resp. after the defect correction, &.maximal number of xs = 10 iterations for 
solving the defect equation on the coarsest grid and E Z =  1.OE-4 as accuracy 



                              

bound, I n  mgri I a startiterate uIO) has been determined according to Remark 1.1 
while 2:') - Y'f has beer, chosen as a startiterate in mgri I1 (all computations in 
this section have been performed on the Cyber 175 of ZRZ, TU Berlin). 

.....I:::::. ...... ..... .....I . . . . . . . . .  
I... ...... I

I.... .... 
m a . " =  -.-.* .... 1::- . .:::I .

I m a -  I 
I .:::::::, i 

livl v, = 12 

o m o m  I::::: i: d X i (  = ; = a =  

For C= 2.5, Figures I a, (i) - (iv), represent the coincidence sets I,(~)(u(,')) 
(plastic region) for v l=  1, vz=5 ,  v3=9 and vq= 1 2 ,  obtained b y  mgvi I, while 
Figures I b, (i) - (iv), illustrate the coincidence sets for vl = 1, vz = 2 ,  vs = 3 and 



                                              

vq=6 in case of mgvi 11. In each case v4 is the smallest integer v for which ~ f " ( ~ l " ' )  = q''(u;), 
In Figures I1 a, (i) - (iv), resp, Figures 11 b, (i) - (iv). the coincidence sets are 
shown for C = 5.0. 

Table 1. C = 2.5, u1(P) in P =(O.5, 0.5) for 1 = 3 

Table 2 .  C = 5.0, tc,(P) in P = (0.5, 0 .5)  for 1 = 3  

vi ingvi 1 mgvi I1 

1 0.13281 0.44727 
2 0.28570 0.41541 
3 0.28834 0.41369 
4 0.29610 0.41336 
5 0.30989 0.41327 
6 0.31151 0.41324 
7 0.31501 
8 0.32528 
9 0.33361 

10 0.33727 
11 0.34151 
12 0.34394 
1 3  0.35441 
14 0.36324 
15  0.30544 
16 0.37102 
17 0.37493 
18 0.37822 
19 0.38494 
20 0.38973 
2 1 0.39631 
2 2 0.41316 
2 3 0.41318 
57 optimization 18 (198i) 6 



                         

Tables 1, 2 contain the values of the stress potential ujv', v z 1, at the point 
P= (0.5, 0.5). Again, the numerical results illustrate the monotonicity of the 
iterates as predicted by Thm. 1.1 resp, Thm. 1.9. Figures I. I1 and Tables 1. 2 
indicate that mgvl I is considerably slower than mgvi 11. This IS not surprising 
for C=5.0, since in this case the plastic reglon is bigger than the elsstir: one, hit 
21so for C=2.5. where the plastic region is smaller, mgvi TI turns out to be faster 
than mgvi I. 

The inferiority of mgvi I compared to mgvi I1 can be compensated by nested 
iteration. Indeed, using nmgvi I resp. nmgvi I1 the coincidence sets Ija(uT) 
are well predicted: For both nmgvi I and nmgvi I1 and 1= 3, 4, 5 it takes at  most 
three iterations on the finest grid until lj2)(uf) is attained. For comparison we have 
computed the residues 

r l  = [( I ( ~ ~ ~ ~ p )  - f l j  (5,,)~~zj jfljl)j1!2 
z , p p  

with r e s p ~ t l  t ~ ?  the inactive grid-pints  _ r , ; ~  I - ~ ~ ) ( T L ( ; Y ) ) ~  xi1) = card J2i1)(?~.P)). 
For this purpose, in nmgvi 1 and nmgvi I1 me have used y = 2 ;  21 = 2 1 ~ 2  = 0, ~3 = SO 

and ax = ?.OE-2, 0 SL II- 1, E Z  -- 1 .OE-10, performing v,,,= i.3 iterations sn the 
finest grid. As startiterate 76;') 6:: the c~arsest Go .,ye haye &=sen ?:(') o = 0 
nmgvi I resp. uf)= Y': in nmgvi 11. 

Table 3. C = 3.0, Residues for 1 = 3,4 and 5 

Table 3 shows the corresponding results in case C= 8.0 for 1 = 3 ,  4 and 5, V I  

counting the iterations on the finest grid where for nmgvi I the iterations needed 
for the generation of an appropriate startiterate according to the algorithm on 
p. 10 are inciuded. 

4. Conclusion 

Two-sided approximations always are desirable, because they provide inclusion 
regions for the exact solution. In this paper we have coupled the iterative schemes 
given by KIRSTEN, TICIL~TSC- [ B ]  and the author [3] with multi-grid techniques 
resulting in computationally very efficient algorithms which give approximations 
from below and from above for unilateral variational inequalities. 
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