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ABSTRACT

By the dynamic programming principle the value function of an optimally
controlled stochastic switching process can be shown to satisfy a
boundary value problem for a fully nonlinear second-order elliptic
differential equation of Hamilton-Jacobi-Bellman (HJB-) type. For the
numerical solution of that HIB-equation we present a multi-grid algorithm
whose main features are the use of nonlinear Gauss-Seidel iteration in
the smoothing process and an adaptive local choice of prolongations
and restrictions in the coarse-to-fine and fine-to-coarse transfers. Local
convergence is proved by combining nonlinear muiti-grid convergence
theory and elementary subdifferential calculus. The efficiency of the
algorithm is demonstrated for optimal advertising in stochastic dynamic
sales response models of Vidale-Wolfe type.

1. INTRODUCTION

We consider a stochastic system operating in m different regimes
under state constraints in the form of either an exit problem or reflecting
boundary conditions. In the first case the regimes can be described by



the diffusion processes
dyx () =b" (yx ())dt + 0" (y, (W) dw(t), T<p<m (1.1a)
Yx (0) = x . (1.1b)

where xeQ, Q is a bounded smooth domain in Euclidean space ]Rd,
d € N , with boundary T=9Q , and w is a standard d-dimensional
Wiener process. The drift  b* =(b%...b%)" and the diffusion o"=

(ci*-‘)fjﬂ, 1<us<m, are assumed to be sufficiently smooth functions on
IR"J. In the second case (1.1a) has to be replaced by the reflected

diffusion process

dy, (1) =b" (yy () dt + 6" (y, (1)) dw(t) - (1.1a)
—xr (x )Y @) D, 1<p<m

where x is the characteristic function of I'=0Q , & is an increasing
continuous adapted process and y'= (v}, ..., ¥§)T ., 1 <psm, is sup-
posed to be continuous and bounded on R° satisfying y“(x)-n(x) 2
>0 forall xe I andall 1<pu<m where n(x) denotes the unit
outward normal in x € I". Then, given smooth running costs = fu(x,t) .
xe Q,120,1<u<m, and nonnegative discount factors =c" (%),
xe Q,1<pu<m, the control objective is to find an optimal switching
control policy VM = (T4, 143 Ty Hp. ... ) Of random stopping times 1; and
regimes u,; such that the total cost

T t
Jpx= Epx [f Oy, (t))exp(—f c* @y, (S))dS)dt (1.2)
0 0

is minimized, where u(t) =p;, 1, <t <1y, wWith given pu(0) = p,,
Eu,x is the expectation and T =1, is the first exit time of the process for
an exit problem while T = + « in case of reflecting boundary conditions.

The optimal cost function or value function u(x), x e Q, is given by

u(x) = inf Jy - (1.3)
Vix



We denote by A”, 1 <u<m, the second-order elliptic differential
operators

d
A= =Y aj(x)d Zb” 3y, + ¢ (x) (1.4)

i,j=1

where a"'= (afj‘)sjﬂ, ad'=0(6")2, 1spsm,

Then, a formal application of the dynamic programming principle shows
that the value function u satisfies the following Hamilton-Jacobi-Bellman
(HJB-) equation

max (Afux)-1'(x))=0, xe Q (1.5a)
1spsm

with homogeneous Dirichlet boundary conditions
ux)=0, xeI'=0Q (1.5b)
for exit problems and oblique derivative boundary conditions

max (Y (x)Vu(x)) =0, xe I =0Q (1.5b)"
1gpusm

in case of reflecting boundary conditions.

Remark: If the functions 1, 1 sp<m,in (1.2) represent performances
or utilities, then the control objective is to maximize J,, . In this case, the
optimal performance or utility function u(x), x e Q, is given by

u(x) = sup Jux (1.3)
Vu'x

and the associated HJB-equation takes the form

min (A“u(x)—f”(x)):O, xe Q (1.5a)
15usm

More details on controlled diffusion processes can be found in the
textcooks by A. Bensoussan [1], A. Bensoussan and J.L. Lions [2],[3],



W.H. Fleming and R. Rishel [13] and N.V. Kryiov [22]. For a derivation
of the HJB-equations in the context of viscosity solutions see the
pioneering work by M. G. Crandall and P. L. Lions [12] and
P. L. Lions [26] [27] Regularity results have been obtained by various
authors, for C ( Q) regularity, o e (0,1), in case of exit problems the
reader is referred to L. Caffarelli, J. Kohn, L. Nirenberg and J. Spruck
[8] and N.V. Krylov [23],[24],[25] while for reflecting boundary
conditions Cz'a(Q) e C”(ﬁ) regularity has been proved by P.L. Lions
and N.S. Trudinger [29].

As far as the numerical solution of HJB-equations is concerned, we
mention the work done by Ph. Cortey-Dumont [11] and P. L. Lions and
B. Mercier [28]. In particular, in [28] the authors consider an iterative
scheme based on finite element discretizations of a HJB-equation of type
(1.5a),(1.5b) where at each iteration step (1.5a) is linearized by locally
choosing that pe {1, ..,m} for which the maximum is attained. Then,
the resulting linear algebraic system can be solved by either direct
methods or standard iterative solvers. However, it is well known that with
decreasing step sizes h and thus increasing number N, of unknowns
dnrect methods suffer from an increasing computational work of order
O(Nh) while the convergence rates of standard iterative solvers de-
teriorate according to 1—O(h ) . These drawbacks can be overcome by
the application of muilti-grid methods where the computational work is
directly proportional to the number of unknowns and the convergence
rate is typically independent of the step sizes (cf. e.g. A. Brandt [5] and
W. Hackbusch [16]). Multi-grid algorithms for HJB-equations with homo-
geneous Dirichlet boundary conditions, based on the iterative schemes
given in [28] and using analogous finite difference discretizations of
positive type with respect to a hierarchy of grids, have been developped
by R.H.W. Hoppe in [17]. In this paper, we will present a more direct
multi-grid approach which uses nonlinear Gauss-Seidel iteration applied
to (1.5a) as a smoother and an adaptive local choice of prolongations
and restrictions in the coarse-to-fine and fine-to-coarse transfers of the
multi-grid cycles. That multi-grid algorithm will be detailly described in §2.
Then, in §3 we will derive a local convergence result using nonlinear



multi-grid convergence theory in the spirit of W. Hackbusch [14],{15],
[16] and elementary subdifferential calculus as basic tools. The idea of
proof is very similar to that one used by R. H. W. Hoppe in [18],[19]
and by R. H. W. Hoppe and R. Kornhuber [20] concerning multi-grid
algorithms for variational inequalities, complementarity problems and
free boundary value problems, respectively. Finally, in §4 some nume-
rical results will be given for HJB-equations with Dirichlet and Neumann
boundary conditions the latter one representing the maximal utility of
profits in optimal advertising for a stochastic dynamic sales response
model of Vidale-Wolfe type.

2. THE MULTI-GRID ALGORITHM

In this section we will develop a muiti-grid algorithm for the nu-
merical solution of HJB-equations of type (1.5a) with either homo-
geneous Dirichlet boundary conditions (1.5b) or oblique derivative
boundary conditions (1.5b)".

For notational convenience we will restrict ourselves to the two-
dimensional case, i.e., we assume Q C IR2 , and we consider a
hierarchy of grids (Qk),f=o constructed in the following way: For step
sizes h ,=h/2, 0<k< £-1,givensome h,> 0, we define

2 .
IRk = {XV=(XV1 !XV2)|XV|=Vi hk,ViE Z ’ 1 S|_<..2}
and we set
2
Q=QNnRg, 0sksi (2.1)

which we refer to as the set of interior grid points (h, is assumed to be
sufficiently small in order to guarantee Q, + @ ). Further, we define

I‘k=1"m{(xv1,x2),(x1,xv2) | ;e R, X, =Vihj, vie Z, 1<i<2}

as the set of boundary grid points. Then we discretize the elliptic diffe-
rential operators A 1< pL < m, with respect to §k=Qkqu,



0 <k< 2, by standard finite difference approximations Lf: involving
difference stars consisting of at most a grid point x € Q, \and its eight

nearest neighbours. (If necessary, a Shortley-Weller type scheme will be

used for discretizations near the boundary). Moreover, in boundary grid
points x € T the gradient Vu(x) = (ax1u(x),£)x2u(x))T will be approximated

by V,u,(x) = (Dk_x1uk(x), Dk'xzuk(x))T with suitably defined forward resp.
backward difference quotients Dk,xiuk(x), 1<i<2. We further define the
grid functions flc(X), x Q, . and Y(X), xe I, 1spsm,0<k<2,
by pointwise restriction of f and v to Q, and T, respectively. Then,
the discretized HJB-equation on €, ,0<k < 2, reads as follows

max (Lﬁluk(x)—ft(x))=0, xe Q (2.2a)
1€p<m

with boundary conditions given either by

uX) =0, xeT, (2.2b)
or
max (qf * Vi Uk (x) , xeTk. (2.2b)"

I<psm

Identifying grid functions on Q, with vectors in R, Ny = card Q, and
incorporating the boundary conditions (2.2b) resp. (2.2b)', the discretized
boundary value problem can be algebraically formulated as the non-
linear system

Fi (Uy) = max (AE-fﬁ):O (2.3)
1€usm

where the AL’s, 1 <p < m, represent the resulting N, x N, coeffi-
cient matrices. As far as these matrices are concerned, throughout the
following we will assume:

The matrices Al ,0<k<2, 1<p<m, have all (2.4)



positive diagonal elements, non-positive off-diagonal
elements and are lower semistrictly diagonally dominant.

We recall that a matrix A=(a )?J is called lower semistrictly diago-
nally dominant, if it is diagonally dominant and

2] >i;21|ai,-;, 2<i<n

(cf. e.g. A. Berman and R.J. Plemmons [4]).

In particular, under hypothesis (2.4) the Aﬁ's are nonsingular M-
matrices and hence, the functions F, : R R™ defined by means of
(2.3) can be easily shown to be continuous surjective M-functions which
in turn implies that for any choice of f,‘: , 1<p<m, the HIB-equations
(2.3) admit unique solutions u;e IRNk ,0<k< 2 (cf. W.C. Rheinboldt

[31]).

The multi-grid approach to the numerical solution of (2.3) on the
highest level k = £ is based on the fact that the coarse grid corrections
on the lower levels can also be formulated as HJB-type equations: Given
u,,v20, on level 2 and having computed a smoothed iterate u)e ,
the error e = uz— u,2 satisfies

max (A“ - d”) =0
1<psm

where di denotes the defect di= fr— AL;U: , 1<p<m. This suggests
to correct U: according to

_v,new __Vv ( A-1_.v )

u, =u +p“u“—r,2 u (2.5)

where pf_1 and rj_1 is a suitable prolongation and restriction, respec-
tively, and u, , e ]RN"‘1 solves the lower dimensional HJB-equation

max {A%_; Ut — g*j_1) =0 (2.6)
gusm



-1V 4
with gi_1 given by gi_1=A5_1 re u;+r, di. Then, choosing

v 2-1_v , :
u,,=ry U, as a startiterate on level £-1 , the above process will be

successively repeated until the coarsest grid k = 0 is reached. Finally,
after returning to the highest level, several post-smoothing steps will be

performed with respect to the startiterate U:’new thus yielding a new

. v+1
iterate u 2

We will now describe in detail both the smoothing process and the
choice of restrictions and prolongations. As a smoother on levels
1 <k < £ and as an iterative solver for the coarse grid correction on
the lowest level k = 0 we choose nonlinear Gauss-Seidel iteration
applied to the HJB-equations

max (A;‘ Uk — g;‘) =0 (2.7)
1spsm

where gﬂ ,1<u<m, 0<sk< 2, is recursively defined by

9, =1, (2.8a)

H pok =v koM
Ok = Ax Mt Uy + Ty d

t . 0<KS A1, (2.8b)

We remind that nonlinear Gauss-Seidél iteration is known as a con-
vergent iterative procedure for nonlinear algebraic systems involving
M-functions (cf. e.g. W. C. Rheinboldt [31]).

We denote by
Ak=Df-Lk-Uk, 1spsm, 0sks2 (2.9)

the decomposition of the matrix Ak into its diagonal, lower diagonal and
upper diagonal part. Then, performing x nonlinear Gauss-Seidel itera—
tions with respect to a lexicographic ordering of grid points amounts to
the successive solution of



v = 5y (VL L Ohs s g{{‘) i= (2.10)

-1 1
min ((Di‘- L) ™ (Ukve+ 9], 0<isx-1
1gusm
where vﬁ:ﬁz for pre-smoothing and v2=Uz’n°w for post-smoothing.

Bemark: In case of an HJB-equation of type (1.5a)' the corresponding
nonlinear Gauss-Seidel iteration is given by (2.10) with " min " replaced

" " 1gu<m
by "max " . He
1gu<m

In the coarse-to-fine and fine-to-coarse transfers a natural choice for

pt_1 and rt'1 , 1 <k <2, are prolongations based on bilinear interpo-

lation and full weighted nine-point restrictions (cf. e.g. W. Hackbusch
[ 16]). However, in the present situation full weighted restriction cannot
be used globally, because otherwise false information wouid be
transferred to the coarser grid causing non-convergence of the multi-grid
algorithm. To see this, for x € Q,_ we denote by N, (x) the set of grid
points consisting of x itself and its eight nearest neighbours in ﬁk ji.e.,

N(x) = {x,x £ hye; | 1£0<4} N Q,

where e,=(1,0),e,=(0,1),e;=¢,+e,,e,=e,-e, (with appropriate
modifications for grid points near the boundary T,). Then, for a smoothed
iterate Uﬁ:v: we denote by Qi the set of all grid points for which the
minimum in (2.9) is attained at pe I ={1,..,m},ie.

x-1

(Dk= L) (Ufevi +gt>)i(x)} (211)

QI:(UK)= {X € Qk l U:,i(x) =

where i stands for the bijective map which to each x e Q, assigns its
corresponding index i(x) e Iy = {1 .. N, } . Further, we define the grid
point sets

ol - {x e olf@) | N noe Q‘:(EK)} . (2.12a)



o 1(4) Qk(uk)\gk (Uk) (2.12b)

Now, let us suppose that we have a coarse grid point
l1 — . Y 03

Xe Qk_1th Tk, ue I, .Then there exists at least one fine grid

neighbour ye Nk(x)nﬂﬁ(ﬁz) for some pel,, W+ p.Since the

defect d in y is not a reliable indicator for the accuracy of Uy in x, ful
weighted nine-point restriction would result in a transfer of false infor-

mation from N, (x) to x e Q. In particular, the solution UK on level £

in general would not be a fixed point of the multi-grid iteration. A possible
remedy is the use of global pointwise restriction. But having in mind the
situation analyzed above it is sufficient to use pointwise restriction only
there where problems might occur, namely for grid points

-1

° Ak’1 . .
Xe Q4N Qt (Uy) . Thus, denoting by rk and r, pointwise and

full weighted restriction, respectlvely, we advocate the following local
choice of the restrictions rk , 1€k 2,

Ak 0 _
(rk vk)(x), Xer_1ﬂQt (Tx), nel,

v =4 1 s
(k vk) (x), xe Q4N Qk (uk) ne Iy

(2.13)
As far as the prolongations are concerned, the global use of bilinear
interpolation may also cause instability in a vicinity of grid points asso-
ciated with differc;\nt ue I, . Forthat reason we propose the following
local choice of py_y ,1<k< 2,

~k 0 —
e ) (pk-1vk_1)(X), xe Q (Uy), pel,
(pk Vi1f (X) = bl v (2.14)
0 , Xe Q' (ug), pely

k-1 . . .
where p, denotes prolongation based on bilinear interpolation.



The following procedure MGHJB(JZ,uz,gl,...,gf) written in
guasi-Algol describes a complete multi-grid c1ycle for 2+1 levels k=0,1,
v +
...,4 where u,=u, before and u2=u: after the execution of the
cycle.

MGHJB( £, u,,gl, ...,gT) ,integer i,£ ; array uje,gjz,...,gr,;1 ;
if £ =0 then
for i:=1 step1 until x; do u,::S,(u,z;gl,...,gT) else

, 1 m 1 m
beginarray u, ¢, dy,....ds, 91,941

for i:=1 step1 until x, do u£:=S£(u,z;gl,...,gT);

for i:=1 step1 untif m do d;:= g;—A;u,;

. £_1 -
Ugq= Ty Uy,

for i:=1 step 1 until m do giM = A;_1u,_1+rf_1d;;
for i:=1 step 1 until v,, do MGHJB(£=1, U, 1,05 1, 9% 1);
£-1 41 ,
Upgi=Up+Py (Ugq=Tp Uy
for i:=1 step1 until x, do u2:=81(u1;gl,...,gT);
end MGHJB.

Note that at each level 1 <k <2 within the cycle x, 20 pre-
smoothings and x,2 0 post-smoothings are performed while the
number of nonlinear Gauss-Seidel iterations for the approximate solution
of the correction HJB on the lowest level k=0 is k320 . The structure
of the cycle is determined by v, , 1 <k <2-1.(For v, =1 we have a
"V" -cycle and for vy, =2 a "W" -cycle).

A suitable startiterate ug on the highest level k = 2 car‘l( be
obtained by nested iteration, i.e., using suitable prolongations p_q ,
1 <k <2, an approximation u, on the lowest level k = 0 is pro-
longated onto the level k=1 yielding u?:'ﬁéuo which is then
used as a start-iterate for the execution of one or several cycles
MGHJB(1, uy ,g} e s gT) . This process will be repeated until the highest
level k = £ is reached. Since nested iteration is a fairly standard
procedure in the multi-grid business, for more details we refer to
W. Hackbusch [16].



3. CONVERGENCE RESULTS

In this section we will prove local convergence of the muiti-grid
algorithm MGHJB(Z2, u,,gl, s g;’) by using elementary subdifferen-
tial calculus and fundamental ingredients of nonlinear multi-grid conver-
gence theory in the spirit of W. Hackbusch [14],[15].

Wae start with some basic assumptions on the continuous problem
(1.5):

The second order elliptic differential operators A" 1< p<m, given by
(1 .4) are supposed to be uniformly elliptic with smooth coefficients aﬁ ,
bl ' eC( ), 1<1i,j<2. Further, weassume t*e C( ) and, in case
of reflecting boundary conditions, yi e C? ( ), 1<ig2.

As mentioned in the Introduction, under the above hypotheses the value
function u(x), xe Q, of the optimally controlled stochastic switching

process under consideration can be shown to be the unique solution in
2

c?*(Q) resp. C*%Q)~C"'(@Q) forsome ae (0,1) of the HIB-equation
(1.5a) under the boundary conditions (1.5b) resp. (1.5b)' (cf. [8],[25],[29]).

If u'(x), xe Q, is the unique solution to (1.5), for pe I, we set

= {xe Q| (A*u"=1)(x) = max (A°u” = 1°)(x)) }
1<0<m

= o nlad)

We assume that the boundary value problem (1.5) is nondegenerate in
the sense that

Q' A0’ = g, woel,, p=o.

We define

r

ur (3.2)

nelqy



as the continuous ionternal free boundary. Likewise, in view of the defini-
tion of the sets Ff’ by (2.12b) we refer to

* TR )
Fe= U I (u), 0sks<2 (3.3)

pelm
as the discrete internal free boundary, and we also suppose nondege-
neracy of the discrete problems (2.3), i.e.,
[T G«
Q (Ug)nQ(ug) =3, poely,, p#o, 0<ks e, (3.4)

Concerning the internal free boundaries, in the sequel we will assume:

(i)  The continuous internal free boundary I isaone- (3.53)
dimensional manifold admitting a Lipschitzian parametrization.

(i) The discrete internal free boundaries I“; , 0<k< 2, are situated in
an O(h,) -neighbourhood of the continuous internal free boundary I'*,
ie.,

max dist (xT") = O(h,) (hx— 0) (3.5b)

XeTy

Remarks: (i) For a model obstacle problem, discretized by piecewise
linear finite elements, under fairly general hypotheses F. Brezzi and
L. Caffarelli [7] have established convergence of the discrete internal
free boundaries to the continuous one of an order which is approximately
the square root of the L” convergence rate for the convergence of the
solutions of the discrete problems to the continuous one. Taking into
account both the relationship of HIB-equations of type (1.5a) to implicit
obstacle problems and the optimal L” convergence rate established by
Ph. Cortey-Dumont [11] and F. Conrad and Ph. Cortey-Dumont [10],
there is evidence that (3.5b)'holds true in the situation considered in this
paper.

(i) Note that under hypotheses (3.5a),(3.5b) the grid point sets Q} (u;),
t<pu<m, 0<k< 2, satisfy "property C" in the sense of W. Hackbusch
[14).



Moreover, throughout the following we will assume that || |, I edl,,

0<p <3, are norms on RNk (not necessarily all different) such that
N
Il *ll, is @ monotone vector norm and |l v, “p < vy Hp+1 , e R k.,

Nk

0<p<2. For a linear map TE:IR — RNK  the associated matrix

K K N
norms will be denoted by I Tk loq=Sup{ I Tkvic Ig 7 1 vk I, [ vie R,

vi# 0} . Since At, 0<k< 2, 1su<m, result from finite difference
discretizations of second order uniformly elliptic operators, it is con-
venient to choose || ¢ llp , 0<p <3, asdiscrete analogues |+[; of the

Sobolev norms in HS(Q) ,se R*, S+;—e N . In particular, a suitable

choiceis [[*llg =15, ltlly = “‘[3_1 v el =1 +lg and || »fl; =| "l1+p for
some appropriate Be [0,1] (cf. W. Hackbusch [14]).

We now consider the nonlinear functions F, : lRNk — IRNk ,
0<k< 2, defined by (2.3). These mappings are not differentiable in the
usual sense, but admit generalized Jacobians ofF,(u,), u, € RV, in the
sense of F.H. Clarke [9] satisfying

OFy (U € ¢ (U x Iz (U) X oo X Iy, (U (3.6)

where the right-hand side denotes the set of matrices whose i-th row is
an element of the generalized gradient JF; (uy) of the i-th component of
F. . Since F, is defined by means of a max -function with a finite number
of arguments, the generalized gradients can be easily computed:
Denoting by x,(i) that grid point in Q, uniquely associated to i e
{1, ....N,} , we have )
9F 1 (uy) = Co (A{jj;, ...,A;‘f’i), 3.7)

P i (4] .
if X(i) e u1 Q j(uk)\(ci_elwﬂ (U)), 1<p<m, where At‘i denotes the
J= j ’

i-th row of the matrix At’ and the right-hand side in (3.7) is the convex
hull of the vectors Atfi, 1<j<p.

Moreover, we have the generalized mean-value theorem (cf. [9; Prop.
2.6.5]):

Fi U= Fi v € €0 aFy ([uy vyld) (U V) (3.8)



where the right-hand side stands for the convex hull of all vectors of the
form DF, (u—v,) with DF,eaF, (W), Weeluy, vi] = {z] z =tu+H(1-t)v, ,
te [0,1]} . In particular, from (3.8) we deduce the existence of a matrix
D, Fy [ug,vi] € oF ([ug,v]) (not necessarily unique) such that

Fk Uk - Fk Vk = DFk [Uk ’Vk] (Uk ,Vk) .

Now, in view of (3.4), (3.6) and (3.7) the generalized gradients oF ;(uj) ,
1<i<N,, and hence oF (uy) are single valued. In particular oF (u) is
given by

Fi(UD) = Al if xc() € QL(UY, 1<i<N,. (3.9)

Furthermore, in view of the upper semicontinuity of oF, (+) (cf. [9; Prop.
2.6.2(c)]), forall g >0 there exists §, >0 such that

1 3F' (U DFy [uy, vicd ~Tllp < & (3.10)

forall u,,v, suchthat Jux—ugl, < 8, and |vi—ukl, < 8, .

Analogous results as above apply to the nonlinear mappings Ek and S,
defining the coarse grid HJB-Equations (2.7) on levels 0 <k < £-1 and
the nonlinear Gauss-Seidel iteration (2.10) on levels 0<k< 2, the
latter being defined by means of a min-function with m arguments. In
particular, nondegeneracy of (2.3) on level k+1 implies nondegeneracy
of (2.7) on level k and thus 9F (r,’:+1 Ul,) is single-valued with

~ k * . . ok * .
OF ki (Mt V) = Akis 1T X () € @ (Mepq Upey) » 1 STSN. (3.11)

Moreover, oS, (uy) is given by
38, up = (k=L Tub), it xPe @by, 1<igN,.  (3.12)
Now, we are in a position to establish local convergence of the
multi-grid algorithm MGHJB. We will proceed in the spirit of
W. Hackbusch's convergence theory in [14], [15], [16] and first obtain a
two-grid convergence result by linearization of the two-grid iteration



operator at the solution and then verifying a basic approximation and
smoothness property for that linearized operator.
The first partial result deals with the smoothing process:

Proposition 3.1. Let u: ,v20, bethe v-th multi-grid iterate and let
further U; be the result of the smoothing process obtained by «
nonlinear Gauss-Seidel iterations (2.10) applied to the HJB-equation
(2.3) on level £ . Then, under assumptions (2.4) and (3.4), there exists a
matrix DKS,[u:, u’)l such that

Uy—u, = DS Uy, u%] (Up- 1Y) - (3.13)

Moreover, for all €, >0 there exists &, >0 such that
ID S, [uy, U] = @S Wl < &, (3.14)
forall u)y with Juj—u%l < 8, .

Broof: In view of (2.10) a matrix DKSI [u:, u'}] satisfying (3.13) can be
chosen according to

k-1 —
D*S, [u}), U’ = [ DS, vy, u%l
1=

where DS, [V}, u%le codS, (v, ,u%), 0<i1<x-1. Since each
DS, [v;,u}] , 1<i<N,, 1s1<x, is a convex combination of
(0% -7 U, el 1sjsp. 1spsm, where Al=D', - L, - U},
satisfies (2.4) for all 1 <u <m, we easily deduce that the spectral radius
of DS, [V}, u'l is less than one, and thus [V~ U%l,—0 . Hence,

(3.14) is an immediate consequence of the upper semicontinuity of

Before we analyze the coarse grid correction, we remark that by
definition of the prolongations and restrictions (cf. (2.13),(2.14)) and in
view of (3.5a),(3.5b) we may assume that there exist neighbourhoods
Uk (uk) such that for all Uee Uk (uk) (note that p::_1 and rt_, are



defined locally in dependence on U;(’ )

-1 k
C Ivecily € IPy_qVk-1ll, £ C tviy o, 1sk<2t (3.15a)
k=1
Iry Ip_ps C, 0<p<3, 1<k (3.15b)
(cf. W. Hackbusch [14; p. 430]).
Moreover, we will impose the following conditions on the Jacobians
OF (uD), O<kst,and oF,_(re u),1<ks2:

* o~ k-1 *
IOF (U hpo SC, N9F 1 (r Uy <C (3.16) .

-1 . ~ -1, k=1
I (OF) 1(Uk)"p’p+2 $C, 10@Fkq) (r U lppe2 SC P=0,1 (3.17)

In view of (3.9), (3.11) and the fact that the Aﬁ's , 1<u<m, result from
finite difference approximations of uniformly elliptic second order
differential operators with smooth coefficients, the estimates (3.16),(3.17)
can be expected to hold true (cf. W. Hackbusch [14]).

Next, we provide the following preparatory stability result for (2.3)
which is also of interest in its own:

Lemma 3.2. Let u,, U, be solutions to the HJB-equations (2.3) with data
fﬁ and ?t , 1spu<m,0<k< 2, respectively. Then, under assumptions
(2.4), (3.1), (3.4) and (3.17) we have
huk=Tll, < C maxitie=Fkl,. (3.18)
1<psm

Proof: Forall 1<i<N, itfollows from (2.3) that

Akue=-T)), s fl=Tk, xc()e QL @)

v
=%

(Al (U= Ty)), fl=fh, x(i)e Q)

and hence, taking into account that in view of (2.4) and (3.9) both 9F, (u,)
and oF (U,) are nonsingular M -matrices

OF ) W) Eh=Th) < ue-T € OF) " T (He=11).



Then, using the monotonicity of || «=|l, and (3.17) (with uy replaced by Uy
and U, , respectively), (3.18) follows instantly from the preceding
inequalities.

We now compute the two-grid iteration operator where for simplicity
we assume that only pre-smoothing is performed:

Proposition 3.3. Suppose that U,e- vz20, are the |terates obtained by
application of the multi-grid algorithm MGHJB(Z, ux,gz, - gj) in case
of two grids with x, = x pre-smoothings and x, = 0 post-smoothings.
Then, under assumptions (2.4), (3.1), (3.4), (3.15), (3.16) and (3.17) we
have

+1 . 2-1 v N
Uy —ul = My +Z,) (Uy—ul) (3.19)
where
2-1 -1, « A1~ -1 4 A=
My =[@F )W) —ps OF o) (ry WSy 1. (3.:20)
[3F, (U%)(8Sy) (U]
and

12, llpp < Co) ™ (3.21)

with C(x)>0 and " -0 as llu:—u}uQ—aO.

~ 21
Proof: First, we defineamap F, : RN — RN by
A1 PR "
Fo ve=max (r; (A,v,—g,)).
ispsm
Then there exist matrices DF; [rf Ty, Usqle COOF , (Iry Ty,

-1 -1
u,q) and DF, [U,,u%]e co BFI ([T, u%l) such that

= A=1 —v
DF1_1[r2 U,z,U,e-1](u UJ—U;21)=
~ Y SRV L ~&=1 _y .. —V "

21
where we have used the fact that F, u’,= 0.



Taking advantage of (3.13) in Proposition 3.1, we get

-1 — ~i-1
fe Uy —Upr = [ (OF g )11, Ty, ue 1DF, T [T, 0310 (3.22)

D S, [Uy, U511 (u)y—u?) .
Then, if we set
Xp-t = (@F 41 ) (ff_1 u% ) DF -1 [f)j—1 Uy, Ugmt] =1,
Noe"‘1 _1 * ~dt"‘1 _V %
Xy =(aF1 ) (UI)DF,C [Ug,ugl—l,e
Y, =D"S,[u}, uh1-0S ) (uY)

=41 -1 A- * .
and observe that by the chain rule oF, (u}) = rf oF , 1(u‘) , it
follows from (2.5) and (3.22) that

v+1

Uy - Uy = [EF (U @+ X)) - (3.23)

Lo~ a1, -1 41
=P OF pq(ry U Ty g+ X, ) 13 1o

"[9F, (U}) (Lp+ X)) ((9Sy ) W)+ Y 1) (uy=u’y).

From (3.10) and (3.14) we deduce

v) )

I Xpllop < CIMT, Yl < Clxn (3.24a)
In order to establish the analogous result for X,_, , i.e.,
1Xgy llpp < Clin"™ (3.24b)
according to (3.10) we have to verify
ey TY=ry U= 0 (3.25a)
as uu:—u}||2—+0
U y_q— rf“1 Uyl — 0. (3.25b)

Assertion (3.25a) readily follows from (3. 15b) and Proposition 3.1. On the
other hand, for the difference u,_,— rl u’, we get by application of
Lemma 3.2



21,

fueq—ry Uylly <

< Cmax | A (i1 TY - Uy - AT - rﬁ—1 AL ui)lo.

1<psm

Observing | Atlz,os C, k=4-1,£2,and (3.15b) for p=0,2, (3.24b) is a
consequence of the preceding inequality and Proposition 3.1.
Now, using (3.24a),(3.24b) together with the estimates (3.15), (3.16),
(3.17) and || (3S, )K(u';) l,» < C(x) , assertions (3.19), (3.20) and (3.21)
can be easily deduced from (3.23).

From the representation (3.23) of the two-grid iteration operator it
follows that we do have two-grid convergence, if both the approximation

property

1 @F) T (UR) — Prct (BFhcy) ™ (e Ul T By 2 SC g (3.26)
and the smoothing property

19F (URESK) Wi I SCol) i, 1TSSk (b))  (3.27)

are satisfied, where a=1+B, Cy(xk) 20 as x = e and K, (hy) =
as h, -»0.

Lemma 3.4. Let Mz-1 be the two-grid iteration operator as given by
2

(3.20). Then, under assumptions (3.26) and (3.27) we have

A-1
IMy o, € CCo(x) . 1SKkS KNy (3.28)

- Tmax

For the validity of the approximation property (3.26) we assume the
operators At_1 to approximate AE in the sense that

A A By = AL 48, 1<k<2, 1spsm (3.29a)
where
134_1l30 S Chis. (3.29b)
Then, setting

k=1 * k = k—1 *
8k_1 = Iy aFk (Uk) pk_1—aFk (rk uk)



1
by means of (3.9), (3.11) we have 8, ;= 8, 4; for xe4(i)e

rO k-1 , , . .
Q4 (rx Uy, 1<i<N,_,, while 8k-4i May contain terms of order

_ , k=1 . L
O(hki) for Xxy_q1(i)e Ft_1 (r« Ul .Then, in view of hypotheses (3.5a),
(3.5b) the estimate

181ls0 < C hics (3.30)

can be deduced from W. Hackbusch [14; Note 3 (p. 431)].
Similar arguments can be used to prove

k k-1
k= Pket Tk Nz < Chi (3.31)

(cf. W. Hackbusch [14; Corollary 1 (p. 430))).

Now, under assumptions (3.15), (3.16) and (3.17) the approximation
property (3.26) is a consequence of (3.30) and (3.31) (cf. W. Hackbusch
[14; Criterion 1 (p. 428))).

As far as the smoothing property (3.27) is concerned we remark that
according to (3.9), (3.12) aS, (u}) is the Gauss-Seidel iteration operator
associated with oF (u}) . Recalling the fact that the Aj's are finite
difference approximations of uniformly elliptic differential operators with
coefficients in class Cz(ﬁ) , there is evidence that (3.27) holds true, in
particular if we use red-black ordering of grid points instead of the
lexicographic one (cf. [14; Chapter 4]).

Using Lemma 3.4 we immediately obtain:

Proposition 3.5. Under the hypotheses of Proposition 3.3 and Lemma
3.4 there holds

Juh =l € [CCo +Cn Iup=usl, - (3.32)

Proof: The estimate (3.32) is a direct consequence of (3.19), (3.21) and
(3.28).

Bemark: The preceding results can be easily modified in order to cover
the case where also post-smoothing is performed, i.e., K, >0 in
MGHJB(L, U,,G, .07 (cf. e.g. W. Hackbusch [15]).



For more than two grids the multi-grid iteration operator can be
recursively defined by means of the two-grid iteration operators
M::_1+Zk onlevels 1 <k< £ . Then, the following local convergence
result can be established:

Jheorem 3.6. Let u:, v 20, be the iterates obtained by the multi-grid
algorithm MGHJB(Z, u,z,gl, ,g?) for a hierarchy of £+1 grids
k=0,1,..,2 assuming a "W" -cycle structure (i.e. y=2). Then, under
the same hypotheses as in Proposition 3.5, there exists x,,, 21 such
that for all x,;, < ¥ € ¥, (hy) the estimate (3.32) holds true. In
particular, if the startiterate ui is chosen in an appropriate
neighbourhood of the solution U’,, we have | u:— Uy, >0 as v .

Proof: Using Proposition 3.5 the result follows by arguing along the
same lines as in W. Hackbusch [15; Thms. 3.4, 3.13].

4. NUMERICAL RESULTS

We have tested the efficiency of the multi-grid algorithm MGHJB by
applying it to an HJB-equation both with Dirichlet and Neumann boun-
dary conditions.

The first, rather academic example is an HJB-equation for two
uniformly elliptic operators A', A% under homogeneous Dirichlet data
which has already served as a numerical test example in [17] and [28].
The operators A', A% and right-hand sides f', 2 are chosen according to

2 2 2 2 2 2
AP 05 0 9 a2 059 01 9 _ 9 4y
ox? oxdy  gy? ox? oxay  gy2

1 2 1 2
f =1 =max(A'u A"u), u=x(1=x)y(1-y) (4.2)

so that u is the exact solution of the Dirichlet problem (1.5a),(1.5b) on
Q = (0,1)x(0,1) .

With respect to a hierarchy of equidistant grids Q, with step sizes
he,1=h/2, 0<k< £-1 (hy=0.5), we have discretized A',A% by using



the standard difference approximations hEZDE,X Di.xs h;ZDZ,y Dy, and
hEZ[D;XD;,ﬁ Di.xDi.,,172.0 for the partial derivatives 3°/ax>, 9%/ay”

and az/axay , where D:,XDi'y denote the forward resp. backward
difference in x resp. y onthe grid Q, . It is easy to check that these dis-
cretizations yield difference schemes of positive type (cf. [17],[28]).
Choosing the restricted exact solution as a startiterate on the coarsest
grid Q, , we have determined an initial iterate on the finest grid Q, by
nested iteration. We have then performed several multi-grid cycles until
either machine accuracy has been reached or the total number of work
units has exceeded 100. Here, a work unit corresponds to a symmetric
nonlinear Gauss-Seidel iteration on the finest grid. Denoting by | e: Ie 2,
v 2 1, the discrete L, -norm of the difference e',= u‘;—u‘,;‘1 of two
subsequent iterates, an asymptotic convergence rate, relating the gain in
accuracy to the amount of work for implementation, has been computed
by means of

v* 1 *
Wy = (1850 gp/ leglen)ew (1/[(v'=1)* Nyy)) (4.3)

where N, is the number of work units for performing ona multi-grid
cycle and v* denotes the last iterate before either | e: lp2 < eps or
(v-1)N,,, > 100 . Note that all computations reported in this section have
been performed on a CRAY XMP-24 where eps = 1074,

Figures 1 and 2 represent the asymptotic convergence rates for
W -cycles with a different number of pre-smoothings and no post-
smoothing (Fig. 1) and for W -cycles with a different number of pre- and
post-smoothings (Fig. 2) . For comparison, in both figures we have also
plotted the convergence rates of the corresponding single-grid nonlinear
SOR-iteration with suboptimal choice of the relaxation parameter. The
plots clearly demonstrate the expected O(1 - hf) -behavior of the single-
grid convergence rates while the multi-grid convergence rates seem to
approach a constant value for an increasing number of grids in the
hierarchy thus confirming the theoretical results derived in the preceding
section. Note that the multi-grid convergence rates are considerably
higher than for standard linear second order elliptic boundary-value
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problems (cf. e.g. [16]) which is an effect commonly observed for free
boundary problems. Indeed, the convergence rates are almost in the
same range as those obtained for multi-grid algorithms applied to other
types of free boundary problems (cf. e.g. [6],[19],[20] and [30]).

As a second, more realistic example we have dealt with the

computation of the maximum utility of profits for a stochastic dynamic
sales response model which has been analytically investigated by
C.S. Tapiero, J. Eliashberg and Y. Wind in [32] and which represents
the stochastic version of the classical deterministic Vidale-Wolfe model
[33].
We consider a firm selling two products z = (z,,2,) with market potentials
M = (M,,M,) at prices p = (py,p,) while spending a = (ay,a,) for
advertising. We denote by y = (y4,y,) the market shares y;=z/M,,
1<i<2,and by m=(m,,m,) and q=(qy,q,) the forgetting and
advertising effectiveness effects, respectively. Modelling sales uncer-
tainty by a diffusion term o(y,a) = (0ij (y.a))fj=1 and including reflection
constraints ( i.e. continuing the process when y leaves the admissible
region Q = (0,1)x(0,1) ), the market shares evolve according to the
following stochastic diffusion process with reflection boundaries

dy = b(y,am,q)dt + ofy,a)dw — x(y) nda (4.4a)

y0) = x = (X,X;) e Q . (4.4b)
In (4.4a) the drift term b(y,a,m,q) is given by

b (yamaq) = - my, + q,a(1-y,) , 1<i<2 (4.5)

representing the deterministic Vidale-Wolfe model, w = w(t) stands for a
normalized two-dimensional Wiener process, x is the characteristic

function of T=0Q, n the outward normal at I" and do is a continuous
adapted process (for details see [32]).

The admissible control set V consists of sequences (0,a) = (0,.,a,),.n
of random times ©, and advertising policies a, = (a, ,a,,) chosen

2
from a finite set A= {a“}L . Then, denoting by m(a) = 3, (piM;y; - a;)
i=1



the instantaneous profits and choosing a utility function U = U(r(a)) ,
discounted at a constant discount factor ¢ > 0 , the optimal control
problem is the following infinite horizon utility maximization problem

u(x) = sup E[I U(r(a))exp(-ct)dt]. (4.6)
(6,2)eV 0

As utility function U(n(a)) and diffusion o(y,a) we have taken U(n(a)) =
n(a) and o(y,a) = diag(o,(y.a),0,(y,a)) with variances ¢;(y,a) = (mjy; +
q;a;(1 -yi))”2, 1 <i<2. Moreover, we have chosen the following four
admissible advertising policies

a' = (00), & = (a0), a = (0.a), a'= (@2, a/2) (4.7)

corresponding to "no advertising” (a‘) , "advertising for product 1" (a2) ,

"advertising for product 2" (aa) and "advertising for both products” (a4) .
The corresponding HJB-equation is then of type (1.5a)',(1.5b)" with

9? 3
A¥ ———Zc x,a" ———Zb(xa 'm,q) —+ ¢
I=1 axl |=1 aX|
= @), ¥=1, tgus<q.

We have discretized A", 1<pu <4, with respect to the same
hierarchy of grids Q,, 0 <k< ,8 as in the first example. Using standard
central dnfference quotients hk D xDiyx, for the second order deri-
vatives 9° /ax, and the forward resp. backward difference quotient
hi' Diy resp.hix Dy for the first order derivatives d/9x, (according
to the sign of bi(x,a“,m,q) in xe Q) , we get a discrete HJB-equation
with coefficient matrices At being lower semistrictly diagonally dominant
M-matrices.

Providing a startiterate on the finest grid Q, by nested iteration, we have
computed the optimal utility of profits by successive application of
MGHJB with W-cycle structure.

Figures 3 and 4 display the sets Q‘j(u}) for £ =5 (h, = 1/64) forthe
following market potentials M, , prices p,, sales-decay rates m; and
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response constants g

(i) M, =M, = 120 000 » Py=po=1
m1=m2=0-05 ,q1=q2=15

(if) M;=10000 , M,=120000 y P4=05, pp=1.5
m,=0.1 , My =0.05 , 4y=5 ,0,=15.

The constant a in (4.7) reflecting advertising expenses and the
discount factor ¢ have been chosen as a= 1000 and ¢ = 0.5 both for
(i) and (i) .

Points x e Q, belonging to Qxu}), €3}, Q) and Q4wWS) are
marked by "-", "Q", "+" and "|", respectively. The probabilistic
interpretation is that for any initial state x € Q, the markings tell us both
the type and the value of control which has to be performed asymp-
totically (i.e. for t — « ). The figures display a certain risk-averse
behaviour of the advertiser with essentially decreasing advertising
expenses for increasing market shares.
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