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Abstract. The authors consider the discretization of obstacle problems for second-order elliptic
differential operators by piecewise linear finite elements. Assuming that the discrete problems are
reduced to a sequence of linear problems by suitable active set strategies, the linear problems are
solved iteratively by preconditioned conjugate gradient iterations. The proposed preconditioners
are treated theoretically as abstract additive Schwarz methods and are implemented as truncated
hierarchical basis preconditioners. To allow for local mesh refinement semilocal and local a posteriori
error estimates are derived, providing lower and upper estimates for the discretization error. The
theoretical results are illustrated by numerical computations.
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1. Introduction. Given a closed subspace V C H!(f2),  being a bounded
polygonal domain in the Euclidean space R2, we consider obstacle problems of the
form

(1) find u € K such that J(u) < J(v), v € K,
for the energy functional 7,
J(v) = 3a(v,v) — £(v), vevV,
and a closed, convex set K C V,
K ={veV|u(z)<p(r) ae in Q}.

Assuming that J is induced by a symmetric V-elliptic bilinear form a(,-),

2
a(v,w) = / Z a;; 0,v Ojw dz,
ig=1
and some functional £ € V| it is well-known that (1) is equivalent to the variational
inequality

(2) find u € K such that a(u,u —v) < £(u—v), v € K.

For the sake of simplicity we restrict our considerations to the case V = H}(Q2). To
ensure existence and uniqueness of the solution u of (1) and (2), respectively, we
assume p € H'(2), ¢ > 0 almost everywhere on I' = 9Q, and a;; € L>(Q) satisfying

(a)  aij(z) =aji(z), 1<4,j<2,

3 2
® (b)  aol¢*< Z aij(x)&&; < anf€f’,  E€R’ 0<ap<ay

i,5=1

* Received by the editors July 9, 1992; accepted for publication (in revised form) February 16,
1993.

t Mathematisches Institut der Technischen Universitit Miinchen Arcisstrasse 21, D-80333
Miinchen, Germany (rohopmathematik.tu-muenchen.de).

¥ Konrad-Zuse-Zentrum fiir Informationstechnik Berlin Heilbronner Strasse 10, D-10711 Berlin,
Germany (kornhuber@sc.ZIB-Berlin.DE).

301






ADAPTIVE MULTILEVEL METHODS FOR OBSTACLE PROBLEMS 303

two triangles t,t' € 7 contains a common edge, a common vertex, or is empty. The
sets of vertices p and edges e that are not part of the boundary 99 are called N/
and &, respectively. We approximate V by the subspace & of continuous, piecewise
linear finite elements vanishing on the boundary 0} with the associated nodal basis
Ap. p €N, of S defined by A\,(q) = bpq, p,q € N (Kronecker delta).

Furthermore, let o7 € S be a discrete obstacle approximating the given obstacle
@ in an appropriate sense. For example, @7 may be chosen as the L2-projection
of ¢ onto S or, if p € C(f), as the S-interpolate. Correspondingly, we denote by
K1 = {v € S|v < ¢} the sets of discrete constraints. Then the finite element
approximation of (1) amounts to the computation of an element uzr € K7 satisfying

(4) a(ur,ur —v) < L(ur —v), veE Kr.

It is easy to see that the finite-dimensional variational inequality (4) is equivalent
to a linear complementarity problem [13].

LEMMA 2.1. An element ur € K1 is a solution to (4) if and only if the vector
u € RN, N := |N| with components u, = ur(p), p € N, satisfies

(5) max(Au — b, u—¢) =0,

where A is the N x N stiffness matriz with entries apg = a(Ag, Ap), p,q € N, and b €
RN and ¢ € RN are the vectors with components b, = £(\p) and ¢, = o7(p), p € N.
Note tha?(5) has to be understood in terms of its components.

Proof. Let ur € K1 be the solution of (4). Then Au < b, which can be deduced
by choosing v = ur — z in (4) with arbitrarily given z € S, z > 0. Since u < p, we
thus have (u — )T (Au—b) > 0. But v = ¢ in (4) gives (u— )T (Au—b) <0, hence
(u — )T (Au — b) = 0, proving (5). The converse statement is obvious. O

In the following algorithm we will consider an outer—inner iteration technique for
the numerical solution of the complementarity problem (5). The outer iterations are
governed by an active-set strategy as presented in [19], [20]:

Outer iteration. (active-set strategy):

Step 1. Choose a startvector u(® € RV,

Step 2. Given v € RN, v > 0, determine N'®* C A as the set of points p € N/
such that (Au®) —b), < (u)—y), and set N° := N'\N*. Then compute u(**1) € RV
from the splitting B

(6) D =t 0,
where
(7) up = pp, pEN®, us =0, p€eN°®

and u° satisfies

(8) up =0, peN*
and
9) Au® =b— Au’

It is obvious that the computation of the iterate u+1) according to (9) actually
requires the solution of a “reduced,” i.e., lower-dimensional linear system.
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The set N'® is called active, since in view of u,(,VH) = p, p € N*, it contains
the nodal points where the obstacle is active. Correspondingly, N° is said to be

the inactive set. Introducing a corresponding splitting of the finite element space
S = 8° ® 8° in linear subspaces §°, §* C S defined by

(10) 8°={veS|vip)=0,pe N}, S§* ={veS|v(p) =0,pe N},
the reduced system (9) can be rewritten as the variational equality
(11) find u° € 8° such that a(u®,v) = £(v) — a(u®,v), veS°,

with solution u°® € §°, where u® € §° is defined by u*®(p) = u;,.

Remark 2.1. If (9) (respectively, (11)) is solved exactly and A is an M-matrix,
it can be shown that for an arbitrarily given initial iterate u(®) the sequence u®),
v > 1, of iterates is monotonically decreasing and converging to the unique solution
u of (5). Moreover, there is numerical evidence that the approximate solution of the
linear subproblems up to some accuracy ko provides satisfying results as soon as Ky is
chosen small enough. See [19] and [20] for details. In the inexact case, the convergence
of a related most-constrained strategy has been proved in [18], providing a stopping
criterion for the inner iteration. However, this strategy turns out to be much too
pessimistic in actual computation, leading to a prohibitively large number of outer
iteration steps.

In contrast to [19] and [20] (where multigrid techniques were used), this paper
focuses on multilevel preconditioned conjugate gradient (cg) iterations that for well-
known reasons are suited to be used within an adaptive finite-element code (FEM). For
an introduction to the preconditioned cg method we refer to (1], while the construction
of appropriate multilevel preconditioners will be subject of the next chapter.

3. Additive Schwarz methods and hierarchical bases. Let 7y be an inten-
tionally coarse regular triangulation of Q.

The triangulation 7j is refined several times, providing a sequence of triangu-
lations 7o, 7,...,7; and a corresponding sequence of nested finite element spaces
So C & C ... C ;. The underlying refinement process described in the sequel is
standard in the literature on multilevel preconditioning [3]-[6], (8], [14], [39]. Note
that this refinement in general does not coincide with the actual refinement process
performed by some finite element code. Nevertheless, the triangulations 7y, 7y, . .., 7}
are available without any computational effort, if the underlying data structures are
chosen properly [3], [28], [33], [34].

A triangle t € T} is refined either by subdividing it into four congruent subtrian-
gles or by connecting one of its vertices with the midpoint of the opposite side. The
first case is called regular (red) refinement and the resulting triangles are regular, as
are the triangles of the initial triangulation 7g. The second case is called irregular
(green) refinement and results in two irregular triangles. Because new points should
be generated only by regular refinement, we introduce the following rule:

(T1) Each vertex of Tj41 that does not belong to 7y is a vertex of a regular
triangle.

Note that irregular refinement is potentially dangerous because the interior angles
are reduced. Hence we add the following rule:

(T2) Irregular triangles must not be further refined.

We say that a refined triangle is the father of the resulting triangles, which in turn
are called sons. We define the depth of a given triangle t € Ui:o 7}, as the number of
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ancestors of t. Of course, the depth of all triangles t € Ty is bounded by k. We have
the final rule:

(T3) Only triangles t € T}, of depth k may be refined for the construction of 7y 1,
0<k<j.

As a consequence of (T3), the whole sequence 7y, 7y, ...,7; can be uniquely re-
constructed from the initial triangulation 7o and the final triangulation 7; alone,
neglecting the preceding dynamic refinement process. Recall that in actual compu-
tations we may choose the data structures representing the triangulations cleverly so
that the sequence 7y, 71, . . ., 7; is explicitly given. Note that the subscript j in general
does not coincide with the number of refinement steps, ! > j, which were necessary
to create 7; from 7y by the actual finite element code. In practical calculations the
difference [ — j of the refinement level | and the maximal depth j can be used to judge
the quality of the implemented refinement strategy.

Of course, adaptive refinement should be based on reliable a posteriori error
estimates, which will be considered in the following chapter. For the moment let
us assume that a hierarchy 7o, 71, ..., 7; with the property (T1-T3) is available. We
further assume that we have a disjoint splitting A; = N? UN?, which may result from
an active set strategy applied to (4) with respect to the triangulation 7 = 7;. Recall
that this splitting is supposed to change in each outer iteration step. In the sequel we
will deal with the construction of two multilevel preconditioners of hierarchical basis
type to provide an efficient iterative solution of the corresponding reduced system:

(12) find u € S} such that a(uj,v) = £(v) — a(uj,v), vES;.

For this purpose we provide a decomposition Ny = N U N} of the sets N} of the
nodal points on the lower levels 0 < k < j by means of the definition

(13) NE=NeOND, N =N\ MR, 0<k<j-1

For 0 < k < j and p € N we refer to )\,(,k) € Sy, as the level k£ nodal basis function

having p as its supporting point, i.e., )\gc)(p) = 1. The well-known hierarchical basis
of the whole space S; (cf. Yserentant [38]) is given by

Ao={\D|peMo}, MAe={P|peM\Ne}, 1<E<],

denoting A = Ufc=1 Ag. According to (10) the splitting (13) induces the subspaces
8o = span{)\gk)| p € NP} C Sk, 0 < k < j. Collecting the hierarchical basis functions
with inactive supporting points according to

(14) AOZZ{/\,EP”PGN(?}, Ak::{/\;(pk)IPENI:\NI:—I}’ 1<k<y,

we denote A = Ufc=1 Ak. However, the hierarchical decomposition of functions
v € &7 cannot be given in the standard way, since the subsets Ag and Ay of S; in
general are not contained in SJ‘-’ . This is due to the fact that functions v € Sp_;, 1 <
k < 7, in general do not vanish in active nodal points p € N2\N}_; appearing on the
subsequent level k. We will modify such functions by means of suitable truncation
operators Ty, : §; — S, 0 < k < 7, defined by

(15) Tw= Y v(EAP.
pEN?



306 R. H. W. HOPPE AND R. KORNHUBER

Note that Tyv = v, v € S. Now a feasible multilevel splitting of S7 is defined by
successive truncation of the standard hierarchical basis elements

(16) AV =T Ay, Tju=Tj...Th, 0<k<j.

We will consider a second multilevel splitting, which is based on a more restrictive
choice of coarse grid functions. For this reason we define

(17) N8 = {pe N2 TidE) =AW}, 0<k<j

and N = N \N™. Obviously, we have N = N?. 1t is easily seen by
induction that for 0 < k < j the set N."1® consists of all p € My_1 NN;"™® whose
k-neighbors g € Ny \Nj_1 are also contained in N;"*8. As usual, p, g € N are called
k-neighbors if there is an edge e = (p, q) € £. Now the standard hierarchical splitting
with respect to N"™, 0 < k < j, is given by

(18) AP = {(NO|peng™s}, AP = (AP|pe NP"E\ N}, 1<k <

Note that a restriction of the active set, which is similar to (17), was used in [19]. In
the context of hierarchical bases, (17) was proposed by Yserentant [40].

Remark 3.1. The difference between Ag) and A,(gz) is illustrated in Fig. 1, where
for ease of exposition we have considered the one-dimensional case.

)\gc—l) Tk)\gc—l) )\gk)

/ /1 \\

(i) (ii) (iii)
FiG. 1.

In particular, Fig. 1 (i) represents a level k — 1 basis function )\,([,k_l), with sup-
porting point p € N¢_; \ N;'{® having a level k active neighbor ¢ € N} on the
left. Figures 1 (ii) and (iii) display the basis functions Tk)\,(pk_l) and /\,(,k) selected in
(16) and (18), respectively. Note that Tk)\,([,k_l) generally results in a “nonsymmetric”
truncation, while the choice of the higher level basis function A,E,’“) may be regarded
as a “symmetric” cut.

As proposed in [15], the hierarchical basis preconditioners obtained from (16) and
(18) will be treated in the framework of additive Schwarz methods. For recent results
on the BPX preconditioner as an additive Schwarz method, we refer the reader to
Bornemann [6] and Zhang [41]. Because the following definitions and assertions do
not differ for Aff‘ ), 1= 1,2, the index p is skipped for notational convenience.

Let VO(“) = spanA((,”) and V/\(“) = span{\}, A € Ag_’;) = i::lAl(c#) for p = 1,2.
The direct subspace decomposition

(19) S =Vod P W
AEA,
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of S7 gives rise to an additive Schwarz method. This in turn provides the following
reformulation of the original problem (12):

Pu$ =1,

where

P=PF+ Z P
AEAH

is the sum of the Ritz projections Py : S — Vo, Py : S} — Vi, A € Ap, defined by
a(P,w,v) = a(w,v), veV,, v=0.J

for each w € S3, and ¢ € (S;)’ is chosen appropriately. See, for example, [16]
for details. Denoting by (,-) the standard L? inner product, we introduce the L2
projections Qg : S — Vo, Qi : S — V) and the representation operators Ag : Vo —
Vo, Ay : V\ = V), )\ € Ay deﬁned by

(va»v) = (’UJ,’U), veV,
for each w € S;.’ and
(AVw’v) = a(w,v), v E Vlla

for each w € V,,, v = 0,\. Since A, P, = Q,A, v = 0, )\, the operator P may be
rewritten as

P = H;, 4,

where H; stands for the preconditioner

H]' = AalQo + Z AKIQA?

AEAH

and A; is the representation operator of a(-,-) on §7 x 57 Evaluation of AIIQ a leads
to

)\EA(#)

/{f\;) , pw=12.
In light of Remark 3.1, we will refer to H J(.l) and its variants as the “nonsymmetric”
preconditioners and to H ](2) as the “symmetric” preconditioner, respectively.

Let us briefly discuss some modifications of the preconditioners H ](.“ ), uw=12
The evaluation of (A(()“ ))“1Q6" ) requires the solution of a linear system for the stiffness
matrix given by a(-,) restricted to VO(") X VO(“), p = 1,2. Due to the definition (16),

the entries of Aél) and a(A\,N), A € Ag) may change with each step of the outer
iteration. To avoid the corresponding evaluations of the quadratic form a(:,-) the

preconditioner H ](1) may be replaced by

A
(21) H(l) JoA QO+Z Z ]k ) ],k/\

k=1 el
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where Ajg is the representation of a(-, ) restricted to §§ x S5 and Qo denotes the L?
projection to Sj, respectively. Note that a related modification of H ;2) is not neces-
sary, as only the selection and not the shape of the involved hierarchical basis functions
is depending on.the actual active set ./\/j’. Still, the linear system on the coarsest level
is supposed to change with each outer iteration step, each time causing a Cholesky
decomposition of the new coefficient matrix. To reduce the computational effort, we
may replace the matrix by its diagonal or even by the identity matrix (see [38] for a
further discussion). In the case of rapidly varying coefficients, frequently occurring
in practical problems, the jumps should be incorporated in the preconditioners. We
refer to Yserentant [39] for details.

Note that existing implementations of the standard hierarchical basis precondi-
tioner are easily changed to (21) by simply neglecting the contributions from active
points [22]. For a similar application of truncated hierarchical basis functions to
obstacle problems, we refer to [36].

The final part of this section will provide condition number estimates for both
the nonsymmetric and the symmetric cases. The subsequent analysis will be guided
by the following lemma on abstract additive Schwarz methods.

LEMMA 3.1. (i) Assume that for allv € S5 there is a splitting v = vo+ Y yep,, U
such that

(22) c {G(UO,UO) + Z a(v,\,v,\)} < a(v,v)
AEAH
holds for some fized positive constant c. Then we have the estimate
ca(v,v) < a(Pv,v), vES,.

(ii) Assume that for all splittings v = vo + 3 5, Ux 0f v € 5] the estimate

(23) a(v,v) <C {a(vo,vo) + Z a(v,\,v,\)}

AEAH
holds for some fized positive constant C. Then we have the estimate

a(Pv,v) < Ca(v,v), vES;.

Proof. The assertion (i) is the well-known lemma of Lions [29]. To prove the
second assertion, we apply (23) to the splitting Pv = Pyv + Z/\e A PAv for some
fixed v € 57 to obtain

a(Pv, Pv) < C {a(Pov,Pov) + Z a(P,\v,P,\v)} = Ca(Pv,v),

AEAH

which completes the proof. O

Remark 3.2. The assumptions (22) and (23) can be regarded as an asymptotic
orthogonality of the subspaces Vo, Vy,A € Ay. Note that (23) is frequently estab-
lished by strengthened Cauchy—-Schwarz inequalities measuring the angles between
Vo, Va, A € Ay with respect to a(:,-) or any other symmetric bilinear form that gen-
erates a uniformly equivalent norm on S;. We will use this approach later on.
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In addition to the usual (semi-) norms || - [|o and|-|; of L2(Q) and H'(£2), we will
make use of the semi-inner product

2
(v’w)l,ﬂo = Z/ 81"081'11] d.’IL‘, v,w € HI(QO)
i=1 7%

for measurable Q¢ C 2 with the induced seminorm |v|; o, = (v,v)i/go. We continue
by introducing the interpolation operators Iy : §; — Sy by

Iyv = Z v(p)/\gc), 0<k<ij.
PEN

Finally, constants depending only on the ellipticity (3) and the shape regularity of 7
will be denoted by ¢ or C. Other parameters will be indicated explicitly.
We take up the analysis of the preconditioners with the following technical lemma.
LEMMA 3.2. For some fized k, 0 < k < j, let S} C Sk denote the subspace of all
vk € Sk vanishing in Ni¥ C Ny. Assume that each point p € Nj_1 is either contained
in Nif or has at least one k-neighbor g € N,\Ni_1 that is contained in Nif. Then we
have the estimate

ST lm@APR < Clukl2, vk €S
pENK

Proof. Let p € N—_1. Then from the assumptions on Nj_; and NV}¥, the seminorm

| - |1 is a norm on the restriction of vy € S} to supp /\,(,k_l). As norms on finite-
dimensional spaces are equivalent, we immediately have

Z Ivk(Q)/\S]k)I% < ckmlvklisupp,\;’c—lh vk € S;’

(k—1)
gENLNsupp A,

and as a consequence of the uniform shape regularity of 7, we obtain ¢, < c uni-
formly in k and p. Summing up over all p € N;_; gives the assertion. D

Crucial to the analysis of the nonsymmetric preconditioners H ;1) and H J(.l) is the
following assumption on the splitting N; = N UN?:

(R) There is a nonnegative constant ko independent of k such that

(24) Tjsh = Toyrokh, NE Mg, §>k+ko.

Remark 3.3. The condition (R) states that subsequent truncation of level k func-
tions uniformly becomes stationary after kg steps. From heuristic arguments we can
expect that for each level k we can find a number ko = ko(k) satisfying (24) if the
free boundary is a lower-dimensional manifold that is properly approximated by the
finite element discretization and the underlying active set strategy. It is addition-
ally required by the condition (R) that these numbers be uniformly bounded. The
condition (R) will typically be applied as in the proof of the following lemma.

LEMMA 3.3. Assume that (R) is satisfied. Then there exist constants c(ko), C(ko)
such that

(25) c(ko) a(v,v) < a(Tj kv, T; k) < Clko) a(v,v)

holds for all v € span Ak, k=1,...,].
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Proof. Without loss of generality, we assume j > k + ko. Let v € span Ay. Then
the condition (R) provides
(26) Tj‘kv = Tk+k0,kv € Sk+ko~

Let t be a triangle of 7;,_;. As v vanishes in the vertices of ¢t and the space of functions
of Skyk, restricted to t is finite dimensional, there are positive constants c(kg) and
C(ko) depending on kg and a lower bound for the interior angles with
(27) c(ko) [v|1,e < |Tjkvl1,e < Clko) [vl1,e, v € span Ay,

Summing up over t € T,_1, the assertion follows from the ellipticity of a(-, ). 0
We are ready to establish lower and upper bounds for the nonsymmetric precon-
ditioners H; = H§1),H§1).
THEOREM 3.4. Assume that the regularity condition (R) holds. Then there exist
constants Ko, K, depending only on ag, oy in (3), the shape regularity of Ty and the
constant kg in (R) such that the estimate

Ko(j +1)"%a(v,v) < a(HjAjv,v) < Kia(v,v), H; = HJ(-I),}EIJ(.U
holds for all v € 7.
Proof. Let us ﬁrst consider the case H; = H; M T verify the assumption of
Lemma 3.1(i), we consider the splitting
(28) v =179+ Z vy, o € VO(I), vy = U(S\)S\ A€ Ag})
Xeal)
of some fixed v € 57. As (19) provides a direct splitting of S7, this representation is

unique. However, there is another decomposition of v with respect to the standard
hierarchical basis A of Sj,

v:v0+2v,\, vo € Sp, vy =v(A)N, A€EA.
AEA
Observe that we have
Vg = ijo’vo, vy = ijkv,\, AE Ak.

Together with Lemma 3.3 and the equivalence of norms on the coarse space VO(I), this
gives

(29) a(o, Bo) + Z a(vs,v3) < c(ko) {(l('l)(),’l)()) + Z G(U,\,v,\)} .

Xealp AEA
Hence, in view of (29) the lower bound follows from
(30) a(vo, vo) + Z a(vy,vx) < C(G + 1)%a(v,v).
AEA

Assume for the moment that S§ # @. Then we only have to collect the well-known
results of Yserentant [39] to show

Z a(va,va) <y Z lal} < CZ 4* Z NI
AeA AeA k=1 A€Mk

J
<2¢) 4¥|(Ik = L )oll§ < CG + 1ol
k=1
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In particular, we have employed an inverse inequality (|39, Lem. 3.3]), the boundedness
of the incorporated quadrature rule by the L2-norm, i.e.,

-ZItIZ!w < 2wl we Sk,

teT,  pEt

and the approximation of unity by the interpolation operators I ([39, Thm. 3.2]).
The remaining estimate

a(vo, o) = a(Ipv, Iov) < C(j + 1)|v?

easily follows from the stability of the interpolation ({39, Thm. 3.1]).
As by definition §§ = span Ao, we still have to consider the case

(31) R 0, Aps—-—ho=0

for some k* > 0. Now changing the initial level from 0 to k*, we have vy = v(p)A,
A= /\,E,’c ) € Age, so that the assertion (30) is immediately obtained from

(32) > @R < ClIk-ol?
PEN.

and the stability of the interpolation cited above. As a consequence of (31), we have
Nig=—1 = Ng._; C NR. so that (32) follows from Lemma 3.2, with A% := A}, and
Vg = Ipov € Sf. :=span{A | A € f\kn}. This completes the proof of the lower bound
of a(HJ(-l)Ajv, ).

To prove an upper bound by Lemma 3.1(ii), it is sufficient to show that

(33) a(v,v) < Ky < a(to, %) + Z a(vy,vy)
PN

holds for the splitting (28) of some fixed v € S7. Recall that the splitting is unique.
Using the arguments of the proof of Lemma 3.3, we can show that

(34) c(ko) Y lwp)’<wlf, <Clko) Y @), — teT

PENKNL PENKNE

holds for all w € span Afcl). Based on this norm equivalence, we can extend the proof
of the strengthened Cauchy-Schwarz inequality [38, Lem. 2.7] to truncated functions,
giving

|l—k|—ko
(35) (wn, we):1 < clko) (—;3) s el

for all w; € span Al(l), wy € span A(l), and |l — k| > ko. From (35) the estimate

(36) w3 < Clko) § lwolf + D |oal}

(1)
AEA
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can be derived by well-known arguments from [38]. Finally, (33) is an immediate
consequence of (36) and the ellipticity of a(-,-).

By Lemma 3.3 and the equivalence of norms on Sy, it is obvious that the precon-
ditioner A" is just a spectrally equivalent modification of H J(l). This completes the
proof of the theorem. O

For the symmetric preconditioner H ](.2) we can state a related result without any
regularity assumptions imposed on the active set.

THEOREM 3.5. There exist constants Ky, Ky depending only on ag, a1 in (3)
and the shape reqularity of Ty such that the estimate

Ko(j + 1) 2a(v,v) < a(H](-2)Ajv,v) < Kja(v,v)

holds for allv € S7.
Proof. Let v € S]‘v" Based on the unique splitting

2
v =1y + Z U, 'UOGVO(2), v,\EV/\( ),
xeA?

we can follow the arguments in the proof of Theorem 3.4, with the important difference
that the corresponding results on hierarchical bases can be applied directly. Again we
have to take care of the case

(37) A z20, AP .. =AP =0

for some k* > 0. But as N.™% is empty, for each point p € Ng«_1 N N8 we find
at least one k*-neighbor ¢ € Ni-\Nj+_; contained in N,."%. Hence Lemma 3.2 can
be applied as above, setting N}, := N;."8 and S} :=span{\ | X € A;cz.)}.

Remark 3.4. Recall that the construction of the preconditioners is independent
of the construction of the disjoint splitting NV; = J\/;’ U ./\/'j’. In particular, if we are
solving an unconstrained elliptic problem, we can define the active set J\/j' as the set
of all nodes on which the iterative error is considered small enough. A corresponding
strategy was proposed in [35]. In this case we cannot expect ko in condition (R) to
be uniformly bounded (cf. Remark 3.3) so that only the symmetric preconditioner
should be used. .

Remark 3.5. In the proofs of Theorems 3.4 and 3.5 we have extended well-known
results on hierarchical bases from the unconstrained to the constrained case by suitable
properties of the truncation operators Tj i or the restriction of the active set ./\/'j'. The
same technique can be applied to other multilevel additive Schwarz methods as, for
example, in applying the BPX preconditioner to obtain related results in three space
dimensions [7].

Theorems 3.4 and 3.5 show that under reasonable assumptions all preconditioners
under consideration are spectrally equivalent. However, in the nonsymmetric case
the actual constants depend heavily on the constant kg, while the behavior of the
symmetric preconditioner H J(-z) has been shown to be more robust with respect to the
choice of ./\fj’. This superiority will be supported by the numerical results presented
in §5.

4. Semi-local and local error estimates. Let u € H}(Q) denote the exact
solution of (2) and u; € S; the exact solution of the approximate problem (4) with
respect to 7 = 7;. Expecting that only an approximation @; € S; of u; is known in
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actual computations, we are interested in a posteriori error estimates £ for the total
€error &,

e=lu—1q| := a(u—ﬂj,u—ﬁj)l/2 ,

which are efficient and reliable in the sense that
(38) Y0€ < |lu — U5]| < mé

holds with positive coefficients vy,v; depending only moderately on the refinement
level j. The local contributions to € will be used as local error indicators in the
adaptive refinement process. This concept of adaptivity is well established for linear
elliptic equations and has been used by a variety of authors. See [3], [14], [23], [28], [37]
for further references. Extending the approach of Deuflhard, Leinen, and Yserentant
[14], [28] to obstacle problems, we will proceed in two main steps:

Step 1. Replace the exact solution u in (38) by the piecewise quadratic approxi-
mation U; € H(Q).

Step 2. Localize the computation of U; to obtain I]j with € := ]U'J — @] satisfying
(38).

The first step is settled by the following lemma, which is a consequence of the
triangle inequality.

LEMMA 4.1. Assume that the piecewise quadratic approzimation U; is of higher
accuracy in the sense that

(39) lu—Ujll <gllu—usfl, 0<g<1, j=0,1,...
and u; € S; satisfies
(40) ”u—uj“ SO’”u—ﬁj”, J=0,1,...
with go < 1 and q, 0 not depending on j. If € satisfies
(41) Vo€ < |2 = Ujl| < Té,
then (38) holds with vo = Yo/(1 + qo) and v1 = 1 /(1 — qo).
Remark 4.1. Recall that for sufficiently smooth data the piecewise quadratic
approximation is even of higher order than are piecewise linear elements (cf. [12]). In
this case (39) is trivial, if the initial triangulation 7j is chosen fine enough. Further

note that (40) is always satisfied if no obstacle is present because in this case u; is
the best approximation of u in S;. In general, (40) follows from

lluj — 5]l < (1 = 1/0)ju — wy]l,

with o < ¢~!, which may be regarded as an accuracy assumption on Uj.

In the sequel we assume that (39) and (40) are satisfied to concentrate on the
derivation of & with the property (41).

Let Q; C H}(S) denote the subspace of piecewise quadratic functions on 7;
vanishing at the boundary and

K2 = {ve Q;lu(p) <o (p),p € N, v(e) < ¢%e)e € &},

the corresponding approximation of the constraints K. For notation we used v(e) :=
v(midpoint of €), e € &;, for functions v : @ — R and suitable restrictions ¥, ¢ of
the obstacle ¢ to N; and &;, respectively. Now U; can be computed from

(42) find U; € KjQ such that a(U;,U; —v) < LU; —v), vE Kjg.
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For notational convenience the index j will be suppressed in the following notation.
In view of Lemma 4.1 we are interested in the defect d = U; — @; € @;, which is the
unique solution of the following:

(43) find d € D such that a(d,d —v) <r(d —v), veD.
The constraints are given by
D = D(i;) := {v € Qj| v +1i; € K2}

and the right-hand side is the residual r := £ — a(@;, -).

As d is not available at reasonable computational cost, the remainder of this
section will be devoted to the localization of the defect problem (43). A possible way
is indicated in the next lemma, showing that (38) is preserved by spectrally equivalent
modifications of a(-,-).

LEMMA 4.2. Let d be the solution of the following:

(44) find d € D such that a(d,d —v) < r(d —v), veD
with a symmetric form a(-,-) satisfying

(45) cod(v,v) < av,v) < cra(v,v), v € Qj,

with positive constants cg,c1. Then

(46) Coi(d,d) < a(d,d) < Cra(d,d)

holds with Co = (c5* + 2¢1(1 + cgl))—l, C1=c1+2c5 (1 +c1).
Proof. By symmetry arguments it is sufficient to establish the right inequality in
(46). Together with (45) we obtain from (43) that

a(d,d) < c1i(d,d) + 2r(d — d).
Now the assertion follows from
(47) r(d —d) < cg'(1+ c1)a(d, d).
To show (47), observe that the choice v = d in (44) leads to
(48) r(d —d) < a(d,d - d).
Hence, in view of Cauchy’s inequality it remains to prove
(49) |d — d|a < ¢ (1 + c1)ldla,

with | - |3 denoting the energy norm induced by a(-,-). It is obvious that d is the
solution of the original problem (43), with r replaced by a modified right-hand-side
defined by

Fi=r+a(d, ) —a(d,).

As the solution of variational inequalities depends Lipschitz-continuously on the right-
hand side with Lipschitz constant cy ' (cf. [25, p. 24]), we obtain (49) from

|d—dla < ;' sup |a(d,v) —a(d,v)| < g (1+c1)ld]a -

Jvla=1
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This completes the proof. 0

Note that Lemma 4.2 is valid for arbitrary convex constraints and arbitrary space
dimensions.

To construct suitable quadratic forms a(-,-) we introduce the two-level splitting

(50) Q; =Slogse,

which consists of the linear part SL = S; and the remaining quadratic part S9. Note
that the quadratic bubbles p. € Q;, e € &;, defined by

Ne(p) =0, pE ./\/:7', Ne(é) = 53,5, ee€ gj,
form a basis of S?. Following (50), we split v € Q; according to

(51) b
vl e St o9 =Ze€£J Velte € S9.

Then we obtain the quadratic form b(:,-),

(52) b(v,w) =a(w", w") +aW?,w?), 4w w?) =Y vewea(pe, pe),
e€f,

by neglecting the coupling of S, S and pe, Kg,€ # g, Tespectively. By also using
the preconditioner a(-, -) resulting from the standard hierarchical basis decomposition
of S = §;, we end up with

(53) b(v, w) = a(w?, wk) + a®(W?, w?) .
From [14, Lem., p. 14] and the following considerations it is well known that
(54) cb(v,v) < a(v,v) < CG +1)%b(v,v), ve Q;,

holds with suitable constants ¢, C. Summarizing these results, we obtain the first
important result of this section. .

THEOREM 4.3. Assume that the conditions (39) and (40) are satisfied. Let d be
the solution of the semilocal problem

(55) findd € D such that b(d,d —v) < r(d—v), v € D.
Then (38) holds for
g2 = |df? = a(d", d") + a?(d?,d?)

and constants vo = Yo/(j + 1), v1 = Y1(j + 1). Here vo,y1 are depending only on qo,
the ellipticity of a(-,+), and the shape regularity of Ty.

Proof. Using (54), Theorem 4.3 is an immediate consequence of Lemmas 4.1 and
4.2. 0

Remark 4.2. The error estimate (55) is called semilocal because the frequencies
of d are decoupled with respect to the quadratic form but coupled by the set of
constraints D. In our numerical experiments we will use the local contributions

Ne = (dAeQ)2a(,Ufe»Ne), e e 5j,
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of aQ(d?, d?) as local error indicators in the adaptive refinement process. Of course,
(55) reduces to the error estimate proposed in [14], if the obstacle is not active.

Remark 4.3. The simplified defect problem (55) may be solved approximately
using the active-set strategy described above. Because the preconditioners proposed
in the preceding section are just truncated versions of a(-,-), we can expect the cor-
responding linear subproblems to be solved very efficiently.

To derive a less robust but local error estimate, we consider the simplified defect
problem:

(56) find 6 € D such that b(6,6 —v) < 7(6 —v), veD.
Recall that
(57) cob(v,v) < a(v,v) < e1b(v,v), v E Qj,

with positive constants ¢, c; independent of j (cf. [14]). Assuming (39) and (40), it
follows from Lemmas 4.1 and 4.2 that the solution é of (56) provides an error estimate
with the property (38). Now (56) is decoupled by one block Gauss—Seidel iteration
step applied to the initial iterate zero, i.e., we compute an estimate 6 = 6L + 69 from

(58) find 6% € DT such that a(8%, 6% — v) < rX (6% —v), v e DE,
and

find 62 € D?(6L) such that
a®(69,89 —v) < rQ(6% —v), v e DY(L),

(59)
where L, 7@ denote the restriction of r to S¥,8? and DL, D?(L) are defined by
DE=8'nD, DRwl) = {v? € 89| v? +wt e D}, whe ST

Assuming that
K;={veS;|vp) <" (p), peNj} C K7,
the linear defect problem is recovered by (58) with the consequence that
6k = u; — ;.

Moreover, each component 5(? of 69 can be computed separately, giving

(60) 62 = min{r? (ue)/alpe, e), (9@ — 8% —;)(e)}, e€é;.
Hence
(61) & = |81} = Ilu; — ;]* + a?(89,69)

provides a local error estimate as soon as the iterative error ||u; — ;|| is known. Again
(61) reduces to the error estimate proposed in [14] if the obstacle is not active, and the
local contributions to aQ(sQ, 69) may be used as local error indicators in the adaptive
refinement process.

We will make use of the interpolation operator 7 : S — S@, defined by

1(v5)(pe) = (v (p1) + 0" (p2))/2, e=(p1,p2) €&, " €SE,
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to show that (61) provides a lower bound for the total error.
THEOREM 4.4. Assume that the conditions (39) and (40) are satisfied. Let K; C

K ].Q and assume that

(L) (8% — 8%)|aa < BJj6" — &%
holds with a positive constant 8 independent of j. Then
(62) Yoldly < [l — ull
holds with a positive constant vy depending only on qo, 3, the ellipticity of a(-,-), and
the shape regularity of Ty.
Proof. First recall that we have from Lemmas 4.1 and 4.2

(63) colbly < flu = a5l < e16]e,

with constants cp, ¢, independent of j. As K; C K ]9, we obtain 6% = uj; — u; so that
(40) leads to

(64) 1651 < (o + Dllu ~ 5| < clés.

The estimation of the quadratic part of |67 = [|67]|2 + |§2|24 is more complicated.
Obviously 69 is the solution of

(65) find 69 € D?(6T) such that a®?(69,69 —v) < r(69 —v), ve D?(8L),

with § = 6% +6%. By representing (65) as a complementary problem it is easily verified
that (59) and (65) are symmetric with respect to the obstacle and the right-hand side.
More precisely, (59) and (65) can be replaced by

(66)
find 62 € R such that a®(69,89 —v) < a®(p? — w(@; + 6%),69 —v), vER,

and

(67)
find 69 € R such that a?(69,69 — v) < a?(p? — m(i; + 6),69 —v), v € R,

with constraints
R={v € 8% ve <7%(ue)/a(phe, pe), € € E;}-

Again we assume that (66), (67) are Lipschitz with respect to the right-hand side in
order to obtain by assumption (L) the following inequality:

(68) 169 = 8%ae < [m(8" = &%)ae < B16" — .
Now the triangle inequality gives
(69) 169120 < 4B2(I16% 11 + 1613)

and the assertion follows, along with (63) and (64). 0
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Remark 4.4. In the simplified case of a quasiuniform sequence of triangulations
with meshsize h; the condition (L) is equivalent to

(70) 185 — 8%|lo < chj|6® — 8%,

with ¢ independent of j. Obviously (70) is always satisfied with ¢ = ¢(j), giving
(62) with v9 = v0(j). In general, (70) may be regarded as a regularity condition on
6. Indeed, assuming @; = u; and regarding 6~ as a perturbation of §Z = 0 by the
coupling with 69 at the free boundary, condition (L) is satisfied if these perturbations
remain local with increasing j.

Of course, a further restriction is imposed by the assumption K; C K jQ, which,
for example, is satisfied if the obstacle function is continuous and piecewise linear and
the initial triangulation is chosen appropriately (cf., e.g., the example treated in the
following section).

The error estimate (61) was originally proposed in [26] and [27] for the adaptive
solution of a special obstacle problem arising in semiconductor device simulation. In
this special problem we can expect from the physical data that the error is dominated
uniformly in j by contributions generated away from the free boundary, suffering only
minor effects from the localization (58), (59). In particular, the nonactive region can
always be resolved with sufficient accuracy on the initial triangulation 7o. Under these
assumptions we can easily prove that (61) is reliable in the sense of (38), particularly
in that it also provides a uniform upper bound of the exact error €.

However, simple examples show that (61) may deliver § = 0 even though d # 0
holds true. Together with Theorem 4.4 this indicates that (61) is likely to underes-
timate the true error, which will be confirmed by numerical experiments reported in
the next section.

5. Numerical results. In this section we concentrate on composing an adaptive
Multilevel Method from the modules described above. This method is then applied to
a challenging model problem confirming the properties expected from the theoretical
considerations.

On each refinement level j we apply the active-set strategy given in §2 until the
active set is left invariant. The iteration is started with the interpolated approximation
from the previous level, with the value at each node having at least one active neighbor
projected to the obstacle. On the first level the obstacle function is used as the initial
iterate. Each step of the outer iteration requires the solution of the linear subproblem
(11), which is performed iteratively by cg iterations preconditioned by the reduced
hierarchical basis preconditioners introduced above. This inner iteration is stopped
as soon as the estimated linear iteration error k satisfies kK < ko. Here estimate & is
computed as described in [14]. Recall that the threshold ko has to be chosen small
enough to ensure the convergence of the outer iteration (cf. Remark 2.1). In the
following example, kg = 1073 is used.

The same algorithm with xg replaced by kj, = 1072 is applied to the solution
of the semilocal defect problem (55), providing the error estimate €° = |cf|5. A local
error estimate g = |5|b is obtained by using the iterative error of the final linear
subproblem as an approximation for 6% = u; — i; and evaluating (59). The iterative
solution of the semilocal defect problem is started with the local estimate (0, 59).

According to Remark 4.2, an edge e € &; is bisected if its contribution 7. exceeds
a certain threshold 77. To determine 77 we extrapolate 7, as proposed in [2] (see [26]
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for details). A new triangulation is constructed by red refinements and green closures
(refer to [3], [28], [33], and [34] for further information).

Now we apply the algorithm to a well-known problem describing the elastoplastic
torsion of a cylindrical bar with quadratical cross section 2 = (0,1) x (0, 1), which is
twisted at its upper end around the longitudinal axis in such a way that the lateral
surface remains stress free. By modelling the plastic region according to the von Mises
yield criterion and normalizing physical constants, it has been shown in [11] that for
positive twist angle C per unit length the stress potential u is the solution of the
variational inequality (2) with a(-,-), 4(-) given by

a(v,w) = /(Olvalw + Oovdow)dz , L(v) = 20/ vdzx
Q Q

and constraints K,
K = {v e H}(Q)| v(z) < dist(z,9Q), a.e. in Q}.

The active points characterize the plastic region while the material is considered elastic
in nonactive points. We refer to [17] and [19] for the numerical treatment and to [32]
for a theoretical analysis of the problem.

Note that the problem has singular perturbation character with respect to the
elastic region, which is located along the diagonals and shrinks for increasing C.

TABLE 1
Iteration history.

Level | Depth | Nodes Iterations
Solution | Error Estimate
0 0 5 1/0.0 2/0.5
1 1 13 1/0.0 2/1.0
2 2 29 1/0.0 3/1.0
3 3 57 2/0.5 3/2.3
4 4 153 2/2.5 3/3.6
5 5 381 2/5.0 4/2.0
6 5 541 3/3.0 3/2.0
7 5 749 3/3.3 1/0.0
8 6 1605 3/4.3 2/0.0
9 7 5793 4/5.5 2/0.0
10 8 6265 3/6.0 2/0.0

Starting with the initial triangulation 7y depicted in Fig. 2 and choosing C' = 15,
all nodal points remain active up to the third (uniform) refinement level, rendering a
quite challenging problem for an adaptive multilevel method.

In Table 1 we report the number of iterations required by the solution process. The
data are presented in the form “number of outer iterations/average number of inner
iterations” both needed for the solution and the semilocal error estimate, respectively.
In both cases the symmetric version of the hierarchical basis preconditioner is used.
The difficulty of detecting the elastic region leads to the difference between depth
and refinement level arising from level 5 to level 7. In the sequel the actual number
of refinement levels is indicated by subscript in spite of some ambiguity compared
to the notation in §3. Note that 77 finally allows for a satisfying resolution of the
elastic zone. Up to this level the computational work is dominated by the error
estimation, providing the local error indicators for the adaptive refinement process.
On the subsequent levels the semilocal error estimate automatically reduces to the
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FiG. 4. Comparison of the error estimates.

ko = 1078 and the initial iterate is fixed to the upper obstacle for all inner iterations.
For each refinement level we choose the linear subproblem with the maximal number
of unknowns and report the number of (preconditioned) cg iterations required for its
solution.

* % % SYMMETRIC
15 * % & NON-SYM

*e—de—sk NONE

number of iterations ( * 10*?)
o
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1 10 102 10% 104 108

number of unknowns

F1G. 5. Comparison of the preconditioners.

As expected, multilevel preconditioning does not improve the convergence of the
cg iteration as long as the actual problem allows no suitable representation on the
coarser triangulations. Obviously, the nonsymmetric version even causes deterioration
of the convergence until the contribution of nontruncated hierarchical basis functions
becomes dominant on level 9. On the other hand, the symmetric version immediately
takes advantage of the good resolution on level 7 (133 unknowns) and does not lead to
deterioration of the convergence on lower levels. Note that in both cases the number
of iterations becomes a linear function of the refinement level j, if j is large enough.
This is exactly the behaviour predicted by the theoretical results derived in §3.
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