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Path-following primal-dual interior-point methods
for shape optimization of stationary flow problems
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Abstract — We consider shape optimization of Stokes flow in channels where the objective is to
design the lateral walls of the channel in such a way that a desired velocity profile is achieved. This
amounts to the solution of a PDE constrained optimization problem with the state equation given by
the Stokes system and the design variables being the control points of a Bézier curve representation
of the lateral walls subject to bilateral constraints. Using a finite element discretization of the problem
by Taylor-Hood elements, the shape optimization problem is solved numerically by a path-following
primal-dual interior-point method applied to the parameter dependent nonlinear system represent-
ing the optimality conditions. The method is an all-at-once approach featuring an adaptive choice of
the continuation parameter, inexact Newton solves by means of right-transforming iterations, and a
monotonicity test for convergence monitoring. The performance of the adaptive continuation process
is illustrated by several numerical examples.

Keywords: PDE constrained optimization, shape optimization, Stokes flow, primal-dual interior-point
methods, central path, continuation methods

1. Introduction

Structural optimization problems with constraints given by the Stokes equations can
be written as follows

minimize J(u,p, Q) (1.1a)
over (u,p,a) e VxOxK
subject to:  S(u,p,a) =g. (1.1b)

Here, J : V x O x U — R denotes the objective functional which depends on the
state variables u and p (the velocity and the pressure) in the state space V x Q and
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the design variables « in the design space U. The equation (1.1b) corresponds to the
Stokes equations, whereas K C U refers to the set of admissible design variables.
We note that simplified problems in structural optimization have already been ad-
dressed by Bernoulli, Euler, Lagrange and Saint—Venant. However, it became its
own discipline during the second half of the last century when the rapidly grow-
ing performance of computing platforms and the simultaneously achieved signifi-
cant improvement of algorithmic tools enabled the appropriate treatment of complex
problems (cf. [1-3,13,14,24,25,28,33,35,36,39] and the references therein). The de-
sign criteria in structural optimization are determined by a goal oriented operational
behavior of the devices and systems under consideration and typically occur as a
nonlinear, often non convex, objective functionals which depend on the state vari-
ables describing the operational mode and the design variables determining the
shape and the topology. The state variables have to satisfy differential equations
or systems thereof representing the underlying physical laws. Technological aspects
are taken into account by constraints on the state and/or design variables which may
occur both as equality and inequality constraints in the model.

The discretization of such structural optimization problems typically gives rise to
equality and inequality constrained nonlinear programming problems. If Newton’s
method is applied to the KKT conditions, each Newton step requires the solu-
tion of a linear algebraic system representing the optimality conditions of a re-
lated quadratic programming (QP) problem. Hence, Newton methods can be in-
terpreted in the framework of sequential quadratic programming (SQP) which is the
most successful method for solving constrained nonlinear optimization problems
[4-9,21,22,34]. As far as the appropriate treatment of the inequality constraints is
concerned, a local optimum can be approximated from within the feasible set, which
is the idea behind interior-point methods. The so-called interior-point revolution in
continuous optimization started in the eighties of the last century with Karmarkar’s
polynomial-time linear programming algorithm. It was immediately found that there
is a close relationship to barrier functions which had been used long time before for
inequality constrained nonlinear programming problems. Nowadays, interior-point
methods are well established tools for constrained nonlinear optimization problems
(cf, e.g., [12,15,17-19,20,26,27,29-32,40,41,43—45]). In terms of the barrier pa-
rameter, we are faced with a parameter dependent nonlinear system whose solution
is referred to as the central path. For the parameter-dependent nonlinear system,
continuation methods along the central path are the methods of choice. Such con-
tinuation methods have been studied extensively in the literature. A good reference
both for theoretical and algorithmic aspects is the recent textbook [16]. The most
widely used techniques are path-following predictor—corrector strategies.

In this paper, we consider path-following primal-dual interior-point methods for
the shape optimization of stationary flow problems as described by the Stokes sys-
tem. In particular, we consider Stokes flow in channels where the objective is to
design the lateral walls in such a way that a desired velocity profile is obtained.
The design variables are chosen as the control points of a Bézier curve representa-
tion of the lateral walls. The discretization of the problem is done by Taylor—Hood
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Figure 1. Stokes flow in a channel with a backward facing step.

elements with respect to a shape regular family of simplicial triangulations of the
computational domain. The resulting optimality conditions for the discretized prob-
lem are solved by an adaptive continuation method in the spirit of [16] applied to the
parameter dependent nonlinear system representing the central path. For the com-
putation of the derivatives occurring in the KKT conditions and the Hessian, we use
automatic differentiation [23].

The paper is organized as follows: In Section 2, we formulate the shape opti-
mization problem along with its finite element discretization and set up the optimal-
ity conditions. Section 3 is devoted to the primal-dual approach featuring param-
eterized minimization subproblems in terms of logarithmic barrier functions that
take care of the bilateral constraints on the design variables. The optimality condi-
tions lead to a parameter dependent nonlinear system whose solution is known as
the central path. This system is solved by a path-following predictor—corrector type
continuation method with an adaptive choice of the continuation parameter (barrier
parameter) and a monotonicity test for convergence monitoring. At each continu-
ation step, the Newton increments are computed by means of an iterative scheme
based on right-transforming iterations whose construction essentially takes advan-
tage of the specific structure of the associated Hessian. The final Section 4 contains
a detailed documentation of numerical examples illustrating the performance of the
adaptive continuation method.

2. The shape optimization problem

2.1. Setting of the problem

We consider Stokes flow in a channel occupying bounded domain Q(a) C R? with
boundary I'(at) = I'in (o) U g (a) U Tgue (), where Iig (@) := Tpor(a) U Tigp (1),
depending on a design variable a = (o, ..., a,)" € R™ (cf. Fig. 1).

Denoting the velocity and the pressure by u := (u;,u)” and p, respectively, and
given a velocity and pressure profiles u?, p? the objective is to design the geometry
of the domain in such a way that u, p¢ are attained as closely as possible. This
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amounts to the minimization problem
. _ M d)2 A2 dp2
inf J(u,p,a), J(w,p,a) = - [ [u—u’"de+ = [ [p=p" dx (2.1)
u,p,a 2 2
Qa) Qa)

subject to the PDE constraint (Stokes flow)

—vAu + Vp = f inQ(a) (2.2a)
V-u =0 inQa) (2.2b)
up  on Ijp(a)
n-u = < oy onlgy(a) (2.2¢)
0 on [y ()
ttu =0 onI(a) (2.2d)

and subject to the bilateral constraints on the design variable o

acK:={o| oM™ <oy <a™ i=1,...,m} (2.3)
where A; > 0,i=1,2, A; + A, > 0, are weighting factors, Vv is the viscosity, f refers
to a forcing term, n, t denote the unit outward normal and unit tangential vector
on I['(a), uin, Uy stand for a inflow/outflow profiles satisfying the compatibility
condition frin( @) Uinds = frout( ) Uout ds, and o™, ™3 ¢ R™ Note that ugy :=n-u
on [y (@) is then determined by means of (2.2b). The state equations (2.2a)—(2.2d)
have to be understood in a weak sense. We adopt standard notation from Lebesgue
and Sobolev space theory. In particular, we set

V = {ve H'(Q(a))? | vsatisfies (2.2¢), (2.2d)}, Q:=L}(Qa)) .

We denote by V* and Q" the duals of V and Q, and we introduce A(a) : V — V*
and B(a) : V — Q" as the operators associated with the bilinear forms

alvyw;a)) == v / W-Vw drv, veV, wecH}(Q(a))? (2.4a)
Q(a)

b(v,q;a) = — / Vivgdx, veVv, qel*(Qa)). (2.4b)
Q(a)

We further introduce the state space Y := V x Q and the operator S: Y x K — Y*
according to

A(a) B*(a) ) <u

S(y,a) = (B(a) : p>, v=(p) ey, ack. @5
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We note that S(-,a) : Y — Y*, ¢ € K, is the Stokes operator. Then, the state equa-
tions (2.2a)—(2.2d) can be written in operator form according to

Sly,a) = g (2.6)

where g := (f,0)7. The design variables o, i = 1,...,m, are chosen as the Bézier
control points in a Bézier representation of I'(x) as a globally continuous compo-
sition of polynomial curve segments of some polynomial degree. We choose & € K
as a reference design and refer to € := Q(¢) as the associated reference domain.
Then, the actual domain Q(cx) can be obtained from the reference domain Q by
means of an isomorphism

Qo) = P(Q; ) .7
D(Ea) = (Pi(Fa), Pa(Fa), £=(,8)"

with continuous components ®;, i = 1,2. We assume: The functions ®;,i = 1,2, are
subdifferentiable in £ € Q with uniformly bounded subdifferentials 0®; and twice
continuously differentiable in o, i = 1,...,m.

The advantage of using the reference domain Q is that finite element approxi-
mations of (2.1) can be performed with respect to that fixed domain without being
forced to remesh. i

We denote by (.7,(Q))n a shape regular family of simplicial triangulations of €.
By means of (2.7), these triangulations induce an associated family (.7,(Q(a)))n
of simplicial triangulations of the actual physical domains Q(a).

We use Taylor—Hood P2/P1 elements (cf., e.g., [11]) for the discretization of the
velocity u € V and the pressure p € Q denoting the associated trial spaces by V;, and
Oy, with dim V;, = ny and dim Oy, = ny, respectively. This gives rise to an objective
functional J;, : R"” x R™, n := n| + ny, by means of

A A
Jp(up, pp, ) = 71 (w,—u)) 1 j(a)(uy —uf) + 72P£127h(a)]9h (2.8)

where I, (), v = 1,2, are the associated mass matrices and uZ eR™, pp € R re-

sult from the L2-projections of u?, p? onto V; and Oy, respectively. The discretized
shape optimization problem can be stated as

inf Jh(uh7ph7a) (29)

Uy, pp, 0

subject to the algebraic saddle point problem

saner = (e %07 ) () - (Rr) e

representing the Taylor—Hood approximation of the Stokes system (2.5).
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Due to the dependence of the domain on the design parameters oy, i =1,...,m,
the objective functional J, is nonconvex. Therefore, there may exist a multitude of
local minima. Throughout the following, we assume that (y;, a*) € R" x K is a strict
local solution of (2.9), i.e., there exists a neighborhood % (y},a*) C R” x K such
that

Ty, &) < J(yw @), (yn, @) € % (yy, &) \{(y}, &)} - (2.11)

For notational convenience, in the sequel we will drop the discretization index A.

2.2. Optimality conditions

We introduce Lagrange multipliers A := (Ay,A,)" € R x R and 0 := (01,37,
0; € R, k= 1,2. The saddle point formulation of the minimization problem (2.9)
is
inf supL(y, o, A, 0) . (2.12)
y.a A”O'

Here, the Lagrangian L is given by

L(y. A, 0) = J(u, p, &) + AT (S(y. &) — g) + o (™" — &) + 0f (cx — ™).
(2.13)
Denoting by x := (y,a)” the primal variables, the first order necessary optimality
conditions are given by

Ly(x,A,0) = 0 (2.14a)
Lo(x,A,0) = 0 (2.14b)
Ly(x,A,0) = 0 (2.14¢)
Loy (x,A,0) = o™ —a < 0 (2.14d)
(o) (@™ —a) =0
Lo, (x,A,0) = a—a™ < 0 (2.14¢)
(02) (a—a™) =0
In particular, we find
Ly(-) = Mh(a)(u—u?) + A(a)Ay + B ()2, = 0 (2.15a)
Ly(-) = Mab(a)p + B(a)Ay = 0 (2.15b)
Lo(--) = ViJ(u,p,a) + Vo (d(a)u+BT (a)p—f,Ay) (2.15¢)
+ Vu(B(a)u,A,) — 01 + & = 0
Ly,()=A(@)u + BT (a)p —f =0 (2.15d)

Ly ()= Blaju = 0. (2.15¢)
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Theorem 2.1. Let (y*,a*) € R" x K be a strict local solution of (2.9) and as-
sume that the constraints are qualified in the sense of the linear independence con-
straint qualification (cf., e.g, [10]). Then, there exist multipliers A" = (A, l;) eR”
and 0* = (0},05), of € R, k= 1,2, such that (y*,o*,A", 0*) satisfies the KKT

system (2.14a)—(2.14e).

Proof. The proof follows from standard results of optimization theory (cf., e.g.,
[10]). O

For the second order derivatives of the Lagrangian L with respect to the primal
variables y we obtain

Luu(-+) =ML (), Lup(---)=0 (2.16a)
Lpu(---)=0, Lyp(-+)=Ab(a). (2.16b)
Consequently, the Hessian Ly has the form
Lax(-++) = ( IL(Z;) ZZ > (2.17)
where
I(a) = ( }“110(“) " 1?( o > (2.18a)
Lay = Lawlap)s  Lya = (LuaLpa)’- (2.18b)
Note that
Ly :R" - RM Loy :R" —R" (2.19a)
Ly :R" —R™, Ly, :R™” —R" (2.19b)
Luag = Loy, Lpa = Ly, (2.19¢)

so that Ly (---) is symmetric. The second order sufficient optimality requires posi-
tive definiteness of Ly (- - - ) at optimality.

Theorem 2.2. Let (x*,A",0%) € R" x K x R" x (R")? satisfy the KKT condi-
tions (2.14a)~(2.14€) and suppose that Ly (x*,A", 0*) is positive definite, i.e.,

W Ly (X, A", 0w > 0, weR"xK\{0}. (2.20)
Then, (x*,A",0%) is a strict local solution of (2.1).

Proof. We refer to [10]. O
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3. The primal-dual interior-point approach

3.1. The central path

We couple the inequality constraints (2.3) by logarithmic barrier functions with a
barrier parameter 3 = 1/oc > 0, oc — oo, resulting in the following parameterized
family of minimization subproblems

infB\*)(y, ) (3.1)
y.a
subject to (2.6), where
oc 1< min max
B(y,a) = J(y,a) = — D in(os— ™) +In(a"™ — )] . (3.2)

i=1

The dual aspect is to couple the PDE constraint (2.6) by a Lagrange multiplier A =
(Au,A,)T € V x O which gives rise to the saddle point problem

inf sup L) (y, A, ) (3.3)
Ay

where the Lagrangian L(*) is given by
L(@(y’Aaa) = B(K)(y7a) + <S(y7a)_g7)"> . B34

The central path oc — x(oc) 1= (y(c),A (), ()T is given as the solution of the
nonlinear system

Ly (v A @)
F(x(=),x) = | L7 (y,A,@) | =0 (3.5)

which represents the first order necessary optimality conditions for (3.1).
Setting y? := (u“, p?), the derivatives of the Lagrangian are given by

LY (y,A, ) = I(a)(y—y!) + Sk, ) (3.6a)
L(y,A,a) = S(y,a) — g (3.6b)
1 1

LS (v, A, ) = 8o J(u, p) + (04, S(y, 1), A) —

o) Ao )
(3.6¢)
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Theorem 3.1. Let (y*,0*,A",0%) € Y x K x R" x (R™)? satisfy the first or-
der necessary optimality conditions (2.14a)—(2.14e) with strict complementarity in
(2.144d), (2.14¢) and the second order sufficient optimality condition (2.20). More-
over, assume that the linear independence constraint qualification holds true. Then,
there exists oanin > 0 such that for all oo > oy the minimization subproblems
(3.1) admit unique solutions (y(),A (), (o)) satisfying (3.5) and converging to
(y*, A", a*) as oc — o

Proof. We refer to [43]. ([l

3.2. Adaptive path-following continuation method

For the solution of the parameter-dependent nonlinear system (3.5) we use an adap-
tive path-following predictor-corrector strategy along the lines of [16].

Predictor step. The predictor step relies on tangent continuation along the
trajectory of the Davidenko equation

Fy(x(o),0) X/(oc) = —F(x(e0), o) . (3.7)

Given some approximation X(og) at oq > 0, compute i(°>(ock+1), where og, | =
o + Aoclgo), according to

Fe(X(oo), 09) OX(oge) = — For(X (0% ), o) (3.82)

£ (og1) = R(oa) + Dog”) Ox(o) . (3.8b)

We use Aocéo) = Ao for some given initial step size Aogy, whereas for k > 1 the

predicted step size Aoclgo) is chosen by

a0 (IO VRN
© 7 IRG) X0l 26())

(3.9)

where Aog_ is the computed continuation step size, Ax(())(ock) is the first Newton
correction (see below), and O(og) < 1 is the contraction factor associated with a
successful previous continuation step.

Corrector step. As a corrector, we use Newton’s method applied to equation
F(x(og1),%+1) = 0 with i(o)(ock+1) from (3.8) as a start vector. In particular, for
¢>0and j; > 0 we compute AxUr) (o%+1) according to

F'(ZY9 (age41), o1) AxUO (agey1) = — F (Y9 (agep1), o1 (3.10)
and Ax"") (o1 1) as the associated simplified Newton correction

F/(599 (o), “k-l—l)E(j[)(“k-i-l) = —F (99 (oge1) + AV (g4 1), o6 1) . (3.11)
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We monitor convergence of Newton’s method by means of
OV (o1) 1= [ (o) |/ [|Ax) (i)

In case of successful convergence, we accept the current step size and proceed with
the next continuation step. However, if the monotonicity test

0l (o) < 1 (3.12)

fails for some j; > 0, the continuation step has to be repeated with the reduced step
size

, 7 1\!/2
b = <g<f®<jf>>> A, g(0):=VOFT-1 (3.13)

until we either achieve convergence or for some prespecified lower bound Aogyi,
observe .
AOCIE'Jr ) < Nogpin

In the latter case, we stop the algorithm and report convergence failure.

3.3. Inexact Newton method by right-transforming iterations

As inner iterations we use an inexact Newton method featuring right-transforming
iterations (cf., e.g., [29-31]). To this end, we introduce the slack variables

n . 1 @ . 1 .
= (Ot,-—ozl.min)’ z; = (™ ) i=1,...,m. (3.14)

In the slack variable formulation of the KKT system, a Newton step in the incre-
ments

Ax := (Au,Ap,AAy,Ad,, Ac, A2V AZ))T

reads as follows (for notational convenience, in the following the upper index (oc)
in the Lagrangian will be dropped):

M (o) 0 | A(a) BT(a)| Lua | 0 0 Au
0 Mbh(a) | B@) 0 | Lya | 0 0 Ap
- e e B -
A(@)  BT(a) | © 0 |Lyal 0O 0 Ary
B(a) 0 | o0 0 |Lyal 0 0 Ay | .
- e e e — |
Lau Lap | Lopy Lap, | Laa | =1 1 Aa
- e e e -
0 0 | o 0 | z, | Dy 0 Az
0 0 | o 0 | -2 | 0 D, Az
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where
g = (21,82.83.84.85,D1Z1e— o< 'e, Dy Zre — o 'e)”
with appropriate g;, i = 1,...,5,e:=(1,...,1)T and

D = diag(oy — ™), D, :=diag(o™ — o), Zy:= diag(zlm)7 v=12.

Since Dy, Z,,, v = 1,2, are diagonal matrices, the slack variables can be easily elim-
inated by condensation (block Gaussian elimination) which leads to the condensed
Hessian system

Mh(a) 0 | A(a) B'(a) | Lua Au
0 Mh(a) I B(a) 0 I Lya Ap
A(e)  B'(a) | 0 0 | Ly« Ahy (3.15)

B(c) o | o 0 | L A,
L | = -] -
Lau“ LO‘J’ | L Au o,y | Loq Ao

o) S | Lya Av h

_ S 0 | LA.,oc AA o h,

— R s = 2

Lay Lop | Laa Aa h3

with appropriate /;, i =1,2,3, v:= (u,p)T, A ;= (Ay,A,)" and

- (1 )

Loa = Laa + D{'Z1 + D5'Z,.

Denoting by S~! an approximate inverse of S (approximate Stokes solver), an ap-
proximate inverse <7 ' of the first diagonal block <7 of the condensed Hessian X is

given by
N I(OC) S s 1 0 S
o = < S 0> — I = <§—1 ~S(a)§! )

Hence, a right-transform Kz of K can be obtained according to

Lo | S U
0 I | -8 'Lyg+S(a)S 'Ly,
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The right transform Ky provides a regular splitting of the condensed Hessian

Ia) S | Lyva I 0 | -8 'Ly
e D b B e
Loy Loa | Laa 0 0 | 1
@) § | 0 0 0 | =SS YHI()S'Lpg—Lv,a)
s oo oo (55~ Din
-—— —— | = e
Lav La,), | Laa 0 0 | 0
:Ml :IMZZO
where

Loa=Laa+LapS ' 1(@)S 'Ly ¢ —LanS 'Lpg —LaaS 'Lya.
Let Ag* := (Av*,AL™,Aa*)T be the solution of KA¢* = d. Then, there holds

KAp* = d < KKz Kp'Ap* = d.
= M —M,

The regular splitting KKr = M| — M, induces the iterative scheme
Kg' 0™ = Kz 6o + My (d — K 6¢™)
which results in the right transforming iteration
8¢V = 8¢ + Kpg M (d — K 5¢1)). (3.16)
Let 8¢ := (8v(, 64 50®)T be given and compute 3¢+, k > 0, by

¢ = 8¢ + Kp M (d — K 8¢,

Step 1. Compute the residual 7 :=d — K¢¥).
Step 2. Compute 61 = (O, dyn, dyi)T as the solution of

o) S | 0O oYy r
moy=| 5 0=
Lav Ly | Laa XTI 3
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Step 2.1. Compute (6, 0y»)" according to

() = (57 0) ()= (8 st ) ()

Step 2.2. Compute 01 as the solution of

Laa 043 = 13 — LayOy — Ly 0Un.

As a termination criterion for the inexact Newton solves, we stop the inner iter-
ations, if
1— 801 Kz 8D 1
9 = o | R ol < - (3.17)
1+0, |Kg 69| 4

where
Sy = Ve
1S T
16¢@]
with & being a lower bound for ||A¢ — 8¢ (¥)||. Note that
I 0 | Sy o Sv()
K1 op® = | 0 1 | $'Lua—5(@)S Ly, oAl
i -
0 0 | 1 5d®

4. Numerical results

In the numerical examples, we consider Stokes flow with viscosity Vv in chan-
nels Q(a) C R? with reference domain Q := Q(a®) whose boundaries I' con-
sist of the inflow and outflow boundaries I', I'y; and the lateral boundaries Iy,
I'vot (cf. Fig. 1). The inflow uj, on the inflow boundary I, and the desired pro-
files u, p? as well as the weighting factors A;, i = 1,2, are given. We assume m,
Bézier control points oy, i = 1,...,m;, on ftop and my = m — m; Bézier control
points oy, i=m+1,...,m, on ot with given lower and upper bounds Otl-mm, o,
i=1,...,m. We use a discretization by Taylor—-Hood P2/P1 elements [11] with re-
spect to a simplicial triangulation %(fl) of the reference domain ) with n; degrees
of freedom (DOF) for each velocity component and n, DOF for the pressure. The
derivatives occurring in the KKT conditions and the Hessians have been computed
by automatic differentiation [23]. We further refer to k£ € N and ¢; € N as the num-
bers of the actual continuation step and the inexact Newton iteration, respectively.
Moreover, oc and Acc denote the barrier parameter and its increment, © stands for
the parameter in the monotonicity test (cf. (3.12)), ||Aa||; and ||ot — a* ||« are the
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Table 1.
Example 1. Discretization data and termination criteria.

2ny o omp my o A tolnt tolmin /ey

4998 646 4 4 100 200 4.0e-03 1.0e-06 0.15

Table 2.
Example 1. Convergence history of the continuation method.

k oc Ao cor. U |Aaly  |la—at|e J (C]

0 100.0 (200.00 — — 4.0e-01 1.8e+00 —
1 100.0 1633 no 6.9e-01 1.4e-03 1.1e-05  0.36
6.0e-06 1.4e-03 1.1e-05  0.33
1.9e-03 5.0e-04 1.5e-06  0.03

— 4.0e-04 8.8e-07 —

| ==

2 2633 45938 no
3 7231 — —

Euclidean norm of the Newton increment in the design variables and the maximum
norm of the error in the design variables (in case the optimal design o is explic-
itly known), and J is the value of the objective functional at the k-th continuation
step. Finally, ‘tolmin’ and ‘tolnt’ refer to the termination criteria of the continuation
process and the inexact Newton solves, respectively, and /,,x denotes the maximal
mesh width.

Example 1. The data of the first example are as follows:

Q=Q(a®) =(1,5) x (=1,+1) with &® = (+1,+1,+1,+1,—1,—1,—1,—-1)7T
u?, p? according to o = (1.00,1.28,1.40,1.24, —1.00, —1.05, —1.20,—1.13)7
v=1.0, ujp(x1,x2) = (6(1 +x2)(1 —x2), 0)
a™" = (0,0,0,0,—5,—-5,-5,-5)7, a™* =(5,5,5,5,0,0,0,0)".

The optimal solution (u*, p*, &) has been chosen as

*

uv=u!, pr=p! a'=a

where a is the design associated with u?, p?. Hence, the value J* of the objective
functional at optimality is zero.

The data of the discretization, the initial value «” of the inverse of the barrier
parameter and its initial increment Aoc® as well as the termination criteria tolnt and
tolmin are shown in Table 1. Table 2 contains the convergence history of the adap-
tive path-following primal-dual interior-point method. The algorithm was stopped
by criterion tolmin after three continuation steps and a computational time of 55
minutes (AMD Athlon, 1.8 GHz) with the final design vector

o® = (1.0000,1.2797,1.4001,1.2399, —1.0000, —1.0496, —1.2000, —1.1297)" .
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Figure 2. Results for Example 1. Initial shape (top left), optimal shape after the third iteration (top

right), the optimal velocity field as an arrow plot (bottom left) and the L%-gauged pressure field shown
by equipotential lines (bottom right).

Due to our experience, a fast convergence of the algorithm requires initial pa-
rameters o’ and Aoc” that are not chosen too small. In particular, for too small Aoc®
the algorithm starts too ‘carefully and does not achieve satisfactory progress within
a reasonable number of outer iterations.

Figure 2 displays the initial and optimal shape (top) and the associated velocity
and pressure field (bottom).

Example 2. This example has been constructed in such a way that the de-
sired velocity profile is outside the range of the admissible design variables. Conse-
quently, the value J* of the objective functional at optimality is greater than zero (cf.
Table 4). It can be observed that the upper computed Bézier curve tries to ‘mimic’
the corresponding part of the shape associated with the desired velocity (cf. Fig. 3,
bottom right). The data for oM oMaX y. etc. are the same as in Example 1, except
that the desired velocity field corresponds to the following vector of design variables

a = (2.50,1.65,1.15,0.90,—1.30, —0.85, —1.20, —1.35) .

After reaching the criterion oc > ogn.x = 15000, the computed optimal design turned
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Table 3.
Example 2. Discretization data and termination criteria.

2ny o omp my o A tolnt tolmin /ey

2762 361 4 4 100 300 4.0e-03 1.0e-06 0.20

Table 4.
Example 2. Convergence history of the continuation method.

k o Acc  corr. ¢ ||Acal; J (C]

0 1000  (300.0) — — 24e+01  —
1 100.0  269.6  no 1.8e+00  4.0e+00  0.30
12602 3.9¢+00 0.98
2301  1.9e+00 0.51
1.7e-01  7.0e-01  0.25
3.1e-02  6.8¢-01 0.17
58¢-03  6.7e-01 024
1.3e-03  6.7¢-01  0.06
7.4e-04  6.7e-01  0.03
7.2e-04  6.7e-01  0.04
4.1e-04  6.7e-01 0.85
2.1e-04  6.7e-01  0.01
1.3e-04  6.7e-01 0.54

2 369.6 274.3 no

3 6438 5122 no
4 11560 1321.6  no
5 24776 32055  no
6 5683.1 15846  no
7 72677 90437  no
8 163114 (8077.4) no

——.—__.—N_J;w[\)—‘

out to be

a® = (1.0000,0.5171,0.0928,0.0000, —1.0000, —0.6795, —1.2788, —1.0710)" .

Example 3. In this example, we consider a channel with a backward facing step
(cf. Fig. 4, top left). Here, the three horizontal segments of the geometry are fixed
and only the segment that connects the two lower horizontal segments is variable.
In this setting, the function that describes the bottom segment of the geometry is a
composite Bézier curve consisting of three curves of degree 0, 4 and 0, respectively.
Note that the composite curve is only continuous. The data for this geometry are as
follows:

Q=Q(a’) with o = (+1.0,—-0.5,-0.5,—1.5,—1.5,—1.5)T
u?, p? according to o = (+1.0,-0.5,-0.55,—0.6,—0.6, —1.5)7
V=10, uin(x1,x2) = (6(1 +x2)(1 —x2), 0)
o™ = (0,-5,-5,-5,-5,-57, a™ =(5,0,0,0,0,0)" .

As in Example 1, the optimal solution (u*,p*,a*) has been chosen as u* = u“,

p* = p? and a* = a. Table 5 provides information about the discretization and
Table 6 displays the convergence history of the adaptive path-following algorithm.
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Figure 3. Results for Example 2. Initial shape (left) and the optimal shape after 8 iterations (right).
Here, the first Bézier point of each curve (top and bottom) of the initial shape are fixed and different
from the corresponding points of the shape corresponding to the desired velocity profile (dotted line).

dotted line:
optimal shape

Figure 4. Results for Example 3. A scheme of the backward step geometry (top left) along with the
optimal pressure filed (top right), initial and optimal shape after 7 outer iterations (bottom left and
right).
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Table S.
Example 3. Discretization data and termination criteria.
2n; o omy my o AL tolnt tolmin

2856 191 1 5 100 300 4.0e-03  1.0e-06

Table 6.
Example 3. Convergence history of the continuation method.

k o Aoc  corr. 4 |Aaly  |la—af||e J C]

0 100.0 (300.0) — — 9.0e-01 2.6e+00 —
1 100.0 (300.0)  yes 1.2e+00 1.7e-01 9.6e-01 0.58
8.8¢e-01 1.7e-01 1.3e-01 618.42
2.1e-01 3.3e-02 4.3e-04 0.11
1.2e-01 3.3e-02 2.3e-03 0.41
3.3e-02 2.5e-02 2.3e-03 0.58
1.6e-02 2.4e-02 2.0e-03 0.92
2.0e-02 2.9e-03 1.6e-05 0.43
5.7e-04 3.2e-03 2.5e-05 —
2.9e-03 3.6e-03 5.1e-05 0.34
1.4e-03 3.5e-03 4.9e-05 0.27
1.7e-04 2.9e-03 3.3e-05 0.05
1.3e-04 2.1e-03 1.7e-05 0.01
— 2.0e-04 1.9¢-07 —

100.0 425.5 no
525.5 417.1 no

o =

3 9426 3235 no
4 1266.1 283.7 no
5 1549.8 593.1 no
6 21429 22653 no
7 4408.2 — —

| »—»—»—»—u-lkwl\)'—"—‘l\”—“
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