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Abstract. We derive primal-dual weighted goal-oriented a posteriori error estimates for point-
wise state constrained optimal control problems for second order elliptic partial differential equations.
The constraints give rise to a primal-dual weighted error term representing the mismatch in the com-
plementarity system due to discretization. In the case of sufficiently regular active (or coincidence)
sets and problem data, a further decomposition of the multiplier into a regular L2-part on the active
set and a singular part concentrated on the boundary between the active and inactive set allows us to
further characterize the mismatch error. The paper ends with a report on the behavior of the error
estimates for test cases including the case of singular active sets consisting of only smooth curves or
points.
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1. Introduction. This paper is devoted to mesh adaptivity for pointwise state
constrained optimal control problems for elliptic partial differential equations (PDEs).
A particular unilaterally constrained model problem is given by

minimize  J(y,u) over (y,u) € H} () x L*(Q),
(P) subject to —Ay=u-+f inQ,
y <b almost everywhere (a.e.) in Q,

where Q C R™, n € {2,3}, denotes some bounded domain with sufficiently smooth
boundary I' = 9Q. Further, f € L?(2) and

(1.1) be W (Q), r >n, with blp >0,

represent given data. A typical choice for J : H}(Q) x L?*(Q) — R is given by the
tracking-type objective functional

1 «
J(y,u) = 5lly - 250 + 5”””(2),07

where z € L?(Q),a > 0 are given and ||-||o. denotes the usual norm in L?(€2). Further,

we define V":= WOLT(Q) for some r > n. Of course, more general objectives, other
types of boundary conditions, and nonlinear governing equations are conceivable.
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It is well known [7] that (P) admits a unique solution (y*,u*) € V" x L*(Q)
which is characterized by the following first order necessary (and in case of (P) also
sufficient) optimality system written in weak form:

(1.2a) (Vy*, Vu)o.a — (u*,v)0.0 = (f,v)0a Vv e Hy(Q),

(1.2b) (Vp*,Vw)oa + (A, w) + (y,w)oa = (2, w)e,n YweV",

(1.2¢) ou* —p* =0,

(1.2d) Nw—y") <0 YVweV" withw<bae inQ, y*<bae. inQ,

where p* € V*, with V* = {w € W'*(Q) : w|r = 0} and 7' + 57! = 1, and
A€ M (), with M (€2) denoting the set of regular Borel measures in  and (-, -) the
duality pairing between M (2) and C(€2). Note that the latter pairing is realized as

(A, w) zﬁwdA

Q

for A € M(2) and w € V". We point out that (1.2d) yields the so-called complemen-
tarity system

(1.3) A*>0, y*<bae inQ, (A\,y"—b)=0.

The main difficulty in the numerical treatment of (P) is related to the measure-
valuedness of the Lagrange multiplier A\*. This affects the development of efficient
solution procedures as well as the derivation of error estimates and mesh adaptation
techniques. Concerning the development of efficient solution algorithms we mention
the recent contributions [15, 20] as well as the survey [16] and the many references
therein. In [8] the convergence of a finite element discretization of (P) is established.
Recently, in [17, 18], residual-based a posteriori error estimates for an adaptive mesh
refinement in the numerical solution of (P) were derived.

Besides adaptivity guided by residual-based a posteriori error estimates in the
numerical solution process, frequently one is interested in achieving accuracy with
respect to a prespecified target quantity or goal. This notion leads to so-called goal-
oriented adaptivity, which was pioneered in [3] for unconstrained optimal control
problems. For an excellent overview of this technique we refer the reader to [1, 2]
and to [10] for a related technique. In [12, 23] this concept was further developed
for pointwise control constrained optimal control problems, and in [4, 11, 24] it was
applied to the state constrained case. When compared to residual-based estimators,
it turns out that a primal-dual weighted goal-oriented approach with the objective
function as the goal allows for coarser meshes while resolving the target quantity with
the same accuracy. In contrast to the unconstrained case, the inequality constraints
give rise to a so-called primal-dual weighted mismatch, which accounts for the error
when discretizing the complementarity system (related to (1.3)). This error needs
to be analyzed carefully in order to avoid overestimation which would result in esti-
mates similar to the residual-based a posteriori estimates in [14] for a class of control
constrained optimal control problems.

In the present paper we study the primal-dual weighted goal-oriented approach
for pointwise state constrained problems of the type (P). In contrast to the work in
[12] and the aforementioned papers on state constraints, the numerical realization of
the inequalities and the discretization of the Lagrange multiplier are major issues.
Based on a regularity assumption on the problem data and the active or coincidence
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set with respect to the inequality constraint [6], we utilize a decomposition of the
multiplier into a regular L2-part and a singular part concentrated on the boundary
of the active set. This allows us to further analyze the error due to the discretization
of the complementarity system (1.3). In addition, we also address the singular case
where the active set consists only of a lower dimensional manifold within the domain.

The rest of the paper is organized as follows. In section 2 we derive a primal-dual
weighted error representation for the objective functional. It turns out that this repre-
sentation is not fully a posteriori. Hence, in section 3 we establish an a posteriori error
estimate up to the primal-dual mismatch in complementarity (cf. (2.21) in section 2).
Depending on the regularity of the data and, more importantly, the coincidence or
active set at the continuous solution, our analysis considers two distinct cases. In
the regular case, the Lagrange multiplier pertinent to the pointwise state constraint
can be decomposed into a regular L2-part and a singular part concentrated on the
boundary between the active set and its complement in 2. In this situation we are
able to further specialize the error representation. The paper ends by a report on
numerical tests including the case of singular active sets.

Notation. Throughout we use || - [jo.o and (-, -)o,o for the usual L?(2)-norm and
L?(Q)-inner product, respectively. For convenience, with respect to the notation we
shall not distinguish between the norm (respectively, inner product) for scalar-valued
or vector-valued arguments. We also use (-,)o.s, which is the L?(S)-inner product
over a (measurable) subset S C Q. By | -|1,o we denote the H'(Q2)-seminorm |y|; o =
IVyllo., which, by the Poincaré-Friedrichs inequality, is a norm on H}(Q). The
norm in H'(Q) is written as || - [|1,0. By 7n = Tn(©2) we denote a shape regular finite
element triangulation of the domain . The subscript h = max{diam(T")|T € T}
indicates the mesh size of 7. The vertices or nodes of the mesh are given by x;,
j=1,...,Np. The sets of vertices and edges in S C Q are denoted by N (S) and
En(9), respectively. Finally, the notation a < b implies that there exists a constant
C > 0 (depending only on the shape regularity of the finite element triangulation)
such that a < C'b.

2. Primal-dual weighted error representation. For deriving the structure
of the new error estimate which takes into account the pointwise inequality con-
straints, we focus on our model problem (P). Its corresponding first order opti-
mality characterization (1.2) can be derived from the pertinent Lagrange function
L:V"x Vs x L2(Q) x M(Q) — R with

(21) E(yapa U, )‘) = J(ya u) + (Vya Vp)QQ - (u + f7 p)O,Q + <)‘7 Y- b>

For convenience we use  := (y,p,u), * = (y*,p*,u*), and X = V" x V* x L%(Q).
Obviously, system (1.2a)—(1.2¢) is equivalent to

(2.2) Ve L(z*, X\*)(0x) =0 Vox € X.

Here we consider the following finite element discretization of the problem of inter-
est: We assume that the domain is polyhedral such that the boundary is exactly
represented by boundaries of triangles 7. By V} we denote the space of continuous
piecewise linear finite elements over Q. The discrete space X}, is given by

XhZVhXVhXVh.

Here we use the fact that au® = p*, which implies that v* inherits the V*-regularity
of p*. Therefore, both quantities are discretized using the same ansatz.
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For obtaining a discrete version of (1.2) we have to clarify how the discrete in-
equality constraint on the state is realized and, in connection with this choice, how
the Lagrange multiplier is discretized. In fact, the discrete constraints read

(2.3) yn(a) < bla) Va € Np(Q).

As a consequence, the discrete multiplier pertinent to (2.3) is represented by

(2.4) A=Y Kaba,

a€EN (Q)

where §, denotes the Dirac measure concentrated in a € N, (). Subsequently we use

My =S Ay = Z Kala: Ko ER, a € Np(Q)
a€NL(2)

In order to obtain a full complementarity system (compare (1.2d)) we define I, as the
Lagrange interpolation operator associated with the nodes a € N (), and we set

by, = ID.

Moreover, f;, and zj, are chosen as the L2-projections of f and z onto Vj,. Now the
discrete version of (1.2) is given by

(2.5&) (Vy;;, V’Uh)())g — (u;;, Uh)())g = (fh, Uh)O,Q V’Uh S Vh,

(2.5b) (Vp;;, th)oﬂ + <)\;;, wh> + (yh,’wh)o@ = (Zh,’wh)())g Ywy, € Vp,
(2.5¢) auy, — py, =0,

(2.5d) yi(a) <bpla), &E>0, VaeNL(Q), \.,y:—bn)=0.

It is straightforward that (2.5) is the first order necessary and sufficient condition of
the discrete version of (P) given by

minimize In(yn, un) over (yp,up) € Vi, X Vi,
(Prn) subject to  (Vyn, Vop)o.a = (un + fryvn)oa  Von € Vi,
yn(a) <bpla) Va € Np(Q),

where J, (yn, un) = 3lyn — znll§.0 + 5 llunll§ o The discrete Lagrangian is given by

(2.6) Ln(zn, An) = In(yn, un) + (Vyn, Von)o o — (un + faspr)og
+ (Ahs Y — b))
Similar to the continuous case, (2.5a)—(2.5¢) is given by
(2.7) Vaoln(zh, N)(0zp) =0 Yoz, € Xp,.
Note that for z € X, A € M(Q) and zj, € X, Ay € M}, we obtain the relations

(2.8) L(xz,An) = L(z,A) + (M — Ay — D),
(2.9) Vwﬁ(xh, /\h)(éfh) = Vmﬁ(xh, A)(&CEh) + </\h — A 5yh>
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for all 62y, = (6yn, Opn, dun) € Xp,. Here we use V" C C(Q) by the Sobolev embedding
theorem. Moreover, for our model problem (P) the second derivative of £ with respect

to  does not depend on x and A. Thus, we can write Vmﬁ(&c,&/o}) instead of
Vo L(x, N)(0x,6x). Similar observations hold true for £;,. Due to X}, C X, we have
for dzp, = (0yn, dpn, dup) € Xp,

0 = VoL(a®, \)(5zn)
= Vo L(xy, A*)(0xn) + Vaa L(z" — a},, 6an)
= Vo Lz}, Ap)(6zn) + (A = Ay, 0yn) + Vao £(z" — j,, 62n)
(2.10) = Vo Ln(xh, Ay)(0xn) — (f = fry0pn)o.0 — (2 — 2n, 0Yn)o,0
O AL G + Ve L(a — 2, 6an)
= (A" = Ahs 0yn) + Vo £(z" — @, 0xn) — (f = fa:0Pr)o.

— (2 = zn,0Yn)o,0-

Since (2.9) and the first two lines in (2.10) obviously hold true for dz; replaced by
any element in X, from this we further derive the relations

@11) VLl -0 — o)
= Vo L(xf, — 2%, 2], — a* + dzp) — (A" — Aj, dyn)
+ (f — fn,0pn)o.0 + (2 — 20, 0yn)o.0,

(2.12) Vo L(xh, N ) (™ — ), — dzp) = Vg L(a) — 2™, 2% — xp — dap),
and also
(2.13) Vi L(xy, A\p)(@* — xf, — dxp)

= (AL = XN y" —yp — Oyn) + Ve L(x), — 2", 2" — ), — dzp).

Next we establish a representation of the difference of the continuous and discrete
goal in terms of the Hessian of the Lagrangian and additional contributions.

THEOREM 2.1. Let (z*,\*) € X x M(Q) and (z},,\}) € Xp x M}, denote the
solution of (1.2) and its finite dimensional counterpart (2.5). Then

1 * * * *
J(y*7U*) - Jh(y}tvu;;) = _§v11£(mh —&,Tp — T )

(2.14)
+ (A g b) + asey),

)

where the data oscillations osc,’ are given by

(215)  osey) = Y asel
TETh
oy * 1 *
gsey) = (yj, = 2, 2 — Do + 512 = zll3 0+ (fu— Fop)or

Proof. Observe that J(y*,u*) = L(«*, X\*) and Ju(y};,u)) = Ln(x}, A}). Using
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Taylor expansions and (2.8)—(2.9), we obtain
J" u") = Jn(yh, up) = L2, A7) = La(xh, Ap)

= L(x*, X)) = Lp(a™, Ay) — Vi Lp(a™, M) (z], — %)
— 5 Valn(af — a7~ )

=Jy"u") = Iy u) + (fn = f0")o0 — (A, y" = br)
— Vo Lp(x*, X)) (2, — %) — %szﬁh(l’ﬁ -z, z), — ")

= a5cy”) — (Ap, " — bn) — Vo L(a*, A (@, — 2¥)
— S Varln(ai, — ", — a*)

— (1 * * * * * * *
:0502)—< ¥ =y N = AL un —vT)

1
_ ivmﬁh(x; —z*,x) — ")
—~ (1) * ok 1 * * K *
= 08¢, +</\ ayh_b>_§vww£h(xh_x yLp — & )7

where we also used the complementarity relations (1.2d) and (2.5d) as well as (2.2)
and (2.7). O
Remark 2.1. In the case where A* = 0 and A} = 0 one readily finds

1
J(y*,u™) = Jn(yh, uh) = 5Volnl(wn, Ap)(@” — z) — dwn)
1 * * 1 *

+ §(fh —f,p" —pploa + E(zh — 2,9 = Ypoo

+aselV,
which corresponds to the result in [3, Proposition 4.1] for the unconstrained version
of (P).

Remark 2.2. The contribution (A\*,y; — b) due to the pointwise inequality con-

straints can be rewritten as

(2.16) (A yp — b) = (A" yp, — bn) + (A7, bp — b).

Observe that (2.16) reflects the error in complementarity. In fact, the second term
represents the data oscillation in the upper bound on the state weighted by the con-
tinuous Lagrange multiplier, whereas the first term on the right-hand side of (2.16)
captures the mismatch in complementarity.

We now introduce interpolation operators

(217) BV Vi r>Ee>n, R VI oV, 1<s <5<
such that for all y € V" and p € V*

(2184) (5 iy = wlipr) S Iollrpr. 0<E<T,
asb)  (h ity s+ b PN~ o) S Il

sl —s/2) - 1/s
(2.18¢) (hz* 10 = plls oz + 572150 = Plisor) S IPll1s0r
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where Dy := | J{T" € T, | No.(T') N Nw(T) # 0}.

Examples for interpolation operators satisfying (2.18a)—(2.18¢) are the Scott—
Zhang interpolation operators (cf., e.g., [22]). Now we can further dwell on the evalu-
ation of the Hessian of the Lagrangian and represent the error by means of primal-dual
residuals, the primal-dual mismatch in complementarity, and oscillation terms.

THEOREM 2.2. Let the assumptions of Theorem 2.1 be satisfied, and let i},
w € {y,p}, be the interpolation operators (2.17). Then, the following holds:

(2.19) J(y* u*) — Jn(yp,up) = —r(iFw* — w*) + ¥y + 6scp.
Here, r(iw* —w*) stands for the primal-dual weighted residuals
1

r(ipw’ —w') =5 (7 — 2 " = y)oa (V0" = y7), Veidos

(2.20) + (V" =), Voidoa — (i + fu " = 0 o),

the term 1y, represents the primal-dual mismatch in complementarity

(221) I = 5 (X9 = 0) + O B = 7)),

and oscy, refers to the data oscillations

2.22 oscp, 1= osc( ) + osc( )
( h

where CTS\CS) is given by (2.15) and 0sc osch by

1 * * * *
(2.23) oscf) =3 E ((f — fu,ph — 0" o + (2 — 20,4, — ¥ )o:.r).
TeTh

Proof. Utilizing (2.11)-(2.12) and considering dz, = (dyn, 0pn, durn) € Xp, we
obtain

1
Jy*,u*) — Jn(yr,ur) = §Vm/3(a:, ) (" —ay,xy —xF + dxzp)

1 1 1
§</\ — Ahs Oyn) + 5 =(fn — f.0pR)o + §(Zh — 2,0Yn)0,0
+ (N yp —b) + osc( )

1 1

_|_

1 L —
§(fh — f.0pn)oo + 2( — 2,6yn)o0.0 + 08¢,
1 * * * 1 * * * *
:_ngﬁh(xza/\h)(ffh—x +5$h)+§</\h+)\ JUp — Y >
1 * * 1 * * —~ (1)
+ g(f = frph =P o0 + 5(2 — Zn, Y — Y o, + 0S¢y, .

Choosing dxp, = (i}y* — yr, ihp* — pj,ifu* — u)) € Xj, and using complementary slack-
ness, we continue with

J(y*,u*) — In(yp, up,) = —Evzﬁh(l’ha/\h)(zhﬂf —z") + §[</\hvbh -y )+ (N — b)]

1 1 _
+ §(f — fnPh =P o + 5(2 — 2, Yn — Y o + oscgl),
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where ipaz* = (iJy*, i p*, ifu*). The assertion now follows from (2.1), (A, ijy* —
y*) = 0 due to (i}y*)(a) = y*(a) for a € Ny(Tr), and auj, — pj, = 0 a.e. in Q. O

We remark that so far the only easily computable term on the right-hand side in
(2.19) is the oscillation term 53\021). All other terms still involve the unknown optimal
state y*, the optimal adjoint state p*, and/or the optimal multiplier \*. In the next
section, we will deal with those remaining terms and provide approximations that are
truly a posteriori in nature.

3. Primal-dual weighted a posteriori error estimate.

3.1. Primal-dual weighted residuals. First, we are concerned with an eval-
uation of the primal-dual weighted residuals.
THEOREM 3.1. Under the assumptions of Theorem 2.2 it holds that

(3.1) [r(ifw* —w*)| < Z (p w +p(2) (2)).
T€ETh

Here, for the residuals pg), 1< <2, we have

(3.22) o = (I + bWl o)
W) =it fe 1) = gwr- Vil TeET

1/s

(3.2b) o = (1PN er + hr PG5 ror)
AP =i, = Jver Vel TeET

where [| denotes the jump across OT. The associated weights w;), 1 <9< 2, are
given by

. /2 1/s
(3.3a) W) = (Il 2l or) s

2 % . /20y x * (|7 r
(3.3b) W = (Hl%y — 4" 6.0+ Ny = y" 5, ) :

Proof. Applying Green’s formula on each element, we obtain
W,k * 1 * 1) . * *
(84)  2r(ifw’ —w) = 3 [=(rp) i = p)or + (i ihp” = p)o,01]
TETh

* 2) . * *
+ E TT Jhy — 4y )o,r + (ré},l%y -y )o,or) -
TeTh
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Denoting the two terms on the right-hand side in (3.4) by I; and I», respectively, by
straightforward estimation for I; we find

L < S0 i~ p o]

T67-h
—1/2 (1 1/2,. ® *
+|(hp PG 2 (8 — p*))oor]
1 . £ E3
(3.5) < 3 WP Norrllitp” = p*llo,s.r
T67-h
—1/2 1 1/2 . * *
+hy P rSillo.merha 21 p* — pllo,s.07)
1 1
S D pplwp).
TET
Likewise, for Is we obtain
(3.6) Ll < Y pPw.

TETh

Summing up (3.5)—(3.6) gives the assertion. O

The weights wgf), 1 < ¢ < 2, for the residuals pgf) still depend on the unknown
optimal state y* € V" and optimal adjoint state p* € V°. One way to overcome this
difficulty is to replace ¢} y* —y* and i} p* —p* in (3.3a)—(3.3b) by lg)y; —y; and ig)p;; -
Dy, Where lg)y; and ig)p;; are the quadratic Lagrange interpolants of y;,p; on a
coarser mesh Tg with 7j, C Ty using the corresponding nodal values of y}:, p (cf., e.g.,
[1, 11]). Here, we proceed in a slightly different way: We estimate ¢} y* —y* and i} p* —
p* by (218&)*(2180) and replace ||y*||1>7’7DT’ ||p*H175>DT by Hym 1,7,Dr> |‘p2|‘175,DT' We
thus obtain the computable approximations

(37&) L:J'_g“l) = hr |‘p;||1,S7DTa
(3.7b) & = hr |yilieo-

Substituting wgf) by ngf), 1 <1 < 2, we obtain the primal-dual weighted a posteriori

error estimator

(3.8) P =Y npP,
TeTh

2
i =Y ey, TeT
i=1

3.2. Primal-dual mismatch in complementarity. The term ¢, =9 (y*, y)
as given by (2.21) is related to errors coming from complementary slackness. For
its interpretation, we define the active set A* and the inactive set Z* at the optimal
solution (z*, \*) of (P) by

(3.9) A ={xeQ:y"(x) =bx)}, ZI':=Q\A".
The discrete analogues of A* and Z* are defined as follows: First, let

(3.10) ne={ie{l,... Ny} ryn(x;) =b(x;)}, I :=A{1,..., Ny} \ A},
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denote the active and inactive vertices, respectively. Then the discrete active and
inactive sets are, respectively, defined by

(3.11) = {TeTh(Q) : Nu(T) C AL}, T = Th() \ AL

Next we define J* = {j € {1,..., Ny} : x; € Z*}. Then we have

Vb —y") = (b —y™) = Y w5 (b(xy) = 5" (x5)) 2 0
JjeJ*

since by (x;) = b(x;) for all j =1,..., Nj,. Here and below, we use £ instead of r
for x; € N3, (). Hence, the right-hand side above represents the primal-dual weighted
mismatch in complementarity in .

Due to the continuous and discrete complementarity systems (1.2d) and (2.5d),
1y, is equivalent to

1
(3.12) Ui = 5[, = A b = y™) NG = A b = gi) (O A b b)),

Recall that (A\;,y; — by = N,y —bp) = 0 as well as (\},b — by) = 0 for any
An € My. These facts would allow us to simplify the above expression even further.
For our subsequent treatment of the dual products on the right-hand side in (3.12),
following [6], we will consider the so-called regular and nonregular cases with regard
to a classification of the structure of the Lagrange multiplier associated with the state
constrained optimal control problem.

3.2.1. Regular case. We assume that b in (P) is such that Ab € H?(2) and
that the coincidence set A* satisfies

A* = UL Ar,  c(int(A7)) = A7, 1<i<m,

(A1) AfNA =0, 1<i#j<m,
Az, 1 <i<m, is connected with the C*!-boundary.

Since A*NT = () is already implied by our assumption (1.1) on the data, i.e., a Slater
condition for (P), in view of [6, Theorem 2] we have

(3.13) p* eV, plimar) € H*(int(A%)), p*lz- € H*(TY).

Moreover, denoting by F* := A* N cl(Z*) the free boundary between the coincidence
set and the noncoincidence set, it holds that

(3.14a) p*=—alAb in A",
(3.14b) —Ap*=z—y" inZT"

p*=—aAb on F*,
(3.14c) No= e, @t € LA(Q), e € HYA(FY),
where

« ] 0 onZ*,
(3.15a) me= { z—b—aA?  on A*,
p*|z+ OAb

(3.15b) whr = -2,

On On g’
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and L2 (Q2) as well as H}r/Q(]-'*) denote the nonnegative cones in L?(Q) and HY?(F*),
respectively.

Following [13] (see also [14, 19]), we provide an approximation of the continuous
coincidence set A* by

T b—ijy;
yht +b— iy

where 0 < v < 1 and ¢ > 0 are fixed (e.g., v = 0.5 and ¢ = 1.0). Denoting by x(.5)
the characteristic function of S C Q, for T C A* we find

Ix(A") = X7 o < min(|T[Y2, 7 R~ ly* — ily;llor),

which converges to zero whenever |y* — i}y |lo,r = O(h?),q > t. Likewise, for T' C Z*
one can show that [[x(A*) — x7* lor — 0 as h — 0. Now, for fixed 0 < x < 1 and
0<t <t (eg, k=0.5andt =t), we provide approximations AZ of A* and f;: of
T* according to

(3.162) Ar = | T eTi | X3 (@) > 1 — sh" for all w € T},

(3.16Db) I U{T €Th| x (z) <1—kh' for some z € T}.

We define approximations Ta«na;, Tzna;, and Tasnz; of A" N Aj, I* N A}, and
A* NI} by means of

Tacnaz = A 0As, Treaa; =10 A, Taenz; = AjNIJ

If int(Z;) # 0 and int(A%) # 0, we introduce

Ophlz; oAb
(3.17) Ppe = — L+
h 8ni; 5TLAZ
as an approximation of (3.15b), where F; := d.A% N Z;. Based on (3.14a)(3.14c),
(3.15a), (3.15b), and (3.17) we are able to evaluate 1y, for the four sets Z7* N Zj,
AN A, A*NIE I N A;j, which form a partitioning of 2.
Case 1: (I* NZ}). Due to p* =0 on Z* and A} = 0 on Z;, we obviously have

1 * * * * *
(3.18) Yulzenz; = 3 E Ka(n =y ) @) + (W7 yh — b)O,}'*mI,*L
aENK (FjiNI*)

Here and below we use A\j =3 N () K:dq. Since y* is unknown, we approximate
y*(a) by 97 (a), where this approximation is obtained in the following way: We define

Ni(a) = {a} U {a' € N,(Q) | @’ and a are connected by an edge e € £,(Q)}

and set

9i (a) = card(Na(a))™ Y wi(a)).
a’ €Ny (a)
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This leads to the following approximations:

(3.19) 9= 3 Y,

TeTh

cay ) Ypgllelyy —blle, Te{Ts},E=T,NT- € Ex(F),
¢T = h .
0, otherwise,

(3200 oY = > O,

TeTh

1@ [ 5 Zaenun W~ G @)k, T €Ty,
' 0, otherwise,

and we thus arrive at the approximation
(3'21) '@/Ajhlj;mz}*l = '@Z;(ll) + '@/;}(12)~
Here, we use Tﬁ}* = {T € Th(Q) : Eu(T) N F; # 0}

Case 2: (A*NA}). In view of y* = b, y; = by on A*NA;}, and (3.14c), we obtain

(322)  4n

1 X
A = 5 ((2 —b— aA?b, by, — b)o,a=nar + (e, b — b)o,f*mA;>~

We introduce

A (3
(3.23) 0@ = 3 9P,
TET),
5 21z — b — aA2b| p[|b — by ||z, T €Ty ras
T 0, otherwise,

and thus get the approximation

(3.24) bn

7(1 (3
AxnA; =¢;(1)+¢;(1)-

Case 3: (A* NZ;). Taking y* = b on A* and A} = 0 on Z}, as well as (3.14a)-
(3.14b) into account, we get

1 * * * *
(3.25) 1/’h|A*nI; =3 ((ﬂ »Yn — b)o,A*nI; + (e yn — b)O,]-'*ﬁI;)-
Setting
e (4
(3.26) D=3 B,
TETh

@) %||z—b—aA2b||T||y,’;—b||T, TETAZ”IZ’
T 0, otherwise,

it follows that an approximation is given by

(3.27) n

f1) | 4
Arnz; = o) + .
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Case 4: (I* N A}). Finally, observing p* = 0 on Z* and y; = by, on A} as well as
(3.14a)—(3.14Db), for the fourth set we have

1 * * * *
(328)  Wnlmoa; =5 D malwi —y)(0) + (ke br = boFera;
a€NL (T NAS)
Introducing
(3.29) B =y Ay,
T67-h

6) | 3 Daenn(r) | WL — )@k, T € Trna;,
T 0, otherwise,

we obtain the approximation
- A1 (5
(3.30) Prlzena: = O3 + 61,

3.2.2. Nonregular case. The nonregular case assumes the following structure
of the active set A*:

(A2) A* is a Lipschitzian, strongly non—self-intersecting curve in §2.

We note that a curve C is said to be strongly non—self-intersecting if, for every a €
int(C), there exists an open neighborhood U (a) such that U(a) \ C consists of two
connected components. Hence, A* divides € into two connected components 24 and
Q_.

Again, since the Slater condition (1.1) implies A*NI" = ), [6, Theorem 4] provides
the following optimality characterization:

(3.31a) (Vp*, Vw)o,o = (z —y* w) — (A w), we W (),

A*

where v4+ denotes the unit outer normal to A* pointing towards A% := A* N, and
A* = A NQ_.

We further define ,u}* according to
h

A: — vz - Vpp|z  if meas(A}) > 0,
A: _ if meas(A}) =0,

. vaz - Vpj,
.32 S b «
(33 ) M]:; { V-A;: 'Vph|A’[l’+ _VA’,; .Vph

where, for meas(Aj) = 0, va; and Aj, , are defined as in the continuous case.
As in the regular case, we evaluate 1y, for the four sets Z7* NI}, A*NA;, A*NL},

Z* N A;. We refer to A,(Ll), A,(Lz), and 1&,(15) as the error terms given by (3.19), (3.20),
and (3.29) with z%, in (3.19) replaced by (3.32).
h

Case 1: (Z* NZ}). We have

(3.33) bnlzzrz: = P+,

Case 2: (A* N A}). We infer the approximation

(3.34) n

. — 5
Aznaz = Un
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Case 3: (A* NZ}). As in the second case we obtain

X — M
Az = Yhoo

(3.35) n

Case 4: (Z* N A} ). We get the approximation

(3.36) Dnlzna: = O + 05
3.3. Primal-dual weighted data oscillations. The data oscillation term o/s\c;f)
as given by (2.23) can be estimated by means of

(337) sy = Y osey,

2 ~ N
55¢2 == |If = fallo.rllpi — Billo.r + 12 — znllollyg — G llors

where pj, is defined in the same way as §;; before (cf. section 3.2.1, Case 1).
We thus obtain the following upper bound for the data oscillations:

(3.38) oscy, = oscg) + osc( )

4. The adaptive algorithm. The adaptive finite element algorithm based on
the goal-oriented dual weighted residuals consists of successive loops of the cycle

SOLVE — ESTIMATE — MARK = REFINE.

Here, SOLVE stands for the numerical solution of the discrete optimality system
(2.5a)—(2.5d), which is taken care of by the primal-dual active set strategy from [5].
The subsequent step ESTIMATE requires the computation of the estimates for the
weighted dual residuals, the primal-dual mismatch in complementarity, and the data
oscillations as derived in the previous section 3. The third step, MARK, takes care of
the selection of elements of the triangulation 7j, for refinement based on the informa-
tion provided by the weighted dual residuals and the upper bounds for the primal-dual
mismatch in complementarity and the data oscillations. For this selection process, we
use a bulk criterion, also known as Dérfler marking [9], which will be described here
in the regular case (the modifications in the nonregular case are obvious). Referring
to pgﬁ),cbgf), 1<i<2, 1&511), 1<i<5,and o?cgf),l < < 2, as the residuals (3.2a)-
(3.2b) and estimates as given by (3.7a)—(3.7b), (3.19), (3.20), (3.23), (3.26), (3.29),
and (2.15), (3.37), we select a subset 7j, of elements such that for some universal
constant 0 < © < 1 we have

(4.1) CY <Zp“” ”+Z¢“ +Zo/\sc(l>

TeT, \i=1
Z <ZpT wT —|—Z1/} () —I—Zosc l)> )
TeTh =

The bulk criterion can be realized by a greedy algorithm [14]. The final step REFINE
is devoted to the technical realization of the refinement process.
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5. Numerical results. We present numerical results for three test examples
to illustrate the performance of the adaptive algorithm described in section 4. The
first two examples, taken from [18] and [21], respectively, represent problems where
the coincidence set (Example 2) or the main part of the coincidence set (Example 1)
consists of a simply connected subdomain. The third example, considered in [18, 20],
features a degeneration of the nonregular case with the coincidence set consisting of
a single point. A similar construction was studied in [4]. We note that Examples 1
and 3 involve a given shift (or desired) control u?; i.e., the objective functional is of
the form
I3 -

1 o
J(y,u) = 5lly - 2|50 + Slu—u

This generalization is easily accommodated by the theory, since the shift control can
be formally absorbed by the right-hand side of the state equation.
Example 1. The data of the problem are as follows:

(_25 2)27
0, b:=

2=y (r) + Ap*(r) + X (), ud:=u*(r)+ a7t p*(r),
a:=0.1, I':=09Q.

Q:
e 0,

Here, y* = y*(r), u* = u*(r), p* = p*(r), and \* = \(r), r = (2} —|—a:§)1/2,
(x1,22)T € Q, are chosen according to

Yy (r) == —rs (), u(r) = —Ay(r),

3 9 0, r<0.75
* e 4_ 2.3 2 * — ? ’
p(r) == 2(r) <7“ ST ) , M) = { 0.1, otherwise,
where
1, r<0.25,
v = —192(r — 0.25)° + 240(r — 0.25)* — 80(r — 0.25)3 +1, 0.25 <r < 0.75,

0, otherwise,

(1, r<o0.75
V2= 0, otherwise.

We note that the constraint b does not satisfy (1.1). However, it is easy to check that
the above functions satisfy the optimality conditions (1.2a)—(1.2c).

The optimal state y* strongly oscillates around the origin, with the coincidence
set given by A* = {(r,¢)|0.25 <r <1, 0< ¢ <27} U{(0,0)} (cf. Figure 5.1(left)).
Figure 5.1(right) displays the adaptively refined mesh after 26 refinement steps. As
can be clearly seen, the free boundary F* between the coincidence set and the non-
coincidence set is well resolved.

The performance of the adaptive algorithm is illustrated in Figure 5.2(left), where
the absolute error in the quantity of interest (objective functional) is shown on a
logarithmic scale as a function of the total number of degrees of freedom (DoF),
both for adaptive refinement (¢ = 0.5) and uniform refinement. Figure 5.2(right)
reflects the convergence history in the asymptotic regime by displaying the refinement
level ¢, the corresponding DoF, and the values of the absolute error |J* — Jf| :=
[J(y*, w*) — Jn(y;, up)| in the objective functional as well as the associated effectivity
indices Eff := ny, /|J(y*,v*) — Jn(y;, u},)|, where n, comprises the approximations of
the primal-dual residuals, the primal-dual mismatch in complementarity, and the data
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Fi1G. 5.1. Ezample 1: Optimal state y* (left) and refined mesh after 26 refinement steps (right).

10?
— 10
e [ ¢ [ DoF | [JF—J;] | Efilnd. |
: 10° 26 3030 9.69E-03 1.28
= 27 3618 7.86E-03 1.31
; 10" 28 4255 7.07E-03 1.27
- 29 5042 6.78E-03 1.14
2 102 30 6048 5.56E-03 1.18

e 5205 31 | 7177 | 5.17E-03 1.05
10_3 —+— uniform
10’ 10 10° 10* 10°

DoF

F1G. 5.2. Ezample 1: Decrease of the error in the objective functional as a function of the DoF
for adaptive refinement (0 = 0.5) and uniform refinement on a logarithmic scale (left); convergence
history of the adaptive refinement process including effectivity indices (right).

oscillations. We observe that 7, provides an upper bound of the absolute error in the
objective functional with effectivity indices being only slightly larger than 1.
Ezxample 2. The data of the problem are as follows:

Q:=(0,1)% T =09, =z:=2x2,,
ul(r) =0, a:=10"3, f:=0, b:=0.55.

The upper bound b has been selected such that the coincidence set is a very small
subset of Q (cf. Figure 5.3(left)). However, an analytical representation is not known,
either of the exact optimal solution or of the coincidence set. As a substitute for the
exact solution we have chosen the computed solution with respect to a sufficiently
fine simplicial triangulation of the computational domain.

The computed substitute for the exact optimal state y* is shown in Figure 5.3(left)
along with the associated coincidence set. Figure 5.3(right) displays the adaptively
generated mesh after 17 refinement steps (8 = 0.5), reflecting a pronounced refinement
in and around the coincidence set. This is due to a singularity of the adjoint state in

the active zone. Correspondingly, the estimator is dominated by the terms dzg,? ) pg? )

in the primal-dual weighted part (cf. (3.8)) and the terms 1&%1 ) in the primal-dual
mismatch in complementarity (cf. (3.19)), which explains the extensive refinement in
and around the coincidence set.
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FiG. 5.3. Ezample 2: Computed optimal state y; (left) and refined mesh after 17 refinement
steps (right).

| L | DoF | |J* = J7| | Eff.Ind. |
16 1951 2.41E-05 6.41
17 2748 1.55E-05 5.91
18 3691 1.13E-05 6.66
19 5119 7.96E-06 6.43
20 7066 5.46E-06 7.42
21 10040 4.15E-06 6.63

F1G. 5.4. Ezample 2: Decrease of the error in the objective functional as a function of the DoF
for adaptive refinement (0 = 0.5) and uniform refinement on a logarithmic scale (left); convergence
history of the adaptive refinement process including effectivity indices (right)).

Figure 5.4(left) is devoted to a comparison of adaptive refinement (§ = 0.5) and
uniform refinement. The table in Figure 5.4(right) shows the asymptotic behavior
in terms of the refinement level ¢, the corresponding DoF, the values of the absolute
error in the objective functional, and the associated effectivity indices.

Example 3. As stated in the introduction, our proof technique and the resulting
error estimators are readily carried over to other types of boundary conditions. In this
respect, we now consider a governing equation with homogeneous Neumann (rather
than Dirichlet) boundary conditions. This problem was also used in a different context
in [20], where the corresponding first order optimality conditions may be found, as
well. In fact, we consider

0
—Ay+y=u+f inQQ, 9Y_0 onT = 09.
on
In our numerical tests we use
2 1
Q:=B(0,1), z:=4+———r’+ —In(r),
4 2
1
ud(r) :4—|——7’2_—1n(7’)7 a:=1.0, f =0, b(T) =44
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i
BAANDDN]
74 y" S
AN,
) A‘éy

FiG. 5.5. Ezample 2: Computed optimal adjoint state p; (left) and refined mesh after 20
refinement steps (right).

1072
E " | l | DoF | |J* = J;| | Eff.Ind. |
- 10
e 31 32475 1.03E-06 6.93
= 10? 32 43005 7.54E-07 791
; 33 58605 5.69E-07 7.93
-2 10° 34 76142 4.31E-07 8.22
3 108 . 0205 % 35 96300 3.33E-07 8.25
v uniform % 36 125943 2.59E-07 8.23
107 1 2 3 4 5 6
10 10 10 10 10 10
DoF

F1G. 5.6. Ezample 2: Decrease of the error in the objective functional as a function of the DoF
for adaptive refinement (0 = 0.5) and uniform refinement on a logarithmic scale (left); convergence
history of the adaptive refinement process including effectivity indices (right).

The optimal solution is given by

y*(r)y=4, p*(r)=-—r°——In(r), u*(r)=4, I\ =do,

where y denotes the Dirac-6 concentrated at the origin.

The optimal adjoint state p* belongs to W1*(Q2) for any s < 2 and has a singu-
larity at the origin which represents the coincidence set A*. The computed approx-
imation pj is displayed in Figure 5.5(left). The adaptively generated mesh after 20
refinement steps (0 = 0.5), shown in Figure 5.5(right), reflects the singular behavior
of the adjoint state.

Figure 5.6(left) provides a comparison of the convergence history for adaptive
refinement (# = 0.5) and uniform refinement, whereas Figure 5.6(right) contains the
refinement level ¢, the corresponding DoF, the values of the absolute error in the
objective functional, and the associated effectivity indices in the asymptotic regime.
The estimator provides an upper bound for the error, with the actual error being
overestimated by a factor of approximately 8. At the initial stage of the refinement
process, the estimator is dominated by the primal-dual mismatch in complementarity
and the data oscillations, whereas in the asymptotic regime the terms &2 52 in the

T Pr
primal-dual weighted residuals prevail due to the singularity of the adjoint state in

the origin.
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In all three examples, the true error is slightly overestimated, in contrast to [21,
Example 2] and [4, Example 3], where an underestimation is reported. This is partly
due to the incorporation of the primal-dual mismatch in complementarity. However,
the amount of overestimation is less pronounced than for standard residual-type a
posteriori error estimators (see [18, Examples 1 and 3]).
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