Reduced order modeling based shape optimization of surface
acoustic wave driven microfluidic biochips™

Harbir Antil?, Matthias Heinkenschloss ®, Ronald H.W. Hoppe »¢*,
Christopher Linsenmann ¢, Achim Wixforth 4

4 Department of Mathematics, University of Houston, Houston, TX 77204-3008, USA
b Comput. and Appl. Mathematics, Rice University, Houston, TX 77005-1892, USA
¢ Institute of Mathematics, University of Augsburg, D-86159 Augsburg, Germany
4 Institute of Physics, University of Augsburg, D-86159 Augsburg, Germany

* The work of the authors has been supported in part by NSF grants DMS-0511624, DMS-0707602, DMS-0810176, DMS-0811153,
DMS-0914788, by AFOSR grant FA9550-09-1-0225, and by the German National Science Foundation (DFG) within the Priority Program SPP
1253.

* Corresponding author at: Department of Mathematics, University of Houston, 651 P.G. Hoffman, Houston, TX 77204-3008, USA.

Tel.: +1 7137433452; fax: +1 7137433505.
E-mail address: rohop@math.uh.edu (R.H.W. Hoppe).


mailto:rohop@math.uh.edu

1987

1. Introduction

Microfluidic biochips are used in pharmaceutical, medical, and forensic applications for high throughput screening,
genotyping, and sequencing in genomics, protein profiling in proteomics, and cytometry in cell analysis [28,31]. They
provide a much better sensitivity and a greater flexibility than traditional approaches. More importantly, they give
rise to a significant speed-up of the hybridization processes and allow the in situ investigation of these processes at
an extremely high time resolution. This can be achieved by integrating the fluidics on top of the chip by means of a
lithographically produced network of channels and reservoirs (cf. Fig. 1 (left)).

The idea is to inject a DNA or protein containing probe and to transport it in the fluid to a reservoir where a chemical
analysis is performed. The fluid flow can be taken care of by external pumps which, however, do not guarantee
a very precise control of the fluid flow and are subject to wear. A new generation of biochips is based on a surface
acoustic waves (SAW) driven fluid flow [15,21,33-35]. Surface acoustic waves are generated by interdigital transducers
(IDT), well-known from Micro-Electro-Mechanical Systems (MEMS). They propagate through the base of the device
with amplitudes in the range of nanometers and enter the fluid filled microchannels creating sharp jets (cf. Fig. 1
(right)). This happens within nanoseconds. In the microchannels, the SAW get significantly damped so that an almost
stationary fluid pattern emerges which is called acoustic streaming. This relaxation process occurs on a time scale of
milliseconds.

This paper is concerned with the numerical solution of a shape optimization problem in which pressure driven
capillary barriers between the microchannels and the reservoirs are determined such that a very precise and bubble-
free filling of the reservoirs can be guaranteed. This leads to an optimization problem governed by a system of time
dependent partial differential equations (PDEs), the so-called state PDEs. The numerical solution of such problems
using gradient based methods involves a coupled system of PDEs consisting of the forward in time system of state PDEs
and the backward in time system of adjoint PDEs. Because of the size of this coupled system of state and adjoint PDEs,
the numerical solution is very costly, both in terms of computing time and memory requirements. We will apply model
reduction to replace the original state equation by a much smaller system of ordinary differential equations (ODEs) in
such a way that the solution of the optimization problem governed by the reduced order system has approximately the
same solution as the original optimization problem. This is achieved by a combination of balanced truncation model
reduction and domain decomposition and a careful exploitation of the problem structure.

The paper is organized as follows: in Section 2, we introduce the mathematical model describing the operational
behavior of microfluidic biochips with emphasis on the SAW induced fluid flow as described by the compressible
Navier—Stokes equations and on the homogenization approach for a proper separation of the time scales. Section 3 is
devoted to the optimal design of microfluidic biochips based on the optimization of objective functionals subject to
the equations describing the acoustic streaming. For model reduction purposes, we present the basic idea of balanced
truncation model reduction and its combination with the domain decomposition methodology. Finally, in Section 4
we provide a detailed documentation of simulation results that illustrate both the validity of our model as well as the
feasibility of the model reduction based optimization.

Fig. 1. Microfluidic biochip (left) and sharp jet created by surface acoustic waves (right).
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2. Modeling and simulation of piezoelectrically actuated acoustic streaming in microfluidic biochips

The operational behavior of SAW driven microfluidic biochips is modeled by a coupled system consisting of the
linearized equations of piezoelectricity and the compressible Navier—Stokes equations (see, e.g. [1,2]). In the sequel,
we will focus on the SAW induced fluid flow in the fluidic network on top of the biochip. For a detailed description of
the piezoelectrics, we refer to [16].

We denote by () C R2,¢ €0, T], the time dependent domain occupied by the fluid with boundary I'(f) = T'p(¢) U
Tn(1), Tp(t) NTn(t) = @. Here, T'p(¢) is that part of the boundary where the SAW enter the fluid filled microchannels.
We denote by v and p the velocity and the pressure, and we refer to p, n, and £ as the density of the fluid, the standard
and bulk viscosities. The pair (v, p) satisfies the following initial-boundary value problem

p(:+V~Vv> =V.o inQ(),te(0,T], (1a)

ap .

o +V-(ov)=0 inQ(),te(0,T], (1b)
Ju

v(-+u(-, 0,1 = 5(.’ t) onIp@),te(0,T], (1c¢)

on=0 onIly(t),te(0,T], (1d)

v(-,0) =vo, p(,0)=po in(0), (le)

whereo = (Uij),-z_j:p o0ij := —pdij + 2ne;j(v) + 8;;(6 — 21n/3)V - v and u in (I¢) stands for the deflection of the walls
of the microchannels caused by the SAW. We note that u can be computed by the solution of the linearized equations
of piezoelectricity (see [16]).

Since the deflection of the walls of the microchannels by the SAW is approximately 10~° m compared to lengths,
widths, and heights of the microchannels in the range of micrometer to millimeter, we will henceforth neglect the time
dependence of 2.

As mentioned in Section 1, the SAW induced fluid flow exhibits two different time scales. When the SAW enter
the fluid filled microchannels, sharp jets are created within nanoseconds (cf. Fig. 1 (right)). The SAW propagate
along the channels and experience a significant damping which results in an almost stationary flow pattern (acoustic
streaming). This relaxation process happens on a time scale of milliseconds. The multiscale character of the problem
can be appropriately taken care of by a homogenization approach. Following [1,25], we introduce a scale parameter
0 < ¢ <« 1 which represents the maximum deflection of the walls of the microchannels, and we consider the asymptotic
expansions

p=po+ep +ep" + O,

V=v+ev + V' + 0(e),

p=po+ep +&*p’ + 0.
We assume vog = 0 and po = 0 (fluid at rest, if no SAW actuation) and choose pg as the density of the carrier fluid. Then,
collecting all terms of order O(s) and setting p; = g0, v| := &V, p; := gp/, we find that the triple (o1, V1, p1) satisfies

the following initial-boundary value problem for linear compressible Navier—Stokes equations with time periodic
boundary conditions on I'p

8V1 .
pog—v-m =0 inQ x (0, 71], (2a)
0,
%erov-vl =0 inQx 0,7 (2b)
vi=g; onlpx(0,T], (20)
oin=0 only x (0, T1], 2d)

vi(00=0, pi(,00=0 inQ, (2e)
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where T} := 2m/w with o being the angular frequency of the time harmonic SAW excitation, g; := du/dt in (2c), and

z (01);j = —p18ij + 2neij(V1) + 8;j(€ — 2n/3)V - v1.

o1 = ((Ul)ij)i,jzl’

Moreover, p; and p; are related by the constitutive equation
pr=cgp1 inQx (0,7 ©)

Here, c( stands for the small signal sound speed in the fluid. The system describes the propagation and damping of
the acoustic waves in the microchannels.

For the weak formulation of (2a)—(2e), we adopt standard notation from Lebesgue and Sobolev space theory [26].
In particular, bold letters will refer to Lebesgue and Sobolev spaces of vector-valued functions. We substitute p; in
(2b) by means of (3) and introduce the function spaces

Vg, = {ve H'((0, T1); H1(2)) N L2((0, T1); HY(Q)IvIr, = g},
W = HL((0, T)); LA(Q)).

We note that H'((0, T7); H~'(22)) N L2((0, T1); H'(2)) is continuously embedded in C([0, T1], L*(2)). The weak
formulation of (2a)—(2¢) amounts to the computation of (v, p1) € Vg, x W such that

v
<'O°8r1’ W> +a(vi, W)+ b(pi,w) =0, weHj (Q), (4a)
1 —29p1
(po leg? = q) ~bg.v)=0, qeL’(Q) (4b)
at 055‘22
Vi(,0 =0, pi(-,0)=0. (40)
Here, (-, -) stands for the respective dual pairing, and the bilinear forms a(-, -) and b(-, -) are given by

a(v,w)::n/ Vv:dex+(S+Q)/ V.vV . -wdx, (5a)
Q) 3 Q)

b(p,w) := —/ pV -wdx. (5b)
Q

Theorem 1. For the solution of the variational problem (4a)—(4c)there holds:
If g GLZ((O, T);H(l)(/)z(FD)), then there exists a unique solution (vi, p1) € Vg, X W of (4a)-(4c)satisfying the

stability estimate
108 P)INgw = Cri 1112, a2y (©)
where Ct, > 0 is a constant depending on T}.

Proof. The existence can be shown by the Galerkin method, whereas the uniqueness and the stability estimate (6) can
be derived using the ellipticity of the bilinear form a(-, -) and the fact that the bilinear form b(-, -) satisfies an inf-sup
condition. [

Collecting all terms of order O(s?), neglecting the time derivative with respect to the pressure, and performing the
time-averaging

to+T11
(w) := T]_l/ wdt,

fo

we arrive at the compressible Stokes system

8V2 8V1 .
PO@ —V.oy = —Plﬁ — pol[Vvilvy inQ x (0, T, (7a)
poV - v2 =(=V - (o1v1)) inQx(0,T], (7b)

V2 =8, oOn 1_‘D X (07 T]v (7C)
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oon=0 only x (0, T], (7d)
V2('a O) = 09 p2(9 0) = O in 99 (76)

where g, := —([Vv;]u) in (7c) and

0y = ((GZ)ij)ij=]’ (02)ij 1= —p28ij + 2neij(v2) + 8;(§ — 2n/3)V - va.
The density p, can be obtained via the constitutive equation
p2=cpp2 inQx(0,TI. ®)

The compressible Stokes system (7a)—(7c) is used as a model for the acoustic streaming.
The weak formulation of (7a)—(7¢) requires the computation of (v2, p2) € Vg, x W, where

Vg, == {ve H'((0, T), H~1(2)) N L((0, T), HY(Q)I¥Ir, = g},
W= H'((0, T2); LA()),

such that
avo 1

PO W)+ a(va, W) +b(p2, w) = (f, w)g o weHj (), (9a)
blg,va)  =(fqha q€LX (), (9b)
v2(,0) =0, p2(-,0)=0. 9c)

Here, the bilinear forms a(-, -), b(-, -) are as in (5a), (5b), and the right-hand sides f, f are given by
3V1 —1

f:=— Pl§+po[VV1]V1 . f=={py V- (p1v1)).

Theorem 2. Iffe L% (), f e L), and g € H(l)(/)z(l" D), the weak formulation (9a), (9b) of the compressible Stokes
system admits a unique solution (v2, p2) € Vg, X W. Moreover, there exists a constant Ct > 0 depending on T such
that

[1(v2, P2V, xw = Cr, (Ifllo,2 + [ fllo.2 + ||g2||H(1)(/)2(1-D))- (10)

Proof. The proof follows along the same lines as that of Theorem 1. [
3. Reduced order modeling based shape optimization

The performance of SAW driven microfluidic biochips can be significantly improved by an optimal design of the
walls of the microchannels and the reservoirs as well as by the optimal placement of the IDT in order to obtain a
maximum pumping rate. Another design issue is the shape optimization of pressure driven capillary barriers between
the microchannels and the reservoirs such that a very precise and bubble-free filling of the reservoirs can be guaranteed.
For the efficient solution of these optimal design problems, in previous work [5-7] we have developed an adaptive
multilevel interior-point method of barrier type featuring a predictor—corrector continuation method with an adaptive
choice of the barrier parameter along the barrier path. The predictor relies on a nested-iteration type tangent continuation,
and the corrector is a Newton-multigrid method for the KKT system. Despite the fact that this approach leads to a
considerable reduction in the computational work compared to more standard optimization strategies [7], the amount
of computational time is still significant, and there is a need for further reductions. Such reductions can be achieved
by replacing the original compressible Stokes system (7a)—(7e) in the optimization problem by a reduced order model.
Many approaches for the computation of reduced order models exist, such as Proper Orthogonal Decomposition (POD),
Balanced Truncation Model Reduction (BTMR), Krylov subspace methods, or reduced basis methods. See, e.g., [11].
A crucial requirement is that the error between the solution of the original optimization problem and the optimization
problem governed by the reduced order equations can be controlled and made small. To achieve this, one needs to
use a model reduction approach which provides a bound for the error between the so-called input-to-output maps of
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the original full order model and the reduced order model. We use BTMR because it provides an error estimate and
therefore our approach provides a-priori estimates for the error in the solutions and lets the user control the size of
the error estimate. Alternatively, one could consider other approaches, such as interpolation based methods [9,19]. We
comment more on this issue in Remark 4 below.

We use BTMR combined with domain decomposition (DD). BTMR is used because of the existence of error
bounds. However, these error bounds only exist for linear time invariant problems. In our case, the design parameters
determine the domain 2. Therefore the system is not linear time invariant. Fortunately, only a small portion of the
domain, corresponding to the capillary barriers between the microchannels and the reservoirs are modified. Therefore
we use DD to decompose the problem into a part which is governed by a linear time invariant system and a small part
corresponding to the subdomain in which the domain can be changed. BTMR is then applied to the large subproblem
governed by the linear time invariant system. For the standard time-dependent Stokes system, such a combined domain
decomposition and balanced truncation model reduction (DDBTMR) approach has been developed and analyzed in
[4] (see also [3] for DDBTMR applied to convection—diffusion problems). Here, we will consider DDBTMR for the
compressible Stokes system (7a)—(7e).

3.1. Semi-discretization of the compressible Stokes system

Let Q(0) C R? be a bounded domain that depends on design variables 6 = (6, - - -, Qd)T €O, where6;,1 <i <d,
are the Bézier control points of a Bézier curve representation of the boundary and

O :={6cRP) <6 <6 1<i<d).

— “max

We assume that the boundary 9€2(0) consists of an inflow boundary I';,(6), an outflow boundary I'y,;(0), and a lateral
boundary I'j,;(6) which are mutually disjoint such that

9Q(0) = T'in(0) U Loy (0) U Ty (6).
We set
00) = Q@0) x (0, T), %(0) :=02@0)x(0,T),
Zin(0) ;=T x (0, T), Zju(0) :=T(@) x (0, T)T > 0,

and consider shape optimization problems of the form

T
minJ(0) := // L(v(0), pB), x, Hdxdt, (11
0e® g Q(0)

subject to (7a)—(7e), where the integrand £ in the objective functional is chosen according to the individual design
problem.

For the spatial discretization of the time-dependent Stokes system we may use one of the standard methods such
as P2-P1 Taylor Hood elements or discontinuous pressure elements [12,13,17]. We will discuss this in more detail in
Subsection 3.3. We assume that the simplicial triangulation 7}, of the spatial domain €2(0) is geometrically conforming
and aligns with I';;,(0), I'j4:(0) and I',,,;(6). This leads to the semi-discrete optimization problem

T

minJ(6) := /e(v, p. 1, 0)dt, (12a)
0e®
0

where v, p solve

g (VO V() 0
E@O) +50) — 1€, T), (12b)
"\ p@) p(®) g2



1992
M(6)v(0) = v\, (12¢)
—BOM®G) v + P 0) = 0. (12d)

Here, the integrand £(-) in (12a) results from the spatial discretization of the integral £ in the objective functional (11).
The block matrix E(0) and the discrete Stokes operator S(0) in (12b) are given by

M@) 0 A®) BT@®)
E®©) := ( ) . S() = , (13)
0 0 B©O) 0

where M(6) € R, A(0) € R"*" and B(0) € R™*" denote the lumped mass matrix, the stiffness matrix, and the matrix

representation of the discrete divergence operator. The vector gge)(t) € R™ in (12b) stems from the semi-discretization

of the compressibility condition and the boundary condition at the inflow boundary. The vector v(¥) refers to the initial
velocity satisfying (12d). We note that the data of the semi-discrete problem depend on the design variable 6 due to
the dependence of the spatial domain on 6.

The existence and uniqueness of a solution (v,p)e L*((0, T);R™) x L>((0, T); R" /(K. erBT)) of the semi-
discretized equations (12b), (12c) as well as its continuous dependence on the data of the problem is a consequence of
the following result [4] which also plays a prominent role with regard to the application of BTMR and the derivation
of upper estimates for the modeling error.

Theorem 3. Let A, M e R BeR" " m < n, be matrices with the following properties:
(1) M is symmetric positive definite.
(ii) A is positive definite (not necessarily symmetric) on KerB, i.e., there exists a constant o > 0 such that
vIAv > «||v||>, veKerB. (14)

(iii) B has full row rank m.

Consider the initial value problem

d (v(t) ) (v(t) ) <g1 (t))
E— +S = , te(0,T], (15a)
dt \ p(r) p(t) (1)

Mv(0) = v, (15b)

where E, S are as in (13) and g, € C([0, T];R"), g,, dg, /dt € C([0, T1;R™) and v\¥ e R” satisfies —BM~'v(® +
2,(0) = 0. Under the assumptions (i), (ii) and (iii), the initial value problem (15) has a unique solution
(v,p) € C([0, TT; R™) x C([O, T];Rm/(KerBT)), and there exist constants C1 > 0, Co > 0, depending on A,B,M
such that

Vllz2 < CHIVOU + Ca (Il 112 + llgallz2)

d
lIpllz2 < CilIVOI + C2 <|Ig1IIL2 + llgall2 + ”dthHLz) .

Proof. We refer to the proof of Theorem 2.1 in [4]. O

3.2. Balanced truncation model reduction

Balanced truncation model reduction (BTMR) is a model reduction technique that replaces a large-scale dynamical
system by a system of substantially lower dimension while keeping almost the same response characteristics (cf., e.g.
[8,11] and the references therein). Originally developed for systems of ordinary differential equations, it has recently
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been extended to descriptor systems [23,27,29,32]. In particular, BTMR for semidiscretized Stokes and linearized
Navier—Stokes systems has been studied in [4,23,29,32]. We consider

M%V(t) = —Av()) — BTp(t) + Ku(r), t€(0,7), (16a)
0= —Bv(r)+ Lu(r), te€(0, 1), (16b)
z(t) = Cv(t) + Fp(t) + Du(r), 1€(0,7), (16¢c)
Mv(0) = v©@, (16d)
BM~'v©® = Lu(0), (16¢)
and
—M%m) =—ATA() = BTk(t) + CTw(r), t€(0,T), (17a)
0=—BAr(t) +F'w(t), te€(0,T), (17b)
q) = K'A(@) + LTk() + DTw(r), 1€(0,T), (17¢)
MAMT) = AD, (17d)
BM~'AD) = FTw(T), (17¢)

where the matrices M € R, A € R and B € R"*" are assumed to satisfy the assumptions of Theorem 3. Moreover,
KeR"™ LeR™ CeR> FeR™" and D € R**". The system (17) is the adjoint system corresponding to (16).
We will see later that systems of the type (17) and (16) arise within the optimality system corresponding to (12).

BTMR can be applied to (17) and (16) by eliminating the variables p and k via projection. We choose v(t) =
vu(t) + vp(t), where

vp(t) = M~ 'BTBM~'B”) ' Lu(?) (18)

is a particular solution of (16b) and vy(¢) satisfies 0 = Bvy (7). If we insert v(z) = vy(¢) + vp(?), (18) into (16a—c), we
obtain

M%H(r) = —Avu(?) — BTp(@®) + Bu(r) — BT(BM—IBT)‘IL‘;—‘;@), (19a)
0 =Bvy(®), (19b)
(1) = Cvu(r) + Fp(t) + (D + CM~'B"BM~'BT) ' Lyu(), (19¢)

where B = K — AM~'B7(BM~'B”)"'L. Eq. (19a and b) imply that

p(t) = BM~'BT)”" (—BM—IAVH(z) +BM ™ 'Bu() — thu(t)) , (20)

and I vy (t) = vy(r), where IT = 1 — BT(BM’IBT)leM’1 is an oblique projector that satisfies nm?=nmn,0M=
MIT” | null(IT) = range(B”) and range(IT) = null(BM~!). Inserting (20) into (19a and c), it follows that

d .
HMHTEVH(I) = —IIAI  vy(t) + OBu(?), (21a)

z(t) = CH " vu(t) + Du(r) — F(BM"BT)_IL%u(t), (21b)

where € = C — FBM~'B7) 'BM~'A and D = D + CM~'B”BM~'B7) 'L + FBM~'B”) 'BM~'B. Setting
vO = Iv® 4+ 1 — Mv® and using (16e), we obtain the initial condition

MMvy(0) = IMIT viy(0) = IV (=: v\). (21c)
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In the same way, we transform (17). Setting A = A () + Ap(r), where Ap(t) = M~'B7(BM~'B7)”'F7w(r) and
where Ay solves

d s

—HMHTEXH(t) — AT y(r) + IC W), (22a)
_ " 1 d

q®) =B M Au(t) + D' w(t) + LT BM~'BT) 1FTd—VtVa), (22b)

MAg(T) = A D). (22¢)

The derivation of (22) from (17) is analogous to the derivation of (21) from (16) and therefore we have omitted the
details. We note that the transformed system (22) is the adjoint system of (21).
BTMR generates projection matrices V, W € R"*¥ with k < n such that

V=n'V,W=010"W, andW'MV = I.

The reduced order model for (21) is obtained by replacing vy(#) in (21) by V¥(¢) and multiplying the resulting
equation by W, This gives

%0(1) = —WTAVY(1) + W Bu(r), (23a)
2(t) = CVI(t) + Du(t) — F(BM_lBT)_lL%u(t), (23b)
¥(0) = Wi nv©. (23¢c)

Similarly, the reduced order model for (22) is obtained by replacing Ay (¢) in (22) by WA(r) and multiplying the
resulting equation by V7. This gives

d . A -
— 2 = ~VIATWA(1) + VI T w(r), (24a)
5 87 wi 57 T C1pry -l 4
a0 =B Wi +D w) + L'BM'B") " F' —w(), (24b)
L) =vimD, (24¢)
If vg(0) = Ay(T) = 0, then for any given inputs u, w we have
llz =212 < 2/l 2(0k41 + - - + 00), (25a)
llg —&ll2 < 2[IWll2(0k+1 + ... + 0On), (25b)

where o1 > ... > 0y > Ok4+1 + ...+ 0, > 0 are the so-called Hankel singular values that are computed when gener-
ating the projection matrices V, W.

Remark 4.

(i) To compute the projection matrices V, W one must compute approximations to the so-called controllability and
observability Gramians, which are solutions of associated matrix Lyapunov equations. For Stokes systems this is
described in [23,32]. We use the multishift ADI algorithm described in [23], which is itself an extension of the
algorithm in [20] to descriptor systems. The computational cost depends on the size m + n of the Stokes matrix in
13, as well as the number s of observations and the number r of inputs. Computation of approximate controllability
and observability Gramians in low rank factored form is the most expensive part. As we will discuss in Section 4,
in our application the number of finite element nodes on the interface between subdomains €21 and 2,(6) lead to
auxiliary controls and outputs and better ways to compute the projection matrices V, W for problems with larger
number numbers of controls and observations would reduce the cost of the reduced order model computation.
In our application, the one-time cost of reduced order model computation is amortized over several optimization
iterations and overall leads to significant computational savings.
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The BT reduced order model preserves stability. While the Stokes matrix S in the full order state equations is
symmetric, the matrix V' AW in the reduced order state equations (23a) is no longer symmetric. However, this
has negligable effect on the performance of the reduced order model.

(i) The error bound (25) depends on the sum of the truncated singular values ox4+1 + ...+ o,. For large scale
problems only approximations of the first n; < n singular values o1, ..., 0,, are computed. We determine the
truncation index k as the smallest integer such that oy < tol o7, see Section 4. Therefore, we cannot compute
O+1 + ...+ 0y, but can only monitor the upper bound o441 + ... + 0, + (n — n1)o,, or the more pessimistic
upper bound (n — k)ok1. If the Hankel singular values decay rapidly, as they do in our application, these upper
bounds seem sufficient.

Decay rates of Hankel singular values have been studied in [10]. The only critical parameter for our system
is the viscosity. For decreasing viscosity (increasing Reynolds number), the poles approach the imaginary axis.
However, for the microfluidic flows under consideration, the Reynolds number is close to one so that stability
does not become an issue.

(iii) The bound (25) holds when vi(0) = Ag(T) = 0. Inhomogeneous initial conditions can be handled as discussed
in [22].

(iv) We will use the bounds (25) to derive estimates between the solution of the original, full order optimization
problem and the reduced order optimization problem. Any other model reduction methods for which such a bound
is available could in principle be used as well. In particular, reduced order model based on interpolation and Krylov
subspaces, which are nicely surveyed in [9], are of interest. These aim at minimizing the so-called H» error of
the system, which is slightly different than (25). The extension of the analysis in [4] to optimal H; reduced
order models, the efficient computation of these reduced order model for Stokes type systems, and numerical
comparisons with BTMR are possible future research tasks.

3.3. Domain decomposition

We consider a decomposition of €2(6) into subdomains 21, £2,(0) such that
QO =QURG), U NWO) =2, TI:=8Q N2O), (26)

where I' stands for the interface between the subdomains. In our application, £2,(6) corresponds to the small region
between the microchannels and the reservoirs. This is the only subdomain that depends on the design variables 8. The
subdmain €2 is independent of 6. We assume that the objective functional can be split accordingly

J(O) == Ji(v, p) + J2(v(0), p(0), 0). 27)

Here, Ji(v,p) is given in terms of observation operators C : L2((O, T);V) —> Lz((O, T);(Lz(Ql)q)),
F:L2((0, T); L3(Q) — L*(0, T); (L*(21))") and a  feedthrough operator D :L*((0, T); L*(Q)) —
L2((0, T); (L3(£21))7), g € N. For a given function d € L2((0, T); (L3(£21))?), we define

T

Ji(v, p) := / |CV + Fp + Du — d|*dxdt. (28)
Q)

The discretization needs to be such that the coupled problem is solvable, i.e., the local subproblems corresponding
to the subdomains €21 and ©2,(8) as well as those corresponding to the interface are solvable. The global problem
(12b)—(12d) has a unique solution (v, p) € Lz((O, T);R") x L2((0, T);Rm/(KerBT)). Some of the local problems
associated with the subdomain 21 or €,(0) correspond to Stokes subdomain problems with Dirichlet boundary con-
ditions only. Consequently, for these subproblems the pressure is only unique up to a constant. To ensure that the
subdomain solution is the restriction of the solution of (12b)—(12d) to the subdomain, we split the subdomain pressures
into a constant and a subdomain pressure with zero spatial average. The latter is determined uniquely as the solution of
the subdomain problem, whereas the constant is determined through the coupled problems. This split is not necessary
for subdomains with an outflow condition, where the local pressure is unique. However, to simplify the presentation,
we assume that the split is made for both subdomains.

In our semidiscrete problem we have velocities vi(¢) € R"!, vy(¢) € R"™2, vp(f) € R"" associated with @1, £2,(6),
and I'(0), respectively. We set v(r) = (v(¢), va(?), vr(1))T. The pressures associated with 1, Q2(0) are p;(r) e R™!,
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p,(t) e R™2. Additionally, we have constants po, (), po2(t) e R. We set py(t) = (po,1(1), po,z(t))T and p(r) =
(p1 (1), po(1), po(t))T. Finally, we define the state variables

X(t) := (V1, Py» V2. P2, V1 o), 1€[0, T1.

With this discretization and partitioning of variables, the matrices A(6) and B(0) can be partitioned as follows

A 0 Ar By 0 Bir
A®)=| 0 An®) Aw® |. BO=| 0 Bn® Bi®)
AT AL Arr®) 0 0  By®)

Likewise, the matrices K(6), L(6) and the lumped mass matrix M(¢) admit the decompositions

K@) = (K1, K2(0), Kr(©)", L(®) = (L1, L2(6), Lo(®)",
M() = blockdiag(M;, M»(6), Mr(6)).

We set
E, 0 0 Si 0 Sir
E@)=| 0 Ex©0) 0 SO =1 0 S0 Sor (@) |,
0 0 Er® Sir Sir® Sr®)

where the submatrices are partitioned accordingly, and
N(©) = (K1 |Li [K2(0)|Lo(0)[Kr () [Lo(6))".

We further denote by C; € R7*™ F; € R?*™ Dy e R?*", d(t) e R?,t € (0, T), the matrices and the vector and by
£(v2, V1, Py, Po. 1, 6) the functional resulting from the semi-discretization of the inner integrals in J,. We set

J(O) == J1(v1, P, Po) + J2(v2(6), vr(0), p2(6), Po(6). 6), (29)

where J; and J, are given by

T
1
J1(Vi,P1, Po) = §/|C1V1(t) + Fip; () + Fopo(r) + Dru(r) — d(o)|dr,
0

T
J2(V2’ vr, p27 p()s 9) = /e(VZy vr, p2’ p()v ty Q)dt
0

The semi-discretized, domain decomposed shape optimization problem can be formulated according to

géig J(©9) (30a)
where X = (v{, py, v2(0), p2(6), vr(0), p0(9))T solves

PO)x(t) := E(@)%x(r) + SO)x(t) = N(Ou(x) re(0,T], (30b)

M(©O)v(0) = vV (). (30c)

Introducing Lagrange multipliers A(f) € R, k(t) e R™, t € [0, T'], that are partitioned accordingly, and setting
() = A1), 1), Aa(2), Ke2(1), Ar (1), o),

the Lagrangian associated with (30a)—(30c) is given by
T

Lx, p,0):=J(v,p,60)+ /;L(I)T(P(B)x(t) — N@O@)u())dt, (€20
0
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and the optimality conditions read

VX‘C(X’ ”’7 9) = 07 V[L‘C(Xs ”’7 9) = O,
~ _ (32)
Vol(x, 1, )@ —0)>0 VoeoO.

Due to the special structure of A(6), etc., introduced by the domain decomposition, the optimality conditions (32)
can be split into a coupled system of optimality conditions associated with the subdomains 21, £22(6), and the interface
I'(6). The optimality subsystem associated with the fixed subdomain €2 is exactly of the form (16), (17), were parts
of the inputs Ku, C”w and parts of the outputs z, q correspond to the interface conditions between €21 and I'(6). The
idea is to apply BTMR described in Section 3.2 to this optimality subsystem and to keep the full order model for
the subproblems associated with €2>(8) and I'(6). This leads to a reduced order optimality system that has exactly the
same structure as (32), but is of much smaller size. In particular, the reduced order optimality system is the optimality
system of an optimization problem of the form (30), but where the large submatrices Ay, etc., and variables v, which
correspond to the fixed subdomain are replaced by small matrices Al 1, etc., and variables V.

Denoting by #* and #* the optimal designs obtained for the full and the reduced order model, respectively, under the
assumptions that J is strictly convex, J; does not depend explicitly on the pressure p, and some further assumptions
on the integrand ¢, it can be shown that

[16* — 0*|| < C(oks1 + -+ +0n), (33)

where o1 > ... > o > ok4+1 + ...+ 0, > 0 are the Hankel singular values provided by BTMR for the €2 optimality
subsystem. We refer to [4] for details.

4. Numerical results

In actual numerical simulations of acoustic streaming, we consider (2a)—(2e) in dimensionless form according to

VI dvy VI? _ 3 _
TI — 7L3 (UIAVI + \JQV(V . Vl)) + Vpl = O an X (01 Tl]v (343.)
L3 dpi

— +V.vi=0 inQ x(0,Tq], 34b
Frg tY =0 Q.7 (34b)
VT du
TVI = T onl'p x (0, T1], omm=0 only x (0, T1], (34c¢)
vib00=0 , pi(,0) =0in<2, (344)

where the parameters and their meanings are shown in Table 1. Similarly, the dimensionless form of (7a)—(7e) is as
follows:

VI dv, VI? _ _ _
——— — — (M AV + 1 V(V-)+ Vpy = {f,) inQ xRy, (35a)
L dt L3
Table 1
Numerical and physical parameters for the numerical simulation of acoustic streaming.
Parameter Value and units Description
14 1.0 x 107" m/s Dimensionless velocity scale
L 1.0x 107" m Dimensionless length scale
T 1.0 x 10785 Dimensionless time scale
f 1.0 x 108 Hz Frequency of the SAW device
co 1.484 x 10% m/s Small signal sound speed in water
P 1.0 x 103 kg/m? Density of liquid
uo 1.0 x 10°m Maximal SAW displacement
Cy 8.06 x 103 1/m Damping parameter of the LSAW
vy 1.002 x 1076 m?/s Kinematic viscosity of water

¥y 1.002 x 10~%m?/s Kinematic bulk viscosity of water
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Fig. 2. Left: pressure at 1 = 1.25 us. Right: velocity field v, in m/s.

Vv, =(fp) inQ xRy, (35b)
vo ={((Vvpu) onl'p xRy, on=0 onl'y x Ry, (35¢)
V(.0)=0. p(.0=0 inQ, (35d)
where
V212 L?
f, :=— 2 Vovpvi +(Vvpvy,  fpi= —TTC%V -(p1v1).

We note that (f,) represents the time averaged sound velocity in the fluid which is commonly referred to as the effective
force.

4.1. Fluid filled cavity

In this subsection we model parts of a microfluidic biochip with a square domain which acts as a fluid filled cavity.
The main purpose of this subsection is to validate our implementation using the numerical Example 6.1.1 from [25]
as a benchmark. We consider a fluid-filled square cavity 2 = [0, lmrn]2 with SAW displacements u = (u1, uz)T
prescribed at the bottom by

ui(t, x1) = 0.6 exp(—Cyx1) sinu(—kxy + f1)),
us(t, x2) = —eexp(—Caxy) cosu(—kxi + f1)).

with parameters € = ug/L, Cq = C4L, k= L/x, f= JT, where A = 24um is the SAW wavelength (cf. Table 1).
The velocity vy is set to zero on the other three boundaries. The SAW propagates from left to right with exponential
attenuation. The fluid is assumed to be initially at rest, i.e., vi = 0, p; = 0. We use P2-P1 Taylor-Hood finite elements
for discretization in space and the Crank—Nicolson scheme for discretization in time.

We iterate until a periodicity condition for the pressure is fulfilled at some time ¢.,4: we first compute pressures
for k time steps. Then, we choose an offset number of time steps m = j—fl where w = 2xf and 71 = 0.1 denote the
angular frequency and the time step size. We vary n from m to k and stop as soon the periodicity condition

n

1 O (i-m)
m > n - p

i=n—m

NP2 < e
L2

is satisfied. Otherwise, we go back and increase k. We assume that the iteration stops for some n = N which implies
tend = T1N.

Fig. 2 displays the computed pressure at r = 1.25us (left) and the associated velocity field v, (right). Both coincide
well with experimental measurements reported in [25].
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10°
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10-15 2 11334 1716 26
e, . 3 32818 4617 31

1020 - 4 132506 17607 35

1075
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Hankel singular values

Fig. 3. Left: the largest Hankel singular values and the threshold 10~'%o7 for the fine grid problem. Right: the degrees of freedom Ny, N p for the
velocity and the pressure in the full order model and the degrees of freedom Ny for velocity in the reduced order model for four different grids.

4.2. BTMR of a microfluidic biochip

A simplified biochip geometry as used for measurements in [14] consists of a rectangular channel occupying the
domain € := (0, 10) x (0, 1) U (0, 10) U (9, 10) U (0, 1) x (0, 10) U (9, 10) x (0, 10) (in mm?). The IDT is placed at
x1 = 0 aligned with the top wall of the biochip. Since the width of the IDT is 6 mm, we set I';, = {0} x (9.4, 10). The
function u describing the SAW excitation on I';, is chosen according to

ui(t, x1) = 0.6esinu(—kxy + f1)),
us(t, x1) = —e cosm(—kx1 + f1)),

where the constants are the same as in Subsection 4.1. We further choose I',,; = {10} x (0, 1)mm2 which ensures the
uniqueness of the pressure for the acoustic streaming subproblem. On I';,; = 92 \ (I';, U T'yyy), the velocity is set to
be zero. The geometry and the IDT specifications are exactly the same as in the experimental measurements performed
in [14].

As afirst task, we solve the acoustic subproblem (34). We iterate from # = 0 to t,,¢q = 1.0us with time step r; = 0.1.
The computed pressure at z.,4 is in excellent agreement with the measurements in [14]. The solution (vq, p1) is used
to generate the right-hand side and the boundary data for the acoustic streaming subsystem (35) which is solved from
t=0toty =0.1ms.

The second task is to apply BTMR to the subsystem (35) observing the vorticity output in some part of the domain.
More specifically consider that the output is the mean of the integral of the curl of the velocity

o(t) = / V x vadx, Qops = (1.5,2.5) x (9, 10)mm> (36)
Qobs

in some part Qs of the domain. The semidiscretization of this problem described in Section 3.1 leads to a system
(16), where the inputs u in (16a) correspond to the inputs u in (35¢) and the outputs z in (16¢c) correspond to (36).
This is a simulation problem and BTMR as described in [23] can be applied directly. No domain decomposition or
optimization is involved yet. The purpose of this numerical example is to explore the potential of BTMR for the shape
optimization problem.

We apply BTMR to semidiscretizations of (35) on several grids, where 1 refers to the coarsest grid and 4 refers to
the finest grid. Fig. 3 shows the largest Hankel singular values for problem on the finest grid. We note that the computed
velocity obtained from the full order model on the finest mesh is of the order 10~* m/s which is the same as obtained
in the experimental results in [14]. For BTMR, we truncate the Hankel singular values by selecting the smallest index
k for which o341 < 107 207. The threshold 10207 is indicated by the solid line in Fig. 3 (left). The truncation level
10724 is small compared to what one usually sees in the literature for BTMR. This truncation level is motivated by
the shape optimization problem discussed in the next subsection and by the scaling of the problem. In this section a
coarser level could have been used, but we chose 10’1201 to be comparable with the results in the next subsection.

The table on the right in Fig. 3 shows the numbers Ny and N, of velocity and pressure degrees of freedom (dof) for
the full order models generated with the four different grids. The same table also shows the velocity degrees of freedom
Ny in the reduced order model (23). In particular, we see that BTMR is very effective and dramatically reduced the
size of the system.
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Fig. 4. Time response for the full (circles) and for the reduced order model (solid line).

To illustrate the BTMR error bound (25a) we show the time domain response of the output z for the full order model
and Z for the reduced order model in Fig. 4. As predicted by the theory, the reduced order model approximates the full
order model very accurately.

4.3. DDBTMR applied to shape optimization of capillary barriers

We consider fluid flow described by subsystem (35) in a network of microchannels and reservoirs on top of a
microfluidic biochip with capillary barriers between the channels and the reservoirs that are designed to guarantee a
precise filling of the reservoirs with the DNA or protein probes. The objective is twofold: firstly, we want to design the
capillary barriers in such a way that a desired velocity profile v¢ is attained, and secondly, we want to minimize the
vorticity V x v in some specific part of the network.

The computational domain © C R? is displayed in Fig. 5. It is decomposed into subdomains Q] =  \ 5, and
Q> = (1.5,2.5) x (9, 10)mm?. The boundary 32 is split into T, = {0} x (9.4, 10), Ty = {10} x (0, )mm?, and
Cigr = 02\ (Tip U Tpyr). We assume that an IDT of width 6mm is placed at I';;, and that the input velocity profile
(11, uz) is the same as in Subsection 4.2. The forces (fy, f,) in © x (0, T') are computed by solving the acoustic
subproblem (34) for 0 = #tp <t < t,q = 1 s with step size 71 = 0.1 and is equal to the right hand side in (35a-b). We
further choose a constant velocity profile v;,(x1, x2) on I';;, x (0, T) as given by (35¢), outflow boundary conditions
on 'y, x (0, T), and no-slip conditions on I'y;; x (0, T'). The objective is to design the shape of the top I'2,7 and
the bottom I'; p of 9€2; in such a way that a prescribed velocity profile v¢ is achieved in € x (0, T) and that the

x107° x107%

0 £ 0

- s,
“\f./ "'-,&‘ 3 i
0 0.005 0.01 0 0.005 0.01

Fig. 5. The reference domain Qer (left, in (m)) and the optimal domain (right, in (m)).
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vorticity is minimized in Qqpg (two bulb shaped structures associated with the lower reservoir in Fig. 5). The subdomain
€2, is parameterized by representing the top and bottom boundary by Bézier curves with dr and dp control points,
respectively. This leads to a parametrization £25(6) of 2, with parameters § € R 13, We use dy = dp = 6.

The shape optimization problem amounts to the minimization of

tend tend
J(O) = / / |V x v(x, )|*dxdt + / / Iv(x, 1) — v¢(x, 1) >dxdt, (37)
/i | J®

subject to subsystem (35) and design parameter constraints
emin < f < gmax

where 7,,5 = 0.1 ms. The bounds ", §"%* on the design parameters are chosen such that the design constraints are
never active in this example. The optimal domain €2(6*) is shown in Fig. 5.

We consider a geometrically conforming simplicial triangulation 75,(€2) of 2 that aligns with the decomposition
into the subdomains 2] and €2, as well as the respective boundaries. The semidiscretization in space is performed

as described in Subsections 3.1 and 3.3. Let Ny), ‘(,2), N{ be the number of velocity degrees of freedom in the

subdomains Q; \ T, Q2 \ I" and in T, respectively, and set Ny = o @4 NT. Similarly, let Nl(,l), nyz) be the
number of pressure degrees of freedom in the subdomains i, Q; and let N, = N;,l) + N;z) be the total number of
pressure degrees of freedom.

We solve the semi-discretized optimization problems are solved using a projected BEFGS method with Armijo line
search [24]. The optimization algorithm is terminated when the norm of the projected gradient is less thane = 2 x 1078,
We use automatic differentiation [18,30] to compute the derivatives with respect to the design variables 6.

As before, the BTMR of the optimality subsystem is computed using the approach described in [23]. For BTMR, we
truncate the Hankel singular values by selecting the smallest index k for which o} < 10~!251. We apply DDBTMR
to semidiscretizations generated using four grids. Fig. 6 shows the largest Hankel singular values computed for the
fine grid problem. The threshold 10?07 is indicated by the solid line in Fig. 6 (left). The table in Fig. 6 shows the
sizes N&l), Ny of the full order models on the four grids as well as the sizes Nél), Ny of the reduced order models in
subdomain €21 and in 2. Note that we apply BTMR only on subdomain €2;. For the fine grid, BTMR reduced the size of

the €21 subproblem from 51) = 48324 to Nél) = 766. The velocity degrees of freedom in €2, U I" are not reduced. On

the fine grid these are 52) + N{ = 914. Therefore, the reduced order problem has Ny = 914 4 766 = 1680 degrees
of freedom.

We notice that the reduction by BTMR is not as large as the one reported for the simulation problem in the
previous subsection. There are two reasons for this. One reason is that in the simulation problem reported in the
previous subsection we had only one observation. Now the observations are determined by the semidiscretization of
V X v(x, t), x € Qops. See (37). Thus the number m of observations is determined by the degrees of freedom in Qqps.
The second reason is that the subsystem corresponding to €21 involves auxiliary inputs and outputs that are determined
by the interface conditions between subdomains 1 and 2. Thus, the number of inputs and outputs for the subsystem
corresponding to €21 is larger than they were in the example problem discussed in the previous subsection. Therefore,

10°

10°°

100 grid m NP ONY N, N
T 167 7482 351 7640 500

1015 2 105 11442 370 11668 596
3 201 16504 451 16830 777

107 4 802 48324 766 49238 1680

-25

0 200 400 600 800 10001200 1400
Hankel singular values

Fig. 6. Left: the largest Hankel singular values computed for the fine grid problem and the threshold 102 Right: the number of m of observations,
the numbers Nf,l), Ny of velocity degrees of freedom in subdomain 2 and in €2, respectively, for the full order model, and the number Nél), Ny of
velocity degrees of freedom in subdomain €2 and in €2, respectively, for the reduced order model.
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Table 2

Optimal shape parameters 6* and 6* computed by minimizing the full and the reduced order model.

o* (9.8833,9.7467, 9.7572, 9.8671, 9.1336, 9.2015, 9.1971, 9.1310) x 103
o* (9.8694, 9.7374, 9.7525, 9.8628, 9.1498, 9.2044, 9.1895, 9.1204)x 1073

the reduction achieved by BTMR on the €21 subsystem is less. Of course, since the £2,(6) subsystem is not reduced,
this problem size will also determine the size of the coupled reduced order problem, indicated by Nj.

The constant C in the estimate (33) for the error between the optimal design parameters computed by the full
and the reduced order problems, respectively, depends on quantities like « in Theorem 3(ii), derivatives of A(8) with
respect to 6, etc., which in turn depend on the application data given in Table 1. Numerical experiments indicate that
for the current scaling of the problem, the constant C in the estimate (33) is large. Therefore, we require a rather small
truncation level of o} 1 < 1071?07 for the Hankel singular values.

The optimal shape parameters 6* and §* computed by minimizing the full and the reduced order model, respectively,
are shown in Table 2. For the finest grid, the error between the full and the reduced order model solutions is ||6* — o*|| =
3.9165 - 1075.

5. Conclusion

We have applied model reduction to the simulation and shape optimization of a microfluidic biochip. After application
of a homogenization approach for a proper separation of the time scales, the fluid in the biochip is modeled by the
compressible Stokes equations. The shape variation of parts of the biochip introduces a nonlinearity into the problem,
which is spatially localized. To obtain a reduced order model of the problem with the property that the error between
the solution of the original shape optimization problem and the shape optimization problem governed by the reduced
order equations can be controlled and made small, we integrate domain decomposition and balanced truncation model
reduction. Domain decomposition is used to separate the nonlinear subsystem from the linear one, and to state the
interface conditions between the two. Balanced truncation model reduction is used to reduce the linear subsystem.
We use BTMR because it provides an error estimate for the linear subproblem. We extend this error estimate to
obtain the desired error estimate for the solution of the shape optimization problem obtained with the reduced order
model.

Numerical experiments show the validity of our approach. In particular, the one-time cost of reduced order model
computation is amortized over several optimization iterations and model reduction overall leads to significant compu-
tational savings, while delivering a solution to the shape optimization problem with guaranteed error bounds.

There are several directions for future research. The computational cost of our model reduction approach depends
on the number s of observations and the number r of inputs. In our application the number of finite element nodes on
the interface between subdomains €2 and €2,(#) lead to auxiliary controls and outputs. Faster approaches to compute
the projection matrices for problems with larger number numbers of controls and observations would reduce the cost
of the reduced order model computation.

In principle other model reduction methods than balanced truncation can be used. Reduced order models based on
interpolation and Krylov subspaces are interesting candidates. These aim at minimizing the so-called H; error of the
system, which is slightly different than the error bound given by balanced truncation (see [9,19]). The extension of the
analysis in [4] to optimal H> reduced order models, the efficient computation of these reduced order model for Stokes
type systems, and numerical comparisons with BTMR are possible future research tasks.
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