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UNIFORM CONVERGENCE OF LOCAL MULTIGRID METHODS
FOR THE TIME-HARMONIC MAXWELL EQUATION *

HuaNGxXIN CHEN!, RoNaLD H.W. HoprPE*? AND XUEJUN XU*

Abstract. For the efficient numerical solution of indefinite linear systems arising from curl conform-
ing edge element approximations of the time-harmonic Maxwell equation, we consider local multigrid
methods (LMM) on adaptively refined meshes. The edge element discretization is done by the low-
est order edge elements of Nédélec’s first family. The LMM features local hybrid Hiptmair smoothers
of Jacobi and Gauss—Seidel type which are performed only on basis functions associated with newly
created edges/nodal points or those edges/nodal points where the support of the corresponding basis
function has changed during the refinement process. The adaptive mesh refinement is based on Dorfler
marking for residual-type a posteriori error estimators and the newest vertex bisection strategy. Using
the abstract Schwarz theory of multilevel iterative schemes, quasi-optimal convergence of the LMM is
shown, i.e., the convergence rates are independent of mesh sizes and mesh levels provided the coarsest
mesh is chosen sufficiently fine. The theoretical findings are illustrated by the results of some numerical
examples.
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1. INTRODUCTION

In this paper, we develop, analyze, and implement local multigrid methods for indefinite algebraic systems
arising from adaptive curl-conforming edge element approximations of the time-harmonic Maxwell equation. In
particular, we consider a lossless medium occupying a bounded Lipschitz polyhedron 2 C R? with a perfectly
conducting boundary 9f2. Given a solenoidal current density f, the problem is to compute a time-harmonic
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electric field w in 2 with wave number £ > 0 such that

curlcurlu — k?u = f in {2, (1.1a)
uxn=20 on 042, (1.1b)

where n stands for the unit outward normal on 9f2. The choice of the boundary condition (1.1b) is made for
ease of presentation only. Under the assumption that 2 is not a Maxwell eigenvalue, i.e., x2 is not an eigenvalue
of the curl-curl operator, it is well-known that (1.1a), (1.1b) has a unique solution (¢f. e.g., [27], [29], Chap. 4).

Curl-conforming edge elements, originally known as Whitney forms [36] and designed to study the multiplicity
of zero as an eigenvalue of the Hodge Laplacian, have been introduced to the numerical analysis community by
Nédélec [30,31] and since then have become a standard tool in computational electromagnetism (cf. [8,21,29]
and the references therein). An intrinsic difficulty in the numerical solution of edge element discretized PDEs
involving the curl-curl operator is the non-trivial kernel of the discrete curl operator which is given by the
gradients of the standard nodal basis functions. Within the multigrid iterative solution, this has been taken
care of by hybrid smoothers, namely the Hiptmair smoother [20] and the Arnold-Falk—Winther smoother [3]
which have been originally designed for H (curl; 2)-elliptic problems. Adaptive edge finite element methods
(AEFEM) on the basis of residual-type a posteriori error estimators have been developed first in [6,7, 28] and
further studied in [12,15,25,41]. Quasi-optimal convergence of AEFEM for the time-harmonic Maxwell equations
has been established recently in [42].

In this paper, we are interested in local multigrid methods (LMM) on adaptively refined meshes obtained
from the application of AEFEM to the time-harmonic Maxwell equation (1.1a),(1.1b) and to prove uniform
convergence of the LMM which together with [42] results in an overall quasi-optimal algorithm. LMM on
adaptively refined meshes feature hybrid smoothing only on new edges/nodes and those old edges/nodes where
the support of the associated edge/nodal basis function has changed. This strategy makes the computational
cost on each level of the LMM proportional to the number of elements appearing in the local refinement. The
idea can be traced back to multilevel adaptive techniques (MLAT) studied in [4,10,32] and multigrid methods for
locally refined finite element meshes [1,2,16,33]. However, these locally refined meshes obey restrictive conditions
which are not satisfied by the newest vertex bisection algorithm (cf. [37,38] and the references therein) which
will be used for adaptivity in this paper. The uniform convergence theory of LMM for 2D and 3D H!(2)-
elliptic problems has been studied in [24,37,39,40]. The hierarchy of meshes used in the LMM can be obtained
either by successive adaptive refinement of an initial coarse mesh or by successive coarsening of a fine mesh.
Recently, Hiptmair et al. [23,24], and Xu et al. [38] have developed LMM based on a different strategy for the
construction of hierarchies of meshes and have succeeded to establish uniform convergence in case of H (curl; (2)-
elliptic problems. We emphasize that in our algorithms we do not reconstruct a virtual refinement hierarchy
of meshes, but use the hierarchy generated by the AEFEM. For time-harmonic Maxwell problems, LMM with
hybrid smoothers have been studied numerically in [6, 14,26, 34]. The computational results in these papers
indicate efficiency and robustness of the approach. But so far, there does not exist any theoretical investigation
in the literature. In this paper, using the methodology developed in [13,19], we present a convergence analysis
which is based on a perturbation of the estimates for H (curl; §2)-elliptic problems. In our analysis, we apply the
techniques from [18,19] and show that LMM with additive local Hiptmair-Jacobi smoothers or multiplicative
local Hiptmair—Gauss—Seidel smoothers converge uniformly provided that the coarsest grid is chosen sufficiently
fine, a condition that seems to be unavoidable in the current numerical solution of time-harmonic Maxwell
equations. The main difficulties in the convergence analysis are:

— how to apply the perturbation analysis and a H (curl; £2)-elliptic stable multilevel decomposition of the edge
element space to obtain the estimate (A1) in Section 3;

— how to apply a global strengthened Cauchy—Schwarz inequality with respect to this decomposition to get the
estimate (A3);

— how to get a global spectral estimate.
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The remainder of this paper is organized as follows. In Section 2, we introduce the weak formulation and the
edge finite element approximation of (1.1a), (1.1b), and address the LMM featuring additive and multiplicative
local Hiptmair smoothers. The convergence theory of the LMM is developed in Section 3 within the abstract
framework of the Schwarz theory of multilevel iterative schemes, whereas Section 4 is devoted to the verification
of the assumptions required by the abstract theory for the local Hiptmair smoothers. In the final Section 5, we
present the results of some numerical experiments illustrating the performance of the LMM and exemplifying
our theoretical results.

2. EDGE ELEMENT APPROXIMATION AND LOCAL MULTIGRID METHODS

Throughout this paper, we adopt standard notation from Lebesgue and Sobolev space theory (cf., e.g., [35]).
In particular, we refer to L?(£2) and H™(2),m € N, as the Hilbert space of Lebesgue integrable functions in
2 and the Sobolev space of L?-functions with L2-integrable weak derivatives up to order m. For non-integer
value s € R, the Sobolev space H*(f2) is defined by interpolation. Likewise, L*(£2) and H*(£2) stand for the
corresponding Hilbert spaces of vector-valued functions. In both cases, the inner products and associated norms
will be denoted by (,-)s. and || - ||s., respectively. For brevity, let (-,-) denote the L? inner product. For a
function v € H*({2), we denote by v|sgn the trace of v on 92 and define H§(£2) := {v € H*(2) | v|an = 0}.
Moreover, we denote by H (curl; 2) := {v € L*(2) | curl v € L*(2)} and H(div; 2) := {v € L*(2) | divw €
L2(£2)} the Hilbert spaces of vector-valued functions with the inner products (-, *)curt,2, (-, *)div, 2 and associated
norms ||+ |lcurt, 2, || || div, 2. We further refer to Ho(curl; 2) := {v € H(curl; 2) | (vxn)|sn = 0} as the subspace
of vector fields with vanishing tangential trace on 92 and to H(div’; 2) := {v € H(div; 2)|div v = 0} as the
subspace of solenoidal vector fields.

For a given f € H(div"; 2), the weak formulation of (1.1a) and (1.1b) is to find w € Hg(curl; £2) such that

a(u,v) = (f,v), v € Hy(curl; £2), (2.1)
where the bilinear form a : H(curl; 2) x Hy(curl; £2) — R is given by
a(u,v) = (curlu, curlv) — x%(u,v), u,v € Hy(curl; 2).

We further introduce a symmetric positive definite form a(-,-) according to

a(u,v) == (¥, v)ew 0, u,v € Hy(curl; 2).
For any subdomain D C {2, we define the associated energy norm by || - H¢2‘1,D :=a(-,")|p. We omit the subscript
D when D = (2.
Let {7;,1 =0,1,..., L} be a shape regular family of nested geometrically conforming simplicial triangulations

of the computational domain {2 obtained by successive refinement of a sufficiently fine initial coarse mesh 7 using
newest vertex bisection. The initial mesh size is scaled such that hg < 1. We define &; as the set of interior edges
on 7; and N as the set of interior nodes of 7;. We further refer to Qf as the union of elements in 7; containing
p € N; and to QlE as the union of elements in 7; containing £ € &. 7;(£2F) C 7; and ’ZE((ZZE) C 7; denote the
sets of elements contained in 27 and 2F | respectively. The quantities hy p, by g stand for the diameters of the
subdomains 27, QlE , and for any tetrahedron T € 7;, hy refers to the diameter of T. Moreover, G(T) is the
number of bisections needed to generate T' from an element in 7. It is reasonable to assume [5]

L
Cab™ < hp <C0™, m=G(T), VT e|]T, (2.2)
=0

where 0 < 0 < 1, and Cy,C,, are positive constants that only depend on 7y and the shape regularity of the
meshes. Throughout this paper, #5 denotes the cardinality of a set S, and C, with or without subscript, denotes
a generic positive constant. This constant, depending on the wave number x and the shape regularity of the
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FIGURE 1. The left figure is a tetrahedron in 7;_; to be refined. The right figure shows that
the tetrahedron is bisected into two tetrahedra in 7;. The big vertices in the right figure are
the local smoothing vertices contained in ./\71, and the boldfaced edges are the local smoothing
edges contained in &.

meshes, can take on different values in different occurrences but will always be independent of mesh sizes and
mesh levels.

For I =0,...,L, let U; denote the curl-conforming edge element space generated by the lowest order edge
elements of Nédélec’s first family [30] with respect to the mesh 7;. Since the meshes are nested, we have a
sequence of nested edge element spaces Uy C Uy C --- C Uyp. The finite element approximation of (2.1) is to
find u; € U; such that

a(uy,v;) = (f,v), v, €U, (2.3)
Under the assumption that maxreq hr is sufficiently small, existence and uniqueness of the solution w; are
well-known [21,29]. In particular, the projector

a(Pv,w)=a(v,w), veUy,welU;, 0<I<L,

is well defined. We further denote by @ : Lz(Q) — U, the L2-projector onto U;. By a similar technique as
in [18], Lemma 4.3, the imbedding results in [29], Theorem 3.50 and Corollary 3.51, and the estimate in [29],
Lemma 7.6, for discrete divergence-free vector fields we have the following estimate:

Lemma 2.1. Let {2 be a bounded Lipschitz polyhedral domain. If the initial mesh size hg is sufficiently small,
there exists a constant s € (1/2,1], depending only on the domain §2, such that for any v € U and wgy € Uy
there holds

(v — Pyv.wo) < Chi [ — Pov]l, [[woll, - (2.0

For 0 <1 < L, we define the level [ operator A; : U; — U; according to
(Ajv,w) = a(v,w), v,we U,

and refer to f, € U; as the L2-projection of f onto U;. The level [ edge element approximation of (2.1) reads
as follows: Find u; € U; such that

A = f. (2.5)

We now consider local Hiptmair smoothers which smooth with respect to both edge basis functions and the
gradients of nodal basis functions. The local smoothers are generalized Jacobi or Gauss—Seidel iterations with
respect to appropriate subspace decompositions (cf. [23,24]). For 1 < | < L, denoting by by’ the edge basis
function associated with E € & and by ¢ the nodal basis function with supporting point p € N;, we define
the set of edges & and the set of vertices N (see Fig. 1) on which the local smoothers are performed as follows:

& = {E €& :Ec&\& 1 orE e & butsupp(bf’) # supp(bﬁ_l)} ,
Ni={peN :peN \Ni_1orpeN_1but supp() # supp(o! )} .
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In fact, & (N}) is the set of new edges (vertices) and those local edges (vertices) where the support of the basis
function has changed.
For the edge element space U, we consider the following subspace decomposition (cf. [23,24]):

L
U,=Up+ Z ( Z Span{V?P} + Z Span{bF}), (2.6)
=1 peﬂfz EEE[

which follows from the discrete Helmholtz decomposition of the edge element space and the corresponding
subspace decompositions (cf. [22]). For ease of notation, for 1 <[ < L we write

Nl Ml
U Span{Vy;} = U Span{V¢?} and U Span{b}} = U Span{b/’},
i=1 pEN, i=1 EcE,

where N; = #./\7[ and M; = #gl. We define the local subspace Uf according to

Uf _ {Span{Vgpf}, 1=1,..., Ny,

- Span{b{}, =N +j, 7=1,..., M.

Let 2} be the support of the basis function spanning Uf and h;; = diam(£2}). Then, for any w € Uf, 1=
N+ 1,...,N; + M, there holds (¢f. [19], Lem. 3.1)

Hw||079 < C’hlyi||curlw||07g. (27)
We further introduce the local projector Pf U — Uf according to
a(Pp,¥;) = a(v,y)), wveUr 9 €U (2:8)

Fori= N;+1,..., N, + M, (2.7) and (2.8) imply that P} is well defined for sufficiently small h;; and satisfies
(cf- [19], Prop. 3.1)

|P{llao < Cllvlag. —veUs. (2.9)

In particular, for i = 1,...,N; we have ||Pjv||3 = (v, Pjv) and hence, (2.9) also holds true. Moreover, for
sufficiently small h;; the following estimate is valid (cf. [19], Lem. 4.4):

(v — Pjv,w}) < Chy|lv — vaO’Q; curlwao’Q;-, veUrp, wicU,. (2.10)

Obviously, (2.10) follows from (2.7) and the Cauchy—Schwarz inequality, if i = N;+1,..., N; + M;, whereas for
i=1,...,N; both sides of (2.10) are zero.
We define A} : Uj — U, by
(A, ¢)) = a(v.yp), ¥,veUj,
and refer to Q} : U — U; as the local L? projector. Clearly, (2.8) and (2.9) also imply the invertibility of A}.

We note that A;, P;, 121; and 15; can be defined analogously by using a(-,-) instead of a(-,-). For notational
ease we set U := U)o,

Let Ri] : U; — U, be the local Hiptmair—Jacobi smoother which performs Jacobi relaxations on the edges
in gl and at the vertices in ./\71, and let RlG : U; — Uj be the local Hiptmair—Gauss—Seidel smoother which
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performs Gauss—Seidel relaxations on the edges in gl and at the vertices in /\7;, 1 <1 < L. Moreover, we set
R] = RS = A, on the initial mesh 7y. Then R; defines an additive smoother (cf. [9])

Ni+M; ) ]
R/ =y > (A)'Q], 1<I<I, (2.11)

i=1
with a scaling factor v > 0, whereas RlG defines a multiplicative smoother
RY = (I-&)AY, & =I—-P)M™My...(1-P}), 1<I<IL, (2.12)
where I stands for the identity operator.

Remark 2.2. In case of nonsymmetric and indefinite linear second order elliptic boundary value problems, the
associated bilinear forms become coercive on a subdomain for sufficiently small subdomain size and hence, the
local symmetric and definite smoothers work well for LMM (c¢f. [13]). However, for the time-harmonic Maxwell
problem the associated bilinear form is never positive on a subdomain. Therefore, in contrast to the algorithms
presented in [14] where definite smoothers are used, we consider local smoothers based on the original indefinite
problem (cf. also Rem. 3.2 in [18]).

With R} and R at hand, the LMM for the AEFEM approximation of (1.1a)-(1.1b) reads as follows:
Algorithm 2.3. Local Multigrid Methods (LMM).

Given an initial iterate u? € Uy, a sequence of approximations of the solution of (2.5) can be generated according
to
up ™t =l + By(f, — Au).
Here, for any g € U; the multigrid operator B; : U; — U;: | > 0 is recursively defined by means of:
By = Aal and B;g = x2, where
(i) Correction: 1 = B;_1Q;_19;
(ii) Post-smoothing: xs = 1 + Ri(g — Ajx1),

and the smoother can be either a local Hiptmair—Jacobi smoother R; = R;’ or a local Hiptmair—-Gauss—Seidel
smoother R; = RZG.

We point out that the local multigrid operator B; can be treated as a preconditioner for GMRES applied
to (2.5) as it will be used in the numerical computations in Section 5.

3. THE ABSTRACT SCHWARZ THEORY

In this section, we present an abstract framework for the convergence theory of LMM. The abstract theory
depends on two important properties of the space decomposition of U, which have been established in [24]
(see also [23]) for H (curl; 2)-elliptic problems, i.e., a stable multilevel decomposition of U, and an associated
global strengthened Cauchy—Schwarz inequality. We simply state the two properties as follows:

(S1) Stability of multilevel decomposition. For any function v € U, there exists a decomposition

L N;+M;
v:vo—i—z Z vy, vo € Uy, v; € Uy, (3.1)
=1 =1

and a positive constant Ciiap, independent of mesh sizes and mesh levels, such that

L N;+M,;

2+ > il < Coran l0ll3 (3.2)
=1 =1

[[vo
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(S2) Global strengthened Cauchy—Schwarz inequality. For any functions
viwleUl, 1<i<N+M,0<I<L,

there exists a positive constant Co,p, independent of mesh sizes and mesh levels, such that

B 3 3 WPTERTIRE b ol i )(ZNEfM il ) 53)

Set T) = RijA/P;, 1 =0,1,...,L,and T = Zleo T;. The abstract theory provides an estimate for the error
operator

=

E=I-Ty) - (I-T\)I-To) =][I-T,

0
which can be deduced from the following statements:

(A1) There exist constants Cy and C; such that
a(v,v) < Coa(Tv,v) + C1hi*a(v,v), veUry.

(A2) Global spectral estimate. There exist constants w € (0,2) and Cz > 0 such that for any v € Uy,
L L
Z a(T\E,_1v,T\E;_1v) <w a(T\E;_1v,E;_q1v) + C’Qh%sd(v, v),
1=0 1=0
where E; = (I —T))---(I —Ty) and E_; = I.
(A3) There exist positive constants Cs, C4 and Cs such that for any v € U,

L 1-1 L 3 /L 3
Z Z a(Tw, TyEi_1v) < Cs (Z a(Tv,v) + Cyhdta(v, v)> (Z (T E;_1v, E;_1v) + Csh2*a(v, v)> )

=0 =0

0
There exist positive constants Cg, C7 and Cg such that for any v € Uy,

4)
L L 3 L 3
> a(Tw, B 1v) < Cg (Za(Tlv,u)Jrcmgsa(v,v)) .<Za(TlEl1v,EHv)+Cghgsa(v,v)> :

1=0 =0

Based on the properties (S1) and (S2), in the next section we will apply a perturbation analysis to verify
(A1)—(A3) for LMM with additive and multiplicative local Hiptmair smoothers. We note that (A4) can be
derived similarly, and we thus do not give details. Combining (A3), (A4) leads to

L L
Z d(Tz’U, ’U) < Oy Z CAL(TlElfl’U, Elfl’v) + Clohgsd(’v, ’U).
=0 =0

The main result of this paper reads as follows:

Theorem 3.1. For sufficiently small hy, (A1)—(A4) are satisfied and the norm of the error operator E can
be bounded as follows (cf. [37]):

a(Ev, Ev) < da(v,v), veUyp,
where § = 1+ Koh3® — 1/K;. The positive constants Ko and Ky only depend on the shape regqularity of the
meshes and the wave number k.

The theorem shows uniform convergence of LMM for (1.1a)—(1.1b) provided that the coarsest mesh is suffi-
ciently fine. Similar to the estimates in [13], we can deduce uniform convergence of GMRES preconditioned by
LMM.
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4. APPLICATION TO LMM WITH LOCAL HIPTMAIR SMOOTHERS

In this section, we verify (A1)—(A3) for both the additive local Hiptmair-Jacobi smoother and the multi-
plicative local Hiptmair-Gauss—Seidel smoother by a perturbation analysis which has been originally developed
in [11] within a multigrid analysis for nonsymmetric and indefinite elliptic problems and has been also used
in [13,19].

4.1. Local Hiptmair—Jacobi smoother

Due to the definition of the local Hiptmair-Jacobi smoother R;,1 > 1 in (2.11) and Ry = A,", we have

Ny +M,; )
Ty=Py,, T,=R/AP =y )Y P I=1..L (4.1)
i=1

For any w,v € Uy, let N(u,v) = a(u,v) — a(u,v) = —(k? + 1)(u, v). Note that Al,fDl,A;,Pf are defined
based on the bilinear form a(-,-). By definition

a(Pu,v) = a(u, Pv) — N(Pu, Piv) = a(Pu,v) + N((I — P))u, Pv),
and hence,
a((P; — P)u,v) = N((I — P))u,Pw), [1=0,1,...,L. (4.2)
For the subspaces in the decomposition (2.6) spanned by the gradients of nodal basis functions, we have
Pi=P, i=1,....N,l=1,... L. (4.3)
Similar to (4.2), for [ = 1,..., L we also obtain
a(Pi — P)u,v) = N((I — Piyu, Pjv), i=N+1,...,N,+ M. (4.4)

4.1.1. Verification of (A1)

Applying the stability of the multilevel decomposition (S1) for H (curl; £2)-elliptic problems and using similar
arguments as in [39], Lemmas 4.2, 4.7, results in

a(v,v) < Ca(Tv,v), veUp, (4.5)

where T = Zleo Tl, Tz = RlAlPl, and Rl is the associated local Hiptmair—Jacobi or local Hiptmair-Gauss—
Seidel smoother.

Lemma 4.1. Let R; be given by (2.11). Then (A1) holds true.
Proof. An application of (4.5) yields

a(v,v) < Ca(Tv,v) = Ca(Tv,v) +CY a((T; — T;)v,v). (4.6)

1M
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Combining (4.2)-(4.4) with (2.4) and (2.10), we deduce that

L L N +M, 3 )
é’((Tl - T[)'U,’U) = CAl'((-F’O - Po)'U,'U) +’YZ Z d((Pl - P;)'U,'U)
1=0 =1 i=1
L N;+M,;
= (k2 +1) (((I Po)v, Pov) 7Y > ((I-Pjv Pl'u))
=1 1i=N;+1
L N +M; ) .
< Chg [[(I = Po)v|l, s+ CrY Y gl = PhvllaollProla
I=1 i=N,+1
L Ni+M,
< Chyloll, [ Povla (47)
I=1 i=N;+1
Applying (4.6), (4.7), the Cauchy—Schwarz inequality, and Young’s inequality gives
L Ni+M;
2
a(Tv,v) < Ca(Tv,v) + Ch§® [vllg + Cv Y Y hilvl3 g (4.8)
I=1 i=N;+1

Let 7€ = UL AT € TI(2F): E €&, G(T)=m}. In view of (2.2) we have

L Ni+M,

SN nlel g CZZZ >

1=14i=N;+1 =1 gcg, m= OTeTz(Ql )s
G(T)=m

= Chj Z ey > vl

Te7e l€o(m,T)

where o(m,T) ={l: T € TE T €7, 1 <1< L} The shape regularity of the meshes implies #o(m,T) < C.
Observing that the elements in ’TE are nonintersecting and that the union of these elements is also a subset of
2, it follows that

L N;+M,; [e%e]

Yo > hillvlg g < ORg Y 6P lulZ < Chilvll3. (4.9)
I=1i=N;+1 m=0
Combining (4.6), (4.8), (4.9), and the fact that h2 < h2® concludes the proof. O

4.1.2. Verification of (A2)
As a prerequisite to verify (A2) we provide the following key estimate.
Lemma 4.2. For any functions vf S Uf, 1<i< N+ M;,1<I1<L, there holds

L N;+M; l—1 Np+ My L Np+My

Z Z h} ||Z Z Vila o <CY > hilvila (4.10)
k=1 j=1

Proof. Let N be the number of elements in 7j \ 71 which share q € N, and let MF be the number of
elements in 7 \ 7;—1 which share E € &. Then, we have

I—1 Njp+M,y -1 oo
22 w=2 0 > | 2w ) ),
=1 j=1 k=1m=0 KeT;\Tr—1 \geN(K) Ee&(K)

G(K)=m
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where £(T') and N(T') are the sets of edges and vertices in T, respectively, and

. {v‘,g/N,‘j, if g € Ny | oF {vE/M,f, ifEeé,,
0, 0,

otherwise, otherwise.

For any K € 7p, let DK = {K' € 7}, : K'(\K # (0}. For an element T' € 7;(£2}), we assume that G(T) = n. On
this tetrahedron T', we find

oo

2
- -1
>0 wm| =X X >
j aT k=1m= OKE('ZI’?)\ZE | E€E(K)
m a,T

-1 o
R ~ |T|1/2
o122 > 2 (e wlox +15¢lox)
k=1m=0 KGTk\Tk 1 EEg K)
TCDE G(K)=
We note that
2
-1 o |T|1/2

Z Z Z Z (Ileurl &0, + 19 ]lo0,%) K72

k=1m=0 KeT;\Th_1 Fec&(K)
TCDE G(K)=m

o B2 o TP
S C Z Z Z Z (HCllI‘l Uy HO,K + Hvk HO,K) |K|2/3
k=1m=0 KeTi\Th_1 E€cE(K)
TCD ,G(K)=m

l—1 oo ‘T‘l/g

122 2 X

k=1m=0 KGTk\Tk 1 EEg K)
TCDE,G(K)=m

Since T'C DJ, we know that G(K) = m for any K € T}, \ Tx—1, whence m < n + so, where the integer s only
depends on the shape regularity of the meshes. We set

nim,T) :={K:K € T\ Tp_1,G(K) =m, T C D¥ 1 <k<L}.

The local overlapping of {DX : K € T} implies #n(m,T) < C. It follows that

-1 oo l—1 n+so
)P SID SINED SIE - ETc) ) SENED DI
k=1m=0 KeTk\Tk 1 EBEe&(K) k=1m=0 KeT\Ty-1
TCDE G(K)=m TCD ,G(K)=m
n+so n+so
<Ccd > emm<cy mm<c

m=0 Ken(m,T) m=0
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Hence,

l—1 N+ My

2 -1 oo
Z Z ’Ui < Ckz: Z:O Z Z ||~k: Ha K K|2/3 (411)

k=1j=Nj+1 KET\Tioy  BEE(K)

a,T
TCDFE,G(K)=m
Similar arguments yield
2
l—1 Ny ) -1 oo ‘2/3
J
231 INETE) 5D DD DD DN yu i s
k=1 j=1 o k=1m=0 KeT\Th—1 qEN(K)
’ TCDf ,G(K)=m
An application of (4.11) and (4.12) shows
2
L N+M, —1 Np+M, L oo
2
> > h ZZ SO IDIND I,
I=1 i=N;+1 k=1 j=1 4.0 I=1n=0 peg, TeT,(2F)
o G(T)=n
l—1 oo .
~ ‘T‘z/s
>0 X Yo IR+ Y 19HEk | 1
k=1m=0 KcT;\T; EcE(K) N(K K
k\Tk—1 qe )
TCDE ,G(K)=m
L—-1 oo
DI IND DI Nl B I LA FP S L
k=1 m=0 KeT;\Ty-1 Ecé(K) geN(K)
G(K)=m
L
‘T‘4/3
Yy oy Iy (119
I=k+1n=0pcg, TeT(2F)
TCDE,G(T)=n
Let

itn, K, k) ={T:T € T,(QF), T c DF,G(T)=n,E € &,1<k<I1<L}.

Since G(K) = m for any T € 7j(n, K, k), T C D, we have m — sy < n, and the cardinality of the set 7j(n, K, k)
can be bounded as follows:

#ii(n, K, k) < cm < Ccp3m=n), (4.14)

Furthermore, from (4.14) we deduce

S s [Tj/3 o
IDIDD ) K[43 = CZ ) |K[A73 = <C Z g < C (4.15)

I=k+11n=0 gcg, TET[(QZE)TCD,?,Q(T) n n=0Ten(n,K,k) n=m-—sg
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Combining (4.13) and (4.15) gives

L N;+M; l—1 Np+ My — [ele]

IIPIEDY Z Villg.op <€ ZZ > KPR Wflaa X I
=1 1i=N;+1 k=1 m= KETk\Tk 1 EEE(K) qu(K)

G(K)=m
<CY > Ml
k=1 j=1
By similar arguments, we find
L N, l—1 Np+My L Ng+ My

> i

=1 1i=1

a97<Cz Z hi,

Summing up (4.16) and (4.17) completes the proof.

The above lemma allows to verify (A2).

) (4.16)

(4.17)

Lemma 4.3. Let R; be given by (2.11). For sufficiently small initial mesh size hy and scaling parameter ~y,

there exists a constant w € (0,2) such that (A2) is satisfied.
Proof. In view of (2.4) and (4.2), it is obvious that

a(Pov, Pyv) = a(Pov,v) — (k2 + 1)((I — Py)v, PoPyv)
< a(Pov,v) + Ch|[(I — Po)vl|al|Povl|a

X 1 s
< a(Pov,v) + ZHPO'U”?; + Chg’||v]3,
which yields

a(Pov, Pov) < —a(Pyv,v) + Ch2*||v]|2.

Q| >

The local overlapping of {Qf :1 < i < N;+ M;} on each level implies

L L N;+M,;
Y a(TEi v, TE;1v) <Cy*> Y a(PiE, v, PE;_1v).
=1 =1 i=1

By definition of P}, 15;, and taking (4.3), (4.4) into account, we have

L N;+M; L N;+M,
Z Z a(PiE;_ v, PiE;_v) = Z Z a(PiE; v, E_jv)
=1 i=1 =1 i=1
L N;+M,;
(K2+1)> > (I-P)E_ v, PPEl 10).
I=11=N;+1
Note that
L N;+M,; L N;+M,;
(k% +1) Z Z (I - P} 'E;_1v]a
I=1i=N;+1 =1 i=N,+1
L Ni+M,; L Ni+M,

(4.18)

(4.19)

<O D hlEw|E g+ 5 Z S IPIE w2

=1 i=N;+1 l 1i=N;+1
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Hence,
L N;+M, L N, +M, L Ni+M,
Z Z (PiE,_1v, P.E;_1v) Z Z (PIEi1v, Bi_v)+CY > b IE v, i (4.20)
1=11i=N;+1
Obviously, we have
-1 1—1 Nj+Mj
I-FE,_,= ZTkEkfl + Py = ’}/Z Z PiEk,1 + Py. (4.21)
k=1 k=1 j=1

An application of (4.21), Lemma 4.2, the Cauchy—Schwarz inequality, and (4.9) gives

L Ni+M, L Ni+M,
Z Z h?,iHEmvi 22 Z hz| aQ’
=1 i=N;+1 =1 i=N;+1
L N;+M; l—1 Nip+Mjy, ] 2 L N;+M;
T D N> D, PiBew|| ) D hillPovlli o
I=1i=N;+1 k=1 j=1 a0 =1 i=N;+1
24
L Ni+M,; )
<Chilvla+C> . > h|P; 2+ Chl (4.22)
=1 i=1
Combining (4.20) and (4.22), for sufficiently small ho we have
L Ni+M; L Ni+M,
Z Z (PiE; v, PiE;_1v) < CZ Z (PiE;_ v, E;_1v)
2[.,1|12 2 (4, 25,112
+ Chgllvllz + Chg ga(Pov,v)—i—Cho Ivlla ) - (4.23)
Now, in view of (4.18), (4.19), and (4.23), it follows that
L L Ni+M
d(TlEl 10, TlEl 1’U) < 0722 Z PE[ 10, El 1’U)
=0 =1 i=1

4
+30+ Cy2hd)a(Pov,v) + C(v*h2(1 + h2*) + hi%)a(v,v).

We set w := max{C7, 3(1 + Cv?h2)}. Then, (A2) follows by choosing ho and 7 sufficiently small such that
€ (0,2). 0

4.1.3. Verification of (A3)
Based on the global strengthened Cauchy—Schwarz inequality (3.3) and (A2), we now verify (A3).

Lemma 4.4. Let R; be given by (2.11). For sufficiently small hg, there exist positive constants Cs3, Cy and Cs,
which only depend on the shape regularity of the meshes, the wave number k, the scaling parameter v, and the
initial mesh size hg, such that (A3) is satisfied.

Proof. We first note that the global strengthened Cauchy—Schwarz inequality (3.3) directly gives rise to
L1 1
1=

1 L N;+M,;

Tl'v TkEk 1’U < C( 22 Z ;’U)-FCAL(P()’U,P()'U)>

0 k=0

N

L N;+M,
( 22 Z (PE;_ v, PiE;_1v) 4 a(Pyv, P()’U)>
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By definition of P} and 15;, (2.10), and (4.3), (4.4), similar arguments as in (4.18) show

L Ni+M; ) L Ni+M; L N;+M,;
S S alPi Pl =Y S Pl =Y Y ()T~ P, PP
=1 i=1 =1 i=1 =1 i=N;+1
L Ni+M,; L Ni+M, ]
<D Y aPiow)+CY Y hlvlaelPivla
=1 i=1 =1 i=N;+1
Applying the Cauchy—Schwarz inequality, Young’s inequality, and (4.9) gives
L Ni+M,; L Ni+M,; L Ni+M;
33 apie v <03 3 alPnn) 03 Y el
=1 i=1 =1 i=N,+1
L Ni+M,

CZ Z a(Pjv,v) + Chia(v,v).

The assertion now follows from (4.18), (4.23) and (4.24).

4.2. Local Hiptmair—Gauss—Seidel smoother

(4.24)

In this subsection, we consider the convergence of Algorithm 2.3 with the local Hiptmair-Gauss—Seidel

smoother R{’, | > 1 as given by (2.12). Observing RS = Ay, we have
=Py, T, =RAP =I-&)P=I—-&, l=1,...,L.

Setting 4 '
E=Tand & =TI —-P))---(I-P}), i=1,....,N+ M, 1 >1,

it follows that &; = éalNl+M’. Obviously, we have

Ni+M,
& =Pi&  and I- 6= Y P&
From the identities (4.3) and (4.4), we further deduce (cf. [13], Sect. 4.2)
a(8 v, &) = a(8jv, &) + (P& v, Pi& T v), i=1,...,N, veUy.
Moreover, for i = N+ 1,..., N;+ M; and v € U, there holds
a(8 v, &7 ) = a(&fv, &) + a(Pj& v, Pi&/ v) — 2N ((I — P))&/ v, PjP;’é?—lu).
Summing the above two identities over all ¢ results in

N;+M; Ni+M;

> a(Pig o, Pigi o) =2 Y N((I- P& v, PfP;‘gZiflv) + 2a(Tv,v) — a(T v, Tv).

i=1 i=N;+1

4.2.1. Verification of (A1)
We recall that in Lemma 4.1 we have obtained the estimate

L Ni+M,;
a(v,v) < C(a(Pov,v +Z Z a(Pjv,v) + h¥a(v,v)), veUy,

which is a basic tool in the verification of (A1).

(4.25)

(4.26)

(4.27)
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Lemma 4.5. Let R; be given by (2.12). For sufficiently small hg, (A1) holds true.
Proof. Obviously, in view of (2.10), (4.3), (4.4), and (4.9) we have

L N;+M, L Ni+M, L Ni+M,
S STLERES 3 SEEIREES b SRS TE R LR
i= =1 =1 =1 i=N;+1
L Ni+M; ) L Ni+M; )
SZ af ?lla
=1 i=1 I=1i=N;+1
L N;+M; ) ) L N;+M,;
<Y Y aPio Py S
=1 i=1 I=1i=N;+1
L N;+M,; ] ]
<C> > a(Pjv,Pjv)+ Chia(v,v). (4.28)
=1 i=1
Taking
i—1
o C o
—&Th =Y Plg, (4.29)
j=1

into account, it follows that

i1
o . o i R , VI
a(Pjv, Pjv) = a(Pjv, P& 'v)+a Piv,ZPiP{éaf v
Jj=1

Due to the above identity, the local overlapping of {§2} : 1 <4 < N;+ M;} on each level implies (c¢f. [9], Lem. 5.1)

NlJer . . NlJer . . . .
> a(Pjv,Piv)<C Y  a(Pj& ‘v, P& ). (4.30)
i=1 =1

Using (2.10) and (4.26), we get

Ni+M, o o N+ M, ) o
> a(Pi& v, P& ) < 2a(Tiw,v) — a(Tiw, Tiw) + C Y hill67  vlla 0| Pi& vl
i=1 i=N;+1
Then, an application of Young’s inequality results in
N +M,; o o Ni+M,;
> a(Pig v, Pigi ) < Ca(Tw,v) +C > b 16 oll2, ar- (4.31)
i=1 i=N+1

In order to deal with the second term on the right-hand side of (4.31), the limited interaction property and (4.29)
imply

Ni+M,; Ni+M,; Ni+M,;
1 1
Yo om0 g <2 Y Bl g2 D hZHZPj@m VI3, 0
i=N;+1 i=N;+1 i=N;+1 Jj=1
N;+M; Ni+M; Ni+M,;
1
<2 Y Wl g+ C Z Y hlIPIE 0l
i=N;+1 = = Nl—‘rl
Qinei£0
N;+M; Ni+M;

SQZh

i=N;+1

a0 +C Z Wi I1P1& " )3 (4.32)




140 H. CHEN ET AL.

Obviously, for sufficiently small hg, (4.31) and (4.32) give rise to

Ni+M, Ni+M,;
Y a(Pi& o, Pi& ) < Ca(Tw,v) +C Y hiillv]3 o
i=1 i=Ni+1
Summing over [, it follows that
L N+M, L L Ni+M,
Z Z (P& v, P& o) < Z (Tiw,0)+C> > hiy
=1 1=11i=N;+1
L
< C> a(Tw,v) + Chia(v,v), (4.33)
=1
which together with (4.27), (4.28) and (4.30) allows us to conclude the proof. O

4.2.2. Verification of (A2)
For the verification of (A2), Lemma 4.2 also plays a key role in the analysis.

Lemma 4.6. Let R; be given by (2.12). For sufficiently small hg, there exists a constant w € (0,2) such that
(A2) holds true.
Proof. In view of (4.18), it suffices to deal with the remaining terms on the left-hand side of (A2). By means
of the limited interaction property on each level we have
L L N, +M,
> a(TiE v, T\E; 1v) < CZ Z (Pi&'E\_1v, P&/ B 1v). (4.34)
=1
Using (2.10) and (4.26) again, we find

Ny +M,;
> a(Pi& T Eiyv, Pi& T E L) < 2a(TEi_1v, Ei_1v) — a(TEi_yv, T\E;_v)
i=1
Nl+Ml . . .
+C > hall& T B w)a o IPiE T Eiv]la. (4.35)
i=N;+1
Young’s inequality and (4.32) imply
Ni+M,; o N +M,; Ni+M,; o
16 Eiwlla < C hi'; G0 T 3 > P& B}
i=N;+1 i=N;+1 i=N;+1
N;+M; Ni+M,;
<C Y hlEwli o +C Y hIIPIE T B}
i=N;+1 =1
1 Ni+M,;
i ei—1 2
+§’Z |Pi& B 1|2, (4.36)
i=N;+1

Consequently, in view of (4.35), (4.36), by summation over [ we find that for sufficiently small initial mesh size
ho there holds

L N;+M; L L
Z Z & E v, Pi& T B v) < 2 Za T,E;_ v, E;_v) CZ (T1E_1v, TE;_1v)
=1 =1
L Ni+M,;
+Cu Yy Y. Wil Broaoll} o (4.37)

I=1 i=N;+1
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Observing
-1 1—1 Np+My
I-E_1=) TiEy+Po=) Y P& 'Ew+Po,
k=1 k=1 j=1

by Lemma 4.2 and similar arguments as in (4.22) we obtain

L Ni+M,; L Ni+M,
> Y hllBwlf g <2) 0 Y Al o
I=11i=N;+1 =1 1i=N;+1
2
L N;+M,; 1—1 Np+M;
S Y Y S Plet
+ 2 hl,i Pi@@]g Ei_1v+ Pyv
I=1 =Ny +1 =1 j=1

[1,(2;
L Ni+M, )
< Chja(v,v) + Chia(Pov, Pov) + C Y > hi|Pi& " Ei_1v|2,
=1 =1

which together with (4.37) implies that for sufficiently small hg there holds

L N;+M, o o L L
Z Z fL(P;é?_lEl,ﬂ),P;éalz_lEl,yU) < QCZ (T\E),_1v,E;_1v) CZ& (T\E\_1v,TE;_1v)
=1 =1 =1 =1

+q4h(vm+%(nwpw» (4.38)

Hence, due to (4.34)

Mm

TlEl 10, TE;_ 1’0 <

“M“

L
TlEl 10, El 1’U C’Zd TlEl 10, TlEl 1’U)
=1 =1

+a% (vm+W(Hwa»

which can be written as follows

L L
Zd T[El 10, TlEl 1’U Zfl T[El 10, El 1’0)

=1

=1
( a(v,v) + hia(Pov, Pov)>

C’
Taking (4.18) into account and setting w := max {—CC 2 ( 3h° + 1) }, it follows that w € (0, 2) for sufficiently
small hg. 0

4.2.3. Verification of (A3)

An application of the global strengthened Cauchy—Schwarz inequality (3.3) and arguing as in Lemma 4.5 and
Lemma 4.6, we can easily prove (A3).

Lemma 4.7. Let R; be given by (2.12). For sufficiently small hy, (A3) holds true with positive constants Cs,
Cy, and C5 that only depend on the shape regularity of the meshes, the wave number k, and the initial mesh
size hg.
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Proof. Using (3.3), we obtain

L -1 Ni+M,; 1
>3 a(Tw, ThEy_1v) < C (Z > a(Pi& v, Pi& o) + d(Pov,Pov> )
1=0 k=0 =1 i=1
N +M,; B
: (Z > a(Pi& " Eiyv, Pi&/ T Eqv) + &(Pov,Po'u)>
=1 1i=1
The assertion follows directly from (4.18), (4.33) and (4.38). O

5. NUMERICAL RESULTS

We illustrate the theoretical convergence results and test the performance of LMM by the results of two
numerical examples. For the solution of the algebraic systems resulting from the curl-conforming edge element
discretization of the time-harmonic Maxwell equation, LMM (Algorithm 2.1) is used as a preconditioner for
GMRES (PGMRES). The adaptive mesh refinement has been done by Dorfler marking [17] on the basis of the
residual-type a posteriori error estimators from [14,42], and the refinement itself has been realized by the newest
vertex bisection algorithm. Since the computations at the /-th level involve only local nodes corresponding to
the components in & and N, the computational cost of the local multigrid algorithm is proportional to the
number of degrees of freedom (DOF).

At the [-th level, the discrete problem reads Aju; = F;. We denote by u? the prolongated coarse grid
correction, i.e., u) = I;_ju;_; where I;_; is the transfer matrix realizing the prolongation from the coarse to
the fine edge element space. We further refer to rj> = F; —Aju;® as the residual with respect to the n-th iteration.
The PGMRES algorithm terminates when

11/l < 107°,

where ||| stands for the Euclidean norm. The number of iteration steps required to achieve the desired accuracy
is denoted by iter.

The theoretical results obtained in the previous section predict an initial mesh size hq satisfying x2h§ < C.
As will be seen in the following examples, in actual computations, however, hg can be chosen slightly coarser
than predicted by theory.

Example 5.1. We consider the time-harmonic Maxwell equation (1.1a), (1.1b) on the L-shaped domain

2=(-1,1)x(-1,1) x (0,1)\ (L UK UN2s), 5 =(-1,0)x (-1,0) x (0,1),
2, = (—1,-0.5) x (0,0.5) x (0,1), 25 = (0,0.5) x (—1,—0.5) x (0,1),

and choose the right-hand side f according to f = (1,1,1)%.

We test the cases k2 = 9 and k2 = 100. The scaling factor is chosen as v = 0.6 in the local Hiptmair—Jacobi
smoother. For k2 = 9, the restriction x2h§ < C requires hg = 0.01 ~ 0.1 in theory, but hy ~ 0.5 worked well
in our experiments. Figure 2 (left) shows the locally refined mesh with 249231 DOF at the 21st refinement
level, whereas Figure 2 (right) displays the associated discrete solution vector on the boundary. We observe
that the singularity of the solution is near the corner lines [y : 1 = 2o = 0, Iy : 7 = —0.5,20 = 0.5 and
I3 : x1 = 0.5,z9 = —0.5. Table 1 shows that the iteration steps of PGMRES with the local Hiptmair—Jacobi
smoother or the local Hiptmair—Gauss—Seidel smoother are almost uniform and bounded independently of mesh
sizes and mesh levels. We find that even for the finer initial mesh with hy = 0.25, the convergence properties of
PGMRES with the two types of local smoothers are almost the same as for hg = 0.5.

For k2 = 100, we have chosen hg = 0.16 which is also coarser than predicted by theory. Table 1 shows that
in case of this initial mesh size LMM is indeed a good preconditioner for GMRES.
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);

2=(-L1)x (-L1) x 0.2\ (Q: [ J @

Q1 = (—0.4,0) x (—0.4,0) x (0.6,1),

b

)

1.4

b

(1

X

)

0.4

)

0

(

X

)

0.4

)

0

(

Q2 =

(11,7
1,9,25,49,100 and only use the local Hiptmair—-Gauss—Seidel smoother in this experiment.

Ly 7 5
‘xw‘hﬂ\»m-\\n\\\ o
‘XAV 4&»«\»“»4»«»4»«»4\
IEAN LtV 2 7 28 "V‘\h“!
‘V‘ “ ‘}%}4‘
\V\V\"‘

TABLE 1. Example 5.1: the number of PGMRES iterations with the local Hiptmair—Jacobi

smoother and the local Hiptmair-Gauss-Seidel smoother for x? = 9 and k2 = 100.

solution vector (right) on the boundary at the 21st refinement level.

FIGURE 2. Example 5.1 (k2

UNIFORM CONVERGENCE OF LOCAL MULTIGRID METHODS FOR THE TIME-HARMONIC MAXWELL EQUATION 143

Figure 3 shows that for k2 = 9 and x? = 100 the CPU times (in seconds) of each PGMRES iteration with

different types of local smoothers is almost linear in terms of DOF which, together with the almost uniform

convergence, implies quasi-optimality of the PGMRES algorithm.

The next example deals with the application of LMM to the time-

non-Lipschitz domain.

Example 5.2. We test the time-harmonic problem (1-1.1b) on a non

The computational domain reads

We test k2
In order to illustrate the convergence property of PGMRES, we have first chosen an initial mesh of mesh size

and the right-hand side f is again given by f
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FIGURE 3. Example 5.1: CPU times of PGMRES iterations with different smoothers for k2 = 9
and k2 = 100.

TABLE 2. Example 5.2: the number of PGMRES iterations with the local Hiptmair-Gauss—
Seidel smoother for k2 = 1,9, 25,49, 100 based on the same initial mesh with hg ~ 0.3.

Level 5 7 9 11 13 15 17

W2 —1 DOF | 20419 39336 77847 152017 288629 535882 991044
iter 11 12 12 12 12 12 12
Level 5 7 9 11 13 15 17

W20 DOF | 16935 33359 66451 127286 240873 450916 821193
iter 12 12 13 13 13 13 12
Level 5 7 9 11 13 15 17

W2 — 95 DOF | 18042 34848 69961 137471 262696 487616 873067
iter 15 16 17 18 18 18 18
Level 6 8 10 12 14 16 18

2 — 49 DOF | 19546 37918 73673 124783 229763 422671 756569
iter 28 31 34 34 33 34 34
Level 7 9 11 15 19 23 27

<2 — 100 DOF | 18548 27041 38480 83130 148381 304108 857085
iter 128 149 165 169 154 153 150

ho =~ 0.3. Figure 4 (left) shows a part of the locally refined mesh with 331369 DOF on the boundary for x? = 9.
We observe that the mesh is always locally refined near the boundary of the cavities. Figure 4 (right) displays
the associated discrete solution vector on the boundary. Figure 5 shows that for each wave number the CPU
time of the PGMRES iteration is almost linear in terms of DOF. Table 2 indicates that in each case the iteration
steps remain almost uniform on different levels.

For x? = 100, the approximation is far from the true solution, if the initial mesh size is too coarse. Indeed,
we observe that for this higher wave number the convergence of PGMRES is much better for the finer initial
mesh. This is reflected by the results displayed in Tables 3 and 4.
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FIGURE 4. Example 5.2 (k2 = 9): Locally refined mesh (left, part of surface mesh on the

boundary) with 331369 DOF, and the discrete solution vector (right) on the boundary at the
14-th refinement level.
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FiGURE 5. Example 5.2: CPU times of PGMRES iterations with the local Hiptmair-Gauss—
Seidel smoother for k2 = 1,9, 25,49, 100.

TABLE 3. Example 5.2: the number of PGMRES iterations for x? = 100 based on different
initial meshes.

Level 8 10 12 15 18 21 24
ho ~0.25 DOF | 36866 54596 78258 138683 254987 514008 876407
Iter 104 108 108 111 107 112 111
Level 8 10 12 14 17 20 23
ho ~ 0.1 DOF 259677 324188 392348 481689 613173 740370 951532
Iter 16 18 20 22 28 28 28
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