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Adaptive Finite Elements for Optimally
Controlled Elliptic Variational Inequalities
of Obstacle Type

A. Gaevskaya, M. Hintermiiller, R.H.W. Hoppe, and C. Lobhard

Abstract We are concerned with the numerical solution of distributed optimal
control problems for second order elliptic variational inequalities by adaptive
finite element methods. Both the continuous problem as well as its finite element
approximations represent subclasses of Mathematical Programs with Equilibrium
Constraints (MPECs) for which the optimality conditions are stated by means of
stationarity concepts in function space (Hintermiiller and Kopacka, SIAM J. Optim.
20:868-902,2009) and in a discrete, finite dimensional setting (Scheel and Scholtes,
Math. Oper. Res. 25:1-22, 2000) such as (e-almost, almost) C- and S-stationarity.
With regard to adaptive mesh refinement, in contrast to the work in (Hintermiiller,
ESAIM Control Optim. Calc. Var., 2012, submitted) which adopts a goal oriented
dual weighted approach, we consider standard residual-type a posteriori error
estimators.

The first main result states that for a sequence of discrete C-stationary points
there exists a subsequence converging to an almost C-stationary point, provided the
associated sequence of nested finite element spaces is limit dense in its continuous
counterpart. As the second main result, we prove the reliability and efficiency
of the residual-type a posteriori error estimators. Particular emphasis is put on
the approximation of the reliability and efficiency related consistency errors by
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heuristically motivated computable quantities and on the approximation of the
continuous active, strongly active, and inactive sets by their discrete counterparts.

A detailed documentation of numerical results for two representative test exam-
ples illustrates the performance of the adaptive approach.

Keywords A posteriori error analysis * Elliptic variational inequalities * Finite
elements * Optimal control ¢ Stationarity

Mathematics Subject Classification (2000). Primary 65K15; Secondary 49M99;
65K10; 90C56.

1 Introduction

This paper is devoted to the study of adaptive finite element methods for the
approximation of optimally controlled elliptic variational inequalities of obstacle
type. Such problems can be formulated as Mathematical Programs with Comple-
mentarity Constraints (MPCCs) representing a subclass of Mathematical Programs
with Equilibrium Constraints (MPECs) which have been investigated both in
function space [4, 18, 27, 30-34] as well as in finite dimensions [10, 26, 29, 36—
38]. Due to the inherent non-convexity and non-differentiability, MPECs are not
amenable to classical approaches from optimal control/optimization theory and
thus require tools from non-smooth analysis such as generalized derivatives. In
particular, this leads to optimality systems in terms of various stationarity concepts
such as C(larke)-stationarity and S(trong)-stationarity (cf., e.g., [18] for MPECs in
function space). For the spatial discretization of the problems we use continuous,
piecewise linear finite elements with respect to an adaptively generated hierarchy
of geometrically conforming simplicial triangulations of the computational domain.
Although adaptive mesh refinement relying on various a posteriori error estimators
has been extensively studied for elliptic variational inequalities (cf., e.g., [2, 6—
8,22,24,35,42,43]) as well as for unconstrained and control and/or state constrained
elliptic optimal control problems (cf., e.g., [5,12,14-17,19,20,23,40,45]), the only
adaptive approach for optimally controlled elliptic variational inequalities we are
aware of is the one in [21] based on goal oriented dual weighted residuals. Instead,
here we study standard residual-type a posteriori error estimators in terms of element
and edge residuals and prove both reliability and efficiency up to consistency errors
and data oscillations.

The paper is organized as follows: After introducing basic notations and some
preliminary results, in Sect. 2 we state the distributed optimal control problem for a
second order elliptic variational inequality of obstacle type, specify the associated
active and inactive sets including a possible set of biactivity in case of a lack of
strict complementarity, and introduce the relevant stationarity concepts in function
space. Section 3 is devoted to the finite element approximation of the problem under
consideration giving rise to a discrete optimally controlled variational inequality,
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the specification of the discrete active and inactive sets, and the discrete stationarity
concepts. Particular emphasis is put on suitable extensions of the discrete Lagrange
multipliers which will play a significant role both in the subsequent convergence
analysis and in the a posteriori error analysis. In Sect.4, we prove the first main
result of this paper. Under the assumption that the sequence of nested finite element
spaces is limit dense in the function space for the continuous state and adjoint state,
we show that for a bounded sequence of discrete C-stationary points there exists
a subsequence which converges to an almost C-stationary point (cf. Theorem 4.2).
Section 5 is concerned with the a posteriori error analysis based on residual-type a
posteriori error estimators.

As the second main result, we establish reliability and efficiency of the error
estimator up to consistency errors due to a mismatch in complementarity and data
oscillations (cf. Theorem 5.1 and Theorem 5.1). Since in the original formulation
the consistency errors are not a posteriori, we provide heuristically motivated fully
computable quantities in terms of approximations of the characteristic functions
of the continuous active and inactive sets as well as of the continuous states and
multipliers (cf. Sect. 5.4). The final Sect. 6 contains a documentation of numerical
results for two representative test examples, one with strict complementarity and
the other without. The numerical results exhibit experimental convergence rates
that asymptotically approach the expected optimal convergence rates. Moreover,
it is shown that at least some of the heuristically derived approximations of the
consistency errors provide close upper bounds.

2 The Optimal Control Problem and Stationarity Concepts

2.1 Notations and Preliminaries

For a bounded Lipschitz domain  C R?, we denote by D(2) the space of infinitely
often continuously differentiable functions with compact support in €2, and we refer
to D(R2)’ as the dual space of distributions. Further, we adopt standard notation
from Lebesgue and Sobolev space theory (cf., e.g., [1]). In particular, for D C €,
we denote by L2(D) the Hilbert space of square integrable functions on D with
inner product (-,-)o.p and associated norm || - |lo.p. L?(D)+ refers to the positive
cone of L2(D) with respect to the partial order on L?(D), i.e., L>(D)+ = {v €
L*(D) |v>0ae.in D}. Fork € N, we denote by H*(D) the Sobolev space with
inner product (-, -)¢.p, seminorm | - | p, and norm | - ||x.p. We define H} (D) as the
closure of D(D) in H*¥(D) and refer to H%(D) as the dual space. In particular,
we set V := H}(Q) so that V* = H~!(Q), and we refer to (-, -) as the dual pairing
between V' * and V. We define V4 as the positive cone of V' with respect to the partial
ordering inherited from L?(R2), i.e., V4 := {v € V | v > 0 a.e. in Q} and we refer
to V' as the positive cone of V*,ie., VI :={1 € V*|(A,v) > Oforallv € V,}.



98 A. Gaevskaya et al.

As far as localizations of functionals A € V* are concerned, we note that for a
distribution T € D(2)’ and an open set w C Q itis said that T = Oon w, if T (v) =
0 for all v € D(2) with supp(v) € w (cf., e.g., [41]). Further, denoting by Or the
maximal open set where T = 0, the support of 7 is defined by supp(7) := Q\ Or.
We set V,, ;= {v € V | supp(v) € @}. Since a functional A € V* can be viewed as
a distribution, we introduce the set

Vo :=1{v eV, |vow = 0ae.,v|, € Hi(w)} 2.1

of test functions and say that A = 0 on w, if (A,v) = 0 forall v € V, (for
alternative definitions see [18]). Further, we say that A > 0 (A < 0) on w, if (1, v) >
0({A,v) <0)forallv e V,oN Vy. The support of A € V* is defined by

supp(A) := @\ O,. (2.2)

We note that V,, o € V,,. If w is Lipschitz, we have V,, o = V,, (cf., e.g., [27]).

In the sequel, we will need characterizations of functionals A € V* with
restricted support. To this end, we first consider the question of extension by zero
of v|p,v € V, forw C Q. If w is Lipschitz, we denote by 90’ (v) that part of the
boundary dw such that v = 0 a.e. on dw°(v) and v # 0 a.e. on dow \ dw’(v). Then,
for v € V and an open Lipschitz domain @ C €2 there exist an open Lipschitz set
@ such that w € @ C Q and a function v&" € Vo with v&7|, = v|, a.e. in . If
00’ (v) # @, & can be chosen so that 3& N dw = dw’(v). If @ is non-Lipschitz,
the previous property remains true, if w is replaced by Lip(w) which is the minimal
open Lipschitz set with  C Lip(w).

The following result allows to make use of the restricted support of functionals
in V* to describe their action on functions from V.

Proposition 2.1. For A € V* set A := int(supp())), if supp(}) is Lipschitz, and
A := Lip(int(supp(1)), otherwise. For any v € V there exist an open Lipschitz set
Awith A € A C Q,0A NIA = IA°(v) and a function vj(" € Vx.o such that

Vi A = v|a a.e.in A and
(A, v) = (A7), (2.3)

Proof. Since A is an open Lipschitz domain, there exist A with A C A c Q, AN
dA = dA°(v) and a function V5" € V., such that vi|s = v|A a.e.in A. Hence, it
suffices to prove (2.3). Letv € V,, , , be defined according to
0in A,
v—vinint(Q2 \ A).

<i
I
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In view of the construction of A it holds int(2\ A) € O,, where O, is the maximal
open set where A vanishes, and hence, (A, ) = 0.1t follows that (A, v) = (1, v§") +
(A, 9) = (A, v{). O

Remark 2.2. We note that (A, v) = (A, v|supp()) only if v € Vsupp(a).0- Otherwise,
A ‘reaches’ the values of v slightly outside of int(supp(1)).

2.2 The Optimal Control Problem

Given a domain Q C R? with boundary I' = 92, a bilinear form a(-,-) : V x V —
R, where V := H} (), a desired state y¢, a shift control u?, a force density f, an
upper obstacle ¥/, and a regularization parameter « such that

Q is a bounded, polygonal Lipschitz domain, (2.4a)
a(-,-): V xV — Ris symmetric, bounded and V-elliptic, i.e.,

la(y, )| < Cliylhe IVive, v IyIig < a(y,y), v.C >0, (2.4b)
vyl e L2(Q), u’ e L*(Q), felL*Q), (2.4¢)
veV, a>0, (2.4d)

we consider the following distributed optimal control problem with a variational
inequality constraint:

S 1 o
Minimize — J(y,u) := 2 [y =y l50 + 5 lu—u'lq (2.52)
over (y,u) € V x LX),
subject to a(y,y—v) <(f +u,y—v)a, ve K, (2.5b)

K:={peV|v<yae. inQ}.

Here, J is referred to as the objective functional, y and u stand for the state and
the control, and K denotes the constraint set which makes (2.5b) to a variational
inequality of obstacle type. We further denote by A : V — V* the bounded
linear operator associated with the bilinear form a(-,-). Although the subsequent
analysis can be carried out for a general second order elliptic differential operator in
divergence form, in the sequel we will restrict ourselves to the case A = —A.

The optimal control problem (2.5) can be equivalently written in the so-called
control-reduced form by means of the control-to-state map S : L*(Q) — V
which assigns to a control ¥ € L?(2) the unique solution of the variational
inequality (2.5b):
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1
Minimize J(y) = 2 || Su — ydllé,Q + % || — udlléQ (2.6)
over ue LX(Q).

The existence of minimizers for (2.5) is guaranteed by the following result:

Theorem 2.3. Under the assumptions (2.4) on the data, the optimal control
problem (2.5) admits an optimal solution.

Proof. We refer to [4,31]. ]

By introducing a slack variable ¢ € V*, the variational inequality con-
straint (2.5b) can be equivalently reformulated in terms of a complementarity system
so that (2.5) reads:

S 1 o
Minimize  J(y,u) := 2 [y = Go + 5 lu—u'lig (2.72)
over (y,o,u) € V x V* x L3(Q),
subject to a(y,v) =(f +u,vjoa—(o,v), veV, (2.7b)

Y—yeVy, aeVy (o9 —y)=0.

The problem (2.7) is commonly referred to as a Mathematical Program with
Complementarity Constraints (MPCC).

2.3 Continuous Active and Inactive Sets

For given u € L*(Q), (2.5b) represents an obstacle problem which, under the
assumptions (2.4), admits a unique solution (y,a) € V x V* (cf,, e.g., [25]). The
complementary behavior of y and o according to (2.7b) gives rise to the following
definitions:

Definition 2.4. We define the active set .4 as the maximal open subset D € 2 such
that  — y = 0 a.e. in D. We denote by 7 := | J,., B-(¥ — y) the inactive set,
where B.(y — y) is the maximal open set D C 2 such that ¢y —y > g a.e.in D.
Finally, F(y) := Q \ (A U Z) is said to be the free boundary with respect to y.

Obviously, the sets A, Z, and F(y) provide a partition of €, i.e., it holds Q =
AUZU F(y). An alternative partition can be achieved in terms of properties of the
multiplier o:
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Definition 2.5. The zero set Z is defined as the maximal open set D such that
(o,v) = 0 for all v € Vp,, whereas the set C := int(supp(o)) is referred to as
the strongly active set (for the definitions of Vp ¢ and supp(o) see (2.1) and (2.2) in
Sect.2.1). The set F(o) := Q \ (Z UC) is called the free boundary with respect
too.

Remark 2.6. If in addition to the assumptions (2.4) on the data of the problem we
suppose

Q ¢ R? is convex or of class C', (2.8a)

v eV nHYQ), (2.8b)

the solution of the obstacle problem satisfies (y,0) € V N H?(Q) x L*(R). In this
regular case, we define the active and the inactive set according to Ay, := int({x €
Q| Y(x) —y(x) = 0}), L, 1= int( \ Aprg). Moreover, the zero set 2, is the
maximal open set D € 2 such that 0 = 0 a.e. in D, and the strongly active set is
given by Crpe 1= 1int(Q2 \ Zyep).

The special case where ¥ — y and the slack variable o are simultaneously zero
in some subset of 2 is taken care of by the definition of the so-called biactive set:

Definition 2.7. The set 5 := int(A \ C) is called the biactive set. If meas(B) = 0,
the solution of the obstacle problem is said to satisfy the strict complementarity
condition. Otherwise, it is said that the solution exhibits a lack of strict complemen-
tarity.

The following results which were proven in [11] provide characterizations of the
active set, the inactive set, the zero set, and of the slack variable o. They all refer to
the complementarity conditions (2.7b).

Proposition 2.8. For any v € V. let the zero set Q°(v) be the maximal open set
D C Q such thatv = 0 a.e. in D and let QT (v) := |, B:(v) be the positive
set, where B,(v) is the maximal open set D C Q such thatv > ¢ a.e. in D. Then, it
holds

A=Q° (Y —y), I=%y -y, 2.9)
Moreover, for any v € Vi such that (o,v) = 0 it holds

Qtw) c z. (2.10)

Corollary 2.9. For anyv € V such that (o,v*) = 0 and (o,v™) = 0 it holds

v=0inC and (o,v)=0. (2.11)
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Proposition 2.10. The slack variable o satisfies

oc=0inZ, ie, CC A, (2.12a)
o= f4u—Ayin A (2.12b)

Corollary 2.11. A lack of strict complementarity of the solution of the obstacle
problem occurs if and only if there exists a set B € Asuchthat f +u— Ay =0
in B. Hence, there must hold (A, v) = (f + u,v)o s, i.e., AV|s € L*(B).

2.4 Stationarity Concepts

In this subsection, we present various concepts of stationarity associated with
the optimal control problem (2.5). We note that for MPCC in function space the
concepts of C(larke)-stationarity and S(trong)-stationarity have been introduced
in [18].

Definition 2.12. For (y,0,u) € V x V* x L?*(Q) assume that there exists a pair
(p, ) € V x V* such that the following conditions hold true

a(y,v) = (f +u,v)oa—{(o,v), veV, (2.13a)
Y—yeVi, aeVl (o,¥—y) =0, (2.13b)
a(p.v) = (" =y Voa — (u.v), ve V. (2.13c¢)
p=ao@—u), (2.13d)
p=0ae.inC, (2.13e)
(. p) =0, (2.13f)
(. ¥ —y) =0. (2.139)

A triple (y,0,u) € V x V* x L*(Q) is called
(i) an e-almost C-stationary point of (2.5), if (2.13a)—(2.13g) hold true and the
pair (p, ) € V x V* satisfies:
For all € > 0 there exists U, C 7 with meas(Z \ U,) < ¢ such that
(n,v) =0, vely, (2.13h)

(ii) an almost C-stationary point of (2.5), if (2.13a)—(2.13g) hold true and the pair
(p, ) € V x V* fulfills

{m,v) =0, v eV, (2.131)
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(iii) a C-stationary point of (2.5), if (2.13a)—(2.13g) hold true and the pair (p, 1) €
V x V* satisfies

(uv) =0, ve Vs (2.13j)

Definition 2.13. Let (y,0,u) € V x V* x L?>(Q) be an g-almost C-stationary point
(almost C-stationary, C-stationary) point of (2.5). Then, the triple (y, o, &) is said to
be an g-almost S-stationary (almost S-stationary, S-stationary) point of (2.5), if the
pair (p, u) € V x V* additionally satisfies

(n,v)y >0, veVgnVy, (2.14a)
p>0ae.in B. (2.14b)

Remark 2.14. In the Definitions 2.12 and 2.13, the function p € V is referred to as
the adjoint state and Eq. (2.13c) is called the adjoint state equation. The functional
i € V* is said to be the Lagrange multiplier associated with the adjoint state
equation.

Remark 2.15. In the previous Definitions 2.12 and 2.13, S-stationarity is the stron-
gest and e-almost C-stationarity is the weakest concept. The hierarchy of the above
introduced stationarity concepts is displayed in the commuting diagram below:

S-stationarity ==  almost S-stationarity ==  e-almost S-stationarity

U U U

C-stationarity == almost C-stationarity =  &-almost C-stationarity

The following result reveals local properties of almost C-stationary points with
respect to the sets C, B, and Z defined in Sect. 2.3.

Proposition 2.16. Let (y,0,u) € V x V* x L?(R) be an almost C-stationary point
of (2.5) and let (p,) € V x V* be the associated adjoint state and Lagrange
multiplier. Then, with regard to the strongly active set C, the biactive set I3, and the
inactive set I it holds

C B T
y =y ae. =y ae. -
14 =0ae. =—a (AY + f +ut)ae. -
u =u ae. =—Ay — f ae. -
o = f+ul + Ay =0 =0
® =y'—vy =y =y +a AAY + [ +u') =0



104 A. Gaevskaya et al.

Proof. In view of the definitions of the sets .4, C, and B, we obviously have y =

Yae.in A=CUDB.Taking V,, € V_,and V,, €V into account, it holds
(o,v) =0, velV,,, (o,v) =0, velV,,.
Further, due to (2.13d) and (2.13e)
p=0ae.inC, u=u’ae inC.

Hence, (2.13c) implies
(v) = 0 =Yvoe. ve Ve,
ie., |, = y? —y¥ € L*(C). By (2.13a) it holds
(o.v) = (f +u?, v)oc —a(y,v), ve V.o
whence 0 = f + u? + Ay a.e. in C. Moreover, in B we have

(f +u,viop = VY, Vv)on, ve Vio-

Consequently, the weak divergence of Vi in B exists and equals —(f + u)|, €
L?(B). It follows that —Ay = f + u a.e. in B. Hence,

u=—AYy— fae.inB,
and, due to (2.13d)
p=—a(AY + f +u’)ae inB.
The previous equation gives rise to Ay + f +u¢ € H'(B). Hence, (2.13c) implies
(wov) = 0 —yvos +aa(Ay + f +ulv), veV,,.

O

Stationarity in the Regular Case. If in addition to the assumptions (2.4) on the
data of the problem we suppose

Q is either convex and polygonal or of class C !, (2.15a)

v eVnHYQ), (2.15b)

for fixed u € L%(2) the solution (y,0) of the obstacle problem belongs to V N
H?*(Q) x L*(R). In this regular case, the optimal control problem (2.5) can be
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rewritten according to:

1
Minimize — J(y,u) = 2 |y =" liq + % e — u’ I3 (2.16a)
over (v.o.u) € V x L*(Q) x L*(Q),

subject to ay,y—v)=(f+u—o,v)a,vel, (2.16b)

Y—y>0aeinQ, 0>0ae.inQ, (6,9 —y)a =0.

The stationarity concepts can be formulated as in Definitions 2.12 and 2.13.

3 Finite Element Approximation

For a null sequence H of positive real numbers we assume {7;(£2)},ex to be a
shape regular family of geometrically conforming simplicial triangulations of the
computational domain Q. For D C €, we denote by N, (D), E,(D), and 7, (D) the
sets of nodal points, edges, and triangles of 7,(2) in D. For T € 7,(2), we refer to
hr and |T | as the diameter and the area of T, whereas for E € &,(2) we denote by
h g the length of the edge E. We further introduce the following patches of triangles
of 7;,(2):

w, = | (T € T,(Q) | a € Ny(T)}. (3.1a)
wp = | JIT € T(Q) | E € &(T)}. (3.1b)
or = (JIT" € Tu(Q) | Nu(T") N Ni(T) # 0} (3.1¢)

and the following set of edges of £,(£2):
& = JE € &(Q) | a e Nu(E)}. (3.2)

Moreover, for T € 7;,(2) we refer to Pr(T),k € Ny, as the linear space of
polynomials of degree < k on T, and we define

i = {vi € C(Q) | wlr € Pi(T), T € T,(Q)} (3.3)
as the finite element space of continuous piecewise linear functions. We set

Vi o= {v € SV | valr = 0} (3.4)
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and denote by qo,ia) the nodal basis function associated with a € N} (2) such that
Vi = span({qo,(f) | a € Mp(RQ))) with dim V, = N, := card(NV;,(RQ)). As the
dual space of V}, we consider linear combinations of the Dirac delta functionals 6,
associated with a € N (), i.e.,

My =5 € M(Q) | =Y (@) 8. Ai(a) €R}. (3.5)
a€N(RQ)

Here, M () stands for the space of regular Borel measures.

3.1 The Discrete Optimal Control Problem

For the finite element approximation of the optimal control problem (2.5) we denote
by Y € Vi and uf € S,ﬁl) the interpolants of ¢ € V and u? € L*(Q) in V}, and
SV and refer to yd € S,V and f;, € S\" as the L2-projections of y¢ € L*(2) and
f € L*(R) onto S,il). Approximating the state y € V and the control u € L*(2) by

finite element functions y; € Vj andu;, € S ,il) , the discrete optimal control problem
is given as follows:

L. 1 o
Minimize — Ji (i, un) = 3 llyn = yillee + > Ml — uf 1.6 (3.6)
over (yn,up) € Vi x S,Sl),
subjectto  a(yn, yn —vi) < (fn + un, yu — vidoa. vi € Kp, (3.6b)

Ky :=={vp € Vi | vy < ¥y, in Q}.

We refer to Jj, and K, as the discrete objective functional and the discrete constraint
set and to yj, and uy, as the discrete state and the discrete control.

Denoting by S : S,il) — V), the discrete control-to-state map which assigns

to a control u, € S,El) the unique solution y;, € V), of the discrete variational
inequality (3.6b), the control-reduced form of (3.6) reads:

o 1 o
Minimize — Ji*w) = 3 |Suw = Vi g + 5 lw = 4513 g (3.7)
over uy € S,il).

Theorem 3.1. The discrete optimal control problem (3.6) admits an optimal solu-
tion (yp,up) € Vi X S,Sl).

Proof. The proof can be given in much the same way as that of Theorem 2.3. O
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As in the continuous regime, by introducing a slack variable o, € M), the
discrete optimal control problem (3.6) can be equivalently reformulated as the
discrete complementarity problem:

e 1 o
Minimize — Jy(i i) = 5 vn = i e + 5 o — w30 (3.82)
over (VhsOn, up) € Vi X My x S,il),
subject to a(yn,ve) = (fu + un,vi)oo — {({on, va)), vin € V3, (3.8b)

yi € Kn. 01 € My N M4(R), ({(on, ¥ — yn)) =0,

where ((-, -)) refers to the dual pairing between C(€2) and M(L).

3.2 Discrete Active and Inactive Sets

For v, € V}, we denote by
Zy(n) = {a € Ni(Q) | vn(@) = 0}, Cu(vn) == Nu(@)\ Zpv)  (3.9)
the sets of zero and non-zero nodal points with respect to v, € V}, and we partition

the triangulation 7;,(2) into the sets of zero, non-zero, and mixed triangles with
respect to v, € V}, according to

() = T,;(vi) U T (vi) U T, (v), (3.10)
where
Tivn) = AT € T,(Q) | Ni(T) C 2, (i)}, (3.11a)
Ty (vi) :=AT € Tp(Q) | Niu(T) C Cr(vn)}, (3.11b)
T, ) i= Tu () \ (T,;(vi) U T, (vn)). (3.11¢)

Definition 3.2. For y, € K; we denote by A, = Z,(¥, — yn) N N,(R) and
Iy, := Cr, (W —yn) NN, (2) the sets of active and inactive nodal points. A nodal point
is said to be an isolated active (inactive) nodal point, if AV, (w,) \ {a} C I, UN;,(T)
Ni(wg) \ {a} C A, UN,(T)). Moreover, the sets

Ay = T € Tin -y}, (3.12a)
Tie= | JUT € T n — )}, (3.12b)

Fin) = \ (T € "W — y)} (3.12¢)
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are referred to as the discrete active set, the discrete purely inactive set, and the
discrete free boundary with respect to y;. The set

Ih = I UFn(yn) (3.12d)

is said to be the discr_ete inactive set.
Anedge E € &,(2) is called active (purely inactive), if N, (E) C A, (M (E) C
7). The sets of active and purely inactive edges will be denoted by € 4, and £7,.

We set Ex,(y) := En(Q) \ (E4,U Ez,) and &z, :=E1, UEF,(y,)- An active edge
E € &4, is called isolated, if E € E4, \ Ex(Ap).

Likewise, for A, € M}, we denote by
Zh(Ah) = {a € M(Q) | Ah(a) = O}, Ch(Ah) = ./\/},(Q) \Zh(lh) (3.13)

the sets of zero and non-zero nodal points with respect to A;, and we partition 7, (£2)
as follows

Tn(2) = T,/ (An) UT, (X)) U T (M), (3.14)
where
Ti(An) == AT € Ty(Q) | Ni(T) C Zp(An) UN(ID)}, (3.15a)
TiAp) ={T €eTp(Q) | TNT =G and N}y(T) C Cp(An)} U (3.15b)
{TeT(Q)|TNT £O0AN(T)NN(RQ) CCr(A) AT C Ay},
T () 1= T(R) \ (T (M) U T (An)). (3.15¢)

Definition 3.3. Foro, € M, N M+(S_2) the sets Z; := Z;(oy) and C, := Cp,(0p,)
are said to be the sets of zero and strongly active nodal points. Isolated zero (strongly
active) nodal points are defined analogously to Definition 3.2.

An edge E € £,(Q) is said to be strongly active (purely zero), if N}, (E) € Cj,
(Mi(E) € Zp). The sets of strongly active and purely zero edges are denoted by

Ec, and £z,. We set Ex,(q;) i= 8;,(S_Z) \ (€c,U Ez,) and £z, :=E z, UEF, (6))-
Moreover, the sets

2= (T € Tion}. (3.16a)
C = (T € T (on)}, (3.16b)

Filon) = J(T € T"(on)} (3.16¢)
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are referred to as the discrete purely zero set, the discrete strongly active set, and the
discrete free boundary with respect to oy,. The set

Zy = Zyp UF,(on) (3.16d)
is said to be the discrete zero set and the set
By :=cl(Ap \ Cn) (3.16¢)

is called the discrete biactive set. If 3, = @, we say that discrete strict complemen-
tarity holds true. Otherwise, there is a lack of discrete strict complementarity.

Zero (strongly active) edges and isolated zero (isolated strongly active) edges are
defined similarly to Definition 3.2.

3.3 Discrete Stationarity Concepts

The discrete (strongly) active sets Ay, Cp,, the discrete biactive set /5, and the discrete
inactive set 7, will be used to classify stationary points in the discrete regime.

Definition 3.4. For (yy,, o5, up) € Vi x Mj x S,El) assume that there exist (pj, ip) €
Vi, x M}, such that it holds

a(yn.vi) = (f +un.vi)oa — ((on.vr)), vi € Vi, (3.17a)
Y —yi = 0, 0 € My N M4 (), (o0, ¥ — y1)) = 0, (3.17b)
a(pn.vi) = 0 = yiovidos — ((n.vi)). vi € Vi, (3.17¢)
pn = o (uy — uf)), (3.17d)
pn(a) =0, a € Cy, (3.17¢)
un(a) =0, a €Iy. (3.171)

The triple (y;, o5, up) € Vi x M), x S,il) is called

(i) adiscrete C-stationary point of (3.6), if the pair (pp, ) € Vi x M), satisfies
wn(a) pr(a) = 0, a € By, (3.17g)
(ii) a discrete S-stationary point of (3.6), if the pair (py, i) € Vi, x M), fulfills

un(a) =0, pp(a) =0, a € By, (3.17h)
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(iii) a discrete stationary point of (3.6), if B, = 0, i.e.,

Ch = Aj. (3.171)
Remark 3.5. In view of (3.17e) and (3.17f), condition (3.17g) implies

{({iens pi)) = 0. (3.18)

However, the reverse does not hold true. If (s, pr)) = ZaENh(Bh) wn(a)pn(a) >
0, this does not imply that every summand is nonnegative. In other words,
condition (3.18) is weaker than (3.17g).

3.4 Extensions of the Discrete Lagrange Multipliers

In this subsection, we will first derive an explicit representation of the operation of
the discrete Lagrange multipliers 0, and w; on functions v, € V), and then provide
two extensions 6y, fi; and &y, fi; to functionals on V. The extensions 6y, fi, will
be used in the convergence analysis of the finite element approximations in Sect. 4,
whereas the extensions 6y, fi, will play an essential role in the a posteriori error
analysis in Sect. 5.

For notational convenience, we introduce the operator Ip, : V, — V;, D), C
N3u(R2), defined by means of

vip(a) ,a € Dy,

, V. 3.19
0.aeNy@\Dy "V ©3.19)

I, 1)(@) = {

It follows that I¢, is the identity on C;, vanishes on Zj, whereas for D = T €
Tn(Fr(op)) and D = E € E7,(5):

Ie,(vi)|p = Z vi(a) (p}(l“).

a€N; (D)NC,

Likewise, 14, is the identity on Ay, vanishes on Zj, whereas for D = T €
Ty(Fn(yn)) and D = E € Ex(yy):

La,0lp= Y @ e’

a€N(D)NA,;,
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Proposition 3.6. Let o, 1y be the discrete Lagrange multipliers from Defini-
tion 3.4, let F,(yn), Fn (o) be the discrete free boundaries with respect to y, and oy,
according to (3.12d) and (3.16c), and let Ip, be given by (3.19). Then, for v, € V),
it holds

oo = > ((F +un I, 0n)or — (T, Vie,0n)or ) =
TeTp(CLUF,(on))
(3.20a)
> Of +unIc,0or— Y. e [Vyile. Ic,(m)o.k.
TeT(ChUF)(on)) E€€c,UEF, o))
Qv = 3 (07 = L, GaDor = (Vo VI 0o ) =
T€TR(ARVF,(yn))
(3.20b)
Yo 0 = I, 0er— Y. e [Voule. L, n)o.k-

TeT) (A UFu(yn)) EEEA;, Ug]'_h(yh)

Proof. In view of (3.17a) and (3.17c) we have

((O—hv @}(,a)>> = (f + uhv %(,a))o,wu - (Vyhs V(p}(lu))(),a)uv ae Chs
U o)) = 0% = v 0s00n — (Vo VoL Nowss @ € A

Due to (3.16d) and (3.17f) 03,(a) = 0,a € Zy, and uy(a) = 0,a € I;, whence

> (¢ + e Mor = (Vo Ve hor ) ca € Gy

on(a) = | TeT(w) . (32D
0,a€Z
and
> ((yd — 90\ Nor — (Y p, V%(,a))o,r) .a €A,
un(a) = 3 TeTi(wa) (3.22)

0,ael,

Applying Green’s formula elementwise to the second terms on the right-hand side
in (3.21) and (3.22) yields

Y (f+uwneor— Y e [Voule, 0ok a €Ch
Gh(a) = T €Ty (wq) Eegha N

0 ,a e Zh
(3.23)
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and
O =y or — X e - IVole. 0\ Vo . a € A,
wn(a) = § T€Ti(wa) Eeg .
0,a€el,
(3.24)

Taking ({0, vh)) = Zue]\f/,(C/,) on(a)vy(a) into account, from (3.21) and (3.23) we
deduce

({on,vi)) = Z ( Z ((f + up, vi(a) (p,(la))o,r — (Vyh,Vh(a)Vﬁl);(la))O,T))

a€NL(Ch) TeTh(wq)

and

((O—hv Vh)) =

> (X Ftrumn@eer— Y - Ve i@ o).

a€Nu(Cp)  TETp(wa) Ee&y (&)

Regrouping the summands in the above expressions gives (3.20a). The representa-
tion (3.20b) follows similarly. |

The first extensions 6y, i, € V* of the discrete multipliers are defined in a
similar way to the finite element analysis of variational inequalities of obstacle type
(cf., e.g., [6]), whereas the second extensions 6y, ji; € V* are defined in view of
Proposition 3.6.

Definition 3.7. Let (yu, on, up, pn, ) € Vi x My, X S,il) x Vi x My, satisfy (3.17a)-
(3.17f). We define functionals 63, 1, € V* by means of

(6n.v) := (f +wn.v)oo —a(yn,v), vev, (3.25a)
(f,v) == O =y o —alpn,v), vev, (3.25b)

and functionals 6y, i, € V* according to
(On,v) = (3.26a)

Yo (S Awor— Y e [Vylevor + B (P, vev,
TeT)(Zp) Ee€z,

(fn,v) = (3.26b)

Z " = yn,Vor — Z e - [VpulE.v)o.E + Fh(”)(P,va), vev,
TeT,(Ap) EES_Ah
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where P;fz stands for the Scott—Zhang interpolation operator (see, e.g., [9,39]) and

F ) = (3.26¢)
Yo FHwdgor— Y e [Vyule Io,0n)oe,  (3.26)

T €Ty (Fn(on)) Eeg}_h("h)

FM () = (3.26¢)
Yoo O =y Oor — Y e [Vpule. La,0n)oe.  (3.260)

TET,(Fi(vn)) E€Eryom

Remark 3.8. For later use in Sect.5, we recall the definition of the Scott—Zhang
interpolation operator: For each a € 7;,(R2) let T € w, be an arbitrarily but
fixed chosen element. Further, let {dD(T“) | a € Nu(T)} be the L?(T)-dual basis

of {(p}(l“) | a € Ny (T)}. Then, PhSZ : L>(R) — V, is defined by means of

PiZvi= Y (P (@)e. (3.27)
a€N;(RQ)

where the nodal coefficients (P;%v)(a) are given by

(P5v)(a) := / % (x)v(x) dx. (3.28)
T

Proposition 3.9. The functionals 63, ft, € V* and 6y, L, € V* are extensions of
on, Uy € My, i.e., for vy, € Vy, it holds

(6n,vi) = (On.va) = ({on, Vi),

(insvn) = (B vn) = ((kn, va)).-
Proof. The results are immediate consequences of (3.17) and Proposition 3.6. O

Remark 3.10. Fine properties of the extensions 6y, i, € V* in terms of localiza-
tions involving the discrete active/inactive sets are difficult to obtain, whereas the
extensions Gy, fi; € V* obviously satisfy

Cn C supp(Gs) S Cp U Fi(on), (3.29a)
supp(fin) S Ap U Fi(yn). (3.29b)

The precise structure of 6, € V* depends on the definition of the Scott—Zhang
interpolation operator PhSZ . In particular, under the condition

For all a € Cj, there exists T“ C w, such that T c ¢, (3.30)
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we obtain supp(6y,) = Cp, if the triangles satisfying (3.30) are used in the definition
of PhSZ . We note that (3.30) excludes isolated strongly active nodal points and edges.
However, utilizing a Scott—Zhang interpolation operator defined by averaging over
edges instead of triangles (see [39]), allows to show supp(6,) = Cj, if we only
exclude isolated strongly active nodal points. Similar remarks apply to fiy, i.e., it is
possible to achieve supp(ity) € A, instead of (3.29b), if no isolated active nodal
points occur and the modified PhSZ is used.

4 Convergence Analysis of the Finite Element
Approximation

In this section, we prove that for a sequence of discrete C-stationary points there
exists a subsequence converging to an almost C-stationary point. To this end, we
assume:

(A1) {(yn,un,on)}x is a sequence of global minima of (3.7) or the sequences
{yn}2 and {u,}7 are uniformly bounded in L?(<2).
(Az) The obstacle v satisfies Ay € L2(R).

Remark 4.1. Under assumption (A;) we may restrict ourselves to the case ¢ = 0,
since otherwise we can replace f by f + Ay and y? by y¢ — .

Theorem 4.2. Let  {(y, 0, un) yr (Vi 0o n) € Vs x My x S\, h € H, be a
sequence of discrete C-stationary points of (3.6). Further, let {(pn, 1n) } 7, (Ph, n) €
Vix My, h € 'H, be the sequence of associated discrete adjoint states and multipliers
computed with respect to a sequence {Vj,}1 of nested finite element spaces. Finally,
let 6, € V* and [1, € V* be the extensions of the multipliers o, and puy, as given
by (3.25).

If the assumptions (A1) and (Ay) are satisfied and the sequence {Vj}1 is limit
dense in V, then there exist a subsequence H' C H and an almost C-stationary
point (y*,0*,u*) € V x V* x L2(Q) of (2.5) with associated adjoint state p* € V
and multiplier u* € V* such that for h € H',h — 0 it holds

ypn—y* inV, (4.1a)
yn = y* in LX), (4.1b)
6, —o* inV*, (4.1¢)
wp, — u*  in L*(R), (4.1d)
pn—p* inV, (4.1e)
prn— p* in LA(Q), (4.1

fp —=*u* inV*. 4.1g)
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Moreover, if{S,(,l)}H is limit dense in H' (), we have
(W, y*v) =0 forallve CY(Q). (4.1h)

Proof. Assume that {(y;, o5, up)}y is a sequence of global minima. The triple
(yn,on,up) = (0,—f,0) is a feasible point for (3.6) and hence, J;,(yy,up) <
Jn (0, — f1,). By the inverse triangle inequality and Young’s inequality it follows that
the sequences {y;,}7¢ and {uy,}7 are bounded in L?(2).

If {(yn, on, un)}n is a sequence of stationary points, the boundedness of {yp}»
and {uy,}7¢ in L*(R2) follows from assumption (Ay).

Choosing v, = y;, in (3.17a) and v;, = pj;, in (3.17¢) and taking (2.4b),(3.17b),
and (3.18) into account, we obtain

v Ivla < m) = (f +un o = (I g + lulog) Ivalie.
Y lpnll3 o < alpn. pn) = 0C = v, p)oe — ({ns Pr))

=0 =y s = (o + Ialo) Ipalhe.

In view of the boundedness of {y;}s and {uj}s in L?(R2), the preceding two
inequalities imply the boundedness of {y;}1 and {p,}x in V. Moreover, observ-
ing (2.4b), forv € V we have

6n ) = 1f +unlog IVlloe + C lyalie Ve
<\ f +ullog +C lIyllie) IVl

() < 1y = yalloe Vloa + C lpallie Ve
<(y* = yallog + C lpallie) Ve

whence

I6nllv < ILf +unlog +C lynlhe).  Naalve < 1y = yallog + C llyallig)-

This implies boundedness of the sequences {6y}, and {{i,}7 in V*. Consequently,
there exist a subsequence H' C H and a point (y*,0*,u*, p*, u*) € V. x V* x
L*(R) x V x V* such that for h € H', h — 0 it holds
yp—=y* inV, py—p* inV, (4.2a)
wp, = u* in L*(Q), (4.2b)

6, —~%o* inV* [, —="u* inV* (4.2¢)
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Due to the Rellich-Kondrachov theorem V is compactly embedded in L?($2) and
hence, (4.2a) implies (4.1b),(4.1f).

For another subsequence, still denoted by H’, we further deduce that for i €
H',h — 0 we have y, — y* and p, — p* pointwise almost everywhere. Hence,
yp <0,h € H', implies y* < 0 almost everywhere (a.e.) in Q.

Next, we show that the point (y*,o*,u*, p*, u*) satisfies the state equa-
tion (2.13a), the adjoint state equation (2.13c), and (2.13d). Since {V},}4; is limit
dense in V, for any v € V we find a sequence {v;}, v, € Vi, h € H, such that
v, = vfor h — 0. Observing (4.2), for h € H',h — 0, we deduce

a(yn,vi) = a(y*.v), a(pn,vi) = a(p*,v),
(f +un,vi)oe = (f +u*vog, 7 = ynvog = 09 = y* Ve,
({on.vi)) = ((Gn.vw)) = (0™ v), (s vn)) = (s vi)) = (*.v).

Hence, passing to the limit in (3.17a) and (3.17¢), we find that (y*, o *, u*, p*, u*)
satisfies (2.13a) and (2.13c¢).

The limit density of {V}}4 in V further implies uZ — u?,h — 0. Conse-
quently, (3.17d) and (4.2) imply that (4.1d) holds true and that the pair (p*, u*)
fulfills (2.13d).

Next, we verify 0* € V. Since {(V})+ }# is limit dense in V., for any v € V,
there exists a sequence {v;}w,vih € (Vi)4+,h € H, such that vy, — vash — 0.
Observing 0;, € M () and (4.2¢), we find

0 < ((on,vi)) = (6. vi) = (0™, v),

whence (6*,v) forany v € V.
In order to establish strong convergence of the states in V', due to (3.6b) we have

a(yn,yn) <a(yn,vi) + (f +up, yn —vi)og, veeVinV_. (4.3)

Since the sequence {V;, N V_}4 is limit dense in V_, there exists a sequence
{vitr,vi € Vi N V_,h € H, such that v, — y* € V_as h — 0. Taking (2.4b)
and (4.3) into account, it holds

Yy —y*lig <alm—y* . yn—y*) = a(yn. yn) —alyn. y*) —a(y*. yn — y*)
<a(yn.vi) + (f +un.vi)oo —a(yn y*) —a(y™, yn —y*).

Due to the already proven assertions (4.1b),(4.1d) and in view of (4.2a) the right-
hand side in the preceding inequality converges to zero which implies (4.1a).
Moreover, observing (3.17b),(3.17f), and (4.1a), it follows that

0= (5715 yh) - (O-*v y*>v 0= (lahv yh) - (M*v y*>s

whence (0%, y*) = (u*, y*) = 0.
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For the proof of (4.1c), we note that the compact embedding of L?(2) in V*
implies u, — u*in V*as H' 2 h — 0. Since A € L(V, V*) is bounded, we obtain

185 — 0™ llve < ll Ay — Ay*lv= + s — 1+
<l Alewy= lyn = y*llv + lun — u*[ly+ — 0 (h — 0),
which implies (4.1c). Moreover, due to (3.17e),(4.1c), and (4.1e) we have
0= (6n.pn) —> (0", p*) (H' 5 h —0),
whence (o*, p*) = 0.
Next, we show (u*, p*) > 0. To this end, setting v, = py in (3.17c) and
>

observing ({uy, pr)) = 0, we find

0> a(ph, Ph) - (yd — Vh, ph)O,Q- (44)

Since the functional v € V + a(v,v) is lower semicontinuous and convex, it is
weakly lower semicontinuous whence due to (4.2a)

a(p*, p*) < liminfa(py, pp).

On the other hand, the already proven assertions (4.1b),(4.1f) imply

O =y p)og = 0 = y*. p*oa (H 3 h —0).

Consequently, passing to the limit in (4.4) and taking into account that the triple
(y*, 0™, u*) satisfies (2.13c), we obtain

0>a(p*, p*)— (" —y* p*oa = —(1*. p*),

which proves (u*, p*) > 0.
In order to verify that p* satisfies (2.13¢), we show

(@*. (p)T) = (o*. (p*)) =0, (4.5)

which implies p* = 0in C* = int(supp(c*)) by Corollary 2.9. We note that (4.2a)
gives rise to

()t —= T, ()" =~ (") inVasH 3h—0

(cf., e.g., [27]). Together with (3.17¢), this leads to
0={{on. (pn) ")) = (¢*.(PHT). 0={on. (p)7)) = (6*. (p*)7) (H' 2 h - 0),

which proves (4.5).
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It remains to show that (y*,o*,u*) is an almost C-stationary point and to
prove (4.1h). In order to verify (4.1h), let v € C'(Q2). We have y*v € V (cf.,
e.g., [13]). Since the sequence {S}EI)}H is limit dense in H'(S2), there exists a
sequence {v; 3, v € S,(ll),h € H, such that v, — v (H > h — 0). Observing
vy € C(R),yn, € Co(R2), we have vy, € Co(2),h € H, which together with
nyn)lr € HY(T), T € T,(R), implies v,y, € V.h € H. Taking (4.1a) into
account, we deduce y,v;, — y*vin VasH' > h — 0. Since (ypvi)(a) = 0,a €
Ay, it follows that

0 = (fun. ynvi) = (u*, y*v) (H' 3 h — 0).

Hence, (1*, y*v) = 0 which proves (4.1h), since v € C!(2) was chosen arbitrarily.
In order to prove (2.13i), we note that (3.17f) yields
(ﬂh, vh) =0, v,eVn VIthhU'h)' 4.6)

On the other hand, due to the pointwise a.e. convergence of {y;}x’ to y*, for
sufficiently small #; € H’ we have

yn<0ae.inZ*, H' 3h<h, 4.7
which shows Z* C 7;, for h < hy. For h < h; we define

Iy =T € Tu() | inu(T) € T*,

such that Z, € 7* C 7, H' > h < hy. Since i may be empty, we choose h, € H’
sufficiently small so that Z,, # @ for H' > h < h,. Setting h3 := min(hy, h,), we
thus have

0+, CI*<Ty, H >h<hs. (4.8)

Now, let v € Czxg := {v € Co(R) | v|z+ € C5°(Z%),v|q\z+ = 0} be chosen
arbitrarily, but fixed. Since supp(v) € Z*, there exists h(v) € H', h(v) < hs, such
that

supp() €7, CI* €Ty, H 3 h < h(v).

and fh(‘,) C Iy, h < h(v), whence

— " I*0

Obviously, we have v € Vf,,(,) cV

cVv,nNV

VinVz ZyUF ) h < h®).

h(v)
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Observing (4.6), it follows that
(l:l’hs vh) - 07 Vh E I/h n Vi’h(v)’ h E h(v)' (4'9)

Since the sequence {V}, N Vf,(,) Yh<hw) C th( ) is limit dense in th( e there exists a
sequence {Vi }h<i(v), Vh € Vi N Vf, , ,h < h(v),such thatv, — vash(v) > h — 0.
In view of (4.2¢) and (4.9), it follows that

0= (fun, va) = (W*,v) (h(v) = h — 0),

which gives (u*,v) = 0,v € Cr* . The density of Cz* ¢ in Vz= o implies (2.13i).
0

5 A Posteriori Error Control

In this section, we want to derive a residual-type a posteriori error estimator for the
discretization errors in the state, the adjoint state, and the control

€hy =Y = Yh, €hp =P Phy €Ehu=U—U (5.1)
that provides both an upper bound (reliability) and a lower bound (efficiency) up

to consistency errors and data oscillations. The total discretization error e; :=
(en,y, en.p, en.u) Will be measured in the norm

1/2
lewll == (llenyI3a + lenplig + lenulda) 5.2)
and we will show
- Choff — OSC%,eﬁf S lllealll® S 7 + € e + 05C -
Here, n;, is the residual a posteriori error estimator, whereas ez,rel,ez,eﬂ and

0SCprel» 0SC o stand for the consistency errors and data oscillations associated with
the reliability and efficiency estimates.

5.1 Components of the Reliability and Efficiency Estimates

In this subsection, we introduce the residual-type a posteriori error estimator
consisting of element and edge residuals, discuss the consistency errors due to a
mismatch in complementarity between the continuous and the discrete regime, and
present the data oscillations.
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5.1.1 Residual-Type a Posteriori Error Estimator

The residual-type a posteriori error estimator 7, is given by

pe= (02 + o) (5.3)

where nﬁll) and 7722) consist of element residuals and edge residuals associated with
the state equation (2.13a) and the adjoint state equation (2.13c)

W= Y alre Y a)” (5.4)

TeT,(Z)) Ee€z,

2 2 212\ /2

=X afr+ Y o?) (5.4b)
TETH(Zy) Eegzh

In particular, the element residuals n(v) and the edge residuals r)g) 1 <v <2, are
given by

(1) =hr || f +wllor, ,?’)(TZ) = hr |1y = yallor, (5.5a)

ny o= hil e - Vylelos. 0% = hy> |ve - [Vpulelos. (5.5b)

5.1.2 Consistency Error (Mismatch in Complementarity)

We distinguish between reliability and efficiency related consistency errors.
Consistency Error for the Reliability Estimate.

_ ,M (2 o (2
eh rel - eh o + eh o + h N + € o (56)

where e,(l”{i, eh”) 1 <v <2, are given by

~ 2 ~
e = (Gh—0,y— ) epyi=—(6—0.p— pa). (5.7a)

- ) -
eyl = (i — 1.y — ya)s ey = {ftn — jt. p — pa)- (5.7b)

Consistency Error for the Efficiency Estimate.

ez’eff ::< Z ((7)+ Z (u)+ Z e(”)+ Z ec(olz)), (5.8)

TeTi(Z)) TE€Ti(Th) E€€z, Eeéz,
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where e(TU), e(T“ ) and e,(D‘TE), e,(v’z.) are given by

e = |(fi + w) br[Th (0. (fi + un) br), (5.92)
e = |(vfl = yu) brlvy (. (i = ya) br), (5.9b)
e$) :=ve - [Vyule beliL, (0.vE - [Vyale be), (5.9¢)
e = —|vg - [Vpule belh (wve - [V pulE be). (5.9d)

and by, bg stand for the element and edge bubble functions.

5.1.3 Data Oscillations

As in case of the consistency errors, we distinguish between reliability and
efficiency related data oscillations.

Data Oscillations for the Reliability Estimate.

osch,,el::( Z osczT(ud))l/z, (5.10)

TeTH(R)
where oscr (1) is given by
oscr(u?) == |lu? — ulo.r. (5.11)

Data Oscillations for the Efficiency Estimate.

OSCh eff :=( Z osch(f) + Z osczT(yd))l/z, (5.12)

TeT(Zy) TeTy(Zy)
where oscr ( f) and oscr (y?) are given by

oscr(f) = hr || f — fullor, oscr(y?) :=hr [|y* =y llor. (5.13)

5.2 Reliability of the Error Estimator

Theorem 5.1. Let (y,o,u, p, i) and (yy, on, un, pn, iLn) be solutions of (2.13a)—
(2.13g) and (3.17a)~(3.17f) and let ny, e} ;. 05Chrer be the residual-type error
estimator, the consistency error, and the data oscillations as given by (5.3),(5.6),
and (5.10). Then, it holds
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llenll* < mjp + € e + 0SCh - (5.14)

The proof of Theorem 5.1 will be given by a series of lemmas.

We note that neither e, , nor e, , satisfy Galerkin orthogonality due to the
presence of u,u; in the right-hand sides of the continuous and discrete state
equations (2.13a),(3.17a) and of y, y;, in the right-hand sides of the continuous and
discrete adjoint state equations (2.13c¢),(3.17c). As in the case of the a posteriori
error analysis of finite element approximations of control and/or state constrained
distributed optimal control problems for second order elliptic PDEs, Galerkin
orthogonality can be achieved with respect to an auxiliary state y(uy) € V and
an auxiliary adjoint state p(y,) € V which are defined as the unique solutions of
the variational equations

a(y(up),v) = (f +upn,v)oo — (6n.v), vevV, (5.152)
a(pm),v) = 0 =y v)og — (ftn,v), vevV. (5.15b)

In fact, it follows easily from (5.15a),(3.17a) and (5.15b),(3.17c) that

a(y(up) — yn,ve) =0, vy € Vp, (5.16a)
a(p(yn) = pn,vi) =0, vy € V). (5.16b)

Lemma 5.2. Under the assumptions of Theorem 5.1 let y(up), p(yn) be the
auxiliary state and the auxiliary adjoint state as given by (5.15a) and (5.15b) and
let n;ll) and 77512) be the components of the residual a posteriori error estimator

according to (5.4a) and (5.4b). Then, it holds

1y un) = yallia < 03", (5.17a)
lpOn) — prlle < 0y (5.17b)

Proof. Denoting by PhC Clément’s quasi-interpolation operator (cf., e.g., [44]), due
to Proposition 3.9 and (5.16a) for e := y(u;) — y; it holds

lellq < ale.e) =r(e— Pfe), (5.18)
where the residual 7(-) is given by
r(v) = (f + un,v)oq — (6n,v) —a(yp,v), vew

In view of the representation (3.26a) of the extension 0 of the discrete multiplier
oy, by straightforward estimation we obtain
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rle—Pfe)<| Y (f+une—Pferl (5.19)
TE€TH(Zn)
+ 1 > p- [Vynle.e — PEe)or| + |F7 (P (e — PLe)).
E€&z,

Taking advantage of the properties
C c 1/2
le = Pellor S hr lely,r,  lle—Pellos S hil® lel,

of Clément’s quasi-interpolation operator, for the first two terms on the right-hand
side of (5.19) it follows that

| > (f +une—Ple)r| < (5.20a)
TE€Ty(Zn)
1
Yo IS +wllor lle—Pgelor s Y 05 lel,r,
TG'ZZ(Z;,) TE'Z’;,(Z/I)
| Y e [Vyule.e = PCe)or| < (5.20b)
EeEz,
1
Y e [Vaulelos le = Pelloe < D" ng lelyyp-
EESgh EESgh

For the third term on the right-hand side in (5.19), in view of (3.26¢) and the
definition of the Scott—Zhang interpolation operator P,fz we obtain

|F,7(P%(e — Pfe))| < (5.21)
> (I twlor Y 1P - PEN @ lor)
TE'Z’;,(.'F]I(U]I)) “GMI(T)OCII
(af)
+ Y ve - [Vaulelos (P (e = PEe) @), ok
E€EF,0op)

where a/; stands for the single nodal point in N, (E) N Cy, E € E4(Fi(0p)). Using
elementary properties of nodal basis functions

ley”llor < ko a € Nu(T), llgy"los < . a € Ni(E), (5.22)
as well as the following property of PhSZ (see, e.g., [39])

I(PS4v)(a)| < h' IIvllor. a € Niu(T), v € LH(Q), (5.23)
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it follows that

Y e - PE) @] e llor < (5.24a)
a€Ny(T)NC),
hr Y |(PFe—Ple))] 5
a€Ny(T)NC),
hr o Y hplle=Plelor, Shr Y el .
a€N(T)NCy aeNy(T)NC, “n
(PS4 (e — PEe) @)ooy = (5.24b)

1(P5Z(e — PE) @) 10" 0. <

1/2 5 —1 C 1/2
h* b, lle = Pyiel

<h

@) ~ le] @) s

0,7E TYE
Lo,

where 7@ denotes the fixed element in w;, which is used in the computation of the
nodal coefficient (P%(e — PCe))(a) (cf. (3.28)). Using (5.24a),(5.24b) in (5.21)
yields

B (P (e = PEo))| < (5.25)
1
oo P lelar + > 0@ lel up.
TET;,(Fy(on)) E€E 7 op) “h

where

~ (a)
= U o

a€N;(T)NC,

Combining (5.20a),(5.20b), and (5.25), from (5.19) we deduce

c 1 (1
re—Pfol < Y nplelor + Y % leliar. (5.26)
TET(Z)) Eeéz,
where
~ (@)
OA)T - { " U wh; T € 771(-7:11(071)) i c?)E = T U a)h ,E € 5]:,1(5,1)
w,, , otherwise “)h , otherwise

Applying the Cauchy—Schwarz inequality in (5.26) and taking into account that th
and wh have a finite overlap, it follows that
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re—pfels( Y (<1>) ( 5 Ielim)l/z

TeTy(Z) TeTy(Z))
P2 00) (X ki) <
EESgh EESgh
( Y e Y oy )1/2.
TeTy(Zp) Eegz/zugfh("h)
(3 telart X telar) S0 el
TET;(Z)) E€Esz,
Using the preceding inequality in (5.18) gives (5.17a).
For the proof of (5.17b) we set e := p(y,) — p; and obtain
lel} o < ale,e) =r(e— Py e), (5.27)

where the residual 7 (-) is given by
r@) = (" =y vog — (. v) —a(ps,v), vev.

The representation (3.26b) of the extension ji; yields

re—Piey=Y ('—yme—Pieor— Y (e [Vpile.e—Ples

TET;(Q) E€,()
— (e—Pley= > (' —yne—Ple)or
TETj(Zh)
> e [Vpule.e — PEe)or — F(P(e — PCe)).
EESI,I

The terms on the right-hand side can be estimated from above in much the same
way as before resulting in

Ir(e — PEe) S 1 lelia, (5.28)

which together with (5.27) allows to conclude. O

Lemma 5.3. Under the assumptions of Theorem 5.1 let y, y(uy,) be the state and
the auxiliary state and let p, p(yy) be the adjoint state and the auxiliary adjoint
state. Further, let 77;,1) and 77;,2) be the components of the residual a posteriori error
estimator according to (5.4a) and (5.4b) and let e}(ll()y, € ) be the consistency error
terms given by (5.7a),(5.7b). Then, it holds
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1y =y @)} q < lenald o + )% + e)l0. (5.292)
2 2
lp = PO ia < leny B o + ()2 + efh.- (5.29b)

Proof. Subtracting (5.15a) from (2.13a) yields
a(y — y(up),v) = (epu-v)oo + (6 —0o.v), veV. (5.30)
Choosing v = y — y(u;) and observing (2.4b), we get
vy —y@)lig <a(y —y(un).y — y(up) = (5.31)
(ha ¥ — Y(un)og + (6n — 0. yn — y(ur)) + ).
The Cauchy—Schwarz inequality and Young’s inequality give

y 1
(@hany =y @i)ogl = 1y =y @) lig +  lenulio: (532)

Moreover, if we choose v = y;, — y(u,) in (5.30), we obtain

(00 — 0, yn — y(un)) = (enus y(un) — yn)og + a(y — y(un), yn — yun)).

Another application of the Cauchy—Schwarz inequality and Young’s inequality yield
[(6n — 0, yn — y(up))| = (5.33)
14 2 14
3 1y =r@lio + 2l =y@lie + 7 lendie.

Using (5.32),(5.33) in (5.31) and setting

244 4 2
=Yt =2 =2 (5.34)
2y? y? %
it follows that
ly = y@) g < Ci lendlla + Co lyn — y@)lig + Cs el (5.35)

The second term on the right-hand side in (5.35) can be estimated from above
by (5.17a) which results in (5.29a).

The estimate (5.29b) can be established by using similar arguments. In fact,
subtracting (5.15b) from (2.13c¢) yields

a(p—pyn),v) = —(eny,vIog + (ith —p.v), veV (5.36)
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Choosing v = p — p(yy) and v = p;, — p(ys), we obtain
vlIp—pOnlia <alp—pn). p—pim)
= (eny. p'1) — Pog + {fn — i i — p(w)) + epn.

(fn — s pn — p(yn)) = (eny, pr — p(¥n))og +alp — p(yn), pn — p(Yn))-

An application of the Cauchy—Schwarz inequality and Young’s inequality gives

Ip— POl < CillenylRg + Callpn— pOWIig + Crel).  (537)
from which (5.29b) can be deduced in view of (5.17b). O

Lemma 5.4. Under the assumptions of Theorem 5.1 let ny, ez,ml, and osc e be
the residual-type error estimator (5.3), the consistency error term (5.6), and the
data oscillation (5.10). Then, it holds

”eh,u”%,Q 5 77% + e;,rel + Osci,ml' (538)

Proof. Combining (2.13d) and (3.17d) we obtain

lenallda = (€nusu—un)og (5.39)
= (ena- ' —u)og + (enu (4 —u?) — (wp — u))og
= (enu>u! —ul)oa + o™t (ehus p — p)og-

The first term on the right-hand side in (5.39) can be estimated from above by

1
|(ena u” = uidool < 7 lenalldq + oscj®). (5.40)
The second term can be split according to

(€hu» 0 — Pr)oa = (enus p — P(Yn))o.a + (€nus (Y1) — Pr)og- (5.41)

For the estimation of the first term on the right-hand side in (5.41) we choose v =
p — p(yy) in (5.30) which gives

a(y —y@n), p — p(yn)) = (enu p — p(Yn))oa + (6n — 0, p — p(¥1)).
(5.42)

On the other hand, choosing v = y — y(up) in (5.36) yields

a(p—pWn).y —ywn) = —(eny,y — y(un)ogq + (itn — .y — y(uz)).
(5.43)
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Combining (5.42) and (5.43) and using the symmetry of (-, -), it follows that

hus P — P(Y))oe = —(eny.y — yun)oga + (5.44)

(1 — 0. p(vh) — Pa) + (fin — o yi — ¥ (un)) + ey) + e,(f,l

Now, choosing v = p(yx) — py in (5.30) and v = y, — y(uy) in (5.36), for the
second and third term on the right-hand side in (5.44) we find

(6n — o, p(yr) — pr) = — (enw (Y1) — Pro +a(y — y(un), p(yr) — pn),
(Bn =, yn — y(un)) = (eny, yn — ywn)o.a +a(p — p(yn), yn — y(un)),

and hence,

(enu- 2 — P02 = —lleny 5.0 — €hu POV1) — Pr)og + (5.45)

2 1
a(p = p(yn). yn — () + a(y = y(n). p(y) = pu) + ey + €.

Using (5.45) in (5.41) results in

(€nus P — P)oo = a(p — p(yn), yn — y(un)) + (5.46)

2 1
a(y = y(un). pow) — pu) — lleny [ + €2 +efl).

For the first term on the right-hand side in (5.46), Young’s inequality gives

€ 1
la(p = pOw), yn = y@))| = = llyn = y@lig + - 1P = PO g
Using (5.37) and choosing ¢ = C/2, we get

la(p — p(yn), yn — y(up))| < (5.47)

C, C G
lensloo + & 1Pn = POWITe + 7 lyn = y@nliie + & ey

The second term on the right-hand side in (5.46) can be estimated from above
similarly:

e 1
la(y =y @), po) = pw)l = 5 Ipw = PO 0 + 52 Iy =y @)
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Observing (5.35), we choose ¢ = 2C}/« and obtain

o aC
la(y = y(un), p(yn) — pw)l < = llenullg.o + — lyn — yunlio (5.48)
4 4C,

G | aG )
+ — lpn — pOw)llTq + 2, Cho
Using (5.40) and (5.46)~(5.48) in (5.39), it follows that
lenulls.e < Ilpn — PO g + lyvn — y i)l o + € e + 05Cs;. (5.49)

The assertion (5.38) follows from (5.49) by taking (5.17a),(5.17b) from Lemma 5.2
into account. O

Proof of Theorem 5.1. In view of
eny =y — y@up) + yun) — yn,
enp =p—pyn)+ pn) — pu,

the estimate (5.14) follows from the preceding Lemmas 5.2, 5.3, and 5.4. O

5.3 Efficiency of the Error Estimator

Theorem 5.5. Let (y,o0,u, p, u) and (yn, on, un, pn, L) be solutions of (2.13a)—
(2.13g) and (3.17a)—(3.17f) and let nh,e;"eﬁ,osch,eﬁr be the residual-type error
estimator; the consistency error, and the data oscillations as given by (5.3),(5.8),
and (5.12). Then, it holds

T = € = 05Cha < lllenlll (5.50)
The proof of Theorem 5.5 will be provided by the subsequent two lemmas taking

into account the following well-known properties (cf., e.g., [44]) of the element
bubble functions

lgnlld 7 < (@n.qn br)or. qn € Pi(T), (5.51a)
lign brllor < lgnllor. gqn € Pi(T), (5.51b)
e llgnllor < lgn brhve < By llgnllor.  qn € Pi(T), (5.51¢)

and of the edge bubble functions
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lgnll3 5 < (@n.qn bEYo.E.  an € Pi(E), (5.52a)
lgn bellos <Y lgnllos,  gn € Pi(E), (5.52b)
B Nanlloe S lgn behiws ShE lgnllos.  an € Pi(E). (5.52¢)

Lemma 5.6. Under the assumptions of Theorem 5.5 let n(TV), 1 <v <2 67, e#,
and oscr(f),oscr(y?) be the element residuals (5.5a), the consistency error
terms (5.92),(5.9b), and the data oscillations (5.13). Then, for all T € T,(Zy) it
holds

ny < llenylr +hr lenallor + ef + oser(f), (5.53)

whereas for all T € Ty,(Zy) we have
(2) < h I d 4
nr < llenpllir + bt llenyllor + e + oscr (y9). (5.54)

Proof. Setting Y7 := (fi + up) br, using (5.51a), Ay,|r = 0, Green’s formula,
and ¥7 |37 = 0, we obtain

hi L fi + unllr S hy (U + wn ¥§)or = (5.55)
Wy (fo + wn + Ayi, ¥9or = h (fu + un, Yo — hy a(yn, ¥3).

On the other hand, since 7 is an admissible test function in (2.13a), we have
a(y.¥7) = (f +u.¥p)or + (0. ¥7) = 0. (5.56)
Using (5.56) in (5.55), it follows that
Wi+ el S0 (a0 v = (f +uyDor + 0.0)) = (557
i (@ ¥ = Ui+ w ¥or) =
1 (@ = v = (f = fus ¥dor = (= w Yo + (0. 97)) =
12 (lenshr 19§ + lenallor 193 lor +€f 19517 ).
In view of (5.51b) and (5.51¢), it holds

W o+ wnllor S WSl = |(fu +un) br| S bt | fi + wnllor,  (5.58)
I llor < WL fi + unllor-
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Now, using (5.58) in (5.57), we get

2 2
W o+l r S e+ wnllor (lens i + hr lenallor + e + oser (/).

Combining the preceding estimate with r)(Tl) < hr | fn + unllor + oscr(f)
yields (5.53). The assertion (5.54) can be shown by similar arguments. O

Lemma 5.7. Under the assumptions of Lemma 5.6 let ng) 1 < v < 2, and

egE,eZE be the edge residuals and consistency error terms as given by (5.5b)
and (5.9¢),(5.9d). Further, for E = T4+ N T_, Ty € T;,(2) let

no) =) +nf s osco, (f) = oser, (f) + oscr_(f), (5.59)
) =g 40, 0scu, (v)) 1= oser, (v) + oser_ (). (5.59b)

Then, for E € £z, we have

ms % leny s +he lenalows +n) + €5, + oscu, (). 60

whereas for all E € &7, it holds
1 S Nenplhos + b llewy lows + 0 + els, + 0scu, (7). (5.61)
Proof. For E € £z, we set Y, := v - [Vy,]g bg. Then, (5.52a) implies
) = he e - (Vylel e < he O - [Vyale. o (5.62)
=hg ary - Vynlary . VE)oary + he (War_ - Vynlor— . W )oar_ .

where we have used that 7|z = 0, E’ € 0T+ \ { E}. Further, Green’s formula and
Ayp|r, = 0yield

ary (yn, Vg) = (Vyn, VYgory = Wory - Vynlry, VE)ory - (5.63)

Using (5.63) in (5.62) gives

(1) S hi oy (0, V5). (5.64)

Taking into account that ¥ is an admissible test function in (2.13a), we get

dop (V. VE) = (f +u.¥E)owe + (0. ¥E) = 0. (5.65)
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Combining (5.64) and (5.65), we obtain
(ng))z Shga(yn—y, Iﬁg) +he (fn + un, wg’)O,QE + (5.66)
hE (f - ﬁ‘la wg)o,a)b‘ + hE (M — Up, wg)o,wb - hE (O—s wg)
< e 1y = Yl [Vl op + R 1WElows (/s + willows +
e = tnloaog + 1f = fillows ) +h €5, 1V |1
Moreover, (5.52b) and (5.52c¢) imply
2 v - [Vynlelos S WEliws = Ve - [VIals belios (5.67)
< hp " v - [Vyulelo
W lows < h? 1ve - [Vynlellos.
Using (5.67) in (5.66) yields
0y < llenyllios + he lenullows + e | fi + tnllows + €5, + 05cuy (f).

Due to the shape regularity of the triangulation, for £ € &,(T) wehave hg < hy <
h g and hence,

he | o+ unllowy < he | fo +unllory + he | fo +unllor. <
hry | fo + unllory + hr_ | fi + unllor— < nS).

The preceding two estimates result in (5.60). The assertion (5.61) can be verified by
similar arguments. O

5.4 Estimation of the Consistency Error

In this subsection, we provide fully computable quantities for the approximation of
the reliability and efficiency related consistency errors.

5.4.1 Approximation of Characteristic Functions

In this paragraph, following [15,17,28] in case of adaptive finite element approxima-
tions of control and/or state constrained optimally controlled second order elliptic
boundary value problems, we provide approximations of the characteristic functions
X and y_ of the active set .4 and the zero set Z by means of the available finite
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element solutions. Here and in the forthcoming paragraphs we will use realizations
0,;, ,u;l € 1}, of the discrete multipliers oy, j, with respect to the finite element
spaces V}, according to

(o5, vioe = ({onvn))s (s vidoe = ((nsve))s  vi € V.

Moreover, we introduce a mesh function 1 € S }(11) whose nodal values h (a) are given
by averaging over local patches:

h(a) = (card(wy)) ™" Z hr, ae€Ny(Q).

T €Ty (wq)

The approximations of the characteristic functions are defined by means of

(Yn — yn)(a)
yh@) + (i — yn) (@)’
o} (a)
yh(a)" + o} (a)’

Inala) :=1— a € Ny(Q), (5.68a)

Inza)=1- a e Ni(Q), (5.68b)

where 0 < y < 1 and r > O are fixed. In case of uniform meshes with h~h=
maXrer, (&) hr, the following result reflects the approximation properties of y, 4
and yj z.

Proposition 5.8. For0 <& < landy, r asin (5.682),(5.68b) consider the partition
INI, =7, U1,
where the sets 7,,,1 < v < 2, are given by
Zii={x € 2|0 < yn(x) —yn(x) S yh™}, Toi={x € T| Yn(x) — yn(x) > yh*"}.

Then, it holds

=0 ,w CAN A,

< min(lw"2, y " h Y — yallog . @ CANT,
X4 = Xpallow { = |w|1/2 Lo CINA, .

< |ow|'? Lo CT

< |ow|"?hr(=8) ,o CI

Proof. Without loss of generality we may assume 2 < 1. For the proof we
distinguish several cases.
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Case 1 (w C AN Ay): Obviously, ¥ 4 lo = Xy ule = L.
Case 2 (w C ANZy): Wehave y , |, = 1 and hence,

(Wh - yh)lw
Yh" + (n— yi)lw

Xa = 200 =

Since (Y, — yn)|w > 0 and yh" > 0, it follows that

(XA - Xh.A)lw < V_lh_r(% —¥i)lo and (XA - Xh,A)|w <1,

which allows to conclude.
Case 3 (w C Z N Ap): The assertion follows readily from y |, = 0 and

X;l,A|w =L
Case 4 (w C Z NZy): We have y , |, = 0 and

yh"
Yh' + (U — yi)lo

(XA - X/,,A)la) =

For w C Z; this implies (¥, — X, 4)|lo < 1, and we conclude. On the other hand,
for w C I, taking & < 1 into account, we find

= Xp)lo < min(l, A7) = pri=e)

which proves the assertion. O

5.4.2 Approximation of the Continuous Active/Inactive Sets

Based on the approximations y, ,, x, . of the characteristic functions of the
continuous sets A and Z, we derive approximations of the continuous (strongly)
active, biactive, inactive, and zero sets. To thisend, for0 < x < land0 < r’ < r we
first define nodal sets Ay, I, Cy, Zy, and B, as approximations of their continuous
counterparts according to

Ay ={a e Nu(Q) | 1, (@) = 1 —xh(@)}, I := Niu(Q) \ 4y,
Cr = (NW@)\ {a € Ni(@) | 1, (@) = 1 —h(@)'}) N 4y,
Zh = M(Q)\éh, Bh = ffhﬂZh.

These sets constitute a suitable basis for the specification of approximations Ay, of
A, I, of Z, Cj, of C, and Z), of Z by means of

Ay =T e Tu@) | T € AT} A} = {T € Tu(Q) | Ni(T) € A,
(5.69a)
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=T e W) | T €] UF]}. (5.69b)
I =T € Ti(Q) | Ni(T) C I}, FL := () \ (A] UI]),

Cri=|JT eTu(Q) | T €C[}. C :=A{T € T,(Q) | Nia(T) € Ci} U
(5.69¢)

(T eTH(Q) | TNT#OANUT)NN(Q) #BAT C ALY,
2= T eT(@) | T e 2 UFL} (5.69d)
Zl = {T € T,(Q) | Ni(T) € Z UN(D)}, FL = T(2) \ (CF U Z]).

The biactive set 3 and the free boundaries F(y) and F (o) are approximated by

By =\ JiT € T,(Q) | T € B}}. B == A\ (], (5.6%)
Fy =T eTu() | T € FL}, (5.69f)
For =\ T € T(Q) | T € 7} }. (5.69g)

In the documentation of the numerical results in the following Sect.6, we will
measure the quality of the approximation of the active set .4 and the strongly active
set C by the a posteriori quantities

dva

e = X, = x5l @) ezi,vél = e, = x¢, L) (5.70)

where the upper index ‘dva’ stands for ‘discrete versus approximate’, and compare
them with the quantities

ez,”;i =X = xa, @) e/‘ZYé‘ = lxe = Xe, L1 (5.71a)
ey = 1lxa— X4, lzr@), ere = Ilxe— Xe, L) (5.71b)

Here, the upper indices ‘evd’ and ‘eva’ mean ‘exact versus discrete’ and ‘exact
versus approximate’. Obviously, these latter quantities are only available, if the
exact solution is known.

5.4.3 Approximation of the Continuous States and Multipliers

We derive approximations of the state y and the adjoint state p as well as various
approximations of the multipliers o and p in terms of the approximations of the
continuous active/biactive, strongly active, inactive, zero nodal points (sets) and
free boundaries provided in the previous paragraph 5.4.2. Motivated by supercon-
vergence results through local averaging (cf., e.g., [3]), we define approximations
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yn € Vj of y and pj, € Vj, of p according to

cardWi(@ )™ Y wula).a €l
yn(a) = AN , (5.72a)

wh ((l) ,a € /Ih
card(Niy(@))™' Y. pud) . a € Z,

pu(a) = ' €N (@q) . (5.72b)
0 ,a e Ch

Likewise, we define approximations o;" and ) of o and u by means of

card(Ni(@,)™ Y op(@),a el

oy (a) = a’ NG (@) o (5.73a)
0 ,a e Zh
card(Nj(@a))™ X pyla) a el

/"L;l/(a) = (I/E./\/h(a)u) . (5.73b)
0,a¢€ A,

Remark 5.9. The functions yy, ﬁh will replace y, p in the approximation of the
consistency error ej, ., whereas o7, i, will be used in the approximation of e;,eﬂ
and in a further form of the approximation of €}, o (cf. paragraph 5.4.4).

For the approximation of the multipliers o, 14 in the consistency error e;, ., we
will use an alternative approximation which relies on the structural properties of the
multipliers. If the sets C and A are the union of a finite number of connected pairwise
disjoint Lipschitz sets, forany v € V' Proposition 2.1 guarantees the existence of sets
C, A and functions ve", v € V such that C € CcQ ACACQand

(o.v) = (0.v¢") = (f +uvgDee — (VY. Vg e
(v = (1vd) = 07 =y vD)oa — (V2. VWD) i
Employing the structural information provided in Proposition 2.16, we obtain
(o,v) = (5.74a)
((/ +u" Voe = (V9. Vooe ) = (A v @ens + (V¥ YV @rerns)
+ <(f +u' + a7 p. véo@venz — (V. V"ecxr)o,(é\cmz)v
(o) = O =¥ o (5.74b)

+ o (VAP + £+ '), W + (00 = 395 aa = (V2. V50 214)-
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In order to provide a fully computable approximation, we replace the unknown sets
C,B, A, 7, and the unknown functions y, p by their previously defined approxima-
tions Cy, By, Aj,, Iy, and j,, pj. Moreover, C, A are chosen according to

C:=CUF,, A=AUF,, (5.75)

whereas v, v{' are approximated by

gt =1, (Vh) vi’_{; = IA,}1 vn), vh €V (5.76)

Here, IDh , D, € Ni(R2), is the operator from (3.19).

Using the previous approximations in (5.74) and assuming sufficient regularity
of the data in /3, we obtain the following approximations of the action of o, 4 on
functions in V},:

)~ 6w = Y ((f +uvior = (V. Voior) (5.77a)

T€T;(Ch)

= Y (AW, G0 + (Y VI v )

TEﬁ,(j?gh mB_h)

+ Z ((f + ud + a_lp_hv I@h (vh))(),T - (V)jhs Vléh (vh))O,T)s

TG’Th(]:—(,h ﬂih)

(o)~ (o = > 0 = yvder (5.77b)

TG’Th(-Ah)

+oa Y (VAY+ f+u'). Vor

T€T;(B))

+ > (0 =Tty Gor = (VB VI o).

TETH(Fy,)

As far as the regularity of the data is concerned, in the proof of Proposition 2.16
we have seen that Ay € L2(B) and Ay + f +u? € H'(B). If B, C B or else
Ay € L*(By) and Ay 4+ f + u? € L?*(By) hold true, (5.77a) and (5.77b) are
well defined. Otherwise, employing the values of y;, and pj, in By, we can use the
following simplification of the approximations of the action of o, 4 on functions
in Vj:
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) ~ @) = 3 ((F +ut vdor = (V9 Vor) (5.78a)

TE€T;,(Ch)

- Y (VYT Wy

TE%(]_:U;,, ﬁB_h)

+ Y (e p L 0o — (V3 VI )or ).

TG’Th(]:—(,h ﬂih)

oy ~ (2o = > 0 =vwer— Y (Vin Vdor

TG’Th(-Ah) TG’T/,(B_/«,)
(5.78b)

+ > (0 =Tty Gor = (VA VI ti)or ).
TETH(Fy,)
5.4.4 Approximation of the Consistency Errors

For the consistency error e}, we will use three different types of approximations

k 1,(k 2,(k 1,(k 2,(k
eha et = e e W 1<k <3, (5.79)

For the first two approximations &; h 1 ,1 <k <2, we use the approximation of the
multipliers by (5.77) and (5.78):

l( Vo= (6 =", 5 — ), e_zjf,k) = (61— 6., ph — Pn), (5.80a)
-1 _(k) - (k) -
ehL) . (Mh _MZ s Yh —J’h), eh/(L) = (Mh _/“L;l)s Ph —Ph)- (580b)

The third approximation eh (e) is obtained by using the approximation of the

multipliers by local averaging (cf. (5.73)):

e;l(()“) . (Uh - O—h s yh Yh), e]“(y) . (Uh - Uh Ph — ﬁh>s (5813)

-1
&y =l — piy Fn— yu). &) = {fin — Wi P — pa). (5.81b)

Further, we compute upper bounds e eh ml ,1 <k <3, according to

g < By = By + O+ EyY + BNV 1<k <3, (5.82)
where £ ;: L(Tk) ,E ,‘; /(Lk) ,1 < v <2, are given by summing up the absolute values of the

elementwise contributions of e" ) e'}"l Lk), 1<v<2.
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For the approximation of the consistency error ¢} , 7 We use the approximation of
the multipliers by local averaging as given by (5.73):

—c Do . 2 2 2 2
Chofp < Epopp 1= Z hz llog llo.r + Z hz i llo.7- (5.83)
TeTi(Z)) TeTy(Zn)

6 Numerical Results

In this section, we present numerical results for problems with and without
strict complementarity illustrating the performance of the suggested finite element
approximation. We note that for adaptively refined meshes it is appropriate to
measure the decay in the error err in terms of the degrees of freedom (DOF)
provided by the finite element mesh. In particular, if there exists a real number
T > 0 such that err = O(DOF™"), then 7 is said to be the convergence rate of the
error with respect to the degrees of freedom. In the numerical experiments, we are
dealing with a hierarchy {7}, (£2)},en of nested simplicial meshes with associated
degrees of freedom DOF(n). Denoting by err(n),n € N, the error with respect to
the mesh 7, (€2), we refer to

__log(err(n —1)/err(n))
= {oa(DOF()/DOF( —1))° " €N ©.1

as the experimental convergence rate in terms of the degrees of freedom. On a
double logarithmic scale, the numbers 7, correspond to the negative slopes of
the lines connecting log(err(n — 1)) and log(err(n)). In the subsequent numerical
examples, we will compare these lines both for uniform refinement and adaptive
refinement. In the regular case, we expect the slopes to be approximately the same,
whereas for less regular solutions the slope for adaptive refinement is expected to
be larger than in case of uniform refinement.

Example 6.1. We consider A = —A on the L-shaped domain Q = (—2,2)% \
([0,2] x [=2,0]). In polar coordinates, given

yi(rp) = —y(r) r*?

o2
sm(§<p),
1,r>=r:=05

* %
0, otherwise cow () =y (re),

o™ (r) = {

where

O, r>r
16r3 — 12r2 + 1, otherwise ’

y(r) = {
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Fig. 1 Example 6.1. Optimal state y* (leff) and inactive set Z*, marked in black (right)
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2 . . . . ~04
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Fig. 2 Example 6.1. Final mesh (left) and zoom into the vicinity of the singularity at the origin
(right)

it can be easily verified that the triple (y*, o*, u*) with the adjoint state p* = y*
and the multiplier u* = o™ is an S-stationary point of (2.5) with respect to the data

y == Ap*+y*. ul =0,
f=0"=Ay*—p*, a=1, ¥ =0.

Further, we have 7% = {(r,¢) | r € (0,7),¢ € (0,37n/2)}, Z2* = I*, and
hence, B* = . The state y* and the inactive set Z* are displayed in Fig. 1. The
adaptively generated final mesh with 33468 DOFs and a zoom into the vicinity of
the singularity of the state at the origin are shown in Fig. 2.
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errors in state and control
total error and estimator

107 Y o Tl T {UFEM)
—+— lle|I (AFEM)
o lleJl (UFEM)
—— lleJl (AFEM)

T

O 1 (UFEM)
——n (AFEM)

- |llelll (UFEM)
L ‘*‘H\ﬂ”(“%W

DOFs DOFs

Fig. 3 Example 6.1. Convergence history: Decrease of the errors in the state [le;,[|1.¢ and in
the control |lej,..]lo.o as a function of the DOFs on a logarithmic scale (for uniform (UFEM) and
adaptive (AFEM) refinement (left). Decrease of the estimator 1, and the total error |||ep]||| as a
function of the DOFs on a logarithmic scale (for uniform (UFEM) and adaptive (AFEM) refinement
(right)

Table 1 Example 6.1: Experimental convergence rates (uniform and adaptive refinement)

lenyllie llenpllie lenullo.c [len!l]
n Unif. Adapt. Unif. Adapt. Unif. Adapt. Unif. Adapt.
3 0.26 1.11 0.26 1.11 0.68 2.15 0.28 1.15
4 0.41 0.76 0.41 0.76 0.76 1.48 0.42 0.78
5 0.43 0.56 0.43 0.56 0.88 1.06 0.44 0.57
6 0.44 0.68 0.44 0.68 0.83 1.40 0.45 0.69
7 0.45 0.57 0.45 0.57 0.82 1.15 0.45 0.57
8 0.41 0.64 0.41 0.64 0.82 1.21 0.41 0.64
9 0.42 0.51 0.42 0.51 0.78 1.09 0.43 0.51
10 0.40 0.57 0.40 0.57 0.76 1.07 0.40 0.57
11 0.40 0.49 0.40 0.49 0.75 1.04 0.40 0.50
12 0.39 0.54 0.39 0.54 0.73 1.02 0.39 0.54
13 0.38 0.49 0.38 0.49 0.72 1.03 0.38 0.49

The convergence history is documented in Fig. 3 (left) which shows the decrease
of the errors in the state ||, ,|1.o and in the control ||ej ,|lo.e as a function of the
DOFs on a logarithmic scale both for uniform refinement (UFEM) and for adaptive
refinement (AFEM). Likewise, Fig.3 (right) shows the decrease of the total error
|llen|l| and of the estimator 7, as a function of the DOFs on a logarithmic scale,
again both for uniform refinement (UFEM) and for adaptive refinement (AFEM).

Table 1 contains the computed experimental convergence rates (cf. 6.1) for the
approximation of the state, the adjoint state, the control, and the total error in case
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c.e. in rel. estimates (UFEM)
c.e. in rel. estimates (AFEM)
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M
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DOFs DOFs
Fig. 4 Example 6.1. Decrease of the reliability related consistency error e = |e}, | (dotted line)

and its estimates ef = |E;'(r/e€,) l,E k= E;'Z{I), 2 < k < 3, (solid lines) as functions of the DOFs on

a logarithmic scale for uniform refinement (left) and adaptive refinement (right)

of uniform and adaptive refinement. We see that asymptotically the expected optimal
convergence rates are achieved.

As far as the consistency errors and their estimates are concerned, we have to
distinguish between the reliability related consistency errors e;, ,, (cf. (5.6)) and the
efficiency related consistency errors ez’eﬁ, (cf. (5.8)). Figure 4 displays the decay of

le¢ | and its estimates |éZ’§fl)|, E;’fl), 2 < k < 3, as a function of the DOFs on a

logarithmic scale for uniform refinement (left) and for adaptive refinement (right)

(we note that E;’Sl), E_Zﬁell) and écﬁl), E_ZSZ) coincide for problems featuring strict

complementarity which is the case in Example 1).

We observe that |e';$l) | and E_;Sl) provide upper bounds for |ej | with approx-
-c,(3)

imately the same decay rates. On the other hand, |e; ;| slightly underestimates

e}, ;> whereas E_ZSI) grossly overestimates e}, ;| with an insufficient decay rate in
particular for adaptive refinement.
Similarly, in Fig.5 the decay of the efficiency related consistency errors ej off

and their estimates E_;; are shown as functions of the DOFs on a logarithmic scale
for uniform refinement (left) and adaptive refinement (right). After a pre-asymptotic
phase, the estimates E_;el 4 Tepresent close upper bounds of e}, , " featuring essentially
the same decay rates.
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c.e. in eff. estimates (UFEM)
c.e. in eff. estimates (AFEM)

12)3 10
DOFs DOFs
Fig. 5 Example 6.1. Decrease of the efficiency related consistency error e = ¢} - (dotted line)

and its estimate £ = E;::ﬂ (solid line) as functions of the DOFs on a logarithmic scale for uniform
refinement (left) and adaptive refinement (right)

active set errors (UFEM)
active set errors (AFEM)

S,
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0 evd(A) 0 evd(A)
—&— eva(h)

= . . .
10° 10 10
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Fig. 6 Example 6.1. Approximation of the active set .A: quantities eZ"i (dotted line) and ez‘j, e’y

(solid lines) as functions of the DOFs on a logarithmic scale for uniform refinement (left) and
adaptive refinement (right)

Finally, Fig. 6 displays the decay of the errors with regard to the approximation
of the active set A in terms of the quantities ef'%. ef"%. and e}y (cf. (5.70),(5.71)).
Recalling that the quantities erj and e;" are the L'-norms of the difference
between the characteristic function of the continuous active set .4 on one hand
and the characteristic function of the discrete active set 4, resp. the characteristic
function of the approximate active set .4;, on the other hand, we see that the a
posteriori quantity eZ,Vj‘ yields a close upper bound with approximately the same

decay rates.
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Example 6.2. The second example which has been considered in [18,21] features a
problem with lack of strict complementarity. We consider 4 = —A on = (0, 1),
Given

—z1(x1)z2(x2) , (x1,x2) € (0,0.5) x (0,0.8)

yH(x1,x0) = 0. else
0¥ (x1,x2) =2 max(0, —|x; — 0.8] — |[(x2 — 0.2)x; — 0.3] + 0.35),

u*(x1,x2) = y*(x1, x2),
where

21(x1) = —4096 x¢ + 6144 x; — 3072 x} + 512 x3,
22(x2) 1= —244.140625 x5 + 585.9375 x5 — 468.75 x5 + 125 x3,

it can be easily verified that the triple (y*, 0*, u*) with the adjoint state p* = y*
and the multiplier u* = o™ is an S-stationary point of (2.5) with respect to the data

yi=p* = Ap*+y*, ul =0,

f=0c*—Ay*—p*, a=1, ¢ =0.

Further, we have 7* = {(x1,x2) | (x1,x2) € (0,0.5) x (0,0.8)}, C* =
{(x1,x2) | |x1 — 0.8] + |(x2 — 0.2)x; — 0.3] < 0.35}, and hence, B* = Q \ (Z* U
C*) # @. The optimal state y* and the optimal multiplier 0* are shown in Fig. 7,
whereas the inactive set Z* and the strongly active set C* are displayed in Fig. 8.
Figure 9 shows the adaptively generated mesh at level n = 7 with 2439 DOFs and
the final mesh (level n = 11) with 34159 DOFs.

Fig. 7 Example 6.2. Optimal state y* (leff) and optimal multiplier o * (right)
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Fig. 8 Example 6.2. The inactive set Z* (left) and the strongly active set C*, both marked in black
(right)
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Fig. 9 Example 6.2. Mesh at refinement level n = 7 (left) and final mesh (right)

As in the first example, Fig. 10 displays the decrease of the errors in the state,
in the control, in the total error, and in the estimator as functions of the DOFs on a
logarithmic scale, whereas Table 2 contains the associated computed experimental
convergence rates. Since the solution is smooth, uniform refinement is already
optimal, i.e., in Table 2 we observe almost the same rates for uniform and adaptive
refinement. However, as can be seen in Fig. 10, the error reductions are slightly less
for adaptive refinement.
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errors in state and control
3
total error and estimator
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Fig. 10 Example 6.2. Convergence history: Decrease of the errors in the state ||lej ||, and in
the control |le.,|lo.q as functions of the DOFs on a logarithmic scale (for uniform (UFEM) and
adaptive (AFEM) refinement (left). Decrease of the estimator 1, and the total error |||ep]||| as a
function of the DOFs on a logarithmic scale (for uniform (UFEM) and adaptive (AFEM) refinement

(right)

Table 2 Example 6.2: Experimental convergence rates (uniform and adaptive refinement)

lleny lli.e llenpllh.c llenullo.c Illex ]
n Unif. Adapt. Unif. Adapt. Unif. Adapt. Unif. Adapt.
2 0.24 0.61 0.24 0.61 0.65 1.42 0.25 0.63
3 0.34 0.63 0.34 0.63 0.69 1.33 0.35 0.64
4 0.61 0.47 0.61 0.47 1.20 0.95 0.62 0.47
5 0.39 0.58 0.39 0.58 0.78 1.16 0.39 0.58
6 0.57 0.47 0.57 0.47 1.14 0.88 0.57 0.47
7 0.41 0.53 0.41 0.53 0.81 1.12 0.41 0.54
8 0.57 0.49 0.57 0.49 1.15 0.90 0.57 0.49
9 0.42 0.52 0.42 0.52 0.83 1.07 0.42 0.52
10 0.57 0.47 0.57 0.47 1.15 0.85 0.58 0.47
11 0.44 0.53 0.44 0.53 0.84 1.12 0.42 0.53

Figure 11 shows the decrease of the reliability related consistency error e =

les ;| (dotted line) and its estimates ek = |écj£fl)|, EF = E_;:ffl),l <k < 3, as

functions of the DOFs on a logarithmic scale both for uniform refinement (left) and
for adaptive refinement (right). We see a very similar behavior as in Example 1,
ie., for 1 < k < 2, the quantities e¥ = |EZ’£Z)| and EF = E;’ﬁfl) provide close
upper bounds, whereas |E;Sl)| underestimates and E_;Sl) grossly overestimates the

consistency error |ej |.
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c.e. in rel. estimates (UFEM)
c.e. in rel. estimates (UFEM)

10° 10 10° 10 10
DOFs DOFs

Fig. 11 Example 6.2. Decrease of the reliability related consistency error e = |ej | (dotted line)

and its estimates e¥ = |E;'(r/e€,) l,E k= E;'Z{I), 1 <k < 3, (solid lines) as functions of the DOFs on

a logarithmic scale for uniform refinement (left) and adaptive refinement (right)

c.e. in eff. estimates (UFEM)
c.e. in eff. estimates (AFEM)

e L L L

10° 10* 10° 10
DOFs DOFs

Fig. 12 Example 6.2. Decrease of the efficiency related consistency error e = |e,‘1'_gﬁp| (dotted line)

and its estimate £ = E_Zil) (solid line) as functions of the DOFs on a logarithmic scale for uniform
refinement (left) and adaptive refinement (right)

Figure 12 displays the decrease of the efficiency related consistency error e; , 7

and its estimate E;:gﬁ as functions of the DOFs on a logarithmic scale for uniform
refinement (left) and adaptive refinement (right). As in Example 1, after some pre-
asymptotic phase in the adaptive regime, the estimates provide upper bounds of the
consistency error.

Example 2 features the occurrence of a strongly active set C* and hence, we

are interested in how well the a posteriori quantities eff”jt and e;‘fvg coincide with

eva evd eva ,evd

e, qs e and e;'c, e;'c, respectively. This is reflected in Figs. 13 and 14.
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active set errors (UFEM)
active set errors (AFEM)
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Fig. 13 Example 6.2. Approximation of the active set .A: quantities eZt’i (dotted line) and

e, e (solid lines) as functions of the DOFs on a logarithmic scale for uniform refinement

(left) and adaptive refinement (right)
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Fig. 14 Example 6.2. Approximation of the strongly active set C: quantities e;"g (dotted line) and

efe. e (solid lines) as functions of the DOFs on a logarithmic scale for uniform refinement (lefr)

and adaptive refinement (right)

Acknowledgements A.G. has been partially supported by a grant from the European Science
Foundation within the Networking Programme ‘OPTPDE’. M.H. acknowledges support by the
German Research Fund (DFG) through the Research Center MATHEON Project C28 and C31
and the SPP 1253 “Optimization with Partial Differential Equations”, and the Austrian Science
Fund (FWF) through the START Project Y 305-N18 Interfaces and Free Boundaries and the SFB
Project F32 04-N18 “Mathematical Optimization and Its Applications in Biomedical Sciences”.
R.H.W.H. has been supported by the DFG Priority Programs SPP 1253 and SPP 1506, by the
NSF grants DMS-0914788, DMS-1115658, by the Federal Ministry for Education and Research
(BMBF) within the projects ‘FROPT’ and ‘MeFreSim’, and by the European Science Foundation
within the Networking Programme ‘OPTPDE’.



Adaptive Finite Elements for Optimally Controlled Elliptic Variational. . . 149

References

[1] R.A. Adams, J.J.F. Fournier, Sobolev Spaces, 2nd edn. (Academic, New York, 2003)

[2] M. Ainsworth, J.T. Oden, C.Y. Lee, Local a posteriori error estimators for variational
inequalities. Numer. Math. Partial Differ. Equ. 9, 23-33 (1993)

[3] I. Babuska, J. Whiteman, T. Strouboulis, Finite Elements: An Introduction to the Method and
Error Estimation. (Oxford University Press, Oxford, 2011)

[4] V. Barbu, Optimal Control of Variational Inequalities. (Pitman, Boston/London/Melbourne,
1984)

[5] R. Becker, H. Kapp, R. Rannacher, Adaptive finite element methods for optimal control of
partial differential equations: basic concept. SIAM J. Control Optim. 39, 113-132 (2000)

[6] D. Braess, A posteriori error estimators for obstacle problems: another look. Numer. Math.
101, 415-421 (2005)

[7] D. Braess, C. Carstensen, R.H.W. Hoppe, Convergence analysis of a conforming adaptive
finite element method for an obstacle problem. Numer. Math. 107, 455-471 (2007)

[8] D. Braess, C. Carstensen, R.H.W. Hoppe, Error reduction in adaptive finite element approxi-
mations of elliptic obstacle problems. J. Comp. Math. 27, 148-169 (2009)

[9] S.C. Brenner, L.R. Scott, The Mathematical Theory of Finite Element Methods, 3rd edn.
(Springer, New York, 2008)

[10] E. Facchinei, J.S. Pang, Finite-Dimensional Variational Inequalities and Complementarity
Problems. (Springer, Berlin/Heidelberg/New York, 2003)

[11] A. Gaevskaya, Adaptive finite element methods for optimally controlled elliptic variational
inequalities, Ph.D. thesis, Institute for Mathematics, University of Augsburg, 2013

[12] A. Gaevskaya, R.H.W. Hoppe, S. Repin, Functional approach to a posteriori error estimation
for elliptic optimal control problems with distributed control. J. Math. Sci. 144, 4535-4547
(2007)

[13] P. Grisvard, Elliptic Problems in Nonsmooth Domains. (Pitman, Boston/London/Melbourne,
1985)

[14] A. Giinther, M. Hinze, A posteriori error control of a state constrained elliptic control
problem. J. Numer. Math. 16, 307-322 (2008)

[15] M. Hintermiiller, R.H.-W. Hoppe, Goal-oriented adaptivity in control constrained optimal
control of partial differential equations. SIAM J. Control Optim. 47, 1721-1743 (2008)

[16] M. Hintermiiller, R.H.-W. Hoppe, Goal oriented mesh adaptivity for mixed control-state
elliptic optimal control problems, in Applied and Numerical Partial Differential Equations.
Scientific Computing in Simulation, Optimization and Control in a Multidisciplinary Context,
ed. by W. Fitzgibbon, Y. Kuznetsov, P. Neittaanmiki, J. Périaux, O. Pironneau. Computational
Methods in Applied Sciences, vol. 15. (Springer, Berlin/Heidelberg/New York, 2009)

[17] M. Hintermiiller, R.H.W. Hoppe, Goal-oriented adaptivity in pointwise state constrained
optimal control of partial differential equations. SIAM J. Control Optim. 48, 5468-5487
(2010)

[18] M. Hintermiiller, I. Kopacka, Mathematical programs with complementarity constraints in
function space: C- and strong stationarity and a path-following algorithm. SIAM J. Optim.
20, 868-902 (2009)

[19] M. Hintermiiller, R.H.-W. Hoppe, Y. Iliash, M. Kieweg, An a posteriori error analysis
of adaptive finite element methods for distributed elliptic control problems with control
constraints. ESAIM Control Optim. Calc. Var. 14, 540-560 (2008)

[20] M. Hintermiiller, M. Hinze, R.H.W. Hoppe, Weak-duality based adaptive finite element
methods for PDE-constrained optimization with pointwise gradient state-constraints. J.
Comp. Math. 30, 101-123 (2012)

[21] M. Hintermiiller, R.H.W. Hoppe, C. Lobhard, Dual-weighted goal-oriented adaptive finite
elements for optimal control of elliptic variational inequalities. ESAIM Control Optim. Calc.
Var. 20, 524-546 (2014)



150 A. Gaevskaya et al.

[22] R.H.W. Hoppe, R. Kornhuber, Adaptive multilevel methods for obstacle problems. SIAM J.
Numer. Anal. 31, 301-323 (1994)

[23] R.H.W. Hoppe, Y. Iliash, C. Iyyunni, N. Sweilam, A posteriori error estimates for adaptive
finite element discretizations of boundary control problems. J. Numer. Anal. 14, 57-82 (2006)

[24] C. Johnson, Adaptive finite element methods for the obstacle problem. Math. Models Methods
Appl. Sci. 2, 483-487 (1992)

[25] D. Kinderlehrer, G. Stampacchia, An Introduction to Variational Inequalities and Its Applica-
tions. (SIAM, Philadelphia, 2000)

[26] D. Klatte, B. Kummer, Nonsmooth Equations in Optimization: Regularity, Calculus, Methods,
and Applications. (Kluwer, Dordrecht, 2002)

[27] 1. Kopacka, Mpecs/mpccs in functional space: first order optimality concepts, path-following
and multilevel algorithms, Ph.D. thesis, Institute of Applied Mathematics, Karl-Franzens
University at Graz, 2009

[28] R. Li, W. Liu, H. Ma, T. Tang, Adaptive finite element approximation for distributed elliptic
optimal control problems. SIAM J. Control Optim. 41, 1321-1349 (2002)

[29] Z.Q. Luo, J.S. Pang, D. Ralph, Mathematical Programs with Equilibrium Constraints.
(Cambridge University Press, Cambridge, 1996)

[30] E. Mignot, Contrdle dans les inequations variationelles elliptiques. J. Funct. Anal. 22, 130-
185 (1976)

[31] E. Mignot, J.P. Puel, Optimal control in some variational inequalities. SIAM J. Control Optim.
22, 466476 (1984)

[32] B.S. Mordukhovich, Variational Analysis and Generalized Differentiation I: Basic Theory.
(Springer, Berlin/Heidelberg/New York, 2006)

[33] B.S. Mordukhovich, Variational Analysis and Generalized Differentiation II: Applications.
(Springer, Berlin/Heidelberg/New York, 2006)

[34] P. Neittaanmiiki, J. Sprekels, D. Tiba, Optimization of Elliptic Systems: Theory and Applica-
tions. (Springer, Berlin/Heidelberg/New York, 2006)

[35] R. Nochetto, K.G. Siebert, A. Veeser, Pointwise a posteriori error control for elliptic obstacle
problems. Numer. Math. 95, 163-195 (2003)

[36] J. Outrata, M. Kocvara, J. Zowe, Nonsmooth Approach to Optimization Problems with
Equilibrium Constraints. (Kluwer, Dordrecht, 1998)

[37] J. Outrata, J. Zowe, A numerical approach to optimization problems with variational inquality
constraints. Math. Program. 68, 105-130 (1995)

[38] H. Scheel, S. Scholtes, Mathematical programs with complementarity constraints: stationar-
ity, optimality, and sensitivity. Math. Oper. Res. 25, 1-22 (2000)

[39] L.R. Scott, S. Zhang, Finite element interpolation of nonsmooth functions satisfying boundary
conditions. Math. Comput. 54, 483-493 (1990)

[40] K.G. Siebert, A. Veeser, A unilaterally constrained quadratic minimization with adaptive finite
elements. SIAM J. Optim. 18, 260-289 (2007)

[41] R.S. Strichartz, A Guide to Distribution Theory and Fourier Transforms. (World Scientific,
River Edge, 2003)

[42] ET. Suttmeier, On a direct approach to adaptive FE-discretizations for elliptic variational
inequalities. J. Numer. Math. 13, 73-80 (2005)

[43] A. Veeser, Efficient and reliable a posteriori error estimators for elliptic obstacle problems.
SIAM J. Numer. Anal. 39, 146-167 (2001)

[44] R. Verfiirth, A Review of A Posteriori Error Estimation and Adaptive Mesh-Refinement
Technigues. (Teubner & Wiley, Stuttgart, 1996)

[45] B. Vexler, W. Wollner, Adaptive finite elements for elliptic optimization problems with control
constraints. SIAM J. Optim. 47, 509-534 (2008)



