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1. Introduction

Let M be a complete noncompact Riemannian manifold of dimension n=2.
An end of M is a mapping E, which assigns to each compact subset Q of
M a connected component E(Q) of M\Q such that E(Q)<E(Q) if Q<= Q' (cf.
[E]). An end E is called flat, if E(Q) is flat for some compact subset Q of
M, ie. the sectional curvature vanishes on E(Q). The main purpose of this
paper is to classify flat ends up to isometry, ie. we determine the isometry
type of E(L) for a suitable set Q. An essential step in the classification is the
following result (Sect. 7):

Theorem. Let E be a flat end of a manifold M. Then there exists a compact
subset Q in M such that E(Q) is isometric to the interior of (Y x R¥)/I" where

(a) either k=n—1and Y=IR, =[0, o), and I' is a Bieberbach group on R* 1,

(b) or k=n—2 and Y is diffeomorphic to R xR ., and I' is a Bieberbach
group on R x R"™2 preserving the product structure,

() or k=n—3 and Y is the complement of a distance ball in R"™* and I
is a finite extension of a Bieberbach group on IR¥.

* Supported by DFG
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This result reduces the classification essentially to a 2-dimensional situation.
The 2-dimensional case itself is nontrivial. Namely, consider a complete regular
planar curve ¢: R — R? with unit normal vector field » and nonnegative curva-
ture function k=<¢”, n)=0. Then g: R xR, »IR? with g(s, t)=0(s)—tn(s) is
an immersion. Let Y (o) be the surface R x R, with the pull back metric. We
will show in Sect. 7 that case (b) of the theorem can be reduced further to
the case Y=Y (o, g) where oy g is the cycloide

05 g(S)=(fs—R-sins, R-coss).

Furthermore, we study flat ends in manifolds which satisfy additional curvature
conditions. In particular, we consider the case that M is a complete manifold
of nonpositive sectional curvature with a flat end E. We represent M as H/I,
where H is simply connected and I'~n,(M). We prove that, besides in a few
exceptional cases (where the global structure of the manifold is determined),
there exists a compact flat totally geodesic embedded hypersurface T and M
dividing M into the pieces E(T) and M\ E(T). The piece E(T) is diffeomorphic
(under the normal exponential map of T) to T x (0, co) and M\ E(T) is totally
convex. :

The proof of this result and a discussion of the exceptional cases is contained
in Sect. 8. As a corollary of this description, we see that flat ends in nonpositively
curved manifolds are of type (a) or (b) as described in the Theorem and the
type (c) cannot occur. It is interesting to remark that this is also true in the
case of nonnegatively curved manifolds by a result in [SZ].

For hints and discussion we wish to thank Martin Strake.

2. Convex Cutting

A ray in a complete Riemannian manifold M is a unit speed geodesic y:
[a, 0)— M such that y|[a, b] is shortest for any b>a. The ray y|[d, o0) is
called a subray of y for any a’' = a.

Let E be a flat end of M and choose Q such that F:=E(Q) is flat. Let
y be a ray in M with subray in F and let

b, (x)=lim (t —d(x, g (1))

be its Busemann function (e.g. cf. [EH]). Since  is compact, b is bounded
on £ and so, for sufficiently large ¢, >0, the “horo-ball”

B(y)={xeM;b,(x)>1,} = [ B,(y(t,+7)

r>0

lies outside a neighborhood of Q. So B(y)< F because B(y) is connected and
contains a subray of g. Since F has sectional curvature K =0, the function
b, is convex on F (cf. [CG, EH]) and therefore, C(y):=M\B(y} is a closed
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totally convex subset of M. Let R(F) be the set of all rays with a subray in
F. Put
Co= ﬂ C(y).

YeR(F)

Then C, is a closed and totally convex subset containing €, and the closure
of M\ C, is contained in F.

Lemma. C, n Clos(F) is compact.

Proof. Suppose not. Then there exists a sequence (p;);»; in Co,nClos(F) with
d;:==d(p,, p;) > 0 for any pyeQ. Let y,: [0, d;] > M be a shortest geodesic seg-
ment joining p, to p;. By convexity, y; lies in C,. Let d be the diameter of
Q. Then y,()e M\ for t>d. Since y,(d)=p;eF, we get y,{(d, d;])= F. Passing
to a subsequence, we may assume that (y,) converges to a ray y which lies
in C, and has a subray in Clos(F), hence in F, which is a contradiction to
the construction of C,.

3. Smoothing

We may reparametrize each ray yeR(F) such that ¢, becomes 0. Then the func-

tion f= sup b, is convex on F, and we get Co={f=<0}. By Sect. 2, the set
yeR(F)

CynClos(F) is compact, and similarly C,n Clos(F) is compact for all ¢=0,
where C,={f <t}. The function b is nonexpanding, ie. | f(x)—f(y)| <d(x, y) for
all x, y, since the same property holds for the functions b,. Therefore dC, has
distance at least ¢t from 0C,. Choose t>0 and &< t/2 so that for some d€(0, ),
the ball By(p) is isometric to a euclidean ball for any point p in the compact

set
T={t—e<f<t+e}cF.

Let ¢:IR, -»IR, be a smooth function with ¢ =const near 0 and support in

[0, 6] such that
f ellx)dx=1,
R~

and put for peT
)= | f(exp,v)o(lv])dv

T,M

where dv is the euclidean volume element on T, M. It is well known that f;
defines a smooth and convex function on T with |f;—f|<é. In particular, S’
:={f;=1} does not meet 37, and S’ is a smooth hypersurface, since ¢ is not
a minimum value of f;. Moreover, §’ bounds the set

C={xe T,f:;(X)ét} Uct—ecct+ea

which is totally convex, by convexity of f; on T and of f on M\C,_,cF.
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Let @' =QuU(CnClos(F)). Then G:=E(Q)cF is a connected component
of M\ C, and since C is connected, S:==3G is a connected component of §'.

Let N be the unit normal vector field on S which points into G. Let e:
§ xR, — Clos(G) given by e(p, t)=exp,(tN,). This map is onto, and by convex-
ity of S and nonpositive curvature on G, it is a local diffeomorphism. We claim
that e is in fact a diffeomorphism. Namely, for small ¢ > 0, the immersion ¢,: § » G
with e,(p)=e(p, f) is an embedding. Let s be the largest value such that e, is
one-to-one for every te(0, s). If s < co, then e (x)=e,(y) for different points x, ye&S,
and the tangent hyperplanes at ey(x) and e (y) agree. Then the geodesics g.(2)
=e(x,t) and g,(f)=e(y, t) join at e(x) and form an unbroken geodesic from
x to y which lies outside C. This is a contradiction since C was totally convex.

We may sum up the preceding results by using the following notion: A
complete connected Riemannian manifold-with-boundary is called concave if
the distance function from the boundary is convex. E.g. the complement of
an open convex subset with smooth boundary in R is concave. In general,
for a concave manifold M the normal exponential map e: M xR, > M is
a diffeomorphism. Namely, let g:IR, — M be a unit speed geodesic starting
orthogonally from the boundary. Then for small :>0 we have d(g(t), M) =t.
By convexity, this holds for all zelR .. Thus 6 M has no cut locus which shows
that e is a diffeomorphism. The subsets M,=e(6 M x [¢, o0)) are also concave
manifolds, for all ¢=0. Now we obtain from the preceding considerations:

Proposition 1. Let M be a complete Riemannian manifold and E a flat end. Then
there is a compact subset Q in M such that E(R) is concave.

So from now on we may forget M\E(Q) and assume that M is already
a flat concave manifold with compact boundary which consequently has only
one end E.

4. Isometric Flat Ends

Let M and M’ be flat concave manifolds with boundaries S and S'. An isometric
embedding g: M - M’ is called simple if g(S) projects diffeomorphically onto
§’. We claim that this is equivalent to saying that f:=g| S is an isometric embed-
ding preserving the second fundamental form such that zn'cf: § — S’ is a diffeo-
morphism, where 7’ is the projection of M’ onto §’. Namely, if such an embedding
fiS—>M'is given, we may define g: M - M’ by g(e(x, t))=exp(¢tN,) where N
is the unit normal field along f which has positive scalar product with the
gradient of d'=d(, §). Since by convexity d’ is increasing along the rays r.(f)
=exp(tN,), the mapping g is everywhere defined and one-to-one, by a similar
argument as in Sect. 3. By flatness, g is isometric, since f preserves the second
fundamental forms with respect to the normal fields ¥ d|S and N.

Recall that ends E, E’ of two manifolds M, M’ are called isometric if E{Q)
is isometric to E(€') for suitable compact subsets Q and €' of M and M".

Proposition 2. Let M, M’ be flat concave manifolds with compact boundaries
S and S'. Then M and M' have isometric ends if and only if there exists a simple
isometric embedding of M, into M’ for some t=0.
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Proof. Assume that M and M’ have isometric ends. Since d=d(, M) is an
exhaustion function on M, there is an isometric embedding g: M, —» M’ for some
t=>0 such that M\ g(M,) is relatively compact. Using g, we may consider M,
as a subset of M'. Each ray in M’ starting orthogonally from dM’ intersects
M,, and once entered, it can never leave M, again since the function d on
M, is convex. Moreover, by concavity of M,, the unique intersection with S,
=0M, is transversal. So the embedding g is simple. Conversely, if a simple
embedding g: M, —» M’ is given, then d'=d(, 0M’) takes a maximum on g(0M,)
which shows that M\ g(M,) is relatively compact. Thus M and M’ have isometric
ends.

Observe that g: M,—» M’ is a homotopy equivalence. So it defines an
isomorphism between the fundamental groups, and we get:

Corollary. Let M, M’ as above and X, X' the universal covers with deck transforma-
tion groups I' and I'. Then M and M’ have isometric ends if and only if there
exists a group isomorphism 8: I' > I'" and a simple isometric embedding g: X - X’
such that goy=39(y)og for all yeI.

5. The Developing Map

Let X be an n-dimensional flat Riemannian manifold (possibly with boundary)
which is simply connected. For any small open subset of X, there is an isometry
into the euclidean space R”, and this map can be analytically extended to an
isometric immersion D: X —»R" the so called developing map [Th] which is
uniquely determined up to an isometry of R". Moreover, there exists a group
homomorphism ¢: I(X)— E(n) of the isometry group of X into the cuclidean
group, i.e. the isometry group of IR”, such that D is equivariant. The subgroup
I7(X) of orientation preserving isometries is mapped under ¢ into the group
E™(n) of proper (i.e. orientation preserving) motions of R”.

In particular, if M is an arbitrary flat manifold and X its universal cover,
then D: X - R" is I'-equivariant, where I’ =m,(M) is the deck transformation
group of the covering X - M.

6. Simply Connected Concave Flat Manifolds

Let M be a concave flat manifold with compact boundary. Let X be the universal
covering of M. Then X is also a concave flat manifold. The boundary ¢X
is not necessarily compact, but since ¢X covers 0M, the isometry group of
X acts uniformly on 0X. In other words, there is a compact subset BcdX
such that every point xedX can be mapped into B by an isometry of X.

Proposition 3. Let X be a simply connected concave flat manifold such that the
isometry group of X acts uniformly on 0X. Then X is a Riemannian product
X =Y xR¥ where Y is either R, or 2-dimensional or isometric to R™\ C where
C is an open, relatively compact subset of R™, and m = 3.
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The proposition a consequence of the following two lemmas.

Lemma 1. Let Y be a simply connected flat concave manifold with compact bound-
ary of dimension m=3. Then Y is isometric to R™\C, where C is an open convex
relatively compact subset of R™.

Lemma 2. Let X be a simply connected flat concave manifold with noncompact
boundary such that the isometry group acts uniformly on 6X. If dim(X)=3, then
X splits isometrically as X =X’ xR.

Before we prove these statements, we show that they imply Proposition 3:
Let k be the maximal integer such that X splits isometrically as X =Y x R*.
This decomposition is unique by the de Rham splitting theorem and is respected
by all isometries of X. It follows that the isometry group of Y acts uniformly
on 0Y. If dim(Y)=3, then dY is compact by Lemma 2 and the maximality
of k. Lemma 1 implies, that Y is isometric to R™\C.

Proof of Lemma 1. We consider the developing map D: Y- R™ let S=0Y.
Then D|S: § > R™is an immersed convex hypersurface. By Sacksteder’s theorem
[S], this is an embedding and D(S) is the boundary of a convex body in IR™
Thus D maps Y bijectively onto the complement of an open convex subset.

Remark. Since S is compact and oriented, we can prove Sacksteder’s theorem
for a locally convex immersion x: S —IR™ easily as follows: We replace x with
another immersion y: § — R™ which is arbitrarily C*-close to x and all of whose
principal curvatures are strictly positive. Then the Gaul map of y is a local
diffeomorphism onto §™~' and hence a diffeomorphism, since " ! is simply
connected. So the maximum value of each height function <y, v) for veS™ ™!
is taken at exactly one point of S which immediately implies that y is an embed-
ding (Hadamard’s theorem, see [H, Es]). Therefore, x was already an embedding.

To prove the existence of y, we note that by compactness, the immersion
x is strictly convex near some point. By standard convolution methods like
in Sect. 3, one can replace x with a convex immersion y; being arbitrarily
C™®-close to x such that the domain of strict convexity is larger. By iterating
this process one obtains y.

Proof of Lemma 2. Since X is flat and simply connected, we have a basis of
globally defined parallel vector fields on X. For x, ye X and ve T, X let B,ve T, X
be the parallel transport of v to x. This allows us to define a global Gaull
map v: 80X —» 8" ! as follows. Let N:=Fd, where d is the distance function
of 6X. We fix a point oe X and put v(x)=PB N,, identifying $"~! with the unit
sphere in T, X.

Claim (1). Either, the image of v is open or there exists a complete geodesic
g: IR — X in X\dX such that d is constant along g.

Proof of (1).Let E,N, be a point in v(0X) for yeS. Let x=exp, N,, thus d(x)=1.
Let Q"={veT, X |<v, Noo=0}. If h is a geodesic with h(0)=x, /'(0)eQ7, then
(d=h)(0)=0 and by the convexity of d, doh(s)=d-h(0)=0 for all seR and h
does not reach the boundary of X. Thus exp, is defined on Q7; let Q =exp, Q7.
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We claim that Q is isometric to IR"™! and totally convex, ie. every geodesic
in X joining two points of Q is contained in Q. Note that exp,: 0T - X is
a totally geodesic immersion. Let D: X —IR" be a developing map, then also
Doexp,: QT - R"is a totally geodesic isometric immersion. Thus D(Q) is a hyper-
plane in R” and thus isometric to R~ " and totally convex. We distinguish
the following cases:

(a) there exists a geodesic ray h: R, - Q with h(0)=x such that doh is
bounded. Since (doh)'(0)=0 and d is convex, this implies that d is constant
on h. Thus the points k(i), ieIN, have bounded distance 1 from ¢X. Since the
isometry group of X acts uniformly on 6X, there are isometries y; such that
y; h(i) are contained in a fixed compact set. Since d is invariant under y;, the
sequence y; h has an accumulation geodesic g with d constant on g.

{b) If doh is unbounded for all such rays h, then, due to the convexity of
d, there exists a constant r>0 such that d(y)=2 for all yeQ with dist (x, y)=r.
By continuity there exists a neighborhood U of N, in the unit sphere of T, X
such that for ueU and a unit speed geodesic & with h(0)=x, h'(0).Lu we have
doh(s)=1/2 for 0<s<r and doh(r)=3/2.

By convexity, h(s) cannot reach the boundary for s=0. For ueU let u*
be the hyperplane in T, X orthogonal to u. As above, Q(u)=exp,u' is a totally
geodesic hyperplane isometric to R*™! with d(x)=1 and d(y)=3/2 if yeQ(u)
and dist (x, y)=r, thus d assumes a minimum in say zeQ(u). It follows that
N, is normal to Q(u) which means u=F,N,. But N,=F, N,,) where n: X -»0X
is the orthogonal projection. Therefore u= P, N, and thus Byu=F, Ny, is in
the image of v for all ueU.

Claim (2). If dim (X) =3, then v(6X)<=S""! has measure 0.

Proof of (2). Note that X is a convex hypersurface in the flat manifold X.
The GauB equations imply that the intrinsic sectional curvature of X is nonne-
gative. Since 60X is noncompact but the group of isometries operates uniformly,
0X contains a globally minimizing intrinsic geodesic line. By Toponogov’s split-
ting theorem, 06X splits isometrically as a product Y xIR. We claim that the
GauB-Kronecker curvature of 0.X, i.e. the determinant of the second fundamental
form, vanishes everywhere.

Let xe0X. Since 60X splits intrinsically and dim (6X)Z 2, there is a 2-plane
o< T, 0X such that the intrinsic curvature K(o) vanishes. The Gaul} equations
then imply det(b|¢)=0 for the second fundamental form of 4X. Thus there
exists a vector veos with b(v, v)=0. Since b is positive semidefinite, it follows
that det (b) =0. The GauB-Kronecker curvature is the determinant of the differen-
tial of v. It follows that the image v(8X)<S"~! has zero measure.

Lemma 2 now follows from (1) and (2) by the following result:

Claim (3). If there exists a complete geodesic g: R — X in the interior of X
such that d is constant on g, then X is isometric to X' x IR.

Proof of (3). Let v=g'(0), then we consider the parallel vector field V on X
defined by V(x)=P,v. For xeX let g, be the geodesic g.(s)=exp,sV(x), thus
the geodesics g, are the integral curves of V. Let

A={xeX\0X|g,is defined on R and d is constant on g, }.
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Then A is not empty by assumption and A4 is clearly closed. We claim that
A is open. Let xeA4 and g, the corresponding integral curve of V with deg,=a
>0. Let J(s) be any normal parallel vector field along g, with |J|| <a. Since
X is flat, h(s)=exp J(s) is a complete geodesic in X\JX, which is an integral
curve of V. Since |V d| <1, we have doh(s)<2a and thus d is constant on h
as a bounded convex function. It follows that 4 is open. Thus 4=X\6X and
X\0X splits an euclidean de Rham factor. This splitting extends to X.

7. The Classification

As mentioned in the introduction, any regular complete curve ¢: IR - R? with
unit normal vector n and curvature x={c¢”, n)/|¢’||> =0 defines a flat concave
metric on R xR, , induced by the immersion

e RxR, >R2  e(s, )=c(s)—tn(s)

Let Y(o) be the manifold R xR, with this metric. The isometries of Y are
those parameter transformations i : R — IR which preserve length and curvature
of o. If Y is an arbitrary simply connected flat concave 2-dimensional manifold,
then Y is isometric to R. Let D: Y — IR? be the developing map. Then 6=D|6Y
is a complete curve and Y= Y(o0).

In particular consider the cycloide o;: R —R?,

op(8)=0y r(s)=(fs—R sins, R coss),

for some f=0 and R> f. Let Yy=Y; x=Y (04 &) and Y,, the upper halfplane.
Reparametrizing o as 6;(u)=0,(u/B) we see that Y; - Y, as f— co.

The isometry group of ¥, and Y, consists of all translations and reflections
of the first coordinate while I(Y;) for 0 <f < co contains only those which pre-
serve the lattice 2nZ. In the latter case, the fixed points of any reflection is
nk for some integer k, and the reflections with even and with odd k belong
to two different conjugacy classes.

Theorem 1. Let M be a complete manifold with a flat end E. Then there exists
a compact set Q in M such that E(Q) is isometric to the ““standard end ” (Y x R¥)/T,
where

(a) either Y is the complement of a closed metric ball of radius R around
0in R™, and m=n—k=3, and I is a discrete uniform subgroup of O(m)x E(k),
in particuliar T is a finite extension of a Bieberbach group of rank k,

(b) or Y=Yp r for 0f<c0 and I is a uniform discrete subgroup of 1(Y)
X E{(n—2}; in particular I' is a Bieberbach group of rank n—1,

(c) or Y=[0, o0) and I' is a Bieberbach group of rank n— 1.

Moreover, two ends are isometric if and only if these standard ends ( for
suitable R ) are isometric manifolds.

Proof. By Proposition 1, we may assume that M is flat and concave. Let X
be its universal cover and I' the deck transformation group. By Proposition
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3, we have an isometric splitting X = Y x R* which is preserved by I', and three
cases may occur;

Case 1. Y=IR | . Then we get Case (c) of the theorem.

Case 2. Y=IR™ C, where C is an open, relatively compact, convex subset of
R™ with m=3. Let B be the smallest open distance ball in R™ containing C.
Since B is uniquely determined, it is invariant under all isometries of ¥, iec.
under all isometries of R™ leaving C invariant. So X":=(R™\B)xR* is a I'-
invariant subset of X contained in X, for some >0, and (X\ X")/I" is relatively
compact. If  is the closure of this set, then E(£2) is as claimed in Case (a)
of the theorem.

Case 3. Y is a 2-dimensional concave, flat, simply connected manifold. Hence
Y=Y (o) for some complete, locally convex curve o: IR —IR? Moreover, I acts
as a Bieberbach group on 0Y xIR"2 and preserves the splitting, i.e. I'<I(Y)
x E(n—2). Let I, be the projection of I' into I(Y); this acts uniformly on 0Y.
If I} is not discrete, then ¢ must have constant curvature, hence Y=Y, or
Y=Y,, and we get cases (b) or (c) of the theorem. So we may assume that
I is discrete and hence generated by a translation y, and possibly a reflection
y of 0Y=IR.

Let D: Y—-R? be an orientation preserving developing map such that ¢
=D|0Y. Let ¢: I; — E(2) be the corresponding homomorphism. Put 4,=¢(y,)
and A, =¢(y,) if y, is present. A, is a proper motion and A4; a reflection.

Now we have
goy,=A,00

for i=0 and possibly i=1. We may assume that o is parametrized by arc length
in such a way that y, is given by the parameter shift u —» u+ w for some w>0
and y, (if present) by the reflection u - —u.

Consider the following two invariants of the curve ¢ and the translation
yo: first the total curvature per period

1=1(0, Yo)= fx(u)duzlim (w/27) jr K(u)du

4] i -r

where kx=<{0", n) is the nonnegative curvature function of ¢, and second the
displacement per period “on the long run”:

0=0(0, yo)=lim (&/2r) o (—r)—a(r)].

r— oo

Let ae[0, 27) be the angle between ¢'(0) and o' (w). Then t=2nk+« for some
integer k=2 0. If t=0, then ¢ is a straight line and we get case (c) of the theorem.
So we may assume 7 >0. We will distinguish between the cases =0 and 6> 0.

Case (i). 6=0. Then A, is a rotation by the angle o. We may choose the
developing map D in such a way that the fixed point of 4, is the origin. Then
the whole curve ¢(IR) has finite distance R>0 from the origin. If 4, is present,
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it leaves invariant the ball B=Bg(0). Thus its axis passes through 0 and we
may assume that A, is the reflection at the x,-axis.

Case (ii). 6>0. Then A, is a translation, and ¢ its displacement. So we have
a=0. By choice of D we may assume that 4,(x)=x+de,. If 4, is present,
it satisfies 4, Ag 4, =Ay*, and so its axis is parallel to the x,-axis. Thus we
may assume that A, is the reflection at the x,-axis.

In both cases, if 4, is present, then o (0) lies on the x,-axis and ¢'(0)= +e; .
If A, is not present, we may assume o'(0)= —e, by choice of the parameter
of o. Moreover, in case (i) we may assume ¢(0)=0, since the developing map
can still be changed by a translation of IR2.

Let 3(yo) be the translation s—s+7 in R and 3(y,) the reflection s » —s.
This defines a homomorphism 3: I — E(1) which we extend to a homomorphism
3: I'—> E(1) x E(n—2) by putting 3(y)=(3(y,), y,) for any y=(y,, y,)eI. Now the
following lemma shows that we end up with Case (b) of the theorem:

Lemma 1. The end of M is isometric to (Y, x R"~2)/9(I'), where f=§/x.

Proof of Lemma I. Let R'>0Q be so big that ¢([0, @]) is contained in Bg,(0)
and put R=R’+27f. Then 04|[0, 27] and its tangents lic outside Bg,(0) where
65=0g g is the cycloid defined above. In the following, we will assume ¢’ (0)=
—ey. In case that ¢'(0)= +e;, we must replace o4(s) with g4(s—n) in the subse-
quent argument. Recall that the developing map of Y= Y (¢) was given in coordi-
nates by the immersion e: R x R, —R? with

e(u, Y=o (u)—tn(u).

We will show that the rays r, with r,(f)=e(u, t) intersect o, transversally at
r,(t(u) for some smooth, w-periodic function t: R —>IR, and we have &(u)
=e(u, t(u))=0y(s(u)) for some parameter transformation s: R —IR with s(y;(u))
=3(p){s(u)) for i=0 and i=1 (if necessary).

Consider first the case 6=0. Then all rays r, start inside B=By(0) and
so they intersect dB exactly once and transversally, say at r,(t(u)) with ¢ as
above. Thus ¢(u)=o{u)— (1) n(u) is a parametrization of the circle B and hence
G(u)=o4(s(u)) for some parameter transformation s: IR —»R. Observe that ¢
=(1+xt}o'—t'n and therefore <&, 6'>=1. Thus on each finite interval, the
total curvatures of ¢ and & differ by less than 7 which implies 7(&, yo) =1(0, )
=1. Since o, is parametrized by total curvature, we have s(u+w)=s(u)+7 and
moreover s(—u)= —s(u).

Now we assume 6>0 and hence t=2nk for some integer k>0. Then the
rays 1, for 0=u<w have only transversal intersections with o,|[—27, 27].
Recall that we have assumed ¢(0)=0 and ¢'(0)= —e,. Then e(0, R)=0,(0). By
the implicit function theorem, there is a maximal value u,€[0, @] such that
there are smooth functions s: [0, #,] — {0, 27] with '>0 and ¢:[0,u;]- R,
such that 6(u):=e(u, t(u))=04(s(u)) for 0Su=<u,.

If 4, <w, then s(u,)=21, by maximality of u,;. But this is impossible since
the total curvature of o|[0, u,] is not bigger than 7t and differs from that of
G by less than = (see above), but on the other hand, the total curvatures, of
o,1[0, 27] and hence of &[0, u,] are 27, a contradiction.
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Thus we have u; =w. Let s; =s(w). As above, the total curvatures of 6| [0, @]
and oy [0, 5,] differs from t=2nk by less than n. Therefore, the number of
intersections of 6| [0, s,] with the x;-axis lies between 2k—1 and 2k+ 1. More-

over,
og(s;)=0(w)=0de, +t(w)e,,

and since t(w)>0, the number of these intersections is exactly 2k. So we get
that t—n/2<s; <74 n/2. Since {o4(s,), e, =0=p1, we must have s, =7 and
t(w)=1(0). Thus ¢t can be extended to a smooth w-periodic function on IR and
s gets a parameter transformation with s(u+ w)=s(u)+ 7 and s(—u)=s(u).

To sum up, the map f/: RxR" " ? >R xR, xR"™? with

S (5, 0)=(u(s), t(u(s)), v)

gives a 9 '-equivariant isometric embedding of d(¥;xIR""?) into X =Y (o)
x R"~ 2 preserving the second fundamental form, where u(s) denotes the inverse
function of s(u). Thus we finish the proof of Lemma 1 using the corollary of
Proposition 2.

The proof of the theorem now is finished by the following lemma:

Lemma 2. Let M=X/I' and M'=X'/I" be standard ends (X, X' depending on
constants R, R'>0) as defined in the theorem. If M and M’ have isometric ends
then they are isometric manifolds for suitable R and R'.

Proof. If M and M’ have isometric ends, then there is a simple isometric embed-
ding g: X — X' (possibly after enlarging the constant R of X) which is equivariant
with respect to an isomorphism 9: I'—I" (cf. the corollary of Prop. 2). We
have to show that X = X" and that 3 is a conjugation in I(X).

Case (c). X'=[R’, o) x R""!. Then g(dX) is the graph of a I"-periodic convex
function on R""! which must be constant. Hence X =[R, c0)xIR" ! and I'=T"

Case (a). X' =(R™ Bg,(0)) x R*. Then X is of the same type for topological
reasons. Since X and X’ are open subsets of R"=IR™ x IR¥, the isometric embed-
ding g: X - X’ extends to an isometry of R" which preserves the splitting, i.e.
g=(g,, g,) with g, cE(m) and g,eE(k), and we have 3(y)=goyog~! for all yel.
if g,€0(m), then 3 is a conjugation in I(X) and we are done. So suppose that
g; 1 (0)=veR™ Then v is a fixed vector of 9(y); €0 (m). Hence 3(y) commutes
with the translation T, sending x to x+uv. Putting g'=g0 T,€0(m) x E(k)=I(X),
we have 3(y)=g'oyog’ ~1 for all yelI’

Case (b). X'=Y'xIR""? where Y'=Y}, p,. Then the only case which is left
for X is X=YxIR""? with Y=Y, ; for some Be[0, o0). Since R""? is the
euclidean de Rham factor in X and X', the isometric embedding g splits as
g=Ig;, g,) where g,: Y; » Y}, is an isometric embedding and g,e E(n—2).

For an arbitrary planar curve o: R —IR? with normal vector field n and
for any parameter shift y(s)=s+w, preserving length and curvature of o, we
have defined the total curvature and the displacement “on the long run” per
period, 7(g, y) and d(o, 7). Moreover, if 6=0—tn for some w,-periodic function
t:R->IR,, then (o, y)=1(5, y) and (o, y)=46(6, ). If y is a translation of the
cycloid oy, then t(ay, y)=w, and é(ay, )= w,.
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Now let D be the developing map of Y’ such that D|0Y =0y, g=:0. By
assumption, we have an isometric embedding g: X —» X’ which is equivariant
with respect to an isomorphism 3: I' - I and which splits as g=(g,, g,) with
2,€0(n—2), where g,: Y— Y’ is an isometric embedding. Let §=Dog,{0Y. Then
6=Acay g for some 4€E(2). Moreover, 6 is a graph over o, i.e. ¢ is a reparame-
trization of 6 =0 —rn where ¢ is some positive function.

For i=1,2, let I; be the projection of I'<I(Y) x E(n—2) into the i'" factor,
and similarly I7. Since $(y)=goyog~* on the open subset U=g(Int(X)) of X',
we have the splitting

SO)i=giovicgi 1= 3:(v)

on U. This defines a splitting 9=(8,, 9,) with isomorphisms 9;: I; - I;. Since
3, is the conjugation with g,eE(n—2), it suffices to prove that f'=p and that
9, is a conjugation in I(Yp).

Note that I",< I(Y’)< E(1) contains an abelian translation subgroup of index
at most 2. Let yel’; be any translation u —u-+w, where w,=7(0, y). Then ¢
is w,-periodic, and therefore (o, y)=1(q, y)=1(F, 3; ' (y)), and similar, 5(s, y)
=4(6, 97 * (7). So it follows that #'=pf and 9, *(y)=1.

If I'| contains only translations, we are done. So suppose that there is a
reflection y, in I3. Then 37 *(y,) is also a reflection. We must show that 9; *(y,)
=7ypy 7! for some translation y: then 97! is the conjugation with y since I
is generated by y, and the translation subgroup. If =0, this is clear since
I(Yy)=E(1) and any two reflections in E(1) are conjugate under a translation
in E(1).

Now let us suppose f>0. After possibly reflecting the parameterization of
G=Aoo, g, we may assume that A is a proper motion. Since 6=o0; g, and
& (which is &, up to reparametrization) are invariant under the same group
of planar translations, 4 must be a translation, too.

Let u=kn be the fixed point of the reflection y, of the parameter of o.
The unit tangent vector of o at uis —(—1)* ¢,, and the sign distinguishes between
the two conjugacy classes of reflections of ¢. Let n and 7 be the unit normal
fields of the curves ¢ and & which point to the convex side so that the correspond-
ing curvatures are nonnegative. The ray r,(t)=0(u)—tn(u) leaves ¢ towards
the concave side and meets ¢ from the convex side at &(u) =6 (s(u)). Moreover,
r, is fixed by the planar reflection 4, =¢(y,), where ¢: I — E(2) is the homo-
morphism corresponding to the developing map D. So 87 *(y,) is the reflection
at s(u) and the intersection of r, and & is orthogonal. Hence n(u)=7(s(v)) and
therefore also the corresponding unit tangent vectors agree. This shows that
the reflections y, and 97 '(y,) are conjugate under a translation in I(Ys) which
finishes the proof of the lemma and of the theorem.

Finitely, let us classify the 2-dimensional flat ends Y/I In this case, I' is
an infinite cyclic group I'(w), generated by the translation y,,: s - s+ w for some
w>0. The case (a) of the theorem does not occur, hence Y=17Y; for some fie
[0, 0. If %0, oo, we have w =27k for some integer k>0. Therefore we get:

Corollary. 2-dimensional flat ends have the following different isometry types:

(@) Yo/I'(z) for 1e(0, oo) ( “truncated cones ),
(b) Y,/ I'2zk) for keN, Be(0, co) ( “generalized cylinders”’),
(©) R, x(R/w-Z) for >0 (“cylinders”).
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Remark. Tt is now casy to describe the ends of complete metrics on R? with
K =0 or K £0 which are flat outside of a compact set. The Gauf3-Bonnet theorem
implies that a convex curve surrounding the non-flat region has total curvature
1<2m (resp. =27) where equality implies global flatness. If Y;/I'(w) is the
standard end of this metric as described in the corollary above, we therefore
must have t(oy, y,) <27 (resp. 22n). It follows in the case K=0 that only
the truncated cones with <2z and the cylinders can occur. For K <0, the
only possibilities are the truncated cones with t1=27 and the generalized cylin-
ders with k=2. Note that in the case k=1 we have total curvature 2z, but
this generalized cylinder is not isometric to the end of the euclidean plane.
Using polar coordinates, one can explicitly construct the possible types.

8. Flat Ends in Manifolds of Nonpositive Curvature

Let V be a complete Riemannian manifold of nonpositive sectional curvature
with a flat end E. We represent V as H/TI', where H is a complete simply connected
manifold and I'~n,(V) the group of deck transformations (compare [EO,
BGS]). H is diffeomorphic to IR” and convex in the sense that any two points
in H can be joined by a unique geodesic.

It turns out that either E has a standard description or we are in a special
situation, where we control the global structure of the manifold. We first describe
the special cases:

Type A: H splits isometrically as H' x R"~? with a twodimensional factor
H' which is flat outside of a compact set. I' is a Bieberbach group of rank
n—2, every yel splits as (y,,7y,) with y,el(H'), y,eE(n—2). All ¢lements y,
are elliptic with a common fixed point in H' and the group formed by all
v, operates freely with compact quotient on IR* 2.

Type B: H is isometric to H' xR*"2? and H' is flat outside of a horoball
BcH'. I is a Bieberbach group of rank n—1 and every yel splits as (y, y2)-
The elements y; leave B invariant and I' operates with compact quotient on
OB xIR"72,

Type C: There exists a totally geodesic hyperplane S in H isometric to
IR"~! invariant under I. The group I' operates with compact quotient on S,
in particular I" is a Bieberbach group of rank n—1. There exists an element
yelI" such that y interchanges the two components of H\S. Furthermore H
is flat outside of the a distance tube of radius @ around S for some a=0.

For a more detailed description of manifolds of type C see Sect. 9.

Theorem 2. Let V=H/I' be a complete manifold of nonpositive curvature with
a flat end E. Assume that V is neither flat nor of type A, B, C. Then we have

(i) There exists a totally geodesic compact flat hypersurface T dividing M
into the pieces E(T) and M\ E(T).

(ii) The closure of E(T) is diffeomorphic under the normal exponential map
to TxIR,.

(iii) The closure of E(T) is isometric to Q xIR"™2/4, where Q is a closed
convex 2-dimensional subset of H with totally geodesic boundary 0Q isometric
to R. There exists a number a>0 such that Q is flat outside of the a-distance
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tube of 0Q. A4 is a Bieberbach group of rank n—1 which operates with compact
quotient on 0Q x R" 2,

Proof. By Proposition 1, there exists a compact set €', such that E(Q') is isometric
to the interior of a concave flat manifold M' with compact boundary. Thus
E(Q) contains the concave flat manifold M =M, where t>0. Note that M?
is the closure of E(Q) for a suitable compact set 220", Let n: H— V be the
universal covering of V, and let W be a connected component of =~ *(M) < H.
Then W is precisely invariant under the operation of I i.e. either yW=W or
YW W=6 for all yeI. We identify M with W/I,, where [,,={yel |yW=W]}.
Then =|,,: W— M is a covering map.

Let ¥: X - M be the universal covering of M. Then we may lift  to a
covering ¢: X — W. Let X =X’ xR* the splitting of the euclidean de Rham fac-
tor. For pe X', ¢: {p} xIR* - H is an isometric immersion, and thus ¢({p} x R¥)
is a k-flat in H, ie. a totally geodesic submanifold isometric to IR*. Note that
o({pi} xIR* and ¢({p,} x R¥) have bounded distance from each other and thus
are parallel by Eberlein’s “Sandwich Lemma™ [BGS, 2.3].

It follows that ¢(X)< B where B is the set of all parallels to F [BGS,
2.4]. B is a closed convex subset of H which splits as P/ x IR* and is invariant
under I,,. Thus the map ¢: X — B which is a covering onto its image induces
an isometric map ¢’: X’ — F which is also a covering onto its image W’
=@ (X')< Fr.

By Proposition 3, X' is either the complement of a relatively compact convex
set in R™ or of dimension =<2. In the first case we can extend ¢": X' — B
to an isometry @: R™ - P by [BGS, Corollary 2, p. 67]. Thus F is flat and
hence Vis also flat. Hence we can assume that dim X' =dim B £2.

We first consider the case dim X’ =2. Note that W’ is a concave 2-dimensional
flat manifold with boundary d W’ We consider the case that d W’ is diffeomorphic
to S'. Then one proves easily that W’ is the complement of a convex subset
of B and Fy is complete without boundary. It follows that H itself splits isometri-
cally as H'xIR""% and H’ is flat outside of a compact set. We may assume
that H' is not flat. Then there exists a smallest ball in H” containing the points
with negative curvature [BGS, p. 10]. The center o of this ball is fixed by all
isometries of H'. Thus every yerI splits as (y, y,) with an elliptic isometry y,.
The group I leaves {0} x R"~? invariant and operates with compact quotient
on this R"~ 2 since H/T has a flat end. Thus Vis of type A.

We now assume that dW’ is diffeomorphic to R. In this case, ¢: X —> B
and ¢': X’ — B, are injective and we can identify X with W and X' with W'
I, operates with compact quotient on 8W=0W’' x R* "% Hence I, is a Bieber-
bach group of rank n—1. Every yel,, respects the splitting of dW and leaves
P.=F; xIR""? invariant. It follows that there exists a nontrivial isometry o of
F; which leaves W’ invariant and translates the boundary d W'

Let Q be the convex hull of W' in B, ie. Q is the smallest closed convex
subset of F; containing W' We identify 6 W’ with R. Then let g; be the geodesic
in P from i to —i. Then we have the following alternatives:

(i) g; has an accumulation geodesic g. Then it is not difficult to prove that
Q has boundary 0Q =g. Furthermore g is an axis of the isometry o and the
distance to W’ is bounded on ¢Q.
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(i) The sequence g; diverges. Then larger and larger distance ball of a point
oedW' are contained in Q. Then Q is complete without boundary. The isometry
a is not hyperbolic, since any axis of @ would bound a convex halfspace contain-
ing W' It follows that a is a parabolic isometry and one verifies that V is
of type B.

It remains to consider the case (i). Note that O x R"™% is the convex hull
of W. Let S=9(Q xIR"™?), then S is a totally geodesic hypersurface isometric
to R"" 1. There exists a constant a>0 such that dist(p, W)<a for all peS.
Let C be the connected component of H\S which contains W, Thus C is the
interior of @ x R" ™2,

We claim that S is precisely invariant under T, i.e. either ySNS=0 or yS=S8.
Let therefore yeI” such that yS~ S is not empty. Then the Hausdorff distance
between S and yS is infinite and therefore there exists a point peS such that
ypeC with dist (yp, S)=2a. Let ge W with dist (p, g9) £ a. Then dist (p, yq)<a and
hence yqeC and dist(yg, S)=a, thus ygeW. Therefore yW~ W is not empty
and since W is precisely invariant it follows that yW=W. Then 7y leaves also
the convex hull of W and S invariant.

Let I;={yel'|yS=S}, then I, I;. Let us assume that there exists an element
ael\I,. Then « interchanges the components of H\S. In particular, the compo-
nent oC is isometric to C. Let y be an arbitrary element of y. Then yW is
cither contained in C or in «C. Thus yW=W or yW=oW. It follows that yeI,
or ayel,,. So I, is a subgroup of index 2 in y and I'=1I;. It follows that V
is of type C.

If I,,=I; then let T=0a8/I,,. Then Q x R"~ /I, is diffeomorphic to T x [0, oo).
One easily checks now (i), (ii) and (iii) of the theorem.

At last it remains to consider the case that dim(X")=1. In this situation,
W is isometric to R""!' xR, . The group I,, operates with compact quotient
on 0W=IR""! and S=0W is precisely invariant with I,,cI;. If I}, and I are
not equal, the H is flat everywhere. If I,,=1;, then R""* xR /I, is indeed
isometric to T xR, with T=S/I,,.

The above theorem implies in particular that the isometry type of a flat
end in manifolds of nonpositive curvature is restricted:

Corollary. Let V be a complete manifold of nonpositive curvature with a flat
end E. If V is not flat, then there exists a compact set Q in V such that E(Q)
is diffeomorphic to T xR, where T is a compact flat space form.

Remark. We observe that any flat end in a manifold of nonpositive curvature
which is neither flat nor of type A, B, C has the topological type of an end
of finite volume in a manifold of constant negative curvature.

9. Examples and Remarks

1. To construct nonpositively curved manifolds with flat ends, we start with
a complete noncompact hyperbolic manifold M (K = — 1) of finite volume. Let
Ebe an end of M. For suitable Q, E(£2) has topologically the structure T x [0, o)
where T is a compact spaceform and the metric is a warped product ds?
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=e 2'dg?+d1t? where do? is a flat metric on T (cf. [E]). We produce a new
metric ds®>=f?do?+dt* on the end, where f is a convex function which coin-
cides with e ' for small ¢ and is a positive constant for ¢ large. By the warped
product formula {BO, 7.7] the new metric has nonpositive curvature and by
construction the end is finally isometric to T’ x [0, co) for a flat spaceform T
Thus the end is of type (c) of Theorem 1.

Let us consider the universal covering X =IR""! x [0, o) of this end with
deckgroup I'. If T respects a factor of R""? (e.g. this holds if I" contains only
translations), then X splits I'-invariantly as R""? xR x [0, cv). Now we can
change the metric on the factor IR x [0, o0) such that the new metric coincides
with the old one near the boundary and is flat outside of a distance tube of
the boundary. We can do this in a way that all elements yeI” operate as isome-
tries with respects to the new metric. Thus we can open the end in a two-
dimensional subspace and obtain a flat end of type (b).

2. Nonpositively curved manifolds of type C: Consider a metric of nonposi-
tive curvature on S* x [0, oc) which is flat outside of a compact set and isometric
to S! x [0, 1) near the boundary where S! is the circle of length & Let W be
the Riemannian product of this manifold with Si. The boundary of W has
a colloring isometric to [0, 1)xS! xS!. Let W’ be an isometric copy of W.
We glue Wand W’ along the boundaries interchanging the S!-factors. We obtain
a complete graph manifold 7’ of nonpositive curvature (constructions of this
type are due to Gromov ([G], also compare [E], [Sc]). One checks that V’
allows an isometry of order 2 without fixed points which leaves the common
boundary torus S! x S} invariant interchanging its factors which maps W onto
W' Dividing V' by this involution we obtain a manifold of type C.

We can construct type C manifolds more generally in the following way:
Let I" be a Bieberbach group on IR"~* such that there are parallel 1-dimensional
distributions D, and D, with yD;=D,; or yD;=D; for all yell We consider
the operation of I' on H=RR""* xR with y(x, f)=(yx, p(y)-t) where p(y)=1
if p preserves the distributions and p(y)= —1, if y interchanges the distributions.
The upper halfspace H, splits as R*"? xR x [0, oo) where the R-factor corre-
sponds to the distribution D, and the lower halfspace H _ splits as R""2 xR
x (— o0, 0] where the R-factor corresponds to D,. In general the splittings do
not agree on the hyperplane IR*'. By construction, I" respects the product
structures. One can change the metric on the factors R x [0, oo} of H, and
R x (— o0, 0] of H_ such that the new metric is nonflat with K <0 and I still
acts by isometries such that H/I" is of type C.

3. On the other hand, let us consider a complete manifold M of nonnegative
sectional curvature with a flat end E. If M has more than one end, there exists
a geodesic line in M and M splits isometrically as M’ xIR by Toponogov’s
theorem. Since M has a flat end, M’ is flat. Thus we may assume that M
has only one end and hence M is flat outside of a compact set.

If M is in addition simply connected at infinity, then M is isometric to
R" by a result of [GW]. In general, the following classification holds [SZ]:
Let M be complete of curvature K =0 and flat outside of a compact set. Then
M is flat or the universal covering X of M splits isometrically as X' xR"~?
where X' is diffeomorphic to R? and flat outside of a compact set. The deck



589

group I respects the splitting, operates as a Bieberbach group on IR"~? and
has a fixed point on X".

Thus these manifolds are very similar to the nonpositively curved manifolds
of type A. In particular they also carry a flat metric.
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