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We present expressions for the change of sound velocity and sound absorp-
tion due to phase fluctuations in a lattice of Josephson-coupled metallic
grains. An approximate evaluation predicts measurable effects unique to

granular superconductors.

RESEARCH ON GRANULAR metals has grown con-
tinuously since some of their properties were first
reviewed about ten years ago in a very stimulating
article by Abeles et al. [1]. Typically, these granular
structures consist of small metal particles (<100 A)
embedded in an amorphous insulator. A different type
of system is given by random mixtures of metals and
insulators. Both classes of heterogeneous media have in
common that their metal-volume fraction p can be
changed systematically. This opens the possibility (a) to
view their physical properties through the framework of
percolation theory, (b) to see in them a realization of
localization phenomena — or (¢) to consider both
aspects together [2].

Superconductivity in heterogeneous media is cer-
tainly of great interest. There is not yet a microscopic
description for the full temperature range based upon
the modified electron—phonon interaction. However, at
low temperatures one often studies a model granular
superconductor which is obtained by integrating away
all microscopic degrees of freedom thereby arriving at an
effective energy

(1)

Here the individual grains are already superconducting
and are coupled by their Josephson phases

Hppase = Heoutomb T Hjyosephson -

HJosephson = _bZ'Eij cos (¢1 _¢j)’ (2)
and
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simulates the charging energy due to transfer of Cooper
pairs with B being proportional to the inverse of the
capacitance matrix of the collection of small particles
3].

The Hamiltonian of equation (1) contains very rich
structures with respect to phase coherence, randomness,

dimensionality and magnetic field dependence [4]. In
this short paper we want to discuss still another aspect
which is related to the elasticity of the granular metal.

Obviously the electronic properties of every granular
metal will depend on tunneling between grains and are
therefore strongly influenced by variations of the inter-
grain separations. This observation suggests that pressure
effects should exist — at least for hard grains embedded
in a soft matrix. In particular near the threshold value of
the Josephson coupling £ a granular superconductor
described by equation (1) should be pushed through the
phase boundary [5] into the coherent state by applying
pressure.

These remarks also lead immediately to a coupling
between Josephson phases and sound, since the effect of
a sound wave is to modulate the interparticle spacings in
the array of superconducting grains. We can assume that
the Josephson coupling varies exponentially with distance
r;; of neighbouring grains E;; ~ exp (—kry;). The position
r; of grain / becomes r; + u; when a sound wave of
wave vector q and frequency w travels through the
system. For simplicity we will regard Hpyg. Of equation
(1) as a periodic model of identical grains with spacing d.
This gives for gd <€ 1 an interaction
Hiny = Ek Y (u;— ;)" ey; cos (¢; — ), 4)

i)
where the sum is over nearest neighbours and e;; is the
unit vector in direction r; — ;.

The surrounding medium will mediate an elastic
interaction between grains of mass M which is expressed
by the harmonic Hamiltonian

pi 1
= ; 2M+ > % u;Cu;. ©)
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The corresponding long-wavelength phonons are identi-
field with ultrasonic waves, and the total Hamiltonian
H = Hpypgoe + Hopg + Hiyy is then a simple model for the
coupling of ultrasound to the phase degrees of freedom.
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We should mention that a similar model was considered
a Jong time ago for compressible spin systems where the
coupling originates from the distance dependence of the
exchange interaction [6].

Acoustic properties of interest are contained in the
phonon propagator D, t;7, £') = — i{T(u; (£)u; (£ ).
Perturbation theory with respect to Hy,, of equation (4)
feads in a standard way to damping and frequency shift
of phonons. For long wavelengths the frequency shift
determines the change in sound velocity ¢ via the linear
relation Aw =¢q*Ac. In this way we obtain for longi-
tudinal waves the relative change in sound velocity [7]
Ac  (Exd)*1
P (hMcz) JT'(% ey @ Ceim "D’

(im)

bulk susceptibility for small € = (T — T,)/T, obtained by
means of a time-dependent Ginzburg—Landau treatment
[9]. T'e* ~ €™ is the relaxation time and &~ ¢™'/? the
correlation length. Note that we transfer here the bulk
behaviour to the paracoherent region of the granular
model of equation (1) where the BCS-order-parameter
amplitude A is non-fluctuating whereas the phases
fluctuate and drive the system into the coherent state as
€—>0 [10]. It is clear that we pass with this approxi-
mation from the original quantum mechanical behavior
contained in G of equation (7) to a phenomenological
description.

The expressions in equation (6) can now be explic-
itly calculated [7] :

2
g (p — kgT [ Exd \ (qgd)?
exp [—iq* (t; ~ 1,)] Re Gl (w) 6a) 4c _ _ 4%l (@d) 9
m im (62) v = M AZN(O) o2 L, (92)
and the sound absorption coefficient
(E"d)z 1 A2 A2
= — — . e . —Ac
o« = =g 2 C O Em D o«= qn(—— Ly, (9b)
(im) 4
exp [—iq-(r; — 1)l Im G (w). (6b) where
kpla 1 2 (N2 2.2 2 n
x + 2(e+ —0%x
I(e) = J' dxj du [Q° +2(e+Q Q% xu)] (10)
0 -1
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Here W is the number of grains and G(w) is the Fourier
transform of the generalized phase-phase susceptibility

Gl (8) = —i6(2)([cos ($(£) — ¢5(£)), cos ($:(0)

— ¢m(O)D), (M
the thermal average being taken with respect to Hpypye
of equation (1).

In previous work [8] the absorption coefficient
was obtained by a slightly different method, and it was
argued qualitatively that in the critical regime approach-
ing the transition temperature T, from above a should
increase as (T — T,)™¥ with y ~ 1. Here we are mainly
interested in the sound velocity which we want to
calculate together with a for 7> T, using the simplest
approximations for phase fluctuations. This is done in
two steps.

First, G of equation (7) is factorized in all possible
ways using {cos ¢;>=0 in the paracoherent state
(T>T,). As a consequence the order-parameter
susceptibility x(ry;, £) = —i0(r) {[cos ¢{2), cos ¢;(0)])
becomes the essential quantity.

Second, the Fourier transform of x is written in the
simple form

x(q, w) = IN(O)IAP (1 —iw/To + E4*)]7 . (8)
This ansatz is suggested by the result for the pairfield

Here kp represents the Debye-wave vector of the grain
lattice and Q = ew/Ty, Q® = e(Eq)* are temperature
independent, dimensionless quantities.

An analysis of equation (10) shows that Ac and &
behave approximately as

—Ac~(T—T) "2, a~ (T —T,)",

an

for 10™* < e < 1 and approach finite values at 7.

In order to obtain an estimate of the magnitude we
use typcial values for granular aluminum, T, ~ 2K, grain
diameter D~ 30A, distance between grain centers
d~ 50A. According to [11): €¥2 = 0.85(%0/)"* with
1 of order d/2. With kd ~ 1 and w = 10 MHz the numeri-
cal evaluation in equation (9) gives (see Fig. 1)

~2€ > 100

c

a2 1073 cm™

for e < 1073,

for e < 1074,

(12)

Within the uncertainty in the value of the reciprocal
tunneling length k, this theory indicates that at least
Ac should be detectable in the critical regime.
Ultrasound experiments have been reported by Levy
and coworkers who measured the attenuation of surface
waves in granular metal films, No enhancement of « as
indicated by equation (11) has been observed so far, and
it appears that percolation arguments [12] might be
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Fig. 1. Relative change in sound velocity and sound
absorption coefficient due to interaction with Josephson
phases in granular Al/Al,O; (see [11]) near the
transition temperature T,.

more appropriate for such substrate-coupled films than
our idealized grain-lattice model.

The sound velocity in a granular metal near the
transition into the superconducting state has to our
knowledge never been studied experimentally. According
to equation (12) a measurable effect should exist which
is not present at T, in usual homogeneous supercon-
ductors. We are aware that the change in sound velocity
which we predict follows from drastic approximations
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on an idealized model. In spite of this we hope that our
considerations will stimulate ultra sound velocity
measurements on suitable granular probes.
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