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TAIL ASYMPTOTICS FOR THE AREA UNDER THE EXCURSION
OF A RANDOM WALK WITH HEAVY-TAILED INCREMENTS

DENIS DENISOV  ,* University of Manchester
ELENA PERFILEV,* *** AND
VITALI WACHTEL,™* **** Universitiit Augsburg

Abstract

We study the tail behaviour of the distribution of the area under the positive excursion of
a random walk which has negative drift and heavy-tailed increments. We determine the
asymptotics for tail probabilities for the area.

1. Introduction and statement of results

Let {S,;; n > 1} be a random walk with independent and identically distributed increments
{Xk; k> 1}. We shall assume that the increments have negative expected value, [EX; = —a. Let
F(x) =P(X; > x) be the tail distribution function of X;. Let 7 := min{n > 1: S,, < 0} be the first
time the random walk exits the positive half-line. We consider the area under the random walks
excursion {S1, S, ..., S:—1}:

T—1
A= Z Sk.
k=0

Since 7 is finite almost surely, the area A; is finite as well. In this note we will study asymp-
totics for P(A; > x), as x — 00, in the case when the distribution of increments is heavy-tailed.
This paper continues the research of [14], where the light-tailed case was considered.

The area under the random walk excursion appears in a number of combinatorial problems,
for example in investigations of the asymptotic number of random trees, see [16,17,18]; some
further references may be found in [6]. Another application area is statistical physics, see, e.g.,
[8] or [3] and references therein. Applications to queuing theory for the analysis of the load in
Transmission Control Protocol networks and to risk theory are discussed in [2].

In the light-tailed case logarithmic asymptotics for P(A; > x) was obtained in [10], and
exact local asymptotics in [14]. Heavy-tailed asymptotics for P(A; > x) was previously studied
in [2], which considered the case when the increments of the random walk have a distribution
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with regularly varying tail, that is F(x) = x~%L(x), where L(x) is a slowly varying function. For
o > 1 it was shown that

P(A; > x) ~ EtF(+/2ax), X —> 00. (1)

Here, note that E[t] < oo follows from the assumption [E[X|] = —a < 0; see, e.g., [11, Chapter
XII.2, Theorem 2]. The asymptotics can be explained by traditional heavy-tailed one-big-jump
heuristics. In order to have a huge area, the random walk should have a large jump, say y, at
the very beginning of the excursion. After this jump the random walk goes down along the
line y — an according to the law of large numbers. Thus, the duration of the excursion should
be approximately y/a. As a result, the area will be of order y?/2a. Now, from the equality
x = y%/2a we infer that a jump of order +/2ax is needed. Since the same strategy is valid for
the maximum M, := max, -, S, of the first excursion, one can rewrite (1) in the following way:

PA; > x)~PWM, > ~2ax), X —> 00.

However, the class of regularly varying distributions does not include all subexponential
distributions, excluding, in particular, the log-normal distribution and Weibull distribution with
parameter 8 < 1. The asymptotics for these remaining cases have been raised as an open prob-
lem in [13, Conjecture 2.2] for a strongly related workload process. We will reformulate this
conjecture as

2
IP(AT>x)NIED(1'> —x), X — o0, )
a

when F € S and S is a subclass of subexponential distributions. Note that using the asymp-
totics for
P(t > x) ~ EtF(ax) 3)

from [7] for Weibull distributions with parameter § < 1/2, we can see that in this case the
asymptotics in (2) is equivalent to (1). In this note we partially settle (2). It is not difficult to
show that the same arguments hold for the workload process and to prove the same asymptotics
for the area of the workload process, thus settling the original [13, Conjecture 2.2]. In passing,
we note that it is doubtful that (2) holds in full. The reason is that for both t and A; the
asymptotics (3) and (2) are no longer valid for Weibull distributions with parameter g > 1/2.
The analysis for g > 1/2 involves a more complicated optimisation procedure leading to a
Cramér series, and it is unlikely that the answers will be the same for the area and for the
exit time.

1.1. Main results

We will now present the results. We will start with the regularly varying case. In this case the
connection between the tails of A; and M; is strong and we will be able to use the asymptotics
for P(M; > x) found in [12] (see also a short proof in [4]) to find the asymptotics for P(A; > x).

Proposition 1. The following two statements hold.

(@) If F(x) :=P(X| > x) = x"%L(x) with some a > 1 and E|X| < 0o then, uniformly in y €

[e/x, v/2ax], € € (0, 1),

P(A; > x, M; > y) ~EtF(v/2ax). 4)



Area under excursion

(b) If F(x)~ x —#e78W) ywhere g(x) is a monotone continuously differentiable function sat-
lsfymg ifor some 5 € (0, 1/2), and E|X1|” < oo for some > 1/(1 — B), then (4)

_ RJ2ax
holds umformly inye [«/ 2ax TR V4 2ax], R > 0.

This statement obviously implies the following lower bound for the tail of A,:

P(A; > x)
li f——— > 5
e o ©)

Furthermore, using this proposition one can give an alternative proof of (1) under the assump-
tion of the regular variation of F, which is much simpler than the original one in [2]. We first
split the event {A; > x} into two parts,

{AT >X}:{At >X,M-[ >y}U{A'L' >X,M-[ Sy}.
Clearly, {A; > x, M; <y} C {t > x/y}. Therefore,
PA; >x, M >y) <P(A; >x) <P(A; > x, My >y)+P(t > x/y). (6)

When « > 1, according to Theorem I 12 [9] or [7, Theorem 3.2], P(t > 1) ~ EtF (at) as t — oo.
Choosing y = €4/x and recalling that F is regularly varying, we get

P(t > x/y) =P(t > /x/¢) ~ e*EtF(/x). (7)

It follows from the first statement of Proposition 1 that
P(A; > x, M; > e/x) ~ ETF(+/2ax).

Plugging this and (7) into (6), we get, as x — 00,
O!

E‘L’F( /_2ax)(1 +0(1) <PA; >x) < ErF(«/Zax) (1 + —F (2a )a/z

+0(1))

Letting ¢ — 0, we arrive at (1).

The case of heavy-tailed distributions, which satisfy the conditions of Proposition 1(b), is
more complicated. In particular, it seems that in this case there is a regime when the asymp-
totics in (1) is no longer valid. We will treat this case by using exponential bounds similar to
Section 2.2 in [14] and asymptotics for P(r > x) from [5] and [7].

First, we will introduce a subclass of subexponential distributions to consider. We will
assume that IE[X%] = 02 < 0o. Without loss of generality we may assume that o = 1.

Assumption 1. Let
Fx)~ e 8Wx™2, X — 00, (8)

where g(x) is an eventually increasing function such that eventually

i(;;) 40, X — 00, 9

for some yy € (0, 1].



Due to the asymptotic nature of equivalence in (8), without loss of generality we may assume
that g is continuously differentiable and that (9) holds for all x > 0. Clearly, monotonicity in
(9) implies that

g = yo%x) (10)
for all sufficiently large x. Using the Karamata representation theorem we can show that this
class of subexponential distributions includes regularly varying distributions F(x) ~ x~"L(x)
for r > 2. Also, it is not difficult to show that lognormal distributions and Weibull distributions
(F(x) ~ e‘xﬂ, B € (0, 1)) belong to our class of distributions. This class previously appeared
in [15] for the analysis of large deviations of sums of subexponential random variables on the
whole axis.

Now we are able to give rough (logarithmic) asymptotics for yy < 1.

Theorem 1. Let E[X] = —a < 0 and Var(X1) < oo. Assume that Assumption 1 holds with yy =
1. Then, there exits a constant C > O such that

2Cg(v/2
P(4: > x) < Cx'* exp —ngm/ - %
a ax

Furthermore, for any € > 0O there exists C > 0 such that

L P(A; > x)
lim inf — >[ET
x—o00  F( /2ax + Cxl/4+s)

In, particular, if yo < 1 then
InP(A; > x) !
im =

=00 |nF(v2ax)

To obtain the exact asymptotics we will impose a further requirement on the function g.

Assumption 2. Let g(x) satisfy

xg' (x) = oo, X — 00. (11)
This assumption implies that
89, o, (12)
log x

In particular, it excludes all regularly varying distributions.

Theorem 2. Let E[X] = —a < 0 and Var(X1) < oo. Assume that Assumption 1 holds with yy <
1/2 and, in addition, that Assumption 2 holds. Then

P(A; > x) ~ EtF(v/2ax), X — 00.

1.2. Discussion and organisation of the paper

The main result of this note, Theorem 2, provides tail asymptotics for A; in the case when
increments of the random walk have a Weibull-like distribution with the shape parameter y <
1/2. We believe that P(A; > x) behaves differently in the case when g(x) = x*0 with yo > 1/2.
This change in the asymptotic behaviour appears in the analysis of the exact asymptotics for
P(r > n) and P(S, > an); see, correspondingly, [5,7].



The conjecture in [13] was formulated for the workload process of a single-server queue
rather than the area under the random walk excursion. However, one can prove analogous
results for the Lévy processes by essentially the same arguments. It is well known that the
workload of the M/G/1 queue can be represent as a Lévy process, and thus our results can be
transferred to this setting almost immediately. We believe that the treatment of the workload of
the general G/G/1 queue is not that different either.

The paper is organised as follows. We will start by proving Proposition 1 in Section 2. Then
we will derive a useful exponential bound and prove Theorem 1 in Section 3. Finally, we derive
exact asymptotics for P(A; > x) and thus prove Theorem 2 in Section 4.

2. Proof of Proposition 1

Before giving the proof we collect some auxiliary results that we will need in this and the
following sections.

We will require the following statement, the first part of which follows from Theorem 2 in
[12] (see also [4] for a short proof), and the second part from [7, Theorem 3.2].

Progosition 2. Let E[X1] = —a and either (a) F(x) == P(X| > x) = x~*L(x) with some a > 1 or
(b) F(x) ~ x~*¢™8%) where g(x) is a monotone continuously differentiable function satisfying
% | for B €(0,1/2), and E|X{|* < oo for some » > 1/(1 — B), then, for any fixed k,

P(My > y) ~B(Sk > y) ~ kF(y),  y—> 00, (13)
P ( man Sp > y) ~E(t ANKF(y), y— 00, (14)
n<tA
P(M; >y) ~EtF(y), y— 00 (15)
and
P(t > n) ~E[t]F(an), n— 0o. (16)

In the proof we will need some properties of the function F(x) ~x~*e¢~8® that we will
summarise in the following lemma, which will also be used later in the paper.

Lemma 1. Let the distribution function F(x) be such that F(x) ~x~*e¢ ™8 where g(x) is a
monotone continuously differentiable function satisfying % 1 for B €(0,1), and E|X{|* < o0
for some x> 1/(1 — B). Then,

g’(x)fﬂ?, x>0, (17)
X—y
g(x)—g(y)fﬁg(y)T, x>y>0, (18)
g) — glx —y) < Bg(y), x>2y >0, (19)
y:l;/)% F(;(;)y) — 1, X —> 00. (20)

Proof. Since g(x) is continuously differentiable and % is monotone decreasing then, with
necessity,

0= (g(x)) ,_ 80 — pxPlg(x)

xP x2B ’



implying (17). To prove (18), note that

g(x)—g(y)=fx g0 dtfﬁfx 8(®) < g(y)
Y y

To prove (18), note that, since x —y >y,

Y T80 g g8 [T L
g(x)—g(x—y)—fx_yg(t)dtSﬁ/x_y ;=P x_ytl—ﬁdt

s [ 1 2y)P —yP
< 'By_ﬁ : tlTﬁ dr < ﬁg()’)W <Bg(),

since 28 <1+ B for B € [0, 1]. To show (20), note that, uniformly in y < x/# as x — oo,

_Fa—y) _Fax—x!%)

_ — oy — 1/
lsp s = (1 +o(1)) exp {gx) — glx — /)]
x* xl/%
<(+o(1)exp { fglx —x'/*)—— 1 < (1 +o(1)) exp C—_}el,
x—x* (x — x1/7)1=8
since 1/ < 1 — . Here, we have also made use of (18). U

Proof of Proposition 2. To prove (13), (14), and (15_), by Theorem 2 of [12] it is sufficient
to show that (a) or (b) implies that F € §*, that is, fooo F(y) < oo and

/x F(y)F(x —y) dy ~ 2F(x) /00 F(y) dy, X — 00.
0 0

The fact that (a) implies F' € S* is well known and follows immediately from the dominated
convergence theorem, since F(x) ~ F(x — y) for all fixed y and

/x FO)IF(c—y) | _ /x/ 2F()F(x—y)
0 F(x) 0 F(x)

9

and F(x — y) < CF(x) for some C > 0 when y < x/2. Now, assume that (b) holds and show that
F € §*. Consider

X2 F(WE (v —
) / F(y)f(x y) dy.
0 F(x)

Uniformly in y € [ In x, x/2] we have, by (19),

F ()’)f (x—y) <C X e8W=8=1)=80) < Cy=P80)=80), 1)
F(x) (x = y)*y*

and therefore, since > > 1,

X2 T NE(v —
2/ FOFC=9 4 0.
|

nx F(X)

F(x—y)

Next, applying (20) we see that o

F e S*.

— 1 uniformly in y € [0, Inx], which implies that



The proof of (16) can be done by verification that (8) and (9) imply that the conditions of
Theorem 3.1 (and hence of Theorem 3.2) of [7] hold. We will provide the arguments in the
more complicated case (b). First, X| + a satisfies E[|X] + a]* < oo by the assumption of this
proposition. Convergence (3.1) in Theorem 3.1 of [7] holds by (20). Let

P& >n'/”, & >nl/> & + & > x)
P(&1 > x)

e(n):= sup
x>2nll>

’

where §; = X; +a, i =1, 2. To show (3.2) in Theorem 3.1 of [7] we need to prove that e(n) =
o(1/n). For x > 2n'/* we have

P&y >n'/7, & > n/> & + & > x)

P > x) =2t P

1
e P& >x—y) P& >x/2)?
.—21;KM&€dw PE>n | Pasy

Then, using (19),

x/2 P> >x—y)
Py < /nl/% P(& Gd)’)m

x/2 F(x — x/2
scf P& e dyiS ”scf B, € dy)efso)
nll> F(x) nl/>

for some C. Integrating by parts,

L x/2
ﬂfCM&>#MkWW)+C/ dyg' (1)ePSVP(E > y)
1/2¢

n
x/2

dyg/(y)y e~

< Cn—leB=Deg'/*) + C[

nl/
x/2
<o(m™H+en”! f dyg'(y)ef =180 = o(n~ 1)
nl/=
uniformly in x> 2t/ Using (21), P> < Cx~#eB—1s() — o(1/n) uniformly in x > 2nt/*,
which proves that (n) = o(1/n). 0
Define oy =inf{n < 7 : §, > y}.

Lemma 2. Under the conditions of Proposition 2,

o0
yl_i}gOIP(ayzkle>y)=iq/<, k=1, I;Qk=1-

Proof. For every k> 1,

P(oy = k)

P(Uy:kle >y):]P)(M—>y)
T

_ P (max<rak Sp > y) — P (maxp<rak—1) Su > ¥)

PM; > y)




It follows from (14) and (15) that
EtAk—EtA(k—1)

lim P(oy =k | M, >y)=
y—00

Er
P k—1
G S (22)
Et
It is clear that
o0 1 0
Y= Y Pr>k—D=1 -
k=1 k=0
Lemma 3. For every fixed k,
P(Sk > v, oy =k)
sup —P(t>k—1)] > 0asy— oo.

v>y F(v)
Proof. Fix some N > 0 and define the events
Dy =Ur, {X;>v+kN, [X;| <N forall [ ), 1<k} .
It is clear that Dy y C {Sx > v}. Therefore,
P(Sk > v, oy = k) = P(Dg N, oy = k) + P(Sk > v, Dj_y, oy =k)
=P(Xx >v+kN, |X)| <N, foralll <k,o,>k—1)
+ P(Sk > v, Dy, oy =k).
For the first term we have (y > (k — 1)N)
P(Xx >v+kN,|X;| <N, foralll <k, o, >k—1)
=Pt >k—1,|X| <N, <k)F(v+kN) (23)
=P(t > k— DFW) — eF() + o(F(v)

QN
N

uniformly in v >y, where ¢),” :=P(t > k— 1, |X;| > N for some [ < k) - 0 as N — oo.

Furthermore,

]P)(Sk > V’DE,N’ Oy = k) < P(Sk >, DE,N) = ]P)(Sk > V) — P(DkyN)

=P(Sk > v) — kP(X; > v+ kN)P(1X;| < N)YF! (24)
= ePFO) + oF(v)),

where e](\%) =k (1 = P(IX1] <N)*') - 0, as N — oo. Combining (23) and (24) and letting
N — oo, we get the desired relation. ]

We now turn to the study of the tail behaviour 0£ A; on the event {0y, =k}. For the
corresponding result we need the following property of F.

Lemma 4. Assume that the conditions of Proposition 1 are fulfilled. Then

. Fy+h
Iim — =1
y—00 F (y)

(25)



for any h=0(y/g(y)). Furthermore, for every R > 0 there exists a constant C such that

F(y —h) < CF(y) for all h < R——.

g()
Proof. Since F(x) ~ x~*¢ =8 and w5 — 1, (25) will follow from
gy +h —gly)— 0.
Since 5’% is monotone decreasing and g is differentiable,

8
©,

g)<p

Then, for h < 0,

e 480 =N

y—h
g(y)—g(y—h)=[ g’(t)dtsﬁ[ Dar<p h
y y y—h

In the last step we have used the fact that @ is decreasing. Similarly, for 4 > 0,

gy+h)—gly) =< ﬁ%y)h.

These estimates yield (27).
To prove the second claim we note that, by (28),

FO=1 _ (Y wor-eo-n {g@_—h)}
7o) EC(y—h) e8¢ <Cexp{B - ht.

If h < R-X then

gy
F(Z_h) <Cexp {,BRM} <Cexp {,BR;} .
F(y) (y—mgW) (1 —-R/g®))

This completes the proof.

Lemma 5. Assume that the conditions of Proposition 1 hold. Then

T—1
P Z Si>z, 0p=k|~ qETF(v/2az), k>1,
j=k

uniformly in'y € [€./z, /2az] for regularly varying tails Fandinye [\/ 2ax — —glg %‘; ,

for tails satisfying the conditions of part (b) in Proposition 1.

Proof. By the Markov property, for every z > 0,

T—1 00
P ZSj>z,oy:k :/ P(Sk € dv, oy =k)P(A; > 2| So =V).
j=k g

(26)

27)

(28)

V3]



B Let 2 € (1/(1 — B), 2) if F satisfies the conditions of part (b), and let 5« = 1 in the case when
F is regularly varying. Fix some § > 0 and consider the set

v+ svl/=
p .

B, = {v—évl/” <S,+na<v+sv/*foralln<
Since [E|X]]* < o0, it follows from the Marcinkiewicz—Zygmund law of large numbers that

b B
lim P (—R— Enl/” <S,+na<R+ Enl/” for all n > 1) —1.

R—00

Consequently, P(B, | So =v) — 1 as v — oo. This implies that, as y — oo,
—1
]P’(ZSj>z, oy:k)
j=k
o0
:/ P(Skedv,ayzk)IP’(At >7z|So=v)
y

:f P (Sxedv,0,=k) P ({A; > 2} N By |So=v) + 0 (P(oy =k)) .
y

On the event B, N {Sg = v} one has

v —svl/= v+ s/
_— < T < —.
a a

Consequently,

1 1 1/56\2
at (v—256vi7)
Aq =nE_OSn > E_O(v—ﬁvl/” —na)>t (v—évl/” -y ) zZ

and

T—1 T—1
AT:ZSn§v+Z(v+8vl/%—na)§r <v+8v1/%—%>

1/50\2
_ v+ 8v'/7)
- 2a

on the same event. In other words, P ({A; >z} N B, | So =v) =P(B, | So = v) if v— sv!/* >
V2az, and P ({A; >z} NB, | So=v)=0 if v+ 8v/* < /2az. Therefore, for all v large
enough,

t—1 00
P Si>z,00=k 5[ P(Sy € dv, oy = k) + o(P(0, = k))
jgk: / Y V2az—8Qaz)!/2= Y Y

=P (So, > V2az = 5(2a2) 1%, 0, = k) + o(Ploy = b))

and
—1 00
P Si>z,00=k 2/ P(Sk € dv, o, = k)P(B,) + o(P(o, = k))
Z J y a4 28(2az) /2 y v y

j=k
=P (S5, > v/2az+28(2a2) %, oy = k) + o(P(oy = k).



By Lemma 3, ]P’(Sgy >v,0p=k)~ FOW)P(t > k—1) as y— oo uniformly in v >y and,
consequently,

T—1
P|Y Sj>z0,=k|<F ((\/2@ — 8(2az)'/*) vy) (P(r > k— 1)+ o(1))
=k

+ o(P(oy =k))
and

T—1
PY8 >z 0=k | =F (V2az+280a)) ) @z > k= 1)+ o(1))
=k

+ o(P(oy = k)).
Under our assumptions on F, we have

. F(V2az+28Qaz)"/>)
lim lim — =L
5—02= F ((v/2az — §(2az)'/1?) v y)

Indeed, this relation is obvious for regularly varying tails, and under the conditions of part (b)
it is a particular case of (25). Therefore,

T—1
P8 >z 0=k | =F (v2az) (B(z > k= 1)+ o(1)) + o(B(0y = k).

J=k

Combining (15) and (22), we get P(oy =k)~ giETF(y). Thus, it remains to show that
F(y) = O(F(+/2az)). This is obvious for regularly varying tails and y > €4/z. For distributions
satisfying the conditions of part (b), it suffices to apply (26) with y = /2az. 0J

Proof of Proposition 1. For every fixed N > 1 we have

PA; > x, M; >y)

N
=Y PA; >x, 0y =k My >y) +P(A; > x, 0y > N, My > y). (29)
k=1

For the last term on the right-hand side we have

PA; > x,0p>N,M; >y)<P(oy, >N, M; >y)
=PM; > y)P(oy >N |M; > y).

It follows from (22) that P(oy > N | M; > y) — Z;iN+1 gj asy — oo. Then, using (15), we get

P(A; > x, 0y > N, M; > y) <enF(y), (30)

where ey — 0 as N — oo.



For every fixed k we have P(A; > x, oy =k, M; > y) =P(A; > x, oy =k). Since S; € (0, y)
for all j < k, we obtain

T—1
PA; >x,0p=k) <P ZSj>x—(k—1)y, oy=k
=k
and
—1
PA; >x,0y=k)=P | Y S§>x 0=k
=k

Using Lemma 5 with z=x and with z=x—ky, we conclude that P(A; > x, o, = k) ~
g ETF(+/2ax). Consequently,

N N
Y P(A; > x. 0y =k, M; > y) ~F(~V2a0)Et Y _ g (31)

Plugging (30) and (31) into (29) and letting N — 00, we obtain
PA; > x, M; > y) = (Et + o(1)F(v/2ax) + o(F(y)).
Recalling that F(y) = O(F(~/2ax)), we finish the proof. O

3. Proof of Theorem 1

We start by proving an exponential estimate for the area A, when random variables X; are
truncated. Let X;,, = max (X1, ..., X;). The next result is our main technical tool to investigate
trajectories without big jumps.

Lemma 6. Let E[X;] = —a and 0% := Var(X) < co. Assume that the distribution function F of
X; satisfies (8) and that (9) holds with yy = 1. Then there exists a constant Cyp > 0 such that

_ X an 2
P(A, > x, X, <y) <exp {—x— — 5+ Con n} ,
n

where A = gT(y).

Proof. We will prove this lemma by using the exponential Chebyshev inequality. For that,
we need to obtain estimates for the moment-generating function of A,,. First,

n
E [e%A”; X, < y] —F I:e% > (n—j—l—l)Xj; X, < y] = l_[ ®y (Xn,j) ,
j=1

where ¢,(1) :=E[e™; X; <y] and A, := )\(”L:rl). Then,
@y O ) = B[, Xj < 1/ hn ]+ ELe"9%; 1/hnj < Xj < y] = E1 + En.
Using the elementary bound e* < 1 4+ x + x? for x < 1, we obtain

Ey < 142 BIXG] 4+ Ay BIXT1= 1= ah j+ (@ + 07)Ay .



Next, using integration by parts and the assumption in (8),

y _ =y
E = / e’ dF () = —F (e
I/Anj

y _
+hnj / et F(t) dt
t=1/n 1/2n

o y
<eF(1/Ayj) + Chyj / ernit =802 gy,
1/)‘n,j

Now note that, for 7 <y,

Anjt —8(0) =1 (xn,j - &;)) <t (kn,j _ gT(y)) |

due to the condition in (9). Then,

ézgxz < A — ézgxz =0

X P
My y

and, therefore,

. Y
Ey <eF(1/An )+ Cha,j / i < (C+ Oy,
I/Anj

where we also used the Chebyshev inequality. As a result, for some constant C,

@y()\n,j) =E1+E<1- ahnj+ C)‘%,j'

Consequently,

n

E[er: X, <y| <[] (1 - s+ C32))
j=1

n
=exp ; Z In (1 —akyj+ C)»%,j)
j=1

n

=1

n . . 2
— 1 — 1
—exp]Y <_aku L (Am) )
n n

j=1

an )
<exp —7n+C)» ng.
Finally,

_ X A = X akr >
PA, >x, X, <y)<e nE[en ﬂ;any]gexp —A——7n+Ckn . n
n

We can now obtain upper bounds for the tail of A; using the exponential bound in Lemma 6.



Lemma 7. Let E[X|] = —a < 0 and Var(X}) < co. Assume that the distribution function F of
X; satisfies (8), and that (9) holds with yy = 1. Then there exists a constant C > 0 such that

PA, > x, X, <y) < Cx'/* exp {—2%\/(g _ 2C°g(y)> x} (32)

2 y

for all y satisfying Cog(y) < ay/4, where Cy is the constant given by Lemma 6. Moreover,

+
P(A; > x) < Cx'/* exp | —g(v2ax) (1 _ 2C0s(v2ax) Vzax))

2ax
Proof. Using Lemma 6 with y = +/2ax we obtain

o0

PAr >x,X: <) < ) PAy=x. Xy <V2ax, t=n+1)
n=0
©.¢]

§Zexp:—kf—%n+C)L2} Zexpi k——kln}
n

n=1

where A = gi/_vzwc) and I = § — CA. The assumption Cog(y) < y§ implies that / > §. Since [ is

positive, we have the inequality

n
[ exp: A——kl(y+1)} y>exp{ Af—)dn}, n>1.
n—1 y n

With formula (25) on page 146 of [1], we have

> X o X

Y exp {—x— - )Jn} 5/ exp | =15 — Ay + 1)} dy
n 0 y

n=1
g [4x
=c TKI (2)\,\/ IX)

Now, using the asymptotics for the modified Bessel function

7 —Z
Ki(z) ~ 2_Ze )

@]
Z exp [—Af — Mn] <Cx'/4 exp{—2A+ Ix}.
n

we obtain

Therefore, (32) is proven.
The second claim in the lemma obviously holds for all x such that Cyg(v/2ax) > a+/2ax.
Assume that x is so large that Cpg(+/2ax) < a~/2ax. Clearly,

PA; > x) <P(A; > x, X; <V2ax)+PA; > x, X; > v/2ax) =: P| + P».



By (32) with y = +/2ax,

2Cog(V2
Py <Cx'/4 exp § —g(+/ 2ax)\/1 — M

av/2ax

Next,
0
Py, < Z PA; > x, M,, < V2ax, X,+1 > V2ax, T > n)
n=0
o0
<> PXy1 > V2ax)P(r > n) < B[r]F(V2ax) = o(P)).
n=0
Then, the claim follows. U

Now we will give a lower bound.

Lemma 8. Let E[X] = —a < 0 and Var(X1) < oo. Then, for any ¢ > O there exists C > 0 such
that
P(A
lim inf 4t > > Er
=00 F(+/2ax + Cx1/4+¢/2)

Proof. Fix N > 1. Put yT = v/2ax + Cx!/47¢/2 where C will be picked later. Since E[X?] <
00, by the strong law of large numbers,

S;+al

e 0, | — oo almost surely.

Hence, for any § > 0 we can pick R > 0 such that

P ( min (S +al+R+ 11?7 > 0) > (1-39).
I<y/2x/a
Define
Ef = { min (S — Sk +al+ R+ 128> 0,7 > k, Sk >y+} .
I<{/2x/a
If C> 1+ (2/a) then, for all x large enough, al + I'/?>7¢ + R < /2ax + (2x/a)'/4+¢/2 L R <

yT for all [ < 4/2x/a. Therefore, for every k <N, E,'(" C {t > k+ 4/2x/a}. Furthermore, if 7 >
k + +/2x/a then, on the event E,:L,

k—++/2x/a k++/2x/a
Ar > Z Sk+1>yTy/2x/a + Z (Sk+1—S1)
=0 =0
k++/2x/a

>yt/2x/a — Z (al + 1'/77¢ 1 R).
=0



Now, we can choose C so large that, for every k <N, E,"(" C {A; > x}. Hence,

N
P(Ar >x) = Y PA; >x Xk <y, X >0, 1> k)
k=1

v

N

Y BES X <y Xy 1> k)
k

N

I<y/2x/a

=1
> P()?k_lsyﬂwk—l,ka*, min <Sz+k—sk+R+zl/2+€>>0)
k=1

N
=(1=8)) PXic1 =y t>k=1)FO).
k=1
For every fixed k we have P (Xj—1 <y, 7 >k —1) = P (t > k — 1) as x — co. Furthermore,
ZQJ:O P(t > k) — [Et as N — oo. Therefore, we can pick sufficiently large N such that

N
1¥2£fk§_1:w>(xk_l <y",t>k—1)=(1-§)Er.

Then, for all x sufficiently large, P(A; > x) > (1 — 8)2Er7(y+). As 6 > 0 is arbitrarily small,
we arrive at the conclusion. O

Proof of Theorem 1. The upper bound follows from Lemma 7. The lower bound follows
from Lemma 8. The rough asymptotics follow immediately from the lower and upper bounds,
and from the observation that

log F(x)
log F(x + )

— 1‘ — 0, (33)
[y[=xp(x)

where p(x) — 0. To prove (33) we note that by (9) and (10)

X+y xX+y xX+y
N e 80, 80 [ 1
gx+y) — g = /x g0 dr=yo /x A=y T
gx) 'y y
SV o — 108w y>0.
This implies that, as x — oo,
g(x+y)_1‘_>o. (34)
M=o | 8X)

Recalling that log F(x) ~ —g(x) — 2 log x, one easily obtains (33). ]

4. Proof of Theorem 2
Set

2ax
h(x) = ——, =+2ax — Ch(x)1 ,
() o2 y ax (x) log x



where C > 5/ We first split the probability P(A; > x) as follows:
— — 1
PA; >x)=PA; >x, X;: <y)+ P (AT >x, X; > V2ax — 1—h(x)>
og x

1
—I—]P’(A >x, X e|: v2ax—@h(x))i|>::P1+P2+P3.

The first term will be estimated using the exponential bound proved in Lemma 6.

Lemma 9. Let E[X ] = —a and Var(X_1 ) < 00. Assume that (8) and (9) hold with some Yy <
1/2, together with (11). Then, P1 = o(F(~/2ax)).

Proof. According to (32),

P1§Cx1/4expl 2g—(y)\/(——2C @> }
y 2 y

Since (9) holds for some yy < 1/2, g2(y)/y — 0, and hence

Py < Cx!/* exp {—@x/Zax} .
Yy

Then,

Py 5/4 { g()’) }
C V2 — 2
F(v2ax) ~ = Criexp gvi2an) =

To finish the proof, it is sufficient to show that
g(y)
g(v2ax) — v2ax+ 10gx—> —00, X — 00. (35)

We first note that

d(x) == g(v2ax) — é%)\/@ — o(+/2ax) — (g:(—y)

_ log x
g(v2ax)
=g(V2ax) — g(y) — (C+ o(1)) log x 80) :
g(V2ax)
Using (18), we can see that
2v2a0) — g0 = 7052 (Vaax — y) = yo 8L tog 1 2
y y g(v/2ax)
Hence,
NV 2ax gy)
dix)< | yo — 1) (C+o(l))——F— logx.
< y g(V/2ax)
According to (34), g(v) ~ g(+/2ax). Therefore, (35) is valid for any C satisfying C(yg — 1) +
5
4 < 0. L]

The next lemma gives the term that dominates in P(A; > x).



Lemma 10. Under the assumptions of Lemma 9 we have the following estimate:
P> < (Et + o(1))F(+/2ax), X —> 00.
Proof. Put

v Yy h(x)

logx’
By the total probability formula,

o0
P2§Z]P)(At Z-x,)_(n Sy*,Xn—l—l >y*7 T >n)
n=0

<> PXui1 > yOP(T > n) =E[T]F(").
n=0

Now, note that, by (18) and (34),

OO (14 0(1esVE=07) < (1 4 o(1)) exp { W (/B y*)}

F(v/2ax)
rog(»y") 1 2ax
=1 +o(1)) ex =1+o(1).
P { y*  logx g(+/2ax)
Then the statement immediately follows. 0

We proceed to the analysis of P3. Fix some § > 0 and set z = é («/ 2ax+ 6 ﬁ) We split P3
further as follows:

_ 1
P3 < P31+ P3 + P33 ::]P)(AT>X’X1'€|: ,V2ax——1 h(x)} ;J1;t§z)
0og x

_ 1
+P (At >x,X; € [y, v 2ax — l—h(x)] 350, T §z>
0g x

+ P(t > 2),

where Jy = {there exists k (1,7) such that X; >y and maxj<;<; ;£ X; <y} and, correspond-
ingly, J>o = {there exist k, [ € (1, 7) such that X; > y and X; > y}.

We start with the easier terms P3; and P33. To deal with these terms we will use
Proposition 2.

Lemma 11. Let assumptions (8) and (9) hold for yy < 1/2. Assume also that (11) holds as
well. Then P33z = o(F(~/2ax)) as x — 0.

Proof. We have, by Proposition 2, P33 =P(r >z) < (Et + o(1))F(az) = O(F(v/2ax +
8+/%)). Therefore,

Py
< Cex Ig(v2ax) g(v2ax+5f)}
F(v/2ax) P
By the mean value theorem and by the assumption (11), g(cx) — g(x) — oo as x — oo for every
¢ > 1. This completes the proof. U

Lemma 12. Ler E[X|] = —a and Var()ﬁl) < 00. Assume that (8) and (9) hold with some yy <
1/2, together with (11). Then P3y = o(F(+/2ax)).



Proof. We can use the formula of total probability to write

Z

Z k2—
Pn<) Pr=kJ2)<) —FO)

Then,
Fvy2
P _ o3 PO 2 evaan—200

F(v/2ax) — F(\/2ax) —
Using (18) we can see that, in view of (12),

P2 < Cx!/?eC =80 _,

F(\/2ax) — d

P31 remains to be analysed. For that, introduce p(y) :=min{n > 1: Xy > y}. Now we will
complete the proof with the following lemma.

Lemma 13. Let assumptions (8), (9), and (11) hold for yy < 1/2. Then P31 = o(F(x/2ax)) as
X —> 00.

Proof. First, represent event J1 as J; = J11 U J12, where

J11 := {Xx > y for exactly one k € (0, t) and X; < x® for all otheri < 7, }

J12 = {X} >y for exactly one k € (0, t) and X; > x° for some i £k, i < t}.

Then,

_ 1
Q=P (AT >x,X; € |:y, v 2ax — —h(X)] sJ12, T SZ>
log x
z z 2
DRETNOEDD %F@)F(f) < ZFGFR),
j=1 j=1
SO

Q2 _ 1,326 g/ Za0)—g()—g(c)

F(V2ax) ~

By (18), g(v/2ax) — g(y) < Clnx. Then, in view _of the relation (12), we have g(+/2ax) —
g(y) — g(x*) < —41n x, which implies that Q> = o(F(+/2ax)).
To estimate

_ 1
Q=P (AT >x, X, € |:y, V2ax — l_h(X)] sJ1, T SZ>
og x

we make use of the exponential bound given in Lemma 6. Put

) =x—k (\/Zax _ lh(x) ) .

ogx



Then, we have

k

z—1
Q1=ZZP<Ak>x max X; <x° Xe|: ,v2ax—1h(x)],r=k+1>

<k 0ogx
k=0 j=1 i1 g

Z

<) e+ DP(A > x* k), X <x)F()
k=1

Z
<Cx'PF(y) Y exp

{ _kx+(k) an
k=1

— —k+ CAkY
2 - S il

where A = %j). Now note that

+
X (k)—%kz—k( \/2ax+i)+—+a—k>.

k logx &k 2
Since
% + — > V2ax, k>1,
we obtain
+ A h
YR _ah, R
k 2 log x

Thus, Q) < Cxe= ™/ log x+1%2 (y). Next, we can pick ¢ = 4(1 to achieve

)
2 e 2 ey \ 2
2 8@AHNT 1 g(x*) (8K
Me=C < e ) =0\ Gmay ) =\ e
< Csup <g§0)> <00

by the condition (9). Note that the assumption yy < 1/2 implies that ¢ = 4(1—11/0) < 1/2. Then,
using (8), we obtain

Ql < CxedW2a0)—g(y)— Ml(x)/logx

F(\2ax)
and, using (18),
01 —2h(x)/ lo
—= <CxC ex,
F(/2ax)
Finally, noting that
£
V2
M) = &) _V2ax




grows polynomially, we obtain the required convergence to 0. The polynomial growth can be
immediately seen for g(x) = x*°. However, a proper proof goes as follows:

Therefore Ah(x) > x1/2=8x—01/2=8) — (A1=10)/2=1/4  \where we have used the equality & =
1

CVx OV g(t) q

sV =g+

£

¢Odr =56+ [

Cyx &) [CVE
Sg(x8)+)/of g()t”o Vdr < g(x® )+g( )f 701 4
xE
£ §(x°) /2 e (1/2—¢)
<g(x*) + C=—=x""" < Cg(x*)x"* ,
- x&Yo -

H(T—yp) N
7))’
Proof of Theorem 2. Combining the preceding lemmas give us the upper bound. The lower
bound has been shown in (5) under even weaker conditions. O
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