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We present the results of a self-consistent weak-coupling calculation for the renormalized single-
particle properties in an itinerant antiferromagnet. Multiple spin-wave excitations accompany the
carrier motion and lead to incoherent contributions to the electronic spectrum. We evaluate the
quasiparticle spectral weight and energy dispersion. In agreement with strong-coupling theories we
find the minimum of the dispersion of the quasihole energy to have momentum (+n/2,+m/2) and
the dispersion to be flat around the corners of the Brillouin zone. Very good agreement is achieved

~ with available exact diagonalization data.

I. INTRODUCTION

In recent years the study of hole motion in an anti-
ferromagnetically (AF) correlated environment has been
the focus of theoretical work on weakly doped high-
temperature superconductors.! The AF insulating parent
compounds have been described in terms of the spin—%
Heisenberg model on a square lattice or the spin-density-
wave (SDW) state of the Hubbard model at half-filling.
In the itinerant SDW state the electronic hopping motion
is accompanied by the emission and absorption of col-
lective spin-wave excitations strongly renormalizing the
single-particle spectrum. Similar pictures have been de-
veloped and are assumed to be relevant for the Hubbard
model or the ¢-J model when doped slightly away from
half-filling where finite-range AF spin correlations still
persist. '

Complementary to numerical simulations self-
consistent diagrammatic schemes have been used, espe-
cially for the ¢t-J model,>™* to calculate the renormaliza-
tion of single-particle properties due to coupling of the
charge carriers to spin fluctuations. In particular, the
spin-fluctuation dressing leads to low-frequency contribu-
tions to the optical conductivity® and may be the origin
of the midinfrared band observed in the optical spectra
of Lag_,Sr,Cu0y4.¢

In this paper we report the results of a self-consistent
weak-coupling evaluation of the electronic spectrum
based on the SDW state of the half-filled Hubbard model
on a square lattice.

We calculate the single-particle self-energy taking into
account multiple exchange of transverse-spin excitations.
In solving the self-energy equations we go beyond previ-
ous analyses which either use a one-loop approximation
for the self-energy”™ ® or solve the self-energy equations
in the strong-coupling limit.°

Our results show a considerable shift of spectral weight
from the quasihole peak to the incoherent part of the
spectrum. This effect is strongest in the center of the
Brillouin zone. The bandwidth and the single-particle
excitation gap are found to be strongly renormalized. In
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correspondence with results for the t-J model,*!! the
minimum of the quasihole energy is located at the mo-
menta (£%,+%) with a very flat dispersion around the
corners of the magnetic Brillouin zone (MBZ). The den-
sity of states displays two separate contributions of dis-
tinct origin: the valence and conduction band of the
propagating quasiparticles and for intermediate-coupling
strength additional spectral intensity on the energy scale
of the Hubbard interaction U.

The paper is organized as follows: In Sec. II we recol-
lect the basic steps of the SDW formalism for the Hub-
bard model and calculate the transverse-spin susceptibil-
ity in the random-phase approximation (RPA). In Sec.
IIT we derive the self-energy equations for a single hole in
the SDW state. We discuss the results of their numerical
solution in Sec. IV.

II. SDW FORMALISM AND SPIN-WAVE
EXCITATIONS

We start from the standard one-band Hubbard
model'? on a square lattice

U
H=3 e, + N > chrchomcqnar (1)
k,o k,l,q

Here 61(3 destroy (create) fermions of momentum k and
spin 0. N is the number of sites and U denotes the
on-site Hubbard repulsion. The bare tight-binding dis-
persion € is given by ex = —2t¢(cosk; + cosk,) where ¢
is the hopping integral and the lattice constant is set to
unity. At half-filling the nesting property —ex = ex4q of
the tight-binding dispersion leads to an instability of the
noninteracting Fermi sea and favors the formation of a
commensurate SDW state with a modulation wave vec-
tor Q = (m,m). On the mean-field level this is described
by a Hartree-Fock (HF') factorization of (1) (Ref. 13)

Hyp = Z ekc;fwckar -US Z crc;‘H_Qacka, (2)
k,o k,o
7395 ©1995 The American Physical Society
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where

(SDW|S%|SDW) = % 3 2 (SDWe.;.qu s [SDW) = 5
. k,o

@)

is the staggered magnetization in the SDW ground state
|[SDW). The Hamiltonian (2) is diagonalized by a linear
transformation which leads to

!
Hyr = Z LB - (4)
k,o,l '

The operators 'ykT) destroy (create) single-particle states

of energy Fy = l4/€Z + A? in the upper (conduction) and
lower (valence) band of the SDW state for =1 and | =
—1, respectively. In (4) and subsequent equations primed

|

G k) = [ op ki)
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summations are restricted to the magnetic Brillouin zone,

i.e., to momenta k with ¢ < 0. A = —US is one half

of the size of the excitation gap between the valence and

conduction band. The transformation between cy, and
, fermion operators reads

’Yllca' = 'u’{(cka + alul:lck+Qo" l= :*:1? (5)

where uf = 4/1(1 + lex/Ex). The SDW ground state of

the Hamiltonian (4) is determined by 'y;lT|SDW) =0
and vL|SDW) = 0. The SDW gap parameter A follows
from the equation & i (e + A%)~1/2 = 1 which is the
HF self-consistency condition for the staggered magneti-
zation. In particular, in the strong-coupling limit, i.e.,
for U > t, one obtains A = U/2.

The causal c-electron one-particle Green’s function in
the SDW state is given by

Gk, k + Q;w)

_|wt e oA 1 (6)
GO( a yw) Go(k+Qk+Q7w) AN W — € Wz—Eﬁ‘f‘iT] '

The off-diagonal components of G are a direct conse-
quence of Umklapp scattering with wave vector Q from
the commensurate exchange potential of the SDW state.

In contrast to the gap in the charge excitation spec-
trum, the broken spin-rotational symmetry leads to two
degenerate gapless Goldstone modes in the MBZ in
the transverse-spin channel. These spin-wave excita-
tions are determined by the poles of the Fourier trans-
form of the transverse-spin susceptibility x*~(q,q’;t) =

Xfpa(a,q’;w)
qll

[

i(T[S*(t)S (0)]). To obtain the collective spin dy-
namics one has to include residual interactions beyond
the mean-field Hamiltonian (4). Here we proceed by in-
corporating particle-hole interactions on the level of the
RPA ladder diagram series. In the limit U > ¢ this pro-
cedure has previously been shown to reproduce the re-
sults of linear spin-wave theory for the two-dimensional
(2D) Heisenberg model.'® Within the RPA x*~(q,q’;w)
is given by the matrix equation

=Y x¢ (@, q"w) [1-UXg™(q" dsw)] T, (7)

where x§77(q,q’;w) is the bare transverse-spin susceptibility of the SDW state

2
(Byx + By 1 o) Mk k4q
—OWMi k+qlk k+q

_ 1 /
x¢ % (a,qsw) = N};

—~OWMy k+qlkk+q 1
(Ek + Ek+q)lk k+q

(8)

(Bx + By q)? —w? —in

; — ylyl -1, -1 — glq—1 -1,1
with the coherence factors mu kt+q = Ul q + Uy Ui q a0d lokiq = Uil g + Uy Ui qg-

III. THE SCBA DYSON EQUATION

As in the polaron problem, we assume that the important contributions to the renormalization of the one-particle

spectrum arise from the coupling to multiple low-energy-spin wave excitations.

This amounts to a summation of

the “rainbow” diagrams shown in Fig. 1 and leads to the self-energy equations of the so-called self-consistent Born
approximation (SCBA). In the finite-temperature formalism the self-energy matrix is given by!°

o (k, K3 ie,) = —TU? — 3G L (k-ak

qq Wy

q,; 1:6,‘ - iwv)X};gX (q7 q’; iw,,), (9)

where w, = 27vT and €, = (2u + 1)nT are bosonic and fermionic Matsubara frequencies, respectively. The Green’s
function G, depends on the self-energy ¥, via Dyson’s equation defining the self-consistency of the SCBA. The
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a)

¥ =

FIG. 1.
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n-fold
+

(a) One-loop self-energy correction from the coupling to transverse spin fluctuations in the RPA ladder series. (b)

Self-energy of the integral equation (9). The double line represents the renormalized Green’s function.

summation over q' in Eq. (9) is restricted to @' = q and q + Q. We perform the frequency summation and proceed
via an analytic continuation to the retarded self-energy. In the zero-temperature limit we obtain the SCBA equation

oo

ok, k';w +1in) = U2 ! Z /dv' / dv[sign(v )+s1gn(1/)]

qQ#0,q" _‘o

with the spectral function A, (k, k';w)
= —Im[G,(k,k',w + in)]/7. It is sufficient to calculate
only two components of the self-energy, i.e., ¥, (k, k;w +
in) and Y, (k,k + Q;w + in). As a consequence of the
particle-hole symmetry of the Hubbard model on bi-
partite lattices the other two components follow from

the relations ¥, (k + Q,k + Q; 2) = —%,(k,k; —=2) and
|

x% 7 (q,q";w)= Am  xgei (4, q’;w)

=w_2"(w1“")—+m[

with J = 4¢2/U. In this limiting form of x7~

resulting susceptibility explicitly displays propagating spin waves with a dispersion wg¥ = 2J

—2J(1 + eq/4t) ow

—o(k —q,k' — q';)Im[xg 33 (q,q'; v + in)]
v+v —w—1in

(10)

[
Yok +Q,k;2) = 2, (k,k + Q; 2).

In the formal limit of strong coupling, U > t, the
Dyson equation (10) has previously been shown to sim-
plify considerably.!® The reason is that in this limit an
expansion of x¢ (q,q’;w) up to second order in { and
% leads to an analytic expression for the RPA transverse

susceptibility:®

(11)

ow _27(1 — eq/4t) (12)

?(q,q’;w) particle-hole excitations are completely removed and the

1= (eq/4t)%. This

dispersion is identical to the result of linear spin wave theory for the spin-1 antiferromagnetic Heisenberg model with

2

exchange constant J. With xs. replacing xrpa in the SCBA equations, the self-energy and the Green’s function
matrix is most conveniently expressed with respect to the SDW conduction and valence-band particles v, and v 01,
respectively. Replacing the transformation coefficients by their strong-coupling limit, u} = 1/4/2, leads to an integral
equation for the vy-particle self-energy X7 (k;w). Explicitly for momentum k in the MBZ the diagonal components of

the vy-self-energy are given by

o(k—q;v)

S, (ks w + in)

= W%Z' (

q#0

Because of the absence of excitations between the up-
per and lower SDW band in the strong-coupling limit, the
off-diagonal parts of the «y-self-energy and the y-Green’s
function vanish identically. Thus, only one equation re-
mains for each diagonal component of the self-energy ma-
trix which are related by $7,;7!(z) = —X11(2).

Single-particle spectra which have been obtamed from

iy All
)/du +
wg” ws‘”+u+w+zn
0

sw — — 2
wF —v—w-—1y

2J r
(J)q -

[

(13) show a considerable redistribution of spectral weight
from the quasiparticle peak of the SDW state into an in-
coherent background, both above and below the renor-
malized SDW energy gap.!® This effect is due to the self-
consistency of Egs. (10) and (13). The appearance of this
spin-wave shakeoff structure is strongest at the center of
the MBZ. Using the renormalized quasiparticle energies
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as obtained from (13) it was found that the degeneracy
of the bare SDW quasiparticle energies along the bor-
der of the MBZ is barely lifted in the strong-coupling
limit, with the maximum occurring at k = (0, 7) and its
equivalent points in the MBZ.1° This is intriguing since
it is at variance with results for the ¢-J model**3 where
the maximum occurs at k = (£%,%+7). For U = 4t the
width of the renormalized valence band was found to be
renormalized to W = 1.85¢ in comparison to the bare
SDW value of Wspw = 2.81¢t.

For weak or intermediate values of U the strong-
coupling approximation is not justified and the complete
coupled self-energy equations (10) have to be solved. In
particular, interband excitations lead to the appearance
of off-diagonal components in the matrix Green’s func-
tion. Furthermore the full momentum dependence of the
coherence factors has to be taken into account. The con-
sequences of both, in comparison to the previous strong
coupling results of Ref. 10 will be discussed in the next
chapter.

IV. RESULTS AND DISCUSSION

We have solved the self-energy equations (10) numer-
ically on finite lattices of up to 20 x 20 sites by itera-
tion, starting from the HF-Green’s-function matrix (6).
For the frequency mesh we chose 1000 equally spaced
points in the interval [—10¢,10¢]. In all calculations an
imaginary part ¢n of 0.7 times the frequency spacing was
introduced as an artificial broadening. To check for con-
vergence a Lorentzian function is fitted to the highest
peak in the spectra, providing its location, width and
spectral weight. The spectral weight is a sensitive indi-
cation for convergence. Up to 21 iterations were neces-
sary to achieve a stable solution with spectral changes of
less than 1% between subsequent iterations. The spectral
weight of the quasiparticles scales to a good approxima-
tion as const—{—% where N is the linear dimension of the
N x N lattice.

In Fig. 2 we show results for the single-hole spectral
function AJ'"'(k;w) for k,, = (5, %) and k. = (0,0)
and for U = 4t on a 20 x 20 lattice. In Fig. 2(a) a
dominant quasiparticle peak is clearly identified near the
lower edge of the renormalized SDW energy gap. No
such quasiparticle peak can be identified unambiguously
in Fig. 2(b) for k = k.. Similar to the spectra of the
strong-coupling limit discussed before there is a consid-
erable shift of spectral weight into the incoherent part of
the spectrum. The actual amount of this shift is, how-
ever, drastically enhanced due to particle-hole excitations
across the SDW energy gap when compared to the strong-
coupling approximation for the same momenta and cou-
pling strength U/t.

Figure 3 shows the quasiparticle dispersion on a closed
path in the MBZ with a distinct maximum at k,, and
a flat part around (0,7). This is consistent with results
obtained for the ¢-J model within a similar SCBA ap-
proach for the self-energy,!! with Green’s-function Monte
Carlo results for the ¢-J model,’* with quantum Monte
Carlo results for the Hubbard model,'3*¢ and with re-
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FIG. 2. Single-hole spectral function A;'"'(k;w) for

U = 4t and the two momenta (a) k = (%,%) and (b)
k = (0,0) on a 20 x 20 lattice. Energies are given in units of
t.

cent results on the three-band Hubbard model using
a conserving approximation including spin and charge
fluctuations.!” The maximum occurs at k,, for all values
of the interaction investigated, i.e., for 3.0t < U < 5.5¢.
The excitation gap is found to be strongly renormalized
by a factor of = 0.25 to A, = 0.36t as compared to the
bare SDW value Agpw = 1.39¢. Similarly, the width
of the quasiparticle band is strongly reduced by a factor

-0.2

-0.7

E(K)

-1.2
-1.7

22
0.45 | 1
035 | 1
025 | |
0.15 F S 1

0.05 —

1) (0,0) (m,0) (5%

Z(K)

FIG. 3. (a) Quasiparticle dispersion for U = 4t on a 20 x 20
lattice along a closed path in the MBZ. The values for the
energies and the spectral weight of the quasiparticles were
obtained by fitting a Lorentzian function to the quasiparticle
peak. Solid circles show the quasiparticle energies as obtained
from the SCBA spectra for cases of a well-defined quasiparti-
cle peak. Open circles denote momenta near the center of the
MBZ where a unique determination of the quasiparticle ener-
gies is not possible. The solid line represents the fitted disper-
sion By = \/A?. + [2t - (cos kg + cos ky) + 4t' - cos ks, cos ky]?
with £ = 0.583t and t' = —0.0675¢. (b) Dispersion of the
quasiparticle weight along the same path as in (a). The quasi-
particle weights for momenta without a unique quasiparticle
energy have been omitted.
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0.58 to 1.64t.

As a guiding criterion to identify the location of the
quasiparticle peak near the center of the MBZ we have as-
sumed a continuous quasiparticle dispersion. The quasi-
particle dispersion near k. is then obtained by tracing
the quasiparticle energies from the boundary of the MBZ
to its center. The quasiparticle energy and its spectral
weight at the boundary of the MBZ is unambiguous,
while a quasiparticle peak near the center of the MBZ
can only be resolved with the assumption of a continu-

7399

ous dispersion. The quasiparticle weight is also given in
Fig. 3 and shows a dispersion similar to the energies. Ex-
trapolation of the finite size behavior of the quasiparticle
weight at k,,, to infinite lattices would yield a value of
Z(Kpm) ~ 0.42.

Figure 3 also displays a dispersion fitted to the quasi-
particle energies for U = 4.0¢t. It includes next-nearest-
neighbor hopping on the two sublattices of the commen-
surate SDW state. Explicitly, the dispersion has been
fitted by the expression

Bl = —\/A2 + [2F - (cosk, +

This approximated dispersion accounts rather well for the
form of the dispersion along the boundary of the MBZ.
The fit parameters are £ = 0.583t and t' = —0.0675t. The
maximum at k,, and the flat region around (0,7) are
well described by E,. The small but finite parameter t'
for next-nearest-neighbor hopping implies that the spin-
wave dressing generates an effective hopping within the
two sublattices which allows for electronic motion with-
out disturbing the AF order of the SDW state. Figure 4
shows a contour plot of the dispersion Ej with pocket-
like features near (+7%,%%), suggesting that the Fermi
surface will maintain pocketlike structures also at small
but finite doping.

Fmally we show in Fig. 5 the density of states, N(w) =
w Ek, +1 (k w) for U = 4t, as obtained from the so-
lution of the SCBA self-energy equations (a) and for the
initial SDW state (b). The comparison between (a) and
(b) illustrates the significant renormalization of the exci-
tation gap. Furthermore (a) shows that there are three
different contributions to the spectral weight. There are
narrow quasiparticle valence and conduction bands with
bandwidth W = 1.64t separated by a renormalized exci-
tation gap of A, = 0.72¢t. On a scale set by the spin-wave
energy the quasiparticle weight is redistributed into spin-
wave shakeoff structures. Additionally there are broad
peaks with a maximum at +3.8¢. These shakeoff features
result from the coupling of the quasiparticle to interband
particle-hole excitations across the SDW energy gap and

ky/m 10

A\

0.0
0.0 0.2 04 06 0.8 1.0

kg/m

4/

FIG. 4. Contour plot of the fit Ey [Eq. (14) and Fig. 3] to
the quasiparticle dispersion for U = 4t on a 20 x 20 lattice.

cos ky) + 4t’ - cos k, cos ky]2.

(14)

appear at energies of 2A above (below) the conduction
(valence) quasiparticle band. For intermediate and large
values of U/t this energy scale is set by the Hubbard in-
teraction U itself and the broad peaks in Fig. 5 at £3.8t
therefore resemble the upper and lower Hubbard band.
A similar qualitative picture has recently been developed
for the interpretation of quantum Monte Carlo results for
the 2D half-filled Hubbard model.®

Figure 6 shows spectra by Dagotto, Ortolani, and
Scalapino!® obtained by exact diagonalization using the
Lanczos algorithm for U = 8t on a 4 x 4 lattice in com-
parison with our SCBA results for the same lattice size
and the same interaction strength U/t. All spectra are
given in c-particle representation. For the weak-coupling
SCBA analysis this is a rather large interaction, but for
smaller values of U no exact results are available to com-
pare with. Concerning the energy, width and spectral
weight of the quasiparticle at k = (0,7) and k = (0, §)
both spectra are quite similar. The excitation gap of the

0.40 T T T T T T

0.30 | a) SCBA |
0.20

0.10

0.00
0.60

density of states

0.00 1 PP P, S|
-80 -60 -40 -20 0.0 20 40 6.0 8.0

w/t

FIG. 5. Comparison of the density of states as obtained
from the SCBA spectra for U = 4t on a 20 x 20 lattice (a)
with the bare SDW density of states for the same parameters

(b).
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50 - — T o4} -
- 4
Tad + . f;_:: )‘ FIG. 6. (a) and (c) show
< C 1< [ ] spectra for U = 8t on a 4 X 4
02 |— -] 02 - B lattice at half-filling obtained
C . via exact diagonalization us-
r ] [ j ing the Lanczos algorithm (Ref.
0.0 At — 0.0 : : . 15) (reproduction with the
kind permission of Dagotto),
- T T 1 rr T 1T 1T 7T LR SR T T T
L | I | 4 I the spectra in (b) and (d)
06 — (e) ] 06 - (d) B are results from solving the
L N T A s T SCBA self-energy equations,
r k = (o, 27 ] k= (0, E) given in c-particle representa-
— 04 [— — 304 = tion for momenta k = (0,m)
3 - 154 I = z i
= - "> ] and k = (0, %), respectively.
< L 4 < 1
02 p— - 0.2 - —
0.0 B 1 l S L AMNA\L-‘ 0.0 1 //LJM
" 10 -5 0 5 10 .10 5 0 5 10
w/t w/t

Lanczos density of states is 15% larger than in the SCBA
calculations. This discrepancy is not too surprising since
the weak-coupling SCBA calculation is not expected to
give quantitatively reliable results for U as large as 8t.
Yet, the qualitative and even quantitative agreement to
the Lanczos data is remarkable.

The comparison of the results from solving the com-
plete self-energy equations to the results obtained in the
strong-coupling limit of the SCBA equations!® exhibits
several differences. As mentioned before, in the strong-
coupling limit the maximum of the quasiparticle disper-
sion is located at (0,7) and the degeneracy along the
border of the MBZ was found to be barely lifted. In
contrast the solution of the complete SCBA equations
yields a distinct maximum at (%, 3). Due to neglecting
interband excitations and the momentum dependence of
the coherence factors, the renormalization effects turn
out weaker in the strong-coupling limit. The reduction
of the excitation gap, the bandwidth, and the spectral
weight of the quasiparticle peak is larger when using the
complete self-energy equations.

In summary we have calculated the single-particle
spectral function of the Hubbard model at half-filling

starting from the weak-coupling SDW state. Our self-
consistent ansatz for the self-energy accounts for mul-
tiple exchange of low-energy transverse-spin excitations.
A comparison to exact diagonalization results and self-
consistent calculations in the ¢-J model show that the
single-particle properties up to moderate values of the
interaction are well described within this approximation.
The comparison to the previous simplified SCBA anal-
ysis in the strong-coupling limit reveals the importance
to take into account the full SCBA self-energy equations.
Large renormalization effects and redistribution of spec-
tral weight are found within the self-consistent SCBA
calculations even at weak-coupling values of U/t.
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