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Introduction

Twistor theory goes back to the 1960s, where twistor methods were
introduced by R. Penrose to provide an approach to quantum gravity.
The general idea is to translate a problem on a di�erentiable manifold
M endowed with a certain geometric structure to a problem on a com-
plex manifold Z, the twistor space. Usually, Z is a �bre bundle over M,
with the �bres over p ∈M being complex structures on TpM which are
compatible with the geometric structure on M. Z carries a canonical
almost complex structure, whose integrability can be derived from the
properties of M.

An important application of twistor theory is the construction of mini-
mal and pluriminimal submanifolds: In 1982, Bryant used the the �bra-
tion CP3 → HP1 to construct minimal surfaces in HP1 = S4 [Br]. This
has been generalized to the construction of minimal surfaces in various
Grassmannians and symmetric spaces by considering horizontal maps
into certain �ag manifolds and �ag domains [BR, BS]. The reinterpre-
tation of Bryant's work by Lawson [L] using a birational equivalence
CP3 ∼ F1,1,1(C3) := SU(3)/S(U(1)×U(1)×U(1)) led to the remarkable
observation that the twistor spaces of any two symmetric quaternionic
Kähler spaces are birationally equivalent [Bu].

The purpose of this work is to transfer some of these methods to para-
complex geometry :

A para-complex (or hyperbolic complex) manifold is a smooth mani-
fold with a �eld of involutions Jp : TpM → TpM, J2 = 1, such that
the ±1-eigendistributions are integrable and of the same dimension.
The obvious example is a product of two manifolds M+ ×M− of the
same dimension; in fact, every para-complex manifold is locally of this
form. Para-complex and para-quaternionic manifolds have recently
been studied in mathematics as well as in physics, where they are
related to supersymmetric �eld theories with Euclidean (rather than
Lorentzian) space-times [CMMS1, CMMS2].

Chapter 1: This chapter contains the de�nitions of para-complex
manifolds, para-Kähler manifolds and para-quaternionic Kähler man-
ifolds. We give a proof of the para-complex Dolbeault Lemma, which
states that in a para-complex manifold, the ∂̄-operator is locally exact
(Theorem 1.2.8 and Corollary 1.2.11).
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8 0. Introduction

Chapter 2: Twistor theory of para-quaternionic Kähler
manifolds. Extending earlier results by Blair et al. [BDM], it has been
shown by Alekseevsky and Cortés [AC2], that for any para-quaternionic
Kähler manifold M there is a twistor bundle π : Z → M of para-
complex structures (actually there is also a twistor bundle Z− →M of
complex structures, which we neglect here). Z has a canonical para-
Kähler structure, and the horizontal distribution is a para-holomorphic
contact structure. A submanifold N ⊂M such that there exists a par-
allel section of Z|N is called para-complex submanifold. If the pseudo-
Riemannian metric gM is nondegenerate on TN, then N is a para-
Kähler submanifold, and it follows that N is a minimal submanifold
(i. e. the trace of the shape operator is zero). Any para-complex sub-
manifold can be lifted to a para-holomorphic horizontal submanifold of
Z, in other words, para-complex immersions f : N → M are precisely
the projections of para-holomorphic horizontal immersions F : N → Z.

Z

π

��
N

F
>>|

|
|

|

f
// M

It follows that N has at most half the dimension of M , and the para-
complex submanifolds with maximal dimension correspond to the Leg-
endrian submanifolds of Z.

Our aim is to show that these Legendrian submanifolds and therefore
the maximal para-complex submanifolds of M are locally given by a
para-holomorphic function.

The main step will be the proof of the para-complex equivalent of
the Darboux theorem, which states that on each para-complex contact
manifold, there exist local coordinate charts which identify the con-
tact structure with the standard contact structure on C2n+1, where C
denotes the algebra of para-complex numbers (Theorem 2.1.11).

Chapter 3: Twistor theory of pseudo-Riemannian symmet-
ric spaces. The notion of twistors can be generalized to the setting
where M a pseudo-Riemannian symmetric space (not necessarily para-
quaternionic Kähler). There is a twistor construction analogous to the
one in chapter 2, where the role of para-complex immersions is played
by isotropic para-pluriharmonic maps (in fact, in the case of para-
quaternionic Kähler symmetric spaces, these constructions coincide).
A map f : N →M is called para-pluriharmonic, if it is harmonic along
every para-complex curve in N . Under certain conditions, these maps
have a one-parameter family (fθ)θ∈R of deformations, the associated
family. A special case occurs when this family is constant in θ; such
maps f are called isotropic. We prove the following: Each full isotropic
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para-pluriharmonic map f : N → M from a Kähler manifold N into
a symmetric space M = G/Gσ de�nes a twistor �bration Z → M
and a holomorphic superhorizontal lift F : N → Z; vice versa, given
such a map F, its projection f = π ◦ F is isotropic para-pluriharmonic
(Theorem 3.3.6).

The twistor space is an open subset of the para-complex coset space
Z̄ = (G/P )×(G/P ), where the para-complex structure is just multipli-
cation by +1 on the �rst factor and by -1 on the second. If G is a real
linear algebraic group, then P is a parabolic subgroup, and thus G/P
a real projective variety. This variety has a cell decomposition (Bruhat
decomposition) with exactly one cell N in the largest dimension, which
is an open (even Zariski-open) and dense subset.

Now, if Z is the twistor space associated to a symmetric para-quatern-
ionic Kähler space, then it turns out that there is a contact isomor-
phism between the product N ×N ⊂ Z̄ of the big cells and the para-
complex Heisenberg group. It follows that, given the twistor spaces
of two symmetric para-quaternionic Kähler spaces of the same dimen-
sion, then there is a biholomorphism de�ned on Zariski-open subsets
preserving the contact distribution; moreover, this biholomorphism ex-
tends to a birational equivalence. This can be used to transfer the
construction of para-pluriharmonic maps from one para-quaternionic
Kähler symmetric space to another. Among these spaces is the para-
complex Grassmannian Gr2(C

n+2) with corresponding twistor �bration
F1,n,1(C

n+2)→ Gr2(C
n+2), where this construction is fairly easy.

Chapter 4: tt*-bundles. (Para-)pluriharmonic maps are closely
related to a geometric structure in topological �eld theories called
topological-antitopological fusion, or tt*-geometry : There is a bijection
between tt*-bundles and (para-)pluriharmonic maps into the symmet-
ric space GL(p + q)/O(p, q) which admit an associated family (called
admissible in [S2]). Here we relate this to the construction of associ-
ated families and give a criterion for the (para-)pluriharmonic map to
be isotropic.

Di�erences to the complex theory. For those who are famil-
iar with the twistor theory in the complex case, we point out a few
di�erences to the para-complex case:

• Para-complex manifolds: A para-complex structure de�nes a
splitting of the tangent bundle into eigenbundles � there is
no need to consider the para-complexi�ed tangent bundle (at
times we do so for convenience, but this yields no new infor-
mation).
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• Regularity: Para-holomorphic and para-pluriharmonic maps
are not necessarily analytic (any pair of di�erentiable functions
f± de�nes a para-holomorphic map f+×f− : R×R→ R×R).
• Associated families: All pluriharmonic maps into Riemannian
symmetric spaces have associated families, provided that the
symmetric space has nonpositive or nonnegative curvature. In
the para-complex context, this is di�erent: Unless the symmet-
ric space is �at, there exist para-pluriharmonic maps which do
not admit an associated family.

Moreover, the parameter range of the associated family is
R rather than S1. Consequently, in our context the loop group
of G will be de�ned as the set of smooth curves R→ G.
• Topology: In contrast to hermitian symmetric spaces, para-
hermitian spaces are not necessarily simply connected, an ex-
ample being the para-complex projective space

CPn = SL(n + 1, R)/S(GL(1, R)×GL(n, R)).

This example also shows that the twistor �bration G/H →
G/K is not de�ned globally, if Gσ

0 ⊂ K ( Gσ is �too small�
(where H is the centralizer of a canonical element and Gσ

denotes the �xed-point set of the Cartan involution).



CHAPTER 1

Preliminaries

1.1. Para-complex vector spaces

Definition 1.1.1. Let V be a �nite-dimensional real vector space. A
para-complex structure on V is an involution J : V → V, J2 = idV , such
that the eigenspaces V ± := ker(id∓ J) have the same dimension. The
pair (V, J) is then called a para-complex vector space. A homomorphism
between para-complex vector spaces (V, J) and (V ′, J ′) is a linear map
φ : V → V ′ satisfying φ ◦ J = J ′ ◦ φ.

Just like complex vector spaces (i. e. (V, I) with I2 = −1) are vector
spaces over the �eld C, para-complex vector spaces are free modules
over the algebra of para-complex numbers :

Definition 1.1.2. The algebra C = R⊕ jR of para-complex numbers
(also called split complex or hyperbolic complex numbers) is the real
algebra generated by 1 and j, with the relation j2 = 1 (in fact, C is
the Cli�ord algebra Cl(0, 1)).

The conjugation map ·̄ : C→ C is de�ned by x + jy = x−jy for x, y ∈
R. The real numbers x = Re(z) := (z+z̄)/2 and y = Im(z) := (z−z̄)/2j
are called the real and imaginary part of z = x+jy, respectively. Note
that z̄z = x2 − y2 ∈ R. Thus, the group of units is C∗ = {x + jy : x 6=
±y} = {z ∈ C : z /∈ (1 ± j)R}. It has four connected components; in
fact, each z ∈ C∗ can be written uniquely as ±rejθ or ±jrejθ, where
r ∈ R+, θ ∈ R, and ejθ = cosh(θ) + j sinh(θ). This is the para-complex
analogue of the polar decomposition; the unit circle is replaced by the
four hyperbolas {(x, y) ∈ R2 : x2 − y2 = ±1}.

The free module Cn is a para-complex vector space, with the multipli-
cation by j as para-complex structure. Conversely, any para-complex
vector space (V, J) can be regarded as a C-module via (x+jy)v := xv+
yJv. In order to see that this module is free, let {v+

1 , . . . , v+
n , v−1 , . . . , v−n }

be a basis of V , such that v±a ∈ V ±. Then the equation
∑

(xa+jya)(v+
a +

v−a ) = 1+j
2

∑
(xa+ya)v+

a +1−j
2

∑
(xa−ya)v−a for coe�ecients xa+jya ∈ C

shows that {w1, . . . , wn}, wa := v+
a +v−a is a free basis of the C-module

V. Homomorphisms between para-complex vector spaces correspond to
C-linear maps.

11



12 1. Preliminaries

Remark 1.1.3. Since C is not a �eld, some basic facts from linear
algebra must be treated with caution:

(1) Let φ : V → V ′ be C-linear. Then the image and the kernel
of φ are J-invariant real subspaces of V ′ and V, respectively.
They are not necessarily para-complex subspaces, because the
dimensions of φ(V ±), resp. ker(φ)± may not be the same. �
Of course, it still holds that

φ injective ⇐⇒ ker(φ) = {0}.

(2) Let φ : V → V be aC-linear endomorphism and let z = x+jy ∈
C. Then the eigenspace Vz := ker(φ−z · id) is J-invariant, and
therefore we have Vz = V +

z ⊕ V −
z . The V ±

z are eigenspaces of
φ with real eigenvalue (x ± y). In particular, eigenspaces to
di�erent para-complex eigenvalues need not be disjoint.

(3) The C-span of a single vector v ∈ V is not necessarily a para-
complex vector space; this motivates the following de�nition:

Definition 1.1.4. Let (V, J) be a para-complex vector space. A vector
v ∈ V is called regular, if it ful�lls the following equivalent conditions:

(1) v /∈ V + and v /∈ V −.
(2) C ·v is a one-dimensional (over C) para-complex vector space.
(3) v and Jv are linearly independent over R.
(4) For z ∈ C it holds that (zv = 0 ⇐⇒ z = 0).

Proof of the equivalence. (1)⇔ (2): We write v = v++v− ∈
V + ⊕ V −. Then (C · v)± = R · v±. So C · v is a one-dimensional para-
complex vector space, if and only if v− 6= 0 and v+ 6= 0. (1) ⇒ (3):
We may assume that v 6= 0. If Jv = rv, r ∈ R, then v = J2v = r2v,
so r = ±1. (3) ⇒ (1) is trivial. (3) ⇔ (4) follows immediately from
(x + jy)v = xv + yJv. �

The following example is fundamental since it illustrates the principle
that para-complex objects can be described either by using para-complex
numbers or by using real numbers :

Example 1.1.5. The map

(Cn, j) ∼= (Rn × Rn, (id)×(−id))

(xa + jya)a=1,...,n 7→ (xa + ya, xa − ya)a=1,...,n

(
1 + j

2
za
+ +

1− j

2
za
−)a=1,...,n ←[ (za

+, za
−)a=1,...,n
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is an isomorphism of para-complex vector spaces. It induces an iso-
morphism of groups

GL(n,C) ∼= GL(n, R)×GL(n, R)

B + jC 7→
(

B + C 0
0 B − C

)
1 + j

2
A+ +

1− j

2
A− ←[

(
A+ 0
0 A−

)
Lemma 1.1.6. Let A+, A− ∈ GL(n, R). Then

detC

(
1 + j

2
A+ +

1− j

2
A−

)
=

1 + j

2
det(A+) +

1− j

2
det(A−).

Proof. This follows immediately from the Leibniz formula and

from
(

1+j
2

)2
= 1+j

2
,
(

1−j
2

)2
= 1−j

2
, 1+j

2
1−j
2

= 0. �

Corollary 1.1.7.

detC

(
1 + j

2
A+ +

1− j

2
A−

)
∈ C∗ ⇐⇒ det(A+) 6= 0 ∧ det(A−) 6= 0.

Corollary 1.1.8.

SL(n,C) ∼= SL(n, R)× SL(n, R)

�

1.2. Para-complex manifolds

Definition 1.2.1. An almost para-complex structure on a manifold M
is a smooth endomorphism �eld J on TM , such that for every p ∈M , Jp

is a para-complex structure on TpM . An almost para-complex structure
is said to be integrable, if the eigendistributions T±M := ker(id ∓ J)
are integrable. In this case, (M, J) is called a para-complex manifold.

As a consequence of the Frobenius theorem � see for example [CMMS1,
Chapter 2.1] � we have

Proposition 1.2.2. Let (M, J) be an almost para-complex manifold.
Then the following conditions are equivalent:

(1) J is integrable
(2) [T+M, T+M ] ⊂ T+M and [T−M, T−M ] ⊂ T−M
(3) NJ = 0, where NJ is the Nijenhuis-Tensor

NJ(X, Y ) := [X, Y ] + [JX, JY ]− J [X, JY ]− J [JX, Y ]

(4) For any point p ∈M , there exist local real coordinates
(z1

+, . . . , zn
+, z1

−, . . . , zn
−) : U

∼→ Ũ+ × Ũ− ⊂ Rn × Rn de�ned on
an open neighbourhood U of p, such that dza

± ◦ J = ± dza
±.
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(4') For any point p ∈M , there exist local para-complex coordinates
(z1, . . . , zn) : U

∼→ Ũ ⊂ Cn de�ned on an open neighbourhood
U of p, such that dza ◦ J = j dza.

These coordinates are para-holomorphic in the following sense:

Definition 1.2.3. A smooth map φ : (M, JM) → (M ′, JM ′) between
para-complex manifolds is called para-holomorphic (or just holomor-
phic, if no confusion is possible), if

dφ ◦ JM = JM ′ ◦ dφ.

Para-holomorphic maps (M, J) → (C, j) or (M, J) → (R×R, (id)×
(−id)) are called para-holomorphic functions.

Definition 1.2.4. Let M be a para-complex manifold and let za =
1+j
2

za
+ + 1−j

2
za
−, a = 1 . . . n, be a system of local holomorphic coordi-

nates. Then (dza, dz̄a)a=1...n is local frame of the complexi�ed cotangent
bundle T ∗M ⊗C. The dual frame of TM ⊗C is given by

∂

∂za
:=

1 + j

2

∂

∂za
+

+
1− j

2

∂

∂za
−

∂

∂z̄a
:=

1− j

2

∂

∂za
+

+
1 + j

2

∂

∂za
−

.

Proposition 1.2.5. Let M be a para-complex manifold and let za =
1+j
2

za
++ 1−j

2
za
−, a = 1 . . . n, be a system of local holomorphic coordinates.

Then a smooth function f : M → C is para-holomorphic, if and only if
it ful�lls the Cauchy-Riemann equations

∂f

∂z̄a
= 0.

Proof. We write f = 1+j
2

f+ + 1−j
2

f−, where f± := Re(f)± Im(f).
Then it is easy to see that the Cauchy-Riemann equations are equiva-
lent to

∂f+

∂za
−

=
∂f−
∂za

+

= 0.

But this in turn is just a rewriting of df ◦ JM = JR×R ◦ df . �

Lemma 1.2.6. Let U ⊂ C be a simply connected domain and let f : U →
C be a para-holomorphic function. Then f has an antiderivative, i. e.
a para-holomorphic function F , such that ∂F

∂z
= f .

Proof. Since d(f dz) = ∂f
∂z̄

dz̄ ∧ dz = 0, the C-valued 1-form f dz

is closed, hence exact, i. e. f dz = dF = ∂F
∂z

dz + ∂F
∂z̄

dz̄. It follows that
∂F
∂z

= f and ∂F
∂z̄

= 0. �
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1.2.1. Bigrading of di�erential forms, Dolbeault sequences.

Real version. Let (M, J) be an almost para-complex manifold.
The decomposition T ∗M = (T ∗M)+⊕(T ∗M)− into the ±1-eigenspaces
of J∗ induces a bigrading on exterior and di�erential forms:

∧kT ∗M =
⊕

p+q=k

∧(+p,−q)T ∗M

Ωk(M) =
⊕

p+q=k

Ω(+p,−q)(M)

Definition 1.2.7. The elements of Ω(+p,−q)(M) are called di�erential
forms of degree (+p,−q).

If J is integrable, then we can use holomorphic coordinates to show that
dΩ(+p,−q)(M) ⊂ Ω(+(p+1),−q)(M) ⊕ Ω(+p,−(q+1))(M). Hence the exterior
derivative splits as d = ∂+ + ∂−, where

∂+ : Ω(+p,−q)(M) → Ω(+(p+1),−q)(M)

∂− : Ω(+p,−q)(M) → Ω(+p,−(q+1))(M)

From d2 = 0 we get ∂2
+ = ∂2

− = ∂+∂− + ∂−∂+ = 0, so for any para-
complex manifold the operators ∂± can be used to de�ne real versions
of the Dolbeault sequence. This sequence is locally exact:

Theorem 1.2.8. Let U = U+ × U− be a para-complex manifold (with
the para-complex structure on TU+×TU− given by id×−id), such that
both U+ and U− are contractible.

Then any ∂+-closed form ω ∈ Ω(+p,−q)(U), p ≥ 1, is ∂+-exact. Like-
wise, any ∂−-closed form ω ∈ Ω(+p,−q)(U), q ≥ 1, is ∂−-exact.

Remark.

(1) From Proposition 1.2.2(4) it follows that each point in an ar-
bitrary para-complex manifold has a neighbourhood U of this
form.

(2) The condition that U be contractible is not su�cient, as shown
by the following conterexample: Let

U :=
(
R2 × R2

)
\ ({0} × {0} × R≤0 × R)

and ω(z+, w+, z−, w−) := f(z−) z+dw+−w+dz+

z2
++w2

+
, where f(z−) is a

smooth nonzero function that vanishes on R>0. Then ω is a
smooth (1, 0)-form, which is ∂+-closed, but not ∂+-exact.

Proof of the Theorem. For the proof of the �rst statement, let
ω ∈ Ω(+p,−q)(U), p ≥ 1, and ∂+ω = 0. Let the contraction maps on U+

and U− be denoted by h+ and h− respectively. We can de�ne a para-
holomorphic homotopy map h : [0, 1]2 × U → U by h(s+,s−)(u+, u−) =
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(hs+(u+), hs−(u−)). Then h(1,1) = idU and dh(0,1) · T+U = 0 and there-
fore, since p ≥ 1,

ω − 0 = h∗(1,1)ω − h∗(0,1)ω (1)

=

∫ 1

0

d

ds+

(h∗(s+,1)ω)ds+

In order to compute the integrand, we write h(s+,1) = h◦Ψs+ ◦ ı, where
ı is the embedding U → {0}×{1}×U ⊂ [0, 1]2×U and Ψ is the �ow of
the vector �eld ∂

∂s+
on [0, 1]2×U . Then by Cartan's formula we have

d

ds+

h∗(s+,1)ω = ı∗Ψ∗
s+

(
Ls+(h∗ω)

)
= ı∗Ψ∗

s+

(
∂

∂s+

yd(h∗ω) + d

(
∂

∂s+

yh∗ω

))
= ı∗Ψ∗

s+

(
∂

∂s+

y∂+(h∗ω) + ∂+

(
∂

∂s+

yh∗ω

)
+

∂

∂s+

y∂−(h∗ω) + ∂−

(
∂

∂s+

yh∗ω

))
Because the maps ı, Ψs+ , h are para-holomorphic, the respective pull-
back maps commute with ∂± and preserve the types of di�erential
forms. Hence the sum of the terms containing ∂− must be zero, since
these terms are of degree (+(p−1),−(q+1)) and the rest is of degree
(+p,−q). Further, by assumption we have ∂+(h∗ω) = h∗∂+ω = 0 and
thus the expression reduces to

d

ds+

h∗(s+,1)ω = ∂+

(
ı∗Ψ∗

s+

(
∂

∂s+

yh∗ω

))
.

Inserting this in (1) yields

ω = ∂+

(∫ 1

0

ı∗Ψ∗
s+

(
∂

∂s+

yh∗ω

)
ds+

)
The proof of the second statement is completely analogous. �

Para-complex version. There is also a para-complex version of
the Dolbeault sequence de�ned on the para-complexi�ed cotangent
bundle T ∗Mc := T ∗M ⊗R C : The C-linear extension of J∗ : T ∗M →
T ∗M to an endomorphism �eld on T ∗Mc yields a decomposition T ∗Mc =
∧(1,0)T ∗M ⊕ ∧(0,1)T ∗M into the ±j-eigenbundles

∧(1,0)T ∗M = {α + jJα : α ∈ T ∗M}
∧(0,1)T ∗M = {α− jJα : α ∈ T ∗M}
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This decomposition extends to a bigrading of C-valued exterior and
di�erential forms:

∧kT ∗Mc =
⊕

p+q=k

∧(p,q)T ∗M

Ωk(M)c =
⊕

p+q=k

Ω(p,q)(M)

If J is integrable, then the C-linear extension of the exterior derivative
splits as dc = ∂ + ∂̄, where

∂ : Ω(p,q)(M) → Ω(p+1,q)(M)

∂̄ : Ω(p,q)(M) → Ω(p,q+1)(M)

Definition 1.2.9. The elements of Ω(p,q)(M) are called para-complex
di�erential forms of degree (p, q). A ∂̄-closed (p, 0)-form is called para-
holomorphic.

From d2 = 0 we get ∂2 = ∂̄2 = ∂∂̄ + ∂̄∂ = 0, so for any para-complex
manifold the operators ∂̄, ∂ can be used to de�ne para-complex versions
of the Dolbeault sequence. The real and para-complex versions are
related in the following way:

Proposition 1.2.10. For a para-complex manifold M , there is an (R-
linear) isomorphism

∧(+p,−q)T ∗M × ∧(+q,−p)T ∗M
ϕ→ ∧(p,q)T ∗M

(η, η′) 7→ 1 + j

2
η +

1− j

2
η′

such that the following diagram commutes:

Ω(+p,−q)(M)× Ω(+q,−p)(M)

∂−×∂+

��

ϕ // Ω(p,q)(M)

∂̄
��

Ω(+p,−(q+1))(M)× Ω(+(q+1),−p)(M) ϕ
// Ω(p,q+1)(M)

Proof. The fact that the image of ϕ is contained in ∧(p,q)T ∗M is

an easy consequence of
(

1±j
2

)2
= 1±j

2
, 1+j

2
1−j
2

= 0 and of the equations

1+j
2

dza
+ = 1+j

2
dza 1−j

2
dza

− = 1−j
2

dza

1+j
2

dza
− = 1+j

2
dz̄a 1−j

2
dza

+ = 1−j
2

dz̄a

for local holomorphic coordinates (za
±)k=1...n and za = 1+j

2
za
+ + 1−j

2
za
−.

The map ϕ is clearly a bijection, with the inverse given by

ω 7→ (Re(ω) + Im(ω), Re(ω)− Im(ω)) .

For the commutativity of the diagram, it is su�cient to consider func-
tions, i. e. the case f, f ′ ∈ Ω(+0,−0). Then we calculate ∂̄(1+j

2
f) =
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(1−jJ∗

2
d)(1+j

2
f) = 1+j

2
(1−J∗

2
df) = 1+j

2
∂−f and in the same way ∂̄ 1−j

2
f ′ =

1−j
2

∂+f ′. �

Corollary 1.2.11. For U = U+ × U− with U+ and U− contractible,
any ∂̄-closed form ω ∈ Ω(p,q)(U), q ≥ 1, is ∂̄-exact. �

1.3. Para-hermitian metrics and para-Kähler manifolds

We recall that a pseudo-Euclidean vector space is a real vector space V
equipped with a nondegenerate symmetric bilinear form g : V ×V → R.

If W ⊂ V is a subspace with orthogonal complement W⊥ := {v ∈ V :
g(w, v) = 0 ∀w ∈ W}, then W is called

• nondegenerate, if W⊥ ∩W = {0}
• degenerate, if W⊥ ∩W 6= {0}
• totally degenerate, if W⊥ ⊃ W, i. e. if g|W×W = 0.

Fact 1.3.1. A subspace W is totally degenerate if and only if it consists
only of degenerate vectors.

Proof. This follows from the polarization identity 4g(w, w′) =
g(w + w′, w + w′)− g(w − w′, w − w′). �

Definition 1.3.2. Let (V, J) be a para-complex vector space. A pseudo-
Euclidean scalar product g on V is said to be compatible with J or
para-hermitian, if J is g-skew, i. e. if g(J ·, ·) + g(·, J ·) = 0.

Since J2 = 1, this is equivalent to J being an anti-isometry, i. e.
g(J ·, J ·) = −g. In particular, g has real signature (n, n) (where n =
1
2
dimR V ), and the subspaces V ± are totally degenerate.

On V = Cn the standard para-hermitian scalar product is given by

g
(
(z1, . . . , zn), (w1, . . . , wn)

)
= Re

(∑
a

zawa

)
.

The group of C-linear automorphisms of Cn preserving g is called the
para-unitary group

Uπ(n) := {A ∈ GL(n,C) : A∗A = 1n} (where A∗ := Āt).

It is easy to see that

Uπ(n) =
{

1+j
2

B + 1−j
2

B−t : B ∈ GL(n, R)
}
(where B−t := (B−1)t).

Further by Lemma 1.1.6 we have detC(1+j
2

B + 1−j
2

B−t) = 1+j
2

det(B)+
1−j
2

det(B)−1; this proves

Uπ(n) ∼= GL(n, R)

SUπ(n) ∼= SL(n, R)
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Under the identi�cation Cn ∼= Rn × Rn, the standard para-hermitian
scalar product corresponds to the symmetric bilinear form given by the
matrix

E :=

(
0n 1n

1n 0n

)
.

The isometry group is {X ∈ GL(2n, R) : X tEX = E} ∼= O(n, n), and
Uπ(n) is identi�ed with the subgroup{(

B 0n

0n B−t

)
: B ∈ GL(n, R)

}
.

Proposition 1.3.3. Every para-hermitian vector space has a unitary
basis, i. e. a free C-basis (ea)a=1...n in which the metric is given by
g(ea, eb) = δab.

Proof. Let V be a para-hermitian vector space, dimC(V ) = n. V
is nondegenerate with respect to g, so there is a vector e1, such that
g(e1, e1) 6= 0. After multiplying e1 by

√
g(e1, e1) (if g(e1, e1) > 0) or

by j
√
−g(e1, e1) (if g(e1, e1) < 0), we may assume that g(e1, e1) = 1.

It follows that e1 /∈ V ±, so e1 is regular and C · e1 is a 1-dimensional
para-complex subspace. The orthogonal complement (C · e1)

⊥ is an
(n − 1)-dimensional para-complex subspace, which is nondegenerate,
so we can proceed by induction. �

Definition 1.3.4. A para-Kähler manifold is an almost para-complex
manifold (M, J) equipped with a compatible pseudo-Riemannian met-
ric g, such that DJ = 0, where D denotes the Levi-Civita connection.

Equivalently, a para-Kähler manifold is a pseudo-Riemannian manifold
with holonomy group GL(n, R) ⊂ O(n, n).

From the parallelity of J it follows that NJ = 0 (in particular, (M, J)
is a para-complex manifold) and that the (+1,−1)-form ω := g(·, J ·) is
also parallel, and therefore closed. The converse is also true: If NJ = 0
and dω = 0, then DJ = 0 (see [CMMS1, Thm 1]).

1.4. Para-quaternionic Kähler manifolds

Definition 1.4.1. A para-quaternionic structure on a �nite-dimensional
vector space V is a three-dimensional subalgebra Q ⊂ gl(V ) with a ba-
sis I, J, K that satis�es the para-quaternionic relations

I2 = −1, J2 = K2 = +1, −IJ = JI = K.

Remark. From −IJ = JI we see that I maps the +1-eigenspace of
J isomorphically to the −1-eigenspace, so these eigenspaces have the
same dimension. In other words, J (as well as K) is a para-complex
structure in the sense of De�nition 1.1.1.
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Para-quaternionic vector spaces are identi�ed with free right-modules
over H, where H = R ⊕ iR ⊕ jR ⊕ kR, −i2 = j2 = k2 = 1, ij =
−ji = k, is the algebra of para-quaternions (also called split quater-
nions) and I, J, K correspond to the multiplication by i, j, k from the
right. Accordingly, Hn is the space of para-quaternionic column vec-
tors with scalar multiplication from the right. Multiplication by para-
quaternionic matrices from the left is H-linear.

The identi�cation H = (R⊕ iR)⊕ j(R⊕ iR) = C⊕ jC shows that any
para-quaternionic vector space is a complex vector space of the double
dimension. A map is H-linear if and only if it is C-linear and commutes
with the right multiplication by j (which is a C-antilinear involution).
In the same way, H = (R⊕ jR)⊕ i(R⊕ jR) = C⊕ iC shows that any
para-quaternionic vector space is a para-complex vector space of the
double dimension. A map is H-linear if and only if it is C-linear and
commutes with the right multiplication by i (which is a C-antilinear
complex structure).

Definition 1.4.2. Let (V, Q) be a para-quaternionic vector space. A
pseudo-Euclidean metric g on V is said to be compatible with Q or
para-quaternion hermitian, if the elements of Q are g-skew.

The standard para-quaternion hermitian metric on Hn is given by

g((h1, . . . , hn), (h′1, . . . , h
′
n)) := Re(

∑
hah

′
a).

The isometry group

Spπ(n) := {A ∈ GL(n,H) : A∗A = idn}
is called the para-symplectic group.

By the same argument as in Proposition 1.3.3, we see that any two
para-quaternion hermitian vector spaces of the same dimension are
isometric.

Proposition 1.4.3. Spπ(n) ∼= Sp(2n, R)

Proof. LetΩ2n =

(
0 −1n

1n 0

)
be the standard symplectic struc-

ture on R2n, then Hn ∼= (R4n, I, J, K, g), where

I =

(
0 −12n

12n 0

)
J =

(
12n 0
0 −12n

)
K = JI

g = −ωI(·, I·) ωI =

(
Ω2n 0
0 Ω2n

)
.

Thus, Spπ(n) is identi�ed with the endomorphism of R4n that commute
with I and J and preserve ωI . This shows that

Spπ(n) ∼=
{(

A 0
0 A

)
: A ∈ Sp(2n, R)

}
.
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�

Definition 1.4.4. A para-quaternionic Kähler manifold (M, g,Q) is
a pseudo-Riemannian manifold (M, g) endowed with a g-compatible
para-quaternionic structure Q ⊂ End(TM) which is parallel with re-
spect to the Levi-Civita connection.

It is not di�cult to see (cf. [AC1, Prop. 1], [AC2, Prop. 9]) that
the normalizer of QR4n = RI + RJ + RK in O(2n, 2n) is G0 ∪ J · G0,
where G0 = Spπ(1) · Spπ(n) is the subgroup of GL(4n, R) = GLR(Hn)
generated by left multiplication by elements of Spπ(n) and right mul-
tiplication by elements of Spπ(1) (which is just the group of unit para-
quaternions), and where J denotes the right multiplication by j (which
is an anti-unit, i. e. j̄j = −1). So we have:

Proposition 1.4.5. A pseudo-Riemannian manifold is para-quater-
nionic Kähler if and only if

Hol(M) ⊂ (Spπ(1) · Spπ(n)) ∪ J · (Spπ(1) · Spπ(n)).

Note. In the de�nition in [AC1], it is also required that M be strongly
oriented, i. e. that Hol(M) ⊂ SO+(2n, 2n). Of course, this is always
ful�lled, if M is simply connected.

It can be shown [AC1, Theorem 3] that any para-quaternionic Kähler
manifold is Einstein and that its curvature tensor admits a decompo-
sition

R =
scal

4n(n + 2)
R0 + W,

where R0 is the curvature tensor of HPn and W is an algebraic curva-
ture tensor of type spπ(n). It follows that, if scal 6= 0, then spπ(1) ⊂ hol
(see [AC1, Corollary 1]).





CHAPTER 2

Para-Kähler submanifolds of para-quaternionic

Kähler manifolds

2.1. Para-complex symplectic and contact structures

The classical Darboux theorem states that all 2n-dimensional sym-
plectic manifolds are locally isomorphic to T ∗Rn equipped with the
canonical symplectic form dpa ∧ dqa. As shown in this paragraph, the
analogous statement in the para-holomorphic setting also holds.

2.1.1. Para-complex symplectic vector spaces.

Definition 2.1.1. Let (V, J) be a para-complex vector space. A para-
complex symplectic form is an anti-symmetric C-bilinear map ω : V ×
V → C which is nondegenerate, i. e. (ω(X, ·) = 0⇔ X = 0).

Equivalently, a para-complex symplectic form is an element ω ∈ ∧(2,0)V ∗,
such that the map ω : V (1,0) → ∧(1,0)V ∗ is an isomorphism.

Proposition 2.1.2. Let (V, J) be a para-complex vector space and ω a
para-complex symplectic form. Then there is a basis {Za, Wb}a,b=1,...,n of
the C-module V such that ω(Za, Wb) = δa

b , ω(Za, Zb) = 0 = ω(Wa, Wb)
for a, b ∈ {1, . . . , n}.

Proof. Choose a regular vector Z1 ∈ V. We claim that there
exists W1 ∈ V such that ω(Z1, W1) = 1: Otherwise the image of
W 7→ ω(Z1, W ) would be contained in one of the maximal ideals
(1± j)R ⊂ C. But then ω((1∓ j)Z1, ·) ≡ 0, and therefore (1∓ j)Z1 =
0 by the nondegeneracy of ω, in contradiction to the regularity of
Z1. From ω(Z1, W1) = 1 it now follows that W1 is regular and that
Z1 and W1 are C-linearly independent. Therefore, spanC(Z1, W1)
is a para-complex subspace, as well as the symplectic complement
(spanC(Z1, W1))

⊥ω := {X ∈ V : ω(Z1, X) = ω(W1, X) = 0}. The
latter is again nondegenerate with respect to ω, and the proposition
follows by induction. �

Corollary 2.1.3. An antisymmetic C-bilinear 2-form ω is nondegen-

erate if and only if ωn ∈
∧(2n,0) V ∗ is regular (where n = dimC(V )/2).

Proof. If ω is nondegenerate and {Za, Wb}a,b=1,...,n a basis as above,
then ωn(Z1, W1, . . . , Z

n, Wn) = n!, in particular (1± j)ωn 6= 0.

23
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Conversely, suppose that ωn is regular. Let {B1, . . . , B2n} be an arbi-
trary C-basis of V and X =

∑
a xaBa ∈ ker(ω), xa ∈ C. We have to

show that X = 0. By the skew-symmetry of ωn we have

0 = ωn(B1, . . . , Ba−1, X,Ba+1, . . . , B2n) = xa · ωn(B1, . . . , B2n).

But by assumption we have ωn(B1, . . . , B2n) ∈ C∗, so xa = 0. �

2.1.2. Para-holomorphic symplectic structures on manifolds.

Definition 2.1.4. Let (M, J) be a para-complex manifold. A para-
holomorphic symplectic structure is a nondegenerate closed form ω ∈
Ω(2,0)M .

Lemma 2.1.5. Let (M, J) be a para-complex manifold and ω0, ω1 two
para-holomorphic symplectic forms on M , which coincide in a point p ∈
M , ω0(p) = ω1(p). Then there is a para-holomorphic di�eomorphism
Φ de�ned on a neighbourhood of p, such that Φ(p) = p and Φ∗ω1 = ω0.

We want to apply Moser's method of constructing Φ as time-1-map of
a para-holomorphic �ow, i. e. a �ow ΦX : (−ε, ε)× U → U of a (time-
dependent) vector �eld Xs, such that (ΦX

s )∗J = J for any s ∈ (−ε, ε).
The vector �eld Xs then needs to be an in�nitesimal automorphism of
the para-complex structure, i. e. LXsJ = 0.

Remark (on notation). If Xs is a time-dependent vector �eld, then ΦX
s,·

denotes the �ow of X starting at time s, i. e. d
dt

ΦX
s,t(p) = X(ΦX

s,t(p)),

ΦX
s,s(p) = p. Instead of ΦX

0,s we will also write ΦX
s . The Lie-derivative

of a (possibly also time-dependent) tensor Ts is de�ned as

LXsTs :=
d

dt
|t=0 Φ∗

s,s+tTs+t.

For functions, di�erential forms and vector �elds this yields

LXsfs = Xs(fs) +
∂

∂s
fs

LXsαs = d(Xsyαs) + Xsydαs +
∂

∂s
αs

LXsYs = [Xs, Ys] +
∂

∂s
Ys

Lemma 2.1.6. Let (M, J) be a para-complex manifold. Then LXsJ = 0
if and only if the (1, 0)-vector �eld 1

2
(Xs + jJXs) is para-holomorphic.

Proof. Using para-holomorphic coordinates (za = xa + jya)a=1...n

we write Xs =
∑

a ξa
s

∂
∂xa +

∑
a ηa

s
∂

∂ya ,
1
2
(X + jJX) =

∑
(ξa

s + jηa
s )

∂
∂za .



2.1. Para-complex symplectic and contact structures 25

The equations J ∂
∂xa = ∂

∂ya and J ∂
∂xa = ∂

∂ya yield

(LXsJ)(
∂

∂xa
) = [Xs, J

∂

∂xa
]− J [Xs,

∂

∂xa
]

=
∑

b

(
∂ηb

s

∂xa
− ∂ξb

s

∂ya

)
∂

∂xb
+

(
∂ξb

s

∂xa
− ∂ηb

s

∂ya

)
∂

∂yb

The vanishing of this expression is equivalent to the para-Cauchy-
Riemann equations for the function (ξb

s + jηb
s). The calculation for

(LXJ)(∂yk
) is analogous. �

Remark 2.1.7. LXJ = 0 implies LJXJ = 0 and [X, JX] = 0. If
X is time-independent, the �ows ΦX and ΦJX commute, so ΦX can
be extended to a �ow of Z = 1

2
(X + jJX), depending on a para-

complex parameter s + jt ∈ C, by ΦZ
s+jt(p) := ΦX

s (ΦJX
t (p)), ful�lling

d
dz

ΦZ
z (p) = Z

(
ΦZ

z (p)
)
.

Proof of Lemma 2.1.5. Let ωt = ω0 + t(ω1−ω0), 0 ≤ t ≤ 1. We
have ωt(p) = ω0(p) = ω1(p) for all t, so by the compactness of [0, 1]
there is a neighbourhood of p, such that in this neighbourhood ωt is
nondegenerate for all t ∈ [0, 1]. We will now construct a 1-parameter
family Φt of di�eomorphisms (de�ned on a neighbourhood of p), such
that

Φt(p) = p

Φ∗
t ωt = ω0. (2)

Since ω′ := d
dt

ωt = ω1 − ω0 is closed by assumption, it locally is the
di�erential of a 1-form, ω′ = dα. Further, we may assume that α(p) = 0
(by adding the di�erential of a function). Since ∂̄(α(0,1)) = (ω′)(0,2) = 0,
we can apply Corollary 1.2.11 and �nd a (locally de�ned) function β,
such that α(0,1) = ∂̄β. Replacing α with α−dβ, we obtain α ∈ Ω(1,0)M .
Further, by construction, ∂̄α = ω′(1,1) = 0, i. e. α is para-holomorphic.
Thus the equation Ztyωt = −α de�nes a time-dependent vector �eld Zt,
which is para-holomorphic since α and ω−1

t are, the latter by Cramer's
rule. According to Remark 2.1.7, the �ow of Xt = 2Re(Zt) = Zt + Z̄t

is a 1-parameter family Φt of para-holomorphic di�eomorphisms. For
all t ∈ [0, 1] we have Xt(p) = 0, thus Φt(p) = p, and Φt is de�ned
on a neighbourhood of p. By writing LX(U + jV ) = [X, U + jV ] and
extending the de�nition of the Lie bracket and Lie derivative C-linearly
to the tensor algebra on TCM , we calculate (using Cartan's formula
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and Z̄tyωt = 0):

d

dt
Φ∗

t ωt = Φ∗
t

(
d(Xtyωt) + Xtydωt +

d

dt
ωt

)
= Φ∗

t

(
d(Ztyωt) + 0 +

d

dt
ωt

)
= Φ∗

t (−dα + ω′) = 0

Integration then yields (2). �

Theorem 2.1.8. Let (M, J) be a 2n-dimensional para-complex man-
ifold and let ω be a para-holomorphic symplectic form. Then in the
neighbourhood of any p ∈ M , there is a para-holomorphic coordinate
system (za, wb)a,b=1,...,n such that ω =

∑
a dza ∧ dwa.

Proof. In a su�ciently small neighbourhood of p ∈M , choose an
arbitrary para-holomorphic coordinate system (z̃a, w̃b). From propo-
sition 2.1.2 it follows that by changing the coordinates by a C-linear
map Cn → Cn, we can arrange that ω(p) =

∑
dz̃a(p) ∧ dw̃a(p). Now

apply the above lemma to ω0 = ω and ω1 =
∑

dz̃a ∧ dw̃a. Then
(za := z̃a ◦ Φ, wb := w̃b ◦ Φ) is the desired coordinate system. �

2.1.3. Para-holomorphic contact forms.

Definition. Let M be a (2n+1)-dimensional para-complex manifold.
A para-holomorphic contact form is a para-holomorphic 1-form α ∈
Ω(1,0)(M), such that (α ∧ (dα)n) ∈ Ω(2n+1,0)(M) is regular.

Remark. This condition is equivalent to ker(α) being a 2n-dimensional
para-holomorphic distribution in the sense of [AC2], chapter 2.2 (see
[AC2], Proposition 3) and dα|ker(α) being nondegenerate (cf. Corollary
2.1.3).

Lemma 2.1.9. There is a unique vector �eld Rα, called Reeb vector
�eld, such that

Rαydα = 0

Rαyα = 1

Proof. At each p ∈ M , dα(p) has rank 2n, so ker(dα(p)) is 1-
dimensional. With similar reasoning as in the proof of Proposition
2.1.2, there is a (unique) vector R(p) ∈ ker(dα(p)) which normalizes
α(p): Otherwise, either (1 + j)α(p) or (1 − j)α(p) would be zero on
ker(dα(p)), and therefore (1± j)α ∧ (dα)n = 0. �

Lemma 2.1.10. Let M be a para-complex manifold and let α0, α1 be two
para-holomorphic contact forms on M . Let p ∈M and α0(p) = α1(p),
dα0(p) = dα1(p). Then there is a para-holomorphic di�eomorphism Φ
de�ned on a neighbourhood of p, such that Φ(p) = p and Φ∗α1 = α0.
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Proof. As in the proof of Lemma 2.1.5, let αt = α0+t(α1−α0), 0 ≤
t ≤ 1. αt is a contact form for all t ∈ [0, 1] in a neighbourhood of p.
We will construct a 1-parameter familiy Φt of di�eomorphisms, such
that

Φt(p) = p

Φ∗
t αt = α0. (3)

As before, if Φt is de�ned as the �ow of a time-dependent vector �eld
Xt = 2Re(Zt), with Zt a para-holomorphic vector�eld to be speci�ed
below, then (3) follows from

0 =
d

dt
Φ∗

t αt = Ztydαt + d(Ztyαt) +
d

dt
αt.

We decompose Zt = rtRαt + Wt with Wt tangential to ker(αt) and
obtain

Wtydαt + drt +
d

dt
αt = 0. (4)

Now dαt is nondegenerate on ker(αt) and zero on span(Rαt), so for
given rt there is a vector �eld Wt which solves (4), if and only if rt

satis�es

Rαty(drt +
d

dt
αt) = 0. (5)

This equation can be solved as follows: Let Ψt,z denote the �ow of
Rαt (see remark 2.1.7) and let N be a 2n-dimensional para-complex
submanifold of M such that p ∈ N and such that N is transversal to
Rαt in a neighbourhood of p (note that Rαt(p) = Rα0(p), so we can
take the same N for all t). Then (z, q) 7→ Ψt,z(q) is an isomorphism
from a neighbourhood of (0, p) in C×N onto a neighbourhood of p in
M , and the equation (5) reads:

d

dz
rt(Ψt,z(q)) = −Rαt(Ψt,z(q))y(

d

dt
αt)

The right hand side is para-holomorphic in z, so a solution for rt exists
by Lemma 1.2.6. Moreover, by construction and because of d

dt
αt(p) = 0,

we have drt(p) = 0 = rt(p), so that Zt(p) = 0, hence Φt(p) = p, and Φt

is well de�ned for all t ∈ [0, 1] in a neighbourhood of p. �

Theorem 2.1.11. Let M be a (2n+1)-dimensional para-complex man-
ifold and let α be a para-holomorphic contact form. Then in the neigh-
bourhood of any p ∈M , there is a para-holomorphic coordinate system
(w0, z

a, wb)a,b=1,...,n such that α = dw0 −
∑

wadza.

Proof. Let (w̃0, z̃
a, w̃b)a,b=1,...,n be a coordinate system such that

∂
∂w̃0

(p) = Rα(p) and such that ( ∂
∂z̃a (p), ∂

∂w̃b
(p)) is a symplectic basis for

dα(p)|ker(α(p)). By adding a constant, we can assume that p is mapped
to zero. Then it follows that α(p) = (dw̃0 −

∑
w̃adz̃a)(p) and dα(p) =
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dz̃a(p) ∧ dw̃a(p). Now apply Lemma 2.1.10 to α0 = α, α1 = dw̃0 −∑
w̃adz̃a and set z = z̃ ◦ Φ, va = ṽa ◦ Φ, wb = w̃b ◦ Φ. �

2.2. Para-Kähler submanifolds and Twistor lift

Let (M, Q, g) be a para-quaternionic Kähler manifold.

Definition 2.2.1. The twistor bundle π : Z → M is the bundle of
para-complex structures in Q ⊂ End(TM):

Z := {q ∈ Q : q2 = idTM}.

The �bres of Z are one-sheeted hyperboloids: If Ip, Jp, Kp is a basis for
Qp as in de�nition 1.4.1, then Zp = {rIp+sJp+tKp : −r2+s2+t2 = 1}.
This can be identi�ed with the homogenous space SO(2, 1)/SO(1, 1) =
Spπ(1)/Uπ(1).

The Levi-Civita connection on TM induces a splitting of TZ into a ver-
tical and a horizontal distribution TZ = V ⊕H = ker(dπ)⊕HD. With
respect to this splitting, we can de�ne an almost complex structure
JZ := JV + JH, where at each point z ∈ Z, JH(z) is the para-complex
structure given by z ∈ Qπ(z) ⊂ End(Tπ(z)M) ∼= End(Hz), and where
JV(z) is a SO(2, 1)-invariant para-complex structure on the homoge-
nous space Zπ(z) (see [AC2, Proposition 6]).

Likewise, we can de�ne a one-parameter family gt
Z = tgV + gH, t ∈

R \ {0}, of para-hermitian metrics, such that the map π : Z → M is a
pseudo-Riemannian submersion (see [AC2, Proposition 7]), and where
−2gV is the Killing form on so(2, 1).

Theorem 2.2.2. ([AC2, Theorem 2 and 3]) Let Z be the twistor space
of a para-quaternionic Kähler manifold with nonzero scalar curvature.
Then

(1) The almost para-complex structure JZ is integrable.

(2) g
−4n(n+2)/scal
Z is a para-Kähler-Einstein metric.

(3) The horizontal distribution H ⊂ TZ is a para-holomorphic
contact structure.

Definition 2.2.3. Let (M, Q, g) be a para-quaternionic Kähler mani-
fold. A para-complex submanifold of M is a pair (N, J), where N ⊂M
is a smooth submanifold and J a parallel section of Z|N = {q ∈
Q|N : q2 = 1}, such that J(TN) = TN, and such that the ±1-
eigenspaces TN± have the same dimension. A para-complex sub-
manifold is called para-Kähler submanifold, if the induced pseudo-
Riemannian metric gN := g|TN is nondegenerate.

Remark. It follows that the almost complex structure JN := J |TN is
integrable, since it is parallel with respect to a torsion-free connection.
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Remark. Let N ⊂ M be a para-Kähler submanifold. Then the map
f : (N, gN)→ (M, g) is an isometric immersion which ful�lls

df ◦ JN = J ◦ df, (6)

where J is a parallel section of f ∗Q ⊂ f ∗End(TM). Thus, in the
language of section 3.2, the map f is isotropic para-pluriharmonic,
see equation (10) (with Φθ := eθJ). Note that in section 3.2, M is
a symmetric space, but even without that assumption, equation (6)
implies that f is para-pluriharmonic: Because JN and J are parallel,
we have (Ddf)JN = D(df · JN) = D(J · df) = J(Ddf), and therefore

(Ddf)(X, JNY )− (Ddf)(Y, JNX)

= J ((Ddf)(X,Y )− (Ddf)(Y,X)) = 0.

It follows that (Ddf)(+1,−1) = 0, and that f is para-pluriharmonic by
Proposition 3.1.3.

The following theorem by Alekseevsky and Cortés relates the para-
complex submanifolds of a para-quaternionic Kähler manifold to the
horizontal submanifolds of its twistor space:

Theorem. [AC2, Theorem 4] Let (M, Q, g) be a para-quaternionic
Kähler manifold with nonzero scalar curvature and let π : Z → M be
its twistor bundle.

(1) If (N, J) is a para-complex submanifold of M , then F : N →
Z, F (p) := Jp de�nes an embedding of N into Z such that

π ◦ F = idN . The image Ñ = F (N) is a horizontal para-
complex submanifold of Z (called the canonical lift of N).

(2) Conversely, if Ñ ⊂ Z is a para-complex horizontal submanifold
such that π : Ñ → π(Ñ) ⊂ M is a di�eomorphism, then its
projection (N := π(Ñ), J := dπ ◦ JZ ◦ dπ−1) is a para-complex
submanifold of M.

(3) Moreover, N is a para-Kähler submanifold, if and only if the
one-parameter family of metrics gt

Z is nondegenerate on Ñ ⊂
Z.

Because the horizontal distribution H ⊂ TZ is a contact distribution,
it follows that the dimension of N cannot be greater than half the di-
mension of M. The maximal (i. e. of maximal dimension) para-complex
submanifolds of M correspond to Legendrian submanifolds (i. e. sub-
manifolds tangent to the contact distribution with maximal possible
dimension) of Z.

Combining this with the results of the preceding section, we can show
that the maximal para-complex submanifolds are locally given by para-
holomorphic functions:
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Theorem 2.2.4. Let M be a para-quaternionic Kähler manifold of real
dimension 4n, and let π : Z →M be its twistor bundle.

Then at any point q ∈ Z there exist local coordinates

(z1, . . . zn, w0, . . . , wn) : U
∼→ Uz × Uw ⊂ C2n+1

de�ned on a neighbourhood U of q, such that the horizontal distribution
is H = ker(dw0 −

∑
wadza).

For any para-holomorphic function h : Uz → C, the equations

w0 = h(z1, . . . , zn)

wa = ∂h/∂za

de�ne a horizontal submanifold Ñ ⊂ Z (provided that (w0, . . . , wn) ∈
Uw), and the projection π(Ñ) is a para-complex submanifold of M.

Any maximal para-complex submanifold N ⊂M is locally of this form
with respect to a locally �nite covering of Z by such coordinate domains.

Proof. Since H is a para-holomorphic contact distribution, the
existence of local coordinates as above follows from Theorem 2.1.11.
Since Z is paracompact, it is locally �nitely covered by such coordi-
nates. Clearly, with respect to the contact form dw0−

∑
wadza, a sec-

tion Uz → Uz×Uw is horizontal, if and only if wa = ∂w0/∂za. It remains
to show that, given a horizontal n-dimensional submanifold Ñ ⊂ U , we
can write it as such a section. Let (z1, . . . , zn, w0, . . . , wn) be a system of
local coordinates as above. We may assume that Uz×Uw is a su�ciently
small neighbourhood of 0 ∈ C2n+1, so that the 2n di�erential forms
dz1, . . . dzn, dw1, . . . , dwn are pointwise C-linearly independent on H|U .
In other words, the 2 · 2n real-valued di�erential forms dz1

±, . . . , dzn
±,

dw±
1 , . . . , dw±

n , are R-linearly independent on H± ⊂ TZ±. Therefore
a subset of 2n of these forms (n for each sign) is R-linearly indepen-
dent on TÑ±. After exchanging some of the z±- and w±-coordinates
(note that dw±

0 − w±dz± = d(w±
0 − w±z±) + z±dw±), we can assume

that dz1
±, . . . , dzn

± are linearly independent on TÑ±, so by the inverse
function theorem, the z-coordinates form a local coordinate system on
Ñ . �

2.2.1. Example: The twistor space CP2n+1 → HPn.
Let CPn be the space of nondegenerate para-complex lines in Cn+1,

CPn = {(zo, . . . , zn) ∈ Cn+1 :
n∑

a=0

zaza 6= 0}/C∗.

Accordingly, let

HPn = {(h0, . . . , hn) ∈ Hn+1 :
n∑

a=0

haha 6= 0}/H∗.
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In each para-quaternionic line there is a unit element, which can be
completed to a unitary basis of Hn+1 (see the proof of Proposition
1.3.3), so Spπ(n+1) acts transitively on HPn; therefore we can identify
the latter with the coset space Spπ(n + 1)/Spπ(n)× Spπ(1).

Consider the identi�cation Hn+1 = Cn+1 ⊕ iCn+1 ∼= C2n+2 and note
that (z + iw)(z + iw) = z̄z + w̄w for z, w ∈ C, so the scalar products
(and the notions of nondegeneracy) on Hn+1 and C2n+2 agree. In
particular, there is a �bration CP2n+1 → HPn, which is the �bration
of homogenous spaces

Spπ(n + 1)

Spπ(n)× Uπ(1)
→ Spπ(n + 1)

Spπ(n)× Spπ(1)
.

We want to give an explicit expression for the contact form: Let ω =∑n
a=0 dza ∧ dwa be the standard symplectic form on C2n+2 and let

Xrad =
∑n

a=0(za
∂

∂za + wa
∂

∂wa
) be the radial vector �eld. The 1-form

α′ := Xradyω =
∑n

a=0(z
adwa−wadza) is homogenous of degree one and

vanishes in the radial direction, so it yields a holomorphic form α on
CP2n+1 which is well-de�ned up to multiplication by a non-vanishing
function. The kernel of α′ in C2n+2 is the orthogonal complement
(Xradi)

⊥ of the vertical vector �eld Xradi = i
∑n

a=0(z̄
a ∂

∂wa
− wa

∂
∂za ),

and thus ker(α) is indeed the horizontal distribution in CP2n+1.

On the subset U0 := {[z0, w0, . . . z
n, wn] : z0 ∈ C∗} ⊂ CP2n+1 we intro-

duce a�ne coordinates [z0, . . . , wn] 7→ (z0)−1(w0, z
1, . . . , wn), thereby

identifying U0 with the hyperplane {z0 ≡ 1} ⊂ C2n+2. In these coordi-
nates we have

α|z0≡1 = dw0 +
n∑

a=1

(zadwa − wadza)

Coordinates (z̃a, w̃b) as in Theorem 2.1.11 are given by

w̃0 = w0 +
∑

zawa

z̃a = za

w̃a = 2wa.

Using these coordinates, we can construct the following horizontal im-
mersions Cn ⊃ U → CP2n+1 :

(z1, . . . , zn) 7→
[
1 : h−

∑
za ∂h/2

∂za
: z1 :

∂h/2

∂z1
: · · · : zn :

∂h/2

∂zn

]
,

where h : U → C is a holomorphic function.

Accordingly, the para-complex immersions U → HPn are

(z1, . . . , zn) 7→
[
1 + i(h−

∑
za ∂h/2

∂za
) : z1 + i

∂h/2

∂z1
: · · · : zn + i

∂h/2

∂zn

]
.





CHAPTER 3

Para-pluriharmonic maps into symmetric spaces

3.1. Para-pluriharmonic maps

3.1.1. De�nitions.

Definition 3.1.1. Let (N, gN), (M, gM) be pseudo-Riemannian man-
ifolds. A map f : N → M is called harmonic if it is a critical point of
the energy functional under variations with compact support

E(f) :=
1

2

∫
N

trgN
(f ∗gM) dvolN .

The �rst variation of the energy is given by

d

dt
E(ft) =

∫
N

gM(
∂ft

∂t
, trgN

(Ddf)) + divX dvolN ,

where D is the connection on End(TN, f∗TM) induced by the Levi-
Civita connections on TN and TM and where X is the vector �eld on
N de�ned by gN(X, ·) = gM(∂ft

∂t
, df ·). Therefore, f is harmonic if and

only if
trgN

(Ddf) = 0

If N is 2-dimensional, then the energy functional is invariant under
conformal changes of the metric gN , so the de�nition depends only on
the conformal class of gN . But in two dimensions, the conformal classes
of de�nite metrics correspond to the complex structures (up to sign),
and the conformal classes of inde�nite metrics correspond to the para-
complex structures (any inde�nite scalar product in two dimensions
has two null directions, which we take as the ±1-eigenspaces of the
para-complex structure). The former case leads to the de�nition of
pluriharmonic maps, which have already been studied (see [BR, ET2]),
the latter case to para-pluriharmonic maps:

Definition 3.1.2. Let (N, J, g) be a para-Kähler manifold and let
(M, gM) be a pseudo-Riemannian manifold. A smooth map f : N →M
is called para-pluriharmonic if it is harmonic along every 1-dimensional
para-complex submanifold.

Proposition 3.1.3. For a map f : N → M with N , M as above the
following conditions are equivalent:

(1) f is para-pluriharmonic

33
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(2) (Ddf)(+1,−1) = 0, i. e. Ddf vanishes on T+N ⊗ T−N.
(2') (Ddf)(1,1) = 0, i. e. (Ddf)c vanishes on T (1,0)N ⊗ T (0,1)N.

Proof. (2) ⇒ (1): Let L ⊂ N be a para-complex curve and
z± = x ± y a pair of holomorphic coordinates on L. The Levi Civita
connection on L di�ers from the one on N only by the (traceless) sec-
ond fundamental form, and at any point p ∈ L the pseudo-Riemannian
metric g|TpL is proportional to dz+ ∨ dz− = dx ⊗ dx − dy ⊗ dy. So we

have trg(Ddf) ∼ (Ddf)( ∂
∂x

, ∂
∂x

)− (Ddf)( ∂
∂y

, ∂
∂y

) = (Ddf)( ∂
∂z+

, ∂
∂z−

) = 0.

(1) ⇒ (2): Any pair of vectors Z± ∈ T±
p N is tangent to a para-

complex curve through p. The same calculation as before shows that
(Ddf)(Z+, Z−) ∼ trg(Ddf) = 0.

(2)⇔ (2′) is immediate from ∨(1,1)(TN) = ∨(+1,−1)(TN)⊗C (cf. Propo-
sition 1.2.10). �

3.1.2. A remark on complexi�cation. We observe that if I is
a complex structure on V, then IC is a C-linear complex structure on
V⊗C, and JC = i·IC is a para-complex structure. This leads to the idea
to construct para-pluriharmonic maps in the following way: Start with
a pluriharmonic map f : N → M , extend this to map fC : NC → MC

and then restrict it to an alternate real form Ñ of NC, such that iIC
N

is a para-complex structure of TÑ . � The problem with this is that
one cannot expect the image f(Ñ) to be contained in a totally real
submanifold M̃ of MC.

To illustrate this, we consider N = R2 with the standard complex

structure I =

(
0 −1
1 0

)
and M = R : A function f : R2 → R is

harmonic, if and only if

d(df ◦ I) = 0

Then the complex analytic continuation fC : C2 → C of f is harmonic
and para-harmonic,

d(dfC ◦ IC) = d(dfC ◦ iIC) = 0.

Restricting this to (C, j) ∼= (Re1⊕iRe2, iI), we obtain a para-harmonic
function

fC|Re1⊕iRe2 : Re1 ⊕ iRe2 → C.

However, the image of fC(Re1⊕iRe2) is usually not contained in a one-
dimensional real subspace, e.g. if f(x, y) = x + y, then f(x, iy) = C.
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3.1.3. Pseudo-Riemannian symmetric spaces. Recall that a
pseudo-Riemannian symmetric space is a pseudo-Riemannian manifold
M , such that for each point p ∈M there exists an isometry sp : M

∼→M
(the geodesic re�ection) whose di�erential at p is dsp(p) = −idTpM . We
will always assume that M is connected. It follows that the identity
component of the isometry group G := Iso0(M) acts transitively on
M. Therefore M can be identi�ed with the coset space G/K, where
K = {g ∈ G : g ·o = o} is the stabilizer subgroup of a chosen base
point o ∈ M. The conjugation by so is an involutive automorphism
σ : G→ G, the Cartan involution. It holds that Gσ

0 ⊂ K ⊂ Gσ, where
Gσ denotes the �xed-point set of σ. The di�erential dσe : g→ g de�nes
the AdK-invariant Cartan decomposition g = ker(dσe− id)⊕ ker(dσe +
id) =: k ⊕ m. In fact, k is the Lie algebra of K, so the di�erential of
G→M annihilates k and maps m isomorphically to ToM.

Conversely, let G be a Lie group, σ an involution of G, K ⊂ G a closed
subgroup such that Gσ

0 ⊂ K ⊂ Gσ and suppose that there exists an
AdK-invariant pseudo-Euclidean scalar product on m := ker(dσe + idg)
(e.g. the Killing form, if it is nondegenerate) for which dσ is an isom-
etry. Then M = G/K has the structure of a pseudo-Riemannian
symmetric space with the geodesic re�ection given by sgK(hK) =
gσ(g−1hK). The group G acts by isometries.

By saying that M = G/K is a symmetric space, we will implicitly
assume that the image of G → Iso(M) contains Iso0(M). (This is
automatically the case if G is semisimple.) Usually, we will also demand
that the kernel of G → Iso(M) be discrete, in other words, that the
G-action on M be almost e�ective.

The following facts hold (see e.g. [H], [O'N], [E])

Fact 3.1.4. Let G/K be a pseudo-Riemannian symmetric space with
almost e�ective G-action. Then

(1) [k, k] ⊂ k, [k, m] ⊂ m, [m, m] ⊂ k.
(2) If g is semisimple then [m, m] = k.

(3) [[m, m], m] ⊂ m. The isomorphism m
∼→ ToM identi�es the

Lie triple product on m with the Riemannian curvature tensor
(possibly up to sign, depending on the de�nition of the latter).

(4) The group gKg−1 acts on TgKM by linear isometries preserv-
ing R. Moreover, if G is semisimple then the map gK0g

−1 →
Aut0(TgKM, g,R) is surjective. The same holds if M is simply
connected and the image of G in Iso(M) contains Iso0(M).
[O'N, Theorem 8.14].
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3.1.4. Existence of associated families. Pluriharmonic maps
into Riemannian symmetric spaces of non-positive or non-negative cur-
vature are characterized by the fact that they have associated families.
In our setting this is slightly di�erent:

Theorem 3.1.5. Let N be a connected and simply connected para-
complex manifold and M a pseudo-Riemannian symmetric space. The
following conditions for a smooth map f : N →M are equivalent:

(1) f has an associated family, i. e. there exists a 1-parameter
family (fθ, Φθ)θ∈R of maps fθ : N → M and parallel bundle
isomorphisms Φθ : f ∗θ TM → f ∗TM preserving the pseudo-
Riemannian metric gM and the curvature RM , such that

df ◦ eθJ = Φθ ◦ dfθ (7)

(2) f is para-pluriharmonic and

RM(df(T+N), df(T+N)) = 0

RM(df(T−N), df(T−N)) = 0.

(2') f is para-pluriharmonic and

RM(df(T (1,0)N), df(T (1,0)N)) = 0.

Proof. The equivalence (1) ⇔ (2) follows from the answer to a
more general question, which is, roughly speaking:

Given a vector bundle E → N , such that the �bres
are isomorphic to those of TM , when is a bundle ho-
momorphism F : TN → E the di�erential of a function
f : N →M?

The answer is given in [ET1, Theorem 1]:

Theorem (Eschenburg, Tribuzy). Let N be a simply connected smooth
manifold and let M be a pseudo-Riemannian symmetric space with
Levi-Civita connection DM and curvature tensor RM . Let E be a vec-
tor bundle over N , equipped with a connection D, a D-parallel �bre
metric g and a D-parallel triple product RE : ∧2 E → End(E), such
that there exists a linear isometry Φ0 : ToM

∼→ Ep for some �xed points
o ∈ M, p ∈ N , such that Φ∗

0R
E
p = RM

o . Let F : TN → E be a vector
bundle homomorphism. Then there exists a smooth map f : N → M
and a parallel bundle isomorphism Φ: f ∗TM

∼→ E preserving R and g
such that

F = Φ ◦ df

if and only if

(DXF )(Y )− (DY F )(X) = 0 (8)

DXDY σ −DY DXσ −D[X,Y ]σ = R(FX,FY )σ (9)
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for all vector �elds X, Y ∈ X(N) and sections σ of E, where in the
�rst equation D denotes the connection on Hom(TN, E) induced by D
and a torsion-free connection on TN .

Applying this Theorem to the bundle E = f ∗TM with the pull-back
connection, metric and curvature tensor and to the map Fθ = df ◦ eθJ ,
we see that a solution (Φθ, fθ) of the equation Fθ = Φθ ◦ dfθ exists if
and only if the conditions (8) and (9) are ful�lled. We already know
that they are ful�lled for F0 = df . We consider the �rst equation:
Since DJ = 0, we have DFθ = DF · eθJ . Now, if X and Y are of the
same type, say X, Y ∈ T+N , then eθJ is just multiplication by eθ, so
equation (8) remains valid for all θ ∈ R. Thus, it has only be checked
for vectors of di�erent types; in this case it holds for all θ ∈ R, if and
only if both terms are zero � but this is precisely the pluriharmonicity.
A similar consideration can be done for the second equation: This time,
if X, Y are of di�erent types, the factors eθ and e−θ cancel, so we have
to test equation (9) with vectors X, Y of the same type: Then the right
hand side picks up the factor e±2θ, so equation (9) can only be ful�lled
for all θ ∈ R if both sides are zero. But for F0 = df, this is precisely
the condition for the images of T±N given in (2).

The equivalence (2)⇔ (2′) follows immediately from T (1,0)N = (1 +
j)T+N ⊕ (1− j)T−N . �

Remark 3.1.6. If M is simply connected, then the solution (Φθ, fθ) is
unique up to isometries of M ([ET1, Theorem 1]). Moreover, if f is full
(i. e. if the image of f is not contained in a totally geodesic subspace
of M), then Φθ is determined by fθ; this follows from [ET1, Theorem
2].

Remark 3.1.7. In the Riemannian case, the condition

RM(df(T (1,0)N), df(T (1,0)N)) = 0

actually follows from the pluriharmonicity, provided that the curva-
ture tensor of M (viewed as a symmetric bilinear form on ∧(1,1)TM)
is semi-de�nite; therefore, if M is a Riemannian symmetric space of
nonpositive or nonnegative curvature, all pluriharmonic maps have as-
sociated families. In our case this is not true, as shown by the following
counterexample:

Let M be any symmetric space with nonzero curvature and
let U ⊂ M be an open subset di�eomorphic to Rn. Let
N := U ×U , JN = idTU × (−idTU ) and let g be a compatible

metric. The projection on the �rst factor f : N
π1→ U ↪→ M

is obviously para-pluriharmonic since it depends only on the
+-coordinates. But since RM (df(T+N), df(T+N)) 6= 0 by
assumption, f does not have an associated family.
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Remark 3.1.8. If M = G/K is a para-Kähler symmetric space, then
the conditions for the existence of an associated family (Theorem 3.1.5(2))
can be expressed in a very nice way; this has been discovered recently
by Eschenburg and Quast [EQ]:

Suppose that G is semisimple. We consider the standard immersion
J : M → g, which assigns to each point p ∈M the para-complex struc-
ture Jp, which is a derivation of the Lie triple algebra (TpM, Rp) and
therefore given by an element of g acting by the adjoint representation.
From the parallelity of the endomorphism �eld J we conclude that the
image J(M) ⊂ g is the adjoint orbit AdG(ξ), adξ := JeK (see the proof
of Proposition 3.2.2). Let g = k ⊕ m be the Cartan decomposition of
g. By de�nition, adξ is a para-complex structure on m and zero on k.
In particular, k coincides with the stabilizer subalgebra of ξ. It follows
that the map M → AdG(ξ) ⊂ g is a G-equivariant covering. The
tangent and normal bundles of J(M) ⊂ g are AdG(m) and AdG(k),
respectively. At the point η ∈ AdG(ξ), the para-complex structure on
TηJ(M) is adη.

Now let f : N →M be a map from a para-Kähler manifold N into M.
The di�erential of f̃ : N → M → g can be considered as a g-valued
di�erential form on N. Let

γ := JM · df̃ · JN = adf̃ (df̃ · JN) ∈ Ω1(N ; g).

We claim that f has an associated family if and only if γ is closed
[EQ, Theorem 5.1].

Proof. A short calculation shows that

dγ(X, JNY ) = [f̃ ,∇df̃(X,Y )−∇df̃(JNX, JNY )]

+ [df̃(X), df̃(Y )] + [df̃(JNX), df̃(JNY )],

where ∇ denotes the connection on T ∗N⊗g de�ned by the Levi-Civita
connection on TN. Since adf̃ vanishes on the normal bundle, the ex-
pression in the �rst line takes values in the tangent bundle. It is zero
for all X,Y, if and only if

0 = (∇df̃(X, Y )−∇df̃(JNX, JNY ))T

= Ddf̃(X, Y )−Ddf̃(JNX, JNY ),

which is precisely the de�nition of f̃ being para-pluriharmonic.

The expression in the second line takes values in the normal bundle. It
is zero for all X,Y, if and only if

0 = [df̃(X), df̃(Y )] + [df̃(JNX), df̃(JNY )]

= RJ(M)(df̃(X), df̃(Y )) + RJ(M)(df̃(JNX), df̃(JNY )),

which is equivalent the condition RM(df(T±N), df(T±N)) = 0. �
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In [EQ] this is used to generalize the Sym-Bobenko construction of sur-
faces in R3 with prescribed constant mean curvature from their (har-
monic) Gauÿ map.

3.1.5. The Maurer-Cartan form. If G is a matrix group, i. e.
a closed subgroup of GL(·, R), then there is an alternative approach
to associated families using the Maurer-Cartan form. The following is
completely analogous to the Riemannian case, see [DE] (note that our
Φθ is Φ−1

θ there).

Let N0 be a contractible open subset of N. Then any map f : N0 →
M = G/K can be lifted to a map F : N0 → G such that f = π◦F ; this is
called a framing of f. This framing is unique up to right multiplication
by K-valued maps. Without loss of generality, we may assume that
po ∈ N0 is mapped to o = eK ∈M, and that F (po) = e.

To the framing F we assign the g-valued di�erential form

α := F−1dF ∈ Ω1(N0; g),

the Maurer-Cartan form. It holds that dα + α ∧ α = 0.

Suppose that f : N → M = G/K ful�lls the conditions of Theorem
3.1.5. Let (Φθ, fθ) be the associated family of f. For any p ∈ N, Φθ(p)
is a linear isometry Tfθ(p)M → Tf(p)M which preserves R, therefore
under the requirements of Fact 3.1.4(4), Φθ(p) is given by an element
of G.

We can easily check that

Fθ := Φ−1
θ F

is a framing of fθ with corresponding Maurer-Cartan form

αθ = F−1
θ dFθ = α + F−1ΦθdΦ−1

θ F.

From the parallelity of Φθ it follows (cf. [DE, Lemma 1]) that the last
term on the right hand side takes values in m ⊂ g and that (αθ)k = αk

for any θ ∈ R (where α = αk + αm due to the splitting g = k⊕m). By
de�nition, the component (αθ)m is the horizontal lift of dfθ, up to left
multiplication by elements of G, therefore from equation (7) we obtain

(αθ)m = αm ◦ eθJ = eθα(+1,0)
m + e−θα(0,−1)

m .

For �xed p ∈ N0, the map θ 7→ Fθ(p) can be considered as an element
of the loop group

Λ := {γ : R→ G; γ smooth}.

Thus, we have de�ned a map F : N0 → Λ, F(p)(θ) := Fθ(p) which
satis�es

F−1dF = αk + eθα(+1,0)
m + e−θα(0,−1)

m ;
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this is called an extended framing. By construction, F is unique up to
constant loops with values in K, hence the map F̃ := π◦F : N → Λ/K
is uniquely determined by f and globally de�ned on N.

Conversely we can reconstruct the associated family from F : Let Fθ =
F(θ) and fθ = π ◦ Fθ. Then a short calculation shows that

dfθ ◦ eθJ = (F0F
−1
θ ) ◦ df0

and that Φθ := F0F
−1
θ is parallel.

3.2. Isotropic para-pluriharmonic maps

We now want to focus our attention to the case where the family (fθ) is
constant in θ. Such maps are called isotropic para-pluriharmonic maps.
Equation 7 then reads

df ◦ eθJ = Φθ ◦ df, (10)

where Φθ is a parallel bundle automorphism of f ∗TM preserving R and
g.

We now assume that f is full, i. e. that the image is not contained in
a totally geodesic subspace of M .

Proposition 3.2.1. Let f : N → M be a full isotropic para-plurihar-
monic map. Then

(1) (Φ)θ∈R is a one-parameter group of automorphisms of f ∗TM ,
i. e. Φθ ◦ Φθ′ = Φθ+θ′

(2) f ∗TM has a decomposition into parallel eigenbundles:
f ∗TM =

⊕
λ odd Eλ, where Φθ|Eλ

= eθλ

(3) The image of df is contained in E−1 ⊕ E+1, and E−1 ⊕ E+1

generates f ∗TM as Lie triple algebra.
(4) g(Eλ, Eµ) = 0 if λ + µ 6= 0 and dim Eλ = dim E−λ.

Proof. Let Eλ :=
⋂

θ∈R ker(Φθ − eθλ). From equation (10) we see
immediately that df(T±N) ⊂ E±1. Let E ′

±1 be the smallest parallel
subbundle of f ∗TM containing df(T±N), then E ′

±1 ⊂ E±1, because Φθ

commutes with the parallel translation on f ∗TM . Now let E ⊂ f ∗TM
be the bundle generated by (E ′

−1 ⊕ E ′
+1) as a Lie triple algebra. By

de�nition we have [[Eλ, Eµ], Eν ] ⊂ Eλ+µ+ν and thus E ⊂
⊕

λ odd Eλ.
We claim that E = f ∗TM : In fact, because E is parallel and R-
invariant and because f is full, this is the consequence of [ET1, The-
orem 2]. This proves (2) and (3). (1) is an immediate consequence.
Now (4) follows from the fact that Φθ is an isometry of f ∗TM : We
have g|Eλ×Eµ = Φ∗

θg|Eλ×Eµ = e(λ+µ)θg|Eλ×Eµ , which obviously implies

the �rst statement. But then, g is an isomorphism Eλ
∼→ E∗

−λ, which
proves the equality of dimensions. �
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Assume now that G is semisimple or that M is simply connected (and
that the image of G in Iso(M) contains Iso0(M)).

For each p ∈ N, Φθ(p) is a one-parameter group of automorphisms of
the Lie triple algebra (Tf(p)M, R), so by Fact 3.1.4(4), it can be con-
sidered as a one-parameter subgroup of gKg−1 (where gK = f(p)). Its
generator d

dθ
Φθ(p) is a derivation of the (TgKM, R) and therefore given

by the adjoint representation of an element of Adg(k). This element is
uniquely determined, if the action of G on M is almost e�ective.

Let po ∈ N and choose o = f(po) as the base point in M.

Proposition 3.2.2.
Under the identi�cation ad: Adg(k)

∼→ Der(TgKM, g,R), the map

F =
d

dθ
|θ=0Φθ

takes values in the adjoint orbit AdG(ξ) ⊂ g, where adξ := F (p0).

Proof. Let p ∈ N and let γ : [0, 1] → N be a smooth path from
po to p. Recall that the left invariant distribution gm ⊂ TgG yields
a connection on the K-principal bundle G → M which agrees with
the Levi-Civita connection on TM = G ×K m. Therefore the parallel
translation along f ◦γ is given by a horizontal curve g(t) in G, such that
gK = f ◦ γ, g(0) = e and g′ ∈ gm. It follows that F (γ(t)) = Adg(t)ξ,
because both sides are parallel endomorphism �elds along f ◦ γ, which
coincide at t = 0. �

From Proposition 3.2.1 we see immediately that adξ has odd integer
eigenvalues on m ∼= ToM. Therefore, if g is semisimple, adξ has even
integer eigenvalues on k = [m, m], and the sum of the ±1-eigenspaces
generates all of g as Lie algebra. Elements ξ ∈ g with this property are
called canonical:

3.3. Canonical elements and twistor spaces

Definition 3.3.1. Let g be a real semisimple Lie algebra. An element
ξ ∈ g is called canonical, if

(1) g is the sum g =
⊕

λ∈Z gλ of adξ-eigenspaces gλ := ker(adξ −
λ idg) with integer eigenvalues.

(2) g−1 ⊕ g1 generates g as Lie algebra.

Some authors replace the condition (2) by

(2') the Lie algebra generated by g−1 ⊕ g1 contains
⊕

λ6=0 gλ.

To distinguish these notions, we call an element ξ semi-canonical, if
(1) and (2') hold.
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Lemma 3.3.2. If g is simple, then any semi-canonical element of g is
either canonical or zero.

More generally, let g be semisimple and let g = g′ ⊕ g′′ ⊕ · · · be the
decomposition into simple summands. Then a semi-canonical element
ξ = ξ′+ξ′′+· · · is canonical, if and only if all the ξ′, ξ′′, . . . are nonzero.

Proof. Let g be simple and ξ semi-canonical. From (2') and
[g0, g±1] ⊂ g±1 and the Jacobi identity it follows that the Lie alge-
bra generated by g−1 ⊕ g1 is an ideal in g and therefore either all of
g or trivial. This proves the �rst statement. The rest is straightfor-
ward. �

Definition 3.3.3. Let ξ ∈ g be semi-canonical. The adjoint orbit
Z(ξ) := AdG(ξ) is called the twistor space associated to ξ.

Fact. Z is the homogenous space G/H, where H = {g∈G : Adg(ξ) = ξ}
is the centralizer of ξ with Lie algebra h = g0.

Proposition 3.3.4. Let G be a connected real form of a complex
semisimple Lie group. Let g be the Lie algebra of G and ξ ∈ g semi-
canonical.

(1) The map σ : g 7→ eiπξge−iπξ (i2 = −1) is an involutive auto-
morphism of G with corresponding Cartan decomposition

g = k⊕m = (
⊕

λ even gλ)⊕ (
⊕

λ odd gλ).

(2) It holds that H ⊂ Gσ, and H ·Gσ
0 is a subgroup of G. Let K be

a subgroup of G such that H ·Gσ
0 ⊂ K ⊂ Gσ. Then there is a

G-equivariant projection map π : Z → M onto the symmetric
space M = G/K, called the twistor �bration.

(3) The G-action on M is almost e�ective (i. e. the kernel of the
map G→ Iso(M) is discrete) if and only if ξ is canonical.

Proof. (1): The stated Cartan decomposition follows from the
fact that dσ = eiπadξ is +1 on gλ if λ is even, and -1 if λ is odd. This
also shows that dσ(g) = g and dσ2 = id, which implies σ(G) = G and
σ2 = id, since G is connected.

(2): If g ∈ H, then eiπξ = eiπAdgξ = geiπξg−1, so g ∈ Gσ. This shows
that H ⊂ Gσ. It now follows that hGσ

0h
−1 = Gσ

0 for any h ∈ H.
Therefore H ·Gσ

0 = Gσ
0 ·H, which implies that H ·Gσ

0 is a subgroup of
G. The rest is straightforward.

(3): Let ξ be canonical. We have to show that the adjoint action
k→ gl(m) is e�ective. Suppose that X ∈ k and adX |m = 0. Since m ⊃
g−1 ⊕ g1 generates g, it follows by the Jacobi identity that adX |g = 0,
hence X = 0. Vice versa, let ξ be semi-canonical, but not canonical.
Then the orthogonal complement (with respect to the Killing form) of
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the subalgebra generated by g−1 ⊕ g1 is an ideal contained in g0 ⊂ k
and therefore in the kernel of ad: k→ gl(m). �

At ξ ∈ Z, the tangent space of Z is TξZ = adg(ξ) =
⊕

λ∈Z\{0} gλ =:
z. This eigenspace decomposition is AdH-invariant and thus de�nes a
decomposition of TZ into AdG-invariant distributions AdG(gλ), λ ∈
Z \ {0}.

Proposition 3.3.5. The twistor space Z = AdG(ξ) has a canonical
para-complex structure which is given by multiplication by sgn(λ) on
AdG(gλ) ⊂ TZ.

Proof. The proposition follows from the fact that Z can be writ-
ten as a quotient of para-complex groups (see below). However, there
is a direct proof: From the fact that eadξ is an isometry with re-
spect to the (nondegenerate) Killing form it follows that dim(gλ) =
dim(g−λ), cf. the proof of 3.2.1(4). Moreover, the distributions T±Z =
AdG(

⊕
λ≷0 gλ) are integrable, because they are tangent to the leaves

AdgN±(ξ) ⊂ Z, where N± := exp(
⊕

λ≷0 gλ). �

Theorem 3.3.6. Let N be a connected para-Kähler manifold and let
G be a connected real form of a semisimple complex Lie group.

(1) Let M = G/K be a symmetric space with K = Gσ and suppose
that G acts almost e�ectively. Then any full isotropic para-
pluriharmonic map f : N → M de�nes a canonical element
ξ ∈ g and a twistor �bration π : Z → M . The map f has
a para-holomorphic lift F : N → Z, f = π ◦ F, such that the
di�erential dF takes values in the subbundle H1 := AdG(g1 ⊕
g−1) ⊂ TZ (called superhorizontal bundle)

(2) Let ξ ∈ g be canonical and let π : Z → M = G/K a twistor
�bration as in Proposition 3.3.4. For any para-holomorphic
superhorizontal map F : N → Z the map f := π◦F is isotropic
para-pluriharmonic.

Proof. For the proof of (1), there is only left to show that F =
d
dθ
|θ=0Φθ is para-holomorphic and superhorizontal, i. e. that dF maps

T±N to AdG(g±1): In the proof of Proposition 3.2.2 we have already
seen that F ◦ γ(t) = Adg(t)ξ with g−1g′ ∈ m and therefore dF ·
γ′ ∈ Adg[m, ξ] = Adg(

⊕
λ odd gλ). The map dπ : TZ → TM takes

AdG(gλ) to Eλ, and from equation (10) it follows that dπ◦dF (T±N) =
df(T±N) ⊂ E±1, hence dF (T±N) ⊂ AdG(g±1).

In order to prove (2), recall that the para-complex structure on the
subspace Adg(g−1⊕g1) ⊂ Tξ′Z, ξ′ = Adgξ, is just ad(ξ′). From the fact
that F is holomorphic and the image of dF is contained in AdG(g−1 ⊕
g1), we obtain dF ◦ eθJ = eθadF ◦ dF. Composing this equation with
dπ : TZ → TM (which is multiplication by (-1) on Adg(gλ), λodd), and
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recalling that the isomorphism Der(Adg(m), [[, ], ])
∼→ Der(TgKM, g,R)

identi�es adF with F, we obtain df◦eθJ = eθF ◦df, where eθF =: Φθ is an
automorphism �eld of f ∗TM, which preserves the curvature tensor and
any AdK-invariant metric. F and Φθ are parallel, since dF has values
in the horizontal bundle AdG(m) (see the proof of Proposition 3.2.2).
Thus, f = π ◦ F is isotropic para-pluriharmonic by the de�nition. �

Corollary 3.3.7. A necessary condition for the existence of full iso-
tropic para-pluriharmonic maps N → M = G/Gσ is that σ is of the
form σ(g) = eiπξge−iπξ for ξ ∈ g.

Example 3.3.8. (para-holomorphic maps)

The easiest example of all this is as follows: Assume that M = G/Gσ is
a para-Kähler symmetric space with para-complex structure JM . Any
para-holomorphic map f : N → M is isotropic para-pluriharmonic,
since df ◦ eθJN = eθJM ◦ df. The canonical element ξ ∈ g for this map
is exactly the para-complex structure JM ; it de�nes a depth-1 grading
g = g−1 ⊕ g0 ⊕ g1. By de�nition, ξ is invariant under Gσ, so Gσ ⊂ H.
We have already seen that H ⊂ Gσ, therefore Z = M , and the twistor
�bration is just the identity map.

3.3.1. Para-complex description of the twistor space. We
want to give a description of Z as a quotient of para-complex groups:

Definition 3.3.9. Let G be a (not necessarily semisimple) Lie group.
The para-complexi�cation of G is the product Gc := G × G. This is
a para-complex manifold, with the para-complex structure given by
J = idTG×(−idTG). Its Lie algebra is gc = g × g ∼= g ⊗C, (X, Y ) ∼=
1+j
2

X + 1−j
2

Y. (cf. Example 1.1.5). We can identify G with the di-
agonal subgroup {(g, g) : g ∈ G}, being the �xed-point set of the
anti-holomorphic involution (g, h) 7→ (h, g) of Gc.

Let G be semisimple and ξ ∈ g semi-canonical. There is a decom-
position of gc into ad(ξ,ξ)-eigenspaces with imaginary eigenvalues (see
remark 1.1.3): For λ ∈ Z, let gc

λ := gλ × g−λ. Then gc
λ is the λj-

eigenspace of ad(ξ,ξ) (j equals +1 on g×{0} and -1 on {0}×g), and we
have gc =

⊕
λ∈Z gc

λ. We de�ne the following subalgebras of g and gc :

n± :=
⊕

λ≷0 gλ nc
± := n± × n∓

p± := g0 ⊕ n± pc
± := p± × p∓

The p± are parabolic subalgebras (see below) with nilradical (maximal
nilpotent ideal) n±. Let

N± := exp(n±), P± := {g ∈ G : Adgξ ∈ ξ + n±} .

These are closed subgroups with respective Lie algebras n± and p± (see
[ET2]). Let P c

± := P± × P∓ and Nc
± := N+ ×N−.
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Proposition 3.3.10. Z = G/H is an open subset of Z̄ := Gc/P c
− =

(G/P−) × (G/P+), called the closed twistor space. The para-complex
structure on Z inherited from Z̄ coincides with the one given in propo-
sition 3.3.5.

Proof. The map G
∆
↪→ Gc → Gc/P c

− has kernel P− ∩ P+ = H, so
we have a well-de�ned embedding G/H → Gc/P c

−. The di�erential of

this map is the isomorphism g/g0
∼→ gc/pc

−
∼= n+ × n− which sends gλ

to gλ × {0} or to {0} × gλ, depending on the sign of λ. �

3.3.2. Parabolic subgroups. In order to describe the coset spaces
G/P∓, we need some facts concerning (real) parabolic subgroups. We
start with some basic de�nitions from algebraic geometry. (All of the
following can be found in [Bo].)

An a�ne algebraic variety is a subset V ⊂ Cn which is the set of zeroes
of a family of polynomials. It can be endowed with the Zariski topology,
in which the closed sets are by de�nition the subvarieties.

Let I(V ) ⊂ C[Cn] be the ideal of polynomials vanishing on V. Then
C[V ] := C[Cn]/I(V ) is the ring of regular functions. A morphism of
varieties is a map φ : V → V ′, such that φ∗(C[V ′]) ⊂ C[V ]. V is said to
be irreducible, if V is not the proper union of two nonempty varieties,
which is equivalent to I(V ) being a prime ideal. If V is irreducible,
then the quotient �eld of C[V ] is called the �eld of rational functions,
denoted by C(V ).

A variety V is said to be de�ned over R, or an R-variety, if I(V ) is
generated by polynomials with real coe�cients. In this case, the set
V (R) of real points of V (i. e. the points of V with real coordinates) is
a real variety. A morphism φ : V → V ′ of R-varieties is de�ned over R
(or an R-morphism), if φ∗(R[V ′]) ⊂ R[V ].

A group is called linear algebraic, if it is both a subgroup and a sub-
variety of GLn(C) (where GLn(C) is the variety {(g, det(g)−1) : g ∈
GLn(C)} ⊂ Cn2+1). It follows that any linear algebraic group over C
is a complex Lie group. If G is an R-group (i. e. a linear algebraic
group de�ned over R), then G(R) is a real Lie group and a real form
of G. Important examples of linear algebraic groups are the classical
(real and complex) matrix groups. In fact, any connected semisimple
complex Lie group is linear algebraic, as well as the adjoint form of any
connected semisimple real Lie group. (In the complex case, the notions
of connectivity in the ordinary (Hausdor�) topology and the Zariski
topology coincide).

Let G be a connected semisimple R-group.
A subgroup P ⊂ G is called parabolic, if it contains a Borel subgroup,
i. e. a maximal solvable connected (in fact, the connectivity follows)
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subgroup. In this case, G/P is compact and a projective algebraic
variety (i. e. a subset of CPn de�ned by homogenous polynomials).

We assume that G(R) is non-compact (otherwise the following would
be trivial). Let S be a maximal R-split torus, i. e. a maximal al-
gebraic torus S, such that the adjoint action of S(R) on g has only
real eigenvalues. The dimension r of S is called R-rank of G (this is
well-de�ned, since all maximal R-split tori are conjugate, [Bo, 20.9]).
Then g is the sum of relative root spaces g =

⊕
α∈ΦR

gα (in general
not one-dimensional), where ΦR ⊂ s∗ is the relative root system. The
group generated by the orthogonal re�ections through the hyperplanes
{α⊥ : α ∈ ΦR} is the relative Weyl group WR = N (S)/Z(S), which can
be represented by elements of G(R) [Bo, 21.2]. The connected compo-
nents of s\

⋃
α∈ΦR

α⊥ are called relative Weyl chambers. The choice of a

relative Weyl chamber determines a partition ΦR = Φ+
R ∪Φ−

R of the set
of roots into positive and negative ones. Let ∆R ⊂ Φ+

R denote the set of
simple roots, i. e. the positive roots that are not the sum of two other
positive roots. Clearly, the simple roots (α1, . . . , αr), r = rankR(G)
form a basis of s∗. Let (ξ1, . . . , ξr) be the basis of s dual to this, i. e.
αa(ξb) = δab.

The following proposition relates subsets of ∆R to semi-canonical ele-
ments and to parabolic R-subgroups (cf. [Bo, 21.12]):

Proposition 3.3.11. There is a bijection between:

• subsets of ∆R,
• conjugacy classes of semi-canonical elements and
• conjugacy classes of parabolic R-subgroups.

More explicitly:

(1) For each subset I ⊂ ∆R, the element ξI :=
∑

αa∈∆R\I ξa is
semi-canonical.

(2) Each semi-canonical element is G(R)-conjugate to exactly one
of the ξI .

(3) If ξ is semi-canonical, then the connected R-subgroup
Pξ = {g ∈ G : Adgξ ∈ ξ +

⊕
α(ξ)>0 gα} with Lie algebra

pξ =
⊕

α(ξ)≥0 gα is parabolic.

(4) For each parabolic R-subgroup P there exists a unique semi-
canonical element ξ, such that P = Pξ.

Proof. (1) By de�nition, the adξ-eigenspaces are gλ =
⊕

α(ξ)=λ gα.

Let ξ be as described. Then we have α(ξ) ∈ {0, 1} for each simple root
α. Since each positive root is the sum of simple ones, it follows that
α(ξ) ∈ N0 for each positive root α (and of course −α(ξ) ∈ −N0 for each
negative root −α). Because g0 ⊕ g1 contains all simple root spaces, it
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generates the subalgebra
⊕

λ≥0 gλ. From [g0, g1] ⊂ g1 it then follows
that g1 generates

⊕
λ>0 gλ. Analogously for g−1.

(3) By de�nition, ξ is semisimple, so it is contained in a maximal torus
t ⊂ g0. Choose a Weyl chamber in t∗ whose closure contains ξ. This
de�nes a positive direction in t, such that pξ contains the sum of t
and all positive root spaces. The latter is easily seen to be a Borel
subalgebra, therefore pξ is parabolic.

Now (2) and (4) follow from the fact that each parabolic R-group is
G(R)-conjugate to exactly one of the PξI

[Bo, 21.12], and that Pξ =
Pξ′ only if ξ = ξ′ : This follows from the observation that the adξ-
eigenspaces gλ (and therefore ξ, by semisimplicity) are determined by
pξ and p−ξ: Let n± be the nilradical of p±ξ. Then Dan± =

⊕
λ≥a+1 g±λ

(where D0n := n, Da+1n := [n, Dan]). Because gλ ⊥ gµ for λ 6= −µ
with respect to the Killing form, it follows that g0 = p+ ∩ n⊥− and
g±a = Da−1n± ∩ (Dan∓)⊥ for a ∈ N. �

There are two special cases of this construction: For I = ∆R we obtain
ξ = 0 and P∆R = G. � For I = ∅ we get the minimal parabolic R-
subgroups, which play the same role in the real Bruhat decomposition
as the Borel subgroups in the complex case:

Theorem. [Bo, 21.15, 21.16] Let G be a connected semisimple R-
group, S a maximal R-split torus and P∅ a minimal parabolic R-subgroup.
Then

G(R) =
⋃

w∈WR

P∅(R)wP∅(R) (disjoint union).

More generally, let PI ⊃ P∅ be a parabolic R-subgroup of G and let
WI ⊂ WR be the subgroup generated by the re�ections through the
{α⊥ : α ∈ I}, then

G(R) =
⋃

w∈WR/WI

P∅(R)wPI(R).

Therefore, G(R)/PI(R) is a union of the Bruhat cells

G(R)/PI(R) =
⋃

w∈WR/WI

P∅(R)wPI(R)/PI(R)

Let w be the element of shortest length in its class w ·WI ; then the cell
P∅wPI/PI is R-isomorphic to the a�ne space Nw := N∅ ∩ wN∅−w−1,
where N∅, N∅− are the unipotent radicals of P∅ and of its opposite
parabolic subgroup P∅− := P−ξ∅ , respectively [Bo, 21.20, 21.29]. Note
that exp: nw 7→ Nw is an R-isomorphism, because nw is nilpotent and
the exponential series and its inverse are �nite.

There is one big cell in this decomposition, belonging to the element w0

which maps ∆R \ I to Φ−
R : The image of Nw0

∼= NI− is R-Zariski-open
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and -dense in G/PI . Moreover, the map NI− → G/PI is a birational
equivalence (meaning that it induces an isomorphism of the ring of
rational functions C(G/PI)

∼→ C(NI−)) [Bo, 21.20].

Summarizing this we conclude (back to our original notation, where
the real groups are denoted G, P±, . . . rather than G(R), P±(R), . . . ):

Theorem 3.3.12. Let G be a noncompact real form of a connected
semisimple linear algebraic group. Let ξ ∈ g be semi-canonical and
Gc/P c

− the closed twistor space associated to ξ. Then the following facts
hold:

(1) The quotient Gc/P c
− is a product (G/P−) × (G/P+) of real

projective varieties.
(2) (G/P−)× (G/P+) is a disjoint union of a�ne spaces, namely

the products of the Bruhat cells⋃
(w+,w−)∈W×W

(P∅−w+P−/P−)× (P∅w−P+/P+)

(3) The map n+ × n−
exp→ N+ × N− → (G/P−) × (G/P+) is an

embedding onto a Zariski-open and -dense subset (namely the
product of the respective big Bruhat cells) and induces a bira-
tional equivalence n+ × n− ∼ (G/P−)× (G/P+).

3.3.3. Twistor �brations of R-split simple Lie groups. By
Proposition 3.3.4, in order to �nd the twistor �brations of a given
Lie group G and therefore the isotropic para-pluriharmonic maps into
G-symmetric spaces (Theorem 3.3.6), we have to �nd the canonical el-
ements in g. A direct consequence of Proposition 3.3.11 is the following

Corollary 3.3.13. Let G be a simple Lie group of R-rank r. Then
there exist � up to covering or isomorphism � 2r−1 nontrivial G-twistor
�brations, each of which corresponds to a proper subset of ∆R.

This construction is fairly straightforward, if G has an R-split maximal
torus (i. e. one that is maximal among all tori). These groups are called
R-split.

As an example, we will carry this out for Sp(2n, R) :

The group Sp(2n, R) is de�ned as the group of automorphisms of
R2n which preserve the standard symplectic form given by Ω2n =(

0 −1n

1n 0

)
. Its Lie algebra is

sp(2n, R) =

{(
A C
B −At

)
: A, B, C ∈ gl(n, R), B, C symmetric

}
.
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The group Sp(2n, R) has R-rank n, and a system of simple coroots
spanning the maximal torus is given by

ξa :=

(
Da

−Da

)
, Da :=

(
0a

1n−a

)
for 1 ≤ a ≤ n− 1 and

ξn :=

(
1
2
1n

−1
2
1n

)
(αn is the long root of the Dynkin diagram

d d d d d<. . .
α1 αn

).

There are two types of canonical elements:

Case 1: αn ∈ I, i. e. ξ does not contain the summand ξn. In this case
we have

ξ =

(
D 0
0 −D

)
, D =


0 · 1m1

1 · 1m2

2 · 1m3

. . .

 .

The centralizer of ξ is

H = Sp(2m1, R)×GL(m2, R)×GL(m3, R)× · · ·

(where GL(n, R) =
{(

A 0
0 (A−1)t

)
: A ∈ GL(n, R)

}
⊂ Sp(2n, R)),

and the centralizer of eiπξ is

Gσ = Sp(2modd, R)× Sp(2mev, R),

where modd :=
∑

a odd ma, mev :=
∑

a even ma.

The resulting twistor �bration G/H → G/K (with K := H ·Gσ
0 = Gσ)

is
Sp(2n, R) / Sp(2m1, R)×GL(m2, R)×GL(m3, R)× · · ·

↓
Sp(2n, R) / Sp(2mev, R)× Sp(2modd, R).

Case 2: αn /∈ I, i. e. ξ contains the summand ξn. In this case we have

ξ =

(
D 0
0 −D

)
, D =


1
2
1m1

3
2
1m2

5
2
1m3

. . .

 .

In order to compute the twistor �bration, it is practical to switch to a
di�erent Weyl chamber and change ξ into

ξ′ =

(
D′ 0
0 −D′

)
, D′ =


1
2
1m1

−3
2
1m2

5
2
1m3

∓ . . .


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Then the corresponding twistor �bration G/H → G/K (with K =
H ·Gσ

0 = Gσ) is

Sp(2n, R)/GL(m1, R)×GL(m2, R)× · · ·
↓

Sp(2n, R)/GL(n, R).

(The original ξ would lead to a subgroup conjugate to this.)

Note that Sp(2n, R)/GL(n, R) is the adjoint orbit AdG(ξn) and there-
fore has a para-complex structure. However, the map AdSp(2n,R)(ξ

′)→
AdSp(2n,R)(ξn) is not holomorphic, except in the trivial case ξ′ = ξn.

In the same way we can compute the twistor �brations G/H → G/(H ·
Gσ

0 ) of all classical R-split simple Lie groups:

Table 1. Twistor �brations of classical R-split simple groups

An

SL(n, R)d d d d. . .
α1 αn

SL(n, R) / S (GL(m1, R)×GL(m2, R) · · · )
↓

SL(n, R) / S (GL(modd, R)×GL(mev, R))

Bn SO(n + 1, n) αn /∈ I
SO(n + 1, n) / GL(m1, R)×GL(m2, R)×GL(m3, R)× · · ·

↓
SO(n + 1, n) / SO(modd, modd)× SO(mev + 1, mev)

d d d d>. . .
α1 αn−1 αn αn ∈ I

SO(n + 1, n) / SO(m1 + 1, m1)×GL(m2, R)×GL(m3, R)× · · ·
↓

SO(n + 1, n) / SO(modd + 1, modd)× SO(mev, mev)

Cn Sp(2n, R) αn /∈ I
Sp(2n, R) / GL(m1, R)×GL(m2, R)× · · ·

↓
Sp(2n, R) / GL(n, R)

d d d d<. . .
α1 αn−1 αn αn ∈ I

Sp(2n, R) / Sp(2m1, R)×GL(m2, R)×GL(m3, R)× · · ·
↓

Sp(2n, R) / Sp(2modd, R)× Sp(2mev, R)

Dn SO(n, n)

either

αn ∈ I
or

αn−1 ∈ I

SO(n, n) / GL(m1, R)×GL(m2, R)×GL(m3, R)× · · ·
↓

SO(n, n) / GL(n, R)

d d d dd��
PP. . .

α1

αn−1

αn

both

or

neither

SO(n, n) / SO(m1, m1)×GL(m2, R)×GL(m3, R)× · · ·
↓

SO(n, n) / SO(modd, modd)× SO(mev, mev)

Remark. The reader may have observed that SO(n, n) and SO(n+1, n) are
not connected. However, the only place where this assumption was needed,
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was the proof of σ(G) = G (Proposition 3.3.4). Since this holds nonetheless,
we stick with these groups rather than use their (non-algebraic) identity
components.

3.4. Isotropic para-pluriharmonic maps into Grassmannians

The �brations in the �rst row of this table are in fact the �brations of
para-complex �ag manifolds over para-complex Grassmannians, which
we will now describe more in detail, giving an explicit construction of
para-pluriharmonic maps.

Definition 3.4.1. Let m1, . . . ,ml ∈ N and n :=
∑

ma. The para-
complex �ag manifold Fm1,...,ml

(Cn) is the space of nondegenerate
(m1, . . . ,ml)-�ags in Cn; such a �ag is an orthogonal decomposition of
Cn into nondegenerate (with respect to the standard para-hermitian
scalar product) subspaces Cn = E1 ⊕ · · · ⊕ El, dimC(Ea) = ma.
Equivalently, a �ag is a sequence of nondegenerate subspaces {0} =
W0 ( W1 ( · · · ( Wl = Cn, dim(Wa) = m1 + · · · + ma, where
Wa := E1 ⊕ · · · ⊕ Ea. (To see the equivalence, we use the fact that
the orthogonal complement of a nondegenerate subspace is again non-
degenerate.)

The �ag manifolds Fm,n−m(Cn) =: Grm(Cn) are called para-complex
Grassmannians.

The standard action of Uπ(n) on Cn induces a transitive (by Proposi-
tion 1.3.3) Uπ(n)-action on Fm1,...,ml

(Cn). There is an equivariant pro-
jection map Uπ(n)→ Fm1,...,ml

(Cn) which sends a matrix g ∈ Uπ(n) to
the �ag (E1, . . . , El), where E1 is the span of the �rst m1 columns of
g, E2 the span of the next m2 columns, and so on. In particular, the
identity matrix is mapped to the standard �ag Cn = Cm1 ⊕ · · · ⊕Cml .
The restriction of this map to SUπ(n) is still surjective, since we can
multiply the �rst column of a given matrix g ∈ Uπ(n) by det(g)−1 ∈
{z ∈ C : z̄z = 1} without changing its span.

This yields the identi�cation

F(m1,...,ml)(C
n) ∼= SUπ(n) / S (Uπ(m1)× · · · × Uπ(ml)) .

Now recall that SUπ(n) ∼= SL(n, R). So the �bration

SL(n, R) / S (GL(m1, R)× · · · ×GL(ml, R))
↓

SL(n, R) / S (GL(modd, R)×GL(mev, R))

(cf. Table 1) is the map F(m1,...,ml)(C
n)→ Grmodd

(Cn), which sends the
�ag (E1, . . . , El) to the subspace

⊕
a odd Ea ⊂ Cn. The corresponding
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canonical element is

ξ =

 0 · 1m1

. . .
(l − 1)1ml

+ λ1n ∈ sl(n, R)

(where λ is the unique real number, such that ξ is trace free). By the
identi�cation sl(n, R)

∼→ suπ(n), X 7→ 1+j
2

X − 1−j
2

X t, this corresponds
to

ξ =

 0 · j · 1m1

. . .
(l − 1)j · 1ml

+ λj1n ∈ uπ(n).

Lemma.

T(E1,...,El)Z = {(Xab) ∈
⊕
a 6=b

Hom(Ea, Eb) : Xab + X∗
ba = 0}

T c
(E1,...,El)

Z =
⊕
a 6=b

Hom(Ea, Eb)

Proof. The second equation follows immediately from the �rst. So
let πa denote the orthogonal projection on Ea. From πa = π∗a, π2

a = πa

and πaπb = 0, a 6= b it follows that a tangent vector to Z at E = (Ea)
is given by a collection of maps π′1, . . . π

′
l : Cn → Cn satisfying

π′a = π′∗a , π′aπa + πaπ
′
a = π′a, π′aπb + πaπ

′
b = 0 for a 6= b.

Now it is easy to see that that Xab := πbπ
′
a = −π′bπa ∈ Hom(Ea, Eb)

for a 6= b satis�es Xab + X∗
ba = 0 and that any such collection (Xab)

de�nes maps π′a with the above properties. �

By de�nition, adξ has eigenvalue (b−a)j on Hom(Cma ,Cmb), therefore
the superhorizontal bundle is Adg(g

c
1) =

⊕
a Hom(Ea, Ea+1) ⊂ T c

(Ea)Z.
A holomorphic map f : N → Z from a para-Kähler manifold N to
Z = F(m1,...,ml)(C

n) is superhorizontal, if and only if ∂f = df (1,0) takes
values in

⊕
a Hom(Ea, Ea+1), or, equivalently (as follows by induction),

if ∂f maps Wa = E1 ⊕ · · · ⊕Ea to Wa+1. Thus we can construct para-
pluriharmonic maps in the following way: Let f1, . . . , fm1 : N → Cn be
holomorphic maps such that for n ∈ N the images fa(n) are C-linearly
independent vectors with nondegenerate span. Let W1 be the span of
the fa, W2 the span of the fa and their derivatives and possibly further
g1, g2, . . . : N → Cn and so on, as long as all these maps are (pointwise)
linearly independent and span nondegenerate subspaces. This de�nes
a superhorizontal map F : N → F(m1,...,ml)(C

n), and the composition
f = π ◦ F : N → Grmodd

(Cn) is para-pluriharmonic.

A special case of this is the �bration F(1,n,1)(C
n+2) → Gr2(C

n+2),
which is the twistor �bration associated to the para-quaternionic Käh-
ler structure on Gr2(C

n+2) (cf. section 3.6.1). Para-pluriharmonic
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maps f : N → Gr2(C
n+2), dimC N = n, are obtained by (para-)holo-

morphic functions h : N → Cn+2 via f = W1 ⊕W⊥
2 , where W1(n) =

C · h(n) and W2(n) = spanC(h(n), grad(h(n))). In the next section we
will prove that, given two para-quaternionic Kähler symmetric spaces of
the same dimension, there is a biholomorphism between open and dense
subsets (the big Bruhat cells, see above) of their twistor spaces preserv-
ing the horizontal structure. This can be used to transfer the preceding
construction to any para-quaternionic Kähler symmetric space.

3.5. Para-quaternionic Kähler symmetric spaces

In this section, we examine the twistor �brations Z → M associated
to a para-quaternionic Kähler structure on M. We will see that these
are the twistor spaces which belong to a depth-two grading g = g−2 ⊕
g−1⊕g0⊕g1⊕g2 with dim(g±2) = 1. The main result is the birational
equivalence between all these twistor spaces of the same dimension.

Proposition 3.5.1. Let M = G/K be a pseudo-Riemannian symmet-
ric space such that G acts e�ectively on M .

(1) If M is quaternionic Kähler with nonzero scalar curvature (see
de�nition 1.4.4), then there exists a semi-canonical element
ξ ∈ k which de�nes a grading g = g−2⊕g−1⊕g0⊕g1⊕g2 such
that ξ ∈ [g−2, g2], g−2⊕ g0⊕ g2 = k, g−1⊕ g1 = m, dim(g−2) =
dim(g2) = 1 and [, ] : g±1 × g±1 → g±2 is nondegenerate.

(2) Vice versa, if there exist a semi-canonical ξ ∈ k which de�nes
a grading g = g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2 as above and if K ⊂
H · Gσ

0 (where H is the centralizer of ξ in G), then M has a
G-invariant para-quaternionic Kähler structure.

(3) If K = H ·Gσ
0 , the twistor space AdG(ξ) = G/H is the twistor

space of para-complex structures (De�nition 2.2.1).

Remark. Of course, there may be other twistor bundles over the same
base space M. A simple example is the trivial �bration Gr2(C

n+2) →
Gr2(C

n+2).

Proof. (1): Suppose M is a para-quaternionic Kähler manifold.
Then k = hol ⊂ spπ(1) ⊕ spπ(n). If scal(M) 6= 0 then the curva-
ture decomposition shows that k contains the spπ(1)-factor (see [AC1,
Lemma 1]), so k = spπ(1) ⊕ k′. The isomorphism ToM ∼= m identi-
�es the quaternionic structure Qo ⊂ End(ToM) with adspπ(1)|m. Now
choose a para complex structure Jo ∈ Qo. This corresponds to an el-
ement ξ ∈ spπ(1) ⊂ k. By [AC1, Lemma 3 and 4], g is simple and
ξ corresponds to a long root µ with respect to a Cartan subalgebra
a ⊂ gC in the sense that ∀α ∈ a∗ : α(ξ) = 2 〈α,µ〉

〈µ,µ〉 . In particular,

α(ξ) ∈ {0,±1,±2}, so ξ de�nes a depth two grading of g, and g±2 are
the one-dimensional root spaces g±µ. To see that [, ] : g±1 × g±1 → g±2
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is nondegenerate, we remark that for each root α ∈ a∗ with α(ξ) = ±1,
we have [gα, g−wµ(α)] = g±µ 6= 0, where wµ ∈ W denotes the element of
the Weyl group that is the re�ection through the hyperplane {µ = 0}.
Of course, the nondegeneracy implies that g±1 generates

⊕
λ≷0 gλ, so ξ

is semi-canonical.

(2): Let g = g−2⊕g−1⊕g0⊕g1⊕g2. Then g−2⊕Rξ⊕g2 is a subalgebra
isomorphic to spπ(1), and we have g0 = Rξ⊕Zg(sp

π(1)). It follows that
k = spπ(1)⊕ k′ with k′ = Zg(sp

π(1)). This implies that Q0 := adspπ(1)|m
is a para-quaternionic structure on m ∼= ToM, which is invariant under
the adjoint action of k and therefore under K0 = Gσ

0 . By de�nition,
it is also invariant under H, hence under K ⊂ H · Gσ

0 . Therefore Q0

extends to a G-invariant para-quaternionic structure on TM.

(3): The twistor space ZQ of para-complex structures is the G-�bre
bundle G×K ZQ

o , where ZQ
o = {q ∈ Qo : q2 = 1} is the Spπ(1)-orbit of

ξ in Qo. Since K contains the Spπ(1) factor, it acts transitively on ZQ
o . It

follows that G acts transitively on ZQ, so ZQ is the homogenous space
G/H ′, where H ′ = K∩H is the centralizer of ξ in K. But since H ⊂ K
by assumption, we have H ′ = H and therefore ZQ = AdG(ξ). �

Birational equivalence of twistor spaces. Let G be a linear
algebraic group. We have seen that the twistor space Z is an open
subset of Z̄ = Gc/P c

−, which is a real variety, and that exp(nc
+) =

Nc
+ → Gc/P c

− is an embedding onto a Zariski-open and -dense subset,
which induces a birational equivalence Nc

+ ∼ Gc/P c
−.

If Z is the twistor space of a para-quaternionic Kähler symmetric space,
then Nc

+ is isomorphic to the (generalized) para-complex Heisenberg
group:

Definition 3.5.2. The (real, complex, para-complex)Heisenberg group
H(n, K) (K = R, C,C) is the group of (n + 2)× (n + 2)-matrices of the
form 

1
z1 1
...

. . .
zn 1
w0 w1 · · · wn 1

 ∈ GL(n + 2, K)

Its Lie algebra is the Heisenberg algebra h(n, K) and consists of the
matrices 

0
u1 0
...

. . .
un 0
v0 v1 · · · vn 0

 ∈ gl(n + 2, K).

Remark. Note that H(n,C) ∼= H(n, R)× H(n, R).
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Lemma 3.5.3. A Lie algebra is isomorphic to the Heisenberg algebra if
and only if it is two-step nilpotent with one-dimensional kernel.

(In the case K = C this condition includes that the kernel is a para-
complex subspace.)

Proof. Let (u1, . . . , un, v
0, . . . , vn) be the obvious basis of h(n, K)

(i. e. the one which is dual to the above coe�cients). Then [va, ub] =
δa
b v

0 for 1 ≤ a, b ≤ n, and all other brackets are zero, so obviously
h(n, K) is two-step nilpotent with kernel K · v0.

Conversely, let g be a two-step nilpotent Lie algebra and let v0 be a
nonzero (resp. regular, if K = C) element of its one-dimensional kernel.
Let g′ a complementary subspace, i. e. g = K · v0 ⊕ g′. By assumption
we have [g′, g′] = K · v0, so the Lie bracket de�nes a symplectic form
ω on g′ via [·, ·] = ω(·, ·)v0. Let (va, ub)a,b=1...n be a symplectic basis of
(g′, ω) (see Proposition 2.1.2) , then [va, ub] = δa

b · v0, which de�nes an
isomorphism g ∼= h(n, K). �

Proposition 3.5.4. H(n, K) has a left-invariant contact form given by

dw0 −
n∑

a=1

wadza.

�

Let Z̄ = Gc/P c
− be the closed twistor space associated to a para-quatern-

ionic Kähler structure. Let Nc
+ be the unipotent radical of P c

+. Then
Nc

+
∼= H(n,C) (as real linear algebraic groups). This isomorphism is

biholomorphic and identi�es the contact distribution on H(n,C) with
the horizontal distribution on the orbit of Nc

+ in Z̄. Moreover, it extends
to a birational equivalence Nc

+ ∼ H(n,C).

Proof. By Proposition 3.5.1 we have nc
+ = gc

1 ⊕ gc
2, and the Lie

bracket [, ] : gc
1× gc

1 → gc
2 is nondegenerate. So nc

+ is two-step nilpotent
with one-dimensional kernel gc

2. This shows that nc
+
∼= h(n,C), or

equivalently n+ × n− ∼= h(n, R)× h(n, R). Exponentiating this, we get
an isomorphism of the groups N+ × N− ∼= H(n, R) × H(n, R). This
isomorphism is algebraic (i. e. has polynomial components) because
both the exponential and logarithm series are �nite. Obviously, it is a
biholomorphism. To show that the contact distribution on Nc

+ obtained
through this isomorphism is mapped to the horizontal distribution by
the map π : Nc

+ → Gc/P c
−, it su�ces to remark that both distributions

are Nc
+-invariant and coincide at the point e ∈ Nc

+, where they are given
by the linear subspace gc

1 ⊂ nc
+. The statement about the birational

equivalence has already been made in Theorem 3.3.12. �
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Thus we have shown a re�nement of Theorem 2.1.11: The Darboux
coordinates can be constructed explicitly by writing down the isomor-
phism Nc

+
∼= H(n,C). They are de�ned on the open dense subset

π(Nc
+) ∩ Z of Z.

Theorem 3.5.5. Let Z be the twistor space of a para-quaternionic
Kähler symmetric space. Then there is an open dense subset U ⊂ Z
and para-holomorphic coordinates (z1, . . . , zn, w0, . . . , wn) : U → C2n+1

such that the horizontal distribution is given by ker(dw0−
∑n

a=1 wadza).

Now let Z ′ be the twistor space of another para-quaternionic Kähler
symmetric space of the same dimension, then we can put the birational
maps together:

G′c/P ′c
− ← N ′c

+
∼= H(n,C) ∼= Nc

+ → Gc/P c
−

This proves:

Theorem 3.5.6. Let Z̄ = Gc/P c
− and Z̄ ′ = G′c/P ′c

− be two closed
twistor spaces associated to para-quaternionic Kähler symmetric spaces
of the same dimension. Then there is a biholomorphic map between
Zariski-open and -dense subsets of Z̄ and Z̄ ′, which preserves the hor-
izontal distribution. This morphism induces a birational equivalence
Z ∼ Z ′.

This allows us to construct para-pluriharmonic maps into any para-
quaternionic Kähler symmetric space by transferring the construction
from Gr2(C

n+2) (see section 3.4).

3.6. The classical para-quaternionic Kähler symmetric
spaces

The simply connected para-quaternionic Kähler symmetric spaces have
been classi�ed by Alekseevsky and Cortés [AC1], see also [DJS]:

Theorem (Alekseevsky, Cortés). Let M = G/K be a simply connected
para-quaternionic Kähler symmetric space. Then M is one of the fol-
lowing spaces:
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A) SL(n+2,R)

S(GL+(2,R)×GL+(n,R))
, SU(p+1,q+1)

S(U(1,1)×U(p,q))

BD) SO+(p+2,q+2)

SO+(2,2)×SO+(p,q)
, SO∗(2n+4)

SO∗(4)×SO∗(2n)

C) Sp(2n+2,R)
Sp(2,R)×Sp(2n,R)

E6)
E6(6)

SL(2,R)×SL(6,R)
,

E6(2)

SU(3,3)×SU(1,1)
,

E6(−14)

SU(5,1)×SU(1,1)

E7)
E7(7)

SL(2,R)×Spin0(6,6)
,

E7(−5)

SL(2,R)×SO∗(12)
,

E7(−25)

SL(2,R)×Spin0(10,2)

E8)
E8(8)

SL(2,R)×E7(7)
,

E8(−24)

SL(2,R)×E7(−25)

F4)
F4(4)

SL(2,R)×Sp(6,R)

G2)
G2(2)

SO(2,2)

We want to describe the spaces belonging to the classical groups more
in detail. However, to apply the results of this chapter, it is useful
to consider spaces of the form G/(H · Gσ

0 ) rather than their universal
covers. We will �nd that these are the following Grassmannians:

(Kp,q (K = R, C) denotes the vector space Kp+q, endowed with an
inde�nite pseudo-Euclidean or -hermitian scalar product of signature
(p, q). A subspace of signature (p′, q′) is called (p′, q′)-subspace.)

(1) SL(n+2,R)
S(GL(2,R)×GL(n,R))

∼= Gr2(C
n+2), the set of nondegenerate 2-

dimensional para-complex subspaces of Cn+2

(2) SU(p+1,q+1)
S(U(1,1)×U(p,q))

∼= Gr1,1(Cp+1,q+1),

the set of complex (1,1)-subspaces of Cp+1,q+1

(3) SO(p+2,q+2)
SO(2,2)×SO(p,q)

∼= Gror2,2(Rp+2,q+2),

the set of oriented real (2,2)-subspaces of Rp+2,q+2

(4) SO∗(2n+4)
SO∗(4)×SO∗(2n)

∼= GrH
2,2(Cn+2,n+2),

the set of those complex (2,2)-subspaces of Cn+2,n+2 which are
invariant under a certain quaternionic structure.

(5) Sp(2n+2,R)
Sp(2,R)×Sp(2n,R)

∼= HPn,

the para-quaternionic projective space.

Following the procedure described in the preceding section, we will
construct Darboux coordinates on their twistor spaces, which in turn
will give us a description of the isotropic para-pluriharmonic maps. (In
the cases (1) and (5) it is natural to use C-valued coordinates, whereas
we will use (R×R)-valued coordinates in the cases (2)�(4).)

3.6.1. SL(n + 2, R) / S (GL(2, R) × GL(n, R)).

Let G = SUπ(n + 2) ∼= SL(n + 2, R). The Lie algebra of G is

g = {X ∈ gl(n + 2,C) : X∗ + X = 0, tr(X) = 0}
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In section 3.4 we have seen that the canonical element

ξ :=

 −j
0n

j


leads to the twistor �bration G/H → G/K (with K = Gσ = H ·Gσ

0 )

SUπ(n + 2)

S (Uπ(1)× Uπ(n)× Uπ(1))
→ SUπ(n + 2)

S (Uπ(2)× Uπ(n))
.

From section 3.4 we also know that the �bration G/H → G/K can be
identi�ed with

F1,n,1(C
n+2)→ Gr2(C

n+2)

where Gr2(C
n+2) is a para-complex Grassmannian and Z = F1,n,1(C

n+2)
the space of nondegenerate (1, n, 1)-�ags in Cn+2.

We have also proven that Z is an open subset of Z̄ = Gc/P c
−. In the

present case, Gc = SL(n + 2,C), and P c
− is the group of upper block

diagonal matrices of the form • • •0 • •
0 0 •

 ∈ SL(1 + n + 1,C).

Thus, Z̄ is the space of all (1, n, 1)-�ags in Cn+2: Such a �ag is a
sequence 0 ( W1 ( W2 ( Cn+2, where W1 and W2 are para-complex
subspaces (possibly with degenerate scalar product) of dimension 1 and
1+n, respectively. The map Gc/P c

−
∼→ Z̄ is de�ned as follows: Given

an element of Gc, let W1 be the C-span of its �rst column and W2

the C-span of the �rst 1+n columns. This map is easily seen to be
surjective and invariant under multiplication by elements of P c

− from
the right.

The unipotent radical Nc
+ of P c

+ is the para-complex Heisenberg group
H(n,C). We want to determine the orbit of Nc

+ in Gc/P c
− : By de�nition

it consists of those g · P c
−, such that g ∈ Nc

+ · P c
−, i. e. g1,1 · · · g1,n+2

...
. . .

...
gn+2,1 · · · gn+2,n+2

 =

 1 0 0
• 1n 0
• • 1

 ·
 • • •0 • •

0 0 •

 .

A necessary condition is that the square blocks on the diagonal of the
right factor are invertible. From this it follows after short calculation
that

g1,1 ∈ C∗ (11)

det

 g1,1 · · · g1,n+1
...

. . .
...

gn+1,1 · · · gn+1,n+1

 ∈ C∗. (12)
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The Gaussian elimination algorithm shows that this condition is also
su�cient:

Since g1,1 is invertible, we can annihilate the rest of the �rst
column of g by adding multiples of the �rst row to the other
rows. This is achieved by left multiplication of a suitable
matrix, so we obtain 1 0 0

• 1n 0
• 0 1

 · g =

 • • •0 • •
0 • •


This does not change the determinant of the upper left (n +
1)× (n + 1) submatrix, which is invertible by equation (12).
It follows that the middle n× n-block on the right hand side
is invertible, so we can eliminate the middle block in the last
row:  1 0 0

0 1n 0
0 • 1

 ·
 • • •0 • •

0 • •

 =

 • • •0 • •
0 0 •

 .

This yields the desired decomposition of g.

From Corollary 1.1.7 it follows that the equations (11f) de�ne an R-
Zariki-open subset of Z̄, as claimed in Theorem 3.3.12.

It remains to give a description of the isotropic para-pluriharmonic
maps:

The coordinates on Nc
+,  1

z 1n

w0 wt 1

 ,

z = (z1, . . . , zn)t, w = (w1, . . . , wn)t, yield holomorphic Darboux co-
ordinates on π(Nc

+) ⊂ Gc/P c
−. With respect to these coordinates, a

holomorphic map

F : Cn ⊃ Uz → Gc/P c
−

(z1, . . . , zn) 7→ (z1, . . . , zn, w0, . . . , wn)

is horizontal, if there is a holomorphic function h : Uz → C, such that

w0 = h(z1, . . . , zn)

wa = ∂h/∂za, a = 1 . . . n

This holomorphic horizontal map projects onto the isotropic para-
pluriharmonic map

f = π ◦ F : Uz → Gr2(C
n+2)

(z1, . . . , zn) 7→ W1 ⊕W⊥
2 ,
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where

W1 = C·


1
z1

...
zn

h

 , W2 = spanC




1
z1

...
zn

h

 ,


0
1
...
0
∂h
∂z1

 , . . . ,


0
0
...
1
∂h
∂zn


 .

This is what we have seen in section 3.4 (neglecting that we can change
this map by a biholomorphism Cn ⊃ Uz

∼→ Ũz ⊂ Cn).

3.6.2. SU(p + 1, q + 1) / S (U(1, 1) × U(p, q)).

Let G = SU(p + 1, q + 1) be the group of endomorphisms of Cn+2,
n = p + q, with unit determinant which preserve the hermitian scalar
product given by the matrix

E :=


1

1p

−1q

1

 .

Its Lie algebra is g = su(p+1, q+1) = {X ∈ sl(n+2, C) : X∗E+EX = 0}
and consists of traceless matrices of the form

a −C∗ D∗ c
A
B

u(p, q)
C
D

b −A∗ B∗ −ā

 ∈ sl(1 + n + 1, C), b, c ∈ iR.

The canonical element

ξ :=

 −1
0p+q

1


leads to the twistor �bration

SU(p + 1, q + 1)

S (U(p, q)× C∗)
→ SU(p + 1, q + 1)

S (U(p, q)× U(1, 1))

(where C∗ =

{(
a 0
0 1/ā

)
: a ∈ C∗

}
⊂ U(1, 1)).

The coset space SU(p+1, q +1) /S (U(p, q)× U(1, 1)) can be identi�ed
with the Grassmannian Gr1,1(Cp+1,q+1) of 2-dimensional complex sub-
spaces V ⊂ Cn+2 which have signature (1, 1) with respect to the above
pseudo-hermitian metric; an element of G is sent to the subspace V
that is spanned by the �rst and the last column. The twistor �bre over
V ⊂ Cn+2 is the set of compatible para-complex structures on V, i. e.
the set of decompositions V = V + ⊕ V − into complementary complex
(totally) degenerate spaces.
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The subgroups P± and N± are the groups of lower or upper block
diagonal matrices, where the groups N± have unit matrices on the
diagonal. The homogenous space (G/P−)×(G/P+) is the space Z̄ of all
pairs (V +, V −) of one-dimensional degenerate spaces V ± ⊂ Cp+1,q+1.
The map G × G → Z̄ sends a pair (g+, g−) to (V +, V −), where V + is
the span of the �rst column of g+ and V − the span of the last column
of g−.

As before, the algebra n+ consists of the strictly lower block diagonal
matrices. A Lie algebra isomorphism h(p + q, R)

∼→ n+ is given by
0
u1 0
...

. . .
up+q 0
v0 v1 · · · vp+q 0

 7→


0
u + iv 0p

ũ− iṽ 0q

2iv0 −ut + ivt ũt + iṽt 0

 ,

where u = (u1, . . . , up)t, ũ = (up+1, . . . up+q)t,v = (v1, . . . , vp)
t, ṽ =

(vp+1, . . . vp+q)
t.

Exponentiating this, we obtain an isomorphism H(p+q, R)
∼→ N+, and

Darboux coordinates on N+ : 1

z+ + iw+ 1p 0
z̃+ − iw̃+ 0 1q

1
2
(zt

+z+−wt
+w++z̃t

+z̃++w̃t
+w̃+) + i(2w+

0 −zt
+w+−z̃t

+w̃+) −zt
++iwt

+ z̃t
+−iw̃t

+ 1

 ,

where z+ = (z1
+, . . . , zp

+)t, z̃+ = (zp+1
+ , . . . , zp+q

+ )t, w+ = (w+
1 , . . . , w+

p )t,

w̃+ = (w+
p+1, . . . , w

+
p+q)

t.

In the same way for N−: 1 −zt
−+iwt

− z̃t
−−iw̃t

−
1
2
(−zt

−z−−wt
−w−+z̃t

−z̃−+w̃t
−w̃−) + i(2w−

0 −zt
−w−−z̃t

−w̃−)

1p 0 z− + iw−
0 1q z̃− − iw̃−

1


Therefore, the isotropic para-pluriharmonic maps are of the form

Cn ∼= Rn × Rn ⊃ Uz → Gr(1,1)(Cp+1,q+1)

(z1
±, . . . , zn

±) → V + ⊕ V −,

where V+ is the span of the �rst column of N+ and V− the span of the
last column of N− (note that these vectors are degenerate):

V+ = C·


1

z+ + iw+

z̃+ − iw̃+
1
2
(−zt

+z+−wt
+w++z̃t

+z̃++w̃t
+w̃+) + i(2w+

0 −zt
+w+−z̃t

+w̃+)


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V− = C·


1
2
(−zt

−z−−wt
−w−+z̃t

−z̃−+w̃t
−w̃−) + i(2w−

0 −zt
−w−−z̃t

−w̃−)
z− + iw−
z̃− − iw̃−

1


and where w±

0 = h±(z1
±, . . . , zn

±), w±
a = ∂h±/∂za

± for a para-holomorphic
function h = h+ × h− : Rn × Rn ⊃ U → R× R.

3.6.3. SO(p + 2, q + 2) / SO(p, q) × SO(2, 2).

Let G = SO(p + 2, q + 2) be the group of endomorphism of Rp+q+4

which preserve the pseudo-Riemannian metric given by the matrix

E =


12

1p

−1q

12

 .

The Lie algebra g ∼= so(p + 2, q + 2) consists of the E-skew matrices;
these are of the form

a −Ct Dt c
A
B

so(p, q)
C
D

b −At Bt −at

 ∈ gl(2 + n + 2); b, c ∈ o(2)

The canonical element ξ :=

 −12

0p+q

12

 leads to the twistor

�bration G/H → G/(H ·Gσ
0 )

SO(p + 2, q + 2)

SO(p, q)×GL(2, R)
→ SO(p + 2, q + 2)

SO(p, q)× SO(2, 2)
.

The space M = SO(p + 2, q + 2)/SO(p, q) × SO(2, 2) can be identi-
�ed with the Grassmannian Gror2,2(Rp+2,q+2) of oriented 4-dimensional
subspaces of Rp+2,q+2 which have signature (2,2) with respect to the
above pseudo-Riemannian metric. The map G → M is de�ned as fol-
lows: Given an element of G, its �rst two and last two columns form
an oriented basis of this (2,2)-subspace.

Note that M has a two-fold quotient, the non-oriented Grassman-
nian Gr2,2(Rp+2,q+2) = SO(p + 2, q + 2) / S(O(p, q) × O(2, 2)), which
is not para-quaternionic Kähler (the para-quaternionic structure is not
S(O(p, q)×O(2, 2))-invariant). M also has a two-fold cover, the strongly
oriented Grassmannian Grstror2,2 (Rp+2,q+2) = SO(p+2, q+2) / SO(p, q)×
SO+(2, 2), which is para-quaternionic Kähler, but has no twistor �bra-
tion in the sense of Proposition 3.3.4 (in other words, the twistor space
de�ned in Chapter 2 is no adjoint orbit).
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The twistor space Z = G/H is the set of pairs (V +, V −) of 2-dimensional
totally degenerate subspaces V ± of Rp+2,q+2, such that the pseudo-
Euclidean metric is nondegenerate on V + ⊕ V − (which is therefore a
subspace of signature (2,2)). The map Z →M maps the pair (V +, V −)
to the sum V + ⊕ V −; note that a canonical orientation on V + ⊕ V − is
obtained through the isomorphism V + ∼→ (V −)∗.

The closed twistor space Z̄ = (G/P−)×(G/P+) is the space of all pairs
(V +, V −) of 2-dimensional totally degenerate subspaces of Rp+2,q+2.
The map G × G → Z̄ sends the pair (g+, g−) to (V +, V −), where V +

is the span of the �rst two columns of g+ and V − the span of the
last two columns of g−. This map is P− × P+-invariant and de�nes an
isomorphism (G/P−)× (G/P+)

∼→ Z̄.

An isomorphism h(n, R)→ n+ is given by
0
u1 0
...

. . .
up+q 0
v0 v1 · · · vp+q 0

 7→


0
0

u −v 0p

ũ ṽ 0q

0 −v0 −ut ũt 0
v0 0 vt ṽt 0

 ,

where u = (u1, . . . , up)t, ũ = (up+1, . . . up+q)t,v = (v1, . . . , vp)
t, ṽ =

(vp+1, . . . vp+q)
t.

Thus we obtain Darboux coordinates on N+ :
1 0
0 1
z+ −w+ 1p 0
z̃+ w̃+ 0 1q

1
2
(−zt

+z+ + z̃t
+z̃+) −w+

0 + zt
+w+ + z̃t

+w+ −zt
+ z̃t

+ 1 0
w+

0
1
2
(−wt

+w+ + w̃t
+w̃+) wt

+ w̃t
+ 0 1

 .

Similarly on N− :
1 0 −zt

− z̃t
−

1
2
(−zt

−z− + z̃t
−z̃−) −w−

0 + zt
−w− + z̃t

−w−
0 1 wt

− w̃t
− w−

0
1
2
(−wt

−w− + w̃t
−w̃−)

1p 0 z− −w−
0 1q z̃− w̃−

1 0
0 1


Therefore, the isotropic para-pluriharmonic maps are given by

Rn × Rn ⊃ U → Gror2,2(Rp+2,q+2)

(z1
±, . . . , zn

±) → V+(z1
+, . . . zn

+)⊕ V−(z1
−, . . . zn

−)
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where

V+ = spanR




1
0
z+

z̃+
1
2
(−zt

+z+ + z̃t
+z̃+)

w+
0

 ,


0
1
−w+

w̃+

−w+
0 + zt

+w+ + z̃t
+w+

1
2
(−wt

+w+ + w̃t
+w̃+)





V− = spanR




1
2
(−zt

−z− + z̃t
−z̃−)

w−
0

z−
z̃−
1
0

 ,


−w−

0 + zt
−w− + z̃t

−w−
1
2
(−wt

−w− + w̃t
−w̃−)

−w−
w̃−
0
1




and where w±

0 = h±(z1
±, . . . , zn

±), w±
a = ∂h±/∂za

± for a para-holomorphic
function h = h+ × h− : Rn × Rn ⊃ U → R× R.

3.6.4. SO∗(2n + 4) / SO∗(4) × SO∗(2n).

Let H = R ⊕ iR ⊕ jR ⊕ kR, i2 = j2 = −1, k = ij = −ji, be
the algebra of quaternions. We take quaternionic vector spaces to be
right H-modules. Accordingly, Hn is the space of column vectors with
scalar multiplication on the right, and left multiplication by quater-
nionic matrices is H-linear. Regarding Hn as the complex vector space
Hn = Cn⊕jCn ∼= C2n, right multiplication by j becomes a C-antilinear
map rj : C2n → C2n. A C-linear map C2n → C2n is H-linear, if and
only if it commutes with rj.

The group SO∗(2n) � sometimes also denoted U∗(n, H) � is de�ned as
the group of endomorphisms of Hn preserving the skew-hermitian form
ω(h, k) := h∗jk. Writing ω =: α + jβ, we obtain maps α, β : C2n ×
C2n → C, where β is C-bilinear symmetric and α is skew-hermitian
(whence iα is hermitian). These two are related by α(rj·, ·) = β. It
follows that an endomorphism of C2n is an element of SO∗(2n), if and
only if it commutes with rj and preserves the hermitian form iα. More-
over, we have l∗jα = r∗jα = −α. It follows that iα =: h has signature
(n, n). Thus we have

SO∗(2n) = GL(n, H) ∩ U(n, n).
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Let G ∼= SO∗(2n + 4) be the group of endomorphisms of C2n which
commute with

rj = ·̄ ◦


−1

1
−1n

1n

−1
1


and preserve the inde�nite hermitian scalar product h given by the
matrix

E :=


1
−1

1n

−1n

1
−1

 .

The Lie algebra g ∼= so∗(2n + 4) consists of matrices of the form
a −b̄
b ā

−C∗ D∗

−Dt −Ct
d 0
0 d̄

A −B̄
B Ā

so∗(2n)
C −D̄
D C̄

c 0
0 c̄

−A∗ B∗

−Bt −At
−a b
−b −a

 ∈ gl(2n + 4, C), c, d ∈ iR.

The canonical element

ξ :=

 −12

02n

12


leads to the twistor �bration

SO∗(2n + 4)

GL(1, H)× SO∗(2n)
→ SO∗(2n + 4)

SO∗(4)× SO∗(2n)

The coset space SO∗(2n + 4)/SO∗(4)×SO∗(2n) can be identi�ed with
the set of complex subspaces which are rj- invariant and have signature
(2,2) with respect to the above pseudo-hermitian product. (In order
to see that the SO∗(2n + 4)-action on this set is transitive, we have
to verify that the orthogonal complement of such a subspace is again
rj-invariant: This follows from r∗jh = h.) The projection G → G/K
sends an element of G to the span of its �rst two and last two columns.
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The isomorphism h(2n, R)
∼→ n+ is given by the coordinates

0
0

u + iv −ũ− iṽ 0n

ũ− iṽ u− iv 0n

2iv0 0 −ut + ivt ũt + iṽt 0
0 −2iv0 −ũt + iṽt −ut − ivt 0


Thus, the isotropic para-pluriharmonic maps

R× R ⊃ U → GrH
2,2(Cn+2,n+2)

(z1
±, . . . , z2n

± ) 7→ V+(z1
+, . . . , z2n

+ )⊕ V−(z1
−, . . . , z2n

− )

are given by

V+ = C ·


1
0

z+ + iw+

z̃+ − iw̃+
1
2
(−zt

+z+−wt
+w++z̃t

+z̃++w̃t
+w̃+) + i(2w+

0 −zt
+w+−z̃t

+w̃+)
2(−ztz̃ −wtw̃ + i(ztw̃ −wtz̃))



⊕ C ·


0
1

−z̃+ − iw̃+

z+ − iw+

2(ztz̃ + wtw̃ + i(ztw̃ −wtz̃))
1
2
(−zt

+z+−wt
+w++z̃t

+z̃++w̃t
+w̃+)− i(2w+

0 −zt
+w+−z̃t

+w̃+)



V− = C ·


1
2
(−zt

−z−−wt
−w−+z̃t

−z̃−+w̃t
−w̃−) + i(2w−

0 −zt
−w−−z̃t

−w̃−)
2(−zt

−z̃− −wt
−w̃− + i(zt

−w̃− −wt
−z̃−))

z− + iw−
z̃− − iw̃−

1
0



⊕ C ·


2(zt

−z̃− + wt
−w̃− + i(zt

−w̃− −wt
−z̃−))

1
2
(−zt

−z−−wt
−w−+z̃t

−z̃−+w̃t
−w̃−)− i(2w−

0 −zt
−w−−z̃t

−w̃−)
−z̃− − iw̃−
z− − iw−

0
1

 ,

where z± = (z1
±, . . . , zn

±), z̃± = (zn+1
± , . . . , z2n

± ), w± = (w±
1 , . . . w±

n ),
w̃± = (w±

n+1, . . . w
±
2n) with w±

0 = h±(z1
±, . . . , zn

±), w±
a = ∂h±/∂za

± for a
para-holomorphic function h = h+ × h− : Rn × Rn ⊃ U → R× R.
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3.6.5. Sp(2n + 2, R) / Sp(2, R) × Sp(2n, R).

Recall that Sp(2n, R) ∼= Spπ(n), therefore Sp(2n + 2, R) / Sp(2, R) ×
Sp(2n, R) can be identi�ed with the para-quaternionic projective space
HPn = {(h0, . . . , hn) ∈ Hn+1 :

∑
a haha 6= 0}/H∗, cf. Example 2.2.1.

It is useful to regard Hn as a vector space over C and write Spπ(n) as
a subgroup of GL(2n,C): In fact, Hn = Cn ⊕ iCn can be identi�ed
with the free C module C2n. A C-linear map C2n → C2n is H-linear,
if and only if it commutes with the right multiplication by i, which is
a C-antilinear involution. It is easy to see that

GL(n,H) =

{(
A −B̄
B Ā

)
∈ GL(2n,C)

}
.

Let h be a para-quaternionic hermitian metric on Hn. The identi-
�cation H = C ⊕ iC yields a decomposition of h = g ⊕ iω into a
para-hermitian scalar product g and a C-bilinear symplectic form ω on
C2n, which are related by ω = g(·i, ·). Therefore an endomorphism of
C2n preserves h, if and only if it preserves g and ω, or equivalently, if
it preserves ω and is H-linear. If h is standard, so is ω. This shows
that

Spπ(n) = Sp(2n,C) ∩GL(n,H).

Let G = Spπ(n + 1).
The Lie algebra of G is g = spπ(n + 1) = sp(2n + 2,C) ∩ gl(n + 1,H)
and consists of matrices

a −A∗ −B∗ −b̄
A
B

spπ(n)
−B
Ā

b Bt −At ā

 ∈ gl(2n + 2,C), a ∈ jR.

The canonical element

ξ =

 j
02n

−j


leads to the twistor �bration

Spπ(n + 1)

Spπ(n)× Uπ(1)
→ Spπ(n + 1)

Spπ(n)× Spπ(1)

(cf. table 1).

This is, of course, the �bration CP2n+1 → HPn of example 2.2.1. The
projection map Spπ(n + 1) → CP2n+1 sends each matrix to the C-
span of its �rst column. We have Gc = Sp(2n + 2,C). The closed
twistor space Z̄ = Gc/P c

− is the space of all (possibly degenerate) one-
dimensional para-complex subspaces in CP2n+1 (by the proof proposi-
tion 2.1.2, any vector that spans such a subspace can be extended to a
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symplectic basis). The projection Gc → Z̄ maps a matrix to the span
of its �rst column.

The isomorphism of the Lie algebras

h(n,C)
∼→ nc

+
0
u1 0
...

. . .
un 0
v0 v1 · · · vn 0

 7→


0
u 0n

v 0n

2v0 vt −ut 0


(where u = (u1, . . . , un)t, v = (v1, . . . , vn)t) yields the isomorphism

H(n,C)
∼→ Nc

+
1
z1 1
...

. . .
zn 1
w0 w1 · · · wn 1

 7→


1
z 1n 0
w 0 1n

2w0 − ztw wt −zt 1


The holomorphic horizontal maps Cn ⊃ U → Nc

+ are given by the
equations w0 = h(z1, . . . , zn), wa = ∂h/∂za for a holomorphic function
h : Cn ⊃ U → C.

The projection N+ ⊂ CP2n+1 → HPn maps this matrix to the H-span
of its �rst column; in conclusion, the isotropic para-pluriharmonic maps

f : Cn ⊃ U → HPn

are given by

(z1, . . . , zn) 7→ H ·


1 + i(2h−

∑
za∂h/∂za)

z1 + i ∂h/∂z1

...
zn + i ∂h/∂zn

 .
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tt*-bundles and para-pluriharmonic maps

Let (N, J) be a simply connected para-complex manifold. As shown in
[S1] (see also [CS] for the complex case), any para-pluriharmonic map

f̃ : N → GL(p + q, R)/O(p, q) =: Sp,q

which ful�lls R(df̃(T±N), df̃(T±N)) = 0 de�nes a metric para-tt*-
bundle over N and vice versa. In this paragraph we relate this to
the construction of the associated family (cf. section 3.1.4) and give a

criterion for the map f̃ to be isotropic.

Definition 4.0.1. Let (N, J) be a simply connected para-complex
manifold. A metric para-tt*-bundle (E, D, S, g) over N is a real vector
bundle E → N endowed with a connection D, a (possibly inde�nite)
D-parallel �bre metric g and a section S of T ∗N × End(E) which is
g-symmetric (i. e. g(SX ·, ·) = g(·, SX ·)), such that the tt*-equation

Rθ = 0 ∀θ ∈ R

holds, where Rθ is the curvature tensor of the connection ∇θ
X := DX +

SeθJX .

We denote by Symp,q(R) the space of symmetric (p + q)× (p + q) ma-
trices with signature (p, q). This space is identi�ed with Sp,q via the
map Sp,q 3 g · O(p, q) 7→ (g−1)t1p,qg

−1 ∈ Symp,q(R), where 1p,q =(
1p 0
0 −1q

)
is the standard diagonal matrix of signature (p, q). The

geodesic re�ection at eO(p, q) ∈ Sp,q yields the symmetric decompo-
sition gl(p + q, R) = o(p, q) ⊕ m, where m = {X ∈ gl(p + q, R) :
X t1p,q = 1p,qX}. The tangent space TgKSp,q is canonically identi�ed
with Adgm = {X ∈ gl(p + q, R) : X t(g−t1p,qg

−1) = (g−t1p,qg
−1)X} via

the map Adgm
(·g)∗→ (Adgm)g = gm

π∗→ TgKSp,q (which is easily seen to
be independent of the choice of g ∈ gK).

Theorem. [S1, Theorem 3 and 4] Let (N, J) be a simply connected
para-complex manifold and let (E, D, S, g) be a metric para-tt*-bundle
of rank p + q (and signature (p, q)) over N . Choose a family sθ(x) :

69
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Rp+q → E of ∇θ-�at frames and set

fθ : N → Symp,q(R)

x 7→ sθ(x)∗gx = (g (sθ(x)a, sθ(x)b))a,b

f̃θ : N
fθ→ Symp,q(R)

∼→ Sp,q

f̃θ : N
fθ //

f̃θ

44Symp,q(R) ∼ // Sp,q

Then f̃θ is a 1-parameter family of para-pluriharmonic maps and

df̃θ(X) = s−1
θ ◦ SeθJX ◦ sθ. (13)

Moreover, for each x ∈ N , df̃θ maps T+
x N and T−

x N into abelian
subalgebras of Tf̃θ(x)Sp,q ⊂ gl(p + q, R).

Conversely, any para-pluriharmonic map from a simply-connected para-
complex manifold N into Sp,q such that the images of T±N are abelian
can be obtained in this way.

Remark. The condition that the images of df̃(T±N) are abelian is

equivalent to R(df̃(T±N), df̃(T±N)) = 0: Since R is preserved by
parallel translation, it su�ces to check this assertion at ToSp,q ≈ m,
where R is given by the Lie triple bracket, so we have to show that for
X, Y ∈ m :

[[X, Y ], Z] = 0 ∀Z ∈ m ⇔ [X, Y ] = 0

The diagonal matrices form a maximal abelian subalgebra of gl(p +
q, R), which is contained in m, so there is no nontrivial element of
k = o(p, q) that commutes with all Z ∈ m. Since [X, Y ] ∈ [m, m] ⊂ k,
the assertion follows. �

This 1-parameter family f̃θ of para-pluriharmonic maps is in fact an
associated family in the sense of Theorem 3.1.5:

Proposition 4.0.2. The map

Φθ : f̃ ∗θ TSp,q → f̃ ∗0 TSp,q

X 7→
(
s−1

θ s0

)−1
X
(
s−1

θ s0

)
is a parallel bundle homomorphism preserving the curvature of Sp,q, and

Φθ ◦ df̃θ = df̃0 ◦ eθJ .

Proof. The equation Φθ ◦df̃θ = df̃0◦eθJ is immediate from ((13)).
Φθ(x) is the di�erential of the isometry of the space Sp,q, given by left
multiplication by s−1

θ (x)s0(x) ∈ GL(p + q, R), hence it preserves the
curvature tensor. In order to verify the parallelity of Φθ, let c : [0, 1]→
N be a curve and let σ : [0, 1]→ f̃ ∗θ TSp,q be a parallel section of f̃ ∗θ TSp,q
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along c. Any such section is of the form t 7→ γ(t) ·X, where X ∈ m and

γ is the horizontal lift of f̃θ◦c, i. e. π◦γ = f̃θ◦c and γ−1γ̇ ∈ m. We have
to check that (Φθ ◦ c) · σ is parallel, i. e. that γ̃ := ((s0 ◦ c)−1(sθ ◦ c))γ
is horizontal: By the de�nition of sθ we have DXsθ = −SeθJXsθ and
DXs0 = −SXs0, (here D denotes the connection on E ⊗ Rn induced
by the given connection D on E and the trivial connection on Rn) so
d
dt

(s−1
0 sθ) = Dċ(s

−1
0 )sθ + s0Dċsθ = s−1

0 Sċ−eθJ ċsθ and γ̃−1 ˙̃γ = γ−1γ̇ +

γ−1 s−1
θ Sċ−eθJ ċsθ︸ ︷︷ ︸

∈Adγm

γ ∈ m. �

Proposition 4.0.3. f̃ is isotropic if and only if there exists a family
αθ of D-parallel, g-orthogonal sections of End(E), such that

SeθJ = αθ ◦ S ◦ α−1
θ .

Proof. Suppose that f̃ is isotropic, i. e. f̃θ = f̃0 and therefore
df̃θ = df̃0 for all θ ∈ R. De�ne αθ := sθs

−1
0 . Then we see that

SeθJ = αθSα−1
θ , (Dα)s0 = D(αs0)−αD(s0) = ∇θsθ−SeθJ sθ−α∇0s0 +

αSs0 = 0 and g(s0, s0) = g(sθ, sθ) = (α∗θg)(s0, s0). Conversely, suppose
that there exists a family αθ as above. Choose a ∇0-�at frame s0 and
set sθ := αθs0. Then by a similar calculation it follows that sθ is∇θ-�at
and that fθ = f0. �

By Corollary 3.3.7, there are no full isotropic para-pluriharmonic maps
into the symmetric space GL(p + q, R)/O(p, q), since the Cartan in-
volution σ(g) = 1p,qg

t1p,q is not an inner automorphism of GL(p +
q, C). Among the totally geodesic submanifolds is the symmetric space
Sp(2n, R)/GL(n, R) ⊂ GL(2n, R)/O(n, n). Isotropic para-pluriharmonic
maps into this space arise from special para-Kähler manifolds:

Example: special Kähler manifolds. Let (N, J, g) be a para-
Kähler manifold and let ∇ be a torsion-free �at connection on TN such
that d∇J = 0 and ∇ω = 0, where ω := g(·, J ·) denotes the Kähler form
of N . The quadruple (N, J, g,∇) is then called an a�ne special para-
Kähler manifold. In [S1] it is shown that (E := TN, D := ∇−S, S :=
1
2
J(∇J), g) is a metric para-tt*-bundle. From the de�nition of S, one

sees after short calculation that SJXY = −JSXY = SXJY and

SeθJ = e−(θ/2)J ◦ S ◦ e(θ/2)J , (14)

further DJ = 0, thus e−(θ/2)J is D-parallel and g-orthogonal, and the
para-pluriharmonic map f̃ : N → Sn,n is isotropic by the above Propo-
sition.

Indeed, f̃ is a para-holomorphic map into the para-hermitian symmetric
space Sp(2n, R)/Uπ(n) ⊂ SL(2n, R)/SO(n, n). In [S1] this is proved by

relating f̃ to the dual Gauÿ map of the canonical immersion N ↪→ C2n.
A direct argument is as follows:
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The fact that the image of f̃ is contained in Sp(2n, R)/Uπ(n) =
Sp(2n, R)/(O(n, n)∩Sp(2n, R)) is a direct consequence of ∇ω = 0 and
∇s = 0: The matrix-valued map x 7→ s∗(x)ωx is constant, and by
adjusting the frame s we can assume that its image is the standard
skew-symmetric form Ω2n. Now observe that γ ∈ GL(2n, R) is a repre-

sentative for f̃(x) if and only if s(x) ◦ γ is an orthonormal basis for gx.
In particular, this is the case if s(x) ◦ γ is an orthonormal basis for the
para-hermitian metric gx +jωx (such bases always exist by Proposition
1.3.3). For any such γ we have Ω2n = γ∗Ω2n, i. e. γ ∈ Sp2nR.
For the holomorphicity it is su�cient to consider one point x0 ∈ M .
Again, by adjusting the frame s, we may assume f̃(x0) = e · Uπ(n). If
gx0 and ωx0 have standard form in the basis s(x0) then so has Jx0 , i. e.
Jx0 = s(x0)◦J2n◦s(x0)

−1. From equation (14) we get Φθ = Ad(s−1
θ s0) =

Ad(e(θ/2)J2n). Di�erentiating the equation Φ−θ ◦ df̃ = df̃ ◦ eθJN yields

ad(J2n/2) ◦ df̃ = df̃ ◦ JN ,

which shows that f̃ is holomorphic, because ad(J2n/2) is the standard
para-complex structure of Sp(2n, R)/Uπ(n): ad(J2n/2) is zero on k =
uπ

n = {X ∈ sp(2n, R) : XJ − JX = 0} and has eigenvalues ±1 on
m = {X ∈ sp(2n, R) : XJ + JX = 0}. The twistor bundle is thus
trivial (cf. example 3.3.8).
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