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Correctness of Full First-Order Specifications

Wolfgang Reif

Institut fiir Logik, Komplexitit und Deduktionssysteme
Universitit Karlsruhe, FRG, reif@ira.uka.de

Abstract

The paper investigates an algebraic specification
method for abstract data types which is designed for the
application in formal software development. The specifi-
cation language is full first-order logic, and the semantics
of a specification is the class of its generated models. Full
first-order specifications are more flexible than Horn clause
specifications and exhibit better deductive properties. We
present criteria for the correctness of full first-order specifi-
cations and for the incremental development of large spe-
cifications from smaller ones.

1 Introduction

Since the early nineteen-seventies a number of methods
for the algebraic specification of abstract data types have
been designed. Most of these apporaches consider a specific
class of algebras as the semantics of a specification. Candi-
dates for this class are the initial models ([LZ 74], [Gu 76],
[GTW 78], [TWW82], [Ga 83], [Pa 83], [Pa 85), [EM 85],
[Pa 90], [EM 90)) or terminal models ([Wa 79], [HR 80],
[Ka 83]). All these approaches restrict the specification
language in order to guarantee that every specification has a
model of this particular kind. In the case of the initial se-
mantics of abstract data types the specification language is
restricted to universal equations or Horn clauses (for the ex-
tension by constraints see [Pa 90], [EM 90)).

In this paper we argue that from the view point of a
specific application, equational and Horn clause specifica-
tions suffer from two defects which motivate the need for a
more flexible specification method. The application refers
to the automated verification and development of formally
specified computer software ([HRS 88], [HRS 89], [HRS
90]). In this context, Horn clause specifications exhibit a
"deductive weakness" when we try to verify properties of a
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specification or properties of (abstract) programs over a
specification. Furthermore, the syntactic corset of universal
Hormn clauses leads to a considerable loss of flexibility in
practical applications. In section 3 we illustrate that this
restriction may lead to unnecessarily complicated solutions
even in simple examples.

In order to avoid these defects we prefer another specifi-
cation method. We adopt an approach of Giarratana et al.
({GGM 76)) and the Munic CIP-group ([BDPPW 79], [BW
82], [WPPDB 83}, [BWP 84)], [CIP 87]). This approach
allows full first-order specifications and considers the class
of all generated models of a specification as its semantics.
This semantics is somehow intermediate between initial
and loose semantics. In contrast to Horn clause specifica-
tions full first-order specifications do not always have a ge-
nerated model. This means that the classical methods of
universal algebra and category theory are not directly appli-
cable. Therefore, we get two groups of questions:

1) What can be said about the structure of generated
models of a given specification? Under which conditions do
exist initial and terminal models?

2) Is it possible to design a specification method with
this semantics, which allows the unrestricted use of full
first-order logic, but preserves at the same time the nice
properties of the classical algebraic specification method?
This refers to a correctness criterion for specifications as
well as to the posibility to develop large correct specifica-
tions by union and enrichment.

The first group of questions were investigated by Broy,
Wirsing et al. ((BDPPW 79], [BW 82], [WPPDB 83],
[BWP 84]) for the case of hierarchical data types and were
solved for a subclass of first-order formulas. In this paper
we investigate the second group of questions for the unpa-
rameterized case and propose a practically applicable
method to develop correct first-order specifications avoiding
the weaknesses of Horn clause specifications. We present
syntactic criteria both for the correctness of a specification
and for the union and enrichment of correct specifications.
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Section 2 recalls some basic definitions. In section 3
we illustrate our criticism of equational and Horn clause
specifications by two examples. Section 4 presents the
syntax and the semantics of full first-order specifications.
In section 5 we develop a criterion for monomorphic and
correct specifications, and section 6 deals with the incre-
mental development of larger specifications from smaller
ones. Finally, in section 7, we draw some conclusions.

2 Basic notions

We consider many-sorted signatures SIG = (S, OP)
with a set of sorts S and a set OP of operations over S. S*
are the finite words over S with empty word A. OP is the
disjoint union of sets OPyw with w € S* and OPy g with
w € S§* and s € S. For w = s1.. sy OPy is the set of n-ary
predicate symbols with the indicated typing, and OPy, g is
the set of function symbols with argument sorts w and tar-
get sort s. For every sort s € S there is a countably infi-
nite set Xg of variables. X is the system of all these vari-
able sets. For SIG = (S, OP) and X, Top s(X) denotes the
terms of sort s over OP and X. TQp, g is the corresponding
set of ground terms (= Top,(<)). Top(X) and TQp are
the sets of all terms and ground terms, respectively. A sig-
nature SIG is called strict if there exists a ground term for
every sort. Henceforth, we will only consider strict sig-
natures. L(SIG, X) is the set of first-order formulas over
SIG and X. VL(SIG, X) is the set of universal formulas. If
X is clear we write L(SIG). Universal Horn clauses are for-
mulas of the shape Cly (@1 A.. App — @) where @1 , ..,
®n, @ are atomic formulas and Cly is the universal clo-
sure. Universal equations take the form Cly(t] = t2).
Equational or Horn clause specifications are meant to be
sets of formulas of the corresponding kind. For conve-
nience we mostly drop the universal quantifiers.

Formulas are interpreted over SIG-algebras. For SIG =
(S, OP) a SIG-algebra A = ( (Ag)scS, (f2)feOP ) consists
of non-empty carrier sets Ag and the interpretations fg for
the symbols from OP. The interpretation fg is a total
function or a predicate depending on what kind of symbol f
is. We use a relaxed notation for algebras by just enumera-
ting the components, for example, (N, 0, succ, <) for the
natural numbers with zero, successor and the less-than pre-
dicate. The class of SIG-algebras is abbreviated by
Alg(SIG). If SIG' = (S', OP") is a supersignature of SIG =
(S, OP) (i.e. S' 2 S, OP' 2 OP) and 4 a SIG-algebra, then
B € Alg(SIG') is an expansion of 4, if Ag = Bg for all s€S
and fg = fg for all f € OP. 4 is called the reduct of B wrt.
SIG, 3B|SIG = A. An algebra is called generated wrt. SIG if
every carrier element can be denoted by a ground term over
SIG. For strict signatures every SIG-algebra 4 has a mini-
mal subalgebra, A, which is a generated subalgebra of 4
which in turr: has no proper subalgebras. We write 2 = ¢
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if A is a model of the formula @, T E @ if every model of
the formula set T is a model of @. Alg(T), Gen(T) are the
classes of all models and all generated models of T, rsp.

Statements about generated algebras can be proved by
structural induction. IND(SIG) denotes the set of first order
instances of a schema for structural induction over SIG =
(S, OP). IND(SIG) is defined as follows: Let ¢ = <@g :
sES> a vector of formulas @g and x = <xg5: s €ES> a
vector of induction variables xg of sort sES. We set
IND(SIG) = { (Basis(x, ¢) AHyp(x, ¢)) =+ Concl(x, ¢) : ¢
= (g : SES), x = <xg: SES>, g € L(SIG)} with:

Basis(x, 9) := AceQP), ¢ ¥s(0)

Concl(x, ¢) := Asgs Vxs.05

Hyp(x, $) := AfeOPy, ¢ Step(f, X, ¢)

For f € OPy, g with W’= s1..5, and new variables
X1, -» X1, Step(f, x, ¢) is the formula:

VX1 X (Aj=1..x @;(%)) = @s(f(X1, - Xp)-

Finally, we define the initial model of a Horn clause
specification. Let SPEC a set of Horn clauses over a strict
signature SIG = (S, OP). Then we define a SIG-algebra %
= ((Hs)ses, (fa)scs) as follows: Hg = Top s for sE€S.
For f € OPy s, W = 51...5p We set fg/(t1, .., tn) := f(t1, -,
tn), and for q € OPy,, w = s1...5n we define (t1, .., tn) €
qg < SPEC F q(t1, .., tp). Furthermore, we define a
family of relations m := (mg)se§ With mg C Hg x Hg by t1
=g ty <» SPEC F tq =tp. The relation = is a congruence
on 3. Now we define TSpPEC to be the quotient of 4 by
=: TSPEC = H/m. TSPEC is called the initial model of
SPEC. SPEC is initial correct for A € Alg(SIG) if A is
isomorphic to TSPEC.-

3 Criticism of Horn specifications

In this section we demonstrate two weaknesses of equa-
tional- and Horn clause specifications which motivate the
need for a more flexible specification method. The first one
refers to a certain "deductive weakness" in situations where
the formal derivation of a property of the specified model
requires more knowledge than is given explicitly in the
specification. The second weakness refers to a lack of flexi-
bility due to the strong syntactical restriction to universal
equations or Horn formulas. This restriction imposes a
constructive (executable) style of specification even in
cases where this is rather inadequate. The following two
examples illustrate these phenomena.

3.1 Example (numbers, program verification)

Consider the algebra of natural numbers Nat = (N, 0,
succ, pred, +, *) with zero, successor (succ), predecessor



(pred, pred(0) = 0), addition and multiplication. The
following specification SPEC] is initial correct for Aat.
SPECy =

{ pred(0)=0 pred(succ(x)) = x
x+0=x X + succ(y) = succ(X+y)
x*0=0 xssucc(y)=(x*y)+x}

As usual, the formulas of SPEC] have to be read with
tacit universal quantification. Furthermore, we do not dis-
tinguish between the symbols of the signature (in SPEC1)
and their meanings (in Aet). Now we consider the fol-
lowing very simple program a over the signature of At
(abort denotes the never halting program):

o = (if x = 0 then abort else x:= succ(0) fi).

If x = succ(succ(0)) holds then the test of a is false, a
terminates and yields x = succ(0) as a result. Formulated as
a total correctness assertion (in terms of Dynamic Logic,
[Go 82]) we get:

NatF x = succ(succ(0)) - {a)x = succ(0)

Although SPEC; is initial correct, this statement does
not follow from the formulas in SPECj (even if enriched
by induction axioms):

SPEC1 ¥ x = succ(succ(0)) —* (a)x = succ(0)

The reason is that the above statement follows from
SPEC;] if and only if SPEC] entails the inequality - 0 =
succ(succ(0)). The inequality ~ 0 = succ(succ(0)), however,
does not follow from SPECy.

Equational specifications generally reflect explicitly
only knowledge about the equality of expressions. The fact
that all ground terms, which can not be proved equal, de-
note different objects, follows implicitly from the seman-
tical restriction to initial algebras. Therefore, in a sense,
specification with initial semantics and classical deduction
to not fit together.

The situation changes if one adds to the specification
explicit information about the inequality of expressions:

SPEC3 = SPECj U {- 0 = succ(x)}

Up to isomorphism At is the only generated model of
SPECj. For SPEC; the following holds:

SPEC2E -~ 0 = succ(succ(0))
SPEC2 F x = succ(succ(0)) — {o)x = succ(0)

This example illustrates, that equational specifications
exhibit a certain deductive weakness. The example suggests
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to allow the use of explicit negation in specifications, in
order to improve their deductive properties, and to consider
the class of generated models as the semantics of the
specification.

3.2 Example (non constructive specifications)

Let us consider again SPECj. We extend the signature
and the algebra At by the binary predicate nd, which holds
for two numbers x and y if x is not a divisor of y: Alpt' =
(N, 0, succ, pred, +, *, nd). We are looking for an exten-
sion SPEC3 of SPECj such that SPEC3 is initial correct
for Alat'. In order to specify the nd predicate some auxiliary
operations are needed: remainder (mod), subtraction (-) and
the ordering (>) on numbers. The following Horn clause
specification SPEC3 describes AGt" = (N, 0, succ, pred, +,
*, >, -,mod, nd ):

SPEC3 = SPEC1 U
{succk) +x=y = y>x
x-0=x
x - succ(y) = pred(x - y)
(ymod0)=y
(ymody)=0
x>0Ay>x — (ymodx)=((y - x) mod x)
x>y — (ymodx) =y
(ymodx)>0 — nd(x,y)}

The last axiom specifies nd(x, y), while the remaining
seven axioms describe the auxiliary operations. SPEC3 is
indeed initial correct for Aut". The criticism of this speci-
fication is obvious: In order to describe one new predicate
we had to introduce three new operations, and the length of
the specification has more than doubled. The main argu-
ment, however, is that the specification method imposes
an algorithmic description of the nd predicate, which is
rather an implementation of a non-divisibility test than an
explanation of what non-divisibility means. As a conse-
quence the specification is more detailed than necessary and
gets incomprehensible. This phenomenon is a general pro-
blem of Horn specifications with initial semantics.

The situation changes if we start out with SPEC) and
allow the use of full first-order logic. In this context the
extension Apt' = (N, 0, succ, pred, +, *, nd ) of st can
be specified very easily:

NAT'= SPECy U {nd(x,y) «» - 3k. x+k =y}

NAT seems to be the shortest and most natural specifi-
cation for Agt'. It does not need any auxiliary operations
and is a unique description of Nat': Nat' is the only gene-
rated model of NAT up to isomorphism.

The examples suggest to use full first-order logic to
specify abstract data types and to consider the class of ge-



nerated models as the semantics of such a specification.
This approach is adopted in the following section.

4 First-order specifications
4.1 Definition (syntax)

A specification SPEC = (S, OP, X, T) consists of a
signatur SIG = (S, OP), a set X of variables and a set T of
first-order formulas over SIG and X. A specification
SPEC1 = (S1, OP1, X1, T1) is a subspecification of
SPEC) = (S3, OP9, Xp, T2), SPEC1 C SPECy, if S1 C
S2, OP1 € OPj, X1 & X), T1 © T2. In this case we also
write SPEC = SPEC1 U (S2 - S1, OP2 - OP1, X3 - X],
To - T1) or just SPECp = SPEC1 U (T2 - T1).

The semantics SEM(SPEC) of a specification SPEC is
the class of all generated models of SPEC, Gen(SPEC).
Every algebra A4 from Gen(SPEC) is called a data type
which satisfies SPEC. The whole class Gen(SPEC) of data
types is considered an abstract data type.

4.2 Definition (semantics, satisfaction)

For a specification SPEC = (S, OP, T, X) we set
SEM(SPEC) = Gen(SPEC) = {4 : 4 F T, A generated}. An
algebra 4 satisfies SPEC, if 2 € SEM(SPEC). SPEC is
satisfiable, if there exists an 4 which satisfies SPEC.

A minimal requirement for the semantics of abstract
data types is the closure under isomorphisms. This is ful-
filled by SEM(SPEC). Since we allow full first-order logic
there is no guarantee that every specification has a model.
SEM(SPEC) may be empty. For example, SEM(SPEC) is
empty if SPEC is inconsistent. But even if SPEC is con-
sistent SEM(SPEC) may be empty. This is illustrated by
the following example: Let SPEC = (S, OP, X, T) with S
= {s}, OP = {c: = s} and T = {Ix. ~x=c}. SPEC (resp.T)
is consistent but has no generated model.

If we consider particular specifications the situation
changes. For universal specifications SPEC = (S, OP, X,
T) over a strict signature with T C VL(SIG), SEM(SPEC)
» & if and only if SPEC is consistent.

From a pragmatic point of view the lack of a guaran-
teed model does not cause any severe drawbacks. In our
opinion the central aim of a specification method is not
primarily that every specification has a model but to speci-
fy given algebras up to isomorphism or to capture at least
some relevant properties. From this perspective writing a
specification means to accumulate properties of existing
generated models. Therefore, SEM(SPEC) is not empty by
construction. SEM(SPEC) contains at least the intended
model or the intended collection of models. The question
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how to detect that an algebra is captured completely by the
accumulated properties is answered in section 5. In general
SEM(SPEC) may contain non-isomorphic generated
models. SEM(SPEC1) from section 3, for example, con-
tains two different classes of isomorphic generated models,
namely the class containing Aa¢t' and the class of the tri-
vial one-element model. This means that first-order specifi-
cations are somehow intermediate between the initial and
the loose approach, allowing for both complete and incom-
plete specifications.

5 Monomorphicity and correctness

In this section we deal with the problem to find for a
given generated algebra 4 a specification SPEC which de-
termines 4 as precise as possible by its axioms. A specifi-
cation SPEC which determines A uniquely up to isomor-
phism among the models satisfying SPEC, is called cor-
rect for 4. Correct specifications have the property that any
two generated models of SPEC are isomorphic. This pro-
perty is called monomorphicity, and will play a key role.
A specification SPEC is correct for A if A satisfies SPEC,
and SPEC is monomorphic. In this section we analyze the
conditions under which specifications are monomorphic.

5.1 Definition (monomorphicity)

A specification is monomorphic if any two models of
SEM(SPEC) are isomorphic.

The following analysis of monomorphic specifications
is based on the simple fact that generated models are deter-
mined (up to isomorphism) by their diagram (the set of
valid closed atomic and negated atomic formulas). The idea
is to examine a specification whether it determines a dia-
gram. To this end we need the notion of ground literals

5.2 Definition (ground literals)

Let SIG = (S, OP) a signature. Ground literals are
formulas of the shape t1 = t2, -t1 = t2, q(t1,..,tn) and
~q(t1,--.tn), Where t1, t2,.., tn € TOP and q € OPy,. Non-
negated ground literals are called positive.

The following lemma shows that a specification is mo-
nomorphic if any two generated models coincide with
respect to the validity of the positive ground literals.

5.3 Lemma (monomorphicity, ground literals)
SPEC is monomorphic if and only if for all 4, 8 €

SEM(SPEC) and all positive ground literals @ the
equivalence A @ <« BF @ holds.



We rely on the observation that in many examples a
specification SPEC determines the validity of the ground
literals not only for all generated models but for all models
of SPEC which additionally satisfy structural induction. In
this case SPEC enriched by IND(SIG) is complete for po-
sitive ground literals.

5.4 Definition (SPEC fixes the ground literals)

SPEC fixes the ground literals if for all positive
ground literals @, either SPEC U IND(SIG) F ¢ or
SPEC U IND(SIG) F -~ ¢ holds.

The condition that SPEC fixes the ground literals is
sufficient for monomorphicity, and necessary under certain
restrictions.

5.5 Theorem (criterion for monomorphicity)

SPEC is monomorphic if it fixes the ground literals. If
SPEC is closed under minimal subalgebras, then it is mo-
nomorphic if and only if SPEC fixes the ground literals.

Proof:

‘When SPEC fixes the ground literals any two generated
models of SPEC coincide on the positive ground literals.
Hence SPEC is monomorphic. If SPEC is closed under
minimal subalgebras we argue indirectly as follows for the
"only-if-part": If for a positive ground literal @ neiter
SPEC U IND(SIG) = @ nor SPEC U IND(SIG) E -~ ¢
holds then there exist two models A4, 8 € Alg(SPEC U
IND(SIG)) which differ wrt. ¢. Since both SPEC U {¢}
and SPEC U {-@} are closed under minimal subalgebras,
the minimal subalgebras 4|, B} differ wrt. ¢. On the
other hand 4|, B} are generated models of the monomor-
phic specification SPEC. Therefore they are isomorphic.
This is a contradiction.

Theorem 5.5 provides a practically applicable criterion
for a specification to be monomorphic. It suffices to show
that SPEC enriched by structural induction is complete for
positive ground literals. For specifications which additio-
nally are closed under minimal subalgebras the criterion is
both necessary and sufficient. This is true, for example, for
universal specifications SPEC C VL(SIG) over a strict
signature SIG. We are now going to define the correctness
of a specification.

5.6 Definition (correctness of specifications)

SPEC is correct for 4, if A is generated, A= SPEC and
SPEC is monomorphic.
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5.7 Corollary (correctness of specifications)

A specification SPEC is correct for 4, if

1) A is generated

2) AaF SPEC

3)  for all positive ground literals ¢ : either SPEC U
IND(SIG) F @ or SPEC U IND(SIG) = ~ ¢ holds.

Instead of 3) the following can be used equivalently:

4) for all ground literals p:
A4E @ = SPECU IND(SIG)F ¢

Corollary 5.7 is based on 5.5 and can be used to prove
that a specification SPEC is correct for an algebra 4. In
the rest of the section we deal with two examples which
illustrate the application of 5.7. The second one motivates
why we enriched SPEC by the axioms for structural
induction in 5.4.

5.8 Example (binary words)

We want to specify the one-sorted algebra Bin0 = ({zero,
one}+, zero, one, s0, s1) of the (non-empty) finite binary
words over {zero, one}. SIGginp = ({bin}, {zero, one : =
bin, s0, s1 : bin — bin}). The sort bin is the only sort,
zero and one are the two elementary binary words, s0, s1
are unary constructors which attach zero or one, respective-
ly to the end of a word w. Again, we do not distinguish be-
tween the symbols of the signature and their meanings.
The following specification BINO is correct for Bino.

BINQ =

{ 1)-zero=one 2) -~ zero = s;(w)
3) - zero = s1(w) 4) - one = sO(w)
5) - one = sl(w) 6) - sO(w) = s1(w')
7) sO(w) =sO(w') « w=w'
8)si(w)=sl(w) e w=w'}

We prove the correctness of BINO with corollary 5.6.
Obviously, Bin0 is generated and Bin0 = BINO. It remains
to prove that BINO U IND(SIGg;,g) is complete for
positive ground literals. We will see that this is already
true for BINO. In SIGg;,p non-negated equations are the
only positive ground literals. We show that for all ground
terms t1 and tp BINO F t1 =t2 or BINOF - t1 =t hold,
by induction (on the meta level) on the structure of t1:

t] = zero:

If t3 is zero, too, BINO = t] = t3 holds vacuously. If t3
is one, BINO F - tq =ty follows from axiom 1). Other-
wise, t2 starts either with sO or with s1. In both cases
BINOF - t1 =t follows from the axioms 2) and 3), rsp.
t1 = one:

As in the case before with axioms 1), 4) and 5).
t1 = s0(t3):



If t3 is zero or one, or starts with s1, then BINO & - t}
= tp follows with 2), 4) and 6) respectively. If t3 = s0(t4),
then we get from the induction hypothesis BINO &= t3 = t4
or BINO E - t3 = t4. Axiom 7) yields BINO F t] =t or
BINOE - t1 =t.
t1 = s1(t3):

As in the case before with axioms 3), 5) 6) and 8).

This example did not make use of the induction axioms
IND(SIGgipg). This is a frequent situation. However, it
may happen that the induction axioms are needed.

5.9 Example (use of IND(SIG))

Let us consider a signature with a single sort s and two
constants c¢1 and c2. Let SPEC = {3x. -x = c1}. The
ground term algebra T = ({c1, c2}, c1, ¢2) is a generated
model of SPEC. Since, on the other hand, all generated
models of SPEC have two elements, and c1 and c have to
be interpreted differently, it follows that any two models
from SEM(SPEC) are isomorphic. Therefore, SPEC is
monomorphic and by 5.6 correct for 7. Let us try to prove
this fact by 5.7: There are only four positive ground
literals: ¢1 = ¢1, €2 = €2, €] = ¢2, ¢2 = ¢1. The first two
follow from SPEC. Neither the remaining two nor their
negations follow from SPEC. This means that without
adding IND(SIG) the ground literals would not be fixed.
With IND(SIG), however, we get SPEC U IND(SIG)
F -~ ¢1 = ¢ and SPEC U IND(SIG) F - c3 =cq. In this
case we deduce the correctness by 5.7.

6 Incremental development

The correctness criterion in section 5 is suitable to
prove that a given specification describes a given data type
correctly. For large specifications, however, this proof is
very extensive and designing the specification requires a lot
of intuition. The reason is, that for large specifications
over a rich signature, there exist many ground literals of
different shapes. It becomes hard to keep track of all the
case distinctions necessary to prove the specification mo-
nomorphic. These problems can be avoided, if one starts
out with a small fragment of the data type with only a
small subsignature which can be correctly specified, using
the criterion from section 5. Then this fragment is extended
incrementally in a correctness preserving manner. The
means for extending a correct specification are designed in a
way that the correctness proofs done for the components
need not be repeated. This leads to an incremental and
tractable way of developing large correct specifications.

The central methods for the extension are the disjoint
union and the enrichment of data types and specifications.

281

The extension by disjoint union is used to provide new
sorts, the enrichment serves to add new operations.

6.1 Definition (disjoint union)

Two specifications SPEC (over SIG) and SPEC' (over
SIG") are disjoint if all the components are disjoint. With
SPEC+SPEC' (over the disjoint union SIG+SIG') we
denote the component-wise union of the two disjoint
specifications. If SIG and SIG' are disjoint, and 4 and &'
are SIG- and SIG'-algebras, respectively, then the disjoint
union A+4' results from glueing together 4 and 4'.

6.2 Theorem (disjoint union and correctness)

Let SPEC, SPEC' be disjoint. SPEC+SPEC' is correct
for A+8 if SPEC is correct for 4 and SPEC' correct for 3.

We now turn our attention to the enrichment of data
types by new functions and predicates. This requires to
extend a given signature SIG = (S, OP) by new function
symbols f1, .., f; and new predicate symbols q1, .., qk.
We just write OP U {f1, .., f, q1, .., 9k} and assume that
the typing of the symbols is clear.

6.3 Definition (enrichment of data types)

Let SIG = (S, OP), SIG' = (S, OP U {f1, .., fn, q1, -»
qk}) and 4 € Alg(SIG).We denote the enrichment of 4 by
functions fy, .., fp and predicates qf, .., gk to a SIG'-
algebra by A+{f}, .., fn, q1, .., qk}:= A', where Ag' = Ag
fors € S, fg' =1fq for f € OP, fq' =f for f € {fy, .., fp,
q1, -» 9k}

Our aim is to get a correct specification for an enrich-
ment of a data type from a correct specification of the ori-
ginal data type by adding new axioms describing the new
symbols. The following criterion states that the correctness
of the original specification carries over to the new specifi-
cation for the enriched data type if the latter satisfies the
additional axioms, and if the new symbols can be elimi-
nated from ground terms and atomic formas using the ori-
ginal specification and the additional axioms. Criteria of
this kind play an important role in many specification
methods (cf. Gu 76], [WPPDB 83] "sufficient complete-
ness" or [EM 85] "complete extension").

6.4 Theorem (enrichment and correctness)

Let SPEC a specification over SIG = (S, OP) and Ax
axioms over SIG' = SIG U (&, {f1, .., fn, 91, --» Gk})-
SPEC U Ax is correct for 4+{f1, .., fn, 41, .., gk} if
1) SPEC correct for A

2) ﬂ""{fl’ oy fn’ q1; - Qk} E Ax



3) forallt € TOPU({fy, .., f,} there exists t' € Top,
such that SPEC U IND(ST8) U AxE t= ¢

4) for all q(ti, .., tm) With q € {q1, .., a4k}, t1, - tm
€ Top exists ¢ € L(SIG, X), such that:
SPEC U IND(SIG) U Ax F q(t1, .., tm) ©* @

Proof:

We show that 4':= A+{f1, .., f5, q1, .., gk} is in
SEM(SPEC U Ax) and that SPEC U Ax is mono-
morphic.

A' € SEM(SPEC U Ax).

From 1) and 2) we get 4' = SPEC U Ax. Since 4 is
generated and A' has the same carriers as 4, 4' is generated,
too, consequently 4' € SEM(SPEC U Ax).
Monomorphicity of SEM(SPEC U Ax):

Before we start we check the following fact (*): With 3
€ SEM(SPEC U Ax) we also get B|s1G € SEM(SPEC).
Let 3 € SEM(SPEC U Ax). Then 3B is generated with re-
spect to SIG' and 8F SPEC U Ax U IND(SIG'). Because
of 3) B is even generated with respect to SIG and
consequently B|sjGg € SEM(SPEC), especially 3
F IND(SIG).

Let now 871, B3 € SEM(SPEC U Ax). We show that
8; and B3 coincide on the positive ground literals.

We start with ground equations t1 = t3. Because of 3)
there exist SIG-terms t1', t3' with SPEC U IND(SIG') U
Ax F t1 =t1' and SPEC U IND(SIG") U AxkE t3 =t3".
Since 87 = SPEC U IND(SIG') U Ax and t1', t3' € TQpP
weget: ByEtj=t) & BiFEt1'=t) e B4sIG
F t1' = t2". Since B1|S1G and B2|SIG are in SEM(SPEC)
according to (*), it follows by the monomorphism of
SPEC (premise 1) B1|SIGF t1'=t2' < BaSIGF t1'=
t2' « BzF t1'=t2". Since 83 F SPEC U IND(SIG") U
Ax we get, according to the choice of t1' and t2', B2 F t1'
=t @« Bkt =t2.

Let us now consider the ground literals of the shape
q(t1, -, tr). Let 81 F q(t1, .., tr). According to 3) there
exist terms t1', .., t;' € Top with SPEC U IND(SIG") U
Ax F tj =ti' fori € {1, .., r}. This yields 83 F q(t1, ..,
tr). We set @ := q(t1', .., tr"), if ¢ € OP. Then q(t1', .., t;")
is already in L(SIG, X). If q € {q1, .., gk}, let ¢ according
to premise 4) a formula from L(SIG, X) with SPEC U
IND(SIG) U Ax F q(t1', .., tt') « ¢. Because of B;
F SPEC U IND(SIG') U Ax we get by (*) 3;
F IND(SIG). This yields 81 F ¢ and B;|S1G F .
According to (*) B1]s1G and B2|SIG are in SEM(SPEC).
Because of the monomorphism of SPEC we get 82|S1G
F ¢ and B3 = ¢. From 83 F SPEC U IND(SIG") U Ax
and 8z F IND(SIG) we deduce B2 F q(t1), .., tt), and, with
the choice of t1', .., t' in mind, B2 F q(t1, .., ). The fact
that 81 F q(tq, .., ty) follows from B3 F q(t, .., t;) is
shown by symmetric arguments.
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Therefore we may conclude that SPEC U Ax is mono-
morphic and correct for 4'.

6.5 Example (natural numbers)
We return to the example from section 3. Due to space

limitations we only sketch the correctness proof of NAT'
for the algebra Aat' = (N, 0, succ, pred, +, =, nd):

NAT =

{ - 0=succ(x) pred(0) =0
pred(succ(x)) = x x+«0=0
xssucc(y)=(x*y)+x x+0=x

x + succ(y) = succ(x+y)

We start with a fragment of Ast', namely Natp = (N,
0, succ), and enrich it by the other functions and the nd
predicate: Let NATO = {~ 0 = succ(x), succ(x) = succ(y) —*
x =y }. With the help of 5.7 it is proved that NATO is
correct for Aatg. Then we enrich Aty by pred, +, » and
get Ant3 = (N, 0, succ, pred, +, *). We set Ax := NAT' -
{- 0 = succ(x), nd(x, y) «» -~3k.x e k =y } and NAT1 :=
NATO U Ax. Using 6.4 we prove that NAT1 is correct for
Nat3. Now the injectivity of succ can be dropped from
NATI1 since it is derivable. Next At3 is enriched by nd
and we get Aat'. We set Ax = {nd(x,y) «» ~Jk.x*k=
y} and NAT := NAT1 U Ax. Again, 6.4 is applicable, and
we deduce that NAT" is correct for Aat'. In the last case the
application of 6.4 is easy since for all ground terms tj, t3
over 0, pred, succ, +, *, there exists trivially a formula ¢
in the signature of Atz such that NAT' F nd(t1, t2) < o,
namely ~3k. t; k=13

nd(x,y) « -3Jk. x*k=y}

7 Conclusion

We have investigated an algebraic specification method
for (non-parameterized) abstract data types which allows to
specify in full first-order logic. It was motivated by the re-
stricted flexibility and the deductive weaknesses of Horn
clause specifications in practical applications. Although
the methods of universal algebra and category theory are
not applicable in this context there exists a simple crite-
rion for the monomorphicity and the correctness of a speci-
fication. Furthermore, we have shown that the "classical"
criteria for the compositional development of correct speci-
fications can be carried over to the more general frame-
work. In this sense, the method avoids the drawback of re-
stricted flexibility of Horn clause specifications while pre-
serving their nice methodological aspects. Concerning the
deductive properties, correct full first-order specifications
(in the sense of 5.6) are (with restrictions) complete for
ground formulas while this is not true for Horn clause spe-
cifications. In both approaches the central proof technique
is structural induction. But more facts can be deduced by



induction from a correct first-order specification than from
a initial correct Horn clause specification. And, finally,
many typical computer science data types have decidable
fragments. In these cases the specification can be designed
in such a way that it is complete for the fragment. This is,
in general, not possible for Horn clause specifications.

In this paper we did not deal with parameterized fuil
first-order specifications. They can be treated along the
same lines (see [Re 91]). Another aspect not treated in this
paper is error handling. One might introduce partiality (see
[BW 82]) or use a technique with error elements (see [SA
91]). A very useful next step would be to provide machine
support for proving the correctness criteria.
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