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The transport properties of a parabolic quantum well are investigated at low temperatures 0.5
K <T <4 K. A front-gate voltage is used to tune the carrier density and hence the subband structure
over a wide range. Various orientations of a magnetic field B with respect to the normal of the sample
0°<a=90° are investigated. For a=0°, where B is oriented along the surface normal of the sample,
quantum Hall states can be suppressed and recovered depending on the carrier density of the sample.
This effect is explained quantitatively by a self-consistent calculation that considers the interplay of oc-
cupied Landau levels belonging to different subbands. A suppressed quantum Hall state can also be
recovered via a tilted magnetic field. The resonant-subband-Landau-level coupling leads to a repulsion
of the levels and, therefore, to the creation of an energy gap. For T'<0.5 K the spin splitting of the Lan-
dau levels appears in the magnetoresistance. In the regime of carrier densities where the quantum Hall
plateau corresponding to filling factor v=4 is suppressed, a double minimum structure for v=3 is ob-
served, reflecting the different exchange enhancement of the spin splitting of the two lowest subbands.
For magnetic fields oriented in the plane of the sample, a band structure arises that leads to an aniso-
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tropic conductivity for current flow perpendicular and parallel to the magnetic-field orientation.

I. INTRODUCTION

Subband spectroscopy in low-dimensional semiconduc-
tors is usually accomplished with optical experiments.!
Transitions from occupied to empty states in a two-
dimensional electron (2DEG) have been studied by Ra-
man spectroscopy’ and by far-infrared (FIR) spectrosco-
py in a strip-line configuration.’ In tilted magnetic fields
the resonant-subband-Landau-level coupling (RSLC) was
used*° to determine the subband separations from the
coupling of the cyclotron resonance and the intersubband
resonance. These powerful experimental techniques
suffer from the fact that the energies they determine are
influenced by collective effects.!®!! This is especially true
in parabolic quantum wells where there exists the unique
situation that the RSLC indeed occurs between the plas-
ma frequency and the respective Landau levels. This has

begr113shown theoretically'? and confirmed experimental-
ly.”

In this paper we present a series of magnetotransport
experiments that allow the direct determination of the
single-particle subband separations in a parabolic quan-
tum well. For magnetic fields oriented perpendicular to
the sample a series of equidistant Landau levels develops
on each subband. The carrier density and therefore the
subband structure can be controlled reproducibly via a
front-gate voltage. For a given set of parameters two
Landau levels belonging to different subbands can be de-
generate at the Fermi energy. In this case the corre-
sponding quantum Hall state is suppressed. It can be
recovered by lifting the degeneracy of these Landau levels
via a suitable gate voltage. If the magnetic field is tilted
with respect to the normal of the sample these Landau
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levels repel each other and the degeneracy is also lifted.
In both cases the corresponding quantum Hall state is
recovered. These experiments depend sensitively on the
subband structure and allow a detailed comparison of ex-
periment and calculation. At low temperatures, 7 <0.5
K, the Zeeman splitting of the Landau levels is resolved.
An especially interesting situation occurs when the quan-
tum Hall state for filling factor v=4 is suppressed, while
a double minimum structure in the vicinity of v=3 is ob-
served in the magnetoresistance. This behavior is ex-
plained by the subband dependent exchange enhance-
ment, that leads to an effective charge transfer between
the two subbands. An anisotropic band structure arises
for magnetic fields oriented in the plane of the sample.
This is caused by the fact that the effective mass as well
as the scattering time depend on the direction of the field
within the sample plane. This is strongly apparent in the
conductivity for current flow parallel and perpendicular
to the magnetic-field orientation. The features in the
magnetoresistance arising from the magnetic depopula-
tion of subbands are much more pronounced for current
flow perpendicular to the magnetic-field orientation com-
pared to the parallel orientation. This independent
method of determining the single-particle subband ener-
gies in a transport experiment gives results that are in
good agreement with the experiments described before.
The paper is arranged as follows: Section II describes
in detail the self-consistent confining potential and sub-
band occupation of the sample, Sec. III presents magne-
totransport experiments for a =0, where a is the angle
between the normal of the sample and the magnetic-field
orientation. In this case transport is dominated by the
formation of Landau levels.!* Section IV shows that the
spin splitting of Landau levels dramatically influences the
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magnetoresistance. Section V focuses on the tilted field
case 0<a=60° with emphasis on the manifestation of
resonant-subband-Landau-level coupling.!”> Section VI
contains results from the in-plane field case a=90°
where the magnetic depopulation of the subbands dom-
inates the transport properties. Section VII summarizes
the results.

II. CONFINING POTENTIAL
AND OCCUPATION OF SUBBANDS

The GaAs-Al,Ga,_,As parabolic quantum well
(PQW) is grown by molecular-beam epitaxy. On top of
the semi-insulating substrate there is a 400-nm GaAs
buffer layer, followed by 200-nm Al;;Gag;As, 16-nm
Al, ;Ga, ;,As with Si doping (Np=2.5X10'" cm™?), 20-
nm Al, ;Gag ;As spacer, the 75-nm-wide parabolic well
with varying 0<x <0.1. The Al content x is varied
through a defined sequence of shutter openings and clos-
ings producing a 2-nm period superlattice to achieve a
parabolic variation of the conduction band.!® The cap is
formed by a 20-nm Al; ;Ga, ;As spacer and a 101-nm Si-
doped Aly1Gay,As (N, =2.5%X10" cm~?) layer. The
well is designed to have a symmetric electron distribution
within the well. At T=4.2 K and ¥V, =0 the total carrier
density is N, =5X 10!! cm ™2 and the mobility of the elec-
tron gas in the well is £ =100.000 cm?/V's. The mesa
structure consists of two Hall bars that are oriented per-
pendicular to each other. The width of the current path
is 50 um and the spacing between the voltage probes is
150 pm. Ohmic contacts are made by annealing
AuGe/Ni and a front gate (Ti/Au) is evaporated onto the
sample. This allows us to tune the carrier density in the
parabolic well and with it the width of the electron layer
and the number of occupied subbands.!” The low-
frequency (v=30-Hz) transport experiments are per-
formed in a superconducting magnet (0—12 T) and the
samples are cooled by He exchange gas at temperatures
0.5 K< T <4.2 K. For this section the magnetic field is
oriented perpendicular to the plane of the electron gas.
The samples are cooled down in the dark.

Figure 1 presents the results of a self-consistent calcu-
lation for the conduction-band edge, the occupied sub-
bands, and the wave functions of the investigated sample.
The carrier density is N,=5X10'' cm™2. The surface of
the sample is on the left-hand side of the figure. The inset
shows the region of the potential where the electrons ac-
tually reside. The symmetry of the wave functions indi-
cates that the hard-wall potential on the right-hand side
of the potential does not affect the electron density or the
energy levels strongly. The flatness of the potential over
a wide region (almost 40 nm) as well as the total carrier
distribution shows the quasi-3D nature of the filled para-
bolic potential. According to the generalized Kohn’s
theorem!? an optical intersubband spectroscopy experi-
ment will always detect the plasma frequency of the elec-
tron system®®!® independent of the electron-electron in-
teraction and therefore the number of electrons. A trans-
port experiment will rely on the single-particle energy
levels and therefore depend on the energies and wave
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FIG. 1. Self-consistent calculation of the potential of the par-
abolic well with the surface of the sample (front gate) on the
left-hand side of the figure. The inset is an enlarged scale of the
potential well and the wave functions weighted by their corre-
sponding subband carrier densities.

functions as depicted in Fig. 1.

Figure 2 presents experimental results on the mobility
of the electrons as a function of carrier density. The eval-
uation of the mobility from the magnetoresistance is usu-
ally not a straightforward procedure for systems with
more than one occupied subband.!®* 725 In cyclotron reso-
nance®®?” the scattering time of a subband can directly be
deduced from the linewidth of the respective resonance.
In a transport experiment a model has to be used to ex-
tract scattering times of various subbands.'®2%2 Van
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FIG. 2. Mobility at T=4.2 K as a function of carrier density
tuned by a gate voltage. The arrows indicate where the E; and
E, subbands become populated and consequently a channel for
intersubband scattering opens up.
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Houten et al. (Ref. 24) showed that for a high-mobility
2DEG with two occupied subbands a positive magne-
toresistance AR occurs, with AR /R < (uo—pu,)?, u; being
the Drude mobility of the carriers in subband i. The
measurement of the magnetoresistance p,, on the
presented PQW reveals a flat behavior, i.e., p,, does not
depend on B for very small magnetic fields B <0.2 T and
for all temperatures and gate voltages investigated. We
thus assume that the scattering time in all occupied sub-
bands is nearly the same and we can therefore simplify
the analysis of the mobility as presented in Fig. 2. The
Hall effect p,, has been measured for a low magnetic field
as a function of gate voltage. A linear relation between
the carrier density N, and the gate voltage ¥, is obtained
in agreement with the evaluation of the 1/B periodicity
of the Shubnikov—de Haas oscillations at high magnetic
fields. The data in Fig. 2 clearly show a nonmonotonic
behavior for the mobility u as a function of carrier densi-
ty. For two-dimensional electron gases with only one oc-
cupied subband a power-law dependence of u(N;) has
been observed?® and explained by ionized impurity
scattering. The same is observed in our sample below
N,=2.5X10" cm~% For higher carrier densities a
second subband becomes populated which opens up an
additional scattering channel, i.e., intersubband scatter-
ing occurs. This explains the structure in Fig. 2 marked
by the first arrow. Similar effects have been observed in
GaAs heterostructures (Refs. 18 and 24). A much more
pronounced structure however occurs in our data around
N,=4.5X 10" cm ™2, where the mobility has a maximum
and then drops for increasing N,. At this value of the
carrier density a third subband becomes populated lead-
ing to a further increased intersubband scattering rate.
The wave-function overlap which determines the strength
of intersubband scattering is especially large between the
lowest (denoted by quantum number i =0) and the third
(i =2) subband. This explains the drop of u as a function
of increasing N; as soon as the third subband becomes oc-
cupied. This sets the limits for the experimentally acces-
sible parameters of this parabolic quantum well.

III. SUPPRESSION AND RECOVERY
OF QUANTUM HALL STATES

We will now concentrate on the transport properties of
the electron gas under high magnetic fields B that are
oriented perpendicular to the surface of the sample. Fig-
ure 3 presents data for the Hall resistance p,, as a func-
tion of magnetic field at a low temperature 77=0.45 K.
Three specific values of N, are selected. The quantum
Hall plateau for filling factor v=2 (v=hN, /eB) is very
wide and almost independent of the value of N,. The
well-defined plateau for v=3 at N, =4.6X 10! cm 2 be-
comes weaker and finally vanishes for decreasing N;.
This is explained by the decrease of the mobility which
leads to an overlap of the broadened spin-split Landau
levels. A more detailed discussion on the intriguing be-
havior of the spin states follows in Sec. IV. The interest-
ing filling factor in this figure is however v=4. The cor-
responding quantum Hall plateau is well developed for
N, =4.6X10" cm ™2, completely suppressed for an inter-
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FIG. 3. Hall resistance curves for three different carrier den-
sities measured at low temperatures 7=0.45 K. The quantum
Hall plateau corresponding to v=4 vanishes and reappears in
this range of N;.

mediate value of N,=3.8X10"" cm~2 and entirely
recovered for N,=3.0X10'! cm 2. A similar behavior is
observed for filling factors v=8 and 12, whereas the
suppression of quantum Hall plateaus for v=2 and 6 is
never observed experimentally. The magnetoresistance
Pxx is always correlated with the Hall resistance p,,: a
pronounced minimum in p,, leads to a quantum Hall pla-
teau in p,,, a suppressed minimum in p,  consequently
results in a suppressed quantum Hall plateau in p,,. We
will concentrate in the following discussion on the behav-
ior of p,,, because it can more easily be compared with a
theoretical calculation. We will neglect spin splitting in
this section, because it is not resolved in the presented
measurement.

Figure 4(a) presents a series of magnetoresistance mea-
surements at 7'=2 K. The curves are vertically offset for
clarity. The positions of filling factor v=4 are marked by
arrows. In this range of carrier densities two subbands
are occupied (see Fig. 1) at B =0, so that a minimum in
Pxx does not necessarily coincide with the position of an
integer filling factor. For intermediate carrier densities
there is actually a maximum in Fig. 4(a) for v=4. In the
following we denote the total filling factor of the PQW by
v; the filling factor of the subband i is given by
vi=hN!/eB, N! being the carrier density of subband i. In
high magnetic fields carriers may be redistributed among
the different subbands but the total carrier density N,
does not depend on B. To understand the data as
presented in Fig. 4(a), we solved self-consistently
Schrodinger’s and Poisson’s equation in the presence of a
magnetic field. All parameters for the calculation are
given by the structure design. The Landau levels are
modeled by a Gaussian density of states?® (DOS) with full
width at half maximum I'[meV]=0.5X(B[T])!/2
These parameters described reasonably well previous
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FIG. 4. (a) Experimental magnetoresistance traces for a

series of carrier densities at 7=2 K. The arrows indicate the
position of filling factor v=4. The curves are vertically offset
for clarity. The vertical scale is indicated by an arrow. (b) Cal-
culated magnetoresistance traces as described in the text. Note
the similarity to the data of 4(a).

magnetocapacitance measurements’®3! on samples with

similar mobilities. Consequently, there are no adjustable
parameters. We did not take into account complications
such as spin splitting of the Landau levels, a constant-
background DOS (Ref. 32) or a filling-factor-dependent
DOS.*® The results are not qualitatively changed by a
more refined model of the DOS. From the DOS we cal-
culate the magnetic-field-dependent  conductivity
o,.(B).? Since the Hall resistance behaves almost classi-
cally in the interesting regime due to the suppression of
the Hall plateaus it is reasonable to assume
0,, = —eNs /B for the Hall conductivity. This allows us
to calculate p,, (B) as presented in Fig. 4(b). The overall
agreement between experiments [Fig. 4(a)] and theory
[Fig. 4(b)] is very good, especially the position of v=4
with respect to the minima and maxima of p,,. The same
method of calculating the magnetoresistance but using a
magnetic-field-independent subband structure was ap-
plied by Gobsch, Schulze, and Paasch® to explain the
data of Guldner et al.3* on heterostructures with two oc-
cupied subbands.

An interesting feature in Figs. 4(a) and 4(b) is the dou-
ble minimum structure in the range 2.5 T<B <3 T. The
top part of Fig. 5 presents a calculated magnetoresistance
trace for N,=3.2X 10" cm ™2 The three figures of the
lower part show the DOS for three magnetic fields that
correspond to the regions on the p,, trace as marked by
the arrows. Note that the DOS of each subband as well
as the total DOS are plotted below and above the Fermi
energy Er. The Landau levels will be denoted in the fol-
lowing by |i,n ), where i is the subband index and n the
Landau-level index. In going from B=2.4 T to B=2.9
T the state |0,1) (dashed line) approaches |1,0) (dotted
line) because, |0,1) shifts up from the bottom of i =0
subband E, with 37w, while [1,0) moves up by 1w,
from E,. For an intermediate field B=2.65 T the |1,0)
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state is just in between the |0,1) and |0,2) state making
the total DOS at the Fermi energy small. In this way the
double minimum structure in p,, can be explained.

For low carrier densities N, =3.0X 10!' cm ™2 (see Fig.
3) the upper subband is just barely populated (Fig. 2) at
B =0. For high magnetic fields the upper subband be-
comes depopulated at integer filling factors and therefore
v=4=+94y1=440. At high carrier densities
N,=4.6X10'! cm ™2 the upper subband can gain carriers
at the cost of the lower one and v=4=2+2 will be real-
ized. This results in a quantum Hall state and N2=N/.
Such a situation cannot be realized in a triangular shaped
potential because there the carrier density in an upper
subband N/! will always be much lower than NO. Conse-
quently the upper subband will be depopulated at v=4.
For intermediate carrier densities N, =3.8X10'! cm ™2
the influence of the magnetic field on the subband struc-
ture is not strong enough to either depopulate the upper
subband or match the carrier densities of the two sub-
bands. Two Landau levels originating from different sub-
bands |0,1) and |1,0) can be degenerate at the Fermi en-
ergy and the quantum Hall state corresponding to v=4is
suppressed (see Fig. 3).

The question arises whether the degeneracy of Landau
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FIG. 5. Calculated magnetoresistance trace presented with
an enlarged scale compared to Fig. 5. The lower part of the
figure presents three situations for the density of states as
marked by the arrows. The dashed line marks the DOS of the
lower E, subband; the dotted line marks the DOS correspond-
ingly of the E, subband, and the solid line indicates the total
DOS. The thin solid vertical line represents the position of the
Fermi energy E.=0.
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levels can also lead to the suppression of quantum Hall
states for samples with very high mobility at very low
temperatures. We therefore calculate the magnetoresis-
tance p,, for very narrow Landau levels
I'[meV]=0.005X(B[T])!”> at T=0. The subband
structure is calculated self-consistently in the presence of
a magnetic field and p,, is then obtained as described be-
fore. Fig. 6(a) presents the results in an enlarged scale
compared to Fig. 4(b). The features are much sharper
due to the narrow Landau levels but at intermediate car-
rier densities N, =3.6X 10!! cm ™2 the position of v=4 is
situated in a maximum of p,,. Thus there exists a carrier
density even for high mobility samples at very low tem-
peratures where Landau levels will be degenerate and the
corresponding quantum Hall state is expected to be
suppressed.

For a comparison we calculate the subband structure
self-consistently for B =0 and modeled the Landau levels
on top of these subbands. The effects of the magnetic
field on the subband structure are intentionally neglected.
The results for p,, are presented in Fig. 6(b). The narrow
Landau level moves through the p,, trace leaving the
v=4 minimum almost unchanged. We conclude that the
influence of the magnetic field on the subband structure
itself is especially important for samples with very high
mobility. The Hartree interaction tends to pin Landau
levels of different subbands together to avoid a jump of
the Fermi energy from a Landau level from subband i =0
to another Landau level from subband i =1. The pinning
of Landau levels has also been observed via optical spec-
troscopy in high-density In,Ga,;_,As-InP quantum
wells. >

It is interesting to discuss which even integer quantum
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FIG. 6. (a) Self-consistent calculation of the magnetoresis-
tance traces for very narrow Landau levels and T'=0. The vert-
ical arrows mark the position of filling factor v=4. It is impor-
tant to note that for intermediate carrier density N, =3.5X 10"
cm™? the position of the arrows sits in a maximum of p,,. (b)
Calculated magnetoresistance with a constant subband separa-
tion E,, independent of magnetic field. The position of filling
factor 4 as marked by the arrows is always in a minimum of p,,.
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Hall state can be suppressed. We again neglect spin split-
ting for this discussion. Filling factor v=2 is realized
when only one Landau-level and therefore only one sub-
band is occupied. This is true as long as the Landau-level
width T" is smaller than the subband separation E
which is practically the case for all 2DEG’s in GaAs het-
erostructures. Consequently the quantum Hall state cor-
responding to v=2, i.e., the quantum lines, can never be
suppressed. The v=4 state can be suppressed as present-
ed in Fig. 3 and discussed above. In our experiments we
never observed a situation where the quantum Hall state
corresponding to v=6 is suppressed. The width of the
plateau may change, but the plateau is always well
developed. The v=g8 state can again be suppressed as
discussed in Ref. 15. In general, an even integer quantum
Hall state can be suppressed if odd filling factors can
occur simultaneously in the respective subbands. This
means that an even number has to be represented by the
sum of two odd numbers, implying a similar ratio for the
carrier densities in the two subbands, since the electrical
confinement will always dominate the magnetic-field-
induced energy changes. To suppress a quantum Hall
state at even v, this filling factor has to be the sum of odd
v° and odd v!. The carrier density within a subband, in
general, depends upon the magnetic field. To suppress a
quantum Hall state two Landau levels have to be degen-
erate at the Fermi energy resulting in a large DOS at the
Fermi energy. In such a ‘“relaxed” situation the carrier
densities in the two subbands have to be close to their
B =0 values. Otherwise carriers could be easily distri-
buted between the subbands due to the large DOS at E
without changing E;, very much. We conclude that two
conditions are important to observe the suppression of an
even-integer quantum Hall state: (1) two odd filling fac-
tors +° and v! with v°+v!=v have to be realized in the
respective subband; (2) the ratio of the carrier densities at
B =0 should be close to N/N]}=+°/v'. Furthermore v°
and v' should be as close as possible to each other. Oth-
erwise the magnetic field depopulates the higher subband
and no quantum Hall state can be suppressed.

For example, the v=4 state is suppressed if
v=4=1%4y!=3+1. With the same argument we find
two possibilities for the v=6 state: v=6=+"+v!=1+5
and v=6=+°+v!=3+3. The latter condition does not
exist because it implies NY=N/! and therefore a vanishing
subband separation. The first condition v=1+5 corre-
sponds to the already discussed situation. The carrier
density in the upper subband N is much smaller than N?
and high magnetic fields will therefore depopulate the
upper subband. We do not exclude that in very specially
designed samples the v=6 state can also be suppressed,
but we argue that it is much easier to suppress the v=4
state. Using the same reasoning we find two conditions
to suppress the v=8 state: v=8=+"+v'=5+3 or
v=8=1%4+y!=1+7. The latter condition is again not
favorable because high magnetic fields will depopulate
the higher subband. The condition v=5+3 can however
easily be realized leading to a suppression of the v=28
state. Figure 7 presents a schematic illustration for the
suppression conditions of v=4,8,12. The Landau levels
of the lower (upper) subband are indicated on the left-
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FIG. 7. Schematic illustration of three situations of the ener-
gy levels as observed in the experiments. On the left- (right-)
hand side the Landau levels of the lower (upper) subband are in-
dicated. Spin splitting is not considered in this picture.

(right-) hand side of the diagram. Along the same line we
find for v=10 three possibilities: v=10=9+1,
v=10=7+3, and v=10=5+45. The last case is exclud-
ed because it implies degeneracy of the electrical subband
energies. The first two cases suggest again a situation
where N}!<<N? which leads to a depopulation of the
upper subband in a magnetic field. We note that we do
not observe a suppression of the v=10 in the experiment
in agreement with the presented argument. For filling
factor v=12 again three possible scenarios are imagin-
able: v=12=7+5, v=12=9+3, and v=12=11+1.
The last possibility is not realistic due to the above-
presented arguments, the first condition v=12=7+35 can
be realized in the experiment. The situation v=12=9+3
implies N9~3N/! at B =0 and therefore coincides with
the suppression of v=4 with v=4=3+1. Indeed we do
observe a simultaneous suppression of the v=4 and 12
state. However the precise evaluation of the data for
large filling factors is difficult because of the many over-
lapping Landau levels in this case. We conclude that
there is a good understanding why and in which range of
N, and B a given even integer quantum Hall state can or
cannot be suppressed.

IV. DEGENERACY OF SPIN SPLIT LEVELS

So far the Zeeman spin splitting of Landau levels in a
magnetic field has been neglected. Nevertheless it should
be possible to study the situation where spin-split levels
originating from different subbands are degenerate at the
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Fermi energy. We restrict the following discussion to the
intriguing behavior of the v=3 state. It is the best
developed spin-split state in the presented experiment
and theoretically it allows for a transparent discussion.
Figure 8 presents a series of p,, data measured at low
temperatures 7=0.45 K for a range of carrier densities
where the suppression of the v=4 state occurs. For high

carrier densities and Vg = —150 mV (lowest-lying curve)
pronounced minima are observed for v=2,3,4,5,6 and so
on. The uppermost curve with ¥Vg=—390 mV shows

well-developed p,, minima at v=1,2,4,6 and a weak
minimum at v=3. The curves for intermediate carrier
densities —390 mV < Vg < —150 mV indicate many com-
peting minima for v=3 and 4. The minima do not lie on
the precise position of the respective filling factor.

Figure 9 presents the corresponding p,, data for the
same range of gate voltages. Well-developed quantum
Hall plateaus are observed for v=1 and 2. For filling fac-
tors v=3 and 4 the quantum Hall plateaus display a
variety of features. Especially interesting is the case
where p,, drops for increasing B and then rises again.
This situation cannot be observed at high temperatures
where spin splitting is not resolved. The fact that strong
spin splitting can be observed in the magnetoresistance
P Of GaAs heterostructures®® is based on the exchange
enhanced g factor.’” For odd filling factors a filled Lan-
dau level at the Fermi energy is fully spin polarized be-
cause all occupied states are filled with electrons of the
same spin orientation. According to Ando and Uemura
(Ref. 37) the exchange enhanced g factor can be written
as

Vv g=‘-390 mv
AV =20mV

P, (arb. units)

FIG. 8. Experimental magnetoresistance traces for a series of
gate voltages at low temperatures 7=0.45 K. The arrows mark
the position of filling factors. The curves are vertically offset for
clarity. An interesting double minimum structure occurs for in-
termediate carrier densities around filling factor v=3.
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FIG. 9. Hall effect p,, for the same range of carrier densities
as in Fig. 10. Overshoots of the Hall plateau occur for v=3 and
4.
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gr=g|l+

Here V(q) is the effective two-dimensional Coulomb po-
tential of the electrons, €(g,0) the dielectric function, and
Jin(g@) the matrix element of the interaction between
electrons in Landau levels N and N’. The population
difference of the two spin-split levels is denoted by
nyt—ny. The value of n| (n 1) is the number of all spin
down (up) electrons in all occupied Landau levels of sub-
band i. In a simplified form this can be written as

g*=glltaunt—nl)],

where a., now depends on the exchange interaction and
also on the subband quantum number i: The important
consequence for our experiment is that the energy separa-
tion of spin-split Landau levels depends on the filling of
these levels (n1,nl) as well as on the subband quantum
number. We will therefore denote the bare g factor in
subband i by g;, the enhanced g factor by g;*. To realize
filling factor v=3 there are, in principle, two possibilities
that are indicated schematically in Fig. 10. If the
[i=0,n=1) and [1,0) levels are degenerate the ex-
change enhancement may lead to a situation where the
spin down (| ) level of the |0,1) state drops in energy and
v=3 is realized by v=+°+v!=3-+0. Alternatively the
enhanced spin splitting may occur in the higher-lying
subband resulting in v=3=2+1. These two cases differ
dramatically in the carrier densities they assign to the
two electrical subbands. The exchange enhancement in
the second case will be larger because the upper subband
is completely spin polarized (n1=0) whereas the situa-
tion as sketched on the left hand side of Fig. 10 occurs
due to the spin splitting of the » =1 Landau level in the
lower subband. The enhanced g factor g§ will be smaller
because of the spin-unpolarized Landau level n =0 below
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v=3=2+1

g MB+%j
0 * Ep,

B — B

FIG. 10. Schematic representation of two situations that re-
sult in three occupied Landau levels. The bare g factor of the
system is marked by g, and g, the enhanced g factor of the
upper and lower subband by g¢ and g, respectively.

the spin-polarized state in the » =1 Landau level. We
conclude that the interesting double minimum structure
in Fig. 8 around v=3 occurs because the enhancement of
the g factor is different in the two subbands.

This effect will also influence the suppression behavior
of the v=4 state, since, for resolved spin slitting, v=4
can be expressed as v=4+4+0 or v=3+1. Again these
two situations result in a completely different ratio of car-
riers in the two subbands (4:0 vs 3:1). Overshoots of
quantum Hall plateaus have also been observed for spin-
split states’® in GaAs heterostructures with one occupied
subband. The temperature and geometry dependence of
this effect implies an explanation that relies on the
magnetic-field-induced decoupling of the two edge states
associated with the topmost spin-split Landau level. In
our experiment here on a parabolic quantum well with
two occupied subbands we observe similar effects around
v=3 as presented in Fig. 9. In addition to the explana-
tion presented in Ref. 38, we think that the subband
dependent enhancement of the g factor as sketched in
Fig. 10 further influences the detailed shape of a quantum
Hall plateau. In a system with two occupied subbands
the spin splitting of Landau levels can also account for
features of even integer quantum Hall states.

V. TILTED FIELD EXPERIMENTS: MANIFESTATION
OF RESONANT-SUBBAND-LANDAU-LEVEL COUPLING

The magnetotransport data presented so far in this pa-
per were obtained for magnetic fields oriented perpendic-
ular to the plane of the sample. In this case the Hamil-
tonian can be separated into two terms, one describing
the in-plane motion of the carriers and the other the elec-
trostatic confinement in the perpendicular direction.?
The energy-level structure then consists of an equidistant
ladder of Landau levels on each electrical subband. The
Landau levels associated with different subbands may
cross each other without any interaction because the
Hamiltonian is separable. In this section we concentrate
on the case of tilted magnetic fields where the Hamiltoni-
an can no longer be separated. Consequently Landau lev-
els belonging to different subbands are coupled. This
coupling has been observed by far-infrared spectrosco-
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py*~? but is difficult to tackle in a transport experiment.
Figure 11(a) presents magnetoresistance data for a series
of tilt angles a between the sample normal and the orien-
tation of the magnetic field. The curves are vertically
offset for clarity. The measurement temperature is
T'=2.2 K so that spin effects are only weakly pro-
nounced. We will consequently neglect the spin splitting
of the Landau levels in the following discussion of RSLC.
The gate voltage in Fig. 11(a) is chosen such that the p,,
minimum and with it the corresponding quantum Hall
state for v=4 is suppressed at a=0. The weak minimum
between the arrows marking v=4 and 2 corresponds to
the v=3 state. For increasing tilt angle the minimum for
v=4 starts to reappear and is finally fully recovered for
a=35.9°. At the same time the neighboring minimum
for the v=6 suffers the opposite fate. For perpendicular
magnetic fields, a =0, the v=6 state is well pronounced.
As the tilt angle is increased the minimum for v=6 is
completely suppressed at a=35.9°. The recovery of the
v=218 state for tilted magnetic fields is described in detail
in Ref. 15. The essential features of the magnetoresis-
tance traces in Ref. 15 look very similar as in Fig. 11(a),
which shows the recovery of the v=4 state. In order to
understand this remarkable observation in more detail we
have solved Schrddinger’s and Poisson’s equation for
B =0. The results of Sec. III indicate that the electrical
subband energies depend on a perpendicular (¢ =0) mag-
netic field. The magnitude of these effects is comparable
to the typical width (0.5 meV) of a Landau level. For tilt-
ed magnetic fields however, a0, the level repulsion is
the decisive quantity being larger than typical effects of
the magnetic field on the subband structure itself. This
justifies the use of a harmonic approximation for the eval-
uation of the level anticrossing even though the self-
consistent potential is no longer parabolic. We therefore

Experiment

Theory

Py (arb. units)

FIG. 11. (a) Experimental magnetoresistance p,, for a series
of tilt angles @ at T =2 K. The carrier density is fixed via a
suitable gate voltage so that the minimum in p,, corresponding
to filling factor v=4 is suppressed for a=0. The curves are
vertically offset for clarity. (b) Calculated magnetoresistance for
the same parameter range as the experimental curves in Fig.

11(a).
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use the subband separation E,,=E,—E, as obtained
from the self-consistent calculation to model a parabolic
potential with characteristic frequency fiw,=E,,. The
case of a parabolic potential in a tilted magnetic field can
be solved analytically*>*! and the level repulsion can be
obtained. With w,=eB /m* being the cyclotron frequen-
cy the Hamiltonian can be rewritten after a rotation of
the coordinate system and one obtains two decoupled
harmonic oscillators with frequencies

w%/z = %(‘03 +co(2,)
+ 1o + 0§ +20iw(sin?a—cos?a)]'/? .
The energy spectrum is then given by

Ekm Zﬁwl(k +%)+ﬁa)2(m +%) .

According to the procedure as described in Sec. III the
magnetoresistance p,, is calculated. This calculation is
based on the subband quantum number i and the
Landau-level quantum number n. For tilted magnetic
fields hybrid electric magnetic subbands are formed and i
and n are no longer good quantum numbers. Conse-
quently the carrier density of a given subband is not a
well-defined quantity anymore, especially in the vicinity
of a resonant level anticrossing. Nevertheless we associ-
ate the new quantum number k and m with the old ones i
and n even for a0 as far as the transport calculations
are concerned, to accomplish a transparent picture of the
experimental situation. A minimum in p,, will always
correspond to a position of the Fermi energy between two
energy levels. The position of the calculated p,, minima
will therefore not suffer from our assumption. The
heights and positions of the maxima are more problemat-
ic, since they depend more sensitively on the subband
carrier densities and the quantum numbers. The results
of this calculation are plotted in Fig. 11(b) in the same
way as the experimental data in Fig. 11(a) is presented.
The reappearance of the v=4 minimum for increasing
tilt angle as well as the suppression of the v=6 minimum
are very well described by this calculation justifying the
approximations that were made. The detailed shape of
the oscillations especially in the vicinity of the maxima in
Pxx differs slightly between experiment and theory.

Figure 12 presents the calculated level structure for the
typical tilt angles. For a =0 the levels are decoupled and
the |0,1) and |1,0) states are degenerate at the Fermi en-
ergy resulting in the suppression of the v=4 state. For
increasing tilt angle a=15.4° these levels start to repel
each other showing a well-defined energy gap at =35.9°
for v=4. Simultaneously the jump of the Fermi level at
v=6 gets smeared out for increasing tilt angle in agree-
ment with the suppression of the v=6 state as observed
in the experiment [Fig. 11(a)]. The |0,2) and |1,0) state
will repel each other at higher tilt angles leading then to a
recovery of the v=6 state. We conclude that the level
repulsion caused by the tilted magnetic field strongly
manifests in the p,, spectra and is well explained by the
calculation. Transport experiments can therefore be used
to determine the single-particle subband separation of a
2DEG. In analogy to optical experiments the results of
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FIG. 12. Calculated energy-level structure for the same car-
rier density N,=3.3X 10" cm~? as in Fig. 11. For increasing
tilt angle the energy gap at the Fermi energy for v=4 opens up
resulting in the recovery of the v=4 minimum as depicted in
Fig. 11.

the transport experiments in Fig. 11(a) may be interpret-
ed as an exchange of oscillator strength between the v=4
and the v=6 state.

Figure 13 presents a comparison of three experimental-
ly determined values for the subband separation £, and
the value of E, from a self-consistent calculation. Ac-
cording to the arguments as presented in Sec. III only the
suppression of the v=4, 8, and 12 state can clearly be ob-
served in the experiment. From Fig. 11(a), which starts
from a suppressed v=4 state at « =0, the angle a and
magnetic field can be deduced at which this state is

recovered. With B cosa=E;, we can extract the sub-
band separation for this given carrier density
N,=3.3X10"" cm™2. Accordingly we find values for

7 T T T T T 4
« :: = 3.5
\
6 \
B \ 1°
= \ theoretical
k] \ subband Z
8 v=4 separation “ o
g S o3 \ 125 3
\ o
=]
z TN
El theoretical 12
4 ratio of carrier
densities
~—-og 1.5
3 1 ] 1 1 L I
3 35 4 4.5 5 5.5 6

N, (10" em™)

FIG. 13. The squares indicate the experimental results for
the subband separation E |, as a function of carrier density as
obtained from RSLC. The thick solid line is the result of a self-
consistent calculation. The dashed line presents the calculated
ratio of the carrier densities in the two subbands at B =0. The
thin solid lines are guides to the eye as described in the text.

E ((N;) for the suppressed v=238 state (Ref. 24) and the
v=12 state as marked by the solid squares in Fig. 13.
The full line is the result of the self-consistent calculation
for B =0 in good agreement with the experimental re-
sults. The situation to suppress the v=4 state at a=0 is
most favorable, if the ratio of the carrier densities in the
two subbands at B=0 is N%:N!~3:1 because then
v=4=3+1 can be realized easily in a magnetic field.
The dashed line in Fig. 13 marks the result of the self-
consistent calculation for the ratio of carrier densities
NO:N/} as a function of total carrier density. The thin
solid line starting from the full square corresponding to
v=4 leads vertically until it crosses the dashed line and
then moves over to the right-hand scale to end at a value
that is not too far off from the desired N:N!—3:1. The
same is done for the v=8(N%:N!—-5:3) and
v=12(N2:N} —8:5) state. In all cases the calculated ra-
tio of the carrier densities agrees roughly with the desired
value for the suppression of the respective state. We con-
clude that there is a qualitative understanding of the pro-
cesses that lead to a suppression of quantum Hall states
at =0 and their subsequent recovery for tilted magnetic
fields.

VI. DEPOPULATION OF SUBBANDS
VIA IN-PLANE FIELDS

So far we have described transport techniques that al-
low the evaluation of single-particle energies from the
analysis of Shubnikov-de Haas oscillations in tilted or
perpendicular magnetic fields. A complementary tech-
nique uses in-plane fields to depopulate subbands via the
diamagnetic shift. This technique has been applied by
many groups.*”%° The band structure for in-plane mag-
netic fields is fundamentally different compared to situa-
tions with a#90°. For 0 <a <90° there is always a com-
ponent of the magnetic field perpendicular to the plane of
the sample that allows for a plane-wave type wave func-
tion of the electrons. This in turn leads to a degeneracy
of the levels proportional to B, =cosaB. The
Shubnikov—de Haas oscillations, that rely on this degen-
eracy, can be observed up to tilt angles of «=89° and
more (see, for example, Refs. 27 and 48). For a=90° the
situation is fundamentally different and an additional
type of magnetoresistance oscillation arises, the so-called
diamagnetic Shubnikov-de Haas effect.? Figure 14(a)
presents results for two orientations of current flow,
parallel (p,,) and perpendicular (p,,) to the magnetic
field, that lies in the plane of the electron gas. The inset
clarifies the orientation of current flow with respect to the
magnetic-field direction. The voltage across the voltage
probes of the Hall bars should be ideally zero in this
geometry. From the finite voltage that we detect in the
experiment we estimate the accuracy of the orientation to
be a=90°+0.01°. The experiment in Fig. 14(a) clearly
shows the influence of the orientation of current flow on
the detailed shape of the magnetoresistance trace.

In the literature there is widespread agreement that the
magnetoresistance oscillations for in-plane fields arise
from the crossing of the diamagnetically shifted subband
energies through the Fermi energy. The question, how-
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PP,

FIG. 14. (a) Magnetoresistance measured in the dark for in-
plane magnetic fields at 7=4.2 K. The resistance for current
flow parallel to the magnetic field is denoted by p,,, for the per-
pendicular case by p,,. The inset clarifies this situation. (b) Ex-
perimental magnetoresistance at T=4.2 K after the sample has
been strongly illuminated.

ever, at which point on the magnetoresistance trace
(maximum, inflection point, minimum) the subband actu-
ally becomes depopulated is not satisfactorily answered
so far. Furthermore, Fig. 14(a) indicates that the de-
tailed shape of the magnetoresistance trace depends on
the orientation of current flow. Most of the publications
on the observation of the diamagnetic Shubnikov-de
Haas effect do not mention the orientation of current
flow in the experimental setup. Zrenner et al.*® investi-
gated a Si 8-doped layer in GaAs. They used a Corbino
geometry and found nice agreement between the fields
obtained from the maxima of do /dB(B) traces and the
depopulation fields from a self-consistent calculation.
Kroeker and Merkt*® did research on a InSb metal-
oxide-semiconductor (MOS) structure. They found that
the conductivity depends on the orientation of current
flow. However the positions of the features caused by the
magnetic depopulation of the subbands were independent
on the orientation of current flow. The InSb-MOS struc-
ture resembles an asymmetric triangular-shaped potential
for the electrons that accounts for the observed effects.
In this case the electron trajectories depend on the orien-
tation of current flow which therefore also influences the
conductivity. Gwinn et al.*” investigated p,, as a func-
tion of magnetic field. The positions of the maxima in
the magnetoresistance p,, were in good agreement with
the prediction of the depopulation fields according to a
self-consistent calculation by Stopa and Das Sarma.’!
Hopkins® investigated wide PQW’s (=500 nm) for both
orientations of current flow and found pronounced aniso-
tropies. The experimental results suggest, however, that
the imperfections of the parabolic potential, that become
more dominant the wider the well is, are crucial to ex-
plain the observed features.

The anisotropic band structure in the plane of the
2DEG arising from the in-plane magnetic field results in
a magnetic-field-dependent effective mass perpendicular
to the magnetic field of m, =m*w’/w3. Here w, is the
harmonic oscillator frequency of the parabolic potential,
w,=eBm* the cyclotron frequency, and w’=w}+w?.

This mass dispersion has been experimentally observed
by Batke and Tu®? via grating coupler-induced plasmon
resonances in GaAs heterostructures. The effective mass
in the direction along the magnetic field (z direction)
remains unchanged. In this case there is no effective
Lorentz force because the directions of the drift velocity
and the magnetic field are parallel.

To investigate the influence of the mobility of the an-
isotropic transport behavior the sample has been il-
luminated with a red light-emitting diode leading to an
increase of the carrier density at V,=0 from 5 to
N, =7X 10" cm ™2 caused by the persistent photoconduc-
tivity effect. Simultaneously the mobility has dropped
from p=100.000 cm?/V's down to u=80.000 cm?®/V's.
Figure 14(b) presents data for p,, and p,, after the sam-
ple has been illuminated. There is still a pronounced an-
isotropy but the positions of the maxima and minima are
now closer to each other. The smaller the mobility the
lower is the scattering time and the more the electrons
are scattered out of their drift velocity direction. They
therefore experience the band structure in all directions.
We conclude that the anisotropy in p,, and p,, is reduced
for low-mobility samples in agreement with our experi-
mental observations [Fig. 14(a)—Fig. 14(b)] and the re-
sults of Si-8 layers*® and the InSb-MOS structures.*’

On the theoretical side Tang and Butcher>>* have cal-
culated the transport coefficients assuming an energy in-
dependent DOS with D =m *w /7m#?w,. Their model sys-
tem was a PQW with #%w,=3 meV and N,=5.8X 10"
cm 2. The mobility assumed in their calculation is about
a factor of 20 below the mobility of our sample. In Ref.
53 they calculated p,, and in Ref. 54 p,,. We digitized
their results and put it together in one diagram as depict-
ed in Fig. 15. The main features are similar as observed
in the experiment; however, the anisotropy is much
stronger in the experimental data possibly caused by the
lower electron mobility assumed in the calculation. Fur-
thermore in the calculation the inflection point of the p,,

20 T AN T T T T T
theory according to ,'”', _
Tang & Butcher S P, (T=0)
(refs. 53, 54) S
15 A T
S H
s o0 s :
Q PR '
e €= : :
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p_(T :
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-7 p_(T=5K)
0 1 1 1 1 1 1 1
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FIG. 15. Calculated magnetoresistance after Refs. 53 and 54.
The dotted lines are for T =0, the solid line for T =5 K.
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trace lies at lower magnetic fields compared to the corre-
sponding feature in the p,, trace. This is in contrast to
the experimental findings [Fig. 14(a)].

Figure 16(a) presents a series of p,, measurements for
various gate voltages. For high gate voltage, Vg = +200
mV, two oscillatory features are observed indicating at
least three occupied subbands at B =0. For decreasing
gate bias the low-field oscillation at around B=2.5 T
vanishes because the number of occupied subbands at
B =0 is reduced to two. The oscillatory feature at
around B=35 T shifts successively to lower magnetic
fields for decreasing gate voltage because of the changing
subband structure. Figure 16(b) shows the corresponding
spectra for current flow parallel to the magnetic-field
orientation. The low-field oscillation vanishes in the
same way as described in Fig. 16(a). The same correspon-
dence is true for the high-field oscillation that results
from the magnetic depopulation of the E, subband. The
overall strength of the oscillations is however much
weaker for current flow parallel to the magnetic field
(Fig. 17) compared to the other current orientation.

For a more quantitative analysis we have extracted the
magnetic-field positions of the minima, inflection points,
and maxima of the magnetoresistance oscillations p,, and
p.. as plotted in Fig. 17. For the low-field oscillation at
around B =2.5 T only the positions of the minima can be
consistently evaluated. The data points for p,, lie con-
sistently about 0.5 T below the ones of p,, as presented in
Fig. 17. Following Ref. 53 a straightforward model is
presented to allow a quantitative comparison of experi-
ment and theory. The subband separation E,; is calcu-
lated self-consistently for B =0. The potential is then ap-
proximated by a parabolic potential with eigenfrequency
g and fioy=E 5. Therefore wy=wy(N,) and the energy
levels of the total confining potential are given by
E,=%w(k+1) with 0o®’=w}+0? and o, =eB/m*.*4
The depopulation of subband = is then given by the con-

dition Ep=fiw(n+1). With the magnetic-field-
dependent density of states
D=m*o/mH w0,
240 T T T T T T T T T T T 240
V, =200 mV (a) , |v,=-200mv (by / /
220 - ‘ - 220

AVg =50mV

! - 200

©@

- 100

B (T) B (T)

FIG. 16. (a) Experimental magnetoresistance for a series of
gate voltages for current flow perpendicular to the magnetic-
field orientation at 7=4.2 K. (b) Experimental magnetoresis-
tance for current flow parallel to the magnetic-field orientation
at T=4.2 K.
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FIG. 17. Positions of the maxima, inflection points and mini-
ma along the magnetoresistance traces p,, (open symbols) and
Pz (solid symbols) as a function of carrier density. The solid
lines mark the result of the calculation as described in the text.

s —— > [fion+1)—fw(k+1)].

This approximation is justified as long as the cyclotron
diameter is larger than or comparable to the electronic
width of the electron gas. For typical experimental con-
ditions (N, =5X 10! cm ™2, B=5 T) we obtain a classical
cyclotron diameter of 47 nm. This is larger than the
effective width of the electron layer at the same carrier
density which is about 40 nm (see Fig. 1). For lower
values of the carrier density the cyclotron orbit as well as
the width of the electron layer shrink. We conclude that
the assumption of an energy-independent density of states
is justified. Higher magnetic fields will result in a one-
dimensional-type density of states.*® The magnetic field
B,, where subband n becomes depopulated, is then given
by

172
*

2N, 2

m
B = s
nin+1) m*

" e

—fiw, |fw,

The self-consistency enters via wy=wg(N;) as calculated
for B =0. The results of this calculation are depicted in
Fig. 17 by solid lines. The main features of the experi-
mental data are well explained by this model. Deviations
occur for high magnetic fields, where the density of states
becomes energy dependent*® as described above.

The energy separation E,; is underestimated in the cal-
culation because of the parabolic model. Intuitively Fig.
17 suggests, that the depopulation of the E, energy level
occurs close to the inflection point of the p,, trace. The
data further imply that one has to be careful with the as-
signment of a depopulation field from magnetoresistance
measurements on high mobility structures. The detailed
influence of the subband depopulation on the magne-
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toresistance traces is theoretically not well understood
and requires future investigations.

VII. SUMMARY

This paper presents a series of transport experiments
that allow the evaluation of the single-particle subband
separation in a parabolic quantum well. The special sub-
band structure of a PQW results in the possible occupa-
tion of several electrical subbands even at high magnetic
fields applied perpendicular to the plane of the electron
gas. This fact can be used to study the case where Lan-
dau levels associated with different electrical subbands
are degenerate at the Fermi energy. The experiments re-
veal the suppression of quantum Hall states which can be
recovered by a lifting of the degeneracy. This can be
achieved either by a change of the subband separation via
a suitable gate voltage or by a tilt of the sample with
respect to the magnetic-field axis that leads to a resonant
level anticrossing. Especially interesting is the case,

where for very low temperatures spin splitting of the
Landau levels can be resolved. The magnetoresistance in
this case is influenced by the subband dependent ex-
change enhancement, that leads to overshoots in the
quantum Hall plateaus.

Finally an experiment is presented where, for in-plane
magnetic fields, the magnetoresistance oscillations de-
pend on whether the current flows parallel or perpendicu-
lar to the magnetic field. The positions of the oscillations
are related to the magnetic depopulation of the electrical
subbands. All experiments are accompanied by self-
consistent subband calculations that allow for a quantita-
tive comparison with the experimental results.
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