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Abstract. Quantum criticality arises from continuous changes of mat-
ter at absolute zero temperature. It can have vast reaching influence on
wide regions of phase space and is often connected to the occurrence of
non-Fermi liquid behavior and unconventional superconductivity. Var-
ious different types of quantum criticality have been observed over the
last years and 4f -electron based heavy-fermion metals have become
prototype materials in which quantum criticality is easily realized by
application of pressure or magnetic field, as well as suitable changes in
chemical composition. Using low-temperature thermodynamic, mag-
netic and transport experiments on clean prototype materials we in-
vestigate novel types of quantum criticality arising from ferromagnetic
fluctuations and strong geometrical frustration, as well as quantum
criticality hidden by unconventional superconductivity.

1 Introduction

Quantum critical points (QCPs) are of extensive current interest in condensed-matter
physics as they can give rise to exotic finite-temperature properties. In addition, they
promote the formation of novel phases, notably unconventional superconductivity or
spin liquids. Heavy-fermion (HF) compounds have emerged as prototypical materials
to study quantum criticality. A QCP occurs at the critical value of a non-thermal
control parameter, e.g., pressure p, chemical substitution or magnetic field B, at
which two ground states compete only at temperature T = 0. In metals the magnetic
order can be of the spin-density-wave (SDW) type and the same electrons which
form the Fermi surface are involved in the quantum phase transition (QPT). This
is the case of HF compounds where the QPT separates a paramagnetic (PM) heavy
Fermi liquid (FL) from an antiferromagnetic (AFM) metal [1–3]. In these systems
there are two principal energy scales: kBTK and kBTRKKY which derive from the
respective interactions, the on-site Kondo and the inter-site RKKY interactions [4]. TK
defines the temperature at which the localized f -electrons start to hybridize with the
itinerant d-electrons to, eventually, form a larger and heavier Fermi surface, TRKKY is
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a measure of the inter-site exchange magnetic coupling. The interplay between these
energy scales determines the magnetic ordering temperature TN and characterizes the
QPT [4]. In real systems, however, the situation can be rather more complex, due
to the presence of multiple energy scales that can get involved in the QPT [5]: Spin,
charge, orbital and lattice degrees of freedom have to be considered. In addition,
several materials are prone to frustration and do not show any magnetic ordering
but a spin liquid ground state. Others show more than just a single magnetic phase
transition. In this respect, experimental studies on new quantum critical materials are
desired. This is also a promising tool to discover novel correlated phases of condensed
matter.

Theoretically, QCPs in HF metals have mostly been treated by applying the theory
of order parameter fluctuations [6–8]. In this “conventional” approach it is assumed
that the heavy, “composite” charge carriers keep their integrity at the QCP, i.e., they
exist on either side of it. A prototype example is CeCu2Si2 [9,10]. This implies the
AFM order to be of itinerant SDW type. The observation, through inelastic neu-
tron scattering (INS), that the AFM correlations in the quantum critical material
CeCu5.9Au0.1 are of a local character [11] has prompted theoretical descriptions of
the QCP which include the destruction of the Kondo effect, respectively the disinte-
gration of the composite fermions [12–16]. It has been pointed out, that a spin-liquid
formation among the local moments, proposed e.g. for the presence of strong quantum
fluctuations due to geometrical frustration, may act as competing mechanism against
the Kondo-singlet formation [14,17,18], supporting novel types of quantum phase
transitions. For example, continuous phase transitions associated with the onset of
antiferromagnetism and deconfinement/topological order are possible or a so-called
fractionalized Fermi liquid, which is induced by frustration and/or strong quantum
fluctuations, where the f -moments decouple from the conduction electrons and have
local character since there is no Kondo screening. Here, long-range magnetic order
is precluded and the f -moments form an exotic metallic spin-liquid. The transition
from a Fermi liquid with Kondo screening to fractionalized Fermi liquid, is the Kondo-
breakdown transition (considered also as Mott transition of the f -electron subsystem)
at which the Fermi volume changes. So far the relation between experimental control
parameters, like pressure or magnetic field, and the strengths of frustration and TK/J
(with J the Heisenberg exchange constant) is unclear. Furthermore, the influence of
disorder which often is introduced by chemical doping on these parameters must be
investigated.

Although there is clear evidence for AFM QCPs [19,20], the existence of a ferro-
magnetic (FM) QCP is still open. In recent years, substantial experimental and theo-
retical efforts were made to investigate in detail this problem. However, it turned out
that there are a wide range of possibilities. On theoretical grounds, a 3-dimensional
(3D) itinerant (d-electron derived) FM QCP is believed to be inherently unstable,
either towards a first-order phase transition or towards an inhomogeneous magnetic
phase (modulated/textured structures) [21–24]. This behavior seems to be universal,
i.e. valid for ferrimagnets as well as canted antiferromagnets provided the system is
2D or 3D [25]. Indeed several clean (stoichiometric) magnetic transition-metal com-
pounds show non-Fermi liquid (NFL) behavior close to the FM instability, but the
transition changes to first order (see, e.g., MnSi [26,27] or ZrZn2 [28]). In other sys-
tems the existence of a FM QCP has been proposed, for instance in Nb1−yFe2+y [29]
or Zr1−xNbxZn2 [30] where the FM-QCP is obtained by chemical substitution. How-
ever, in these cases the influence of disorder remains unsettled. More appropriate
candidates are HF systems based on Yb or Ce elements [1,2], owing to their local-
ized 4f shells. Unfortunately, the number of Yb-based systems close to a FM QCP
is very limited. From the theoretical side it has been shown that a breakdown of the
Kondo effect, i.e., a jump of the Fermi surface, can occur at T = 0 deeply inside
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the ferromagnetically ordered state [31]. YbNi4P2 [32] and YbCu2Si2 [33] are rare
examples of FM Kondo lattices, although YbNi4P2 has a quasi-1D crystalline and
electronic structure which precludes this system to be understood within the approach
valid for 2D or 3D systems (see [25,34] and next section). There are Ce-based alloys
(e.g., CePd1−xRhx [35]), but here local disorder-driven mechanisms such as Kondo
disorder or the quantum Griffiths phase scenario are responsible for the NFL proper-
ties [36–38]. Nevertheless, as it will be shown below, FM quantum critical phenomena
are found in CeFePO and YbNi4P2.
For studying quantum criticality by thermodynamic means, Grüneisen parame-

ters are important properties. The nature of pressure induced quantum criticality
is thermodynamically best characterized by analyzing the divergence of the critical
thermal Grüneisen ratio

Γ =
α

Cp
= − (∂S/∂p)T
VmT (∂S/∂T )p

(1)

where α is the volume thermal expansion coefficient and Cp the molar specific heat
(after subtraction of non-critical contributions) [39,40]. Here, S is the entropy, Vm
the molar volume and p the pressure. For a pressure-tuned quantum phase transition,
the control parameter r can be linearized around the critical pressure r = (p−pc)/pc.
The ratio (∂S/∂p)T = p

−1
c (∂S/∂r)T explores then the dependence of the entropy on

r. The corresponding quantity for a transition tuned by a magnetic field H = B/μ0
with r = (H −Hc)/Hc is the critical magnetic Grüneisen parameter
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= − 1
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=
1
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∂T

∂H

∣
∣
∣
S
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where M is the total magnetization and CH the specific heat at constant H. ΓH can
be thus measured directly by magnetocaloric effect experiments [41]. Scaling predicts
Γ ∼ T−1/νz, with the correlation-length exponent ν and dynamical-critical exponent
z. Whereas for an itinerant AFM QCP ν = 1/2 and z = 2, resulting in Γ ∼ T−1,
different exponents have been proposed for Kondo-breakdown QCPs [12,42].
In this paper, we review new results on ferromagnetic quantum criticality in the

two Kondo lattice materials CeFePO (Sect. 2.1) and YbNi4P2 (Sect. 2.2). Further-
more, we focus on the geometrically frustrated Kondo lattice YbAgGe (Sect. 3.1) and
the pyrochlore quantum spin ice Pr2Ir2O7 (Sect. 3.2). In Sect. 4 we review recent
results on quantum criticality hidden by superconductivity in CeCoIn5; the paper
ends with a summary in Sect. 5.

2 Ferromagnetic quantum criticality

In this section we present two newly discovered examples of HF systems which are
close to a ferromagnetic instability, namely CeFePO and YbNi4P2. In both systems
FM quantum fluctuations are very strong at low T , nevertheless their behavior at
the FM quantum phase transition is very different: In CeFePOa short-range ordered
state takes over at low-T although this is a stoichiometric system, and therefore no
FM QCP is observed [43]. In YbNi4P2 evidence of a FM QCP was found by means
of a measurement of the thermal Grüneisen ratio with no signature of a first order
phase transition [34].

2.1 CeFePO

The layered Kondo-lattice system CeFePO is a unique candidate for studying FM-
QCPs, because it is a clean non-magnetic HF metal located very close to a FM QCP
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Fig. 1. Phase diagram of CeFeAs1−xPxOadapted from Refs. [47,48]. This phase diagram
was obtained from several measurement techniques on single and polycrystalline samples.
The upper dashed line indicates the phase transition temperature TN -Fe of the iron AFM
ordering. The lower dashed line marks the AFM ordering of the Ce atoms. At x ≈ 0.3
superconductivity was found within a small dome. The blue area corresponds to the FM
ordered state only of the Ce atoms. At x > 0.8 the phase boundary line shows a tail similar
to that found in the phase diagram of CePd1−xRhx [35]. The inset shows the ZrCuSiAs-type
crystal structure (P4/nmm) of the CeTPO series with T = Ru, Os, Fe or Co [52].

with strong FM fluctuations [44,45]. CeFePO is a homologue of the quaternary iron
pnictides RFeAsO (R = rare earth). Substituting As at the P site (As is larger than P)
has the same effect as to apply negative pressure. Here, it introduces a volume effect
by increasing mostly the c-axis. Negative pressure usually favors magnetic ordering in
Ce-based systems. In fact, the ground state of the system CeFeAs1−xPxOevolves from
a long-range ordered FM ground state, when a small amount of arsenic is substituted
for phosphorus. Less As concentration leads to a continuous decrease of TC ending
in a putative FM QCP. This was shown first by Luo et al. on polycrystals [46] and
subsequently by Jesche et al. in single crystals [47,48]. The complete phase diagram of
CeFeAs1−xPxO is shown in Fig. 1. In CeFeAsO there is a commensurate AFM order-
ing of the Fe sublattice below T ≈ 140K which is suppressed by P substitution ending
at a QCP at x ≈ 0.4 [49]. Moreover, the Ce sublattice orders antiferromagnetically
at 4.16K. At x ≈ 0.4 the Ce sublattice changes the ground state into a FM ordered
state and keeps this state up to a P content of about 0.9. At x = 1 the system is a
HF paramagnet with strong FM fluctuations, in agreement with Ref. [44]. In a small
region close to x = 0.3 Jesche et al. found superconductivity which seems to coexist
with Ce ferromagnetism [48]. However, experiments under hydrostatic pressure on
single crystals of CeFeAs1−xPxOrevealed a much more complex interplay between
superconductivity, Fe and Ce magnetism [50].
The isovalent P substitution not only reduces the volume but also increases

locally the hybridization strength between the trivalent Ce-4f and the Fe-3D
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Fig. 2. AC-susceptibility χ′(T ) of a single crystal of CeFePOmeasured with B ‖ c. Its imag-
inary part χ′′(T ) is shown in the inset. b) Zero-field-cooled and field-cooled magnetization
measurements obtained at at B = 0.1T for the same crystal [43,56].

conduction electrons leading to an enhancement of the Kondo temperature TK ≈ 10K
for CeFePO [51]. Increasing x, the unit cell shrinks a factor of 3 more along the c-axis
than along the a-axis indicating that the f − d hybridization strength is controlled
by the distance between the layers of OCe4 tetrahedrons (cf. Fig. 1). In CeFePO,
below TK, the susceptibility and the Knight shift become field dependent and the
NMR line width broadens. This identifies the onset of short-range FM correlations
essentially within the basal plane, evidencing a strong anisotropy [44], which could
also be confirmed by recent NMR measurements on oriented powder [53]. While ap-
proaching x = 1, the Curie temperature decreases not linearly with x but develops a
tail, a signature of a smeared phase transition often observed in disordered ferromag-
nets like CePd1−xRhx [35]. However, in a recent and more detailed study C. Krellner
and A. Jesche show that the ground state for x = 0.9 is AFM [47,54]. Therefore, it
seems that CeFeAs1−xPxObelongs to the systems which change their ordered state
from FM to AFM when approaching the putative FM QCP, like, e.g., NbFe2 [55].
This suggests that a strong frustration has to be present in CeFePOas a result of
competing interactions.
Frustration might be a crucial component to explain why we discovered a spin glass

like ground state in poly and single crystalline CeFePO, since this is a stoichiometric
compound where disorder should play a minor role [43]. A comprehensive study of
the AC-susceptibility (χ′), specific heat (C) and muon-spin relaxation (μSR) mea-
surements on high-quality single crystals is presented in Ref. [43]. We found evidence
of strongly inhomogeneous spin fluctuations starting below TK and of a short-range
ordered state below Tg ≈ 0.9K which prevents the system from accessing the pu-
tative FM QCP. We show in Fig. 2, as an example, a measurement of χ′(T ) in a
single crystal of CeFePOwith magnetic field B applied along the c-axis and a mea-
sure of the zero-field-cooled (ZFC) and field-cooled (FC) magnetization at B = 0.1T.
The first evidence of spin freezing is seen in the T dependence of χ′(T ) as a dis-
tinct peak at about Tg (Fig. 2a). At the peak, the susceptibility reaches values as
high as 1.8 · 10−6m3/mol. The susceptibility is very anisotropic (χ⊥c/χ‖c ≈ 5), and
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Fig. 3. a) Normalized muon-spin asymmetry function G(t, B) at B = 0.01T for selected
temperatures above and below Tg. Solid red lines are fits according to Eq. (3). The different
curves are shifted by 0.33 for clarity. b) T -dependence of the dynamic μSR rate λL. The
peak in λL(T ) undoubtly marks the magnetic transition from dynamic to static magnetism
at Tg ≈ 0.8K. Figure extracted from Ref. [43].

with B ⊥ c it reaches a high peak value of 9 · 10−6m3/mol. With increasing field its
amplitude decreases and Tg shifts slightly. This observation confirms the presence of
anisotropic FM spin fluctuations, that are much stronger in the basal plane. Dissipa-
tive effects are indicated by a peak in χ

′′
(T ) at about 0.5K (inset of Fig. 2a), which

is a significantly lower temperature than that of the maximum in χ′(T ). A further
indication of a spin glass like freezing is provided by the magnetization measurement
in Fig. 2b. The ZFC and FC data split exactly at Tg, a standard signature of a spin
glass state [57].
We have performed frequency dependent measurements of χ′(T ) to investigate

the magnetic ordering and spin dynamics. Similar to spin glasses, the maximum in
χ′(T ) shifts to higher temperatures as the excitation frequency is increased, while
its amplitude decreases [43,56]. However, the dependence of Tg on the frequency
is different from that found for canonical spin glasses [57]. A qualitatively similar
behavior was found for CePd1−xRhx where the quantum Griffiths scenario was con-
sidered to explain the non-Fermi liquid thermodynamic properties and the evolution
of TC(x) [35]. But, in CeFePO the magnetic anisotropy and the lack of evidence for
FM cluster formation rule out such a mechanism. Moreover, we could not fit our data
with χ ∝ C/T ∝ Tλ−1 with 0 ≤ λ ≤ 1 in any reasonable T -range as expected for this
scenario [37]. The specific heat confirmed the bulk nature of the freezing by showing
a broad maximum at about 0.55K in a C/T vs. T plot. While at 0.1T the maximum
is unchanged, larger fields suppress it. Interestigly, the entropy connected with this
maximum is surprisingly small, about 1% of R ln(2) in contrast to conventional spin
glasses [57].
The microscopic nature of the low-T magnetism was studied by μSR measure-

ments in zero and small longitudinal fields on a polycrystalline sample [43]. Figure 3a
shows the T -evolution of the normalized muon-spin asymmetry function G(t, B) at a
constant field of B = 0.01T which is sufficient to quench the weak static relaxation
due to nuclear dipole fields at the muon sites, leaving only the dynamic and static
contributions due to the electronic Ce-4f magnetic moments. A quantitative analysis
can be performed by considering the static and dynamical fields: The static relaxation
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dominates G(t, B) at short times t, while at long t the relaxation rate probes only
the dynamic spin fluctuations. The used fitting function is

G(t, B) = G1 exp[−(λT t)] +G2 exp[−(λLt)β ], (3)

with static (transversal) and dynamic (longitudinal) relaxation rates λT and λL, re-
spectively. This function describes correctly the experimental data (see red lines in
Fig. 3a). At low T the spectra show nearly no muon-spin relaxation at long times, i.e.,
very small relaxation rates λL. The T -dependence of λL is shown in Fig. 3b. With
increasing T , λL increases and reaches a maximum at Tg ≈ 0.8K in agreement with
Tg found in χ

′(T ). Subsequently, it decays following a T−1 behavior up to 10K after
which no dynamic relaxation is observed in agreement with NMR and susceptibility
experiments [44]. On the contrary, the static component λT increases steeply below
Tg [43]. The β value of about 0.5 for T ≥ Tg indicates a broad inhomogeneous dis-
tribution of fluctuating dynamical relaxation rates. In the ordered phase β increases
and flattens at T → 0 indicating that the spin fluctuations become static. We also
observed time-field scaling of the muon asymmetry which points to a cooperative
mechanism and to the presence of critical spin fluctuations. The overall behavior can
not be ascribed to either canonical spin glasses or to other disorder-driven mecha-
nisms. This rather suggests a novel state of matter close to a FM QCP.
In CeFePOwe have surely a delicate interplay between FM and AFM correlations

which causes strong frustration and might favor exotic states. An interesting idea
was proposed by Thomson et al. who suggest a helical glass state [58]. This state is
the result of very small disorder and strong FM fluctuations which destabilize the
FM state and enhances the susceptibility towards incommensurate, spiral magnetic
ordering. Although CeFePO is a stoichiometric compound the best samples have a
relatively small resistivity ratio of about 5 which is due to weak disorder but also
to the strong FM fluctuations present at low T . In principle, the amount of disorder
that is needed to generate the spiral state can be very small, therefore we can not
ruled out this mechanism.

2.2 YbNi4P2

After the discovery of high-temperature superconductivity in the intermetallic
pnictides with a quasi 2D structure like RFeAsO (R = rare earth), see Fig. 1, we
started to investigate pnictides which crystallize in the quasi-one-dimensional tetrag-
onal ZrFe4Si2 structure type [59]. Reducing the dimensionality of a magnetic system is
one of the routes to lower its transition temperature. Other routes might be having a
system with competing interactions or geometrical frustration, or with a pronounced
Kondo effect. YbNi4P2 seems to be one of the rare cases where all these ingredients
are present. In fact, the discovery of a ferromagnetic phase transition in a polycrystal
of YbNi4P2 at a record low Curie temperature of TC = 0.17K [32] for a stoichiometric
compound was a surprise and important for the study of FM quantum criticality [34].
The crystalline quasi-1D structure of YbNi4P2 is shown in inset of the Fig. 4a [32]:

It can be seen as isolated chains along the c direction of edge-connected Ni tetrahedra,
with adjacent chains linked by Ni-Ni bonds between corners of the tetrahedra with
the lattice parameter a = 7.0565 Å being almost twice as large as c = 3.5877 Å. The
Yb atoms are located in the channels between these Ni tetrahedral chains. The quasi-
1D character of the structure is reflected in the electronic structure of this material.
Non-correlated band-structure calculations show that three sheets of the Fermi surface
have a pronounced 1D character [32] and this is clearly seen in the large anisotropy of
the electrical transport properties, i.e., the resistivity where ρa/ρc ≈ 5 at 1.8K [60].
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Fig. 4. a) AC susceptibility χ′(T ) of a poly and a single crystal of YbNi4P2 at B = 0.
The susceptibility was measured with a modulated magnetic field of about 15μT applied
parallel (blue curve) and perpendicular (red curve) to the crystallographic c-axis. The Curie
temperature of the polycrystal is 0.17K [32] whereas for the single crystal it is 0.15K [34]. At
about 0.2K the blue and red curves cross each other indicating that the magnetic moments
align along the magnetic hard direction, i.e. within the ab-plane. Inset: a) Stereoscopic view
of the tetragonal quasi-1D structure of YbNi4P2 with the Yb atoms aligned in chains along
the c-axis. b) Estimation of the field dependence of the magnetization M(B) for B ‖ c and
⊥ c obtained by integrating the field dependence of χ′(B) measured at 0.03K. The values
of the magnetization are in agreement with those found for the polycrystal [32]. Above the
critical field Bc = 0.066T the moments are polarized along the c direction.

Measurements of the susceptibility χ(T ) indicated a clear Curie-Weiss behavior
between 50 and 400K with an effective moment μeff = 4.52μB as expected for
magnetic Yb3+ ions, thus supporting the absence of a Ni-moment. Adjacent Yb chains
are shifted by c/2 and the local orthorhombic symmetry at the Yb-site is rotated by
90◦ from chain to chain, while keeping the symmetry on the Yb site the same. This
causes geometrical frustration between neighboring chains that, together with strong
correlations, may strongly enhance quantum fluctuations. The orthorhombic CEF
splits the J = 7/2 energy levels leaving a Kramers doublet as ground state [61] with
the c-axis as the magnetic easy axis [60]. This can be clearly seen in the left frame of
Fig. 4 where the AC susceptibility χ′(T ) measured with a modulated field B = 15μT
parallel and perpendicular to the c-axis is plotted. The susceptibility χ′‖(T ) with
B ‖ c (blue curve) is larger than that with B ⊥ c, χ′⊥(T ) (red curve), from high
temperatures down to about 0.2K. However, at about 0.2K χ′‖(T ) crosses χ

′
⊥(T ) and

the FM ordering is then in the ab-plane, causing χ′⊥ to diverge sharply just above
TC = 0.15K up to a value of about 200×10−6m3/mol (χ′SI ≈ 4). At TC , a pronounced
increase of χ′′⊥(T ) is observed, representative of energy dissipation [34,56]. This is
not the only ferromagnet which shows such an inversion of the magnetic anisotropy
at low T . Further examples among Kondo-lattice systems are, e.g., CeRuPO [62],
YbNiSn [63] or Yb(Rh0.73Co0.27)2Si2 [64]. In YbNi4P2 the crossing of susceptibilities
can not be explained by a scenario with competing exchange interactions [65], but
it needs a more complex approach. YbNi4P2 is definitely not a classical system and
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the physics close to TC is dominated by strong quantum fluctuations. This can be
seen in the behavior of χ′⊥(T ): For a Ising or Heisenberg classical systems χ

′
⊥(T )

would diverge at temperature close to TC with a power law function with well known
universal exponents. χ′⊥(T ) in Fig. 4 diverges just above TC with a much stronger
function than a power law. This function is stronger than the one expected for a pure
1D-Ising ferromagnet [66]. A new proposal has been put forward by Kruger et al. who
take into account strong quantum fluctuations along the magnetic hard axis [67].
Integrating the field dependence of χ′(B) measured at 0.03K we could obtain a

good approximation for the field dependence of the magnetization M(B) for B ‖ c
and B ⊥ c. The values of the magnetization are in agreement with those found
for the polycrystal [32]. The magnetization with B ⊥ c displays a clear jump of
about 0.05μB/Yb at B = 0 and saturates immediately after that, indicating that the
coercive field is very small. On the other hand, the magnetization B ‖ c is zero at
B = 0 and rises linearly up to a critical field Bc = 0.66T where the moments are
polarized along the c direction. These observations point to in-plane FM order with
an ordered moment of about 0.05μB/Yb although neutron scattering experiments
are needed to determine the exact magnetic structure. This is in agreement with
recent zero-field μSR experiments which proved static magnetic order with a strongly
reduced ordered Yb3+ moment of 0.025 μB/Yb [68]. The large reduction of the
moment is mainly due to the Kondo effect. In this material a Kondo temperature
of 8K (for the lowest-lying CEF Kramers doublet) was estimated from the entropy
extracted from measurements of the specific heat [32].
Despite the very low Curie temperature, YbNi4P2 shows a series of other inter-

esting properties, namely peculiar non-Fermi liquid behavior in transport and ther-
modynamic quantities above TC . The temperature dependence of the resistivity (T )
and the Seebeck coefficient S(T ) between 2 and 300K identify YbNi4P2 as a Kondo
lattice with strong interactions between 4f and conduction electrons. For instance,
ρ(T ) decreases linearly down to 50K and drops rapidly below 20K, due to the onset of
coherent Kondo scattering. At lower temperatures the resistivity is quasi linear-in-T
just above TC and shows a clear kink at TC . This NFL behavior is commonly taken
as evidence for quantum fluctuations associated with a QCP [69] when it is observed
over a large T range. In our case, a clean Δρ ∼ T behaviour can be observed only
in a relatively small temperature window 0.15 ≤ T ≤ 1K, because for T > 1K the
effect of the Kondo scattering influences ρ(T ).
Specific heat data, shown in Fig. 5a, strongly confirm that YbNi4P2 is a FM or-

dered HF system. A sharp, λ-type anomaly is observed at TC indicating a second-order
phase transition with a small entropy change (1% of Rln2, with R = 8.31 J/molK).
Below TC a huge Sommerfeld coefficient, γ0 ≈ 2 J/K2mol reflects the existence of
heavy quasi-particles with an electronic mass two to three orders of magnitude larger
than the bare electron mass. Remarkably, at B = 0, C/T increases below 6K, follow-
ing a T−0.43 power law down to 0.2K, where classical thermal fluctuations associated
with the phase transition set in. A similar power law (C/T ∝ T−0.4) was observed
in YbRh2Si2, a system with strong FM fluctuations in which quantum criticality has
been extensively investigated [19]. The large increase of C/T for T → TC excludes a
Fermi-liquid ground state, because for a Kondo temperature TK = 8K, C/T should
become almost constant below 1K. Ferromagnetic fluctuations were also observed in
NMR experiments with 1/T1T ∝ T−3/4 in a broad T -range above TC [70]. This and
the distinct NFL properties above TC are clear indicators that YbNi4P2 is located
in the close vicinity of a FM QCP and this motivated the growth of As substituted
single crystals in order to tune TC to zero.
Three single crystals of the series YbNi4(P1−xAsx)2 were grown with x = 0.04,

0.08, and 0.13. The phase transition was investigated in specific heat, thermal expan-
sion and AC susceptibility [34]. The specific heat of all samples in zero field is shown
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Fig. 5. a) Specific heat C(T ) plotted as C/T vs. T of YbNi4(P1−xAsx)2 with x = 0, 0.04,
0.08 and 0.13 at zero magnetic field. The FM transition temperature is tuned to zero with
increasing x and for x = 0.08 C/T follows a T−0.43 power law within the error bars [34].
b) Linear thermal expansion coefficient α(T ) plotted as α(T )/T vs. T for the samples with
x = 0, 0.08 and 0.13 measured in zero field. α(T ) measured along the c axis is positive
and negative when measured perpendicular to the c-axis. The volume thermal expansion
coefficient is therefore negative. While for YbNi4P2 the change of sign in α(T ) indicates the
phase transition at TC , for the x = 0.08 sample no inflection can be seen down to 0.06K.
The orange dashed lines emphasise the T−0.65 and T−0.66 power-law increase of α/T vs. T .
For the x = 0.13 sample the coefficient α(T )/T saturates below 1K, indicating non-critical
behaviour.
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Fig. 6. a) x−T phase diagram of YbNi4(P1−xAsx)2: the FM QCP is located at xc ≈ 0.1. b)
T -dependence of the dimensionless thermal Grüneisen ratio Γ(T ) for x = 0.08 whose diver-
gence indicates the presence of quantum critical fluctuations. The dashed red line emphasizes
the T−0.22 divergence of Γ(T ) [34].

in Fig. 5a. The phase transition remains second-order in the x = 0.04 sample and
ferromagnetic. In fact, C/T of the same sample was measured with B ⊥ c and the
transition is shifted to higher T with increasing B. At x = 0.08, no phase transition
could be detected in C/T down to 0.04K where C/T increases with the same T -
dependence as in YbNi4P2 (black points in Fig. 5a). However, measurements of χ

′(T )
down to 0.02K picked up a FM transition at 0.028K. At x = 0.13 no phase transition
is observed down to 0.02K and C/T vs. T seems to follow the same power law down
to 0.1K, but with smaller absolute values. The observed NFL features suggest the
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presence of strong quantum fluctuations but do not directly imply the existence of a
FM QCP, i.e. that these fluctuations become critical at the QCP [35,71].
To provide direct evidence for critical fluctuations we measured the volume ther-

mal expansion coefficient β = α‖ + 2α⊥ (with α‖ and α⊥ being the linear expansion
coefficients along c and a) in order to extract the Grüneisen ratio Γ(T ) at xc (see
Sect. 1). Γ(T ) should diverge at the QCP with T−1/νz. The thermal expansion of
x = 0, 0.08, and 0.13 single crystals is shown in Fig. 5b. For YbNi4P2 a clear phase
transition and a change of sign in α(T )/T is visible at TC . As in the specific heat for
x = 0.08 no inflection can be seen down to 0.06K, in agreement with TC = 0.028K
seen in χ′(T ). The coefficients α‖/T and α⊥/T diverge with decreasing T with sim-
ilar exponents, yielding β/T ∝ T−0.64. This cannot be due to thermal fluctuations
associated with the FM phase transition, because these would cause a change in slope
above TC , nor can it be due to the development of a Fermi-liquid state where β/T ∼
const. For x = 0.13, α(T )/T levels off below 1K.
In Fig. 6 we summarise the key evidences for the presence of a FM-QCP in

YbNi4P2. The x vs. T phase diagram is shown in the left frame. The Curie tem-
perature decreases linearly with incrising x ending at a critical point for xc ≈ 0.1.
The phase transition remains second order and the NFL behavior is similar for all
samples at temperatures above TC in contrast to the general consensus [25]. More im-
portantly, the dimensionless Grüneisen ratio diverges as Γ(T ) ∝ T−0.22 (see Fig. 6b).
This implies the presence of quantum critical fluctuations at xc. The exponent indi-
cates νz ≈ 5, which is far from the prediction for 3D or 2D FM fluctuations. However,
this value has been directly obtained by fitting the experimental data without any
subtraction of non-critical contributions from C(T ) and α(T ) which are unknown.
Our experiments on YbNi4(P1−xAsx)2 show that this is the first correlated system
in which a FM quantum critical point has been directly observed. The combination
of unexpected power-law exponents in all thermodynamic quantities, indicating the
presence of strong FM critical fluctuations, can not be explained by any known the-
ory of quantum phase transitions and may reflect the 1D character of the electronic
structure and of the in-plane FM order in YbNi4P2and/or the concurrence of the FM
instability with a breakdown of the Kondo effect, similar to what was found for the
antiferromagnet YbRh2Si2 [72].

3 Geometrically frustrated systems

Frustrated magnetism arises in situations where not all pairwise magnetic interac-
tions are satisfied simultaneously, as for example antiparallel coupled moments on
equilateral triangles. There is an increasing number of insulating magnets, for which
spin liquid physics related to strong quantum fluctuations due to geometrical frustra-
tion is discussed [73]. On the other hand, for metallic Kondo lattices, strong quantum
fluctuations due to geometrical frustration may act as competing mechanism against
the Kondo-singlet formation, stabilizing novel so called fractionalized Fermi liquid
phases [74,75]. A “global phase diagram” has been proposed with different magneti-
cally ordered and paramagnetic phases, in which the f -electrons are either itinerant
or localized [76–81]. In particular the possibility of a Kondo breakdown QCP may
be supported by strong quantum fluctuations. For very strong frustration a “frac-
tionalized” Fermi liquid phase has been predicted, in which local f -moments in a
spin liquid state are effectively decoupled from the conduction electrons. Despite this
growing interest, only few geometrically frustrated Kondo metals have been studied
so far [82,83].
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Fig. 7. Low-temperature phase diagram of YbAgGe for magnetic fields applied perpen-
dicular to the hexagonal c-axis. Red points and lines denote phase transitions determined
previously [84–86], while black data points indicate phase transitions (circles and squares)
zero-crossings (diamonds) in the adiabatic magnetocaloric effect [87]. The blue circle marks
the position of a bicritical point at 0.3 K, 4.5 T, where the first-order phase transition line
between phases c and d splits into two second order phase lines at elevated temperatures.
The inset displays a schematic three-dimensional T -H-Q phase diagram with a line of bi-
critical points related to a spin-flop that is suppressed to T = 0 by increasing quantum
fluctuations Q.

3.1 YbAgGe

A particular interesting class of materials is found in the hexagonal ZrNiAl structure
where the Zr position could be occupied by the Kondo ions Ce or Yb [88]. The
structure consists of two-dimensional distorted Kagome planes stacked along the c-
axis with fully frustrated next neighbor interactions. In CePdAl a very peculiar ground
state has been found. Here 2/3 of the Ce atoms display a columnar magnetic ordering
while 1/3 are remaining paramagnetic as a result of frustration. We have focused our
attention on the isostructural Kondo lattice metal YbAgGe. Here, the effect of mag-
netic frustration is evident from the complex T -H phase diagram at low temperatures,
with several commensurate and incommensurate ordered states below 0.6 K [84].
Utilizing an alternating field technique [89], we have recently studied the magnetic
Grüneisen ratio or adiabatic magnetocaloric effect ΓH = T

−1(dT/dH)S of YbAgGe
for magnetic fields applied along the a-axis, i.e. within the Kagome planes [85]. As
shown in Fig. 7, the boundaries of phases c and d are merging near a bicritical point
(indicated by the blue arrow). Below TBCP ≈ 0.3 K a weak hysteresis in magnetostric-
tion [87] signals a first-order transition. Such bi-criticality, as sketched in the inset,
for local moment antiferromagnets with weak magnetic anisotropy arises as meta-
magnetic spin-flop transition. Reducing the ordering temperatures by strong quantum
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fluctuations due to geometrical frustration, may result in a quantum bicritical point,
beyond which a quantum spin liquid phase opens [87].
The signature of the c − d transition is clearly revealed in measurements of the

magnetic Grüneisen ratio, shown in the inset of Fig. 8. The observed zero-crossing
of ΓH indicates an entropy ridge at a critical field Hcr(T ) (cf. the black diamonds
in Fig. 8). Indeed we observe quantum critical T/h scaling with h = H − Hcr(T )
for the magnetic Grüneisen ratio, as shown in Fig. 8 [87]. The scaling behavior is
mainly restricted to the T -H regime on the left of the Hcr(T ) line. The field depen-
dence of ΓH is rather anisotropic and diverging behavior in the approach of 4.5 T
at low temperatures is only found for the low-field, but not for the high-field side.
Such anisotropy is characteristic for quantum bicritical behavior and results from the
different natures of the states c and d, separated by this instability. A more detailed
analysis of the scaling exponents suggests quasi-one-dimensional fluctuations, which
may be promoted by the geometrical frustration in this system [87].
In order to further characterize the field-induced QCP in YbAgGe we have studied

the electrical and thermal transport down to 50 mK at various fields applied in the
ab-plane [90]. In particular, we have determined the temperature dependence of the
normalized Lorenz ratio, L(T )/L0, see Fig. 9. Strikingly the Lorenz ratio near the
QCP at 4.5 T is drastically suppressed compared to all other fields for temperatures
below 0.1 K. At any magnetic field, the data below about 0.15 K can be fitted by
a linear temperature dependence. Extrapolation of this dependence towards T = 0
indicates that L(T )/L0 approaches 1, for all fields except the critical field, where it
extrapolates to about 0.9 [90]. The data suggest that the Wiedemann-Franz law may
be violated near the QCP, similar as recently concluded for YbRh2Si2 [91].
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Fig. 9. Temperature dependence of the normalized Lorenz ratio L(T )/L0 = κρ/(L0T )
from thermal conductivity κ(T ), electrical resistivity ρ(T ) measurements (L0 = 3π

2k2Be
2)

of YbAgGe for different magnetic fields applied within the ab plane [90]. Error bars near
zero temperature indicate systematic error for the extrapolated Lorenz ratio arising from
the finite width of the contacts.

3.2 Pr2Ir2O7

We now turn to pyrochlore Pr2Ir2O7, with local Pr
3+ magnetic moments and a small

concentration of Ir 5d conduction electrons [92]. In this system, crystal electric field
splitting leads to a magnetic non-Kramers doublet Pr3+ state. These moments have
a strong local Ising anisotropy and are arranged on the edges of corner-sharing tetra-
hedra in the pyrochlore structure. Similar as found for prototype spin-ice materials
like Dysprosium Titanate [93] strong geometrical frustration arises. In contrast to
classical spin ice, we have found that the magnetic entropy clearly drops below the
Pauling value upon cooling to below 0.4 K [94], probably related to stronger quantum
fluctuations for this effective doublet spin system. Additional complexity arises by the
presence of about 10−3 Ir conduction electrons per unit cell. Most remarkably, a spon-
taneous Hall conductivity has been observed below 1.5 K in the absence of magnetic
ordering and internal magnetic fields (at least down to about 200 mK where a partial
spin freezing has been observed) [95]. We have performed a detailed investigation of
the low-temperature specific heat and magnetocaloric effect and found evidence for
zero-field quantum criticality in this material [94]. The low-temperature specific heat
data (see Fig. 10) suggest unusual low temperature behavior, although the origin
of the drastic increase of C/T below 0.4 K is yet unknown. The temperature over
magnetic field scaling behavior shown in the right part of Fig. 10 proves that this
system is located near a zero-field QCP. The derived scaling exponents do not agree
with the predictions for itinerant SDW QCPs, which is not surprising, because of the
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highly frustrated local Pr2+ moments which are at most weakly Kondo screened by
the small concentration of charge carriers in this material. Future experiments on the
insulating quantum spin-ice material Pr2Ir2O7 [96] are planned in order to reveal the
importance of charge carriers for quantum criticality in Pr2Ir2O7.

4 Quantum criticality hidden by unconventional SC

Various unconventional superconductors like cuprates or iron pnictides display un-
usual normal state properties, which have been connected to possible QCPs hidden
within the SC state. We have focused our attention to the tetragonal CeCoIn5. This
heavy-fermion superconductor displays intriguing non-Fermi liquid behavior in the
normal state above Tc = 2.3 K. In particular the non-Fermi liquid behavior ex-
tends to very low temperatures as SC is suppressed close to the upper critical field
Hc2 [20,97,98]. For H > Hc2 various physical properties have indicated a low-lying
FL to NFL crossover. The extrapolation of this crossover in transport or thermody-
namic experiments has suggested a field-induced QCP in CeCoIn5, located close or
slightly below Hc2.
Measurements of the magnetic Grüneisen ratio are best suited to determine the

exact location of a field-driven QCP, because ΓH ∼ (H−Hc)−1 is generally expected,
independent of the specific nature of the underlying critical fluctuations [39]. We have
implemented an alternating field technique to sensitively probe ΓH(T,H) at different
field orientations for CeCoIn5. Despite the anisotropy of the normal state properties
of this material, we observe along all different directions ΓH = 0.85/H at T → 0 [99],
providing strong evidence for a QCP at zero magnetic field. This universal isotropic
divergence is remarkable in view of the strongly anisotropic normal state parameters
of the material but fully compatible with the theoretical expectation, which relates
the dimensionless prefactor (here 0.85) to universal properties of the QCP. Figure 11
displays T/H scaling behavior of the magnetic Grüneisen parameter. This provides
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1.5 [99]. The phase T -H phase diagram with the boundary of the
superconducting (SC) and Fermi liquid (FL) regimes, where the color coding in the normal
state represents ΓH/H is shown in the inset. Open and solid circles represent the onset of
FL behavior in Hall effect [97] and thermal expansion [98] measurements, respectively. The
two broken lines represent inflection points and maxima of ΓHH (cf. grew and black arrows
in Fig. 11), respectively, which are characteristic signatures of the FL to non-Fermi liquid
behavior [99].

direct evidence, that without fine-tuning magnetic field (or any other parameter like
pressure) the system is already situated right at a QCP. Our results are in contrast to
the previous claimed QCP near the upper critical field, derived by linear extrapolation
of FL to NFL crossovers in various different properties (cf. circles in Fig. 11). Indeed,
the observed scaling behavior of ΓH indicates, that such linear extrapolation is invalid,
and by contrast the FL to NFL crossover has a super-linear dependence (cf. broken
lines in Fig. 11), which in fact extrapolates as T → 0 to zero magnetic field.
Our conclusion on zero-field quantum criticality is also supported by measure-

ments within the SC state [99]. As shown in Fig. 12, the low-temperature specific
heat shows a very unusual field dependence. For type II superconductors we expect
an increase of C/T with H due to the formation of vortex cores. In CeCoIn5, however
a decrease of C/T with increasing field is found between 0.1 and 0.7 T. Since C/T
in the SC state is determined by the quasiparticle contribution from vortex cores,
this is indicates a reduction of the quasiparticle mass upon driving the system away
from the zero-field QCP. Relatedly, the magnetic Grüneisen ratio diverges upon re-
ducing the field from 1 T to zero. We have also calculated the field-dependence of the
electronic entropy by integration of ∂S/∂H = −CΓH [99]. As displayed in Fig. 12,
the quasiparticle entropy decreases with increasing field. This is fully consistent with
a zero-field QCP, which influences the normal regions in the vortex cores. Thermal
conductivity measurements in the SC state have been interpreted in terms of extreme
multiband superconductivity, with a tiny critical field of about 10 mT for SC on one
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of the Fermi surfaces [100]. However, such scenario would not explain the above ther-
modynamic signatures of zero-field quantum criticality, in particular the anomalous
field dependence of C/T and the divergence of ΓH . We also note, that a critical field
for quantum criticality near Hc2 should result in a sign change of ΓH(H) near this
field, which is not observed. Therefore, our study disproves the previous proposals
and by contrast indicates that CeCoIn5, which has the highest Tc among the family
of CenMmIn3n+2m (M: transition metal) structural variants, is without tuning of any
control parameters like field, composition or pressure located directly above a QCP.

5 Summary

The focus of this paper has been to review some recent experiments on QCPs in heavy-
fermion metals, with particular emphasis on ferromagnetic and strongly geometrically
frustrated materials.
Originally, the search for ferromagnetic quantum critical points was focused on

itinerant 3d-electron ferromagnets like, e.g., MnSi [26] or ZrZn2 [28], but not on HF
systems. This is because the theoretical framework was based on the Stoner theory
of itinerant ferromagnetism [6–8] and only a very little number of FM Kondo lat-
tices were known. In the past years the theory on FM criticality was successively
extended and improved: It was shown that a FM QCP does not exist in itinerant
ferromagnets since these systems are inherently unstable towards a phase transition
of first order [21]. This conclusion was indeed confirmed by a growing number of
experiments [101]. On the other hand, the number of studies on ferromagnetic HF
systems has increased a lot, while the theoretical investigation of FM Kondo lattices
has begun only very recently [31]. In this respect, our work makes an important con-
tribution to this field. We have investigated the quantum critical behavior of several
FM Kondo lattices and presented in this review two prominent examples: CeFePO
and YbNi4P2. Both systems are metallic, have a Kondo temperature of about 10K
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and a large Sommerfeld coefficient. In addition, they show strong FM fluctuations
and NFL behavior at temperatures above their ordering temperatures. Nevertheless,
they do not show any transition of the first order. CeFePO displays short-range mag-
netic ordering with no presence of a FM QCP, while YbNi4P2 displays FM order at
TC = 0.15K and a FM QCP at a negative chemical pressure. Despite extensive inves-
tigations, both states of matter at the FM quantum phase transitions are currently
not understood and more work is needed.
Quantum criticality in heavy-fermion metals has long been illustrated by the

Doniach diagram, which considers the suppression of magnetic ordering by the
Kondo coupling between the f -moments and conduction electrons [4]. More recently,
Doniach’s diagram was extended: an additional axis, representing magnetic frustra-
tion or more precisely the strength of quantum fluctuations, has been introduced
[76,77,79–81]. As known from magnetic insulators, strong frustration destabilizes
long-range ordering and favors spin-liquid type non-ordered states. The “global phase
diagram” combines the physics of strong frustration with that of Kondo interaction
in metals. It considers two ways to destabilize magnetic order, i.e. by enhancing the
quantum fluctuation with frustration or Kondo screening the moments. Tuning these
systems by experimentally accessible control parameters modifies the Kondo interac-
tion and frustration and can induce different types of QCPs [79,102]. In particular it
has been argued, that local criticality could emerge in systems with sufficient degree
of frustration. Furthermore, a new Fermi liquid phase, in which non-Kondo screened
f -moments are forming a spin liquid state, has been predicted theoretically [76]. This
“fractionalized Fermi liquid” state has not been experimentally investigated so far.
Therefore it is very interesting to experimentally study QCPs in strongly frustrated
Kondo metals.
In this paper, we have summarized our experiments on hexagonal YbAgGe [87,

90] and pyrochlore Pr2Ir2O7 [94]. The former material is a Kondo lattice where the
Yb atoms are located in two-dimensional distorted Kagome planes. The magnetic
frustration results in a number of different almost degenerate magnetic phases, that
are realized when applying a magnetic field in the ab plane. We have identified a field-
induced QCP at 4.5 T by measurements of the magnetic Grüneisen ratio. Interestingly,
this instability is caused by a close bi-critical point towards T = 0. The scenario
is as follows. The strong frustration in this material depresses the nearby ordered
states and leads to a quantum bi-critical point, which in contrast to ordinary QCPs
has two ordered phases in its vicinity. This causes peculiar scaling behavior in the
magnetocaloric effect. Furthermore, in the vicinity of this instability, we have found an
anomalous depression of the Lorenz ratio between thermal and electrical conductivity,
which suggests (in the T = 0 extrapolation) a violation of the Wiedemann-Franz
law [90].
For pyrochlore Pr2Ir2O7 we have discovered zero-field quantum critical scaling

of the magnetic Grüneisen ratio [94]. Previously, a chiral spin liquid state in this
“quantum spin-ice” system had been found [95]. Therefore, the new data indicate a
new quantum critical spin liquid state. In this system, the charge carrier concentration
is likely too low (only about 0.001 per unit cell) to induce Kondo screening. It needs
to be studied in future, whether the charge carriers have an influence on the observed
thermodynamic signatures of quantum criticality at all.
Finally, we have addressed the heavy-fermion superconductor CeCoIn5 which re-

alizes a QCP inside a SC phase. Both temperature over magnetic field scaling in the
normal state as well as the peculiar field dependence of specific heat and the magnetic
Grüneisen ratio inside the SC state indicates zero-field quantum criticality [99]. While
zero-field quantum criticality in materials like Pr2Ir2O7 or Na4Ir3O8 [103] may arise
due to the strong frustration, it is unclear why a Kondo metal like CeCoIn5 should
be situated “accidentally” right at a QCP without fine-tuning of external parame-
ters like pressure, composition or magnetic field. Possibly this is related to the fact
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that this material has the highest Tc among the entire family of CenMmIn3n+2m (M:
transition metal) structural variants.

The results reviewed here have been obtained in collaboration with: S. Lausberg, J. Spehling,
A. Steppke, A. Jesche, H. Luetkens, A. Amato, C. Baines, C. Krellner and H.-H. Klauss (Ce-
FePO), A. Steppke, R. Küchler, S. Lausberg, E. Lengyel, L. Steinke, R. Borth, T. Lühmann,
C. Krellner and M. Nicklas (YbNi4P2), Y. Tokiwa, J. Dong, M. Garst, S.L. Budko and P.C.
Canfield (YbAgGe), Y. Tokiwa, J.J. Ishikawa and S. Nakatsuji (Pr2Ir2O7), Y. Tokiwa and
E.D. Bauer (CeCoIn5).
This work has been supported within the DFG research unit 960 (Quantum Phase

Transitions) by the project “Quantum Critical Point Scenarios in Heavy-Fermion Systems”.
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