(7))
L
G
o3
-
()]
c
5¢U
S
0o
L C
Fo

Generalized reactive flux method for
numerical evaluation of rate constants

Cite as: J. Chem. Phys. 92, 5307 (1990); https://doi.org/10.1063/1.458535
Submitted: 30 October 1989 - Accepted: 23 January 1990 - Published Online: 31 August 1998

Michal Borkovec and Peter Talkner

AN

View Online Export Citation

ARTICLES YOU MAY BE INTERESTED IN

Statistical mechanics of isomerization dynamics in liquids and the transition state
approximation

The Journal of Chemical Physics 68, 2959 (1978); https://doi.org/10.1063/1.436049

Quantum Statistical Mechanical Theory of the Rate of Exchange Chemical Reactions in the
Gas Phase

The Journal of Chemical Physics 33, 281 (1960); https://doi.org/10.1063/1.1731099

Reaction rate theory: What it was, where is it today, and where is it going?
Chaos: An Interdisciplinary Journal of Nonlinear Science 15, 026116 (2005); https://
doi.org/10.1063/1.1858782

Webinar

Interfaces: how they make
or break a nanodevice

March 29th — Register now

N A/ Zurich
N\ Instruments

J. Chem. Phys. 92, 5307 (1990); https://doi.org/10.1063/1.458535 92, 5307

© 1990 American Institute of Physics.


https://images.scitation.org/redirect.spark?MID=176720&plid=1735782&setID=378408&channelID=0&CID=634322&banID=520620674&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=9ef36e982c8c81bdfc9703d75224adb1dd2af5d5&location=
https://doi.org/10.1063/1.458535
https://doi.org/10.1063/1.458535
https://aip.scitation.org/author/Borkovec%2C+Michal
https://aip.scitation.org/author/Talkner%2C+Peter
https://doi.org/10.1063/1.458535
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.458535
https://aip.scitation.org/doi/10.1063/1.436049
https://aip.scitation.org/doi/10.1063/1.436049
https://doi.org/10.1063/1.436049
https://aip.scitation.org/doi/10.1063/1.1731099
https://aip.scitation.org/doi/10.1063/1.1731099
https://doi.org/10.1063/1.1731099
https://aip.scitation.org/doi/10.1063/1.1858782
https://doi.org/10.1063/1.1858782
https://doi.org/10.1063/1.1858782

Generalized reactive flux method for numerical evaluation of rate constants
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Reactive flux method for numerical evaluation of rate constants is generalized to arbitrary
underlying dynamics. The feasibility of the method is illustrated by numerically evaluating rate
constants for a one-dimensional jump process and a diffusion process. In both cases, we find
excellent agreement with exact results known in these cases.

I. INTRODUCTION

Decay of metastable states plays an important role in a
wide variety of fields such as chemical kinetics, reaction net-
works, diffusion in solids and glasses, kinetics of first order
phase transitions, quantum optics, and electronics.'® On
the theoretical side, there exist only very few models for
which exact rate expressions are available. However, many
problems can be asymptotically solved in the limit of a large
barrier separating the considered metastable state from oth-
er locally stable states.®'! Of course, the presence of a bar-
rier is vital for the notion of metastability and the feasibility
of a rate description. For these purposes, a barrier height Q
of already a few &k T" will suffice to separate the decay time
being of the order of 7,,,€’? (1/8 = ky T) from the fast time
scale 7,, on which the deterministic processes take place
within the part of state space bordered by the barrier. In the
above mentioned asymptotic theories 1/(8Q) itself, rather
than ¢ ~#2, enters as a small parameter. Therefore, these
theories do not cover the whole range of parameters where a
rate description is appropriate. Especially the presence of
other small or large parameters than the barrier height may
push the range of applicability of the asymptotic laws
towards extremely low temperatures.'? Unfortunately, also
the numerical evaluation of rate constants is plagued by
problems which originate in the wide separation of time
scales. For example, in a simulation of stochastic trajectories
with initial values near the metastable state being sampled
from equilibrium distribution, almost any trajectory will
stay near this state for an extremely long time until it es-
capes. Among various numerical approaches,'*'* only the
reactive flux method!>!® is able to circumvent this difficulty
by starting trajectories at the barrier top and to extract the
long time behavior from data available on the short time
scale.

So far, however, the reactive flux method has only been
formulated for systems with a rather special underlying dy-
namics, namely in situations where the velocity is noiseless.
As a consequence, many important rate problems cannot be
tackled using this method. A Markovian jump process de-
scribing a dissociating molecule,’’” the incoherent energy
transport by excitons in a molecular crystal,>'® and the dif-
fusion of small particles in a liquid* are but a few examples.
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In the present article, we shall extend the reactive flux
method to cases with arbitrary Markovian dynamics. The
paper is organized as follows: In the next section, we present
the generalized reactive flux method. In Sec. III, the classi-
cal reactive flux theory is obtained as a special case of the
general theory, and in Sec. IV, the general theory is applied
to Markovian jump and diffusion processes. Section V pro-
vides a summary.

Il. FORMAL DEVELOPMENT

Consider a Markovian process x(#) in a d-dimensional
state space with a metastable state x,. The probability den-
sity P(x,t) satisfies the time evolution equation

dP(x,t)/0t = LP(x,t), 2.1

where L is the forward operator characterizing the process.
We assume that a stationary probability density p,, (x) is
known which satisfies'

LP, (x) =0. (2.2)

After a transient on a microscopic time scale 7,,, the decay
rate constant of the metastable state governs the time behav-
ior of the correlation function

(fx(0))y(x(6))) ek
{(f(x(0)))
where (-) denotes the equilibrium average. We have intro-
duced the characteristic function y (x) of the domain of at-
traction of the considered metastable state and f(x) being of
similar nature as y (x), namely f(x) essentially equals unity
inside the domain of attraction and zero outside, but in con-
trast to y(x), it may show a smooth transition from these
extreme values.”® In order to avoid back reactions, regions
far away from the domain of attraction must be absorbing.
The time derivative of Eq. (2.3) yields a time-dependent
expression

_dCQ) _ PO
dt (f(x(0)))

k() =

(2.4)

which for intermediate times 7,, €<k~ ", equals the rate
constant k. We have introduced the time derivative of f{x)
by

flx) = L*f(x), (2.5)
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where
L* = —PJ'L(P,"). (2.6)

Note, that in the case of a process with detailed balance, the
operator — L * coincides with the backward operator of the
time-reversed process.'?

It is convenient to split the time-dependent rate constant
into its initial value k(0) and a transmission coefficient x(¢):

k(t) = k(0)x(2). 2.7)
The initial value of the reactive flux £(0) is given by
k(0) = Tim k() = fx(0)x(x(0*))) (2.8)

=0~ (f(x(0)))
The initial value of the transmission coefficient x(#) is unity
and for general 7> 0, it can be written as

k(t) = (y(x()) . — (y(x(@))) _, (2.9)
where we have introduced nonstationary ensemble averages
(y . = SO NAx0))

T (0 )AX(0)))

(2.10)

and

(y = S —xONIAx0):)
T [ =07 ) Lx(0)))

In the derivation of Eq. (2.11), we have used the fact that
due to the presence of the absorbing states, the backward
operator L * acting on unity yields a negligible contribution
of O(k).

The usefulness of the present generalization depends
crucially on a proper choice of the function f(x). The best
choice would be the eigenfunction of L * with the smallest
nonvanishing eigenvalue A = k. In that case, the initial value
of the reactive flux £(0) would already determine the exact
rate constant. In general, however, this eigenfunction is not
known exactly. An approximate eigenfunction of L * might
still serve the purpose, provided that k(0) is well defined and
the nonstationary ensemble averages (-) , contain proper
nonnegative probability densities. Any choice of f(x) that
interpolates unity in the reactant state and zero in the prod-
uct state and fulfills the above requirements may be used to
evaluate either analytically or numerically £(0) and the pla-
teau value « of x(#) which yields the rate constant by
k=k(0)x.

(2.11)

Hl. CLASSICAL REACTIVE FLUX

In the classical case, the reaction coordinate g(x) de-
pends only on the configuration coordinates r, but not on the
velocities v = F, i.e., g(x) is positive in the reactant state and
vanishes on the barrier. In that case, one may choose
S{x) = y(x) = 6(q(x)), where 8(q) is the Heaviside step
function. Inserting into Eq. (2.8), we obtain with

fr(x(0%)) = g8(q)0(9) (3.1)
the result of transition state theory™'’
k(0) = (6(9)46(4)) _ (3.2)

(6(g))
The nonstationary ensemble averages Egs. (2.10) and
(2.11) are given by
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(y. =@ (+90(+ )
@£ DL D)
In a stochastic simulation, one generates trajectories x(?)
with initial conditions sampled from the distributions (3.3)
and Eq. (2.9) gives the plateau value of the reactive flux.
This method has been applied in a variety of situations with
success.>'>1¢

(3.3)

IV. GENERALIZED REACTIVE FLUX

In the following, we shall demonstrate that in several
other situations a meaningful choice of f(x) is possible. We
shall focus on a Markovian jump process and a small step
diffusion process.>'*?! Neither problem can be approached
numerically using the classical reactive flux method since
the initial value k(0) diverges, due to the fact that the veloc-
ity x is ill defined. In order to demonstrate the applicability
of the present method, we shall evaluate rate constants in one
dimension where a comparison with exact results is possible.
In both situations, the extension of the method to many-
dimensional cases is straightforward.

A. Markovian jump process

Consider a molecule undergoing a dissociation reaction
in a dilute gas. The energy E of the molecule as a function of
time is a continuous jump process described by a Master
equation
INED _ LP(E;:)

ot

= J-w dE'[K(E,E")P(E',t)
0

—K(E'.\E)P(E1)], (4.1)

where P(E,?) is the time-dependent probability density of E

and K(E',E) the transition rate from E to E’ obeying the

detailed balance relation
K(EE')P,(E')=K(E'.E)P,(E). (4.2)

Let us evaluate the rate constant for infinitely rapid dissocia-
tion at E'> Q using the reactive flux formalism. Again, we
choose f(E) = y(E) = 6(Q — E) and obtain

AE) = L*(E) = f dE’ K(E"E)[fE") — (E)].(43)
0
Inserting Eq. (4.3) into Eq. (2.8), the initial value becomes

© 0
ko = [ ag' [ aEkE BP,B), (4.4)
(1]

0
which is the strong collision approximation of unimolecular
rate theory.>!” The transmission coefficient (2.9) simplifies
to

since E > Q is perfectly absorbing. Note that the absorbing
boundary method?! is exact in the present example. The ini-
tial distribution entering Eq. (2.9)is proportional to
O(Q—E)f dE' K(E,E')P,(E"). (4.6)

e

In order to test the present algorithm for numerical evalua-
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tion of the rate constant, consider the exactly soluble expo-
nential model*

K(E'"\E) =

—(E—E’)/a f El E
@ [e or s < (4.7)

a+ble"®F-B% for E'SE
with 1/b — 1/a = Band P, (E) < e ~ PF and a being the col-
lision rate. The asymptotic low temperature result (8Q<1)
for the rate constant is??
k=aB%b% 82 (4.8)

Let us evaluate this rate constant numerically using the reac-
tive flux method. The initial value of the reactive flux (4.4)
becomes

k(0) =aff

ab_ 50
a+b
The transmission coefficient ¥ can be evaluated from Eq.
(4.5) using a stochastic simulation. We generate energy tra-
jectories E(¢) by sampling numerically transition probabili-
ties? according to Eq. (4.7) and the initial distribution Eq.
(4.6) which simplifies with Eq. (4.7) to

0(Q — E)et@-B/a, (4.10)

We average 10 trajectories and the plateau value is reached
after 10>-10° collisions. The simulation requires few minutes
on a VAX-8800. Numerical results for different values of 55
are summarized in Table 1. Calculated transmission coeffi-
cients are compared with the theoretical value

(4.9)

k=82 (a+b) (4.11)
a

and show excellent agreement.

B. Diffusion process

As a second example, consider the diffusive motion of a
Brownian particle of unit mass with a damping rate ¥ in a
symmetric double well potential U(x) which is governed by

the Smoluchowski equation
9P(x,1) _ LP(x,1)
ot

1 9 1 9
_19 (v D) +— -2 P(x,t ), (4.
e (U(x)P(xt)+B p (xt) (4.12)

where U’ = dU /dx. The exact rate constant of escape is’

X0 24 -1
k= i [f dx £V f dx' e“B”"‘"] , (4.13)
x w

where + x, denote the positions of the wells.

Again let us apply the reactive flux formalism to evalu-
ate the rate constant in this case. We choose y(x) = 8(x),
but the same choice in f(x) would lead to a diverging k(0)
because of the presence of the second derivative in

2
f(x) =L*(x) =l(U' _af___l_ﬂ) (4.14)
Y

x B oxt)
In the case of a parabolic barrier, the most convenient choice
for f(x) is

Ax
o= (£) [ werson

We insert this relation in Egs. (2.8) and (4.14) and obtain

(4.15)

TABLE L. Numerical results for rate constants « = & /k(Q) obtained by the
present generalization of the reactive flux method (num.) compared to the
exact values (ex.). We apply the method to the exponential Markovian
jump process (left) and to diffusive motion in a double well potential
(right). In both cases, the classical reactive flux method is not applicable.
The error bars correspond to 90% confidence level (Ref. 3).

Exponential model Diffusion

Ba x(ex.) «(num.) w,/w, «(ex.) A(num.)

3.00 0937 0936 + 0.005 50 0.869 0.862 + 0.009

1.00 0.750  0.751 + 0.007 7.5 0.709  0.708 + 0.012

0.30 0408 0.411+0010 100 0.580 0.586 +0.012

0.10 0.174 0.174 + 0.006 125 0485 0.492 +0.011

003 0.057 0.054 + 0.004 150 0415 0411+ 0.010
Aw,

k(0) =0 ¢ 8¢ (4.16)

27y

where Q = U(0) — U(x,) is the barrier height and w, the
well frequency. The initial distribution entering Eq. (2.10)
turns out to be

P, (x)x@(x)V'(x)e PV, (4.17)
where
V(ix) = U(x) + p°x* (4.18)

In order that Eq. (4.17) defines a proper probability density,
V'(x) must not be negative for all x>0. In view of Eq.
(4.16), the minimal value of A is favorable, fixing uniquely
its best value. In the frequently occurring case of a potential
which is convex without the barrier contribution, i.e.,
U"(x) + w? >0, where w, is the barrier frequency, 4 = w,
represents the optimal choice.

In that case k(0) turns out to coincide with the low
temperature limit of the exact rate expression (4.13),

“o% ,-pe
2y
The transmission coefficient ¥ now incorporates finite tem-

perature corrections of Eq. (4.16). Due to the symmetry of
U(x), Eq. (2.9) simplifies to

k(1) =2(6(x(t))), — L. (4.20)

Numerical results for a piecewise harmonic potential are ob-
tained from a stochastic simulation of diffusive motion satis-
fying the equation of motion

1 2 172
x=—U'(x) + (———) 3
14 By
where £ is Gaussian noise with (£(#)) =0 and (£(£)§(s))
= &(t — 5). Trajectories x(¢) are generated by discretizing
Eq. (4.21) using the Euler method®® with a time step of
Atw?}/y~10"2, Initial conditions are sampled from Eq.
(4.20) using a Monte Carlo procedure. The plateau value «
is reached after 10°~10* time steps. Again, we average 10*
trajectories which requires approximately half an hour cen-
tral processing unit (CPU) time. The transmission coeffi-
cients « are calculated for a fixed barrier height 5Q = 15 and
different @, /@,. The results are presented in Table I. The

k(0) = (4.19)

(4.21)
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exact rate constant is obtained by a numerical integration of
Eq. (4.13). Again, we find excellent agreement between nu-
merical and exact transmission coefficients.

V. CONCLUSION

We have shown how to generalize the powerful reactive
flux method for numerical evaluation of rate constants to
cases of arbitrary underlying Markovian dynamics. We have
illustrated the feasibility of the method by performing reac-
tive flux calculations for a one-dimensional exponential
jump process and a diffusion process in a double well poten-
tial. The numerical results obtained are in excellent agree-
ment with exact results known in these cases. The present
formulation is easily generalized to more dimensional jump
and diffusion processes and allows numerical studies of such
rate problems with tractable computational effort. We ex-
pect that other situations may be successfully approached
within the same spirit as e.g., discrete jump processes or non-
equilibrium situations. Also the present ideas might offer an
interesting alternative to the absorbing boundary method®*
in order to estimate very small transmission coefficients. Re-
placing the step function by a smooth dividing function
could yield a lower initial value of the reactive flux and lead
to a larger transmission coefficients. Finally, using the pres-
ent formation, one might be able to generalize the concept of
a transition state and transition state theory to arbitrary
Markovian dynamics.
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