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Quasi-periodic Solutions of the Spatial Lunar Three-body Problem
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Abstract In this paper, we consider the spatial lunar three-body problem in which one body is far-away
from the other two. By applying a well-adapted version of KAM theorem to Lidov-Ziglin’s global study
of the quadrupolar approximation of the spatial lunar three-body problem, we establish the existence of
several families of quasi-periodic orbits in the spatial lunar three-body problem.
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1 Introduction

We consider the spatial lunar three-body problem, in which two bodies form a binary system (the inner
pair) which is slightly perturbed by the third far-away body, which models, among many others, the
Earth-Moon-Sun system, whence the nomination.

By considering two relative positions, the study of the three-body problem is reduced to the study of
the motions of these relative positions. The relative position of the inner pair and the relative position of
the third body with respect to the mass center of the inner pair thus describe almost Keplerian orbits that
we suppose to be elliptic, with instantaneous semi major axes a; << az. We decompose the Hamiltonian
F as

F:FKep+Fpert7

in which Fg,, describes two uncoupled elliptic Keplerian motions, and Fj,,; (which is the cause of the
secular evolutions of the elliptic orbits) is small provided that a; is sufficiently small compared to a;.

Due to the proper-degeneracy of the Kepler problem (all of its bounded orbits are closed), to study
the dynamics of F' by a perturbative study of Fg,p, it is important to study the higher order effect of
the (slow) secular evolution of the Keplerian orbits given by the perturbation. In the lunar three-body
problem, the smallness of a; with respect to a; implies the lack of all lower-order resonances of the
two Keplerian frequencies. As a result, the corresponding elimination procedure does not require any
arithmetic conditions on the two Keplerian frequencies, and the secular evolution of the Keplerian orbits
is approximately given by the secular systems, which are the successive averaged systems of Fj,,; over
the two fast Keplerian angles.
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In the planar case, the 4-degree-of-freedom secular systems are invariant under the Keplerian T2-
action and the SO(2)-action of rotations, and are thus integrable. This allowed J. Féjoz to carry out a
global study of their dynamics and establish families of quasi-periodic orbits of the planar three-body
problem in |Féjoz| (2002). The integrability of the secular systems is no longer guaranteed in the spatial
case, which has 6 degrees of freedom with (only) a T?> x SO(3)-symmetry. Nevertheless, if we expand the
secular systems in powers of the semi major axis ratio o = a;/a, (which is a natural small parameter of
the lunar problem), then the first non-trivial coefficient Fy,.q4, i.e. the quadrupolar system, is noticed in
Harrington| (1968)) to have an additional SO(2)-symmetry giving rise to an additional first integral G, (the
norm of the outer angular momentum), and is thus integrable. Better integrable approximating systems
can thus be obtained by a further single-frequency averaging procedure over the conjugate angle of G.

Aside from the degenerate inner ellipses, the dynamics of the quadrupolar system is studied globally
in [Lidov and Ziglin| (1976) (see also |[Ferrer and Osacar| (1994)), [Farago and Laskar|(2010), [Palacian et al
(2013)). In this article, by verifying the required non-degeneracy conditions and applying a sophisticated
iso-chronous version of the KAM theorem, we confirm that almost every invariant Lagrangian tori and
some normally elliptic invariant isotropic tori of the quadrupolar system give rise to irrational invariant
tori of the spatial lunar three-body problem after being reduced by the SO(3)-symmetry (Theorems
and @]) These results extend some former results of Jefferys and Moser|(1966) of the spatial lunar three-
body problem concerning normally hyperbolic invariant isotropic tori to the normally elliptic tori and
the Lagrangian tori. A theorem of J. Poschel confirms that each of these Lagrangian tori is accumulated
by periodic orbits in this reduced system (Theorem [62). These results illustrate the KAM-stability phe-
nomenon in the three-body spatial lunar regime, to which belong many triple star systems in the universe.
While many more (theoretical or numerical) evidences suggest that unstable phenomena appear com-
mon in the real, physical space, these invariant tori determine a Cantor set in the phase space restricted to
which the motions are stable, and a “semi-stable” neighborhood of this Cantor set, in which the instability
phenomenon can become significant only after extremely long-time.

By application of KAM theorems, the existence of various families of quasi-periodic solutions of
the Newtonian N-body problem, planar or spatial, was shown in e.g. |Arnold| (1963)), Jefferys and Moser
(1966), Lieberman|(1971), Robutel|(1995)), Biasco et al (2003), F¢joz|(2002), |[Féjoz (2004), Chierchia and
Pinzari| (201 1b), Meyer et al/ (2011). Due to the frequent non-integrability of the approximating systems,
most of these work are local studies in some neighborhoods of the phase space, with the only exception
of |[Féjoz|(2002). Based on a global study of the secular dynamics of the lunar case, our results also extend
Féjoz’s families of quasi-periodic solutions of the planar secular systems to the spatial lunar case.

This article is organized as the follows. In Section [2] we present the Hamiltonian formulation of
our system, the Delaunay coordinates, and the reduction of the translation and rotation symmetries. We
then define the secular systems and the secular-integrable systems by averaging methods in Section [3]
The quadrupolar dynamics is presented in Section d} The KAM theorems and Pdschel’s theorem are
presented in Section [5] Finally, we prove the existence of various families of quasi-periodic orbits of the
lunar spatial three-body problem accumulated by periodic orbits in Section [6]

2 Hamiltonian formalism of the three-body problem
2.1 The Hamiltonian system

We study the Three-body Problem as a Hamiltonian system on the phase space

1:={(pj,q))j=012 = (P}, P}, P}, 4}, a5 q}) € (R’ xR*)* VO < j £k < 2,q; # qr},
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(standard) symplectic form
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2
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j=0I=1

and the Hamiltonian function

ol p;lI? mjmy
2

- )
0<j<2 My 0<j<k<2 lg;—axll
in which g, q1,g> denote the positions of the three particles, and py, p1, p2 denote their conjugate mo-

menta respectively. The Euclidean norm of a vector in R? is denoted by || - ||. The gravitational constant
has been set equal to 1.

2.2 Jacobi decomposition

The Hamiltonian F is invariant under translations in positions. To symplectically reduce the system by
this symmetry, we switch to the Jacobi coordinates (P;,Q;),i =0, 1,2, with

Po=po+p1+p2 Qo = qo
P =pi+o1p2 O1=91—qo
P=p 0> = g2 — 6pqo — 0141,
in which
1 1
R
(o)) mpy O] mi

The Hamiltonian F is thus independent of Qg due to the translation-invariance. We fix Py = 0 and reduce
the translation symmetry by eliminating Q. In the (reduced) coordinates (P;,Q;),i = 1,2, the function
F =F(P,01,P,,0,) describes the motions of two fictitious particles.

We further decompose the Hamiltonian F (P, Q1, P, Q>) into two parts F = Fxep + Fperr, where the
Keplerian part Fg.p and the perturbing part Fj.,, are respectively

Fe,, — I I IPl® My My
ep — ’
TUoam 2, o] (e

Fpert:_,ul””lZ{L( : - : )+i( : - : >:|7
0, [[Q2=00Qil Q27 o1 |2+ a0 Q2]

with (as in|Féjoz| (2002))

1 1 1 1 1 1

— = ) = )
ur mo mp fp  mo-+mp nmy
My =my+my,My =mg+my +my.

We shall only be interested in the region of the phase space where F' = Fg,p, + Fpe,1 is a small perturba-
tion of a pair of Keplerian elliptic motions. Let a;,a, be the semi major axes of the (instantaneous) inner
and outer ellipses respectively. We shall further restrict us to the lunar three-body problem, characterized

by the fact that the ratio of the semi major axes by o = LN sufficiently small.
as
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Fig. 1 Some Delaunay Variables

2.3 Delaunay coordinates

The Delaunay coordinates
(Li, i, G, i, Hi hy),i= 1,2

for both elliptic motions are defined as the following:

L; = pj/M;\/a; circular angular momentum

l; mean anomaly

Gi=Liy/1- ei2 angular momentum

8i argument of pericentre

H; = Gjcosi;  vertical component of the angular momentum
hi longitude of the ascending node,

in which e, e, are the eccentricities and i,i, are the inclinations of the two ellipses respectively.
From their definitions, we see that these coordinates are well-defined only when neither of the ellipses is
circular, horizontal or rectilinear. We refer to [Poincaré| (1905-1907)), |Chenciner] (1989) or (Féjoz, 2010,
Appendix A) for more detailed discussions of Delaunay coordinates.

In these coordinates, the Keplerian part Fg,, is in the action-angle form

HME M3
212 203

FKep:_

The proper-degeneracy of the Kepler problem can be seen by the fact that Fg,, depends only on 2 of the
action variables out of 6. As a result, in order to study the dynamics of F, it is crucial to consider higher
order effects arising from Fje,;.

2.4 Reduction of the SO(3)-symmetry: Jacobi’s elimination of the nodes

The group SO(3) acts on II by simultaneously rotating the positions Q1,Q» and the momenta Py, P>
around the origin. This action is Hamiltonian for the standard symplectic form on IT and it leaves the
Hamiltonian F' invariant. Its moment map is the total angular momentum C = Cj 4 C,, in which C; :=
Q1 X P; and C; := Q» X P5. To reduce F by this SO(3)-symmetry, we fix C to a regular value (i.e. C # 0)
and then reduce the system from the SO(2)-symmetry around C. Finally, we obtain from F a reduced
Hamiltonian system with 4 degrees of freedom.
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2.4.1 Jacobi’s elimination of the nodes

The plane perpendicular to C is invariant. It is called the Laplace plane. We choose it to be the reference
plane.

Since the angular momenta C, C, of the two Keplerian motions and the total angular momentum
C = C; 4+ C, must lie in the same plane, the node lines of the orbital planes of the two ellipses in the
Laplace plane must coincide (i.e. hy = hy + ). Therefore, by fixing the Laplace plane as the reference

plane, we can express H;,H, as functions of G, G, and C := ||C|[:
B = C2+G%—G%’H2 _ C2+G§—G%;
2C 2C

since C is vertical, dH{ Adhy +dHy Ndhy = dC Ndh;.

We can then reduce the system by the SO(2)-symmetry around the direction of C. The number of
degrees of freedom of the system is then reduced from 6 to 4.

Without fixing the Laplace plane as the reference plane, the Delaunay coordinates do not naturally
descend to proper coordinates in the reduced space. The corresponding reduction procedure can be carried
out by the use of the Deprit coordinates for N-bodies (see Deprit| (1983)),|Chierchia and Pinzari| (201 1a)).

3 The averaging procedure

In the lunar case, the two Keplerian frequencies do not appear at the same magnitude of the small pa-
rameter ¢¢, which enables us to build normal forms up to any order, without necessarily considering the
interaction between the two Keplerian frequencies, by an asynchronous elimination procedure that we
are going to describe, which was carried out in Jefferys and Moser| (1966), with an alternative presented
in |[Féjoz| (2002) in which the terminology asynchronous region is coined. In order to build integrable
approximating systems, we shall further average over g, to obtain the secular-integrable systems by an
additional single frequency averaging.

3.1 Asynchronous region

We fix the masses mg,m,m, arbitrarily, and suppose that the eccentricities e; and e; are bounded away
from 0, 1, so there exist positive real numbers ey, e}, 5, €5, such that

0<el <ey<ef <1, O<ey<er<e)<l.

a . . . .

Recall that the small parameter @@ = 2L is the ratio of the semi major axes. We suppose that
a»

—e) 1—¢e) 1—¢)

80 ' 200 ' 20

1
a < o :=min{

2

1 1
in which — =1+ @, — =1+ o (see Appendixfor the choice of @”). In particular,
[on)) mgy O] mj
1
max{op, 0] }o il <1,
1— e

i.e., the two ellipses are always bounded away from each other for all the time.
Without loss of generality, we fix two real numbers a} > a{ > 0, such that the relation a; < a; < a}
holds for all time.
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The subset of the phase space IT in which Delaunay coordinates for both ellipses are regular coordi-
nates, and satisfy these restrictions is denoted by £2* (what could be called the asynchronous region): it
can thus be regarded (by Delaunay coordinates) as a subset of T® x R®. The function Fperr can thus be
regarded as an analytic function on 22* C T® x RS,

=1,2.

)

. . JdFxk M;
Let vi, v, denote the two Keplerian frequencies: v; = =P — —;,i
a:
1

dL;
Let To = C®/Z8 x CO and T, := {z € Tc : 37 € T® x R®s.t. |z — /| < s} be the s-neighborhood of
T x RS := R® / Z° x R® in T¢. Let T,s be the s-neighborhood of a set A C T® x R® in 7. The complex
modulus of a transformation is the maximum of the complex moduli of its components. We use |- | to
denote the modulus of either a function or a transformation.
Lemma ensures that there exists some small real number s > 0, such that in T 5, [Fpert| <
Cst|a|?, in which the constant Cst is independent of .

3.2 Asynchronous elimination of the fast angles

Proposition 31 For any (fixed) n € N, there exist an analytic Hamiltonian F" : #?* — R independent
of the fast angles 1,1, and an analytic symplectomorphism ¢" : P C P* — ¢"(P), \Oﬂ\%—close to the

identity, such that
3(n+2)

[Fog"—F"[<Colaf >

~ " . " .
on T n for some open set & C &%, and some real number s with 0 < s <s. Moreover, the relative
measure of & in P* tends to 1 when o tends to 0.

Proof The strategy is to first eliminate /1 up to sufficiently large order, and then eliminate /, to the desired
order. We describe the first step of eliminating /;.

To eliminate the angle /; in the perturbing function Fj,,;, we look for an auxiliary analytic Hamil-
tonian H. We denote its Hamiltonian vector field by Xj and its flow by ¢,. The symplectic coordinate
transformation that we are looking for is given by the time-1 map ¢; (:= ¢;|,—1) of X.

Define the first order complementary part Fclom .1 by the equation

¢1*F = FKep+ (Fpert+X[f['FKep) +Fcl()mp,h

in which Xj is seen as a derivation operator. Let

1 2
<Fpert>l = %/0 Fpert dll

be the average of F),,; over /1, and ﬁperm = Fpert — (Fpe,,>1 be its zero-average part.
As the two Keplerian frequencies do not appear at the same magnitude of o, we do not need to ask H
to solve the (standard) cohomological equation:

V19, H + V20, H = Fpe 1
instead, we just need H to solve the perturbed cohomological equation
Vl&llﬁ = Fpert,l-

We thus set l
1 ~

Fpert,l dll

unS

—

S

N

I

‘ —_
Ss—

Vi
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as long as v; # 0, which is indeed satisfied for any Keplerian frequency (of an elliptic motion). This
amounts to proceed with a single frequency elimination for /;. We have

|H| < Cst|af® in Ty .

We obtain by Cauchy inequality that in T+ s, |Xp| < Cst |[H| < Cst |a|? for some 0 < sp < 5/2.
Shrinking from T+ s, t0 Tgper s, s, » Where Z7** is an open subset of &%, so that ¢y (Tp+ 55—, ) C
T+ 555 With s — 59 —s1 > 0. The time-1 map ¢; of Xy thus satisfies [¢; —Id| < Cst la|? in Topre 5—sp—s, -
The function ¢/ F is analytic in T 5_g) s, -
Now F is conjugate to
¢1*F = FKep + <FI7€”>1 +Fclnmp,17

and |FL_1()Wml | is of order O(a% ): indeed, analogously as in|Féjoz (2002)), the complementary part

A~

1 . L, JoH
Fmpa = [ (=006 O Fiep)at + |67 (X Fren)i =25

satisfies B .
Feomp.1| < Cst[Xg|(|Fpert.1| + [Fpen) + vl | < Cst |ar|2.
The first order averaging with respect to /; is then accomplished.

One proceeds analogously and eliminates the dependence of the Hamiltonian of /; up to order O(o e )

for any chosen n € Z. . The Hamiltonian F is then analytically conjugate to

1 1 1
Fiep + <FP€Vl>l + <Fcomp,l>] T+t <Fcamp.,n71>l +Fcomp,n’

in which the expression Fiep + (Fpert)1 + (Fclomp Ot <Fclomp‘n71>1 is independent of /;, and
3(n+2) :

F! is oforderO(aT).

comp,n
After this, we proceed by eliminating I, from

1 1
Fieep + <FP€VZ>1 + <Fcamp,l>] +oet <Ircamp.,nfl>1?

which is again a single frequency averaging and it can be carried out as long as v, # 0, which is always
true under our hypothesis.
The Hamiltonian generating the transformation for the first step of averaging over I, is
1 sk 3
- <Fpert>1_<Fpert>)dl2 SCSt ‘(X‘z
V2 Jo

The other steps are similar to the first step of eliminating /;. By eliminating /,, the Hamiltonian F is
conjugate to
FKep + <Fpert> + <Eomp,l> +-+ <Fc0mp,nfl> +Fc0mp,n7

in which the (first order) secular system
1 1 2n 2w
Fope = <Fpert> = m./() 0 FpertdlleZ

and the n-th order secular system

Fs’;c = <Fpert> + <F60mp.,1> +- <Fcomp,n71>
is independent of /1, >, with

3(i+2) 3(n+2)

<Fcomp,i> = O(OC B )7 Fcomp,n = O(OC 2 )
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in T » for some open subset P C P* and some 0 < s < s both of which are obtained by finite steps
of constructions analogous to that we have described for the first step elimination of /;. In particular, the
set & is obtained by shrinking &7* from its boundary by a distance of O(oc% ). We may thus set

F* = FK@P—’—FseC

The function F}}. is defined on a subset of the phase space IT and does not depend on the fast Keplerian
angles. After fixing L; and L, and reducing by the Keplerian T?-symmetry, the reduced function is defined
on a subset of the secular space, or the space of pairs of ellipses. By the construction originated from
Pauli| (1926)) (see also|Albouy|(2002), or |Coffey et all (1991) in which they attributed this construction to
E. Cartan), the secular space is seen to be homeomorphic to (S? x $2)2. We keep the same notation F?,

for the resulting function.

3.3 Secular-integrable systems
Unlike the integrable planar secular systems, the spatial secular systems Fj, . remains to have 2 degrees of
freedom after being reduced by the SO(3)-symmetry, and therefore they are a priori not integrable. As a
result, in contrast to the planar case, they cannot directly serve as an “integrable approximating system”
for our study.

In 2%, the function F,._ is of order O(o?), and the functions Feompn,n > 2 are of order O(c

sec
express Fy,. as

9
2

). We

Fy.(ai,oer,e,81,82,h1,ha, i1, 02),

and expand it in powers of a:

F" ZFnz l+1 FnOOt-i-Fnl(X +...

sec sec sec sec

As a consequence of Lemma[AT] we see that

VneN, F% =0, i=0,1.

sec

Moreover, since F"

. 9
comp>1 > 1is of order O(a 2 ), we have

[N

n 1
FYL’L FXE(,

=0(a2),

in particular
F2 = Fl2 Vn=1,2,3,---.

sec sec

As noticed in Harrmgton (1968' the term FM is independent of g, thus G, is an additional first
integral of the system Fy,,. The system Fm can then be reduced to one degree of freedom after reduction
FlL2
of the symmetries, hence it is integrable. We call F,qq := Fiee the quadrupolar system.
The integrability of the quadrupolar Hamiltonian is, in Lidov and Ziglin’s words, a “happy coinci-
dence”: it is due to the particular form of Fj,,;. Indeed, if one goes to even higher order expansions in
powers of ¢, then in general the truncated Hamiltonian will no longer be independent of g, (c.f. Laskar

! For the (inner) restricted spatial three-body problem, the integrability of the quadrupolar system has been discovered in 1961
in |[Lidov| (1961)) (see also|Lidov|(1962), Kozai (1962)). Its link with the non-restricted quadrupolar system has been discussed in|
Lidov and Ziglin|(1976).
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and Boué| (2010)). Note that this “coincidental” quadrupolar integrability is observed in some other sys-
tems in which the potential is expanded by Legendre polynomials and averaged/truncated at a proper
order as well. (See e.g. |(Coffey et al/ (1994))

To have better control of the perturbation so as to apply KAM theorems we need to build higher
order integrable approximations by eliminating g; in the secular systems Fj,.. This is a single frequency
elimination and can be carried out everywhere as long as the frequency V44,2 of g2 in Fy4q is not zero.

Since the analytic function F,.s depends non trivially on G (See Section EI), for any € small enough,
we have |Vguqq2| > € on an open subset P of P* and locally relative measure of 2 in P* tends to 1
when ¢ tends to 0. For any fixed €, analogous to Subsection [3.2] for small enough o, there exists an open
subset & in & with local relative measure in & tending to 1 when o tends to 0, such that on & we can
conjugate our system up to small terms of higher orders to the normal form that one gets by the standard
elimination procedure (c.f. /Arnold|(1983)) to eliminate g;.

More precisely, after fixing the Laplace plane as the reference plane, as the elimination of /, in the
proof of Proposition for the first step of elimination, we eliminate the angle g; in Fx.p, + o’ (Fauad +

anle’g) by a symplectic transformation w3 close to identity, which is the time-1 map of the Hamiltonian

(04 52
T (/0 sec - 7/ sec dg2 dg2>
82

We proceed analogously for higher order eliminations. We denote by 1//”, P l//"l (97) the corre-
sponding symplectic transformation, so that

/N/
W FL = 0 Fpgg + 0l 4 0 F 4+ FIL!

secpert

in which Fs’;jl;é,, = O(a"*2) and Fl{,i=1,2,--- are independent of g5.
Let

n,n' n,3 nn'
Fec *O‘Fquad‘i’aFec‘i’ ot Reb,

we call it the (n,n')-th order secular-integrable system. We have

WO = Fiop + Fid + Fivch b+ b

For o small enough, the last two terms can be made arbitrarily small by choosing n,n’ large enough.

4 The quadrupolar dynamics

!
The secular-integrable systems Fy are 0(a4)—perturbation of Oc3Fq,md, therefore for o small, the key

to understand the dynamics of FSZC", is to understand the quadrupolar dynamics, i.e., the dynamics of F,qq
(seen as a function defined on a subset of the secular space). In this section, we shall reproduce some part
of the study in|Lidov and Ziglin|(1976), which is sufficient for our purpose. More recent works |Ferrer and
Osacar| (1994), |[Farago and Laskar| (2010), Palacian et al| (2013) provide us different and more complete

treatments of the quadrupolar dynamics.
After Jacobi’s elimination of the nodes, the quadrupolar Hamiltonian takes the form

L3 2 2 2 _ 2\
Fquad:_‘uquad 2 {3&{1_"_7(6‘ GI Gz) ]

8a1G3 | L2 4G3G5

2 Actually F;éf =0but FM 0, therefore F;'ﬁ(" — 03 Fyyqq is of order O(a).
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1 1 — mgmynmy
in which Ug.q = e

Notations: We separate the variables of the system and the parameters by a semicolon so as to make
the difference between different reduced systems more apparent: The functions L, L, C and G, are
first integrals of F,qq(G1,81,C,G2,L1,Ly). If we fix these first integrals and reduce the system by the
conjugate T*-symmetry, then C and G, becomes parameters of the reduced system as well. The resulting
system is thus written as Fy,44(G1,81:C,G2, L1, La).

By applying the triangular inequality to the vectors C, C;, C;, we see that the parameters L, C and
G, must satisfy the condition

|C762| <L,

which defines the region of admissible parameters in the (C, G, )-parameter space for fixed L;. By trian-
gular inequality and definition of G, when C and G, are fixed, the quantity |G| belongs to the interval
[G1,min, Gt max], Tor Gi min := |C — G2, G1 max := min{L;,C+ G2 }.

After proper blow-up of the secular space (by adding artificial pericentre/node directions to circu-
lar/coplanar ellipses), we may still use (Gy,g1,G2,82) to characterize circular inner or outer ellipses or
coplanar pairs of ellipses. In this section, as implicitly in |Lidov and Ziglin| (1976)), we retain this con-
vention unless otherwise stated. Note that the reduction procedure of the SO(2)-symmetry around C for
coplanar pairs of ellipses after the blow-up procedure, however, does not lead to an effective reduction
procedure in the secular space (though it is not hard to recover the reduced dynamics in the secular space
from this). This will cause no problem for our study.

From its explicit expression, when C # G, we see that the Hamiltonian Fquud(Gl ,81,C,Go, Ly, L) is
nevertheless regular for all 0 < Gy < L;. This phenomenon comes from the expression of cos (i} — i) as

a function of C, G, Gy, and thus also holds for any F:';Z/For G1 < G{ snin, the dynamics determined by
the above expression of Fy,,q is irrelevant to the real dynamics, but the fact that the expression of Fy g is
analytic in Gy for all 0 < G < L; enable us to develop Fy,,q into Taylor series of G at {G1 = Gy pin} for
G1 min > 0. In Appendix |C} this allows us to show the existence of torsion for those quadrupolar invariant
tori near {G| = G| min } With some simple calculations.

Now we may fix C and G, and reduce the system to one degree of freedom. When C # G, the
(physically relevant) reduced quadrupolar dynamics lies in the cylinder defined by the condition

Gl,min < Gl < Gl,max«

As is shown by Lidov-Ziglin, for fixed L; and L;, in different regions of the (C, G,)-parameter space,
the phase portraits in the (Gj,g1)- plane have periodic orbits, finitely many singularities and sepa-
ratrices; the first two kinds give rise to invariant 2-tori and periodic orbits of the reduced system of
Fluad(G1,81,G2;C, Ly, Ly) by the SO(3)-symmetry.

The quadrupolar phase portraits in the (G, g;)-space are invariant under the translations

(g1,G1) — (g1+nn,Gy),neZ,

and the reflections
(¢1,G1) = (T —g1,G1).
Therefore, without loss of generality, we can identify points obtained by reflexions and translations. In
particularly, we shall make this identification for the singularities.
When C # G, the dynamics of F,.s can be easily deduced from Lidov and Ziglin| (1976) by using
the relations ( , denote respectively the symbols €, @ in Lidov and Ziglin| (1976))

2
-4 =82
==, = g5,
L 1
3 Each Fs'f,f, depends polynomially on cos(i; —i2) (through Legendre polynomials), therefore it remains analytic in G for

. . L. 2-G*-G}
0 < Gy < Ly if we substitute cos(i; —i2) by ZG]‘GZ 2
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According to different choices of parameters, we list different quadrupolar phase portraits in the follow-
ing:
1. G, <C3G3+C* <L}

In this case, there exists an elliptical singularity

T
B: (g1 =

5 (modﬂ),Gl = G1,B),

where G p is determined by the equation

Gls (G§+2c2 5) Glp 5(C2—G2)? o

L 213 8) L} 8L}

There also exists a hyperbolic singularity

A: (gl =0(modn),G| = \/3G§+C2).

2. Go+C<L;,0< (Gy—C)(Gr+C)* <5C(L - (C+Gr)?)
or
G, +C > L1,0 <2L3(3G5+C? —L3) < 5(4L3G3 — (C* — G5 — L1)?).
In this case, there exist two singularities: the elliptic singularity B, and a hyperbolic singularity E:

_ 2
E: (g1 = arcsin\/ (62— C)(G2+C) (mod m),G1 = G1 max)

5C(L} = (G2 +C)?)

if C4+ G, < Ly, and

o 207(3G5+C* — L)
£l S \/5(4L%G% (- ") 01 = G

ifC+Gy > L.
2.G3 503
3. (C-Gy)*< 5(72 +C2+ ?1) <min{L?,(C+G»)?}
32 G} 512
L(C+G) < o (F+C+ =)
5C(L3 — (C+G2)?) < (G2 —C)(G2+C)%,if C+ Gy < 1 and
5(4L2G5 — (C* —G3 - 12)?) < 213(3G3 + C* —13),if C+ Gy > 1.
In this case, there exists an elliptic singularity B and a hyperbolic singularity A’ on the line defined by
g1 = z (mod ). The ordinate of A’ is determined by the same equation that defines the ordinate of B

in the case (1).

4. The border cases of the above-listed choices of parameters. For such parameters, the corresponding
phase portraits can be easily deduced by some limiting procedures. We shall not need them in this
study.

5. There are no singularities for other choice of parameters.

In the case C = G, the invariant curves in the corresponding one degree of freedom system cannot
avoid passing degenerate inner ellipses, for which the angle /; and thus the averaging procedure are not
well-defined. Moreover, the corresponding inner Keplerian dynamics cannot avoid double collisions. The
persistence of the corresponding invariant tori in F' necessarily requires the regularization of the inner
double collisions and study the corresponding secular dynamics. We avoid analyzing this case in this
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—
—
G, —
T~
—~—,

—~—,

5) \
(2) —

T~
Ly (5)
(2),
M
0
L, C

Fig. 2 The parameter space of the quadrupolar system

B
G
(M (2)
G'|=G1min
G,=0 /1.9 N
o |
0 > < 48 |

S .
3) (5)

Fig. 3 The phase portraits of the quadrupolar system for C # C;.

article, and refer to [Zhao| (2013a) for precise treatment of the analysis of the quadrupolar system near
C = G, and the related perturbative study.

Figures [2] and 3] are the parameter space and phase portraits of the quadrupolar system respectively,
which are essentially those of |[Lidov and Ziglin| (1976)). The involved bifurcations of the quadrupolar
system were detailed analyzed in |Palacian et al| (2013), to which we refer the interested reader.

/
By construction, for each positive integer pair (n,n’), the higher order secular-integrable systems Fyep
also has first integrals C and G;. As for Fy,,q, when C # G, the inner eccentricity e is bounded away

from 1. After fixing C and G, and reducing F;ﬂf/ by the SO(2)-actions of their conjugate angles, the
reduced dynamics of R’é’c"l is defined in the same space as that of F,q for C # G,. By analyticity of
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Fyuaq» we will show that for a dense open set of the parameter space, the singularities A,B,A'E are of
Morse type (i.e. non-degenerate critical points of the corresponding Hamiltonian, Proposition [BT). Being

. .. . . . .. /
Morse singularities, they persist under small perturbations and thus serve as singularities for Fy. for

small enough «. The phase portraits of FS'QC”, are just small perturbations of (and orbitally conjugate to)
that of the quadrupolar system Fyqq.

5 The KAM theorems

In the lunar spatial three-body problem, the two Keplerian frequencies and the quadrupolar frequen-
cies appear at three different orders of ¢, which requires a finer version of KAM theorem for properly-
degenerate systems to be applied. In this section, we first give an analytic version of a powerful “hypothet-
ical conjugacy” theorem (c.f. Féjoz (2004))), which does not depend on any non-degeneracy condition. We
then discuss the classical (strong) iso-chronous non-degeneracy condition which guarantees the existence
of KAM tori. We note that another KAM theorem applicable to such systems is presented in [Han et al
(2010). Finally, a theorem of J.Pdschel is presented, whose application confirms the existence of several
families of periodic orbits accumulating KAM tori.

5.1 Hypothetical conjugacy theorem

For p > 1 and g > 0, consider the phase space R? x T? x R? x R? = {(/,0,x,y)} endowed with the stan-
dard symplectic form dI A d6 + dx A dy. All mappings are assumed to be analytic except when explicitly
mentioned otherwise.

Let § >0,4 €{0,....q},¢"=q—¢,® € RP, and B € RY. Let B§+2q be the (p + 2¢)-dimensional
closed ball with radius & centered at the origin in R”+2¢, and Ngp=Ngp (8,4") be the space of Hamil-

tonians N € C?(T? x B§+2q,R) of the form

/

N=c+{(m,I)+ i Bi (x5 +y3) + i Bi (x5 —y3) + (A1(8), IR 1) + (A2(0),1 ® Z) + 05(1,Z),
j=1 j=q'+1

with ¢ € R, A; € C?(T?,R? @ RP),A, € C®(T?,R” @ R??) and Z = (x,y). The isotropic torus T? x
{0} x {0} is an invariant @-quasi-periodic torus of N, and its normal dynamics is elliptic, hyperbolic, or
a mixture of both types, with Floquet exponents 3. The definitions of tensor operations can be found in
e.g. (Féjozl 2004, p.62).

Let7>0and 7> p—1, || be the >-norm on Z”. Let HDy,z = HD;z(p.q',q") be the set of vectors
(m, B) satisfying the following homogeneous Diophantine conditions:

k-@+1"-B'| > 7k T+ 1)

for all k € Z?\ {0} and I" € Z4 with |I}| +--- + |l;,| < 2. We have denoted (B, ..., B;) by B’ Let || - ||,
be the s-analytic norm of an analytic function, i.e., the supremum norm of its analytic extension to the
s-neighborhood of its (real) domain in the complexified space C? x C? /ZP.

Theorem 51 Let (@°,3°) € HDyz and N° € Ngo go. For some d > 0 small enough, there exists € > 0
such that for every Hamiltonian N' € C® (TP x Bg”") such that

IN"=N[la <&,

there exists a vector (@, ) satisfying the following properties:
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— the map N' — (@, ) is of class C* and is €-close to (@°,3°) in the C*-topology;
- if (@, B) € HDyz, N’ is symplectically analytically conjugate to a Hamiltonian N € Ng g

Moreover; € can be chosen of the form Cst¥* (for some Cst > 0, k > 1) when ¥ is small.

This theorem is an analytic version of the C* “hypothetical conjugacy theorem” of [F¢joz| (2004).
Its complete proof will appear in the article The normal form of Moser and applications of J. Féjoz.
Actually, since analytic functions are C™, except for the analyticity of the conjugation, other statements
of the theorem directly follow from the “hypothetical conjugacy theorem” of [Fé¢joz/ (2004).

5.2 An iso-chronic KAM theorem

We now assume that the Hamiltonians N° = N° and N’ = N/ depend analytically (actually C'-smoothly
would suffice) on some parameter 1 € B’l’ 4 Recall that, for each 1, N/ is of the form

q q
Ny =+ (@ D+ Y B+ + Y BiG =y +(Aui(0).121) +(A2(6),122) + 03(1,2).
=1 j=q'+1
Theorem can be applied to N/ and N{ for each 1. We will now add some classical non-degeneracy
condition to the hypotheses of the theorem, which ensure that the condition “(@;,f3,) € HDy 7" actually
occurs often in the set of parameters.
Call

HD® = {(wf,ﬁ{’) EHDyz: 1€ 3’1’72‘1}

the set of “accessible” (7, 7)-Diophantine unperturbed frequencies. The parameter is restricted to a smaller
ball in order to avoid boundary problems.

Corollary 52 (Iso-chronic KAM theorem) Assume the map

p+q + 0 pRo
B =R 1 (@),B))

is a diffeomorphism onto its image. If € is small enough and if |N| — N?||4 < € for each 1, the following
holds:

For every (@,3) € HD® there exists a unique 1 € B’l7 4 such that N/ is symplectically conjugate to
some N € Ng g. Moreover, there exists ¥ > 0,7 > p — 1, such that the set

{teB}: (@,B) € HD"}
has positive Lebesgue measure.

Proof 1f ¢ is small, the map t — (@, B,) is C'-close to the map ¢ + (@7, B°) and is thus a diffeomorphism
over B’2’/+3q onto its image, which contains the positive measure set HD° for some ¥ > 0,7 > p— 1. The
first assertion then follows from Theorem Since the inverse map (@, 3) — t is smooth, it sends sets

of positive measure onto sets of positive measure.

Example-Condition 53 When N° = N°(I) is integrable, ¢ = 0, we may set N°(I) := N°(1+1). The iso-
chronic non-degeneracy of N? is just the non-degeneracy of the Hessian 7€ (N°)(I) of N° with respect to
I:

|2 (N°)(I)] # 0.
When this is satisfied, Corollary 53] asserts the persistence of a set of Lagrangian invariant tori of N° =

N°(I) parametrized by a positive measure set in the action space. By Fubini theorem, these invariant tori
form a set of positive measure in the phase space.
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If the system N°(I) is properly-degenerate, say

and there exist real numbers
O0<d <dp<---<dy

such that
NO(I) = NIV + e Ng (1) 1)) 4. NN (I),
then,
| (NO)(I)| 40, V0 < g << 1 < | (N)ID)| £0,¥i=1,2,--- |N.

i.e. the non-degeneracy of N°(I) can be verified separately at each scale.

Let us explain this fact by a simple example: Let N°(I1,I,) = N{(I,) + eN5 (11, 1), then

d>N(L) d*N3 (I, L)
dr? aiz

‘%(NO)(A,IQ” =& —|—()(82).
dNo(1 d2NS (1,1
71(1)7506111(172(1’2)

Therefore for small enough €, to have |7 (N°)(I1,L)| # 0, it suffices to have e e
i 2

0.

4

The smallest frequency of N°(I) is of order g if N° (I) is non-degenerate, then for any 0 < € << 1,
there exists a set of positive measure in the action space, such that under the frequency map, its image
contains a set of positive measure of homogeneous Diophantine vectors in HD ay 7 whose measure is
uniformly bounded from below for 0 < € << 1. Actually, since for any vector v € RPH4,

dn +,! !
ENV e HDedN}'/,‘E <V € HDyz,
the measure of Diophantine frequencies of N°(I) in HD ,ay 77 is lower bounded by the measure of Dio-
phantine frequencies of

NY(IDY + N (1D 1Py - 1 NG (D)

in HDy z, which is independent of €.
Following Theorem we may thus set € = Cst(eN §)* for the size of allowed perturbations, for
some positive constant Cst and some k > 1, provided ¥ is small.

5.3 Periodic solutions accumulating on the KAM tori

A theorem of J. Poschel (the last statement of (Poschel, (1980, Theorem 2.1); see also [Chierchial (2012)))
permits us to show that there are families of periodic solutions accumulating the KAM Lagrangian tori.
In our settings, this theorem can be stated in the following way:

Theorem 54 Under the hypothesis of Corollary the Lagrangian KAM fori of the system N lie in the
closure of the set of its periodic orbits.

Indeed, exactly as in|Poschel (1980), regardless of whether the unperturbed system is properly-degenerate
or not, once a non-degenerate KAM torus is known to be exist in a perturbed system, the existence of
periodic orbits in any neighborhood of this KAM torus is confirmed by applying the Birkhoff-Lewis fixed
point theorem.
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6 Quasi-periodic orbits far from collision of the spatial lunar three-body problem

. . . / /
Now let us consider the Hamiltonian Fk,p + Fyee + Fs’écf,ér, + Flomp» seen as a system reduced by the

SO(3)-symmetry. We now consider R"e’cnl as defined on a subset of the (SO(3)-reduced) phase space instead
of the secular space, which has 4 degrees of freedom.

To apply Corollary , we start by verifying the non-degeneracy conditions in the system Fx,, -+ Fs'é"c"/.
As noted in Condition-Example[53] due to the proper degeneracy of the system, we just have to verify the
non-degeneracy conditions in different scales.

Let us first consider the Kepler part:
WM My

20,2 213

FKE[J(L17L2) =

Considered only as a function of L; and L, it is iso-chronically non-degenerate.

To obtain the secular non-degeneracies of the system Fféf/, let us first consider the quadrupolar system
Fyuaa- We see in Figurethat for C # Gy, in the (G, g1)-space, three types of regions are foliated by four
kinds of closed curves of Fquad(Gl ,81,C, Gy, Ly, Ly). They are regions around the elliptical singularities B
inside the separatrix of A or A’, and the regions from {G| = G| yax} and {G| = G in } up to the nearest
separatrix. These regions in turn correspond to three types of regions in the (G, g1, G2, g2)-space, foliated
by invariant two-tori of the system F,,4(G1,81,G2;C,L1,L). We build action-angle coordinatesﬂ, and
let .# | be an action variable in any one of these corresponding regions in the (G, g1 )-space. In Appendix

C
we show that the quadrupolar frequency map is non-degenerate in a dense open set for almost all I
1

and .
1
Finally, for any fixed C # 0, the frequency map
wiM; M3
3 0 13
Ly Ly

(Li,Ly, 7 1,G2) ( O Vauad 1, OC3unad,2)

of Fgep + Oc3Fquad is a local diffeomorphism in a dense open set £2 of the phase space IT symplectically
reduced from the SO(3)-symmetry, in which V44, = 1,2 are the two frequencies of the quadrupolar
system F,q4(G1,81,G2:C, Ly, Ly) in the (G;, g;)-plans respectively, which are independent of o.

For any (n,n’), the Lagrangian tori of the system F are O(a)-deformations of Lagrangian tori of

n,n'

03 Fyqq. The frequency map of F., + Fyer are of the form

3242 342
uyMs s M.
1L3 l 2L3 2 ) aSVQMad.,l + 0(064), O‘3unad,2 + O(OC4))7
1 2

(Li,L>, 7,,G2) — (

)

which is thus non-degenerate in a open subset £’ of IT symplectically reduced from the SO(3)-symmetry
for any choice of n,n’, with the relative measure of £’ in Q tends to 1 when o — 0, in which 7 | is

defined analogously in the system FSZ.C", as #1 in Fuaa- At the expense of restricting ' a little bit, we
may further suppose that the transformation ¢”1//”/ is well-defined. We fix o such that the set £’ has
sufficiently large measure in Q.

In Q’, there exist ¥ > 0,7 > 3, such that the set of (¥,7)-Diophantine invariant Lagrangian tori

!
of Fgep + Fyer. form a positive measure set whose measure is uniformly bounded for small ¢ (Example-
Condition . By definition of £2’, near such a torus with action variables (L?,Lg, 2 Gg), there exists

4 See|Arnold| (1989) for the method of building action-angle coordinates we use here.
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a A-neighborhood for some A > 0, such that the torsions of the Lagrangian tori of Fxep + F:é‘f'/ do not
vanish in this neighborhood. Let

— —A —0  ,——A
(Li,La, 71,Go) = oM (LY, L3, 71,Gh) = (L) + AL} LY+ ALY, 7+ A _71,G3+AGh).

Thus for any (L%,L;njﬁG%) € B}, and for any choice of n,n’, the frequency map of the Lagrangian
torus of Fy,, + F;éf, corresponding to (L(l) +A L{L , Lg +A L%,?? +A j/} , G(z) +A G%) is non-degenerate.
The existence of A follows from the definition of Q.

We may now apply Corollary [52|for Lagrangian tori (i.e. p =4,q = 0) near the torus of Fx.p + Fyer

with action variables (L?,Lg,??, Gg). We take N’ = (j)}”*y/"l*(j)”*F (See Section |3| for definition of "
and (f)”,), N° = d)l*(FKe,,(Ll o) +FS'2’C"I (L%,L%,??,G%;C)), with parameter (Li,L>, 7 ,,G>) € B} and
perturbation (]J’“(F{éﬁé” + Fg;mp), whose order of smallness with respect to & can be made arbitrarily
high by choosing large enough integers n and #'. In particular, we may choose large enough n and n’ so
that Corollary [52]is applicable.

The existence of an invariant Lagrangian torus of (b}“* l//"'* ¢"F (and thus of F) close to the Lagrangian

torus of Fip+Fi with action variables (L9, L9, 7, GY) thus follows. We apply Corollary|52near other

(a*7,7)-Diophantine invariant Lagrangian tori of Fi,, + F in Q' analogously.

In such a way, we get a set of positive measure of Lagrangian tori in the perturbed system N’ =
¢7L*l//"/*¢"*F (and thus of F) for any fixed C > 0. It remains to show that most of these Lagrangian
tori stay away from the collisions. The transformations we have used to build the secular and secular-
integrable systems are of order O(a), which shall bring an O(a)-deformation to the collision set. There-
fore, for fixed C and G, (independent of ¢t), most of these invariant Lagrangian tori stay away from the
collision set, provided « is small enough.

Theorem 61 For each fixed C, there exists a positive measure of 4-dimensional Lagrangian tori in the
spatial three-body problem reduced by the SO(3)-symmetry, which are small perturbations of the corre-
sponding Lagrangian tori of the system Fg,p + 053Fq,wd reduced by the SO(3)-symmetry.

By rotation around C, we obtain a positive measure of 5-dimensional invariant tori in the lunar spatial
three-body problem.

We establish the following types of quasi-periodic motions in the spatial lunar three-body problem
(the required non-degeneracy conditions are collected in Appendix [C):

T
— Motions along which g; librate around 7 corresponds to the phase portraits around the elliptical
singularity B;
Motions along which G| remains large (eventually near {G| = G| mqx }) While g; decreases;
Motions along which G| remains large (eventually near {G| = Gl,max}) while g increases;
Motions along which G| remains small but bounded from zero, while g; increases.

From Theorem[54] we get

Theorem 62 There exist periodic orbits accumulating each of the KAM tori thus established in the spatial
three-body problem reduced by the SO(3)-symmetry.

Let us now consider the elliptic isotropic tori corresponding to the elliptic singularity B. Set p =3,g =
1. The frequency of an elliptical isotropic torus with parameters (L;,L,,G2,C) corresponding to the only
elliptic quadrupolar singularity B in Figure[3]is of the form

(:ul3M12 M3

Lj]; ) Lg ) aSunad.,Z +0((X4), a3vquadn,Gz + 0(064)>,
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in which V440G, denotes the quadrupolar normal frequency of the elliptical isotropic torus. We show in
Appendix [C|that the quadrupolar frequency map

(GZaC) — (vquad,Za unadn,Gz)

C G
is non-degenerate for almost all 7 L—z Set C=C+AC*. We may now apply Corollary [52fin the same
1 Ly

way as for Lagrangian tori, with parameters L% ,L% , G%,Cl to obtain a positive 4-dimensional Lebesgue
measure set of 3-dimensional isotropic elliptic tori in the direct product of the phase space of the reduced
system of the spatial three-body problem (by the SO(3)-symmetry) with the space of parameters C. Let
us call this 4-dimensional Lebesgue measure a “product measure”.

Theorem 63 There exists a positive product measure of 3-dimensional isotropic elliptic tori in the spatial
three-body problem reduced by the SO(3)-symmetry, which are small perturbations of the isotropic tori
corresponding to the elliptic secular singularity of Fxep + (X3Fquad reduced by the SO(3)-symmetry. They
give rise to 4-dimensional isotropic tori of the spatial three-body problem.

A Estimates of the perturbing function

We first recall some hypothesis and notations from the beginning of Section@

— the masses mq,m,m; are fixed arbitrarily;
- Lete) <ef, ey < e} be positive numbers. We assume that

O<el<er<ef <1, 0<ey<er<e)<l.
- Letay < af be two positive real numbers. We assume that

al <ay <ap;

A A A
ai A L l—ef 1—e) 1—é)
- a=— < 0o":=min
aj { 80 ’ 2(70 ’ 2(71
From the relations

IS

ai(1-e) < [|Qi]] < ai(1 +ei) < 2a;,
1
101l < —, for & = max{0y, 01}

102l = 67
Lemma A1 (Lemma 1.1 in|Féjoz (2002)) The expansion

we obtain in particular that

oi"
Fper/ = —Himy Z O-nPn(COSC)”iliH
n>2 HQZH
1
is convergent in “gl “|| < 5 (and therefore when oo < o) where P, is the n-th Legendre polynomial,  is the angle between the
2

two vectors Q| and 0y, 6 = max{0y, 0, } and ¢, = 0'6’71 + (*l)”(yf’l.
As in|Féjoz| (2002), we have in the real domain:

Lemma A2
‘Fpen‘ < CStOﬁ»
for some constant Cst only depending on my,my,my, e\ e, ey, €5
Proof Since ((Kellogg, 1953 p.129))
|Pu(cos§)| < (V2+1)" <37,
and
|oul = log "+ (= 1)"o1 |
<oy +lof |
mgfl mn—]

— + 1 <1,
(m()-‘rml)”fl (mo_;'_ml)nfl ’
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we have
O1]"
‘Fpert| = Huimy Z O-nPn(COSC)”iUIH
n>2 HQZH
1"
Suymy ) 3
,E‘z Q]+
wymy 3n+1an+l
~ay3(1—¢y) = (1—ep)nt!
Himy 33063 1

“ay3(l—¢]) (1-€))?1—eb —3a’

1—¢éb

The conclusion thus follows when o < . In particular, the constant Cst is uniform in the region of the phase space given by

the hypothesis in the beginning of this appendix.
In the following lemma, we regard Fj.,, as a function of Delaunay variables
(L1, 11, Ly, 1, Gy, 81,Ga, 82, Hy by Ho ) € 27 C TO xR,

in which £2* is defined, with the hypothesis of this appendix, by further asking that all the Delaunay variables are well defined. All
variables are considered as complex, thus Z7* is a subset of T = C®/Z% x C°. The modulus of a complex number is denoted by
[-|. In complex domain, we have

Lemma A3 There exists a positive number s > 0, such that |Fper| < Cst|a|? in the s-neighborhood Tz« ; of P* for some constant
Cst independent of o.

Proof By continuity, there exists a positive number s, such that in T+ ;, we have uniformly

2 |leld

af(1—=¢")" [l

4|
T 1-é

1
|cos (| <2 '—‘ <
011l

in which cos §, || Q1| and || Q2 ]| are considered as the corresponding analytically extensions of the original functions.
Using Bonnet’s recursion formula of Legendre polynomials

(n+1)Ps1(cos ) = (2n+1) cos £ Py(cos §) — Py (cos ),

by induction on n, we obtain |P,(cos )| < 5".

Thus
n
|Fper| = Himy Z 6,P,(cos C)HQil‘r'lH
=2 (21
o]l |
< upnmy 5"
o1l ,E’z 02
Wy 5n+14n+1‘a‘n+1

TalS(1—ef) & (1—ep)rt!

mmy 203 af 1
“ay5(1—ef) (1—e))?>1—eh—20]a|’

. . . 1—el
It is then sufficient to impose ¢ < a’ and s small enough to ensure that |or| < 2.

1—eé)
80

in

In addition, for sufficiently small s, to have the last inequality in the previous proof satisfied, it suffices to have o <
the real domain.
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B Singularities in the quadrupolar system

In this appendix, we show that, for a dense open set of values of parameters (G2,C, Ly, L), the singularities A, B,A’, E of the system
Fhu4a(G1,81:G2,C, Ly, Ly) are of Morse type in the (G, g1)-space.
Following Lidov and Ziglin| (1976), we define the normalized variablesEI

c _& _G

:flv 7L17 7Ll7 =&1-
From section[d] we deduce
5
Fquud =3 (W/+§)7
in which
) (27 2 2)2 N ) (27 2 _ 2)2
v(,;,)=-2°""+ 12 +5(1— “)sin”( )(T—l).

The coefficient & is independent of and and , . We shall work with % from now on.

Lemma B1 For a dense open set of values of the parameters ( , ) with # , all the singularities of the I1-degree of freedom
Hamiltonian W (seen as a function of ( , )) are of Morse type.

Proof A singularity is of Morse type if, by definition, the Hessian of 7 at this point is non-degenerate. By evaluating the determi-
nant of the Hessian of % with respect to , at the corresponding singularity, we get an analytic function of , , hence we only
need to show that this function is not identically zero. Some of the following results were assisted by Maple 16.

Singularity A: The determinant of the Hessian of W at this point is

20 243 2-1)( 2— %)

3 <0.

Singularities B and A”: The squares ,23 of the ordinates p of B and A’ are both determined by the same cubic equation

2
Bt R (2 =0 M

2 3
In order to make the analysis simple, we set the ordinate of B to g and the ordinate of A’ to % This leads to

13_v2 138 V2
60 10> {60 10’

which are in the allowable range of values (see Condition (3), Section @)
The determinants of the Hessian of W at B: ( =+/2/2, =m/2)and A’ : ( =+/3/2, =mx/2)are

. _ 51(30v2-5) _ 7(49560v2—61343)
respectively 8(13+12v/2)2 and 512(134+12v/2)?2
. : . . .. 102 —1)%(2 =3)
Singularity E( + < 1):at = ,the determinant of the Hessian of W at this point is — 5 .

Singularity E( + > 1): the determinant of the Hessian of W at this point is

232 2-1)(54+54-1022-82-4243)
. .

In coordinates (G, g1), the circle {G) = G| yin } corresponds to coplanar motions, and is therefore invariant under any system

F;'?C"/ There are no other singularities near {G = G i }. Therefore, locally near {G; = Gy yin} in the 2-dimensional reduced

/
secular space, the flow of Fye. is orbitally conjugate to Fluaa-

3 in|Lidov and Ziglin|(1976), itis 2 (was denoted by €) which is taken as part of the coordinates.
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C Non-degeneracy of the quadrupolar frequency maps

In this appendix, we verify the non-degeneracy of the frequency maps for the quadrupolar system Fq4(G1,81,G2;C,L1,Ly) re-
duced by the SO(3)-symmetry (but keep the SO(2)-symmetry conjugate to G, unreduced). The calculations is assisted by Maple
16.

‘We continue to work in the normalized coordinates of|[Lidov and Ziglin| (1976), described at the beginning of Appendix@ ie.

c _& _Ga

:E: _L17 _Ll’ =81

k
B3

5
In these coordinates, we have Fjuq = o5 (¥ + 3 ), and

—_ W+ 3
Let#(, ,; )= B 3 This function is now considered as a two degrees of freedom Hamiltonian defined on the 4-dimensional
phase space, whose coordinates are ( , , ,g»), depending on the parameter . We shall formulate our results in terms of #, from
which the corresponding results for F,q4 follow directly.

The main idea in the forthcoming proofs is to deduce the existence of torsion of % from a local approximation system
W/( ., ; ) whose flow, for fixed , is linear in the ( , )-plane. By analyticity, the torsion of 7 is then non-zero almost
everywhere in the corresponding region of the phase space foliated by the continuous family of the Lagrangian tori.

To obtain the approximating system “///,, we consider the reduced system W ot W by fixing and reduced by the SO(2)-action
conjugate to . We either develop # into Taylor series of ( , ) atan elliptic singularity and truncate at the second order, or develop
# into Taylor series of at = Cst and truncate at the first order. In both cases, the torsion of the truncated system amounts to the
non-trivial dependence of a certain function of the coefficients of the truncation with respect to

Lemma C1 For a dense open set of values of , the frequency mapping of the Lagrangian tori of W' is non-degenerate on a dense
open subset of the phase space of W .

Proof By analyticity of the system, we just have to verify the non-degeneracy in small neighborhoods of the singularity B and
{ = minfor{ = mar=max{l, + }} forthe system # .
In a small neighborhood of B (whose -coordinate is denoted by p),let = — 5, 1= — g We develop # into Taylor
series of jand q:
W = )_,’_;v( 2+Y( 2+0 2+| 2%
()FEC ) 1) Fro(0 P+ P2,

In which
= )_4243724g+8432+5 4415 4-30 22415 4
bl b - 4 5 4 ’
B
r( ):75(%—1)(( + PP = )= 3
b 4 54}1} .

From Equation we see that Y'(, ) #0. To show that Z( , ) # 0, we just need to use the identity (deduced from Equation

2 5
15( 2= 22 =24(5+ 24+3) 524§
to write Z( , ) into the form
5
42422+ 3
= _ 4
‘—’( ? )_ 5 .

Since the singularity B is elliptic, we have Z( , )Y( , ) > 0 for a dense open set of ( , ). For f close to @( , ) when
E >0 (resp. £ < 0), the equation f =®( , )+E( , ) 2+Y( , ) *defines anellipse in the ( , )-plane which bounds an area

_ _ 1) P
T——, thus we may set .¥ | = ———, which is an action variabl for the truncating system of % up to second order of ;| and
VEY Y 2/ET & P

— 3 3 _
1. Therefore W' = @ + 2V EY | + O(F ), where O(.# ) is a certain function of , and .#, which goes to zero not slower
_3
than .77 — 0.

© See|Arnold|(1989) for the method of building action-angle coordinates that we use here.
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We denote by |Det|.7(F) the torsion of § i.e. the absolute value of the determinant of the Hessian matrix of a function

3(71 ) ), ie.
0°F 92 92 2
Dt (5) 2 | 25 98 (LIF Y
9.7, 9 9710
It is direct to verify that
_3 _
IDetl #(0(7})) = 0(F1).
which is of at least the same order of smallness comparing to the quantity f — @, which can be made arbitrarily small when restricted
to small enough neighborhood of B, and
— IVEY
|Det|# (2VEY 7)) = 4(T)2'
182)-
and

This is exactly the torsion of the system 2/ZY .# considered as a system of two degrees of freedom with coordinates ( ,
IWVEY
g = 0 for some

Therefore in order to prove the statement, it is enough to show that
Suppose on the contrary that the function v/ =71 is independent of , then the function ZY is also independent of . In view of
the expressions of & and Y, this can happen only if one of the following expressions is a non-zero multiple of ¢ for some integer
2 2_ 2
(=) -5

¢>1:
2 2 2,5 2 1 2
Bflv +2 J”Z* B> 4 ( + )787
B
2 obtained in each case in Equation thus exclude the first two

Since % solves Equation we substitute the particular form of 3
by comparing the constant term, exclude the third by comparing the lowest order term of , and exclude the last two by comparing
IWEY
the terms that only depends on . As a result, % is non-zero for a dense open set of values of (¢, f3).
We now consider the torsion of the tori near the lower boundary { = ,;m=| — |>0}.
Recall that the function % and the coordinates extend analytically to {0 < < ,,,,',,}. This enables us to develop # into
Taylor series with respectto at = ,;:set | = min» W€ obtain
%/:(f’( ’ )+E( sy ) 1+ 0( %)7
in which
o )= 2(9 2% =6 2+ 3-4345)4+(=5 +53-102 +5 2)cos’0)
E(, ET— .
We eliminate the dependence of _in the linearized Hamiltonian ®(, )+Z(, , ) 1 by computing action-angle coordi-
nates. The value of the action variable .# | on the level curve
Efé( ) )J,»E( [N ) l:f
is computed from the area between this curve and | =0, that is
— 1 - 2 1 —
y]:—/ a == )/ _ d =7
2z JE, 2m Jo E(, , )
~1
1 — —2
( )d > ,¢1+0(,71)‘

(&3]}

We have then
— _ 21
W =o(, )+2rm (/
0

As in the proof of Lemma for .#| small enough, the torsion of V?/is dominated by the torsion of the term linear in 71,

which is
2
d (2 1 -

2r— / =—d

{ d (o E{ QR ) ]
Using the formula

/2” d 2

b a+bcos  aZ—p?

L, 2y F V9T -6 24 3-4345
(’ﬂ) - 4

[

we obtain
21
27 ( /
0
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which depends non-trivially on . Therefore the torsion of the system

([ st ) 7

which is considered as a function of ,71 , is not identically zero.

In the case o (=min{l, + })= + ,since # isan odd function of , we may simply replace by — in the formula
for tori near = ,,;, presented above. The required non-degeneracy follows directly.

In the case (= min{l, + }) =1, by the same method, we only have to notice that the function

xn

5 2 do -1
( /o (54-1022-10 2+5—10 245 4)cos? +(4 2+8 2—3-5 4410 2 25 4))

V(6 2-32-2+45 (248 2-3-5 4410 2 2)
5

depends non-trivially on

Lemma C2 The frequency map of the elliptic isotropic tori corresponding to the secular singularity B is non-degenerate for a
dense open set of values of ( , ).

Proof Following from the previous proof, we only need to note in addition that the secular frequency map of the elliptic isotopic
tori corresponding to the secular singularity B is the limit of the secular frequency map of the Lagrangian tori around B: At the limit,
the frequency of these tori with respect to .#| becomes the normal frequency of the lower dimensional secular tori corresponds to
B, and the frequency with respect to G, becomes the tangential frequency of the lower dimensional tori. We see that the frequency
of the approximating Hamiltonian 2v/ZY .#, is independent of .|, hence its frequency map for Lagrangian tori near the lower
dimensional tori gives in the same time the frequency map for the lower dimensional tori. By the same reasoning and calculations
as in the proof of Lemma the non-degeneracy condition of the secular frequency holds for a dense open set in the ( , )-space.
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