
A CONVEX EMBEDDING FOR THE ROTATING KEPLER PROBLEM

URS FRAUENFELDER, OTTO VAN KOERT, LEI ZHAO

Abstract. In this note, we prove that below the first critical energy level, a proper com-
bination of the Ligon-Schaaf and Levi-Civita regularization mappings provides a convex
symplectic embedding of the energy surfaces of the planar rotating Kepler problem into
R4 endowed with its standard symplectic structure. A direct consequence is the dynam-
ical convexity of the planar rotating Kepler problem, which has been established in [2]
by direct computations. This result opens up new approaches to attack the Birkhoff con-
jecture about the existence of a global surface of section in the restricted planar circular
three body problem using holomorphic curve techniques.

1. Introduction

The planar rotating Kepler problem is the planar Kepler problem in a proper uniform-
rotating coordinates. Its Hamiltonian

H : T ∗(R2 \ {0})→ R

reads

H(q, p) =
||p||2

2
−

1
||q||

+ (p1q2 − p2q1),

which is the sum of the usual Kepler Hamiltonian in a fixed reference frame with an
angular momentum term (p1q2−p2q1) generating the rotation of the reference frame. Note
that since the Kepler problem is rotationally invariant, the Kepler Hamiltonian Poisson
commutes with the angular momentum. By completing the squares, we can rewrite the
Hamiltonian as

H(q, p) =
1
2

(
(p1 + q2)2 + (p2 − q1)2

)
−

1
||q||
−
||q||2

2
.

The last two terms are referred to as the effective potential

U(q) = −
1
||q||
−
||q||2

2

so that the Hamiltonian takes the form

H(q, p) =
1
2

(
(p1 + q2)2 + (p2 − q1)2

)
+ U(q).
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The Hamiltonian of the rotating Kepler problem is not mechanical, i.e. is not a simple
sum of kinetic and potential energies, but contains a twist in the kinetic part. This twist
gives rise to the Coriolis force. Moreover, the effective potential contains in addition to
the gravitational potential an elastic term quadratic in the positions which gives rise to the
centrifugal force.

Note that the critical values of H correspond to the critical values of U. There is
precisely one critical value of U

c1 = −
3
2
.

For an energy value c, abbreviate by

Σc = H−1(c)

the energy hypersurface. The Hill’s region of the rotating Kepler problem for the energy
value c is the image of the energy hypersurface under the footpoint projection

π : T ∗R2 → R2,

i.e.,

Kc = π(Σc) =
{
q ∈ R2 \ {0} : U(q) ≤ c

}
.

For c < −3
2 , the Hill’s region has two components, one bounded and one unbounded

Kc = Kb
c ∪ K

u
c

and we abbreviate by

Σb
c =

{
(q, p) ∈ Σc : q ∈ Kb

c

}
the connected component of the energy hypersurface lying over the bounded component
of the Hill’s region. Note that Σb

c is not compact due to collisions. Our main result is

Theorem A: For every c < −3
2 there exists a 2-to-1-symplectic strictly convex embedding

of Σb
c to R4. The image of this embedding smoothly extends to a closed strictly convex

hypersurface in R4 over the set of collisions.

At a first glance, one may naturally expect that the embedding obtained by the Levi-
Civita regularization suffices. This is unfortunately not the case. Indeed, it was shown in
[2, Theorem 1.2] that not for all energy levels below the first critical value the Levi-Civita
embedding of the bounded component of the rotating Kepler problem is convex. Instead
of that, we obtain our embedding by first applying the Ligon-Schaaf regularization map-
ping to the rotating Kepler problem and then apply the Levi-Civita regularization mapping
to the Ligon-Schaaf regularized rotating Kepler problem.
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Ligon and Schaaf discovered their regularization mapping [16] in their attempt to un-
derstand the symmetries of the Kepler problem by the theory of moment maps. This
regularization mapping can also be thought as a global version of the Delaunay coor-
dinate transformation. Nevertheless its mysterious properties still continue to fascinate
mathematicians in their efforts to further clarify the situation, see for example [6, 10].

To prove Theorem A, we show that the Gauss-Kronecker curvature of the Levi-Civita
pull-back of the Ligon-Schaaf regularized rotating Kepler problem is positive. We derive
an explicit expression for this curvature (up to a positive factor) as a polynomial in three
variables. This polynomial surprisingly factorizes quite well and therefore allows us to
estimate the curvature.

Since convexity implies dynamical convexity ([12], see also Section 2), the first state-
ment of Theorem 1.1 in [2], which states that the bounded component of an energy hy-
persurface of the rotating Kepler system is dynamically convex, now becomes a direct
corollary.

Aside from this, we do not get too much dynamical information from Theorem A. Nev-
ertheless Theorem A is motivated by dynamical questions. Indeed, the rotating Kepler
problem arises as the limit of the restricted three body problem when the mass of one of
the primaries goes to zero. In the restricted three body problem, many chaotic motions
occur, and its dynamics is still far from well-understood. We hope Theorem A will be
helpful to understand a conjecture by Birkhoff about the existence of a global surface of
section for the restricted three body problem. In view of numerical evidence and Theo-
rem A it seems reasonable to try to prove the Birkhoff conjecture by verifying convexity
of a suitable embedding of the restricted three-body problem into C2 and applying a result
by Hofer, Wysocki and Zehnder.

In Section 2 we explain some old and new progress made towards the Birkhoff conjec-
ture to further motivate our study. We will also describe some dynamical applications. In
Section 3 we prove Theorem A.

2. The Birkhoff conjecture

Birkhoff writes on page 328 of his seminal work on the restricted three body problem
[4]

"This state of affairs seems to me to make it probable that the restricted
problem of three bodies admit of reduction to the transformation of a dis-
coid into itself as long as there is a closed oval of zero velocity about
J(upiter) ..."

In modern mathematical language, “a transformation to a discoid” is referred to as the
existence of a disklike global surface of section. The assumption that there is a closed
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oval of zero velocity means that a bounded component of the restricted three body prob-
lem for energies below the first critical value is considered. When Birkhoff referred to
the restricted three body problem, he assumed that it is regularized by Levi-Civita regu-
larization. 1 Therefore, when the energy is below the first critical value, the two bounded
components are each diffeomorphic to a three dimensional sphere.

For small energies the Birkhoff conjecture is proved by Conley [5] and Kummer [13]
for all mass ratios.

For sufficiently small mass ratios it was shown by McGehee in [17] that the Birkhoff

conjecture holds true in the connected component around the heavy primary for an arbi-
trary energy below the first critical value. That the same results holds as well around the
light primary was shown by Albers, Fish, Frauenfelder, Hofer, and van Koert in [1].

The proofs by Conley, Kummer and McGehee used perturbative methods. In contrast
to that, the proof in [1] is non-perturbative in nature. Instead it uses global methods of
modern symplectic geometry, namely the theory of holomorphic curves in symplectiza-
tions, due to Hofer [11] and Hofer-Wysocki-Zehnder [12]. Perturbative methods are only
applicable if the system considered is close to a completely integrable system. This holds
for small energy values, where the restricted three body problem is a perturbation of the
Kepler problem and for small mass ratios around the heavy primary where the restricted
three body problem is a perturbation of the rotating Kepler problem. However, for higher
energies and higher mass ratios perturbative methods fail. Our expectation is that the use
of holomorphic curves will be the clue to attack the Birkhoff conjecture. For more in-
formation on the relation between the Birkhoff conjecture and the theory of holomorphic
curves, we refer to [8].

In order to construct a disklike global surface of section via holomorphic curves, the
question about the existence of a convex embedding becomes crucial. The reasons are as
follows. In [12], Hofer, Wysocki, and Zehnder proved the following result

Theorem (Hofer-Wysocki-Zehnder). Assume that Σ is a closed starshaped hypersurface
in R4 endowed with its standard symplectic structure. If Σ is dynamically convex, then Σ

admits a disklike global surface of section.

Here a starshaped hypersurface in R4 is called dynamically convex if the Conley-
Zehnder index of each closed characteristic is at least three. In [3], Albers, Frauenfelder,
van Koert and Paternain proved the following result.

1Levi-Civita published his paper on the regularization [15] in 1920, but Birkhoff refers to this regular-
ization in his introduction. Goursat already anticipated this in the paper [9] published in 1887 .
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Theorem (Albers-Frauenfelder-van Koert-Paternain). The Levi-Civita embedding of each
bounded component of the restricted three body problem for energies below the first crit-
ical value is a starshaped hypersurface in R4.

In view of these results, in order to prove the Birkhoff conjecture, it suffices to show
dynamical convexity for each bounded component of the restricted three body problem
for energies below the first critical value. However, to check dynamical convexity directly
by first determining all closed characteristics, and then figuring out their Conley-Zehnder
indices is in general not feasible. Instead of that, the following result of Hofer-Wysocki-
Zehnder from [12] gives a much more handy approach.

Theorem (Hofer-Wysocki-Zehnder). Assume that Σ ⊂ R4 is a closed strictly convex hy-
persurface. Then Σ is dynamically convex.

This theorem explains the term "dynamical convexity". While dynamical convexity
is a symplectic concept in the sense that it is preserved under symplectomorphisms, the
notion of convexity is not. For a convex hypersurface in R4 there might well be a different
starshaped embedding which is not convex.

To the authors’ knowledge, the question if there exists a dynamically convex, star-
shaped hypersurface which does not admit a convex embedding at all is yet open. In fact
the dynamical convexity of the rotating Kepler problem was proved already in [2] where
it was also shown that the Levi-Civita embedding is not always convex for all energies.
This results prompted the question if the rotating Kepler problem leads to an example
of a dynamically convex hypersurface which does not admit a convex embedding at all.
Theorem A answers this question in the negative.

We conclude this section with some other evidence for the Birkhoff conjecture.

(1) the Levi-Civita regularization of the restricted three-body problem is convex for a
wide range of mass ratios and energies. This can be seen rather directly for very
small energy, nevertheless, as was shown in [1] it also holds for energies close to
the first critical value provided we are looking at the neighborhood of the primary
very light compared to the other primary.

(2) numerically, we can verify positivity of the tangential Hessian of the Levi-Civita
regularization on a discretization of the energy hypersurface. We then find that the
Levi-Civita regularization seems to be convex for all masses µ ∈ (0.01, 0.99) up
to the first critical value. In fact, convexity of the Levi-Civita regularization only
seems to fail very close to µ = 0 and µ = 1 for energies close to the first critical
value. We emphasize that without precise estimates and careful methods, such as
interval arithmetic, such numerical work does not provide a proof, though.
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(3) Again on the numerical side, it seems possible to adapt a shooting argument by
Birkhoff into a numerical method to find periodic orbits carrying a certain reflec-
tion symmetry, to construct a parametrization of the retrograde orbit and a direct
orbit. These orbits link like Hopf fibers, and numerical evidence suggests that it
is possible to construct a global disklike surface of section from these orbits.

The existence of a global surface of section reveals a lot about the orbit structure; it
allows one to study the full dynamics with the globally defined return map, which can be
shown to be conjugated to an area-preserving diffeomorphism. Since a lot is known about
the dynamics of such maps, see for instance [7, 14], this should provide ample means to
better understand the dynamics.

3. The Levi-Civita pull-back of the Ligon-Schaaf regularized Kepler Problem

Set

T = T ∗Sn = {(u, v) ∈ T ∗Rn+1; ‖u‖ = 1, u · v = 0}

and

T× = {(u, v) ∈ T ; v , 0}

the deleted cotangent bundle of Sn, which is sometimes called the Kepler manifold. De-

note by P− the subset of T ∗Rn with negative Kepler energy H0(p, q) =
‖p‖2

2
−

1
‖q‖

< 0

and

T− = {(u, v) ∈ T×; u , (0, · · · , 0, 1)}.

To define the Ligon-Schaaf mapping, we put

φ = −
√
−2K(q, p)〈q, p〉,

u =
( √
−2K(q, p)‖q‖p, ‖p‖2‖q‖ − 1

)
,

v =
(
−‖q‖−1q + 〈q, p〉p, φ

)
.

The vectors u and v are orthonormal vectors in Rn+1, as can be checked with a direct
computation. We regard the vector u as the base point in Sn and the vector v as a unit
cotangent vector at u. The Ligon-Schaaf mapping is then given by

ΦLS : P− −→ T−

(q, p) 7−→

r = (cos φ)u + (sin φ)v, s =
1√

−2K(q, p)
(−(sin φ)u + (cos φ)v)

 ,
and it has been shown in [16, 6, 10] that this map is symplectic with respect to both
canonical symplectic structures on cotangent bundles. Furthermore, it transforms H0(p, q)
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into the “Delaunay Hamiltonian”

Hk = −
1

2‖s‖2
.

As we will only study the bounded component of the Hill’s region in which all motions
are bounded, and thus having negative Keplerian energy, we may well restrict the rotating
Kepler problem

H =
‖p‖2

2
−

1
‖q‖

+ (p1q2 − p2q1)

to P−. With the mapping ΦLS , H is transformed into

Hr = −
1

2‖s‖2
+ (r1s2 − r2s1)

both of which extend smoothly to the north pole (0, · · · , 0, 1) of Sn which represents the
collisions, and the extensions are thus smoothly defined on T×.

On the other hand, in terms of the semi major axis a and the eccentricity e of the elliptic

orbit, the Keplerian energy takes the value Hk = −
1

2a
, with the norm of the angular

momentum |p1q2 − p2q1| =
√

a
√

1 − e2. Moreover, as the bounded component of the
Hill’s region lies inside the circle {‖q‖ = 1}, for all elliptic motions in this component, we
have a < 1. In conclusion, in the bounded component, we have

|r1s2 − r2s1| ≤ ‖s‖ < 1.

From now on, we shall only consider the planar problem with n = 2. We have

T ∗S2 = {(r1, r2, r3, s1, s2, s3) ∈ R3 × R3; ‖r‖ = 1, r · s = 0}

a point (r1, r2, r3, s1, s2, s3) which is projected by stereographic projection to

(x1, x2, y1, y2) ∈ R2 × R2 � C × C 3 (x = x1 + ix2, y = y1 + iy2)

such that

s1,2 = (
‖x‖2 + 1

2
)y1,2 − Re(x̄y) · x1,2 s3 = Re(x̄y) r1,2 =

2x1,2

‖x‖2 + 1
,

with the north pole projected to “the point at infinity”∞.
By calculation, we have

‖s‖2 =
(‖x‖2 + 1)2

4
‖y‖2 r1s2 − r2s1 = x1y2 − x2y1.

Having in mind the switch in positions and momenta in the Moser regularization, which
served as an intermediate step in Heckman-de Laat’s interpretation of the Ligon-Schaaf
regularization, we take the following as our Levi-Civita mapping

L.C. : T ∗(C \ (0, 0))→ T ∗C (z,w) 7→ (x = w/z̄, y = 2z2)
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which can be extended smoothly to a mapping from T ∗C \ {(0, 0)} → T ∗(C ∪ ∞). The
pull-back of Hr by L.C. thus reads

L.C.∗Hr = −
1

2(‖w‖2 + ‖z‖2)2 + 2(w1z2 − w2z1)

The corresponding energy level with energy c is therefore

Γc =
{
−

1
2(‖w‖2 + ‖z‖2)2 + 2(w1z2 − w2z1) = c

}
.

Note that the angular momentum is 2(w1z2 − w2z1). It is envisaged that the set Γc is
symmetric with respect to the origin of C2. For c < −3/2, this set is the disjoint union
of three components, of which two are unbounded and one is bounded. We would like to
understand if the bounded component Γ0,c of Γc bounds a convex domain in C2.

In order to show this, we calculate the Gauss-Kronecker curvature of Γ0,c and show that
this curvature is positive. For this purpose, it is enough to calculate the Hessian of the
function

F := −1 + 4(w1z2 − w2z1)(‖w‖2 + ‖z‖2)2 − 2c (‖w‖2 + ‖z‖2)2.

restricted to the tangent space of Γ0,c and show that its determinant is positive. The set Γc

is just the pre-image F−1(0) of 0.
To determine the normal direction of points on Γc, we calculate the gradient ∇F of F.

We have

∇F = ((‖w‖2 + ‖z‖2)g1, (‖w‖2 + ‖z‖2)g2, (‖w‖2 + ‖z‖2)g3, (‖w‖2 + ‖z‖2)g4)

with
g1 = −4w2

1w2 + 16w1z1z2 − 4w3
2 − 20w2z2

1 − 4w2z2
2 − 8cz1

g2 = 4w3
1 + 4w1w2

2 + 4w1z2
1 + 20w1z2

2 − 16w2z1z2 − 8cz2

g3 = 20w2
1z2 − 16w1w2z2 + 4w2

2z2 + 4z2
1z2 + 4z3

2 − 8cw1

g4 = −4w2
1z1 + 16w1w2z2 − 20w2

2z1 − 4z3
1 − 4z1z2

2 − 8cw2.

Note that may naturally identify (g1, g2, g3, g4) with the quaternion g := g1 + g2i + g3 j +

g4k. With this identification, we may thus find an orthogonal frame of TΓ0,c by (right)
multiplications with the quaternions i, j, k. Specifically, we may choose

v1 = (−g2, g1, g4,−g3) � g · i

v2 = (−g3,−g4, g1, g2) � g · j

v3 = (−g4, g3,−g2, g1) � g · k.

to form a basis of the tangent space at the point (w1,w2, z1, z2) provided the gradient

∇F = (‖w‖2 + ‖z‖2)(g1, g2, g3, g4)

is non-vanishing. We now calculate the determinant DH of the restricted Hessian of F to
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the tangent spaces of Γ0,c and show it is positive. In particular this will show that ∇F is
non-vanishing. We use the following matrix representation for the tangential Hessian,

DH := Det
(
(v1, v2, v3)T Hess(F)(v1, v2, v3)

)
.

By Maple 18, in expressing the factors in terms of a = ‖w‖2 + ‖z‖2, b = w1z2 − z1w2 and
c, we find

DH = 524288a6 f1 f2 f3 f 2
4

with

f1 = −2c + a + 4b

f2 = −2c − a + 4b

f3 = −4c3 + 28bc2 − (88b2 − 7a2)c + 96b3 − 15a2b

f4 = 4c2 − 24bc + a2 + 32b2

With the conditions 2|b| ≤ a < 1 and −c > 3/2 > (3/2)a, it is direct to see that

f1 > 0, f2 > 0, f4 ≥ 4(3b − c)2 > 0.

We now show that under the same conditions, we also have f3 > 0. For this, we

substitute the relationship b =
1

4a2 + c/2 among a, b and c in the expression of f3 and get

f3 =
12c2a4 − 2ca8 − 15a6 + 14ca2 + 6

4a6 .

In which the numerator is a quadratic function in c, whose graph is a parabola opening

upward with as axis of symmetry the line c = −
7 − a6

12a2 . For a2 ≥ 7/18, we have

7 − a6

12a2 <
7

12a2 <
3
2
,

and hence this quadratic function is monotonically decreasing for c < −3/2. Its evaluation
at c = −3/2 reads

3a8 − 15a6 + 27a4 − 21a2 + 6 = 3(a2 − 1)3(a2 − 2)

which is clearly positive for 0 < a < 1. For 0 < a2 < 7/18, we find that the evaluation of

the denominator of f3 at c = −
7 − a6

12a2 reads

−
a12

12
−

83a6

6
+

23
12
,

which, as a quadratic equation in a6, is seen to be monotonically decreasing when a6 > 0.
Moreover its evaluation at a2 = 7/18 is seen to be positive (approximately 1.1028). This
shows that f3 is also a positive factor in the factorization of HD.
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We have thus obtained the conclusion that Γ0,c bounds a convex domain for any energy
c up to the first critical value −3/2. This proves Theorem A.
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