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ON RIESZ AND WISHART DISTRIBUTIONS ASSOCIATED
WITH DECOMPOSABLE UNDIRECTED GRAPHS

STEEN A. ANDERSSON® AND THOMAS KLEIN
INDIANA UNIVERSITY AND UNIVERSITAT AUGSBURG

ABSTRACT. Classical Wishart distributions on the open convex cones of posi-
tive definite matrices and their fundamental features are extended to general-
ized Riesz and Wishart distributions associated with decomposable undirected
graphs using the basic theory of exponential families. The families of these
distributions are parameterized by their expectations/natural parameter and
multivariate shape parameter and have a non-trivial overlap with the gen-
eralized Wishart distributions defined in Andersson & Wojnar (2004a) and
Andersson & Wojnar (2004b). This work also extends the Wishart distribu-
tions of type I in Letac & Massam (2007) and, more importantly, presents an
alternative point of view on the latter paper.

1. INTRODUCTION.

The classical Wishart distribution arises as the distribution of the maximum like-
lihood (ML) estimator 3 of the unknown covariance matrix ¥ € PD(V) from a
sample of N observables from a multivariate centered normal distribution on R,
where V' is a finite seiﬂ and PD(V') denotes the open convex cone of V x V positive
definite matrices. The ML estimator existﬂ with probability one if and only if
N > V. The distribution of the ML estimator is the classical Wishart distribu-
tion with multivariate scale %Z and f = N degrees of freedom. This distribution
was first derived by Wishart (1928). In the present work it is more convenient to
parameterize the Wishart distributions by their expectations and shape parameter
A= g > % The Wishart distribution with expectation ¥ and shape parameter
A is denoted by W » and is thus given by below. In fact, definition is
meaningful for any \ € ]%, oo[. In the case V' = 1, this extension of the range
of possible values of the shape parameter reduces to the well-known inclusion of
the family of y2-distributions with integer degrees of freedom and positive scale
into the family of gamma distributions. Using Laplace transforms or characteristic
functions one may also define Wishart distributions for the shape parameter values
A= %, %, ceey %, 0. These distributions, called singular Wishart distributions,
have no density with respect to a Lebesgue measure, are concentrated on certain
sets of positive semidefinite V' x V' matrices of rank less than V', and are beyond
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IThe cardinality of a finite set I is also denoted by I. The context always precludes misun-
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2In the opposite case N < V the ML estimator does not exist for any observation.
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2 S.A. ANDERSSON AND T. KLEIN

the scope of this paper, cf. Casalis & Letac (1996), Letac & Massam (1998), and
their references.

The family of classical Wishart distributions on the sample space PD (V) with
fixed shape parameter A € ]%,oo[ constitutes a statistical model’| in its own
right,

(Wxa € P(PD(V))| = € PD(V)),

called the classical Wishart model. We emphasize that the shape parameter is con-
sidered to be known and that the sample space and parameter set are identical.
Any subset P C PD(V) represents what we usually call inference in the covariance
structure. Since the ML estimator 3 mentioned above is sufficient and complete
further inference in the covariance structure is usually performed in the Wishart
model and is meaningful even without any reference to the sample from a multi-
variate normal distribution. The subset P can be given by, for example, symmetry
and/or conditional independence restrictions, cf. the introduction in Andersson &
Wojnar (2004b)E| and the many references therein. Also in this reference the open
convex cone PD(V) is generalized to homogeneous cones, thus giving rise to general
Wishart distributions/models. These distributions enjoy properties similar to those
of classical Wishart distribution, for example convolution properties. The Wishart
distributions in Casalis (1991), Casalis & Letac (1996), Massam & Neher (1997),
and Letac & Massam (1998) are all defined on symmetric cones, a special case of
homogeneous cones.

Subsets P induced by Markov properties associated with certain graphs, so-called
graphical normal models, are of particular interest since they are not homogeneous
cones in general. In the present paper we shall consider the case of a decomposable
undirected graph U with underlying vertex set V although the corresponding subset
PD(U) C PD(V) might fail to be a convex cone. Nevertheless, it is in linear one-
to-one correspondence to an open and convex cone P (i), cf. Section

In Section [2| we define the so-called classical Riesz distributions on PD(V') which
generalize classical Wishart distributions and are based on the classical Riesz inte-
gral. Based on a specific representation of U as an acyclic mixed graph (see Section
a fundamental property of the open and convex cone P () is presented in Sec-
tion 5} In Sections [6] and [7] the fundamental integral, the basis for the definition
of generalized Riesz distributions is evaluated. The expectation of a generalized
Riesz distribution is derived in Section allowing the reparameterization from
the natural parameter to the expectation. Some properties of the family of Riesz
distributions, similar to properties of the family of classical Wishart distributions,
are verified in Section[TI} The present work is compared to a part of the closely re-
lated work by Letac & Massam (2007) in Section[I2} In Sections[13|and[I4]a natural
representation of U is presented and is used to embed the family of Wishart distri-
butions into the family of Riesz distributions in Section Section [16| establishes
the present work to coincide with Andersson & Wojnar (2004a) and Andersson &
Wojnar (2004b) in the special case when P (i) is a homogeneous cone.

LA statistical model is a family (Py € P(Q)} 6 € ©) of probability measures on the same mea-
surable space 2, called the observation space, that is, belonging to the set P(2) of all probability
measures on (2, parameterized by a set ©, called the parameter set.

2In Andersson & Wojnar (2004b) the subset P is called C.



RIESZ AND WISHART DISTRIBUTIONS 3

2. CLASSICAL WISHART AND RIESZ DISTRIBUTIONS.

Let V be a finite set. Let S(V) and PD(V) C S(V) denote the vector space of
symmetric V x V matrices and the open convex cone of all positive definite V x V
matrices, respectively. Let ¥ € PD(V) and A > % The classical Wishart
distribution Wy,  on PD(V') with shape parameter A and expectation ¥ is defined
by

71_7\/(‘2—1) )\)‘V|S|)‘7 v2+1

[MTrA-5Hi=1---,V)Zp
where |P| denotes the determinant of P € PD(V) and dS denotes the standard
Lebesgue measure on S(V) restricted to PD(V). The parameter ¥ deserves its
name due to E(Wy, y) = X, where E (.) denotes expectation.

The statistical model (Wx x € P(S(V))|E € PD(V)) is well-known to be a full
regular exponential familyﬂ in its expectation parameterization. The corresponding
natural parameter is A := AX~! € PD(V). Setting Wa » := Wya-1 ) we have

(1)  dWga(9) := exp{—Atr(¥719)}ds,

V(V-1)

n T AP SR
[TCrAa-5Yi=1,---,V)
and thus obtain the above distribution in its natural parameterization. Note the
notational distinction between Wishart distributions in their expectation parame-
terization or natural parameterization.

Let v1,--- ,vy be an enumeration of V. As it is customary the set V is then
identified with its enumeration, that is, v; is denoted by i, i =1,--- , V. Set (i) :=
{1,---,i—1}, and note (1) = @. Fori=1,--- ,V let X5}, X3, B3y, and Xy denote
the {i} x {i}, the (i) x (i), the {i} x (i), and the (i) x {7} submatrices of X € PD(V),
respectively, and define ;4 := 5 — E[i>2<§§2<i] > 0, with z(i; = (S¢;) "' The
scalars 3;, are rational functions of the entries of 3 and can also be defined via

2) dAWaA(S) = exp{— tr(AS)}dS

the unique decomposition ¥ = TDT?, where T is a lower triangular matrixﬂ with
all diagonal elements equal to 1 and D =: Diag(X(je|i = 1,--+,V) is a diagonal
matrixﬁ with positive diagonal elements. Similarly, we have a unique decomposition
A =U'EU, A € PD(V), with U being lower triangular with all diagonal elements
equal to 1 and E =: Diag(Apje|i = 1,---,V), thus defining the positive scalars
Afjlo, i =1,-++, V.

For any A € PD(V) and any A = (\;|i = 1,---,V) € RV the well-defined Siegel

integral
N\, — YV t1L
/ IT (s
PD(V)

is finite if and only if
(3) )‘i>i515 i:17"'7V7
and in that case evaluates to
i=1,--- ,V) ,

von <F()‘i -1
I X
i
Alio
Wishart distributions are viewed as distributions on the vector space S(V) in accordance
with the definition of exponential families.
2Note that triangularity of a V' x V matrix is defined relative to the given enumeration of V.
3An I x I diagonal matrix with diagonal (ds|i € I) € R! is denoted by Diag(d;|i € I).

i=1,-- ,V) exp{—tr(AS)}dS
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where A[oé]o = (Apo)®, and Sﬁ]. = (Spje)® @ € R, i = 1,---,V, see Faraut
& Kordnyi (1994, Theorem VII.l.l)H Hence we may, for all A € PD(V) and
re X G 1;1 , oo[| i=1,--- ,V), define the probability measure on PD(V)

A ghim S
AfileSlige
i=1,---,V | exp{—tr(AS)}dS.

I\ — 54

(@) dRan() =7 ]

Definition 2.1. The probability measure R » is called the classical Riesz distri-
bution on PD(V) with respect to the ordering 1,---,V of the elements of V' and
with shape parameter X = (\;|i = 1,---,V) and natural parameter A.

The family of classical Riesz distributions was first introduced by Hassairi & Lajmi
(2001) under the name Riesz natural exponential family (Riesz NEF') and was based
on a special case of the so-called Riesz measure from Faraut & Kordnyi (1994, p.
137), going back to Riesz (1949).

Note that A = (u[i=1,---,V) yields Rax = Wa u.

Given the numbering 1,--- |V of the elements of V' we can, for all ¥ € PD(V)
and all A = (\;]i=1,---,V) € RY, define the A-inverse

i
YA = (TH "' Di -
(1) lag(E

[i]e

i=1,-- ,V)T—lePD(V),

where ¥ = T'Diag(Xjje|i = 1,---,V)T" with T being lower triangular with 1’s in
the diagonal. Clearly the mapping PD(V) — PD(V), ¥ — X7, is a bijection.
Note that the definition of ¥~* depends on a specific ordering of V. Note also

5 E_k iJo = L7
(5) ORI e
In the case A = (p|i = 1,---,V), that is, if \; does not depend on i = 1,--- |V,
we set ¥7# := ¥}, Then ¥~ = £~1=1.V) ig the standard matrix inverse of
¥, and we have X 7# = X1

By a simple calculation or as a special case of Proposition we have E (Ra y) =
¥ if A = ¥~*. Replacing the natural parameter A € PD(V) with the expectation
parameter ¥ € PD(V) we set Ry,  := Rg-a ) and thus obtain

i=1,---,V.

A ohi— S
(6) d]Rg,\(S):W,v(Li—DH L i=1,---,V
’ L\ — 55 55,

x exp{—tr(X7*9)} ds,
the Riesz distribution Ry, y parameterized by its expectation ¥ and shape parameter
A=(Nle=1,--- V).
3. POSITIVE DEFINITE MATRICES AND DECOMPOSABLE UNDIRECTED GRAPHS.

Let U = (V, F) be a decomposable undirected graph (DUG) with vertex set V' and
edge set F' C V x V. We refer the reader to Lauritzen (1996, Chapter 2) for some
basic concepts in graph theory. For S € S(V), let Sy, denote the (u,v) entry of S,
u,v € V. Define

SU) :={S € S(V)|Suw =0 for all u,v € V with u # v and (u,v) ¢ F},

IFaraut & Kordnyi (1994) define this integral only for A = 1y, the V' x V identity matrix.
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a subspace of S(V'), and the projection mapping py = p: S(V) — S(U) by

P(S)up = {Suv %f (u,0) € Foru=uv for all S € S(V).
0 if (u,v) ¢ Fand u #v

Set PD%(U) := S(U) N PD(V) and PD(U) := PD°(U)~". It is well-known that

a centeredEﬁ normal distribution Ny on RY with covariance matrix ¥ € PD(V)

satisfies the Markov prOpertie given by U if and only if A = =1 € PD ().

Similarly, the subset PD(U) C PD(V) is characterized by the equivalence of ¥ €

PD(U) and Ny, satisfying the Markov properties given by 4. We set

PU) = {S e SU)|VC eC: Se € PD(C)},

where C denotes the set of cliques in U, and S4 denotes the A x A submatrixﬁ of
SeS(V),ACV.

Proposition 3.1. The mapping
(7) PDU) —PU), S+ p(9),

is a well defined bijection.
The open convex cones P(U) and PD°(U) are dual to each other through the
isomorphism (of open convex cones)

PU) — (PD°(U))", S+ (T tx(ST)).

Writing the inverse mapping of as P(U) — PD(U), S — S, we have the
(generalized) matriz inverse mappings constructed from ,

PU) < PD°U),
(8) S = () t=:8"",
p(Th) — T

These mappings constitute a one-to-one correspondence.

Proof. The two first resultsﬂ are well known and proved by induction by the number
of cliques in . The last statement follows from the definitions of P (/) and PD° ().
O

Remark 3.1. Note that the convex cones PD°(Uf) and P (/) are open subsets
of the vector space S(U) with PD°(U/) C P(U). In particular, the dimensions of
both cones are equal to that of S(U). If U is complete we have PD°(U) = P(U) =
PD(V). The definition of S~! in (8] then coincides with the classical matrix inverse
of S, also denoted by S—!.

Remark 3.2. Let A,B C V with u — v for all u € A, v € B, and let S € S(V).
r?hen Saxp = p(S)AX3.~In particular we have Saxp = Saxp, S € P(U), where
Saxp is understood as (S)axp.

ISince its expectation is irrelevant for a normal distribution’s Markov properties we consider
only centered normal distributions, that is, normal distributions with expectation 0.

2The strong, weak, and pairwise Markov properties are equivalent in this case; see Lauritzen
(1996, Chapter 3) for an overview of Markov properties given by undirected graphs.

3In general, we will write M 4 « g for the A X B submatrix of any V x V matrix M, A, B C V.

4The results and their proofs are due to the first author of the present paper, cf. Letac &
Massam (2007, Section Al).
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4. REPRESENTATIONS OF A DECOMPOSABLE UNDIRECTED GRAPH AS AN
ACYCLIC MIXED GRAPH.

Let V = (V, F) be an acyclic mixed graph (AMG)H with vertex set V' and edge
set F C V xV, cf. Andersson, Madigan & Perlman (2001, Section 2) for the basic
concepts. A part of the definition of a mixed graph is that (v,v) ¢ F, v € V. We
write v1 — wvg if (v1,v2) € F and (ve,v1) € F and vy — vy if (v1,v2) € F and
(vg,v1) ¢ F. The adjective acyclic means that the graph has no partially directed
cycles. For all vertices v € V the sets of parents and neighbors of v are

pay(v) = pa(v) := {v' € V| (v/,v) € F and (v,v') ¢ F},
nby (v) = nb(v) := {v' € V| (v/,v) € F and (v,v") € F},

respectively. The underlying undirected graph or skeleton of V is defined as U(V) :=
(V,FU F°) with (v1,v2)° := (v, v1), (v1,v2) € V X V.

Writing vq ~ vy if vi,v2 € V are equal or connected by an undirected path in
V defines an equivalence relation ~ = ~y, on V. Its equivalence classes are called
boxesﬂ and the set of equivalence classes V/~ is called the box set of V. Each box
B € V/~ is thus a subset of V', denoted byﬂ [B], and the subgraph induced by
[B] C V is an undirected graph, the B-boz graph Bg = B := ([B], F N ([B] x [B])).
The box set V/~ is equipped with an edge set F~ C (V/~) x (V/~) in a natural
way, where (B, B’) € F™ holds if and only if there are v € [B] and v’ € [B’] such
that (v,v’) € F and B # B’. The graph of boxes V/~ := (V/~,F~) is in fact an
acyclic directed graph (ADG)EI For (B, B’) € F~ we also write B — B’. A box B
is called mazimal if B / B’ for all B’ € V/~.

We will frequently use the following two assumptions on a given AMG:

(A1) All box graphs are complete.
(A2) The AMG has no triplexesﬂ cf. Andersson et al. (2001).

If the AMG V satisfies (A1) and (A2), then the set pa(v) does not depend on the
choice of v € [B], B € V/~. Hence we may set (B) := pa(v) in that case. Note
that the subsets (B) C V, [B], and [B] U (B) then induce AMGs with complete
skeletons. Furthermore conditions (Al) and (A2) jointly imply the skeleton U(V)
to be a DUG. This gives rise to the following definition.

Definition 4.1. If &/ is a DUG and V is an AMG satisfying (A1), (A2), and
U =U(V), then we call V a representation of U (as an AMG).

Every DUG U can be turned into an ADG without immoralities by converting
lines to arrows; as a consequence, every DUG U has a representation as an AMG.
Note finally that condition (A2) implies the AMP Markov properties given by V
to be equivalent to those given by U(V), cf. Andersson et al. (2001, Theorem 6.1).

LAMGs are also called chain graphs in the statistical literature.

2Boxes are also called chain components in the literature.

3The box B € V/~ is the same as [B]. We write [B] when we want to emphasize the fact that
B is a set of vertices.

4An AMG V is called an acyclic directed graph if it contains no lines.

5A triplex is a subgraph e — e — e (a flag) or ¢ — e — e (an immorality) of V induced by a
three-vertex subset of V.
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5. THE FUNDAMENTAL DECOMPOSITIONS

Let U be a DUG with vertex set V' and let V be a representation of U as an AMG.
For S € S(V) and B € V/~ define Sip), Sipy, S(p), and S(py as the [B] x [B],
[B] x (B), (B) x [B], and (B) x (B) submatrices of S, respectively. Remark
then yield (S)<B> = S<B>, S[B] = S[B], S<B] = S(B], and S[B> = S[B>, B e IRV/N,
SePU).

Let M € V/~ be a maximal box and let Vs be the AMG induced by the subset
Vi =V \ [M]. Then we have Vy;/~ = (V/~)\ {M}. Furthermore [B], (B), S|g|,
Sipy, and S(py remain unchanged when V is replaced with Vs, B € Vy/~. The
skeleton Uns(Var) = Ups of Vi is the same as the subgraph of & induced by the
subset Vs of V.

In the following we will partition V' x V' matrices according to the decomposition
V = U([B]| B € V/~). Let DT(V) denote the convex cone of all V x V block-
diagonal matrices E = Diag(Ep|B € V/~) with Ep € PD([B]), B € V/~, and
let T}(V) denote the set of all V x V matrices U = (Uwo| (u,v) € V x V) with the
properties

(1) Up=1LvevV,

(ii) Upp =0 if u # v and (u,v) ¢ | ([B] x (B)| B V/~).

If we number the boxes Bi,---, By . € V/~ in V in a faithful manner, that is,
such that B; — B; implies ¢ < j, 4,5 = 1,---,V/~, then the blocked matrices
U = (Up,xs,|i,j = 1,---,V/~) € Ti(V) will appear as lower block-triangular
matrices with Up = 1p), the [B] x [B] identity matrix, B € V/~, and with possible
extra single entries U,, = 0 under the block diagonaﬂ Note that U € T}(V) is
completely determined by specifying its submatrices U|g)x(p), B € V/~.

Proposition 5.1. The mapping
(9) T;(V) xD*(V) — PD°U)
(U,E) — U'EU
is a well-defined bijection.
Proof. We shall use induction by the number of boxes in V/~. Let M € V/~

be a maximal box. Partitioning all matrices according to the decomposition V =
Vi U [M] yields

U'EU

_ (U{:/MXVM U[tM]xVM) (EVMXVM 0 > (UVMXVM 0 )
(10) 0 1] 0 Enn ) \Unmxvae 1
_ <U€/1\/I><VMEV]\/I><V]\/I Ui xvar + U[tM]xVM E[M] U[M]XVM U[tM]xVME[M]>
E[JV[] U[M] XV E[M] .
Clearly we have Uy,,xv,, € T;(Va) and Ev,,xv,, € DT(Va). Hence the first
term in the upper left corner belongs to PDO(UM) by the induction assumption.

The second term in the upper left corner is positive semidefinite; hence we only
have to verify the (u,v) entry to be zero for all (u,v) ¢ F U F°. We may assume

IThe undirected graphs induced by (B) C V and [B] C V are complete, and for all v € [B],
u € (B), we have u — v.
2Under the block diagonal means: (u,v) € [B;] x [B;] for some i > j.
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u € Vi \ (M) or v € Vs \ (M) since (M) induces a complete subgraph of . Thus
we have

Ut wva BunUpneva Juo = Y (Uvievay Jue (Biar)ay (Ui v | 2,y € [M])
= (UsuBuyUys| 2,y € [M]) = 0.

For the lower left corner of we obtain

(EnnUpnaixvag)uw = Y (Ban)ue (Uinrxvyy )av| @ € [M])
= (BusUss|z € [M]) =0
for (u,v) € [M] x (Vs \ (M)). This establishes the mapping to be well-defined.

Let A € PD%(U). We will prove existence and uniqueness of a solution (U, E) €
T} (V) x DT(V) to the equation U'EU = A. To this end the equations

U{f/MXVMEVMXVMUVMxVM + U[tM]XVME[M]U[M]XVM = AVMXVM ,
EpnUinnxva = A xvas »
By = A

have to be solved for (U, E). Doing so we obtain
Enny = Ay »
Un)xvar = Don A< vay
U\t/M x Vs EVMXVM UVM XV = AVM XVm — AVM X[M}A[;\}]A[M]XVZW .

Calculations similar to those above establish
-1 -1
(Apn A1) (a1 v () = D Anaxvan ) =0

and Ay, xviy, — AVMX[M]A[;\}]A[M]XVM € PD°(Uy;). By the induction assumption

there is a uniquely determined pair (Uv,, xvy,, Evy xvar) € Ti(Var) x DT (V) sat-
isfying the third equation. Thus we have found a unique solution. This establishes
the mapping to be a bijection. O

Remark 5.1. Proposition [5.1] could also be obtained using the properties of the
normal distribution and a combination of Andersson & Perlman (1998, Section 11)
and Andersson et al. (2001, Section 5).

The following corollary is a trivial consequence of Proposition

Corollary 5.1. The mapping T}(V)xDT(V) — P(U), (U, D) — p(U'D(U")™),
is a bijection.

For A € PD°(U) we define the matrices A(g), € PD([B]), B € V/~, through

Diag(Apjo| B € V/~) := E from the unique solution (U, E) € T;(V) x D*(V) of
U'EU = A.
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Corollary 5.2. Let M € V/~ be a mazimal box in V. Then the mapping
PD°(Uyy) x RMXM) o pD([M]) — PDO(U),

1V —Ht AM 0 1V 0
Av T Y iy MO M
( My LLAT, 1\/1)'_) ( 0 ]-[M] ) ( 0 TM) <HMO 1[]\/[]

(11)
_ AM + H}SV[OTMHMO —H}SV[OTM
=Y o T ’
with HM() S R[M]XVM given by (HMO)[M]X(M) = HM and (HMO)[M]X(VM\(M)) =0

(the [M] x (Vay \ (M)) zero matriz), is a well-defined bijection.
Proof. The result follows from the fact that U € T} (V) may be written as
U = <UVM><VM 0 ) — (UVMXVM 0 ) ( Lvy 0 )
Upnyxvar - 1 0 dpn) \Unaxv 1
and by setting [0 := —Upnxvy, - g
Remark 5.2. Let A € PD?(/) denote the right-hand side of equation (II). Ap-

plying Proposition to Ay € PDO(UM) from we obtain Ay = Ul EpUny
with (UM,EM) € Tg(VM) X D+(VM> Due to

Uv 0 1y, 0 ) ( U 0 ) .
= e T,V
<0 1[M1> (HMO L] —Taro 1 e
Propositionimplies (An)Blo = ABo, B € Viy/~.

The following proposition states our fundamental decomposition result for matri-
ces in P(U).

Proposition 5.2. Let M € V/~ be a maximal box in V. Then the mapping
P(Up) x RIMXM) 5 PD([M]) — P(U),

1y 0 Sy 0 1y, Rt
S 7R 7L M M MO
(Sar. Baa M)Hp<( Ruo o 1 ) ( 0 Ly ) ( 0 1l

(s s Rt )
RyoSv L + RavoSm Ry ’
with Ry € RMIx Vi given by (RMO)[M]X<M> = Ry and (RMO)[M]X(VM\(M)) =0

(the [M] x (Vg \ (M)) zero matriz), is a well-defined bijection.
The inverse of this mapping takes the form

P(Uyr) x RIMIXM)  PD([M]) « PWU)
(SVMvS[M>O7S[M]O) — S

with Siarye = SiarySary» Siarje = Siar) — Sy Sian Sia), where Sy = (Soany) ™

(12)

(13)

Proof. The first claim follows from Proposition [3.1] Corollary [5.2} equation (8], and

the fact
()" L)

for all II € RIMI*XVM  In order to establish to be the inverse mapping to
(12) we evaluate the mapping at the point (Sv,,, Siarye, Srge) for a given
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matrix S € P(U). The Vi x Vs submatrix of the image clearly is Sy,,. Due to
(SVM)<M> = S<M> we have

Siarye0Svy = (5[M>S<?v11> 0) Svie = (Spy %) 4

and hence the [M] x Vj; submatrix of the image is (Siary  0) = Siarxvy,- Finally
we have S[M]. + S[M)oOSVMSfM).O = S[M]. + S[M)-S(M)SFM% = S[M] which is why
the [M] x [M] submatrix of the image is S[p;). This completes the proof. O

Following the notation from Propositionﬂwe define E(Bl> = (ZJ<B>)_17 Y(B)e =
S8 5y ZiBle = SiB) — X3y S5 X (8], and Sy, = (Syppe) T for all © € PU)
and B € V/~.

Corollary 5.3. Let S € P(U). Setting D := Diag(Sipje| B € V/~) and Uig)x(p) =

—S(Bye, B € V/~, then yields the unique solution (U, D) € T;(V) x D¥(V) to the
(B) ¢

equation S :p(U_lD(Ut)_l), see Corollary .

Proof. The proof is established by induction over V/~. Let M € V/~ be a maximal
box in V and assume S to be the image of (Syr, Rar, Lar) € P(Upr) x RIMIXM)
PD([M]) under the mapping (12)). Due to Sy € PD(Uys) we have the unique
decomposition Sy = Uy Das(Us,)~! of Sy with respect to Vi, see Corollary
By the induction assumption we have Dy = Diag(Sipje| B € Vir/~) and
(Unm)B1x(B) = —S[Byes B € Var/~, since (Sy)pje and (Sur)pye (taken with
respect to Vyr) coincide with Sip), and Sipye (taken with respect to V), respectively,
B € Vs /~. Hence we have

S_((UM)l 0 >(DM 0 > (@)™ Sty ,
Siyeo i) \ 0 Siage 0 1

-1 _1
Unm 0 Uy, 0 ) 1

- e TV

<—S[M>-o 1[M]> (5[M>-o Ly R

this proves the claim. ([l

Due to

6. CALCULATION OF A FUNDAMENTAL JACOBIAN.
We continue in the setting from Section

Proposition 6.1. Let M € V/~ be a mazimal box in V. Then the Jacobian
of the mapping at (Sar, Rar, Lar) € P(Uyy) x RIMIXM) 5 PD([M]) and the
Jacobian of its inverse mapping at S € PU) are|(Su) M) and |Siany |7,
respectively.
Proof. Let S € P(U) be the image of (Syr, Rar,Las) € P(Upr) x RIMIXM)
PD([M]) under the mapping , that is,

Svy =Sum, Sy = Ru(Su) oy, Sy = RSy Riy-
Then the Jacobian matrix of at (Sar, Rar, Lar) evaluates to

Sm Ry L

d(SVMvS[M>,S[M]) Sv
= 1
d(Sas, Rary L) Spny | % 1y © (Sm)qany (1) ,

S[JVI] * *
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where 1’s represent identity matrices and asterisks represent blocks not further spec-
ified. The (absolute value of the) determinant of this matrix is |(Sar) () |[M]] estab-
lishing the first claim. Expressing Sas, Rar, Las in terms of S we have (Sar)ary =
S(uy- Hence the second claim follows.

7. A FUNDAMENTAL INTEGRAL.

As in the previous sections let & be a DUG with vertex set V' and let V be a
representation of U as an AMG. Let A € PD°(Uf) and A = (A\g| B e V/~) € RK/N.
Then the integral

J(A,N) == 11 (1Sim1e1*7| B € V/~) exp{— tr(AS)} dvy(S),
PU)

with respect to the measureﬂ

_[Bl+(B)+1 _B
(14) () = [T (1St~ 5 150512
is well-defined. We will derive a necessary and sufficient condition for the conver-
gence of this integral and, given its convergence, evaluate the integral. To this end
we use induction by V/~. Let M € V/~ be a maximal box in V. We use the
mapping to transform .Jy,(A, \) to an integral on the domain of the mapping
(12). Note first that the measure vy, is transformed to the measure

Be V/N) s

[M]+(M)+1

_ [M]
| L] 2 1(Sar)any | > d(Ap gy ® Aginx o) ® VVM)(SMaRMaLM)
by Proposition where Ap(y,,) and Agpnx o denote the standard Lebesgue

measures on P(Uy;) and RIMPXM) | respectively. Now we rewrite the function
inside the integral Jy (A, A) in terms of the variables on the left-hand side of .
We set

_ 1VM 0 SM 0 1VM R?MO
(15) S_p(<RMo 1M> ( 0 Ly 0 I5Y;
Furthermore we have the unique decomposition
ly,, -~ Ay 0 ) ( Ly, 0 >
16 A = M MO M
(19 ( 0 lpg ) ( 0 Tau) \-Tmo 1pan

with Ay € PDO(Uyy), Tar € PD([M]), and 10 € RIMIXVM from Corollary [5.2
In particular we have Yy = A[py). Then we find

tr(AS) = tr(AS)
(e ) (Aw 0N ([ 1y, 0
- 0 1[M] 0 T —IIa0 1[M]
~ 1VM 0 (SM 0 (1VM R?\/IO )
Ryro 1 0 Lum 0 1y
(5 B i )
0 Tu 0 L+ (Ramo — Haro) S (Raro — Maro)*

= tl"(A]y[SM) + tr(TMLM) + tr (TM(RM — HM)(SM)(]\/[)(RM — HM)t).

LT his measure generalizes the invariant measure from Andersson & Wojnar (2004a) or Ander-
sson & Wojnar (2004b) who consider the special case where P(f) is a homogeneous cone.
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As a result the integral Jy,(A, )\) is transformed to

|LM|’\M’ [M]+ (M) +1

eXp{—tr(TMLM)}
P(Unr) RIMIX(M) PD([M])
]
X |(SM)<M>| 2 exp{ —tr (TM(RM — HM)(SM)(M)(RM — ng))}

X H (|(SM)[B],‘)\B}B € VM/N) exp{—tr(ApSy)} dLas dRps dVvM (Sum)

MMy 41

= / |L]y[|)\M 2 eXp{ftI‘(T]wLM)}dLM
PD([M])
[a]
X / / |(SJVI)(M)| 2 exp {7 tr (TM(RM7HM)(SM)<M)(RM*H§W))}
P (U ) RIMIX (M)
< [T (1(Sa) 510127 | B € Vir/~) exp{—tr(AnSar)} dRas dv, | (Sr).

[M]+(M)—1

The first of these two integrals converges if and only if A\y; > 5

that case its value is
[M] ([M]-1) i . _ (M)
L (0w = G )= ) P

Integrating with respect to Rj; the second integral above evaluates to

, and in

[M](M)

[M](ar) _an
72 Ty 2 Jvy, (A, Aom),

where A_pr := (Ag| B € Viy/~). Due to Tor = Apy) = Ao and (Anr)(ple =
Ao, B € Var/~, (see Remark [5.2) the induction assumption implies the integral
Jy (A, N) to converge if and only if

(17) Ap > BIHBZL L ey,
Furthermore, if this condition is satisfied, then we have
To(A ) = v [ (1As1e| 2| B € V/~),

where

vV =T (TT (P = B - 54| i =1, 1B]) | Bev/~).

8. THE CLASS OF GENERALIZED RIESZ DISTRIBUTIONS ON P(U/) ASSOCIATED
WITH A DECOMPOSABLE UNDIRECTED GRAPH U/.

As in Section[7]let ¢ be a DUG with vertex set V and let V be a representation of
as an AMG. Let A= (A\g|B e V/~) e X (]%,OOH B € V/~) as required
in . From the previous section we obtain the full natural and canonical expo-
nential familyﬂ on P(U{) generated by the measure [ (|Sipe| 2| B € V/~) dy(95),
namely,

(Rax € P(P(U))| A € PD(U))

1Formally this is an exponential family on the vector space S(I/) concentrated on the open
convex cone P(U).
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with
V—dim(P(U))
2

[T (I1Ago|* [ B € V/~) T (ISBs|*?[ B € V/~)
(I (PO - B =5 |i= 1, 1B]) | Be V/~)
x exp{—tr(AS)} dvy(9).

dRaA(S) ==

)

Note that this exponential family is regular since PD"(Z/) is an open subset of the
vector space S(U). Also note that this family depends on the given representation
VY of U as an AMG.

Definition 8.1. The probability measure Ra » is called the generalized Riesz dis-
tribution on P (U) with respect to the representation V of U as an AMG, with shape
parameter A = (Ag| B € V/~) and natural parameter A.

The following proposition is an immediate consequence of the calculations in Sec-
tion [0

Proposition 8.1. Let M € V/~ be a mazimal box and let S € P(U) be a random
element from Ra x, with A € PD(U) and X\ = (A\p| B € V/~) satisfying (7).
Then we have:
(i) The random elements Spje € PD([M]) and (Siye, Svy,) € RIMXOD
P(Unr) are independent.
(ii) The random element Sippe € PD([M]) follows the classical Wishart distribu-
(M)

_ oy with shape parameter A\yy — 5+ and natural parameter
2

tion WA[M 5

A[M].
(iii) The distribution of the random element (Siarye, Svy,) € RIMIXMD 5 P(Ufyy)
is described as follows: The conditional distribution of Siarye given Sy, is

1AM

NHM“(QA[IW]@S“V[))*I, the normal distribution on RIMIXM) with expectation
Iy (see equation ) and precision 2Ay;) ® S(ary; in particular, this con-
ditional distribution depends on Sy,, only through Sry. The distribution of
Sv,, is the generalized Riesz distribution Ra,, a_,, on P(Unr) with respect to
the representation Vyr of Uyr as an AMG, with natural parameter Ay (see
equation (16)) and shape parameter A_p; := (Ag| B € Vi /~).

9. THE GENERALIZATION OF THE A-MATRIX INVERSE MAPPING.

Again let U be a DUG with vertex set V and let V be a representation of U
as an AMG. Let © € P(U) and A = (\s|B € V/~) € RY/~. Writing © =
p(U~! Diag(X(g1e| B € V/~)(U")™!) with the uniquely determined matrix U €
T}(V) (see Corollary we may define X~ := U* Diag()\BZ[*Bl}J BeV/~MU €
PD(U), the A\-inverse of ¥. The mapping

PU) — PD°U),
Y o= XA
clearly is a bijection with inverse mapping
PU) « PDU),

p(U? Diag()\BA[}}]J BeV/~)(U")™) « A=U"Diag(Ag| B € V/~)U.
Note
(18) (ENBo = AsSg,, BeV/~
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Also note that ¥~* depends on the given representation V) of U as an AMG although
our notation does not reflect that dependence. As in Section [2 we define ¥7# :=
NI BEV/~) for all & € P(U), 1 € Ry In the case p = 1 this notation is consistent

with .

Remark 9.1. If A = X7 then E := Diag()\BZ[}l]J B € V/~) and Ug)x(py =
—X(Bye, B € V/~, yield the unique solution (U,E) € Tj(V) x D¥(V) to the
equation A = U'EU, see Corollaries and

10. THE EXPECTATION OF A GENERALIZED RIESZ DISTRIBUTION.

We continue in the setting from the previous sections.

Proposition 10.1. Let A € PD(U), let A = (\p| B € V/~) satisfy (T7), and let
¥ € P(U) satisfy A = 7. Then we have E (Ra ) = 3.

Proof. Clearly we have E (Ra )) = fp(u) SdRax(S) = p( fP(u) SdRa(S)). We
will use induction on V/~ to evaluate the integral fP(L{) SdRa A(S). Let M € V/~

be a maximal box in V. Using the mapping we may transform the given integral
on P(U) into one on P(Uys) x RIM>M) » PD([M]). Furthermore we utilize the
representations of S and A given in an. Arguments similar to those in
the proof of Corollary [5.3| (see also Remark [9.1)) show the assumption A = ¥~ to
imply Ay = (Sv,,) M, Har = Sparye, and Ty = Apy) = AME[*A}].. Then the

Var % Vs submatrix of fP(ZA) SdRA7,\(S) turns into

/// Su dWA[M]’)\M,%(LJVI) dNHM,(2A[M]®(SM)<M>)71(RM) dRA]\l,)\fj\l(SM)

= / SM dRAIvh)\—IVI (SM) = 2VA{7
P(Un)

where the last equality is due to the induction assumption. By the same argument
the [M] x Vs submatrix of fp(u) SdRa A (S) is

///RMOSJVI dWA[M]))\M,%(LM) dNHM,(QA[M]®(SM)<M>)_1(RM) dRAM,)\_M(SJVI)

= IIaro / Sar dRay A (S01) = ZiaryeSvay = S(arx vas
PUnr)

again using the induction assumption. Finally, the [M] x [M] submatrix of the
integral [p, S dRa(S) is

Lo dWA[MJ’/\M*%*“ (Lar)
PD([M])

+ / / RM(SM)(M)ng dNHM,(QA[M]®(SM)<M>)_1(RM) dR‘AIVIg)\—IVI (SM)
P (Unr) RIMIx (A1)

= ()\M - %) A[;\}] + / (%A[}\}[] + HM(S]VI)<M>H§\4) dR‘AIVIg)\—IVI (SM)
PUn)
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= AnApy + My / (Sar)ary ARA R Ay (Sar) Ty
P(Unr)

= Sire + Zianye (Svi) a0y Sarye = Sian) = Sy

using the induction assumption once more. This completes the proof. O

Replacing A € PD°(U) by ¥ with ¥ € P(U) we obtain the generalized
Riesz distribution Ry y parameterized by its expectation. Due to (E*A)[B]o =
Ag(X(pe) !, B € V/~, we may represent this distribution as

dim(P(U))—V
T 2

MOy Bev/~)

M(ICOs - L - 5h]i=1, [B)| BeVv/~)
[1(|SBe|*#| B € V/~)
[1([Ts.*2| B e V/~)

dRE7,\(S) =

exp{—tr(27*9)} dvy(9).

Definition 10.1. The probability measure Ry » is called the generalized Riesz
distribution on P(U) with respect to the representation V of U as an AMG with
shape parameter A = (Ap| B € V/~) and ezpectation parameter X.

The Riesz model given by V (with fixed shape parameter A) in its expectation
parameterization is then (Ryx € P(P(U))|S € P(U)). It is trivial that the ML
estimator (S) for ¥ € P(U) at the observation point S € P(U) exists for all
S € P(U) and is uniquely given by $(S) = S. It is also trivial that 3 is complete
and sufficient.

In the expectation parameterization Proposition takes the following form.

Proposition 10.2. Let S € P(U) be a random element from Ry, , with ¥ € P(U)
and X\ = (Ag| B € V/~) satisfying ([17). Let M € V/~ be a mazimal boz. Then we
have:

(i) The random elements Spje € PD([M]) and (Siaye, Svy,) € RIMXAD
P(Unr) are independent.
(ii) The random element Siare € PD([M]) has the classical Wishart distribution

. M .
STV WeTs with shape parameter Ay — % and expectation parameter
o p)

Z[M]..
(iii) The distribution of the random element (Siarye; Svy,) € RIMPM) s P(Uyy)
is described as follows: The conditional distribution of Siarye given Sv,, is

[MIXCM) ayith expectation

NE[M> Ly @51, the normal distribution on R
©: 2%, “[M]e (M)

Yimye and variance matriz ﬁZ[M]. ® S<_A}> ;in particular this conditional
distribution depends on Svy,, only through S yry. The distribution of Sv,,
is Ry, A_. s the generalized Riesz distribution on P(Unr) with expectation

parameter Zvy,,, (see equation ) and shape parameter A_ ;.
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11. MARGINALIZATION, DECOMPOSITION, PRODUCT, AND CONVOLUTION OF
RIESZ DISTRIBUTIONS.

We continue in the setting from sections |8 and Let A C V/~ be an ancestral
subse and set V4 := (J([B]| B € A). Let V4 and Ua be the AMG and DUG
induced by the subset V4 C V in V and U, respectively. Then V4 is a representation
of the DUG U 4. The mapping

is then well-defined and onto.

Proposition 11.1. (Marginalization) Let the random element S € P(U) fol-
low the generalized Riesz distribution Ryx  with respect to the representation V
of U as an AMG, with expectation parameter ¥ € P(U) and shape parameter
A = (Ag|B € V/~). Then the random element Sy, € P(Ua) follows the gen-
eralized Riesz distribution REVA,/\m where Mg := (Ap| B € A).

Proof. The claim is readily verified by applying the last part of Proposition
(iii) several times. O

Our decomposition, product, and convolution results (of which the first two are
trivial) will be formulated for two components only. The results extend trivially to
finitely many items. Let U = U; UUs be a decomposition of U = (V, F') into two
components, that is, Uy = (V1, F1) and Uy = (Va, Fy) with V = V; UV, and F =
F1UF,. Since V is a representation of I/ as an AMG the AMG V; induced in V by V;
is a representations of U; as an AMG, i = 1,2. Note the identities V = V; UV, and
V/~ = (Vi/~)U(V2/~). Due to P(U) = { Diag(X1, 32)| (£1,%2) € P(Us)xP(Ua)}
we also have the identity of convex cones P(Uy Uly) = P(U;) x P(Us). The
following proposition is an immediate consequence of these facts.

Proposition 11.2. (Decomposition and product) Let U = Uy U Uy be a decom-
position of U as above. Let Rs, \ be the generalized Riesz distribution on P(U)
with respect to the representation V of U as an AMG, with expectation parameter
¥ € P(U) and shape parameter A = (Ag| B € V/~). Then we have

(19) RZ)\ = REI;)\I ® R227/\2’

where Y1 = Evl S P(ul), Al = ()\B|B S Vl/N), Yo = EV2 S P(UQ), and
Ao i= (>\B|B S ‘@/N)

Conversely, if Ry, », is the generalized Riesz distribution on P(U;) with respect
to the representation V; of U; as an AMG, with expectation parameter ¥; € P(U;)
and shape parameter \; = (Ag| B € V;/~), i = 1,2, then equation holds with
¥ :=Diag(X,X2) and A := (Ag| B € V/~).

Proposition 11.3. (Convolution) Let Ra »; be the generalized Riesz distribution
on P(U) with respect to the representation V of U as an AMG, with natural param-

eter A € PD°(U) and shape parameter \; = (\ig| B € V/~), i = 1,2. Then we
have

Rax, *# Rax, = Raa+a,-

LA subset A C V/~ is ancestral in the ADG of boxes V/~ if B € A and B’ € V/~ with
B’ — B implies B’ € A.
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In other words: If S1, S5 € P(U) are two independent random elements, Sy follow-
ing the generalized Riesz distribution Ra x, and Sa following the generalized Riesz
distribution Ra x, (both generalized Riesz distributions with the same natural pa-
rameter A), then S1+S2 follows the generalized Riesz distribution Ra x, 1+, with re-
spect to the representation V ofU as an AMG, with natural parameter A € PDO(U)
and shape parameter A1 + Ao.

Proof. The multivariate Laplace transform for Ra », at the point T € S(U) with
A —T € PD°(U) is given by

[T(I(A=T)po*>| B eV/~)
The product of these two Laplace transforms is
H (|ABO|/\1B+/\23 | Bec V/N)
[T(I(A = T)poMetr2s| B e V/~)

the Laplace transform of Ra x, +a, at the point T € S(U) with A — T € PD(U).
Since {T € SU)|A-T € PDO(U)} is open in S(U) the claim follows. O

AiB

i=1,2.

12. THE CONNECTION TO THE WORK BY LETAC AND MAssaM (2007)

In this section we investigate the relation of our work to the work by Letac &
Massam (2007), abbreviated here as LM. Let U be a decomposable undirected graph
(DUG). In the paper by LM, titled Wishart distributions for decomposable graphs,
the authors define Wishart distributions of type I on the open convex cone Qy =
P(U), connecting LM’s notation Qi to our notation P(U). Now we recall, in fact
almost quote, LM’s definitions and results surrounding their Wishart distributions
of type L.

Let C, S, and v(S) denote the set of cliques in U, the set of separators in U, and
the multiplicity of a separator S € S, respectivelyﬂ As in LM we shall now assume
C > 1. The central idea, stated in equation (3.1) in LM and reproduced here in
LM'’s notation, is the study of the integral

I(a, B, A) := b H(a, B, X) exp{—tr(AX)} dpy (X),

with (@, 8) = ((ac|C € C), (Bs| S € §)) € RE xRS, A € Py = PD°(U), where we
have renamed y to A and = to X, and where
11 (|XC|D‘C}C € C)

H(a, 3, X) = [1(IXs[®hs[S€s)’

X e PU),

and
(20) du(X) = H((~ 94t C ), (- 555 €8), X)dX.

The set of all (a, 8) € R xRS with I(a, 3, A) < oo and I(a, 3,A)/H (o, 3,p(A™1))
= ¢i(e, B), A € PD°({), (where the right-hand side does not depend on A) is

1See Lauritzen (1996, Chapter 2) for these concepts from graph theory.
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denoted by A in LM. Then LM deﬁneﬂ the Wishart distribution of type I with
parameters ((a, 8),A) € A x PD°(U) as

1

cr(a, B) H (e, B,p(A71))

The problem of characterizing A and calculating ¢;(«, 3), (o, 8) € A is a main
consideration in LM. Nevertheless LM do not obtain a complete solution to this
problem.

If U does not contain the DUG ¢ — ¢ — e — e (denoted by A4 in LM) as an
induced subgraph, then the open convex cone P () is a homogeneous cone. In this
case LM’s family of Wishart distributions of type I is identica]ﬁ to the family of
general Wishart distributions on P(U) obtained by Andersson & Wojnar (2004a)
and Andersson & Wojnar (2004b) for any homogeneous cone, and hence for the
homogeneous cone P(U). LM’s main problem is thus already solved in this special
case. Nevertheless, LM presents a self-contained alternative version of the solution
in this special case, cf. Sections 2.2 and 3.3 in LM.

In the non-homogeneous case, that is, if i does contain A4 as an induced subgraph,
LM’s solution to the above problem is incomplete, as they also point out themselves.
In that case LM define subsets Ap C A (see below), where each subset Ap depends
on a perfect ordering P = (Cy,---,Cc) of the cliques of U; however, the mapping
P — Ap is not injective in general. Each of these subsets is a convex cone of
dimension C + 1. Clearly we have |Jp Ap C A. Since it is unknown whether
equality holds or not the set A is not characterized by LMEl Next LM consider the
family of Wishart distributions of type I parameterized by Ap x PD° (), for all
perfect orderings P as above. These families do in fact depend on the respective
perfect orderings, and each such family is closed under convolution. Replacing the
individual sets Ap with |Jp Ap LM obtain a family of Wishart distributions of
type I that does not depend on any perfect ordering of the cliques of U but fails to
be closed under convolution.

Let P = (C4,---,C¢) be a perfect ordering of the cliques of U as above and
let S3, S5, -+ ,Sc be the ordered listing of separators (with possible repetitions)
induced by P. Then LM define Ap as the set of all (o, 8) = ((ac|C € C), (Bs| S €
S)) € R x R® such that

dWp),a,8,a(X) == H(a, B, X) exp{—tr(AX)} duy (X),

ac > %L, Cec,
(21) O[C’1 +52 > %’
> (ac,|a€ Ip(8)) —v(S)Bs =0,  SES, S+,

where Jp(S) = {j e{1,--- ,C}| S; = S} and o := Y (acq| qE€ Jp(Sg)) —v(S2) 0,
see Section 3.4 in LM. Furthermore LM obtain, for all («, 3) € Ap,

WH(W :27...,6)

q
FSQ (Oél) FSq (0‘!1)
LM also state the Wishart distribution of type I using the parameter ¥ := p(A~1) € P(U).
This parameter is different from our expectation parameter (also denoted by X).

cr(o, B) =Tg, (a1 + 92)

2Identity holds up to a trivial reparameterization.
3Nevertheless LM do establish equality in the case U = A4. Furthermore it is known that
equality does not hold in general for the homogeneous case.
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with
r(r—1) o ]
F'r(p):ﬂ—ﬁn(r(p_%)|]:177T)7

peERy, relN:={1,2,---}, >

We shall now establish LM’s family of Wishart distributions of type I param-
eterized by Ap x PD°(U) to be a family of generalized Riesz distributions (see
Definition with respect to one specific representation of U as an AMG. Since
P is a perfect ordering we have the histories H; := C;UCU---UCy, j=1,---,C,
the separators S; .= C;NH;_1,j=2,---,C, and the remainders R; = C; \ H;_1,
j =2,---,C. Now we replace all undirected edges between vertices v € S; and
v’ € R; with arrows v — v'. We also replace all undirected edges between vertices
v € Sy and v € C;\ S2 by the arrow v — v'. Using the definition of perfect
orderings this assignment is readily seen to be consistent and to result in an AMG
Vp without triplexes and with C 4+ 1 boxes S, Cy \ So, Ra,- -+ , Re, all of which are
complete. As a consequence Vp is a representation of U as an AMG, see Definition
Furthermore we have (S2) = @, (C1 \ S2) = Sz, and (R;) =S;,j=2,---,C.
Abbreviating V := Vp and replacing S with X our measure vy from equation
is then

dry(X)
[B]+<B>+1 _[B]
=11 (IX X5 N) dx
,M _ 1\ 2 _Cit1 ,Cl+1
= | Xs,| "2 \X(cl\sz)-| | Xs, | X, |~ |X(cl\s2 \

Fj=a,. c) dx

R;+S;:+1

141 Rj+S;+1
— XS H((IXRj-IIijI) = x|

27...,(3) dx

11 (15525 = 1 )
_ o dX = djg(X),
J = 2) ,C)

where py, is the measure defined by LM, see equation . Next let (o, 3) =
((ac|C €C),(Bs| S €8)) € RE x RS satisfy the conditions in (2I)). Then we have

(22)  H(a,f3,X)

_ H(‘Xc|ac|C€C) (|ch|acj|j:17...,c)
T (Xs]" s[5 €es) I1(1Xs, %] =2,---,0C)

= |Xc, | H (|XRjo|acj‘j =2,--- 7C) H (|X |~ —Bs; ‘] =2,. C)
= |Xcl|a1 H (|XRj.|aCj‘j =2, 7C’)
< TT (T (Xl j e Jp(8))| S € S)

= |Xc, | | X, |22 H (1XRr,el®]j=2,---,C)
< [ (1xs|=0esli€/rEN=v9)0s| g e S\ 8)
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X X\ spel™ [ Xy |70 TT (1 X, 5 =2, ,C) - 1

— H (IXpe| 2| B € V/~)
with

ag + 9y for B= S,
(23) >\B = ac, for B = Cl \52
ac; for B=R;, j=2,---,C

Furthermore we have

S2=l for B= 5,
[B]+<B>_1_ 012—1 for B=C S
2 =z, rB=0s
o for B=R;,j=2,---,C
Thus LM’s conditions in are equivalent to our condition . This estab-
lishes the family of Wishart distributions Wp ) a4, of type I, ((a, B), 0) € Ap x

P(U), to be the family of generalized Riesz distributions Ry x, (2,A) € P(U) x
X (]%,oo[‘ B e V/N) with respect to Vp. The one-to-one correspon-

dence between the two parameter sets is given by and by ¥™* = o1 (the
latter in LM’s notation). In particular, Ap has dimension V/~ = C+1. In general,
however, there are representations of U as an AMG that are not induced by any
perfect ordering of the cliques of U. As a consequence our notion of generalized
Riesz distributions is more general than LM’s notion of Wishart distributions of
type L

Note that our generalized Riesz distributions satisfy E (Ry ) = ¥ while the ex-
pectation of LM’s Wishart distributions of type I is a non-trivial function of the
distribution’s parameters. From our point of view only the natural parameteriza-
tion or the expectation parameterization should be used.

Note also that LM’s functions H(a, 3, ) are parameterized by (o, 3) in the (C+S)-
dimensional space R¢+S, whereas the actual sets of interest Ap are of dimension
C+1. By comparison our functions S + [] (|Sps|*?| B € V//~), paralleling the role
of LM’s functions H («, 3, -), are parameterized by A = (Ag| B € V/~) in the (V/~)-
dimensional space RY/~, with the set of interest X (] %,oo“ B e V/N)
having the same dimension.

From our point of view the following natural question arises: Does there exist an
intrinsic (canonical) choice of a representation of U as an AMG?—The construc-
tion of this AMG (appropriately denoted by V) should not depend on any kind of
arbitrary choice, as for example an arbitrary perfect ordering of the cliques of U as
in LM. The answer to our question is yes, and it will be given in the following two
sections.

13. AN INTRINSIC REPRESENTATION OF U

Let V = (V, F) be an AMG whose box graphs are all DUGs. For all u,v € V with
u # v we define

v<ypu if {u} Unby(u) C {v} Unby(v).
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This yields a partial ordering <y of V induced by V in a natural way. Note
that <y is determined solely by the undirected parﬂ of V, the undirected graph
VU= (V, F") with F" := {(u,v) € F|(v,u) € F}. Note furthermore that u <y v
implies w — v in V. The relation <y is empty if and only if V" is a disjoint
union of complete undirected graphs. Finally, if V' = (V4)y, U (V%)y, for some
decomposition V' = V3 U Va, then <y = <y, U=y, .

Based on this partial ordering we will now present the construction of an intrinsic
representation Vi, of a given DUG U with vertex set V' as an AMG (see Definition
, thus solving the problem posed in the previous section. The correctness proof
will be given in Section

Algorithm 13.1. Set Vy := U and k := 0.

Step 1: If (Vi)™ is a disjoint union of complete undirected graphs, then set
Vi := Vi and stop. Otherwise continue.

Step 2: For all u,v € V with v <y, u replace the line v — u in Vi with the
arrow v — u. This yields a mixed graph V;.

Step 3: For all v,v’ € V with v — v’ participating in a partially directed cycle
in V;, convert the arrow v — v’ back to a line v — v’. This yields a mixed
graph Vii1.

Step 4: Increase k by one and return to Step 1.

We note the following facts: If U is a disjoint union of complete undirected
graphs, then the above algorithm yields V;; = U; otherwise the relation <, is
non-empty and the algorithm will perform Steps 2-4 at least once. All graphs V;,
k=0,1,2,---, and Vg11, k = 0,1,2,---, have the skeleton ¢/. The mixed graphs
V., k=0,1,2,---, resulting from Step 2 do not contain any triplexes. The mixed
graphs Viy1, k = 0,1,2,-- - resulting from Step 3 are AMGs without triplexes,
and all their box graphs are DUGs. In particular, the condition that (V;)" is a
disjoint union of complete undirected graphs (see Step 1) is equivalent to requiring
all boxes of Vi to be complete and hence Vi, to be a representation of U as an AMG.
In Step 3, only arrows that have been created in the Step 2 of the same iteration can
participate in partially directed cycles; in particular, all arrows created in earlier
iterations remain unchanged. Finally, applying Algorithm to an unconnected
DUG U is equivalent to applying it separately to all connection components of U.

Example 13.1. Let U be the n-vertex chain ¢ — ¢ — --- — e with V =n € IN.
Then the intrinsic representation of & as an AMG found by Algorithm is
e« o.--«— o —0— ---oe >eforevennand e «— e--- «— o — --.0 — o for

odd n. The result is constructed in | 25| iterations, where |.| denotes the integer

part. Forall k = 0,1,---, | %% | =1 we have V|, = Vj11, that is, none of the arrows
generated in Step 2 of any iteration are removed in Step 3.

As a second example consider the DUG U displayed below. Step 2 creates the
arrows b — a, b — ¢, b — f, ¢ — a, and d — e. In the resulting mixed graph V) the
arrow b — ¢ participates in a partially directed cycle. Hence it is converted back

to a line in Step 3, thus creating V; = Vi, in one iteration.

LOf course one may define the undirected part for any mixed graph.
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14. VERIFICATION OF THE STEPWISE CONSTRUCTION OF Vy

Lemma 14.1. Let U = (V,F) be a DUG, and suppose Algorithm is applied
to U, thus creating the mized graphs V;, and V41, k=0,1,2,---. Then we have:

(i) The graphs Vii1, k = 0,1,2,---, resulting from Step 3 of each iteration are
AMGs without triplexes.

(i) If (V)" is not a disjoint union of complete undirected graphs for some k €
{0,1,2,---} (that is, if Vi does not satisfy the termination condition in Step
1), then the number of arrows in Vi1 is strictly greater than the number of
arrows in V.

Part (ii) of the above lemma states that each iteration of Algorithm produces
new arrows. In particular, the number of iterations before termination is trivially
bounded by the number of edges in U.

Proof of Lemma([14.1. (i). Assume u — v to be an arrow participating in a par-

tially directed cycle u — v = vy =~ .-+ « v, = uw in Vyy1, where v; - v;y1,
1=1,...,n—1, denotes a line v; — v;41 or an arrow v; — v;41. Then u — v is also
contained in Vy,, and since it is not removed in the transition from Vj, to V41 it does
not participate in a partially directed cycle in V},. Hence there is ip € {1,...,n—1}
such that v;, < v;y11 in V;, and v;, — viy41 in Ve41. As a consequence, v, — Ujo+1
participates in a partially directed cycle v;, — Vjj41 = Wy = -+ = Wy = Vi, in
V,g. In particular, V,’€ contains the cycle u — v = g = oo o Vg e WY e e e
Wy, = Vig41 = -+ = Up, = u. If necessary we may iterate this argument and thus

conclude v — v to participate in a partially directed cycle in Vj,. Hence we have
u — v in Vyy1, contradicting our assumption. Now the claim follows by induction
by the number of iterations of Algorithm [13.1}

(ii). Without loss of generality we may restrict our considerations to an incom-
plete box B in the AMG V; and its box graph B. There exists a replacement of all
lines in B by arrows such that the resulting directed graph D is acyclic and moral.
Let vy, be a maximal vertex in D, that is, vy, 4 v, v € V, in D. Since D is moral
the subgraph of B induced by {vm} Upap(vm) = {vm} Unbg(vy) is complete.

Hence we have {v} Unbg(v) D {vn} Unbg(vy) for all v € nbg(vy,). Since B is
incomplete and connected there are u ¢ {vy,} Unbg(vym) and vy € nbp(vy,) with
u — vg. In particular we have {vo} Unbg(vg) D {vm} Unbg(vm), which implies V},
to contain vy — vy,. We will now establish that this arrow will not be removed
in the transition from Vj, to Vi41. To this end we assume vy — vy, to participate
in a partially directed cycle vg — vy = v1 = -++ =+ v, = vg in V;. Then we have
vg € nbp(vy ). This entails {va} Unbg(vz) = {vm } Unbg(vy) and hence vy, — vg in
V;.. We also have {vo} Unbg(vg) D {vm} Unbg(vm). Induction by the circle length
n yields {v,_1} Unbg(vp—1) = {vm } Unbs(vm) C {vo}Unbg(vg). As a consequence
we have v,_1 < vg in V},, contradicting our assumption. O
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15. THE CLASS OF GENERALIZED WISHART DISTRIBUTIONS ON P (/)
ASSOCIATED WITH AN UNDIRECTED DECOMPOSABLE GRAPH

Now we return to the setting from Sections [§]

Definition 15.1. Let Vy, be the intrinsic representation of the DUG U as an AMG
obtained from Algorithm [13.1] Then the Riesz distribution Ra x on P(U) with
respect to Vi, with shape parameter A = (Ag| B € V/~) and natural parameter A
is called the generalized Wishart distribution Wa_ x on P(U) with shape parameter
A and natural parameter A.

Likewise, the generalized Riesz distribution Ry x on P(U) with respect to Vi,
with shape parameter A = (Ag| B € V/~) and expectation parameter ¥ is called
the generalized Wishart distribution Wx, y on P(U) with shape parameter A and
expectation parameter X.

The generalized Wishart model (with fixed shape parameter \) in its expectation
parameterization is then (Wy y € P(P(U))|Z € PU)).

Remark 15.1. Due to Vi, 0, = Vi, U Vi, Proposition remains true when
the name Riesz is replaced by the name Wishart. Similarly, the convolution prop-
erty stated in Proposition also holds for generalized Wishart distributions in
the sense of Definition By contrast, decomposition and marginalization of
generalized Wishart distributions do not yield generalized Wishart distributions in
general. In this sense, Propositions and do not carry over to generalized
Wishart distributions.

16. THE CONNECTION TO THE WORK BY ANDERSSON AND WOJNAR (2004A,B),
WISHART DISTRIBUTIONS ON HOMOGENEOUS CONES.

Now we briefly discuss the present work’s relation to the work by Andersson &
Wojnar (2004a) and Andersson & Wojnar (2004b), abbreviated as AWa and AWDb
in the following. Despite its generality the work in AWa,b overlaps with the present
work in a non-trivial manner. Given a homogeneous cone C' AWa,b define the class
of Wishart distributions on C' parameterized by its expectation > € C and its shape
parameter A, where X is a finite family of positive scalars as in the present work.
In fact, AWa,b indirectly also find Riesz distributions related to the cone C'. A
self-contained special and easier case of AWa,b can be found in Andersson, Letac
& Massam (2008). This special case contains the overlap between the present work
and AWa,b lined out and gives further details.

Lemma 16.1. Let U = (V,F) be a DUG. Then the following two conditions are
equivalent:

(i) The graph U does not contain the four chain e — ¢ — e — e as an induced
subgraph.
(i) For all u,v € V with u — v in U one of the following three relations holds:
(a) {u} Unb(u) = {v} Unb(v),
(b) {u} Unb(u) C {v} Unb(v), and
(¢) {u} Unb(u) D {v} Unb(v).
Proof. If U does contain a four chain induced subgraph, then the two central vertices

of the four chain do not satisfy (ii). This proves (ii) = (i). Conversely assume (i)
and assume v — v not to satisfy (ii). Then there exists * € {u} U nb(u) with
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x ¢ {v} Unb(v) and y € {v} Unb(v) with y ¢ {u} Unb(u). Clearly z,y,u,v
are pairwise distinct. If x and y are not connected, then (i) is violated; otherwise
we have a four circle x — u — v — y — x without diagonals, contradicting the
decomposability of U. (]

A DUG is called transitive if it satisfies the equivalent conditions in Lemma [16.1
This definition is consistent with Letac & Massam’s (2007) terminology. The term
transitive is justified since P(Uf) is a homogeneous convex cone when U is transitive,
cf. Letac & Massam (2007, Section 2.2) or Andersson & Wojnar (2004a, Example
6.4).

Corollary 16.1. Let U be a transitive and incomplete DUG. Then Algorithm[13.]
applied to U terminates after one iteration, with Vi = Vi = Vy. In this case
the graph of boxes Vi /~ is a transitive ADG and Vi does not contain the graph
e — e — o as an induced subgraph.

Proof. Due to the transitivity (characterized by conditions (a), (b), (c¢) in Lemma
16.1] (ii)) and the incompleteness of U the mixed graph Vj, constructed in Step 2 of
the first iteration of Algorithm contains neither ¢ — ¢ — @ nor ¢ — ¢ — e nor
e — e — e as induced subgraphs. Furthermore, V) does not contain any partially
directed cycles. Hence V) is an AMG without triplexes and with complete boxes.
This proves the claim. (I

Now suppose U to be a transitive DUG and thus P(U/) to be a homogeneous cone,
cf. Example 6.4 in AWa. Then the class of Wishart distributions on P (/) defined
in AWa,b coincides with our class of generalized Wishart distributions on P(U);
moreover, both families are parameterized in the same way by expectation and
shape parameters.

If U is non-transitive, then our Definition of generalized Wishart distribu-
tions is a proper extension of the theory in AWa,b to the case of the convex non-
homogeneous cone P (/). The simplest non-transitive DUG a — b — ¢ — d is thus
of special interest.

Example 16.1. In this example we will investigate the different Riesz and Wishart
distributions associated with the decomposable undirected graph a — b — ¢ — d
(the four-vertex chain), denoted by Y. Note first

Oaa 0ab 0 O

P(u) — E Oba Obb Obe O (Uaa Uab) > 07 (Jbb ch) > O7 (Ucc O'cd) > O

0 0Och Oce Oca Oba Obb Ocb Occ Ode Odd

0 0 Ode Odd

The seven different representations are (i): a — b — ¢ — d, (ii): a « b« ¢ «— d,
(iii): a —b—c—d, (iv a —b—c—d, (v): a —b— c¢c— d, (vi):
a < b < ¢ — d, and the intrinsic representation (vii): a «— b — ¢ — d, each
generating its own class of Riesz distributions on P(U). With

Saa Sap 0O 0

Sba  Sbb  Sbe Saa  Sab

S = ePU S = ,
0 S Sce Scd (©), {ab} (Sba Sbb)
0 0 Sde  Sdd

and similar definitions for Sycy, Sieq), and 3 we obtain
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(i): dRx A (S) =

_3 Aa YA Ae YA Aa— Ab_, —5 Ac— )\d—g

2 A00 AP A2 MY Saa sb. 257 See 2 Sec? Se (529 dS
1 1 Xe M e g exp{— tr( )} ds,
PA) TN — 2)T(Ae — 3)T(Aa — 1) 025 070 006 02
where A\, > 0, Ay > 2, Ae > 2, Ad > 5, A= (/\a7/\b7/\c7/\d) S Ri, Sbe =
Sbb— SbaSaa Sabs Sce 1= Sce— Schbb Shes Sde = Sdd — SdcSee Sed, and similar definitions
for ope, Tce, and 0.

(iii): dRx A(S) =

=2 VM are 2\ g A2 Ae—d -1 -2
)\a1 )\b )\ A ao Sbb sco Sc/c\ Sdo K exp{itr(g}*)\sv)}ds7
(Ao — 1) TN) T\ — T(N\g — 3) 003 oy 025 o

1 1 _ 4 —
where Ay > 5, Ay > 0, Ae > 5, Ag > 2, A= (Aas A, A, Aa) € RY, S :=
saa—sabs;blsba, Sce 1= scc—scbs;blsbc, Sde ‘= sdd—sdcsc_cl Sed, and similar definitions

for e, Oce, and oge.
(v): dRx A(S) =
22 ST g3
—8 \PMan )\A )\Ad 1S tab |>‘{ab}_§ Sy Sce
{ab} ety 1 i by Xe A exp{—tr(X715)}ds,
]-—‘()\{ab}) F(A{ab} _i) T(A— 5) INOVES ) |E{ab}| (e} 0lg 0,
where /\{ab} > %; Ae > %a Ad > %7 A= (A{ab}a)‘b7>‘C) € IR+’ Sce 1= Sce — SCbS&)leC’
Sde 1= Sdd — SdeSec Scd; and similar definitions for o and og,.

The cases (ii), (iv), and (vi) are analogous to (i), (iii), and (v), respectively, with
a, b, ¢, and d replaced by d, ¢, b, and a, respectively.

(vil): dRx A (S) = dWx A (S) =

—3 \Aa )\ 2Mee) yha Fa—3 —3 Alve Aa—3
™ 2 )‘a )\{b} )\ ae Sbb |S{b5}| e} ™ 2800 sdo

(A0 — DT A ) T ey — 3)T(Ad — 3) 008 [Sgpey Moo 0

where Aq > 1, Aoy > 2, A0 > 2, A = (Ao, Apey, Ac) € B2, Sae 1= Saa — SabSyy Stas
Sde = Sdd — SdcSoe Scd, and similar definitions for o,e and o,.

As indicated above case (vii) is the Wishart distribution on P (i) with shape
parameter A = (Aa, Afpe}, Ad) € } , 00 [ and expectation X € P(U).

o exp{— tr(X7*S)}dS,

17. FURTHER RESEARCH.

As is the case for the general Wishart distributions on homogeneous cones from
Andersson & Wojnar (2004b, Section 7), our results open new interesting areas in
multivariate analysis for further investigation, in particular likelihood inference in
generalized Riesz/Wishart models.

For instance, consider a given representation V of U as an AMG and let Sk,
k € K, be independent observables from P (i) with Sy following the generalized
Riesz distribution Ra, ,, Ax € PD(U), k € K. The testing problem Ay = A,
k € K (that is, all Ay, k € K, are identical) can be solved completely, see Crawford
(2008). The solution constitutes a generalization of the classical Bartlett test.

The concept of singular classical Wishart distributions is readily extended to gen-
eralized Riesz/Wishart distributions on P (/) and open for further investigation.
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Replacing the cone P(If) with the dual cone PD({) (of positive definite matrices)
one can develop definitions of generalized Riesz/Wishart distributions similar to
those of the present paper, see Andersson & Klein (2008). These distributions are
related to LM’s Wishart distributions of type II; more precisely, their distributions
are special cases of generalized Riesz distributions on PD"(U/) but use a different
parameterization. Expectations of these new distributions are not easily expressed
in terms of the distributions’ parameters. Moreover, these families of distributions
are, in general, not closed under convolution (cf. Proposition . This lack
of closure under convolution is found even in the special case of LM’s Wishart
distributions of type II, despite LM’s claim “We have parallel results for the type
IT Wishart” (LM, top of p. 1311, referring to the closure property of families of
Wishart distributions of type I, stated in the first equation on p. 1310).
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