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Introduction

The aim of this thesis is the study of equidistant foliations of Kuclidean space, in
particular answering the question whether they are homogeneous.

An equidistant foliation of R™ is a partition F into complete, smooth, con-
nected, properly embedded submanifolds of R™ such that for any two leaves F,G €
F and p € F the distance dg(p) does not depend on the choice of p € F. Such a
foliation may be singular, i.e. the leaves of F may have different dimensions.

We point out that this is a more restrictive version of the definition of singular
Riemannian foliations as given by [Mol88]. Their leaves only need to be immersed
and equidistance is therefore only demanded locally.

The advantage of our more restrictive definition is that the space of leaves
B := R"™/F bears a natural metric — it is even a nonnegatively curved Alexandrov
space (cf. [BBIO1]) — and the canonical projection is a submetry. Indeed we make
heavy usage throughout this work of the Alexandrov space structure of B and
rely on the rich theory of submetries as found in [Lyt02].

The most prominent examples of equidistant foliations are the orbit foliations
of isometric Lie group actions. So the natural question is whether all equidistant
foliations of R™ are homogeneous or at least which conditions imply homogeneity.

A huge and well studied class of equidistant foliations are those given by
isoparametric submanifolds and their parallel manifolds. Homogeneity of these
foliations was shown by Thorbergsson in [Tho91] if the isoparametric submanifold
has codimension > 3. However, there are inhomogeneous examples — found by
Ferus, Karcher and Miinzner and presented in [FKMS8I] — if the isoparamtric
submanifold has codimension 2, i.e. if it is a hypersurface in a sphere.

To our knowledge these and the Hopf fibration of S* (with totally geodesic
fibres, isometric to S7) are the only inhomogeneous examples of equidistant foli-
ations known today. We point out that all of these inhomogeneous foliations are
compact, i.e. they have compact leaves.

On the other hand Gromoll and Walschap examine regular equidistant foli-
ations — which are necessarily noncompact — in [GW97] and [GWO01]. They
show that such a foliation always has an affine leaf, which they use to prove that
the foliation is homogeneous; in fact it is given by a generalized screw motion
around the affine leaf.

As all inhomogeneous examples are compact it seems reasonable to concen-
trate on noncompact foliations. Generalizing Gromoll and Walschap’s result we
show in this thesis that an equidistant foliation of R™ always has an affine leaf
and may be described by a compact equidistant foliation in one normal space
of the affine leaf together with a (not necessarily homogeneous) screw motion
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around that leaf. We give conditions for homogeneity and also construct new
(noncompact) inhomogeneous examples.
A more detailed summery of this work follows:

In CHAPTER [1] we introduce the concepts of Alexandrov spaces, submetries
and their derivatives and we define equidistant foliations. We present several basic
results concerning these concepts — among others we show that the regular leaves
of equidistant foliations are equifocal.

In analogy to Gromoll and Walschap’s result we show in CHAPTER 2| that
equidistant foliations always have an affine leaf Fj. Using essentially Cheeger-
Gromoll’s soul construction (cf. [CET5]) we prove that even in the singular case
B has a soul and its preimage is an affine space. Then an affine leaf exists if
this soul is a single point. To show this we cannot follow [GW97, Sect. 2] as
the topological results used there rely on F being a fibration. Instead we give a
geometrical proof (which also gives a new proof for the regular setting).

For any p € Fj the intersection of the leaves of F with the horizontal layers
Ly, := p+v, Iy yields a partition of L, which we call .7:"]3 and all of the .7:"1) together
give us a partition F of R”. CHAPTER [3]is dedicated to studying this induced
foliation, in particular we show that each ]}p is an equidistant foliation of L,.

We prove that in the homogeneous case F is given by the orbits of G x R¥
with G a compact Lie group and R* acting on R**" by generalized screw motions
around the axis Fy and we conclude that the induced foliation F is equidistant.

In the remainder of this chapter we give a characterization of when F is
equidistant and we show that — provided each .7:}, is homogeneous — the ]:"p are
isometric to each other and F can be described by two data: any one of the .7:"p
and a generalized (possibly inhomogeneous) screw motion around Fj.

CHAPTER (4] deals with questions of reducibility. We show that — as in the
case of homogeneous representation — existence of a non-full regular leaf implies
that the minimal affine subspace containing it is invariant under F. Moreover,
we examine under which conditions F splits off a Euclidean factor.

Finally, in CHAPTER [5| we address homogeneity of F. First, we consider the
quotient A = R¥+"/F and show that — provided F is equidistant — the image
of F under the natural projection is an equidistant foliation of A and is described
by the same screw motion map as JF. Reversing this construction we give new
imhomogeneous equidistant foliations of R™.

We close with a homogeneity result for F if ﬁp (for one and hence all p € Fy)
is homogeneous and if its isometry group fulfills certain conditions, e.g. if it is
sufficiently small. In particular F is homogeneous if ]:"p is given by either

e the orbits of an irreducible representation of real or complex type,
e the orbits of an irreducible polar action,

e the Hopf fibration of S or S”.
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Chapter 1

Preliminaries

In this chapter we introduce the concepts of Alezandrov spaces, submetries and
equidistant foliations, that form the basis this thesis is built on. We present
several results arising from these concepts that will be used throughout this work.
Many of these are citations from literature, sometimes equipped with a more
accessible proof, but original work is included as well.

1.1 Alexandrov Spaces

The concept of Alexandrov spaces is a generalization of Riemannian manifolds.

We only give a brief outline of what an Alexandrov space is and present some
properties relevant to this work. For a more detailed discussion of Alexandrov
spaces we refer the reader to [BBIOI].

A metric space X is called a length space if the distance between any two
points is given by the infimum of the length of curves connecting these two points.
Consequently a curve whose length equals the distance between its endpoints is
called a shortest curve and a locally shortest curve is called a geodesic. If we do
explicitely say anything else we always assume a geodesic to be parametrized by
arc length.

An Alezandrov space is a length space with a lower curvature bound x. This
means that small geodesic triangles are always thicker (i.e. points on any side are
at a greater or equal distance from the opposite vertex) than a comparison triangle
with the same side lengths in the model space M,, which is the 2-dimensional
space form of constant curvature k.

This implies an abundance of properties (some immediate from the definition,
others requiring rather sophisticated theory) showing that Alexandrov spaces are
indeed very similar to Riemannian manifolds.

Some useful results about Alexandrov spaces

We present a short list of results about the geometry of Alexeandrov spaces,
which will be used throughout this thesis.

1. Geodesics in Alexandrov spaces do not branch (otherwise this would result
in “thin” triangles, cf. [BBIO1, Chap. 4]).
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6 PRELIMINARIES

2. The Hausdorff dimension of an Alexandrov space is either an integer or
infinity (cf. [BBIOI, Chap. 10]).

3. Finite dimensional complete Alexandrov spaces are proper (i.e. closed boun-
ded subsets are compact) and geodesic (i.e. any two points can be connected
by a shortest curve).

Moreover, an analogue of the Hopf-Rinow theorem holds (cf. [BBIOI,
Thm. 2.5.28]).

4. Any n-dimensional Alexandrov space contains an open dense subset which
is an n-dimensional manifold (cf. [BBIOL, Chap. 10]).

Remark. Henceforth, if we talk about an Alexandrov space we will always assume
it to be complete and finite dimensional.

In geodesic spaces we commonly use the notation |zy| for the distance between
two points instead of d (z,vy).

For a subset A of a metric space X we denote by d4: X — R{ the distance
function d4(p) = dist (A, p) relative to A.

Tangent Cones

Let X be an Alexandrov space and consider two geodesics a and 3 emanating at
some point p € X. An immediate consequence of the lower curvature bound is
that the angle formed by « and 3 at p is well defined.

We consider the set ‘Z?p of equivalence classes of geodesics emanating from p
where two geodesics are identified if they form a zero angle.

Definition 1.1. The space of directions X, at p is the completion of flp with
respect to the angle metric.
The tangent cone T, X of X at p is the metric cone C X, over ¥,.

Remark. The space of directions of an n-dimensional Alexandrov space is a com-
pact (n — 1)-dimensional Alexandrov space of curvature > 1. Consequently 7, X
is an n-dimensional Alexandrov space of nonnegative curvature.

Note that in general there may be directions at p not represented by any
geodesic.

Definition 1.2. We call a point z in an n-dimensional Alexandrov space X
reqular if the space of directions X, at x is isometric to the Euclidean standard
sphere S"!, or equivalently if 7, X is isometric to R™.

Remark. Geodesics ending at a regular point z can be extended beyond z and
for any & € X, there is a geodesic starting at x with direction &.

Thus at regular points = we can define the exponential map exp,: U C T, X —
X in the same way as for Riemannian manifolds.

We point out that the set of regular points of X contains a set which is open
and dense in X (cf. [BBIOI, Chap. 10]).
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Remember that the metric cone over ¥, is the topological cone over ¥, i.e.
the set [0, 00) x 2, /. where we have identified all points of the form (0,¢), £ € ¥,
equipped with the metric

(£, €)(s,m)] = 1"+ 5" = 2(&,m)

where (£,7n) = cos £(&,n). This places an isometric copy of ¥, at distance 1 from
the apex 0.

We present some further notation:

For v = (t,€) € T,X and s > 0 we denote by sv the vector (st,§) € T,X.

We usually write |v| as a shorthand for the distance |v0| between v and the
apex 0 of the cone.

Let &, n € ¥, be directions which enclose an angle < m and let v be a shortest
curve in Y, connecting them. Then the cone over 7 can be embedded isometrically
into R?, via ¢, say. Thus for v = t£ and w = sn we define

vt w =67 ($(v) + d(w)).

Of course this depends on the choice of v and is only useful if v is unique. Note,
however, that we get the usual relation

v+ w? = o]’ + [w]” + 2 (v, w)

where (v, w) :=ts (&, n).
Finally if A is a subset of ¥, we call {§ €y, | dist (¢, A) > %} the polar set
of A.

1.2 Submetries

Submetries are a generalization of the notion of linear projections and Riemannian
submersions to metric spaces.

Definition 1.3. Let f: X — Y be a mapping between metric spaces. Then f is
called a submetry if it maps metric balls in X to metric balls of the same radius
inY.

This simple property turns out to be rather rigid at least for submetries
between Alexandrov spaces. And we present in the following some interesting
results about submetries relevant to this thesis. We refer the reader to [Lyt02]
for a detailed discussion.

First note that we can characterize submetries by looking at the distance
function of fibres (cf. [Lyt02, Lem. 4.3]):

Lemma 1.4. A mapping f: X — Y between metric spaces is a submetry if and
only if for any subset A (possibly a single point) of Y the equality

df—l(A) = dA O f
holds.
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We call a point p € X near to x € X (with respect to f) if |xp| = dist (Fy, p)
where F), is the fibre of f passing through x. We denote the set of points near
to x by N,.

A geodesic v emanating at x will be called horizontal if its image under f is
a geodesic of the same length. Thus a shortest curve is horizontal if and only if
its start and endpoint are near to each other.

It should be noticed that many topological and geometric properties are in-
herited by the base space of a submetry (cf. [Lyt02, Prop. 4.4]). We present only
a few:

Proposition 1.5. Let f: X — Y be a submetry between metric spaces. Then'Y
18 complete or connected or is a length space or has curvature bounded below by
k or has dimension < n if X has the respective property.

Finally, we mention the following factorization property of submetries, which
is an immediate consequence of the definition (cf. [Lyt02, Lem. 4.1]):

Lemma 1.6. Let X,Y, Z be metric spaces and f : X — Y, g: Y — Z be maps
between them. Suppose that f and h := go f are submetries then so is g.

Proof. Let B, (y) be some metric ball in Y, which is the image under f of some
ball B, (x) in X since f is a submetry. Then ¢(B, (v)) = h(B, (z)) = B, (h(x)).
O

1.2.1 Lifting

With Riemannian submersions p: M — N it is possible to lift geodesics in the
base N to horizontal geodesics in M. This follows easily from the conditions
posed on the differential of the submersion.

However, this can be shown in a purely geometrical way as is done e.g. in
[BGOQ]. Using essentially the same arguments we see that these lifts exist in the
case of submetries as well:

Lemma 1.7. Let f: X — X be a submetry between Alexandrov spaces and let
7:[0,1] — X be a shortest path of length | between two points p and q.

(a) Let p € f~Y(p) then there exists a horizontal lift v of 5 to p, i.e. a shortest
path «y: [0,1] — X of the same length such that v(0) =p and fo~y=7.

(b) If 4 can be extended beyond p as a shortest path then the horizontal lift is
unique.

Proof. Assume for now that 4 can be extended beyond p.

(a) Since f is a submetry dist (f~1(p), f~1(7)) = |pg| and since f~!(p) and f~1(q)
are closed there is a point ¢ € f~1(g) such that |pg| = |pg|, i.e. ¢ is near to p.

Let v: [0,I'] — X be a shortest path connecting p and ¢q. Then L (y) =1' =
Ipq| = |pg| = | and consequently fo+y is a curve of length at most [ connecting
p and ¢. Hence it is a shortest curve. Remember that since 7 is extendible it
is the unique shortest path connecting those two points and so has to agree
with f o~.
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(b) Suppose there are two different lifts 71 and ~, to p.

Let a: [—¢,l]] — X be an extension as a shortest path of 4 and let 7 be
a(—e).

We can now lift @|_. ¢ to p. Let us call this lift 3 and its starting point r.
Then r is near to p so

|7q| = |rp| + |pq| = |rp| + |pq| = |rq| > |7q|

where the last inequality holds because f does not increase distances.

So, continuing [ by either 7, or 7, yields a shortest path between r and ¢
which agrees with the other at least up to p. But then the ~; have to agree
as well since in Alexandrov spaces geodesics do not branch.

To show (a) in general just choose some point Z in the interior of 7, take x €
f~Y(Z) near to p and lift 4 to x. This lift then has p as one endpoint. O

Remark 1.8. Of course Lemma [1.7] also holds for geodesics instead of shortest
paths. Since geodesics are locally shortest we can lift these shortest paths and
use the fact that the lifts at interior points of the geodesic are unique.

Note that there is an even stronger lifting property (Proposition if X is
a manifold.

1.2.2 Differentials

Several results in this work are based on examining the differential of a submetry.
So let us explain what we mean by differentiability and the differential of a map
between Alexandrov spaces.

Remark. The material presented in this section is mostly due to |[Lyt02]. But
since it is nonstandard material we include it here and present it in a way more
suitable for the needs of this thesis.

In [BGP92, p.44] a Lipschitz function f: X — R on a finite dimensional
Alexandrov space is said to be differentiable if its restriction to any geodesic is
differentiable (with respect to arc length) from the right.

This is generalized in [Lyt02, Sect. 3] to Lipschitz maps f: X — Y between
finite dimensional Alexandrov spaces.

Remark. In the following we will be using ultralimits. We refer the reader
to [KL97, Sect. 2.4] for a concise definition of ultralimits. In short this con-
cept allows us to coherently choose for any sequence (z;) in a compact space one
of its limit points. This limit point is called the ultralimit lim, z; of (z;) and
depends on the particular choice of the nonprincipal ultrafilter w on the integers.

Using this [KL97] considers sequences of pointed metric spaces (Xj,z;) and
defines their ultralimits lim, (X;,z;) as the set X, consisting of all sequences
(y;) with y; € X, such that d;(y;, x;) is uniformly bounded. Then z € X is
defined as (z;) and we get a pseudometric d((y;), (z;)) which is defined as the
ultralimit lim,, d;(y;, z;). After identifying points y, z € X for which d(y,z) =0
this turns (X = X,/ (a=0), ¢) into a pointed metric space.
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Remark. 1If (X;,x;) is a sequence of proper spaces converging in the pointed
Gromov-Hausdorff topology towards the proper space (X, x) then for any w the
ultralimit lim,, (X}, z;) is isometric to (X, z).

The ultralimit approach has the advantage that we can extend this notion
naturally to maps between metric spaces: Let f;: (Xj,z;) — (Yj,y;) be a se-
quence of Lipschitz maps with uniform Lipschitz constant then the ultralimit
f = Tim, f; s given by F(()) = (f;(2)).

Now let us look in particular at the tangent cone of a finite dimensional
Alexandrov space X: The tangent space T,X at z is the pointed Gromov-
Hausdorff limit of the scaled spaces (%X , x) for any positive sequence (r;) tending
to zero. By AX we mean the space X with the scaled metric ) - d.

Remark. The tangent space T, X defined in this way is isometric to the metric
cone C3, over the space of directions at = (cf. [BBIOI, Sect. 10.9]).

Based on this [Lyt02] makes the following definition:

Definition 1.9. Let f: X — Y be a Lipschitz map between finite dimensional
Alexandrov spaces. We consider for any positive sequence (r;) tending to zero
the ultralimit lim,, f; of the sequence f; := f: (%X, r) — (%Y, f(z)).

We say f is differentiable at x € X if lim,, f; does not depend on the choice
of (r;) and call the resulting Lipschitz map f., : T,X — Ty)Y the differential
of f at x.

In detail f,, is given in the following way: Let p € X be close to x and let
v be a shortest path connecting x to p with direction £ at x. Then considering
that (%X, x) converges to T, X we see that (v(r;-|zp|)) converges towards |zp|-§
and consequently (f(y(r; - [zp|))) tends to some 7 in Ty,)Y. If  is independent
of (r;) then f. (|zp| - &) = n.

Note that by this property f., is homogeneous, i.e. f, (t§) = tf. (&) for any
nonnegative t.

Application to Submetries

1. By [Lyt02, Prop. 3.7] f: X — Y is differentiable at z € X if and only if for
any y € Y with y # f(x) the function d, o f is differentiable, thus reducing
the question of differentiability to the case treated by [BGP92].

2. From [Lyt02 Lem. 4.3] we know that f: X — Y is a submetry if and only
if dg-1() = dy o f for any point y in Y. Since for any closed A C X the
function d4 is differentiable outside A (cf. [BGP92, p.44]) this implies that
submetries are differentiable.

3. If f;: (Xj,z;) — (Y}, y;) is a sequence of submetries then its ultralimit is
a submetry as well. This is an immediate consequence of the definition of
ultralimits and shows that the differential of a submetry is itself a submetry
between the tangent spaces.

Note that, moreover, the fibres of f; converge to the fibres of f (cf. [Lyt02]
Lem.a 4.6]).
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Thus the study of the differential of a submetry reduces to the study of ho-
mogeneous submetries f: CX — CS between cones or simply to submetries
f: 3 — S where ¥ and S have curvature > 1.

We give some more results from [Lyt02] for this setting:

Proposition 1.10. Let ¥ and S be finite dimensional Alexandrov spaces of cur-
vature > 1 and let f: CX — C.S be a homogeneous submetry. Then the following
assertions hold:

(a) The preimage f~1(0) of the apex is the cone over some totally convex set
V C X. The directions in V' are called vertical.

(b) Let H be the polar set of V' with respect to ¥.. Then C H consists just of the
horizontal vectors of f, i.e. those h € CX such that |f(h)| = |h|.

(¢c) For any x € CX\ (CV UC H) there are unique v € CV and h € CH such
that v = h+ v, (h,v) =0 and f(x) = f(h).

(d) The restriction f: CH — CS is a submetry.

The proof for Proposition can be found in [Lyt02, Prop. 6.4, Lem. 6.5 and
Cor. 6.10]. We give a detailed proof of part (c) since this result will be essential
later on.

Proof. First note that since H is polar to V there may be at most one shortest
X

curve in X connecting H and V' and passing through ¢ = ik Otherwise we could
combine two such geodesics in such a way as to produce a branch point. So the
notation h 4 v is well defined.

Let y = f(x) and let ¢ be the geodesic ray in C .S emanating at 0 (i.e. ¢(0) = 0)
and passing through y. There is a unique horizontal lift v of ¢ through x since y
lies in the interior of c¢. Let 4 be the ray parallel to v and emanating at 0, i.e.
7(t) +7(0) = ~(t).

We define v := 7(0), so v is contained in CV because f(v(0)) = ¢(0) = 0.
Thus ~(t) = 4(t) + v and so

FOE) +v) = f(y(1) = tf((1)).
Now as f is 1-Lipschitz we get

[F(y(®) fFG®)| < [v@)F@)] =[] (1.1)

but on the other hand using that f is homogeneous and 7 is a ray we get

[F(y () FG@)] = [ (te(D) f(t3(1)] = tle(1) f(3(1))]
for arbitrarily large t. Using this implies f(y(¢)) = f(5(¢)) for all ¢t > 0.
In particular choosing ¢y such that v(¢y) = = we define h := (ty). Then
h e CH and f(h) = f(x).
Finally, by construction + is perpendicular to the geodesic ray {tv |t > 0} and
hence so is 7, i.e. (h,v) =0. O

Remark. Let f: X — Y be a submetry between Alexandrov spaces and consider
Jeo: €Yy — CXjy). The cone CV, is the tangent cone at x of the fibre of f
containing x and C H, is the tangent cone at x of the set N, of points near to x
(cf. [Lyt02, Chap. 5]).
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1.3 Equidistant Foliations

Definition 1.11. An equidistant foliation of R™ is a partition F into complete,
smooth, connected, properly embedded submanifolds of R™ such that for any two
leaves F,G € F and p € F the distance dg(p) does not depend on the choice
of pe F.

The space B = R"/F of the leaves of F bears the natural metric dg(F, G) =
distg~ (F, G) and the canonical projection 7: R" — B is a submetry. The leaves
of F are then the fibres of .

Remark 1.12. Note that this definition is a special case of that of a singular Rie-
mannian foliation as given by [Mol88]: A partition £ of a Riemannian manifold
into connected immersed submanifolds such that

(a) any vector tangent to a leaf can be locally extended to a vector field tangent
to the leaves of £, and

(b) the foliation is transnormal, i.e. every geodesic that is perpendicular at one
point to a leaf remains perpendicular to every leaf it meets.

Note that transnormality characterizes local equidistance of the leaves — and
indeed global equidistance if the leaves are properly embedded. Also observe
that condition (a) holds for equidistant foliations (consider Lemma and its
application in Definition |3.4]).

It is, however, quite reasonable to stick to our more restrictive definition as
the additional structure we gain is very useful. For example the submetry m and
the base space B have some nice properties (cf. [Lyt02, Prop. 12.8-12.11]):

Proposition 1.13. (a) Let p be any point in R™. Then the set N, of points near
to p 1s convez.

(b) Let F be the leaf passing through p. Then any direction perpendicular to T,F
is horizontal, and there is a positive number € such that for any direction
§p € v, there is a horizontal geodesic of length at least € starting in the
direction of &,.

Consequently, at p := m(p), for any & € YB there is a geodesic in B ema-
nating at p of length at least € with direction &.

Moreover we get from Chapter 13 of [Lyt02]:

Proposition 1.14. The set of regular points in B is a smooth Riemannian mani-
fold over which m is a smooth Riemannian submersion.

We call the fibres over regular points of B the reqular leaves of F.

We introduce some notation commonly used when dealing with Riemannian
submersions:

We denote the vertical space T,F at p € F' by V, and the horizontal space
v,I' by ‘H,. Note that V and H are (at least locally) spanned by smooth vector
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fields (see Lemmall.20)). We denote the set of vertical and horizontal vector fields
by U and $) respectively.

Let V be the standard Levi-Civita connection on R"™, and % and % its pro-
jections to V and H respectively.

The shape operator S of F' € F is as usual the 1-form on Hp with values in
the symmetric endomorphisms of Vr that is dual to the second fundamental form
aof F:

SV =-VyX, Xe®HVed

The integrability tensor or O’Neill tensor O is the skew symmetric 2-form on
‘H with values in V, given by

1 v
(’)XY:§[X,Y]”:VXY, X, Y en.

A vector field ¢ on the regular part of F which is everywhere horizontal and
for which 7,£ is a well defined vector field on the regular part of B is called basic
horizontal or Bott-parallel. We denote the set of Bott-parallel vector fields by 8.

Observe that on the regular part of F we have

(%B,0] C B

and as a consequence

h h
V€=V V =-0OV, VesyceB
where Of is the pointwise adjoint of Og.

Remark 1.15. As a consequence of O’Neill’s formula (using the constant curva-
ture of R") the O’Neill vector fields O¢n for £, € B have constant norm along
the regular leaves of F.

Lifting through singular leaves

We are frequently in a situation where we want to lift a curve that is the projection
of a geodesic which at least starts horizontally. This means the start of the
projected curve is a geodesic but the whole curve may not be due to the fact that
there may be points in the base, such as the boundary, beyond which a geodesic
cannot be extended.

Such projections of geodesics which start horizontally are quasigeodesics (see
for example [PP94] for a concise definition and further properties of quasigeodesics).
We only mention a few key properties (cf. [Lyt02, Sect. 12.4]):

Proposition 1.16. Let X be an Alexandrov space.

(a) For any x € X and & € ¥, there is a quasigeodesic 5 emanating from x with
direction €.

(b) If there is a shortest curve 7y of length [ starting at x with the same direction
& then & agrees with v up to length [.
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(c) If X is the base space of a submetry f: M — X from a Riemannian manifold
then any quasigeodesic in X defined on a bounded (not necessarily compact)
interval consists of finitely many geodesic pieces.

(d) Let v be a geodesic in M starting horizontally, then f oy is a quasigeodesic
mn X.

This enables us to prove:

Proposition 1.17. Let f: M — X be a submetry between a Riemannian man-
ifold and an Alexandrov space and let v: [0,1] — M be a geodesic such that the
restriction of v to [0, ] for some € > 0 is horizontal.

Then for any p’ in the same fibre as p := ~(0) it is possible to lift f o~y as a
geodesic to p' and this lift is unique if the lift of f o] is unique.

We first show:

Lemma 1.18. Let B be a connected Alexandrov space and f,g: S" — B a sub-
metry with f(p) = g(p) for some point p € S". Then f(—p) = g(—p).

Proof. We use induction over the dimension n of the sphere. For n = 0 there is
nothing to show since B has to be a single point.

So suppose our claim holds for S¥ with k& = 0,...,n — 1. Let v,w be unit
vectors in 7T}, S", horizontal with respect to f and g respectively, such that f, (v) =
g«,(w). Denote by 7, and v, the geodesics starting at p with direction v and w
respectively.

We show that fo~, =go~,. Then f and g agree at v,(7m) = v, (7) = —p.

Note that up to some maximal time ¢, the curves fo~, and go~, are geodesics
in X starting at the same point in the same direction; hence they agree at the
beginning, up to the point g := f o ~,(to) = g © Vw(to). Denote by ¢; and ¢, the
points v, (to) and v, (to) respectively and define

N d . d
vi= » Yolto — 1), W= —1  Yu(to—1).

We can then identify the space of directions S"™! at ¢, with that at ¢, setting
v = w. Then fi g, : st YzB are submetries agreeing at a point and
hence, by induction, at its antipode.

Now remember that v, and 7, are both quasigeodesics in X consisting of
finitely many geodesic segments. Applying the above argument successively to
each of these segments finishes our prove.

Note that the only problematic case, i.e. Xz 58 not being connected, can arise
only when n =1 with ¥;B = S°. But then f oy can be extended beyond g, so ¢
is not a hinge point of f o~. [

Proof of Proposition[I.17. We only need to check what happens at the hinge
points of the quasigeodesic f o 7.

Let ty be the first time v meets a singular fibre of f. Let 4’ be the horizontal
lift to p’ of f o vjo.t)-
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Identifying the spaces of horizontal directions at ¢ := v(ty) and ¢’ = v/(ty) we
get that f, , f*q, S TtgX agree on the direction from which v and " arrive
and hence on their respective antipodes.

This allows us to continue 7' smoothly by a lift of the next geodesic segment
in f o~. Repeating this for the remaining hinge points finishes the proof. O

Remark 1.19. Define F' + £ to be {p+¢&,|p € F'}. If F is a regular leaf in F
and ¢ is Bott-parallel along F' Proposition implies that F' + ¢ is a leaf of F
and the smooth map p — p+ & between these leaves is surjective. Note that it is
bijective and hence a diffeomorphism, if F' + £ is regular.

In particular the tangent space T}, ¢(F + &) is given by {v+ V,{|v € T,F}.

Even if ' + ¢ is singular the map p +— p + £ is at least a submersion:

Lemma 1.20. Let F' € F be reqular. Then the map P: FF — G = F + £ with
P(z) = x + &, is a surjective submersion.

Proof. Observe that we can extend ¢ to be a Bott-parallel normal field in a
neighborhood of F' such that F’ 4+ £ = G for all leaves F” in that neighborhood.
Using this we can also extend P: p — p+ ¢, to the same neighborhood renaming
Plp: F — G to P.

Note that for any point p the differential P, is just the orthogonal projection
onto Vpye,-

Now assume there is a point p € F such that ﬁ*p; Vp — Vg, with ¢ :=p +&,,
is not surjective. We show that P, is nowhere surjective along F.

So take some v € V, perpendicular to the image of f’*p. Then v, or rather its
parallel translate to p, is contained in v, F" since (v, r) = <v, P*px> for any vector
x with base point p. Let n be the extension of v to a Bott-parallel normal field
along F.

We get

h
Pn=n+V,§= (?7+V77£) + O,¢

and %ng is again a Bott-parallel normal field along F'. By Remark|1.15(the norm
of P,n is constant along F', which implies that P,n = n for any point in F' since
P, is an orthogonal projection at every point.

Hence, the differential of P is nowhere surjective. But since P: F — G is a
surjective map its singular values should be a set of measure zero in F' by Sard’s
Theorem. O

Using Proposition we can prove the following rigidity result for the regular
leaves of F (based on the idea of [HLOO6L Lem. 6.1] for the case of Riemannian
submersions).

Proposition 1.21. Let F be an equidistant foliation of R™ and m: R* — B the
corresponding submetry. Then for any reqular leaf F the principal curvatures in
the direction of Bott-parallel & are constant along F'.

Proof. Let A # 0 be an eigenvalue of S¢ at p € F and ||§,|| = 0. Let v € T,F
with ||v|| = 1 be a corresponding eigenvector.
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Consider the geodesic 7,(t) = t&, and its horizontal
(s variation
ap(s,t) = t&, — st(Ofv),

yielding the Jacobi field

F \TT Jp(t) == %

along 7,. Denote the leaf passing through ~(¢) by F; and
e, remember that T’ F; is spanned by {v; +tV,,£} if {v;}
is a basis of T),F'.
In particular this implies for ¢ = 1/ that

ap(s,t) =—t <O§pvp>

s=0 y(t)

1 *
Iy (X) A(9 vp = vp+Avvp§

is vertical at ().

Now a(s,t) = moa,(s,t) is a variation of 7 = 7o, by quasigeodesics and we
can lift this variation to any point ¢ € F. Thus we get the oy (s,t) = g+t&, —tsn
where 7 is the Bott parallel continuation along F' of Of v,.

Note that the image of O is equal to the image of (’) (95 which is Bott parallel
for § € B (cf. Remark 4.3 . Hence there exists w, € Ty F such that 7, = OF w,.

As a consequence of this lifting J, ( ) = 1O*qwq is vertical at ,( 1) which
means that there is a v, € T, such that

1 1 1
Jq <X> = Uq + Vvqf = ([ — XS&Z) Uq — Xqu’Uq.

In particular (] — %Sg q) v, vanishes, which proves our claim. Note that by con-
tinuity of the principal curvatures their multiplicities are constant along F' as
well. =

Remark. A generalization of this result to singular Riemannian foliations has
recently been proved by Alexandrino and Tében (cf. [AT0T]).



Chapter 2

Existence of an Affine Leaf

Gromoll and Walschap show in [GW97] that a regular equidistant foliation always
has an affine leaf. To be more precise they show that the space of leaves has a
soul, which is a point, and that the leaf corresponding to the soul is an affine
space.

In Section 2.1] we show that it is possible to perform the same soul construction
for singular foliations as well and in Section we prove that the soul in the
singular case also has to be a point. The approach used in the latter case is
completely different to [GW97] since their argument uses the spectral sequence
for the homology of the fibration, which does not work at all in the singular
setting.

Thus we get:

Theorem 2.1. Let F be an equidistant foliation of R™ with m: R® — B the
corresponding submetry. Then B has a soul S which is a single point and the
fibre over S is an affine subspace of R™.

In short, F contains a leaf which is an affine subspace (possibly a single point)

of R™.

2.1 A Soul Construction

We will first use the Cheeger-Gromoll soul construction (cf. [CETH]) to arrive at
a totally convex, compact subset of B without boundary.

We will, however, concentrate on lifting this construction to R™ since we are
more interested in 771(S) than in the soul S itself.

Remember that a ray v in a length space is a unit speed geodesic defined on
R{ such that any restriction Y], is a shortest path. By a ray in R" we will
mean throughout this section a horizontal one (with respect to F). The following
lemma ensures the existence of rays.

Lemma 2.2. For any point p in a locally compact, complete, noncompact length
space X there is a ray v starting at p.

Proof. Since X is not compact it cannot be bounded (cf. the Hopf~Rinow—Cohn—
Vossen Theorem [BBIOI, Thm. 2.5.28]). So let (p,,) be a sequence in X with |pp,,|

17
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tending to infinity. Consider the sequence (7,) of shortest paths, connecting p
to p, and denote by I their restriction to [0, 7. By the compactness of By (p)
an Arzela—Ascoli type argument (cf. [BBIO1, Thm 2.5.14]) yields the uniform
convergence of a subsequence of (1) towards some curve vI. However, in a
length space, the limit of a sequence of shortest paths is itself a shortest path (cf.
[BBIO1, Prop. 2.5.17]).

By increasing 7' and passing on to subsequences we arrive at a curve y: R —

X starting at p and the restriction of v to any [0, 7] is a shortest path. O

Let v be a ray starting at some point p, of B. We define B, to be the
horosphere J,., B, (7(t)) and C, := B\ B,. Finally let C' be the intersection of
all C,, where « ranges over all rays starting in py.

Remark. It is easy to check that C' is totally convex by simply using the same
proof as in the manifold case (cf. [CET75, pp. 135f]). The essential ingredient
there is Toponogov’s Theorem, which holds for Alexandrov spaces as well (cf.
[BBIOT, p. 360]).

Remark. Note that C'is nonempty since it contains py and closed since the B, are
all open. Clearly C is also compact. If it were not, we could find a ray starting
at po and lying in C' by the argument used in the proof of Lemma using the
fact that C' is closed. But by definition of C' no point of this ray — apart from
po — is contained in C'.

We will now pass on to the lift of this construction. For any lift 4 of a ray ~
starting in py we define B; C R" in analogy to B, C B. Note that the B; are
open halfspaces of R"™.

Denote by BV the union of the B; where 4 ranges over all lifts of v along Fy,
and by C~’7 its complement. Finally let C' be the intersection of the sets C~'7.

Obviously the latter are closed and convex being the intersection of closed
halfspaces and hence so is C.

We still need to check that C' is nonempty and corresponds to C' in the right
way.

Proposition 2.3. The set C is the preimage of C'.

Proof. Let g be any point in R™ \ C. That means ¢ is contained in a ball ¢ €
B, (3(t)), where 4 is a horizonal ray emanating from Fy. But since 7 is a submetry
this implies 7(q) € B, (y(t)), with v = 7 04, so ¢ cannot lie in 7~ 1(C").

On the other hand, consider any ¢ € R™\ 7~!(C). Then 7(g) must lie in some
B, (7(t)) for a ray ~ starting at py.

Now take a lift 4 of v such that 4(t) is near to g, i.e.

lq7(®)] = dist (g, 77 (v(1))) = |r(9)v(1)] .
Thus ¢ € B, (5(t)) which implies that ¢ is not contained in C'. O

A simple consequence of this is the fact, that C consists of fibres of 7. In fact
this is also true of its boundary but, since C' may have empty interior in R"” we
have to find the right notion of “boundary” first.
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Let V™ be the unique affine subspace of minimal dimension m such that C' is
contained in V. We will denote the interior and boundary of a set X C V with
respect to V' by inty (X) and dy X respectively.

The convexity of C implies that inty (C’) is nonempty: By definition of V' we
may choose m -+ 1 points qo, . . ., gm € C such that the vectors ¢1 — qo, - - - , Gm — o
are linearly independent. But then the convex hull of these points has nonempty
interior in V and is contained in C.

Remark. Thus it makes perfect sense to call m the dimension of C.

Lemma 2.4. Let A be a closed, conver subset of R™ consisting of fibres of ,
i.e. m H(m(A)) = A. Moreover let V be the the minimal affine subspace of R"
containing A. Then Oy A — if it is nonempty — also consists of fibres of 7.

Proof. We have to make sure that fibres of m that contain a boundary point of
A are themselves completely contained in the boundary of A.

So, suppose there is a fibre F' C A and two points p,q € F
such that p € inty (A) and ¢ € dy A.

By convexity of A and since F' is smooth there is a geodesic
v in V passing through ¢, perpendicular to F' such that v(0) =
g and q; == 7y(e) € inty (A) and g2 := y(—¢) ¢ A for € > 0 suf-
ficiently small. We know that the line segment [g; 2] is mapped
by 7 onto a quasigeodesic in B, which by Proposition [1.17] can
be lifted to a geodesic 7' passing through p. Denote by p; and
po the points 7/(¢) and +/(—¢) respectively.

Since [gq1] is contained in A so is [pp1| as A consists of
fibres. Hence 4/ is a line segment in V' and so for small € the
point po is contained in A, which is a contradiction because ¢,
and p, lie in the same fibre. O

Using this last result we can now continue the construction recursively until
we end up with a compact set in B the preimage of which is an affine subspace
of R™. To be more precise we set C(1) := C and construct C'(n 4 1) from C(n)
in the following way:

We will show inductively that C(n) is again closed, convex and consists of
fibres of . Denote its dimension by m(n) and write C (n) for its boundary with
respect to the m(n)-dimensional affine subspace containing it. If this boundary
is nonempty let C'(n 4 1) be the set of those points in C'(n) whose distance from
dC(n) is maximal.

More formally: For p in C(n) define p,(p) to be the distance function d o¢(n)(P)
relative to C(n) and let R(n) be the maximum of p, on C(n). Then C(n + 1)
is the R(n)-level set of p,.

Remark. Note that
Pn = doc(n) = dr(acny) © T

Since C(n) is closed and consists of fibres of 7 we get that m(C(n)) is closed
and thus compact being a subset of C'. Hence, p, does indeed have a maximum,
which is positive since C'(n) has nonempty interior.
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Proposition 2.5. For any n € N the set C(n + 1) (if defined) is closed, convex
and consists of fibres of w. Moreover, if 3é(n+ 1) is nonempty, then it too
consists only of fibres. Finally, the dimension of é’(n + 1) is strictly less than
that of C(n).

Proof. Obviously, C(n + 1) is closed as it is a level set of p,,.

To show its convexity assume pi,ps to lie in
C(n + 1). By definition, Bg(n) (p;) is then con-
tained in C'(n), where V is the minimal affine sub-
space containing C'(n). By the latter’s convexity,
the convex hull of the two balls is also contained in C (n) and hence also the balls
Bg(n) (q) where g is any point on the line segment [p;p,]. Thus, [p;ps] is contained
in C(n+1).

We now show that C (n+ 1) consists only of fibres. We begin by showing this
property for the auxiliary set

~

Cn+1):= {pGR”

dist (p, 66’(71)) = R(n)} :

Now

dist (p, 86’(71)) = m};H(dF(P))a

where the minimum is taken over all fibres F' in dC(n). As we have observed
before, due to 7 being a submetry we get dp(p) = |7 (p)m(F')|, which is constant
along the fibre through p. But this also holds for the minimum over all fibres F'
in dC(n), so for p € C(n + 1) the whole fibre through p is contained in this set.

Observe that C(n +1) = C(n + 1) N C(n) and the intersection of two sets
consisting of fibres also consists only of fibres.

Then C (n + 1) consisting of fibres is an immediate consequence of Lemma .

Obviously m(n + 1) < m(n), so assume equality holds. Then C(n + 1) has
interior points with respect to the minimal affine subspace V' containing C (n).
Thus, C(n 4 1) contains some ball BY (p). But clearly there are points in this

ball that are closer to the boundary of C'(n) than p, which is a contradiction. []

This implies that our recursive construction terminates at some n — at the
very latest, when C(n) is a point. The final C'(n) then is a closed, convex subset
of R™ without boundary, i.e. an affine subspace, consisting only of fibres. So,
restricting ourselves to this subspace, we have a submetry from a Euclidean space

onto 7(C(n)).

Remark. In R™ convexity and total convexity are the same. Hence, the set 7(C/(n)),
i.e. the soul of B is a totally convex subset of B (since we can lift shortest curves)
and so is again an Alexandrov space.

Observe that indeed any nonnegatively curved finite dimensional Alexandrov
space X that is complete and unbouned has a soul, which can be obtained by
the same construction as above. The only ingredient still needed in that con-
struction is the fact that C'(n) is convex, which follows from the fact that the
distance to dC(n — 1) is concave. This was proven (together with an Alexandrov
space version of the soul theorem) by Perelman in 1991. A proof of the above
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mentioned concavity result can be found in [AB03, Thm. 1.1(3B)] (as far as we
know Perelman’s result still exists only as a preprint).

2.2 Submetries onto Compact Alexandrov Spaces

Let F be an equidistant foliation of R™ and assume the space of leaves B to be
compact. We will show that B has to be a point.

Assume, for now, that B is not a point. Since B is compact it has finite
diameter diam (B) > 0. So for any leaf F' of F the closed diam (B)-tube

Taiam@®) (F) = {p € R" | dp(p) < diam (B)}

around F'is R".

Consider a regular leaf F. Let &, be a unit normal vector in H,, p € F, and
denote by £ its Bott-parallel continuation along F'. We denote by F; the leaf F'4-t£
through p, := p + t§,. Note that if F} is regular then & with &(q + t§,) = £(q)
is Bott-parallel along F;.

Remark. Using Proposition we can always make sure that F; is regular by
passing from ¢ to t + ¢, if necessary, for sufficiently small € > 0.

We will now express Sg, and O, on F; in terms of S¢ and Of on F:

Let v be a smooth curve on F' with v(0) = p, 4(0) = v and denote by ~; its
Bott-parallel translate v;(s) := v(s) + t£(y(s)). Recall from Remark that
is a smooth curve on F; and we get v(0) = p; and (0) = v + tV,& =: v;.

Using this we calculate

Savi == (V)" == (51 _au)) == (%)
and
O =—=(%u6)" == (51| alut) == (%,

with the vertical and horizontal parts taken with respect to F;. Since
2 . 112
vel|* = || — tSev — t(’)gvH
. 112
= | = tSe)uell” + ¢ || Ogu (2.1)
= [lo|® — 2t (v, Sev) + ¢ || Sev)* + 2 ||O|*

we see that both S&HZ_zH and Ogt”"lj—:” tend to zero as t goes to infinity.

Hence the leaves F; become more “flat” as t increases. To formalize this we
introduce the following notation:

For any leaf G € F let BS (p) be the intrinsic metric ball in G around p
of radius R. Furthermore, we will denote by E (p,&) the hyperplane through p
with normal vector £ and by E. (p,§) the e-tube around F (p,§), i.e. E.(p,&) =

{reR"| [(z—p,&) | <e}.

Proposition 2.6. Let R and 0 be positive, then for sufficiently large t the closed
intrinsic balls By (p;) are contained in Ej (ps, &).
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Figure 2.1: In the proof of Proposition [2.6] we can pull back the construction on
F} to the original leaf F.

Proof. Let c¢; be a curve parameterized by arclength on F; starting in p;. We
define X;(s) := ¢i(s) — pr and &(s) 1= &(c(s)). So, we only have to check that
for sufficiently large t the estimate

| (Xi(s),&(0)) | < ¢
holds for all s < R.

Observe first that we can pull back this construction to F' via the map q —
q+t€. So, there is a curve ¢ on F such that ¢;(s) = ¢(s) + & (s) where we define

£(5) to be £(a(s)). |

Part 1. The main step is to show that &(s) = &(s) = V&, (5§ tends uniformly
to zero as t goes to infinity. We first show this convergence pointwise:

For any fixed s € [0, R] we apply Equation to our situation:

L= ()P = (1 = Sl + 12| Oz (22)

where we have used w; as a shorthand for &(s). Obviously this implies that Ot wy
tends to zero as t goes to infinity.

On the other hand the eigenvalues of (I — t2S¢) are 1 — ¢2); where the ); are
the eigenvalues of S¢. So, for any \; # 0 we get 1 — t2\; — +o00 as t — oo and
hence the projection (w;); of w; to the eigenspace of S¢ corresponding to A; tends
to zero as t goes to infinity. Note that this argument only works because the
eigenvalues of S¢ are constant along F.

Remark 2.7. Observe that V¢ is uniformly bounded on F', i.e. there is a constant
C such that ||V,£&|| < C'|jv||. This is obviously true pointwise. Consider then

IV.£]l = [ISev] + || OFv
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The first term is bounded by (max {|\;|}) - ||v]| and the A; are constant along F'.
For the second term consider any n € 8 and observe that

(Ogv,m) = (v, Oen) < Ol |lv]|
and ||O¢n|| is again constant along F'.

Now suppose Ag = 0 then our conclusions from Equation (2.2)) imply

&05)|| = 1Vl = ||V (2 yun)§ = Ot o] < Vol + (|02l
i£0

and the last term tends to zero as t — oo as we have seen. The remaining terms
tend to zero as well because of Remark 2.7]

But this also implies uniform convergence ét(s) is defined
on the compact interval [0, R]. In particular we can choose t large enough such
that

Part 2. We return to proving the assertion of the proposition:
Writing &(s) = [, &(o)do + &(0) we get

ét(s)H — 0 since

ft(s)H < & uniformly in s.

t ) St 0) =1 S .t , Gt 0 d
(605,600 =1+ [ (é(o).6(0)) do
and the modulus of the integrand is bounded by . Hence (§(s),&:(0)) is con-

tained in the interval (1 —e,1+¢).
As a consequence we get the estimate

166(s) = &(O)II* = [1&()II* + 1€ (O) I — 2 (&u(s), &(0)) < 2¢

since &(s) is a unit vector for any s. Moreover we can write

(69,0 = [ (5 @l o)) ) do

since X;(0) = 0 and

606 X0 = (6 )| < o] e < =

since X;(s) = A4(s) L &(s).
So, | (&(s), X¢(s)) | < e- R. Hence, we can finally show

[{Xi(5), &(0)) | = [ {Xi(s), &(5) + (&(0) — &(5))) | < R+ V2¢R.

Choosing ¢ sufficiently small proves our claim. O

Note that since & is a Bott-parallel normal field along F; the assertion of
Proposition holds for every point of Fj.

Now, consider a sequence t,, with ¢, — oo and denote by F;, the leaf F; . By
compactness of the base B we may assume 7(F},) to converge in B. We will call
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the fibre over this limit F. The compactness of B also implies that the closed
ball By, ) (p) meets all leaves. Choose now a sequence p,, in B diam(p) (P) With
pn € F,. Remember that &, := &, (p,) is a unit vector for any n. By passing
on to subsequences we may assume that p, converges towards some point p € F
and &,(p,) — £(p) for some unit vector £ with base point . We do not care if &
is contained in VﬁF .

Proposition 2.8. The limit leaf F is contained in the hyperplane E (p,£(p)).

Figure 2.2: The curve 7 from the proof of Proposition [2.§8] is contained in the
blown up hyperplane Fs. (pn,&n).

Proof. Let 4: [0, R] — F be a simple curve parameterized by arclength starting
at p. By Lemma we may extend the velocity 4 to a vertical vector field V in
some neighborhood of the image of 4. Since the latter is compact we may choose
this neighborhood to be some compact tube around the image of 7.

Choose some point ¢ := J(to) lying on 4 and let ~, be the integral curve of V'
starting at p,. Using standard theory of ordinary differential equations we see
that choosing p,, sufficiently close to p implies that ¢, := 7, () is arbitrarily close
to ¢ and also the length of v, |0, is arbitrarily close to ty, in particular it is less
than 2R, say.

Let then 0 < ¢ < R and choose n to be sufficiently large such that the
following inequalities hold:

Bfﬁ (pn) C EE (pn>€n)> Hpn_ﬁH <g, Hg_gn <e

and increase n even further if necessary such that the aforementioned properties

||Qn - q~|| <g, L (7n|[0,t0}) <2R
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also hold.
This implies that ¢ is contained in the blown up hyperplane Es. (p,,&,):

|<(j_pm§n> ’ = | <(Q_Qn> + (Qn _pn>’§n> | < 25’

which in turn shows that ¢ lies in the hyperplane F (p, £) because

(5-5)

= [{@=p) + on = B)s&a + G =€)
< (@ = pus&ad + (T =Pus€ = &) + (=56} + (pa = 5.~ 0
<2+ (e+Re+e+e

for arbitrarily small € > 0. i
Since this holds for all § € Bf; (p) and indeed for any radius R it follows that
the whole leaf F' is contained in the hyperplane E (p,§). ]

Now F being contained in a hyperplane means that it cannot be diam (B)-
close to every point in R™. So B must be a point. Thus we have shown:

Theorem 2.9. Let F be an equidistant foliation of R™ and suppose the space of
leaves B to be compact. Then B is a single point.

Remark. Observe that the leaves of F being connected, as we assumed in defini-
tion of an equidistant foliation, is essential for this assertion to hold. A simple
counterexample to the theorem, dropping connectedness, is given by the covering

f:R— S, t— e’

We denote the affine leaf of F by Fj and for the rest of this thesis we assume
that Fy = RF x {0} C R¥™,

We end this chapter by observing that due to F being equidistant the affine
leaf Fj of course is the most singular leaf of F, i.e. the dimension of Fj is smallest.
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Chapter 3

The Induced Foliation in the
Horizontal Layers

The existence of the affine leaf Fj leaves us in the special situation that F together
with the horizontal distribution along Fy induces a further, refined foliation F of
R"™** by intersecting the leaves of F with the normal spaces of Fy.

We first look at the homogeneous case and show that F is given by the orbits
of G x R* with G compact and R¥ acting on R**" by generalized screw motions
around the axis Fy. In particular we conclude that the induced foliation F is
equidistant.

In the remainder of this chapter we examine how much of this rather nice
structure of F can be recovered in the general case.

For any p € Fy we denote the affine space p + H, by L, and call it the
horizontal layer through p.

Definition 3.1. For any p € F we will denote by ]:"p the foliation of L, induced
by F, i.e. .
F,={FNL,|FeF}.

Consequently, the union F over all .73"},, where p is in Fp, is a foliation of R"*¥,
We denote the leaf F'N L, of F, by F),.

Note that we have to make sure that the L, intersect the leaves of F transver-
sally.
Let us first introduce some tools and notation used throughout this chapter.

Projections onto the affine leaf

Let = be the vector field on R¥™ indicating the position relative to Fj, i.e. for
T = (71,29) € RF™ we set Z, := (0, —x3). Obviously, the shortest path from a
point x to Fy is given by t +— x + t=,, hence the restriction of = to the regular
part of F is a Bott-parallel horizontal field.

Definition 3.2. Let P: R*" — F; be the orthogonal projection onto the affine
leaf F. We denote by PV and P" the restriction of P, to the vertical and horizontal
distributions respectively.

27
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We can easily describe these projections using = since Pr = x + =,. Conse-
quently, its derivative is given by

P.X =X+ Vx=, (3.1)
for any vector X.

Lemma 3.3. Let F' be a reqular leaf and &, n two Bott-parallel vector fields on F.
Then <Ph§,]P’h77> 15 constant along F'.

Proof. This follows immediately from the proof of Lemma and Remark [4.3]
O

By Lemma the projection PV is surjective at any regular point of the
foliation JF, which enables us to lift any tangent vector field on F{ to one on the
regular leaves of F.

Definition 3.4. Let v be a vector in 7,Fy and let x be a point in a regular
leaf F' € F such that Pz = p. We will call the unique vector £, (v) € (ker P)+ C
T, F such that P'L, (v) = v the vertical lift of v to x.

After this digression we show that F is indeed a smooth foliation.

Lemma 3.5. For any p € Fy the leaves of ]:"p are complete smooth submanifolds
of L,.

Proof. Let us first look at a regular leaf ' of F. By Lemma [1.20| every p € Fj is
a regular value of the orthogonal projection P|p: F' — Fj so the preimage ﬁp of
p is a smooth submanifold of F.

To deal with the singular leaves of F note that we will show in Proposition[3.13]
that .7:",, is equidistant. To be more precise, for any p € F the restriction to L,
of m,, is a submetry and its fibres are the leaves of .7:—1;.

But the regular fibres being smooth submanifolds already implies the same
property for the singular fibres (cf. [Lyt02, Prop. 13.5]). O

3.1 The Homogeneous Case

In order to understand the role of the induced foliation F better let us first
consider the homogeneous case. So, in this section we assume the fibres of F
to be the orbits of a connected Lie group G' C Isom(R*™™) acting effectively on
R*™ with Fy = R* x {0} being its most singular orbit.

Obviously, for any p € Fp the foliation ]:"p is then given by the orbits of the
slice representation of GG,. Hence, each .7:}, is equidistant and since the isotropy
groups along a fibre are conjugate any two .7:"p and ]:"q are isometric to each other.
Moreover, we show:

Theorem 3.6. In the homogeneous case the induced foliation F is equidistant.
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To achieve this we must take a closer look on how G acts on R*¥ and R"™

respectively. Since G leaves the affine space Fjy invariant it must be a subgroup
of

Isom(R*) x SO(n) = {((%) , (g)) ’A € SO(k), B € SO(n),a € Rk}

where any g € G acts on (z,y) € R¥ x R" via

((i‘?) ’ (8)) (2,y) = (Az + a, By) .

Remark. Consider the two natural projections

Pr: G —Isom(R*) and
Py: G —SO(n),

both of which are continuous group homomorphisms. Note that P;(G) may not
be a closed group. We will use the following notation:

We denote the kernel of P, by N;. For any subgroup H of G we will use H
and H for its image under the projections P, and P, respectively.

We start by proving a reducibility result.
Lemma 3.7. Either Ny is trivial or F splits off a Euclidean factor.

Proof. Assume that Nj is not trivial. Observe that since

- { () ) Jwrenc)

the projection Py|y,: Ny — Ny is an isomorphism.

Consider the action of Ny on RF, By Theorem one of the orbits of this
action is an affine space A, which we may assume without loss of generality to
pass through the origin.

Remember that G acts transitively on R¥. Let = be an arbitrary point in R*
and let g € G be such that ¢.0 = z. Since N, is a normal subgroup of G we get
N, <1 G. Thus the Ny-orbit passing through z, given by

NQ.ZL’ = NQQO = gNQO = gA,

is also an affine space, which we denote by A,. By the equidistance of the orbits
of ]\72 all these affine spaces A, must be parallel.

Remember that N, acts trivially on R™. So for any (x,y) € R¥*" the Ny-orbit
through (x,y) is just the affine space (x,y) + A x {0}. Hence, F splits off the
Euclidean factor A x {0}.

Suppose that A = {0}. Then N, acts trivially on R* since N, does. So N is
trivial as we assumed the action of G to be effective. m

Remark 3.8. In the following we will concentrate on the case of P, being an
isomorphism by passing on to the reduced foliation if necessary.
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Lemma 3.9. The isotropy group Gy is equal to Ny and the projection G of G is
abelian.

Proof. According to Remarkwe have G = G = P5(G) and since G is contained
in the compact Lie group SO(n) we get the following decomposition for the Lie
algebra g of G:

g=394, (3.2)
where 3 is its center and g’ is semisimple.

Remark. Note that a priori we only get the decomposition
g=radg® b,

where rad g is the solvable radical of g and b is semisimple (cf. [Var74, Thm. 3.8.1]).
Let then R be the connected Lie group corresponding to rad g and consider its
image under P.

Obviously P5(R) is solvable, i.e. there is a chain {1} =: Go <G, <... <G, :==
P,(R) of normal subgroups such that subsequent quotients G;,1/G; are abelian.
But clearly by continuity of the group operations the property of being a normal
subgroup is preserved if we take closures and the subsequent quotients of the G;
remain abelian as well.

Hence, P,(R) is solvable. But as a compact Lie group this can only be the
case if it is abelian. Now P,(G) is contained in the normalizer of P»(R) and acts
on Py(R) by conjugation. But since P»(R) is a torus its automorphism group is
discrete. Also note that Py(G) is connected, so P»(G) is in fact contained in the
centralizer of Py(R).

In particular P,(R) lies in the center of P5(G) and hence R lies in the center
of G because P, is a group isomorphism. The reverse inclusion follows from the

definition of R.

Let G’ be the unique connected Lie subgroup of G corresponding to the Lie
algebra g’. Note, that the decomposition implies G’ to be a normal subgroup
of G.

Observe that G’ is a semisimple subgroup of Isom(R*™™) = R**" x SO(k +n)
and consider the natural projection P: Isom(R*™™) — SO(k + n). Note that P
is a Lie group homomorphism.

Now the Lie algebra g’ decomposes into a sum of simple Lie algebras g;. Each
g, is either mapped to zero or to an isomorphic image of g;. But P,(g;) = 0 means
that the corresponding connected Lie group G) consists only of translations of
R¥*™ and hence is solvable, which contradicts G’ being semisimple.

So ¢’ is isomorphic to a subalgebra of so(n) and hence G’ is compact. In
particular it has a fixed point (z,y) € R*™. Consequently, G’ leaves © € RF
invariant.

Remark 3.10. Let G be any group acting transitively on some space X and
suppose H to be a normal subgroup of G which is contained in the isotropy
group G, of some point x € X. Then H acts trivially on X.

To see this observe that the H-orbit passing through some y € X is given by

Hy=Hgr=9.Hzr=gx=y,
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for some g € G since G acts transitively.

This implies that G’ acts trivially on R*, i.e. G’ is contained in N;. So IV,
has Lie algebra t @ g’ for some subalgebra t of 3. Since G = P,(G) = G/N; and
G//N; has Lie algebra (3 ® ¢)/(t® ¢) it follows that G is abelian.

Thus Gy is a normal subgroup of G and Remark implies Gy C Ny, which
finishes the proof. O

In particular this means that the isotropy group G, does not depend on the
choice of p € Fy, hence, the induced foliations F, are equal up to parallel transport
along Fy, which proves Theorem [3.6]

Also, this provides a convenient way to describe the action of G' on R¥*":

Proposition 3.11. If F is irreducible there exists a Lie group homomorphism
®: R* — Centr(Gy) into the centralizer of Gy relative to SO(n) such that the
orbits of G are of the form

G.(z,y) = {(:c 40, ®(0).Goy) ‘ ve Rk} . (3.3)

Remember that Gy acts trivially on R¥, thus Gy is just the trivial embedding
of Gy into Isom(R™) and hence a Lie group.

Let us first show that G and thus G act on R¥ by translations. Since the
action of G on R has trivial isotropy and G is abelian it suffices to prove:

Lemma 3.12. Let H be an abelian group acting simply transitively on R™ by
Isometries. Then H acts by translations.

Proof. Remember that H may be viewed as a subgroup of
Isom(R™) = {(A,a) | A € O(m),a € R™}

with the group multiplication given by (A,a) o (B,b) = (AB,a + Ab).

Since H acts simply transitively any h = (A,a) € H is uniquely determined
by its translational part, i.e. there is a group homomorphism ¢: R™ — O(m)
such that any h € H is of the form h = (¢(a), a) for some a € R™.

Define V) := keryp and V; = VOL. Observe that since H is abelian the
dimension of its image under ¢ is at most the rank of O(m) which is strictly less
than m so V} has positive dimension.

Assume V] to be non-trivial. Let v € V} with v # 0 and w € V4. The group
H being abelian then implies

(pv)p(w), v+ pv)w) = (p(w)p(v), w + p(w)v).

In particular, using w € ker ¢, this means v + ¢(v)w = w + v for all w € V. So,
w(H) acts trivially on V; and thus the image of ¢ is contained in O(V}).

This yields the group homomorphism ¢y, : Vi — O(V;) which by the above
rank argument must have a non-trivial kernel. But this contradicts |y, being
injective so Vi must be trivial. O]
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As a consequence of this and because G is a normal subgroup of G any
element of G is uniquely determined by a translation on R* up to multiplication

This yields a homomorphism ¢: R* — SO(n) such that the orbits of G are of
the form described in .

Remark. Note that the image of ¢ has to be contained in Norm(Gy) since Gy is
a normal subgroup of G. But it need not, in general, be contained in Centr(éo).

In fact, the map ¢ we construct in the following may lead to a different group
action, which, however, is orbit equivalent to that of G.

Proof of Proposition |3.11. Let us first take a look at ¢ at the level of Lie algebras:
¢s,: R¥ — n maps the abelian Lie algebra R* into the normalizer n := notm(go)
(relative to so(n)) of the Lie algebra go of Gj.

(80)* Consider the natural projection P: Norm(Gy) —
Norm(Gy) /Gy and its derivative P,,:n — n/§y. We
may assume that P, o ¢,, is injective for otherwise F
would split off the kernel of P, o¢,, as a Euclidean factor
go  (cf. also Section [£.2).

Now n/go is canonically isomorphic to (gg)*, with
the orthogonal complement taken with respect to the
Killing form in n. And since gy is an ideal of n so is (go)*

(cf. [Hel78, Chap. 6]). Hence, (go)* is contained in the centralizer of gy, in fact
centr(go) = (§o)* @ 3(80), where 3(go) is the center of go.

Thus there is a Lie algebra homomorphism ®: R¥ — centr(go) such that the
following diagram commutes:

k
n := notm(go) PR

¢>*0

n

‘i) lp*e
\

cente(§o) o (§o) < — n/o

And since R* is simply connected we can lift ® to a Lie group homomorphism
® from R* to the connected component of Centr(Gl).

By this construction we get for any v € R¥ that ®(v) is equal to ¢(v) up to
multiplication by some element in Gy, which implies that the orbits of G may
indeed be written in the form (|3.3)). [

3.2 The Induced Foliation in each Horizontal
Layer is Equidistant

We have seen that in the homogeneous case each of the induced foliations .7:'p is
equidistant. This holds in general for equidistant foliations of R*+":

Proposition 3.13. For any point p in the affine leaf Fy the induced foliation ]}p
of the horizontal Layer L, is equidistant.
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Proof. Let 7 be the restriction m,,: H, — Tr)B of the differential 7, to the
horizontal space at p € Fy. By Proposition we know that 7 is a submetry,
hence its fibres are equidistant.

Now 'H,, is isometric to L, via the normal exponential map at p. And from Sec-
tion we know that 7 maps a vector h to h if and only if 7 maps the geodesic
with starting direction h to that with starting direction h. So the exponential
map commutes for horizontal directions with the differential of the submetry.
Hence, the fibration of M, by 7 is isometric to the induced foliation . O

3.3 The Induced Foliations in distinct Horizon-

tal Layers are Isometric

We have seen that each individual induced foliation fp is equidistant. In this
section we will examine how these foliations change if we move along the affine
leaf Fo.

Remark 3.14. Unless we say otherwise we will from now on assume each of
the induced foliations .7:"p to be homogeneous. In particular, for each p € F{, the
leaves of ]:"p are the orbits of some connected closed subgroup G of SO(n), where
G acts on R" via the restriction of the standard representation of SO(n).

Note that for any fixed p this group G need not be unique. Therefore we will
pass on to the maximal group that has the same orbits.

Definition 3.15. Let G C SO(n) be a closed connected Lie group acting on R”
via the restriction of the standard representation of SO(n). Then

G"* :={g € S0(n) | g(Gz) = G.(g9x), Ve € R"},
is the maximal connected Lie subgroup of SO(n) having the same orbits as G.

By definition G™** leaves the orbits of GG invariant and acts transitively on
them, since G C G™**. A straightforward calculation shows that G™* is indeed
a Lie group.

We will denote the maximal connected subgroup of SO(n) whose orbits are
the leaves of fp by G,. This notation already suggests that if F is homogeneous
G, is just the isotropy group of p.

Proposition 3.16. For any p,q € Fy the induced foliations .7:"p and ]:"q are 1s0-
metric to each other.

We first show that ]}p and fq are diffeomorphic to each other. Next we prove
that F, — F, in a suitable way as p — ¢q. We conclude then that G, and G,
have to be in the same conjugation class and G, — G, as p tends to gq.

Lemma 3.17. Let p and q be any two points in Fy then fp and ﬁq are diffeo-
morphic to each other.
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Proof. Consider a parallel vector field V' on Fj such that p+V), = g and its vertical
lift £ (V) to R¥*™ as introduced in Definition [3.4, By construction the flow ¢,
of £ (V) maps horizontal layers onto each other preserving the leaves of F, in
particular p is mapped to g for t = 1. This yields the desired diffeomorphism. []

As we have seen in the previous section the induced foliations fp are equidis-
tant, so it makes sense to contemplate the restriction of this foliation to the unit
sphere in L, based at p even if we drop the homogeneity assumption made in
Remark . We will denote this restriction by .?E;

Lemma 3.18. Let (p;) be a sequence in Fy withp; — p € Fy. Then f;j converges

uniformly in Hausdorff distance towards .7:';

Remark. By ‘7}1}]- A, .7:"; we mean the following. Let us identify all horizontal

layers L, by parallel translation along Fy. Thus we understand the F. to be
foliations on the same euclidean space R™. Then ]—';j tends to fl} in the Hausdorff

distance if and only if for any leaf F' € .7:;1 there is a sequence of leaves F} € J};j

such that Fj 9, F and this convergence is uniform in the leaves F'.

Proof. First we show that J’E;j converges towards J’EI} leafwise, i.e. for any leaf F’

in F! the leaves ij tend towards Fp in Hausdorff distance.
For any j € N consider the vertical lift 7;, of the line segment pp; through
x € I, which gives us the estimate

dy (Fp, ij) <max L (v) .

zeF)

Using the lifting map £: R x TFy, — TR we can express the length of 7,
via

1
L(w) = | ||Ly,.00 (; — )| dt.
0

By construction £ is linear in its second argument. So L, (p; — p) tends to zero
for fixed x as j tends to infinity. Since L is continuous this convergence is uniform

in K xS" !, where K is any compact neighbourhood of p in F,. Hence, ﬁ’pj a, Fp
and this convergence is uniform in the choice of F' € F!. O]

Lemma 3.19. Let G be a compact Lie group and H C G a closed subgroup. Then
for any sequence (H;) of closed subgroups of G converging to H in the Hausdorff
topology the H; lie in the conjugacy class of H for almost all j.

Proof. Consider the space S of closed subgroups of G equipped with the Hausdorff
metric. We will prove our claim by showing that the conjugacy classes in GG are the
connected components of §. Obviously, S is the disjoint union of these conjugacy
classes so we show that they are closed in the Hausdorff metric. To accomplish
this we show they are compact.

Let (H;) be a sequence in [H] C S; to put it another way H; = a;Ha; ' for
some sequence (a;) € G.
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Since G is compact so is S (see Remark below), i.e. we may assume a;
and H; to converge: a; — a € G and H; — K € §. Thus, it remains to show
that H; — aHa™'.

It is easy to see that aHa~! C K holds. Otherwise, we would have an element
aha™' € aHa™'\ K, which is to say that aha™! is at positive distance, say § > 0,
from K. Consequently, the distance between K and almost all points of the
sequence (ajhaj_l) is bounded below, by §/2 say, since this sequence converges
to aha™'. But this contradicts the Hausdorff convergence of H; to K because
the Hausdorff distance dy (H;, K) is no less than the distance of K to any point
in Hj, in particular to ajhaj’l.

The converse inclusion follows from the fact that by Hausdorff convergence
K has the same dimension and number of connected components as almost all

H;. And since the same holds for aHa™" we are done. m
To see the compactness of S used in the above proof consider the following:

Remark 3.20. For any compact metric space X the set 9(X) of all closed sub-
sets of X equipped with the Hausdorff distance is compact (cf. [BBIO1, Thm. 7.3.8,
p. 253]).

Suppose A; — A in M(X) then A is the set of all limits of all sequences
(a;) € X such that a; € A; (cf. [BBIOI, p. 253)).

Now, suppose (H;) € S converges to H € 9MM(G). The previous remark then
clearly implies that the 1-element of G is in . And since all of the H; are groups
so is H by continuity of the group operations. Thus, S is a closed subset of 9(G)
and so is compact as well.

Lemma 3.21. Let G and G, with j € N, be closed Lie subgroups of SO(n) and
let F and .7-"(1;], be the foliations of S"~' by the orbits of G and G respectively.
Assume the group actions to be the restrictions of the standard representation of
SO(n) and assume further that G = G™ and G; = G7** for all j. Then, the

. . . o d
uniform convergence of Fi,. towards F¢, in Hausdorff distance implies G; —= G.

Proof. We will use the space § introduced in the proof of Lemma [3.19) again,
this time denoting the space of closed subgroups of SO(n). Chose any biinvariant
metric on SO(n) and remember that S equipped with the Hausdorff metric is
compact. So without loss of generality we may assume for the moment that G;
converges to some Lie subgroup H C SO(n).

The main part of this proof is to show that H is contained in G, which is to
say that H leaves the orbits of GG invariant. Assume the contrary, i.e. there is
an h € H and a point z € "' such that hx ¢ Gz. By Remark we get a
sequence g; € G tending to h. The uniform convergence of ]-—Cl;j towards F(, then
implies that the distance between g;x and Gz tends to zero, which contradicts
our assumption.

Note that by an analogous argument H acts transitively on the leaves of F},
which implies H™** = G.

Now by Lemma H is conjugate to almost all G; and consequently we get
G = H™ ~ G7*™ = G; for almost all n. So, in fact, G; converges towards G.
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To finish the proof observe that dropping the assumption that (G;) converges
we still get that any subsequence of (G;) contains itself a convergent subsequence

and the limit of these is always G, which implies G L q. n

Remark. Observe that the homogeneity assumption for the foliations .7:"p is nec-
essary only for the last two lemmas.

Now Proposition follows immediately: Lemmas [3.17 imply that for
p,q € Fy sufficiently close the groups G, and G, are conjugate. This means .7:“,,
and .7:—q are isometric; in particular there is an isometry mapping ]}p into .7:—q and
preserving the leaves of F. But since F{ is connected this result holds for any
D,q € Fp.

Remark 3.22. As a consequence we may describe the leaves of F in analogy

to Equation (3.3) from Proposition [3.11] That is to say, we can find for any
r € R¥ a smooth map ¥,: R¥ — SO(n) such that the leaf F passing through
(z,y) € R¥™ is given by

F={(z+0v,¥,(v).G,y) |veR}.

We stress again that this map depends on € R* but not on v.
We call ¥, a screw motion map although ¥, need not, a priori, be a group
homomorphism. However, we can of course choose ¥, such that ¥ (0) = id

holds.

3.4 Equidistance of the Leaves in distinct Hor-
izontal Layers

We have seen that in the homogeneous case the induced foliations .7:}, are the same
for every point p up to parallel translation along Fy. We show that in general
this property is characterized by the behavior of the projections of Bott-parallel
fields.

We first introduce some more notation.

Definition 3.23. We denote by ]f”p: R*™ — [, the orthogonal projection onto
the horizontal layer L, and by ]P’Z: ‘H — R™ the restriction of its differential to
the horizontal distribution H.

We sometimes omit the index p and write just P" if it is not important which
specific horizontal layer we are considering.

Definition 3.24. We call F horizontally full if at every regular point x of F the
map P": H, — Tp, Fp is surjective.

Let us now examine how the projections of Bott-parallel normal fields behave.
Our first result states that 7 and F, are “compatible” via the projection IP,.

Lemma 3.25. Let F' be a regular leaf of F and & a Bott-parallel normal field
along F. For any p € Fy consider the restriction of £ to the induced leaf F,.
Then the projection ]P’Zf of € to the horizontal layer L, is Bott-parallel (with

respect to F,) along F).
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Proof. We refer the reader to figure 3.1] for an illustration of the construction
used in this proof.

K

0

Figure 3.1: The projection of a Bott-parallel normal field to a horizontal layer is
Bott-parallel with respect to the induced foliation in that layer.

Choose an arbitrary point x € Fp. Denote by &, the projection I@me of &, and
by £ its Bott-parallel continuation (with respect to F,). The leaf E, + € in F,
will be called G,.

Consider the curve v: [0, 1] — L, with v(t) = = +t€, and denote its endpoint
by y. In the following we will examine the image of v under both 7 and ..

Since the image of 7 is a horizontal shortest path in .73;, it is mapped by .,
to a shortest path in the tangent cone T5(g,)B.
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Note that in general this might only yield a quasi-geodesic in T (z,)B but we
get a proper geodesic if v is sufficiently short. Since our argument works for
arbitrary small |£,| > 0 this poses no problem.

On the other hand the variation given by the curves ay: s — p + s(y(t) — p)
are horizontal shortest paths with respect to F so m maps them to shortest paths
in B. Again we may have to assume the image of v to be close to p, which we can
do without loss of generality since the assertion we want to prove is left invariant
by dilating radially from Fj.

So the curve 7o 7 is given by the endpoints of the shortest paths 7 o ay:

m(7(t)) = m(eu(1))

and the starting direction of 7 o 7 is just m,, (éx) By taking the horizontal part
of &, with respect to F, i.e. &, and using Proposition we see that in fact the
starting direction of 7 o 7y is given by m,_ (&;).

As an aside we observe that we need not bother to check whether 7o~ has a
well defined starting direction, since for small |¢,| the image of v lies within the
regular part of F and here 7 is given by a Riemannian submersion.

Now if we choose another starting point on Fp, 2’ say, and construct a curve
~" in analogy to 7 using ép/ we get m,, 09 = m,, oy in Tyg,)B. Consequently,
the variation 7,, o a; does not depend on the choice of 2’ € ﬁ’p and so neither
does 7 o o since shortest paths in B are uniquely determined by their starting
direction and their length.

But this means that mo~' is independent of the choice of 2’ as well. Hence the
above argument implies that at any point 2’ € F it is exactly the F-Bott-parallel
continuation of &, that projects onto the ]: Bott parallel continuation of fx via
IPZ thus proving our claim. O]

Proposition 3.26. If the induced foliation F is equidistant then:

() For any Bott-parallel vector field § and any p € Fy the projection Ph¢ of €
to Fy is constant along any regular leaf F,, of F,.

Conversely, if (x) holds and if F is horizontally full then F is equidistant.

Proof. Part 1: We first assume F to be equidistant.

Let p be a point in Fj and = € F such that Px = p. Choose any ¢, € v, F
and define ¢ € Fy by ¢ := p + P"¢,. We define & = IP’hgx and denote by £ its
Bott parallel (with respect to F ») continuation along F

Then v, : t — o + t&,, for t € [0,1], is the shortest path between F' and the
leaf passing through x + £,, which we will denote by GG. Note that we may have
to replace &, by €&, for 7, to be not only locally shortest, but the assertion of the
lemma is invariant under such a scaling of £&. Moreover, choosing ¢ sufficiently
small guarantees the regularity of G.

Now for any point y € Fp we define §, := P"¢, + éy, where we have identified
vectors differing only by parallel transport in R*¥*+",

The equidistance of F implies that both 2’ := p+P"¢, and ¢/ := y+P"E, lie in
the same leaf off In particular 2" := z '€ =x+E and Y = y’+§y =y+&
both lie in G since £ is F-Bott parallel
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Figure 3.2: The equidistance of F is equivalent to P"¢ being constant along Fp.

On the other hand, by definition & has constant norm along E,, i.e. lz2"| =

lyy"| = dist (F, G). So, ¢ is the F-Bott parallel continuation of ¢, along F,, and
by construction (x) holds.

Part 2: Let p and ¢ be any two points in F and assume (x) holds. We will
show that ]-" and .7-" are equldlstant to each other.

Let x € F be a regular point of f and let £ be any Bott parallel normal field
along F. Other than this, we will use the same notation as in Part 1. Assertion
(*) implies that y + &, lies in the same leaf G’q of .7:"q for any y € Fp, in fact
F,+¢=aG,.

On the other hand, assume G = F' + £ to be regular. Then ¢ yields a Bott
parallel normal field on G by defining (.1¢, = =&, for z € G.

Using assertion (b), we conclude that ¢ =P is ]: -Bott parallel along Gq,
ie. G + ( is some leaf H in .7-" But by construction this is just the parallel
translate by P"¢, of F,,.

Remark. Note that F' + t£ may be singular for certain values of ¢. However, this
can only happen for finitely many values of ¢ € [0,1] (cf. Proposition [L.1€]). So,
the parallel translate of Fp to L, is a leaf in F, for almost all points r lying on
the line pg. By continuity of F this holds indeed for all r in pq.

]

In general condition (*) appears hard to verify. However, equidistance of F
follows if we prescribe certain dimensional restrictions to the leaves of F.
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Corollary 3.27. If the affine leaf Fy is 1-dimensional the induced foliation F is
equidistant.

Proof. If F is horizontally full this is an immediate consequence of Proposi-
tion

Otherwise, H, is everywhere perpendicular to Fj, i.e. the leaves F' of F are
cylinders Fy x F* and hence the assertion holds. O

Remark. Observe that if the regular leaves have codimension 2 horizonal fullness
implies Fy to be 1-dimensional and hence F is equidistant as we have seen.

Of course F is equidistant if the regular leaves are hypersurfaces and hence
spherical cylinders around Fy. Obviously, F cannot be horizontally full in this
case.

3.5 Isometries of the Induced Foliation

We close this chapter with some observations on the group of isometries of the
induced foliation in each horizontal layer. Though interesting in themselves they
will become particularly important in the following chapters.

We are often interested in the objects related to the horizontal layer based at
a generic point in Fy. Often these objects will be essentially independent of the
particular choice of base point and we will denote this generic point by * and the
objects based at this point by L,, F,, etc.

The (effective) isometry group of F, is given by

Isom(F,) = Norm(F,)/ Centr(F,), (3.4)

where the normalizer of F, consists of all g € SO(n) leaving F, invariant while
the centralizer of F, fixes each leaf of F,.

If F, is homogeneous, i.e. given by the orbits of G,, then maximality of G,
implies that Isom(F,) is simply Norm(G,)/G,. At least for irreducible F, we get
some a priori information about its isometry group.

Lemma 3.28. If the action of G, on L, is irreducible then the the connected

component of Isom(F,) is contained in either {1}, U(1) or Sp(1) depending on
the type of the G.-action.

Remark 3.29. Let N := Norm(G,) and denote by G+ the Lie subgroup exp(g+)
of N where g, is the Lie algebra of GG, and the orthogonal complement is taken
with respect to the Killing form on N (cf. the proof of Proposition . Then
G+ is contained in the connected component of the centralizer of G, and it is
isomorphic to Isomg(F,) (cf. the proof of Proposition .

Proof. Obviously G+ acts on L, as a group of G,-invariant endomorphisms. Since
the G,-action on L, is irreducible Schur’s Lemma implies that these endomor-
phisms are either zero or invertible. Thus they form an associative division alge-
bra over R, namely R, C or H, depending on the type of the representation (cf.
[BtD85, Chap.I1], in particular Thm. (6.7)).

As G acts by isometries it is contained in the respective group of units.
Hence, G is either {#1}, U(1) or Sp(1). O
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Remark. Let H denote {£1}, U(1) or Sp(1) depending on the type of the rep-
resentation. Note that the isometric H-action on .7}* need not be effective. For
example consider the standard representation of U(n) on C", which is obviously
of complex type but the isometry group of the orbit foliation is trivial.

So Tsomg(F,) may be much smaller than H. But at least the lemma provides
an upper bound on Isomg(F,).

The main reason for our interest in the isometries of .72 is the description
of the leaves of F by the screw motion maps ¥, as introduced in Remark [3.22]
From this description it is clear that the induced foliation F is equidistant if and
only if the image of ¥, is contained in the normalizer of GG, for one and thus for
any x € Fy.

So, assuming F to be equidistant, Equation implies even more, since it
is not really W,: R¥ — Norm(F,) we are interested in but rather the induced
map ¥, : R¥ — Isom(F,). As a consequence we get a rather stronger result than
that in Remark [3.22

Lemma 3.30. Let F be equidistant and F, homogeneous. Then for any x € RF
there is a smooth map V,: R¥ — G+ such that the leaf F passing through (x,vy) €
RE™ 4s given by

F={(z+v,%v).G.y)|veR"}. (3.5)

Proof. As said above, Remark yields a smooth map 1,: R¥ — Norm(G,)
satisfying . Also the image of 1, is contained in the connected component
of Norm(G,) as R¥ is connected.

Let P be the canonical projection Norm(G,) — Norm(G,)/G. According to
Remark there is a Lie group isomorphism

¢: (Norm(G,)/G,)o = Isomy(F,) — G+

such that any h € Normg(G,) differs from ¢(P(h)) only by multiplication with
some element of G,. And Gf commutes with G,.

In particular, setting ¥, := ¢ o P o), gives us the desired map since v, and
V.. describe the same foliation F. O

Finally observe that F is homogeneous if and only if ¥,: R¥ — G+ is a Lie
group homomorphism that is independent of the base point x.
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Chapter 4

Reducibility of Equidistant
Foliations

This chapter deals with two different notions of reducibility. The concept we
start with, the existence of invariant subspaces, is well known from representation
theory and we show that fullness of regular leaves characterizes irreducibility even
in the inhomogeneous case. We then examine reducibility in the sense that the
foliation splits as a product and examine how this is linked to the notion of
horizontal fullness we introduced in the last chapter.

4.1 Invariant Subspaces

It is a well known fact that a homogeneous foliation of Euclidean space containing
a non-full leaf is reducible. To be more precise, suppose G to be a Lie group acting
on R" by isometries. Let F' be a G-orbit such that the minimal affine subspace V'
containing F' has dimension strictly less than n. Then V' is invariant under the
action of GG. This follows, using minimality of V', from the fact that the action of
G is affine.

An analogous result holds for equidistant foliations:

Proposition 4.1. Let F be an equidistant foliation of R™ and let F' be a regular
leaf. If F' is not full the minimal affine space V' containing F' consists of leaves
of F, i.e. all leaves intersecting V are contained in V.

To prove this proposition we show that there is a Bott-parallel subbundle of
v F such that at any point # € F' the affine space v + T, F' + v F is equal to V.
We achieve this by studying the following tensor.

Definition 4.2. Let N: H x ‘H — 'H be the tensor on the regular part of F
given by
N)(Y = O}Oxy, (41)

where O and O* are the O’Neill-tensor of F and its pointwise adjoint.

Remark 4.3. Note that N is Bott-parallel, i.e. for £, € B the vectorfield N¢n
is Bott-parallel as well. To see this let &, 7, ( be Bott-parallel and observe that

(Nen, €) = (Oen, O()

43
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which is constant along the regular leaves of F (cf. [GG8S|, p. 145]).
Observe also that the image of any linear map A is equal to the image of A*A,
where A* is the adjoint of A. In particular im (OE) = im (Ng) is Bott-parallel if

€ is.

Definition 4.4. The k-th osculating space of F' at p is the space O}’,fF spanned
by the first & derivatives of curves v: (—¢,¢) — F with 7(0) = p.

The k-th normal space of F at p is the orthogonal complement I/}I;F of O’;F
in O;f“F :

We will use the notation

k
WE:=viF =0 F iy, F

=1

for the direct sum over the first k£ normal spaces and denote the sum over all I/]];F
by v, F.

Remark 4.5. Note that the dimension of these spaces may depend on the point p,
hence, in general, they do not form bundles over F. However, if they do then F'
is contained in the affine space p+T,F' + 1,F' = p+ O,°F for any p € F' and this
space is minimal in that respect. (cf. [BCOO03, Sect. 2.5 and p. 213]).

Lemma 4.6. Let F' € F be a regular leaf. Then for any k the space D]’;’F forms
a Bott-parallel bundle over F'.

Proof. We will prove this lemma by induction over k.

First we show that the first normal spaces I/;F are Bott-parallel, in particular
their dimensions are constant along F'. Let 2 € v, F' be a vector in the orthogonal
complement of V;F , l.e.

0= (z,a(v,w)) = (Syv,w)

for all v,w € T, F.

Let X be the Bott-parallel continuation of x. Then Sx=0, which is to say
X is orthogonal to v*F, along F' by . Hence, (v'F)* is Bott-parallel and
consequently so is V1 F.

Suppose 7*F to be a Bott-parallel bundle over F' and let &,...,&, € B be
an orthonormal frame of 7 F.

Now D;““F can be viewed as the sum of ijF and the space spanned by the

horizontal part %UX of the covariant derivatives at p of vector fields X € " (DkF)
in directions v € T,F. In fact, writing such a vector field X as a C* linear
combination Y. f;&; of the &, it is easily seen that 7*'F is spanned at each
point by the & and the horizontal part of their covariant derivatives.

Remember that for Bott-parallel normal fields &; the equality

h
vai = —Ogiv

holds. Remark then implies that 7*T'F is a Bott-parallel bundle over F,
which proves our claim. O
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Now, Proposition is a simple corollary of Lemma Let F' be a non-full
regular leaf of F and V' the minimal affine space containing it. By Remark [4.5]
V=p+T,F+v,Fforanypé¢€lF.

Take any point ¢ € V' \ F, let F’ be the leaf passing through ¢ and denote
by po the point in F' minimizing the distance to ¢q. Consider the Bott-parallel
continuation § along F' of ¢ —p € v,F. By Lemma , the horizontal geodesic
t +— p+ 1, is contained in p + v, F for any p, hence, I = {p+§,|p € F} is a
subset of V.

4.2 The Non-compact Case

The results of the previous section make no assumptions on the affine leaf being
compact or not. In order to deal with the stronger reducibility concept of F
being a product we now concentrate on the non-compact case.

Definition 4.7. For any leaf F' € F and points z € F' and p = Px € Fj let sz’x
and 55 » be the subspaces of T}, Fj, defined by

F h F F\L
Dp,x =P (VacF)7 gp,x = (Dp,ac) :

We call F' well projecting if for all p € Fy the space D}, (and hence £f,) only

depends on p but not on z € ﬁp. The foliation F is called well projecting if all
regular leaves are well projecting.

If F' is well projecting we omit the index x. By Lemma the dimension of
D]f does not depend on p € Fy so DI and £F are well defined distributions on
Fy. Also we frequently omit the index F' and write just D and &£ if it is clear
from the context which leaf the distributions are associated with.

Remark. Observe that Proposition implies that F is well projecting if F is
equidistant. In particular the regular leaves of a homogeneous foliation F are
well projecting. Finally, F is well projecting if it is horizontally full.

We will show that there is a connection between F not being horizontally full
and F being reducible in the sense that it splits off a Fuclidean factor. By the
latter we mean that there is an orthogonal vector space decomposition R¥" =
V @ W and an equidistant Foliation F’ of V' such that F = {F' x W | F' € F'}.

Let us first list some properties of the distribution £ beginning with an aux-
iliary lemma:

Lemma 4.8. Let F be a leaf of F (not necessarily well projecting), x a point in
F and p = Px € Fy. Identifying RFT™ with its tangent space at any point a vector
v € R¥™ s contained in T, F and T,Fy if and only if v € ng:v'

Proof. The vector v is contained in both T, F" and T, Fp if and only if P'v = v
(ignoring the base point). From elementary linear algebra we know that if P is
any orthogonal projection then

(Pv, Pw) = (v, Pw) = (Pv,w), Yv,w.

The rest follows taking w € v F'. ]
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If F is well projecting this implies that £F lifts to ' by parallel translation.

Proposition 4.9. Let F' be a well projecting reqular leaf of F. Then EF is
integrable. Moreover if M, is an integral manifold passing through p € Fy and
x € F), then the parallel translate M, + (x — p) of M), to x is contained in F.

Proof. First note that by Lemma[d.§ we can lift £ to F' just by parallel translating
it, i.e. the distribution & defined by &, := &g, is tangent to F.

Hence, if XY are tangent vector fields on Fy with values in £ their vertical
lifts X = £LX and Y = LY to F (see Definition take values in £. Obviously
the Lie brackets [X,Y] and [X ,37] are tangent to Fy and F respectively. Now
X, X and Y)Y differ just by parallel translation, which yields an equality of Lie
brackets:

[X’YLC = [Xv Y]Pa:

up to parallel transport. Lemmathen implies that [ X, Y] can only have values
in £, so the latter is integrable. The rest follows immediately. O]

As mentioned above, we now examine the connections between horizontal
fullness and reducibility of F.

Proposition 4.10. Let F be horizontally full, then F does not split off a Eu-
clidean factor.

Proof. Since the linear space W is contained in T, F for all x € F and F € F
Lemma implies that W is a subspace of 55 for all p € Fy. But since F is
horizontally full £, and hence W, is trivial. O]

Now, the natural question is whether the converse holds as well. At least for
homogeneous foliations we can show that F is reducible if it is not horizontally
full.

4.2.1 Homogeneous Foliations

Let F be homogeneous, G the Lie group acting on R¥+" such that the leaves of F
are the orbits of G. Remember from Proposition that we can describe F by
giving the isotropy group G, and a Lie group homomorphism ®: R¥ — Centr(G,)
from the affine leaf Fy & R* to the centralizer of G, in SO(n). We may assume
that G, is the maximal connected subgroup of SO(n) with the given orbits.

Lemma 4.11. The distribution ker &, on Fy s parallel and F splits off the

Euclidean factor ker ®,,. In particular F splits if dim Fy > rk (Isom(]—})).

Proof. We start by proving that the distribution ker ®, is G-equivariant. Observe
that the velocity field of a curve v in Fj is everywhere tangent to ker @, if and
only if ®(y(t)).x = z for all x € R™ and all . That is to say that v can be lifted
into any leaf of F by parallel transport, which implies

kerd,, = ()&, VpeFR, (4.2)
FeF
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where the inclusion of the right hand side in the left follows from Proposition [3.11]
Now for any F € F the distribution £F is G-equivariant (Pz =z + Z, and Z
is G-equivariant) and hence so is ker ..
Consequently, ker @, is parallel since G acts on Fj by translations. Thus F
splits off the Euclidean factor ker @, . O

Remark 4.12. Assume F, to be irreducible, which is to say that the action of G,
is irreducible. By Lemma the rank of Isom(F,) is at most 1 and hence so is
rk (®(R*)) (cf. Lemma (3.30)).

So, if F does not split Lemma [4.11] asserts that the affine leaf Fj can be at
most 1-dimensional.

Proposition 4.13. If F is homogeneous and not horizontally full then F splits
off the Fuclidean factor Fy or F, is reducible.

Remark. N.b. the assertion does not hold if fo is reducible. To illustrate this
consider the homogeneous foliation of R* given by

F= {(t,(fziftizzil)x) ’teR,xeR3}.

Let F be the leaf passing through (0,0,0,1) then D is trivial while F does not
split off a Euclidean factor.

Proof of Proposition[{.13. Assume F, to be irreducible. By Remarkwe may
also assume Fy to be 1-dimensional so H := ®(Fp) is trivial or isomorphic to S*.
Let us assume the latter since in the former case we are already finished.

Let F' € F be a regular leaf that is not horizontally full. This means that DF
is trivial and F is a cylinder F = Fy x F,. Thus, F, is invariant under the action
of H.

Observe first that we may assume H to act trivially on F, since by Proposi-
tion we can choose ® such that its image is contained in Centr(G,).

Irreducibility of F, implies that any regular leaf, in particular F, is full.
Since H = S' the horizontal layer L, splits into an orthogonal sum of 1- or 2-
dimensional H-modules. We only have to consider the latter since the action on
the 1-dimensional modules is of course trivial. But F* being full means that for
any H-module V we can find a point z € F, such that the V-component of z is
nonzero. Since H fixes F, pointwise the action of H on V must be trivial.

Thus H acts trivially on L,, which means that all the leaves of F are cylinders
splitting off the Euclidean factor Fyj. n

4.2.2 The General Case

We show that a somewhat weaker analogue to Proposition 4.13| holds even if we
drop the homogeneity assumption for F. But let us first generalize some of the
findings of the previous section.

The key ingredient for last section’s results was describing F via the Lie group
homomorphism ®: Fy — Norm(G,).
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Remember that by Remark we can describe any equidistant foliation F
of R¥" in a way similar to this as long as F, is homogeneous. This result is
refined by Lemma for equidistant F.

As noted before, the screw motion map V¥,, a € R¥ = Fj, need not be a
Lie group homomorphism. However, we can still use it as a tool to examine
reducibility of F.

We first introduce a further distribution on Fy, which is motivated by Equa-
tion (4.2]).

Definition 4.14. Let £Y= be the distribution on Fy given by
EYe = ker (Wa)s,) , p € Iy,
The connection to (4.2)) becomes clear in the next lemma:

Lemma 4.15. Let a be an arbitrary point in R*. Then for any p € Fy the space
Sg’a can be vertically liftet to any leaf in F by parallel translation to some x € L,
i.e. we have the inclusion

gec [ &L (4.3)

P
FeF, zck,

Proof. Let v: (=1,1) — Fj be a smooth curve such that its derivative 4(0) is
tangent to S;I’(%), ie. %‘t:(} U, (v(t)) =0.

Let F' be an arbitrary leaf in F and x € F}(O). Describing F' in accordance
with Remark |3.22 choose b € R" ~ L, such that

v = (7(0), Wa(7(0) —a).b).

Here we have identified (¢) with just its first k£ coordinates (since the last n
coordinates vanish anyway).
Now, consider the lifted curve 7: (—1,1) — F given by

3(t) = ((t), Wal(y(t) — a).b).

Looking at its derivative, we obviously get (0) = (%(0),0) which is just 4(0),
abusing notation again. Hence, Lemmaimplies that 4(0) is contained in £ 5(0)7

T

Remark. For the remainder of this section we assume F to be equidistant and F,
to be homogeneous. Then by Lemma [3.30| we can choose ¥, such that its image
is contained in G+ and thus equality holds in (4.3).

An immediate consequence is the following:

Corollary 4.16. If Isom(F,) is discrete F splits off the Fuclidean factor Fy.

Remember that an essential point in the proof of Proposition 4.13| was to
assume that Fp is at most 1-dimensional. We show that — provided F is equidis-
tant and F, is given by the orbits of an irreducible representation of complex

type — F splits if Fj has dimension larger than 1:
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Lemma 4.17. Assume Isom(F,) to be 1-dimensional. Then either the affine leaf
Fy of F is at most 1-dimensional or F splits off a Fuclidean factor.

Proof. By Lemma [3.30| we may assume the image of ¥, to be contained in the
1-dimensional Lie group G3. So for any p € Fy the kernel of (V,)., is either a
hyperplane or all of T, Fj.

If the latter holds at any pg € Fy Lemma clearly implies that 55) = T, Fo
for all F' € F. Since the dimension of Sf is independent of p € Fj it follows that
F splits off the whole affine leaf Fj.

So let us assume ker ((\Ila)*p) to be a hyperplane at every point, which means
W, has only regular values. Consequently the level sets of ¥, are regular hy-
persurfaces of Fy. We show that their connected components form the leaves
of an equidistant foliation of Fj. We achieve this by showing that this foliation
is transnormal, i.e. geodesics meeting any leaf perpendicularly meet all leaves
perpendicularly (cf. Remark .

Let p be any point in Fyy and ¢ € T, Fy perpendicular to £}e. By Lemma
there is some leaf F' € F such that £ € Df . Let then £ € v, I" be such that
Ph¢ = ¢ with z € ﬁ’p. Then 7(t) := x + t€ meets I perpendicularly and stays
perpendicular to all leaves of F it meets. Hence, its projection v: t +— p + t£ to
F, stays perpendicular to the distribution £Y¢ since

i(t) = PYGi(1) € DYy,

where F} is the leaf passing through ().

Now the only equidistant foliation of Euclidean space by hypersurfaces is given
by parallel hyperplanes and lifting these to all leaves of F we see that F splits if
the dimension of Fj is greater than 1. O

Assume F, to be given by the orbits of an irreducible representation. If the
representation is of real type F splits off F|y since the isometry group of F, is
discrete. If it is of compler type and Fy has dimension greater than 1 then F
splits, as we have just shown.

Remark. Note, that we cannot use the proof of Lemma if the representation
is of quaternionic type:

In the worst case Isomg(F,) = Sp(1). Assume ¥, to have only regular values
and its fibres to be equidistant. Let G be the foliation of F{y given by the fibres
of ¥, and let G be the refinement of G given by the connected components of its
leaves. Then V¥, factorizes in the following way

U,

Fy /G

o b

Fy/G = Sp(1)

where U, : F, —>7F0/g_ and p: Fy/G — Sp(1) are the canonical projections.
Both G and G are equidistant so ¥, and ¥, are submetries if we take the in-
duced metrics on the respective quotients. Then p is a submetry as well (cf. Lem-

ma [[).
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Observe that p has to be a covering map because the fibres of W, are all
regular and p must be discrete (cf. [Lyt02, Thm. 10.1]). So Fy/G must be Sp(1)
since Sp(1) ~ S? is simply connected. But on the other hand Theorem implies
that Fy/G cannot be compact. Hence our assumption was wrong.

We close with the generalized version of Proposition .13}

Proposition 4.18. If F is not horizontally full and F, is given by the orbits of
an 1rreducible representation of complex type then F splits off a Euclidean factor.

Proof. In analogy to the proof of Proposition |4.13| we choose a regular not hori-
zontally full leaf ' € F. Then G- and hence the image of ¥, leaves F, invariant,
even pointwise by Lemma [3.30L The rest is exactly the same as in the proof of
Proposition replacing H with Isomg(F,). O



Chapter 5

Homogeneity Results

In this chapter we finally address homogeneity of F. First, we consider the
quotient A = R¥+"/F and show that — provided F is equidistant — the image
of F under the natural projection is an equidistant foliation of A. Moreover,
this new foliation is described by the same screw motion map as the original
one. Reversing this construction we show how to construct new inhomogeneous
equidistant foliations of Euclidean space.

We conclude with a homogeneity result for F if F, is homogeneous and if

Isom(F;) fulfills certain conditions, e.g. if it is sufficiently small.

Throughout this chapter we will assume F to be equidistant.

5.1 Factorizing the Submetry

In this section we will show that the submetry =« factorizes into a composition
7y o mp such that both 7; are submetries again. This yields a foliation A of the
intermediate space A := m;(R*™™) given by the fibres of m. We construct the
factorization of 7 in such a way that the leaves of A are exactly the images under
71 of the leaves of F.

It turns out that A is more regular than F in the sense that the leaves of A
are all of the same dimension. This regularity of A will be the key ingredient
of our study of F during the following sections. It is, however, bought at the
expense of A only being an Alexandrov space albeit of a rather nice type.

In order to construct the map 7 consider the following: Let Y, denote the
space of directions of B at the point w(Fp), then CX is the tangent cone Tr () B.
Consider the map 7 : Ly — C Xy, where 7 is the restriction of 7., to the horizontal
layer Ly, identifying Ly with Hy. As we have seen in Section 7 is just the
canonical projection from Ly to Lg/ Fo = CX.

Definition 5.1. We set
7T12Rk+ngFOXLO—>FOXCE(), 7T12:id|FOX77'
and A := Fy x CXy. We define the map m5: A — B by

mo(7) == momy 1 (Z).

o1
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Remark. Observe that m is a submetry since its components id |p, and 7 are.
Moreover, the fibres of 7 are the leaves of F because the latter is equidistant.
So, m is just the canonical projection RFt™ — RF7 /F

Since F is a subfoliation of F the map 7 is well defined and by Lemma
it is a submetry.

So, the fibres of 7, define an equidistant foliation A of A, which by the remark
above is given by the images of the leaves of F, i.e.

A= {r;"(z)|z € B} ={m(F)|F € F}.

5.2 New Examples from Old

We now study A and its foliation A in order to better understand F.

As the the essential information about A is contained in the structure of X
understanding Isom(Xy) appears to be essential. In Section we have already
discussed the isometry group of the induced foliation F,. Now, remember that
Isom(F,) acts effectively and by isometries on C Xy = L,/F, and hence on X
as the action fixes the apex of the cone. However, it is possible for the space of
leaves to have more isometries than the foliation.

Remark. The subgroup Isom(F,) C Isom(¥) consists exactly of the isometries
of ¥y that may be liftet to F,.

For example consider an isoparametric hypersurface in a sphere and the foli-
ation created by its parallel surfaces (cf. [PT88], Sect. 8.4] and [FKMS&I]). Such a
foliation always has two focal manifolds, hence the space of leaves is a compact
interval with the reflection at the midpoint being the only nontrivial isometry.
But this reflection cannot always be lifted to an isometry of the foliation since
the two focal manifolds may have different dimension.

It is not even clear whether the connected components of the two isometry
groups are the same. Nevertheless we will see that understanding the action of
Isomg(F,) is quite sufficient in order to understand A.

But first we mention a splitting result (cf. [Lyt02, Prop. 12.14]) for the sub-
metry 7: R" — CXy:

Proposition 5.2. If diam (3) > & then C Xy splits as CXy = R! x CXf) with
diam (3)) < 5. Moreover : Rt x R*™" — Rl x CX splits as 7 = id [p X 7' and
7' is a submetry.

In particular if ¥y has diameter greater than /2, F, is reducible.

Assuming F, to be homogeneous Section shows that F is completely
described by two data: the group G, acting on L, and a smooth map (or rather a
set of maps) ¥, : R* & Fy — G} = Tsomg(F,). Thus the foliation A is completely

described by W, interpreting it as a map into Isomg(F,) C Isomg(Xy):
A={{(z+v,V,(v).a)|vER"}|(2,a) € Fy x CEy}, (5.1)

and A is homogeneous if and only if ¥, is a Lie group homomorphism independent
of the base point x € R, i.e. if and only if F is homogeneous.
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Using the converse approach, we show how equidistant foliations F of RF"
may be constructed from the data mentioned above. In particular we give new
examples of inhomogeneous equidistant foliations of R*+".

So, let G be an equidistant foliation of S", ¥y := S" /G and G := Isomg(G).
Choose a smooth map ¥y: R — G C Isom(C Xy). Then, setting A := RF x C3,
this yields a foliation A of A with the leaf A passing through (0, a) given by

A={(v,P(v).a) | v ER"}.

Viewing G as a subgroup of SO(n) we can lift this construction to R**™. Thus
we get the foliation F with the leaf F' € F passing through (0, z) given by

F ={(v,¥(v).y) | v € R*, y in the same G-leaf as z} .
This construction induces the two maps
REr T RMF=A 5 AJA=:B

and F is given by the fibres of mom;. Note that by construction F is automatically
equidistant, hence m; is a submetry. So, F is equidistant if and only if A is.

In general, equidistance of A will be rather hard to check. However, it follows
immediately if A is homogeneous, i.e. if ¥q is a Lie group homomorphism.

Remark. Note that F inherits the remaining properties of an equidistant foliation
from G since ¥, is smooth.

Choosing ¥, to be a group homomorphism means that F is homogeneous if
and only if G is. Let us start then with G being inhomogeneous. As said before the
only known examples are the ones generated by isoparametric hypersurfaces in
spheres and the octonional Hopf fibration S” < S — S®. We already mentioned
above that in the former case the leaf space is a compact interval and hence G is
trivial. So here our construction yields nothing new.

So, let us look at the Hopf fibration of S'°, which is given by

§T = Spin(8)/Spin(7)
S = Spin(9)/Spin(7)
S8 = Spin(9)/Spin(8)

and S;;l(/7) is the image of the standard embedding of Spin(7) in Spin(8) under
a (non-trivial) triality automorphism of Spin(8).

Remark 5.3. In general let G be a Lie group and K C H C G compact sub-
groups. Thus we get the natural fibration p: G/K — G/H mapping gK to gH.

Then a result by Bérard Bergery states that we can find suitable G-invariant
metrics on G/K and G/H and an H-invariant metric on H/K such that p is a
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Riemannian submersion with totally geodesic fibres isometric to H/K (see [Bes8T,
p. 256f] for a detailed discussion).
Since the fibre through gK is (¢H)K = {ghK |h € H} = H/K the submer-

sion p is obviously G-equivariant.

Note that in our case S* and S” bear just the standard metric and S® is a
Euclidean sphere of radius 1/2 (cf. [Bes87, 9.84]).

We see that Spin(9) acting transitively on S* leaves the Hopf fibration in-
variant. On the other hand let N C Spin(9) be the subgroup that maps fi-
bres into themselves, which hence has to be a normal subgroup. But SO(9) =
Spin(9)/ {£1} is simple so N C {£1} and —id obviously does map the fibres
into themselves.

This means that SO(9) acts transitively and effectively on the Hopf fibration.
Since SO(9) is the isometry group of the space of fibres S® it is already the full
isometry group of the Hopf fibration.

Hence, we have proved:

Proposition 5.4. Taking any Lie group homomorphism ¥y: R — SO(9) the
above construction yields an inhomogeneous non-compact equidistant foliation of
R+ with the induced foliation being given by the Hopf fibration S7 — S'° — S8,

Of course we can limit ourselves to k& < 4 since SO(9) has rank 4 and the
kernel of Uy splits off as a Euclidean factor (cf. Lemma [4.11]).

5.3 Homogeneity

We now present the main result of this chapter. The idea underlying it is that
we do not have to know too much about Yy to understand A and thus F. The
important thing is rather how Isomg(F,) acts on . If this action is “similar” to a
representation acting transitively on a sphere we can use Gromoll and Walschap’s

result to prove homogeneity of A and thus of F:

Theorem 5.5. Let F and F be equidistant and let F, be homogeneous. If the

action of H = Isomy(F,) on CXy has an orbit B isometric to a round sphere
and H acts effectively on B then F is homogeneous.

Proof. Since H acts on CX, by isometries, the partition B of A by the Fp-
cylinders over these H-orbits is equidistant. Moreover, A is a refinement of B, so
Lemma implies that the restriction Ag of A to Fy x B is equidistant as well.

Now, by assumption, Fy x B is isometric to a round cylinder R* x St ¢ RF++1
for some [ > 1. Let us call this isometry ¢. Consequently, the image of Ag under
¢ is equidistant and may be described via the maps U, with

¥, : R¥ — S0O(1), W, (v).0(b) := p(V,(v).b), Yv e Fy,be B
such that the leaf A of ¢(Ap) passing through (z,y) is given by

A={(z+v,P,(v)y) |veR}.
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Now ¢(Ap) can be extended to an equidistant foliation of R¥*1 and this
foliation is regular. Thus, by [GW01] this foliation is homogeneous. In particular
[GW97, Thm. 2.6] implies that the maps ¥, must be Lie group homomorphisms
independent of x. But then the same holds for the maps ¥, and so F is homo-
geneous. O

We immediately get the following important application for F, having small
isometry group:

Corollary 5.6. If dim (Isom( *)) < 1, in particular if

(i) F, is given by the orbits of an irreducible representation of real or complex
type or

(ii) F, is given by an irreducible polar action

then F 1is homogeneous.

Proof. Assume H := Tsomg(F,) = U(1) then the H-orbits on C¥, are ecither
single points or diffeomorphic and hence isometric to S'. The latter holds if and
only if H acts effectively on that orbit. So if there is an effective H-orbit on C X
Theorem [5.5]implies homogeneity of . On the other hand, if there is no effective
H-orbit the action of H is trivial and hence F splits off Fj.

Now let us consider the special cases mentioned: If the representation is of
real type we have already seen that Isomg(]:"*) is trivial and hence F splits off Fj.
If it is of complex type H is a subgroup of U(1) and we are done by what we
mentioned above.

If F, is given by a polar representation C ¥y = L,/ F, is the Weyl chamber of
a principal orbit. In particular its isometry group is discrete, so F splits off Fj
again. O

However, Isomg(F;) being small is not necessary as the following result shows:

Corollary 5.7. If F, is given by the complex or quaternionic Hopf fibrations
S' < 8% — 8% or §* «— ST — S then F is homogeneous.

Proof. In both cases ¥y is a sphere so to apply Theorem we show that
Isomg(F,) acts transitively and effectively on . This can be done using Re-
mark [5.3] However, a more direct approach is possible:

Consider the U(1)-action on S* C C? by complex multiplication with unit
complex numbers: A.(z1, z2) = (Az1, Az2). The complex Hopf fibration is then the
natural projection to the orbit space CP! 22 8%, We show that Isom(F,) = SO(3):

Let G := (SU(2) x U(1))/~ where we identify (A, \) with (—=A, —\). Then G
acts on S° C C? in the following way: (A, \).(21, 22) 1= A(z1\, 22)) = AA(21, 22)
and this action is effective.
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Now obviously G leaves F, invariant as the G-action commutes with the U(1)-
action. On the other hand, it is clear that the only elements of G leaving each
leaf of F, invariant are of the form (id, A). So G/(fiayxuy = SU(2)/(+1} acts
effectively on the foliation and hence it is contained in Isom(F,). But

SO(?)) = G/({id}xU(l)) C ISOH]O(]:—*) C ISOIIlO(ZO) = SO(?))

and thus equality holds at every step.

The quaternionic case is rather similar. Here we consider the action of
Sp(1) on S” C H? by quaternionic multiplication from the right: h.(qi,qs) :=
(@h™", g2h™"). The orbits form the foliation F,. The remainder is analogous to
the complex case:

Let H := (Sp(2) x Sp(1))/~ with (A,h) ~ (=A,—h) and H acts effectively
on 8" C H? via (A, h).(q1, ¢2) := A(q@h™", g2h ™).

Again it is clear that H leaves F, invariant and the only elements of H fixing
each leaf of F, are of the form (id, h). The latter can easily be seen by letting
(A, h) act on (a,b) with a,b € {0,1,4, 4, k}. As before H/(giayxsp(1)) = Sp(2)/ 1413
acts effectively on F, and

SO(5) = H/({id}XSp(l)) C ISOIII()(f*) C ISOHIO(ZO) = 80(5)

implies that Isomg(F,) acts effectively and transitively on ¥ = S*. O

Open Questions

Some problems that were addressed in this thesis still remain open. In particular
it has been essential for our homogeneity results to assume the induced foliation F
to be equidistant. Based on the findings of Chapter |3|it is my conjecture that
indeed equidistance of F implies that of F. I even conjecture that equidistance
of F together with homogeneity of F, already implies F to be homogeneous.

At the very least this should be true for F equidistant and F, homogeneous
and irreducible. To see this one would have to show that the orbits of Isomg(F,)
can only be S', S%, S? or one of the corresponding projective spaces. One could
then try to modify the proof of Theorem or indeed the approach used in
[GWO01] to work in the projective case as well.

The first conjecture is obviously necessary for the second but is also inter-
esting in itself. For example it implies that there are no further examples of
noncompact inhomogeneous equidistant foliations of R™ than those given in Sec-
tion ; in particular the [FKMS81]-examples cannot appear as induced foliation
of an irreducible F.

On the other hand, proving this conjecture wrong would be most interesting
as well since it would provide a whole new class of inhomogeneous equidistant
foliations.
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