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1. Introduction

In this paper, we propose a computational procedure to deter-
mine the effective elastic properties of porous nanotextured pyro-
lytic carbon (PyC). This material is an important constituent of
many high performance material systems including carbon/carbon
composites used in the aerospace industry for heat shielding and
brake pads in commercial aircrafts.

For these applications, the material is produced by chemical va-
por infiltration (CVI) of fiber preforms or chemical vapor deposition
on flat substrates. The resulting microstructure is characterized by
the presence of irregularly shaped pores and varying degree of
nanotexture in the PyC.

One of the challenges in predicting the overall elastic behavior
of pyrolytic carbon is that its degree of organization and mechan-
ical properties are determined by the manufacturing parameters as
well as by the topology and composition of the substrate. When
the material is produced by CVI, the manufacturing parameters in-
clude temperature, pressure, residence time and the choice of pre-
cursor gas. It has been shown that variations in these parameters
may result in isotropic, low-, medium- or high-textured PyC
(Reznik and Hüttinger, 2002; López-Honorato et al., 2010). The
level of texture can also change with the distance from the
substrate (Reznik et al., 2003; Piat et al., 2008).

Fig. 1 illustrates different methods used to characterize the
nanotexture of PyC. A schematic representation of one fiber (F),
surrounded by layers of PyC is shown in Fig. 1a. Polarized light
microscopy (PLM) of the material on the scale of tens of microns
allows characterization of the level of texture orientation by the
extinction angle (Fig. 1b), see Bortchagovsky et al. (2003) and Gray
and Cathcart (1966). Transmission electron microscopy (Fig. 1c)
with segmentation analysis or selected area electron diffraction
(SAED) technique (an example of an anisotropic diffraction pattern
is shown in Fig. 1d) can be used to resolve the spatial distribution
of nanotexture orientation on the scale of tens of nanometers, see
Lin et al. (2010) and Reznik and Hüttinger (2002) for detailed infor-
mation on the methods.

Overall mechanical behavior of porous materials is influenced
not only by the volume fraction of pores (porosity) but also by their
shape and distribution. Fig. 2 presents an example of C/C compos-
ite characterized by X-ray computed microtomography as de-
scribed in Section 4.1. The pores in the material appear to be
distributed randomly and have highly irregular shapes. Traditional
approaches to evaluate the contributions of pores to effective elas-
tic properties are based on the Eshelby solution for ellipsoidal
shapes (Eshelby, 1957, 1959; Mura, 1987). However, due to the
irregularity of pore geometry, such approaches are not suitable in
this case.

The choice of available results for irregular pore shapes is quite
limited. For 2D geometries, the solutions based on conformal
mapping were utilized by Zimmerman (1986, 1991b), Kachanov
et al. (1994), Jasiuk et al. (1994), Tsukrov and Novak (2002),
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Ekneligoda and Zimmerman (2006, 2008), and Zou et al. (2010).

                                                                       

Numerical techniques can also be used to predict effective
mechanical properties of 2D materials with non-elliptical pores,
see, for example, Ekneligoda and Zimmerman (2007).

For 3D inhomogeneities, analytical solutions for non-ellipsoidal
shapes can be found in Faivre (1964), Lee and Johnson (1978), Wu
and Du (1995), Rodin (1996), Markenscoff (1998), Nozaki and Taya
(1997, 2001). The results for cavities can be obtained from these
solutions either by assuming the inhomogeneity stiffness to be zero,
or by applying a limiting procedure for stiffness approaching zero.
The relation between compliances of inhomogeneities having the
same (regular or irregular) shape but different elastic constants is
discussed in Sevostianov and Kachanov (2007), an example of finite
element analysis (FEA) calculation and subsequent analysis for a
‘‘generalized ellipsoid’’ is given in Sevostianov et al. (2008). Another
commonly used technique involves FEA of a representative volume
element filled with a sufficient number of inhomogeneities, see, for
example, Arns et al. (2002), Böhm et al. (2004), González et al. (2004)
and later publications by these research groups.

Our approach to micromechanical modeling of materials with
irregularly shaped 3D pores combines numerical and analytical
techniques. The compliance contribution tensor of individual pores
is found by FEA as described in Section 4.2 (note that there are no

constraints on the level of anisotropy of the matrix material). This
tensor is then incorporated in the micromechanical procedure pre-
sented in Section 3. The results for an isotropic matrix material
with irregularly shaped pores are presented in Section 5.1. The case
in which pores are present in a unidirectional C/C composite
(transversely isotropic material) is given in Section 6.

2. Elastic properties of PyC with axisymmetric textures

PyC can be considered an assemblage of submicron transversely
isotropic domains consisting of aligned graphene planes. Predic-
tions of its effective elastic properties by traditional homogeniza-
tion techniques, e.g. first order bounds, are rather inaccurate due
to high domain anisotropy. In this section, we outline a more pre-
cise estimate, namely the singular approximation (Fokin, 1972,
1973; Böhlke et al., 2010). The essential feature of the singular
approximation is the fact that the nonlocal part of the integral
operator determining the strain field based on the stress polariza-
tion field is neglected. As a result, morphologic anisotropies cannot
be taken into account by the singular approximation, i.e. isotropic
two-point statistics are assumed. Since TEM images show approx-
imately spherical domains on the submicron scale, this homogeni-
zation scheme seems to be appropriate. A specific property of the
singular approximation is its self-consistency in the sense that
the homogenized stiffness is inverse to the homogenized
compliance.

To determine the singular approximation, three different data
sets are required: the elastic constants of the transversely isotropic
elastic domains, the stiffness tensor of the comparison material,
and the orientation distribution function of the domains. The
following elastic constants are taken for the domains:
C1111 = 40 GPa, C3333 = 18.2 GPa, C1122 = 20 GPa, C1133 = 13 GPa,
C2323 = 1.8 GPa, which were determined by ultrasound phase spec-
troscopy for a highly textured PyC sample (Gebert et al., 2010).

The comparison material required for the singular approxima-
tion is specified by the isotropic geometric mean (Böhlke et al.,
2010) of the domain properties.

The orientation distribution of domains can be modeled based
on a one-parameter axial orientation distribution function. Accord-
ing to the central limit theorem, any finite sum of independent and
identically distributed random numbers in Euclidean space can be
approximated by a Gaussian distribution. No simple analogue for
the central limit theorem for hyperspheres exists. However, for
the purpose of mathematical statistics, an analogue of the Gauss
normal distribution for hyperspheres is the von-Mises-Fisher dis-
tributions. The von-Mises-Fisher distribution depends on two
parameters: the expectation value of the c-axis of the domains
and the concentration parameter j, which is an analogue to the
standard deviation of Gauss normal distributions. For a concentra-
tion parameter equal to zero the distribution is uniform, i.e. isotro-
pic. Due to the rotational symmetry of the von-Mises-Fisher
distribution, the effective response of the micro textured volume
element is also one of transversely isotropic symmetry. Details of
the discretization of the continuous von-Mises-Fisher distribution
can be found in Böhlke et al. (2010).

Böhlke et al. (2010), shows that there is a significant gap be-
tween the first-order bounds, which implies that these bounds
are not appropriate for estimating the effective properties. In the
range between the bounds, morphologic aspects of the microstruc-
ture determine the precise values of the effective properties. Fur-
thermore, it has been shown that the singular approximation is
very close to the self-consistent estimate. The singular approxima-
tion is much simpler to determine and therefore preferable in this
case.

Three specific orientation distributions of domains are consid-
ered in this paper: j = 0 (isotropic overall material behavior),

Fig. 1. Characterization of the nanotexture by polarized light microscopy (PLM) and
selected area electron diffraction (SAED).

Fig. 2. Processing of microtomography (lCT) data: (a) series of black and white
images, (b) extracted pore surfaces, and (c) finite element mesh from the pore
surface.

2448



  

j = 0.1 (typical low texture PyC), and j = 100 (high texture PyC).

                                                                     

The components of the corresponding PyC stiffness tensors are
given in Sections 5.1 and 6.

3. Contribution of pores to overall elastic properties

One of the approaches to characterize contribution of irregu-
larly shaped pores to the effective elastic properties of PyC is based
on the evaluation of their compliance and stiffness contribution
tensors (Kachanov et al., 1994, 2003; Sevostianov and Kachanov,
2002;Tsukrov and Novak, 2002;Eroshkin and Tsukrov, 2005).

The approach is based on the concept of a representative vol-
ume element (RVE) (Hill, 1963; Nemat-Nasser and Hori, 1993).
The presence of inhomogeneities in the RVE results in additional
strains De (stresses Dr) related to the externally applied homoge-
neous stresses r0 (strains e0) as

De ¼ HRVE : r0; Dr ¼ NRVE : e0 ð3:1Þ

where HRVE and NRVE correspond to the compliance and stiffness
contribution tensors (Kachanov et al., 1994, 2003). The effective
compliance and stiffness of the entire composite are expressed in
terms of these tensors as

S ¼ S0 þ HRVE; C ¼ C0 þ NRVE ð3:2Þ

where S0 and C0 are the compliance and stiffness of a matrix
material.

The exact values for components of H and N are found by direct
solution of the boundary value problem for an RVE with all inter-
acting inhomogeneities. Such solutions are usually not obtainable
analytically, while numerical solutions require significant compu-
tational effort (and often involve statistical processing of the data
obtained on particular implementations of microstructure).

To perform homogenization analytically, several micromechan-
ical schemes have been developed. Their implementation in terms
of HRVE is discussed in Eroshkin and Tsukrov (2005) and is based on
the compliance contribution tensors of individual inhomogenei-
ties. If inhomogeneities are sufficiently far away from each other
(dilute limit), the non-interaction approximation can be used. In
this case, the corresponding contribution tensors are obtained by
direct summation:

HNI
RVE ¼

X
HðiÞ; NNI

RVE ¼
X

NðiÞ ð3:3Þ

where H(i) and N(i) are the compliance and stiffness contribution
tensors of individual inhomogeneities, and the summation is per-
formed over all defects present in the RVE. Note that HRVE and NRVE

(as well as H(i) and N(i)) possess the symmetry of elasticity tensor, so
that

Hijkl ¼ Hjikl ¼ Hijlk ¼ Hklij; Nijkl ¼ Njikl ¼ Nijlk ¼ Nklij ð3:4Þ

As shown in Eroshkin and Tsukrov (2005), the predictions of
more advanced micromechanical schemes can be readily obtained
when the non-interaction approximation is known. For example,
predictions for the overall elastic compliance by the Mori–Tanaka
method (Mori and Tanaka, 1973; Benveniste, 1987) is given by

S ¼ S0 þ HMT
RVE; HMT

RVE ¼ HNI
RVE : pðSI � S0Þ þ HNI

RVE

h i�1
: ðSI � S0Þ

ð3:5Þ

where p is the volume fraction of inhomogeneities and SI is their
compliance tensor. For the pores, the limiting procedure results in
HMT

RVE ¼ HNI
RVE=ð1� pÞ (see Kachanov et al., 1994).

In the case of regular pore shapes, the elasticity problem for a
single pore can be solved analytically and explicit expressions for
H and N tensors can be found. For the irregular pore shapes

observed in C/C composites, the compliance and stiffness contribu-
tion tensors can be calculated by FEA as presented in Section 4.2.

4. Microtomography data processing and FEA analysis
procedure

4.1. X-ray computed microtomography data acquisition and
processing

The three dimensional distribution of pores was determined
using X-ray computed microtomography (lCT). lCT is a non-
destructive method for obtaining detailed 3D representation of
material microstructure (see, for example, Salvo et al., 2003;
Gebert et al., 2008). The method is based on measuring attenuation
of X-rays passing through a material. The level of attenuation
depends on the atomic masses of material constituents, so infor-
mation on their shape and location can be obtained.

The microtomographic studies were performed in the Institute
of Materials Science and Engineering I, Karlsruhe Institute of Tech-
nology, Germany. The analyzed cubic 1 � 1 � 1 cm specimen was
cut from CVI infiltrated C/C laminate using high speed water cut-
ting and examined in a desktop CT scanner Skyscan 1072 with a
voxel edge length of 14.7 lm, overall image size of 6803 voxels
and a dynamic gray value range of 16 bit. The C/C laminate con-
sisted of four unidirectional C/C composite layers ([0�/90�]2) of
2.3 mm thickness each, separated by 0.4 mm thick layers of chem-
ical vapor infiltrated random felt.

Prior to the evaluation of single pores the image was subjected
to multiple data processing steps implemented using ITK and VTK
libraries (Ibanez et al., 2005). First, the image was filtered using a
3D anisotropic Gaussian filter, which allowed for an edge-pre-
serving filtering without smearing the geometrical properties of
the pores. Following this step, a connected component region
growing algorithm was used to binarize the image. The parame-
ters of the binarization process were adjusted to provide optimal
correspondence with the manually classified binarizations of sev-
eral pores.

The resulting sequence of black and white images was imported
into open source software ParaView 3.6.2 (www.paraview.org),
where it was converted into 3D surfaces for the separation of indi-
vidual cavities and exported to stereolithography (STL) format. The
triangulated surfaces of pores from the corresponding STL files
were then used to create tetrahedral mesh for finite element
analysis.

4.2. Evaluation of contribution of a single pore by finite element
analysis

Pore compliance contribution tensor H of an individual pore
was calculated numerically using FEA with MARC 2008 software
package (www.mscsoftware.com). The following procedure was
used:

(a) The pore surface mesh (extracted from X-ray computed mic-
rotomography data as described in Section 4.1) was placed
into a cube-shaped reference volume with sides five times
larger than the largest dimension of the pore (Fig. 3). This
setup was auto meshed with tetrahedral 3D elements
(#134 using MARC classification). Typical pore shapes yield
FE meshes with the number of elements on the order of
100,000;

(b) Boundary conditions were applied in displacements for con-
venience of pre-processing. To obtain all 21 independent
components of H-tensor, the following six loadcases were
considered:
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Loadcase 1 (uniaxial tension in x1 direction):

                                                                       

X�1 : u1 ¼ 0; Xþ1 : u1 ¼ eð0Þ � a;

X�1 ;X
þ
1 ;X

�
2 ;X

þ
2 ;X

�
3 ;X

þ
3 : u2 ¼ 0; u3 ¼ 0;

Loadcase 2 (uniaxial tension in x2 direction):

X�2 : u2 ¼ 0; Xþ2 : u2 ¼ eð0Þ � a;

X�1 ;X
þ
1 ;X

�
2 ;X

þ
2 ;X

�
3 ;X

þ
3 : u1 ¼ 0; u3 ¼ 0;

Loadcase 3 (uniaxial tension in x3 direction):

X�3 : u3 ¼ 0; Xþ3 : u3 ¼ eð0Þ � a;

X�1 ;X
þ
1 ;X

�
2 ;X

þ
2 ;X

�
3 ;X

þ
3 : u1 ¼ 0; u2 ¼ 0;

Loadcase 4 (shear deformation in x1x2 plane):

X�1 : u2 ¼ 0; Xþ1 : u2 ¼ eð0Þ � a;

X�1 ;X
þ
1 ;X

�
2 ;X

þ
2 ;X

�
3 ;X

þ
3 : u1 ¼ 0; u3 ¼ 0;

Loadcase 5 (shear deformation in x2x3 plane):

X�2 : u3 ¼ 0; Xþ2 : u3 ¼ eð0Þ � a;

X�1 ;X
þ
1 ;X

�
2 ;X

þ
2 ;X

�
3 ;X

þ
3 : u1 ¼ 0; u2 ¼ 0;

Loadcase 6 (shear deformation in x3x1 plane):

X�3 : u1 ¼ 0; Xþ3 : u1 ¼ eð0Þ � a;

X�1 ;X
þ
1 ;X

�
2 ;X

þ
2 ;X

�
3 ;X

þ
3 : u2 ¼ 0; u3 ¼ 0;

where Xþ1 ;X
�
1 ;X

þ
2 ;X

�
2 ;X

þ
3 ;X

�
3 denote the faces of the cube with

outward normals directed in a positive or negative direction
of the corresponding coordinate axes, a was the side length of
the reference volume cube, e(0) was the value of applied strain,
u1, u2, u3 were the displacements in x1, x2, x3 directions
correspondingly;
(c) The FEA simulations were performed and the output file was

imported into Matlab r2009b (www.mathworks.com);

(d) Stress volume averages rðkÞij

D E
RVE

(k is the loadcase number)
were calculated;

(e) Stiffness contribution tensor Nijkl was calculated: e.g. from
the first loadcase (uniaxial tension in x1 direction):

Nij11 ¼
rð0Þij � rð1Þij

D E
RVE

eð0Þ
ð4:1Þ

where rð0Þij are the stresses in the matrix material subjected to

e11 ¼ eð0Þ; rð1Þij

D E
RVE

are the stress volume average in the porous

material subjected to e11 = e(0). The remaining components can be
determined from the symmetry conditions. Both stiffness and com-
pliance contribution tensors are symmetric with respect to i M j,
k M l, (ij) M (kl);

(f) compliance contribution tensor Hijkl was then expressed in
terms of Nijkl:

Hijkl ¼ �Sð0ÞijmnNmnpq Sð0Þpqkl ð4:2Þ

where Sð0Þijkl are the components of the compliance tensor of the ma-
trix material.
In the above procedure, the size of the reference volume was chosen
to simulate remote loading and to eliminate boundary effects. We
performed the sensitivity studies for different reference volume
sizes (similar to the approach used in Tsukrov and Novak (2002),
Teng (2010)) and determined that the reference volume with sides
five times greater than the largest dimensions of the pore satisfies
such requirements.

5. Pores in isotropic PyC matrix

5.1. Contribution of pores to effective elastic properties

The algorithm presented in Section 4.2 was used to evaluate the
contributions of actual pores to the overall elastic properties of
porous pyrolytic carbon. In this section we consider pores in the
isotropic PyC with the properties derived using the method de-
scribed in Section 2 as E0 = 12.79 GPa, m0 = 0.39.

As an illustration, all components of the H-tensor for a pore
shape shown in Fig. 4 can be found and presented in the matrix
form (Voigt convention, see Kachanov et al., 2003 as follows:

H1111 H1122 H1133 2H1112 2H1123 2H1131

H2211 H2222 H2233 2H2212 2H2223 2H2231

H3311 H3322 H3333 2H3312 2H3323 2H3331

2H1211 2H1222 2H1233 4H1212 4H1223 4H1231

2H2311 2H2322 2H2333 4H2312 4H2323 4H2331

2H3111 2H3122 2H3133 4H3112 4H3123 4H3131

2
6666664

3
7777775

¼

1:7527 �0:5080 �0:5088 0:0110 �0:2838 �0:2329
�0:5080 2:3586 �0:5658 0:1435 �0:0953 0:0511
�0:5088 �0:5658 2:5908 0:0488 0:7214 0:3879
0:0110 0:1435 0:0488 5:2280 0:1409 0:2653
�0:2838 �0:0953 0:7214 0:1409 6:1285 �0:0245
�0:2329 0:0511 0:3879 0:2653 �0:0245 5:6228

2
6666664

3
7777775

ð5:1Þ

Fig. 3. Reference volume, pore surface mesh and coordinate plane notation.

Fig. 4. Finite element mesh of an irregular pore.
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where the dimensionless components of H are defined as

                                                                     

Hijkl ¼ VE0
VP

Hijkl (recall that VP /V is the volume fraction of the pore
in the reference volume). The resulting matrix should be symmetric
from mechanical considerations. Numerical values of the corre-
sponding off-diagonal terms obtained by processing FEA data were
within 2% of each other; symmetrization was performed by taking
the average of the two numbers.

As presented in Section 3, the overall compliance of porous
material is given by S = S0 + HRVE, where S0 is the compliance tensor
of the PyC. Tensor HRVE for the representative volume element can
be found in terms of the H-tensors of individual pores. In particu-
lar, at low porosities, the non-interaction approximation (dilute
limit) can be used so that HRVE ¼

P
iH
ðiÞ where summation is per-

formed over all pores present in the RVE.
In the case of parallel pores of the same shape, the non-interac-

tion approximation yields

HRVE ¼
p

Eð0Þ
H ð5:2Þ

where H is the dimensionless compliance contribution tensor of the
considered pore type and p is the porosity (volume fraction of
pores) defined as p ¼

P
iV
ðiÞ
P =VRVE.

Thus, all effective elastic parameters of porous material can be
found. The effective Young’s moduli, for example, are given by

Ei

E0
¼ 1

1þ peEi

ð5:3Þ

where Ei is the Young’s modulus in the xi-direction and eEi is equal to
Hiiii (no summation over repeating indices).

In the case of non-parallel orientation of pores, summation can
be substituted by integration over the orientation angles multi-
plied by the corresponding orientation distribution density. For
random orientational distribution of pores of the same type
characterized by tensor H, this procedure results in an isotropic
HRVE-tensor characterized by two invariants:

eHK ¼
Hiijj

3
; eHG ¼

3Hijij � Hiijj

15
ð5:4Þ

It can be shown that these invariants are related to the changes in
the overall bulk and shear moduli of the material containing ran-
domly oriented pores of the same shape (see Wu, 1966 and David
and Zimmerman, 2011). Utilizing Wu’s strain concentration tensor
T, related to H and S0 as H = T:S0 (David and Zimmerman, 2011),
we obtain the following expression for the overall bulk and shear
moduli:

K
K0
¼ 1

1þ peK ;
G
G0
¼ 1

1þ peG ð5:5Þ

where K0 ¼ E0
3ð1�2m0Þ

and G0 ¼ G0
2ð1þm0Þ

are the bulk and shear moduli of
the matrix material. The pore contributions eK and eG are found as in
Wu (1966).

eK ¼ T iijj

3
; eG ¼ 3T ijij � T iijj

15
ð5:6Þ

These parameters are sometimes called the pore compressibility
and pore shear compliance.

Note that, as porosity increases, the non-interaction appro-
ximation becomes inaccurate and more advanced first order
micromechanical schemes are usually used, for example, Mori–
Tanaka (Mori and Tanaka, 1973; Benveniste, 1987) or differential
(Salganik, 1973; McLaughlin, 1977; Zimmerman, 1986, 1991a).
The predictions of these schemes can be obtained in terms of the
non-interaction compliance contribution tensors (Eroshkin and
Tsukrov, 2005).

Table 1 presents values of eEi (contribution to effective
Young’s moduli by parallel pores of the same shape), eK and eG

(contributions to the bulk and shear moduli of the effective isotro-
pic material in the case of randomly oriented pores) for several se-
lected pores of irregular shapes observed in PyC. All of these pores
are shown in a fixed coordinate system aligned with the edges of
the cubic specimen described in Section 4.2. Relative deviations
from the average values of the parameters eE1; eE2; eE3; eK ; eG are

denoted as deEi; deK ; deG, e. g. deE1 ¼ 100% � eE1 � eEavg
1

� �
=eEavg

1 . In

the end of the table, the corresponding values for spheroidal cavi-
ties (sphere, prolate spheroid with axes’ ratio 1:1:5 and oblate
spheroid 1:1:0.2) are shown for comparison. It is obvious that val-

ues of eE1; eE2; eE3 depend on the choice of the global coordinate sys-

tem, while eK and eG are invariant.
One immediate observation is that parameters characterizing

contributions of the irregularly shaped pores in PyC are very close
to each other, particularly pore compressibility eK and shear com-
pliance eG. Most values of eK and all analyzed values of eG are within
5% of their average values. At the same time, difference between
these average values and the corresponding parameters for the
considered spheroids is much greater: 21.2%, 12.5% and 58.6% foreK , and 9.2%, 8.1% and 26.4% for eG. As previously mentioned in
the literature (see, for example Zimmerman, 1991b) the spherical
cavity is the stiffest possible pore shape (eK=4.253) while oblate
spheroids (and, in the limiting case, penny-shaped cracks) are
the most compliant objects.

We speculate that the observed closeness of the overall compli-
ance contribution parameters of the considered PyC pores is
caused by the chemical vapor infiltration used for the material
manufacture. The pore surface-to-volume ratio, which is one of
the characteristic parameters of infiltration, can also be an essen-
tial parameter for compressibility and shear compliance of pores
with similar aspect ratios (not crack-like). In the 2D case, this fact
was previously observed by Zimmerman (1991b) and Tsukrov and
Novak (2002).

5.2. Approximation of irregularly shaped pores by ellipsoids using
principal components analysis

It is common practice in evaluating contribution to effective
properties by three-dimensional pores (and other defects) to as-
sume that the pores have ellipsoidal shapes. The main reason is
that only such shapes possess the property of uniform eigenstrain
under remotely applied loading, so that the analytical solutions for
strains and stresses around them can be utilized (Eshelby, 1957,
1959; Mura, 1987).

In the case of highly irregular defect shapes, one possible ap-
proach is to find the bounds of individual pore contributions by
considering the inscribed and circumscribed ellipsoids constructed
for such a pore (Hill, 1963; Huet et al., 1991). However, for the
shapes considered in Table 1 of the previous section, such an ap-
proach would result in extremely wide bounds due to large differ-
ences between the dimensions of the inscribed and circumscribed
ellipsoids.

When pores are approximated by ellipsoids, two major issues
have to be addressed: (1) the choice of the best approximation of
real pore shape by an ellipsoid (orientations and lengths of princi-
pal axes) and (2) accuracy of the chosen approximation. An
approach utilizing 2D micrographs to select the approximating
spheroids is discussed in Laraia et al. (1994), Prokopiev and
Sevostianov (2006). In this section of the paper, we propose a
principal component analysis (PCA) approach (Jolliffe, 2002)
utilizing the experimentally obtained 3D lCT data to construct
the approximating ellipsoids, and evaluate the accuracy of the
approach in terms of effective property predictions.

In the presentation of PCA approach, the notation x, y, z for
the point coordinates will be used. Processing the lCT data,
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the pores in the image were labeled and the surface of the pores

                                                                       

was extracted to obtain input points (xi, yi, zi) for the estimation
of geometrical properties using PCA. Additionally, the volume
and center of mass of each pore were determined for further
use in the fitting process. A statistical method for describing
variations or similarities in data is given by the variance or
covariance of a data set (Jolliffe, 2002). In our case, the data
set is comprised of all the surface points of the pore, which
are a reduced representation of the complete body of the pore
structure. It is possible to simplify the description of a pore in

the composite to be represented by only a few characteristic
parameters by applying the PCA methods to the data set. There-
fore, it is necessary to compute the variance in 3D points and
assemble the covariance matrix of the pore with all the neces-
sary information to describe a simplified representation of the
pore geometry. The covariance of two sets of variables, for
example (X, Y), is defined as:

covðX;YÞ ¼
Pn

i¼1ðxi � �xÞðyi � �yÞ
n� 1

ð5:7Þ

Table 1
Contributions of selected pores to effective elastic properties.

Pore shape eE1 deE1 (%) eE2 deE2 (%) eE3 deE3 (%) eK deK (%) eG deG (%)

1.753 �2.7 2.359 �8.5 2.591 14.1 5.507 2.0 2.012 1.0

1.711 �5.0 2.674 3.7 2.176 �4.2 5.327 �1.3 1.964 �1.3

1.831 1.7 2.348 �8.9 2.499 10.0 5.402 0.1 1.999 0.4

1.931 7.2 2.871 11.4 1.896 �16.5 5.354 �0.8 1.992 0.1

1.491 �17.2 2.765 7.3 2.112 �6.8 5.117 �5.2 1.932 �3.0

2.070 14.9 2.661 3.2 2.154 �5.2 5.605 3.8 2.056 3.2

1.994 10.7 2.377 �7.8 2.112 �7.0 5.276 �2.3 1.951 �2.0

1.630 �9.5 2.568 �0.4 2.626 15.6 5.609 3.9 2.024 1.7

Arith. mean 1.801 2.578 2.271 5.399 1.991
Std. deviation 0.194 0.199 0.265 0.169 0.041

1.905 5.8 1.904 �26.1 1.905 �16.1 4.253 �21.2 1.808 �9.2

2.379 32.1 2.381 �7.6 1.121 �50.6 4.725 �12.5 1.830 �8.1

1.266 �29.7 1.266 �50.1 5.918 160.6 8.561 58.6 2.517 26.4
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For the direct estimation of the geometrical parameters of the

                                                                     

pore in a local coordinate system, it is advantageous to subtract
the center of mass ðX;Y ; ZÞ from each point in the point set before
the covariance matrix is constructed. This sets the origin of the
coordinate system to the center of mass and relates all geometrical
parameters to the local coordinate system.

Using the definition of the covariance of the three dimension in
space for the point set the covariance matrix is:

C ¼
covðX;XÞ covðX; YÞ covðX; ZÞ
covðY;XÞ covðY; YÞ covðY ; ZÞ
covðZ;XÞ covðZ; YÞ covðZ; ZÞ

2
64

3
75 ð5:8Þ

This matrix is symmetric and, using the spectral theorem of linear
algebra, we apply the eigenvector decomposition to rewrite the
covariance matrix in the form suggested by Bronstein and Semen-
djajew (2006)

C ¼ Q K Q T ð5:9Þ

Matrix K = diag(k1, k2, k3) is the diagonal matrix of eigenvalues

K ¼
k1 0 0
0 k2 0
0 0 k3

2
64

3
75; ð5:10Þ

where
ffiffiffiffiffi
k1
p

;
ffiffiffiffiffi
k2
p

and
ffiffiffiffiffi
k1
p

are the semi-axes of the approximating
ellipsoid and Q is the matrix of eigenvectors composed of the direc-
tion cosines of the ellipsoid’s principal axes organized in columns.
Thus, all parameters of the approximating ellipsoid are defined.
The resulting surface has the same variance as the original set of
surface data points.

For the pore considered in Section 5.1 (Fig. 4), the above proce-
dure results in the approximating ellipsoid with semi-axes
a = 0.246d, b = 0.308d, c = 0.862d, where d is the length of the pore
in x direction, see Fig. 5. The Euler angles defining orientation of
the ellipsoid (ZY0Z00 convention) are �24.2�, 77.9� and �130.0�, cor-
respondingly. The H-tensor of the ellipsoid is

H1111 H1122 H1133 2H1112 2H1123 2H1131

H2211 H2222 H2233 2H2212 2H2223 2H2231

H3311 H3322 H3333 2H3312 2H3323 2H3331

2H1211 2H1222 2H1233 4H1212 4H1223 4H1231

2H2311 2H2322 2H2333 4H2312 4H2323 4H2331

2H3111 2H3122 2H3133 4H3112 4H3123 4H3131

2
6666664

3
7777775

¼

2:0273 �0:5324 �0:5780 0:4421 0:0244 �0:3952
�0:5324 1:7434 �0:5355 0:5035 0:0759 0:0210
�0:5780 �0:5355 2:6852 �0:1349 0:0193 �0:3206
0:4421 0:5035 �0:1349 4:5872 �0:5115 0:1817
0:0244 0:0759 0:0193 �0:5115 5:6470 0:4647
�0:3952 0:0210 �0:3206 0:1817 0:4647 5:8818

2
6666664

3
7777775

ð5:11Þ

Comparing its components with the values for the original pore
(5.1), we observe that diagonal terms are relatively close. No con-
clusive observation for the off-diagonal terms can be made. Intro-
ducing the Euclidean norm of the 4th rank tensor kSk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SijklSijkl

p
(summation over the repeating indices), the relative distance be-
tween the compliance contribution tensor of the actual pore and
its approximation is

D ¼ kS
exact � Sapprk
kSexactk

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sexact

ijkl � Sappr
ijkl

� �
Sexact

ijkl � Sappr
ijkl

� �r
Sexact

pqrs Sexact
pqrs

� � ¼ 0:2431

ð5:12Þ

Note that this parameter is called error in Sevostianov and Kacha-
nov (2008), who utilized it to analyze elastic symmetries.

To provide more mechanically meaningful comparison, Table 2
presents compressibility and shear compliance values for approxi-
mating ellipsoids compared to the corresponding parameters of
the original shapes of the selected pores. The contribution of ellip-
soids (H-tensor) was found by utilizing the analytical solutions of
Eshelby (1957), Eshelby (1959).

Analyzing the relative error, defined as deK ¼ 100%�
ðeK P � eK ELLÞ=eK P , deG ¼ 100% � eGP � eGELL

� �
=eGP , we conclude that for

most shapes the PCA approximation of actual pores by ellipsoids
produces discrepancy on the order of 10–20%. Also, there is no pro-
nounced tendency of the approximation to over- or underestimate
the change in stiffness of the porous C/C material.

6. Pores in unidirectional C/C composite

In this section, we investigate contributions of the pores to the
effective elastic properties of unidirectional C/C composite. Fig. 6
shows the entire unidirectional region of lCT-scanned sample with
the complete set of pores (porosity p0 = 9.13%, see Fig. 6). This set
includes all pores with the smallest dimension greater than
50 lm (43 pores total). Smaller pores were excluded from consid-
eration because their contribution to the overall response was
minimal. Note that crack-like pores, even of negligible volume frac-
tion, can contribute significantly to the reduction of the overall
stiffness; however, no such pores were observed in the region.

Each of the pores was processed separately to determine its
compliance contribution tensor. The example of a pore observed
in a unidirectional C/C composite is shown in Fig. 7. Fibers of the
specimen have a diameter of 10 lm; the remaining space is filled
with layers of PyC deposited on fibers.

In the modeling procedure, pores were assumed to be placed in
a homogenized transversely isotropic material consisting of unidi-
rectional carbon fibers and PyC matrix. It was assumed that a typ-
ical fiber is surrounded by two cylindrically orthotropic concentric
layers of PyC having different levels of texture. Each level is char-
acterized by Fisher parameter j (see Section 2), as schematically
shown in Fig. 8. This microstructure is described as Mat_B in Piat
et al. (2008). Table 3 provides typical dimensions, levels of texture,
and material properties of carbon fiber/PyC (FPC) mixture. The
properties of the T300 carbon fiber are taken from Wagoner and
Bacon (1989). Note that fiber volume fraction in this mixture is
Vf = 0.189.

The effective properties of FPC were found utilizing recently ob-
tained elasticity solutions (Tsukrov and Drach, 2010) in combina-
tion with the composite cylinder assemblage approach (Hashin
and Rosen, 1964; Hashin, 1990) and effective medium method
(Kröner, 1958; Hill, 1965; Budiansky, 1965). The outline of the
micromechanical procedure can be found in Tsukrov et al. (2009)

Fig. 5. Pore and approximating ellipsoid.

2453



its application to the considered material system results in the fol-

                                                                       

lowing prediction for the effective elastic properties of FPC:

EFPC
1 ¼ 59:44 GPa

EFPC
2 ¼ EFPC

3 ¼ 10:94 GPa

mFPC
23 ¼ 0:3973

mFPC
12 ¼ mFPC

13 ¼ 0:3229

GFPC
12 ¼ GFPC

31 ¼ 4:62 GPa

ð6:1Þ

The compliance contribution tensor of the pore shown in Fig. 7
placed in the homogeneous transversely isotropic material with

Table 2
Irregular pore shapes approximated by ellipsoids. eK ELL and eGELL are the compressibility and shear compliance values of ellipsoids; these parameters for pores, eK P and eGP are copied
from Table 1 for comparison.

Pore eK P
eK ELL deK (%) eGP

eGELL deG (%)

5.507 4.927 10.5 2.012 1.933 3.9

5.327 6.668 �25.4 1.964 2.226 13.3

5.402 4.840 10.4 1.999 1.914 4.3

5.354 4.782 10.7 1.992 1.901 4.6

5.117 4.970 2.9 1.932 1.934 �0.1

Fig. 6. Pore setup in a piece of unidirectional layer in C/C composite.

Fig. 7. Elongated pore in unidirectional C/C composite.

Fig. 8. Carbon fiber surrounded by two layers of PyC.
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properties given in (6.1) is calculated using procedure presented in

                                                                     

4.2 as

H1111 H1122 H1133 2H1112 2H1123 2H1131

H2211 H2222 H2233 2H2212 2H2223 2H2231

H3311 H3322 H3333 2H3312 2H3323 2H3331

2H1211 2H1222 2H1233 4H1212 4H1223 4H1231

2H2311 2H2322 2H2333 4H2312 4H2323 4H2331

2H3111 2H3122 2H3133 4H3112 4H3123 4H3131

2
6666664

3
7777775

¼

7:1399 �2:5336 �1:7562 �2:4690 0:6108 �0:0284
�2:5336 82:7547 �14:3999 �1:7062 �0:5625 �0:4366
�1:7562 �14:3999 40:9100 �0:2002 �7:1548 0:9899
�2:4690 �1:7062 �0:2002 110:5299 0:2619 �1:8915
0:6108 �0:5625 �7:1548 0:2619 156:5124 �1:8914
�0:0284 �0:4366 0:9899 �1:8915 �1:8914 74:3881

2
6666664

3
7777775

ð6:2Þ

where components of H are normalized with respect to the modu-
lus EFPC

1 and volume fraction of the pore Vp in the reference volume

V : Hijkl ¼
EFPC

1 Vp

V Hijkl.
After calculating the cavity compliance tensors for all pores

shown in Fig. 6, we can assume the non-interaction approximation
for the total porosity of less than 10%. Utilizing formulae (3.2) and
(3.3), and extracting the engineering constants from the effective
material compliance matrix, the following anisotropic material
parameters are obtained:

E1 ¼ 47:62 GPa; E2 ¼ 8:72 GPa; E3 ¼ 9:12 GPa;
m12 ¼ 0:3191; m23 ¼ 0:3610; m13 ¼ 0:3048;
G12 ¼ 3:96 GPa; G23 ¼ 3:24 GPa; G31 ¼ 4:00 GPa

ð6:3Þ

Note that the anisotropy of the effective material is of a general
type; however, the deviation from transverse isotropy is not signif-
icant. The appropriate symmetrization produces transversely iso-
tropic material with

E1 ¼ 47:62 GPa; E2 ¼ E3 ¼ 8:92 GPa;
m12 ¼ m13 ¼ 0:3120; m23 ¼ 0:3610
G12 ¼ G13 ¼ 3:98 GPa

ð6:4Þ

The error of such approximation, expressed in terms of the Euclid-
ean norm (as defined by Eq. 5.12), is D = 0.0054. Thus, the presence
of irregularly shaped pores does not introduce a significant devia-
tion from the transversely isotropic behavior of unidirectional C/C
composites.

In micromechanical modeling of unidirectional composites
pores are often assumed to be aligned with fibers and propagate
continuously with constant cross-section (see Fig. 9b). With these
assumptions, the rule of mixtures can be used to predict longitudi-
nal properties of the composite and plane strain solutions can be
utilized for transverse response. For the considered material sys-
tem we obtain: E1 = 54.01 GPa and E2 = 8.59 GPa. As can be seen,
the rule of mixtures significantly overestimates the longitudinal
and slightly underestimates the transverse stiffness of the material
by assuming the arrangement of material that provides maximum
resistance to unidirectional loading. For comparison, parallel 2:1
spheroidal pores randomly distributed in the same transversely
isotropic matrix (non-interaction approximation, see Fig. 9c) result
in the effective moduli: E1 = 50.40 GPa and E2 = 9.03 GPa.

Thus, even though the rule of mixtures provides a reasonably
good estimate for longitudinal modulus of porous UD C/C compos-
ites, the approximation of pores by 2:1 aligned spheroidal shapes
(this aspect ratio seems to be close to the average eccentricity of
the pores) produces better overall predictions of the effective
Young’s moduli.

7. Conclusions

CVI infiltrated C/C composites contain 3D pores of irregular
shapes that can be extracted by X-ray computed microtomogra-
phy. The procedure proposed in this paper to evaluate their contri-
butions to the effective elastic properties is based on the
compliance contribution tensors of individual pores calculated by
FEA. The obtained tensors can then be used in a number of micro-
mechanical schemes; explicit expressions for non-interaction
approximation and Mori–Tanaka scheme are given in Section 3.
The PyC matrix material is modeled assuming a von-Mises-Fisher
distribution of highly textured transversely isotropic domains of
submicron size.

It was observed that the parameters characterizing contribu-
tions of individual pores to effective elastic moduli (especially, con-
tributions to the bulk and shear moduli of the effective isotropic
material in the case of randomly oriented pores of the same shape)
were very similar. We speculate that this closeness in values is
caused by the chemical vapor infiltration process used for the
material manufacture.

The principal component analysis approach to approximating
the real pore geometry by ellipsoidal shapes was presented in
Section 5.2. It was observed that for most shapes, the PCA

Table 3
Material properties of C/C composite constituents.

r (lm) j Crr (GPa) Chh (GPa) Czz (GPa) Crh (GPa) Chz (GPa) Crz (GPa) Grh (GPa) Ghz (GPa) Grz (GPa)

Fiber 5 – 19.13 19.13 207.82 9.13 7.35 7.35 5.00 22.20 22.20
Layer 1 6.5 0.1 25.02 25.01 25.01 15.48 15.51 15.48 4.78 4.75 4.78
Layer 2 11.5 100 18.12 38.80 38.80 13.15 19.47 13.15 1.94 9.66 1.94

Fig. 9. Schematic representation of: (a) real pore setup in UD layer of C/C composite; (b) approximation of pores by cylinders; and (c) approximation of pores by prolate
spheroids with aspect ratio 2:1.
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approximation produces discrepancy on the order of 10–20% in the

                                                                       

pore compressibility and shear compliance. This approach may be
useful when bounding of the effective properties by analyzing in-
scribed and circumscribed ellipsoids is not practical due to large
difference in the ellipsoids’ dimensions.

Contribution of all pores present in a 3 � 3 � 1 mm region of
unidirectional C/C composite was analyzed in Section 6. With
porosity of 9.13% the reductions of Young’s moduli E1, E2, E3 were
19.9%, 20.3% and 16.6% correspondingly. It was determined that
irregularity of elongated pore shapes does not introduce a signifi-
cant deviation from the transversely isotropic behavior of unidirec-
tional C/C composites. Also, comparing the approximations of
pores by long cylinders and 2:1 spheroidal shapes (assuming the
same porosity), we conclude that approximation by spheroids pro-
duces better overall predictions of the effective Young’s moduli.
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