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1. Introduction

Metal matrix composites (MMC)  typically exhibit significantly
higher stiffness and in many cases a more pronounced anisotropy in
comparison to the corresponding unreinforced metallic matrix [1].
Therefore, measuring the elastic constants of MMCs  has great prac-
tical significance. Elastic properties of materials can be determined
using either static or dynamic techniques [2].  The simplest static
technique usually employed is the tensile test, where the Young’s
modulus is determined from the slope of the linear portion of the
stress–strain plot [3].  Dynamic techniques for measurement of elas-
tic properties are usually classified into two groups: resonance
methods and methods based on elastic waves [4].  The fundamen-
tal difference between static and dynamic techniques arises from
the fact that, while static techniques are isothermal, dynamic tech-
niques are adiabatic [3,5]. Dynamic techniques hold an advantage
over the static techniques because the stresses used in the for-
mer  case are far below the elastic limit, and hence they are less
prone to effects from irreversible deformation [6].  Furthermore,
as the applied infinitesimal stress does not cause any structural
changes, repeated measurements can in principle be carried out on
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the same sample [2].  The scatter shown by the static methods is
also significantly higher than the dynamic methods [4,5].

Several authors have studied the relation between static and
dynamic elastic constants [7–9]. Landau and Lifshitz [7] proposed
a relationship between the static and dynamic Young’s moduli
using the specific heat at constant pressure and the volume ther-
mal  expansivity of the material. Using this relation Ledbetter [5]
showed that the two moduli for iron differ by only 0.25% between
0 K and 300 K. A somewhat larger difference between the two mod-
uli has been reported for limestone rocks by Al-Shayea [10]. He
summarised results from several studies and showed that ratio of
the dynamic and static moduli for limestone rocks lies in the range
of 0.85–1.86.

Determination of the elastic properties of MMCs  by tensile
test has two  inherent difficulties. Firstly, in MMCs, at least local
permanent deformation resulting from microplasticity or dam-
age initiates at a very early stage during the mechanical test.
Hence, the elastic constants determined using this technique are
almost always significantly less than their original values [11–13].
Secondly, because of their complex structure, MMCs  are often
anisotropic. This necessitates elastic constants to be determined
along several directions. It is however extremely difficult, if not
impossible, to prepare identical MMC  samples along different ori-
entations. The number of independent elastic constants in an
anisotropic material depends upon the degree of anisotropy (num-
ber of independent elastic constants being 2 for isotropy, 3 for
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cubic, 5 for transverse isotropy and 9 for orthotropy) [14]. Ultra-
sonic velocity measurements along different directions on a single
rectangular parallelepiped sample with edges parallel to the prin-
cipal orthotropy axes yield 6 out of the 9 elastic constants. To obtain
the complete stiffness matrix of a material having orthotropic sym-
metry, additional sample cuts along specific directions are required
[15]. Therefore, this method is destructive since the results cannot
be obtained from measurements on a single, retained sample.

Other powerful methods for estimation of the elastic proper-
ties of materials with complicated, multiphase microstructure are
microstructure modelling using micromechanical and finite ele-
ment (FE) methods. Different methods can be used for different
accuracy levels of the calculations. Very rough guess of the prop-
erties can be obtained by Voigt and Reuss bounds, which give
the upper and lower bounds for mixtures of the different phases,
respectively. The self-consistent (SC), Mori-Tanaka (MT), inverse
Mori-Tanaka (IMT) and other methods based on Eshelby solution
for single ellipsoidal inclusion give more accurate predictions of
the elastic properties. All these methods take into account the
shape of the inclusions, their distribution and interaction. Overview
of these methods is given in Ref. [16] and the references there
in. FE method based calculations give very accurate prediction of
the elastic properties and using this method the influence of the
irregular shapes of the inclusions can also be introduced in the
modelling [17]. However, application of the FE method for com-
plicated microstructure requires large efforts for model creation
[18]. In our previous studies on freeze-cast MMCs  the comparison
of the results obtained by FE, micromechanical and experimental
techniques was provided [19–21].  It was shown that the microme-
chanical models give accurate estimations of the elastic properties
and in comparison to FE modelling they are faster and more effi-
cient. Moreover, they require only moderate effort for description
of the micro constituent distribution and approximation of their
shapes by microstructure characterisation [19,22].

The aim of the current study is to determine the complete stiff-
ness matrices of several metal/ceramic composites having different
reinforcement architectures non-destructively and compare them
with the results obtained through micromechanical modelling. Two
complementary ultrasonic spectroscopic techniques were used in
combination for this purpose: ultrasound phase spectroscopy (UPS)
and resonant ultrasound spectroscopy (RUS). Few studies have
already used these techniques separately to determine the elastic
constants of MMCs. UPS was used by Roy and Wanner [23] to deter-
mine the longitudinal elastic constants of lamellar MMCs, while
Roy et al. [24] used this technique to determine the complete stiff-
ness matrix of interpenetrating MMCs. Until now, RUS has mostly
been applied to MMCs  reinforced with either particles [25,26] or
long fibres [27–29].  An effort has been made in this work to apply
both UPS and RUS to determine the complete stiffness matrix of
metal/ceramic composites having more complex interpenetrating
architecture. Three different composites will be studied: a com-
posite based on freeze-cast ceramic preform, a composite based on
open porous ceramic preforms obtained by pyrolysis of cellulose
fibres, and a composite based on discontinuous fibre preform. The
results will be discussed in light of the thermodynamic constraints
for orthotropic symmetry.

In the following the fundamentals of these two experimental
techniques and micromechanical modelling are briefly described.

1.1. Ultrasound phase spectroscopy (UPS)

In UPS, continuous and sinusoidal elastic waves are passed
through the sample and the phase shift is measured as a function
of frequency [30,31]. UPS is an ideal technique to determine sound
velocities in samples exhibiting large attenuations due to scattering

and internal frictions. A plane monochromatic wave propagating
undamped in the x-direction can be written as [32]:

u(x, t) = u0 ei(ωt+kx) (1)

where (ωt + kx)  is the phase function, (ω = 2�f) is the circular fre-
quency and (k = 2�/�) is the wave number. For a specimen of length
Ls, the group velocity of a pulse (a pulse being a superposition of
many waves) is defined as:

Vg = − 2�Ls

(d��/df )
(2)

The denominator on the right hand side of Eq. (2) is the
slope of the phase–frequency plot. Hence, group velocity is deter-
mined by increasing the phase in the specimen of a known length
by increasing the frequency, and then finding the slope of the
phase–frequency plot. If the plot turns out to be a straight line
with a constant slope within a range of frequency, it suggests that
the material is non-dispersive in that region. Once Vg for a par-
ticular mode (longitudinal or shear with appropriate propagation
and polarization vectors) of wave propagation is determined, the
corresponding elastic constant Cii is determined according to:

Cii = �V2
g (3)

Eq. (3) is valid for non-dispersive materials (phase veloc-
ity = group velocity) and it is based on the assumption that the
principal axes of orthotropic symmetry are known beforehand and
the wave propagation direction and polarization direction are both
parallel or perpendicular to these axes. In Eq. (3),  � is the den-
sity, i = 1–3 refers to longitudinal elastic constants while i = 4–6
corresponds to shear elastic constants. The three longitudinal and
the three shear elastic constants of an orthotropic material can be
determined using this technique.

Determination of the three off-diagonal elements of the stiff-
ness matrix (C12, C13 and C23) of an orthotropic material by this
technique is more complicated. Expression for the elastic constant
C12 is as below [15]:

C12 =
√

(C11 + C66 − 2�v2
12/12)(C22 + C66 − 2�v2

12/12) − C66 (4)

Similar expressions result for C13 and C23. In Eq. (4),  �v2
12/12 is

the product of the sample density and square of the sound velocity
along the face diagonal of the 1–2 plane. As discussed by Gebert et
al. [33], the uncertainty in C12 results from the uncertainties in C11,
C22, C66 and �v2

12/12, and it is typically very high.

1.2. Resonant ultrasound spectroscopy (RUS)

RUS involves the study of the resonant frequencies of solids.
These frequencies depend upon the shape, elastic constants,
crystallographic orientation or texture, density and dissipation
properties of the body. Hence, with this technique the complete
stiffness matrix can be obtained non-destructively by measuring
the resonant frequencies on a single sample [34,35].  The sample
is held lightly between two  piezoelectric transducers to ensure a
free oscillation of the sample. One transducer applies a sinusoidal
excitement to some point on the sample and its resonance response
is measured at some other point by the second transducer. A large
response is observed when the frequency of the driving transducer
corresponds to one of the sample resonant frequencies. Essential to
the successful implementation of RUS is the ability to determine the
resonant frequencies of a body from its shape, density and the elas-
tic constants (known as forward or direct problem [36]). Once these
are computed, carefully constructed fitting algorithms are used to
find the moduli from the measured frequencies (known as back-
ward or inverse problem [36]). The procedure to solve the direct
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problem is mathematically complicated and its thorough descrip-
tion is outside the scope of this work. A rigorous analysis of this
problem as well as the computer algorithm used almost universally
is described in detail in the work of Migliori and Sarrao [36]. How-
ever, the task of computing the elastic constants analytically from
the resonant frequencies has never been undertaken successfully.
Instead, a nonlinear optimization procedure has been established.
This procedure yields a set of parameters that produces resonant
frequencies that are in the best possible agreement with the mea-
sured spectra. In order to determine the best possible parameters,
a figure of merit, FOM is constructed, which provides a measure of
how well the calculated and the measured resonance frequencies
agree. The FOM is defined as:

FOM =
Np∑
i=1

wi(fcalc − fmea)2 (5)

where fcalc and fmea are the calculated and the measured resonant
frequencies respectively, wi is a weighting factor chosen based on
the confidence of the experimenter for the particular frequency and
Np is the number of resonant frequencies. In the present work, the
weighting factor was kept as unity for all the resonant frequencies.
As several resonant frequencies depend in almost identical way  on
some of the elastic constants, hence many more resonances than
the total number of parameters to be fit must be measured for a
meaningful analysis. Migliori and Sarrao [36] suggest that the num-
ber of resonant frequencies measured should ideally be at least 5
times the number of parameters to be determined. Furthermore,
the sample for RUS must have very well defined geometry with
regards to face parallelism – a few microns per mm – and the sample
needs to be perfectly rectangular. Above conditions being fulfilled
and using a reasonably good guess for the input parameters, error
bars for compressional moduli in the range of 0.5–1.0%, for shear
moduli in the range of 0.02% and for off–diagonal moduli in the
range of 2–3% are achievable [36].

1.3. Micromechanical modelling using Mori-Tanaka model (MT)

The MT  model is a very efficient method utilized for modelling of
the microstructure with “ellipsoid”-like inclusions [19]. Combina-
tion of the MT  method [37] with averaging procedure [38] allows
calculating the effective stiffness of a two phase material in the
following form:

CMT = CM + fI{(CI − CM) : T} : ((1 − fI)I + fI{T})−1 (6)

with Wu-tensor [39]

T = CM + (I + S : (CM)
−1

: (CI − CM))
−1

(7)

where CM and CI are stiffness tensors of the first (matrix) and the
second (inclusions) phases, respectively. fI is the volume fraction
of the inclusions and I is the fourth order identity tensor. Eshelby
tensor S depends on the shape of the inclusion and elastic prop-
erties of the matrix. Different forms of the S tensor are used for
different kinds of inclusion geometry [40]. Curly brackets {·} denote
averaging over all possible directions.

The 3D averaging { } in Eqs. (6) and (7) is provided using two
Euler angles for random distribution using

{Cijkl} = 1
4�

∫ 2�

0

∫ �

0

aipajqakrajsCpqrs sin � d� dϕ (8)

where aij are the components of the transformation matrix:(
cos � cos ϕ −  sin ϕ sin � cos ϕ
cos � sin ϕ cos ϕ sin � sin ϕ

− sin � 0 cos �

)
(9)

Fig. 1. Euler angles in relation to the local 1′ , 2′ , 3′ and global 1, 2, 3 co-ordinate
systems [38] for inclusions with circumferential symmetry around 1′ .

Definition of the Euler angles is given in Fig. 1. For averaging
procedure only in 2–3 plane Eq. (8) will change to

{Cijkl} = 1
2�

∫ 2�

0

aipajqakrajsCpqrs dϕ (10)

and components of aij are the components of(
cos ϕ − sin ϕ 0
sin ϕ cos ϕ 0

0 0 1

)
(11)

In the next sections this theoretical background was utilized for
modelling of the studied composites.

2. Experimental procedure and microstructure modelling

2.1. Specimen material

Three different metal/ceramic composites fabricated by
squeeze-casting aluminum based alloys in different alumina
preforms were investigated. The preforms had different alu-
mina content and their processing methods were different.
The production routes for the three composites had only
one common principal axis, the direction of squeeze-casting.
Hence, transverse isotropic symmetry with respect to this
direction is expected. However, due to the limited sample
volume, the randomness in the transverse plane could be
compromised, resulting in complex, non-symmetric sample
properties.

Processing routes of the studied composites are briefly
described in the following:

2.1.1. Composite based on freeze-cast alumina preforms (sample
A)

The composite was fabricated by squeeze-casting AlSi12 melt in
freeze-cast alumina preform. The preform was fabricated at Insti-
tut für Keramik im Maschinenbau (IKM) at Karlsruher Institut für
Technologie (KIT), Germany, via freeze-casting of a ceramic suspen-
sion, freeze-drying and subsequent sintering [41]. Freeze-casting
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Fig. 2. Typical light optical micrographs of the three composites: (a) micrograph of sample A for the face perpendicular to the freezing direction, (b) micrograph of sample B for
the  face perpendicular to the direction of preform pressing and squeeze-casting and (c) micrograph of sample C for the face perpendicular to the direction of squeeze-casting.
In  these micrographs the ceramic phase is dark, while the metallic alloy is brighter. The inset of (a) shows a zoomed-in view of the typical lamella structure of sample A.
Inset  of (b) shows typical scanning electron micrograph of the sample B.

was carried out at −30 ◦C. Freeze-cast preforms were subsequently
infiltrated by squeeze-casting at the Institute of Surface Technol-
ogy and Materials Science at Aalen University of Applied Sciences,
Germany. The composite was fabricated in the form of a plate with
nominal dimensions of 10 mm × 44 mm × 66 mm.  The sample stud-
ied in this work was cut in the form of a rectangular parallelepiped
from this plate using a diamond coated steel wire saw and fur-
ther polished until required degree of surface finish was attained.
Typical optical microstructure of the composite for the face perpen-
dicular to the freezing direction is shown in Fig. 2a. The inset of this
figure shows the lamella structure of the composite at a higher mag-
nification. The microstructure consists of several domains, within
which the alternating ceramic and the metallic alloy lamellae are
arranged in parallel. The lamella spacing and the domain size are
functions of freeze-casting parameters. Co-ordinate system used
for the sample is shown in Fig. 3, with direction 1 being parallel
to the direction of freeze-casting and squeeze-casting. Mass and
dimensions of the sample, as well as its density calculated there
from are mentioned in Table 1. Nominal ceramic volume content

was  calculated from the measured density, assuming absence of
porosity.

Detail characterisation of the lamellar structure for microme-
chanical modelling is discussed in Ref. [42]. The lamellae were
approximated as ellipses using a self written software code [22].
Ratio of the small and large half axes of the ellipses determined
this way lied in the range of 0.096 and 0.3 with a mean value
0.15. For modelling purpose the microstructure was assumed not
to change along the freezing-direction, thereby converting it into a
2D problem. Eqs. (6), (7), (10) and (11) were utilised for calculation
of the effective elastic properties of the composite. The metallic
alloy and the ceramic phase of the composite were assumed to be
isotropic and Eshelby tensor for elliptical cylinders was  employed
[40]. Isotropic elastic properties of alumina and AlSi12 were used
for model calculations. The Young’s modulus and the shear mod-
ulus of AlSi12 were determined in an earlier study to be 80 GPa
and 30 GPa [23], while the Young’s modulus and Poisson’s ratio of
alumina were taken as 390 GPa [43] and 0.24 [44], respectively.
Model calculations were carried out for minimal, maximal and

Table 1
Mass and dimensions of individual samples. Density and nominal ceramic volume content of each sample have been calculated from the measured mass and dimensions.

Sample l1 (mm)  l2 (mm)  l3 (mm) Mass (g) Density (Mg  m−3) Ceramic volume content

A 5.22 5.44 5.90 0.54033 3.227 47%
B 9.25  6.78 6.35 1.2378 3.112 37%
C 7.02 5 6 0.5872 2.788 10%
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Fig. 3. Co-ordinate system used for the three MMC  samples. In all three samples the
squeeze-casting was  carried out along direction 1. In sample A, direction of freeze-
casting and squeeze-casting were same. In sample B, direction of preform pressing
and  squeeze-casting were same.

mean aspect ratios of the lamella half axes and for the actual
ceramic volume fraction mentioned in Table 1.

2.1.2. Composite based on open porous ceramic preforms
obtained by pyrolysis of cellulose fibres (sample B)

The composite was fabricated by the Materials Research Team
of Aalen University of Applied Sciences, Germany, following a pro-
cessing route thoroughly described in Ref. [45]. The mechanism
of internal load transfer in this composite under external tension
and compression has already been studied in an earlier work [46].
Commercially available alumina powder was mixed with cellulose
fibres used as pore forming agent. After mixing, the powder mixture
was uni-directionally pressed into plates having nominal dimen-
sions of 10 mm × 44 mm × 66 mm.  The plates were subsequently
sintered at 1550 ◦C in an oxidising atmosphere. Pyrolysis of the
pore forming agents took place during sintering process. The porous
preforms were subsequently infiltrated with AlSi12 via squeeze-
casting along the same direction as that of preform pressing. The
studied sample was cut in the form of a rectangular parallelepiped
from this composite plate using a diamond coated steel wire saw
and further polished until required degree of surface finish was
attained. Co-ordinate system used for the sample is shown in Fig. 3,
with direction 1 being parallel to the direction of preform pressing
and squeeze-casting. Fig. 2b shows typical optical micrograph of the
sample for the face perpendicular to direction 1. Mass and dimen-
sions of the sample, as well as its density calculated there from
are mentioned in Table 1. Nominal ceramic volume content was
calculated from the measured density assuming absence of poros-
ity. Inset of Fig. 2b shows the scanning electron micrograph of the
composite. Only few micro pores are observed within the ceramic
walls. These micro pores may  generate due to differential thermal
contraction between the two phases during cool-down after melt
infiltration and their presence may  shift the ceramic content of the
composite to about 0.7 vol% higher [46]. The micrograph shows that
the alumina particles are prolate ellipsoids in shape. Aspect ratios
between the small and large half axes of the ellipsoids were mea-
sured and they lied in the range of 0.2 and 0.63 with a mean value
of 0.3.

Micromechanical modelling of the composite was  carried out
using the 3D model described in Eqs. (6)–(9). For the inclusions
the Eshelby tensor was calculated using the formulae for prolate
ellipsoids [40] and the isotropic elastic constants of alumina and
AlSi12.

2.1.3. Composite based on discontinuous fibre preform (sample C)
The short fibre reinforced composite studied in this work was

fabricated at Mahle GmbH, Stuttgart, Germany by squeeze-casting.
Commercial purity Al was  used as the metallic matrix, while 10 vol%
discontinuous Al2O3 fibres (Saffil® by ICI) were used as the rein-
forcement. For thorough description of the composite, we refer to
Ref. [47]. Fig. 2c shows the microstructure of the composite for the
face perpendicular to the direction of squeeze-casting. The sample
was  cut in the form of a rectangular parallelepiped. Co-ordinate
system used for the sample is shown in Fig. 3, with direction 1
being parallel to the direction of squeeze-casting. Mass and dimen-
sions of the sample, as well as its density calculated there from are
mentioned in Table 1.

Micromechanical modelling of the composite material was car-
ried out using the 3D model (Eqs. (6)–(9)). Two  different fibre
distributions were utilised: The first one is random in plane 2–3 and
the second one is random in the whole 3D space. For the inclusions
the Eshelby tensor was calculated using the formulae for prolate
ellipsoids [40]. Isotropic elastic constants of alumina and Al were
used for the modelling purpose. The Young’s modulus and Poisson’s
ratio of Al were taken as 70 GPa and 0.34 [48], respectively. Model
calculations were carried out for a fibre volume content of 10% and
mean aspect ratio (small half axis/long half axis) of 0.125.

2.2. Ultrasound phase spectroscopy (UPS)

UPS was  used to determine the three longitudinal and the
three shear elastic constants. The measurements were accom-
plished using an electronic network analyser (Advantest, model
R3754A) and two  identical broadband piezoelectric transducers
(Panametrics, model V122 with nominal central frequency 7.5 MHz
and diameter 9.5 mm for longitudinal elastic constants and model
V155 with nominal central frequency 5 MHz  and diameter 12.7 mm
for shear elastic constants). These transducers were attached to
opposite sides of the rectangular parallelepiped samples using a
water-soluble couplant. First, measurements were carried out with
the same pair of transducers (V122 or V155) in contact to each
other with only the couplant to determine the phase response of
the experimental system. This phase response was  subtracted from
each subsequent measurement with the sample to determine the
phase shift caused only by the sample. The phase as well as the
magnitude ratio (referred to as amplitude) between the input and
output electronic signals were measured for each data point (1201
data points per measurement). For longitudinal elastic constants,
the phase and amplitude spectra were recorded in the frequency
range from 10 kHz to 15 MHz; while for shear elastic constants the
same range was from 10 kHz to 10 MHz. The slope of the phase
versus frequency plot was determined by linear regression in such
a way, that both the frequency and the frequency range were as
high as possible. This way, the detrimental influence of the side
wall reflections, which typically occur at low frequencies [31], may
be overcome. Two  different shear wave velocities were calculated
for each shear elastic constant. For the shear elastic constants C44,
C55 and C66, the shear wave velocities were V23 and V32, V13 and
V31 and V12 and V21; respectively. In all samples and for each shear
elastic constant, the respective shear wave velocities were similar,
suggesting that the samples had orthotropic or higher symmetry
[32]. Average of the two corresponding shear wave velocities was
used to determine the respective shear elastic constants.

2.3. Resonant ultrasound spectroscopy (RUS)

For RUS, the samples were assumed to have orthotropic symme-
try, having 9 independent elastic constants. The three longitudinal
and the three shear elastic constants for each sample determined by
UPS were used as input for RUS. However, with UPS it was  not pos-
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Fig. 4. Typical phase and amplitude spectra obtained for (a) longitudinal and (b) shear elastic constants using ultrasound phase spectroscopy (UPS).

sible to determine the three off-diagonal elastic constants (C12, C13
and C23) non-destructively. Hence, initial guesses were necessary
for them, in order to determine the expected resonant frequen-
cies of the samples using the forward calculation. For sample A,
these three elastic constants were estimated based on the theory
of uni-directionally fibre reinforced composites (the expressions to
calculate the elastic constants of a uni-directionally fibre reinforced
composite are summarised by Berthelot [49]) and using the elas-
tic constants of isotropic alumina and AlSi12; while for samples B
and C, they were calculated from the already determined longitu-
dinal and shear elastic constants assuming isotropy. To determine
the actual resonant frequencies, the samples were placed along its
body diagonal between two identical transducers attached to a very
rigid stage. The complete stage along with the transducers was
manufactured by Quasar (Quasar International Inc., New Mexico,
USA). The same network analyzer used for UPS was used to gener-
ate the input signal and to record the output signal. A wideband,
high speed amplifier (model BA4825 from NF Corporation, Yoko-
hama, Japan) was used to amplify the signal to the input transducer.
Phase and amplitude were measured for each swept frequency. For
each sample, the first 50 resonant frequencies were determined
from the amplitude spectra. At least four measurements were car-
ried out along different body diagonals of each sample. This was
done to minimise the number of missed resonant frequencies. The
measured resonant frequencies as well as the mass and dimen-
sions of each sample were put as input to back calculate the elastic
constants.

3. Results

Fig. 4 shows typical phase and amplitude spectra for the three
MMC  samples. Phase and amplitude spectra for longitudinal elastic
constants are shown in Fig. 4a, while the spectra for shear elastic
constants are shown in Fig. 4b. The trend shown by the longitudinal
spectra in the three samples are similar. Apart from regular local
oscillations due to residual standing waves, the phase spectra are
linear with a constant slope over almost the complete frequency
range. This suggests that the samples are non-dispersive and the
velocity determined from the slope (following Eq. (2))  is indepen-
dent of frequency. The amplitude spectra oscillate in a complex
manner and always remain within the measurable range. Expe-

rience shows that the signal becomes non-measurable when the
amplitude typically drops below approx. −40 dB in the amplitude
spectrum [50]. The spectra for shear waves show a more complex
behavior. As shown in Fig. 4b, several shear wave phase spectra
showed two linear regions separated by a non-linear region. This is
visible in the phase spectra of samples A and B at around 2.5–3 MHz.
Corresponding amplitude spectra also showed drastic drops in this
range. The slopes of the two linear regions in each spectrum are
similar to each other. As already mentioned, the detrimental influ-
ence of the side wall reflections is attenuated at higher frequencies,
and hence, shear wave velocities were calculated from the slopes of
the linear regions at higher frequency range. The range of frequency
used to calculate the shear wave velocity is marked in each spec-
trum in Fig. 4. Within this marked frequency range each spectrum
has a constant slope, suggesting that even the shear wave is non-
dispersive and the group velocity is equal to phase velocity [31].
The longitudinal and the shear elastic constants were determined
following Eq. (3),  using the longitudinal and shear wave velocities
and the density of each sample. These longitudinal and the shear
wave velocities, as well as the corresponding elastic constants for
the three MMC  samples are listed in Table 2.

Fig. 5 shows the RUS spectra for the three MMC  samples.
Resonant frequencies were determined from the peak positions.
Tables 3–5 show the results obtained by fitting the experimentally
measured resonant frequencies to the code written by Migliori and
Sarrao [36] based on the input values of the elastic constants and
sample mass and dimensions. Fit obtained for only the first 20 res-
onant frequencies for each sample are shown here. The column
headers in these tables have the following meanings: n corresponds
to the number of the resonant peak, fex and fr are the measured
and the fitted frequencies (in MHz) and %err is the error in fitting
that particular peak. Table 6 shows the summary of the elastic con-
stants obtained from RUS for first 50 resonant frequencies for each
sample, and their comparison with elastic constants measured via
UPS. The rms  errors in % between the calculated and the measured
resonant frequencies for each sample are also shown in the table.
The compliance matrix of each MMC  sample was determined by
inverting the obtained stiffness matrix and the engineering elastic
constants (Young’s modulus (E), Poisson’s ratio (
) and shear elastic
constant (G)) were computed there from. These engineering elastic
constants for each MMC  sample are listed in Table 7.

Table 2
Longitudinal and shear wave velocities for the three MMC  samples determined via UPS. The longitudinal and the shear elastic constants were determined using the respective
sound wave velocities and the density of each sample.

Sample V11 (m/s) V22 (m/s) V33 (m/s) Avg. V32 and
V23 (m/s)

Avg. V13 and
V31 (m/s)

Avg. V12 and
V21 (m/s)

C11 (GPa) C22 (GPa) C33 (GPa) C44 (GPa) C55 (GPa) C66 (GPa)

A 8657 7621 8141 4416 4834 4326 242 188 214 64 76 61
B 7608  7922 7892 4413 4212 4186 181 196 194 61 55 55
C 6519 6570 6547 3362 3354 3229 119 120 120 32 31 29
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Fig. 5. RUS spectra for the three MMC  samples: (a) Sample A, (b) Sample B and (c) Sample C.

Comparison between the complete stiffness matrices deter-
mined using experimental and numerical techniques for the three
composite samples is shown in Table 8. Fig. 6 shows the variation
of the elastic constant C33 with ceramic content in sample B for
different half axis aspect ratios ranging from spherical (ratio = 1) to
fibre-like (ratio = 0.01). The experimentally obtained result is also
shown in the same plot. A zoomed in view of the plot at ceramic con-
tents relevant to the actual sample is also shown in the right hand
side plot of Fig. 6. Correlation between the half-axis aspect ratio
(shape) of the inclusions and the elastic constant C33 (or C22) for
random distribution of the particles in 2–3 plane is clearly recogniz-

Table 3
Comparison between experimentally obtained and fitted resonant frequencies for
the  first 20 resonant peaks obtained from RUS on sample A.

n fex (MHz) fr (MHz) %err

1 0.349025 0.347033 −0.57
2 0.400843 0.403743 0.72
3 0.462155 0.463939 0.39
4 0.480615 0.481898 0.27
5 0.483008 0.489053 1.25
6 0.507935 0.515612 1.51
7 0.52804 0.524268 −0.71
8 0.540227 0.5354 −0.89
9 0.542548 0.5404 −0.4

10  0.5728 0.567331 −0.95
11  0.591845 0.590179 −0.28
12  0.594373 0.593917 −0.08
13  0.614453 0.614438 0
14  0.629977 0.62601 −0.63
15  0.637033 0.637101 0.01
16  0.661293 0.668026 1.02
17 0.69036 0.688507 −0.27
18  0.6944 0.690852 −0.51
19 0.69905 0.69541 −0.52
20  0.717398 0.722718 0.74

able: a decreasing half-axis aspect ratio corresponds to an increase
in the elastic constant. Good correspondence between calculated
(for mean aspect ratio) and measured elastic constant is also visible.

4. Discussions

Table 6 shows that in all cases the elastic constants determined
by UPS show very good reproducibility also in RUS (maximum
deviations between the elastic constants determined by the two
techniques lie in the range of 6–7%). The values of the rms  errors
are however considerably higher than that suggested by Migliori

Table 4
Comparison between experimentally obtained and fitted resonant frequencies for
the  first 20 resonant peaks obtained from RUS on sample B.

n fex (MHz) fr (MHz) %err

1 0.208163 0.207127 −0.5
2 0.265602 0.265423 −0.07
3 0.271953 0.273214 0.46
4 0.322 0.322133 0.04
5 0.332272 0.335121 0.86
6 0.343692 0.343974 0.08
7 0.344511 0.344547 0.01
8 0.38444 0.384886 0.12
9 0.406725 0.409722 0.74

10  0.412721 0.414928 0.53
11  0.414536 0.416352 0.44
12  0.41696 0.417609 0.16
13  0.417397 0.418769 0.33
14  0.448778 0.448662 −0.03
15  0.455179 0.455239 0.01
16  0.455905 0.45842 0.55
17 0.479924 0.480613 0.14
18  0.495764 0.495448 −0.06
19 0.501799 0.500684 −0.22
20  0.504167 0.507031 0.57
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Table  5
Comparison between experimentally obtained and fitted resonant frequencies for
the  first 20 resonant peaks obtained from RUS on sample C.

n fex (MHz) fr (MHz) %err

1 0.21315 0.20958 −1.67
2 0.27483 0.276698 0.68
3 0.29488 0.296731 0.63
4 0.31026 0.305313 −1.59
5 0.32232 0.322545 0.07
6 0.34411 0.347127 0.88
7 0.35443 0.349113 −1.5
8 0.36942 0.370292 0.24
9 0.37185 0.371199 −0.17

10 0.37481 0.372555 −0.6
11  0.39028 0.390733 0.12
12  0.39732 0.39637 −0.24
13  0.41125 0.410792 −0.11
14  0.42607 0.426323 0.06
15 0.44081 0.438723 −0.47
16  0.46943 0.471476 0.44
17 0.4852 0.486326 0.23
18  0.48996 0.490378 0.09
19 0.4947 0.496288 0.32
20  0.49707 0.497899 0.17

and Sarrao [36] (they suggest a value in the range of 0.1–0.2%
for a very good measurement with a very well prepared sam-
ple). This relatively high rms  error may  be attributed to the
complex microstructure of the MMCs, inhomogeneities inherent
in the composite sample used and difficulty in preparing sam-
ples having ideal rectangular parallelepiped geometry. Due to the
above-mentioned inherent difficulties of applying RUS in MMCs,

earlier studies have also reported rms  errors in the same range
as obtained in this work [26,27]. Presence of inhomogeneities is
known to significantly affect the quality of the fit obtained in
RUS. Kaplan et al. [51] have shown that when the length scale of
the inhomogeneity is approximately 15% of the smallest dimen-
sion of the sample, the fit obtained in RUS gets significantly
affected. The optical micrographs of Fig. 2 however show that
the sizes of the reinforcements (when considered as inhomogene-
ity in the MMC)  are significantly less than this limit. The MMC
samples can therefore be considered as homogeneous for RUS
measurement.

Table 8 shows that very good correlation exists among the
elastic constants determined using experimental and numerical
techniques. Due to the different reinforcement architectures the
degree of anisotropy in the three composite samples is different.
While the behavior of sample A is orthotropic, samples B and C are
mostly isotropic.

In sample A, the highest stiffness is observed along the freez-
ing direction of the ceramic preform. This is caused by the mostly
continuous ceramic lamellae oriented along the freezing direction.
Stiffness along directions 2 and 3 strongly depend upon the size
and orientation of the individual domains. Previous analysis has
already shown that individual domains display a pronounced elas-
tic [19,23] and elastic–plastic [52] anisotropy. In a single domain
composite sample with domain orientation 0◦ with direction 2,
C22 ≈ C11, with C33 being significantly lower. If the length scale of
the sample is much larger than the domain size and the domains
are randomly oriented, stiffness along directions 2 and 3 should
be similar and the symmetry of the sample should be transversely

Table 6
Summary of the elastic constants obtained from RUS for first 50 resonant frequencies, and their comparison with elastic constants measured via UPS.

Sample rms error (%) C11 (GPa) C22 (GPa) C33 (GPa) C23 (GPa) C13 (GPa) C12 (GPa) C44 (GPa) C55 (GPa) C66 (GPa)

A
Input 0.5825 242 188 214 90 85 85 64 76 61
Final  257 200 203 79 65 90 62 74 65

B
Input 0.5779 181  196 194 76 76 76 61 55 55
Final  188 195 191 80 78 84 57 55 55

C
Input 0.6529 119  120 120 58 58 58 32 31 29
Final 120 124 112 57 56 62 30 32 33

Table 7
Engineering elastic constants of the three MMC  samples determined from the stiffness matrix.

Sample E11 (GPa) E22 (GPa) E33 (GPa) G23 (GPa) G31 (GPa) G12 (GPa) 
21 
31 
12 
32 
13 
23

A 211 152 168 62 74 65 0.274 0.136 0.382 0.334 0.171 0.301
B 140 145 146 57 55 55 0.329 0.287 0.318 0.287 0.275 0.285
C 80 83 77 30 32 33 0.364 0.309 0.353 0.305 0.321 0.327

Table 8
Correlation between experimentally measured and theoretically calculated elastic constants for the three composite samples.

in GPa Sample A Sample B Sample C

Experiment Calculated for axes ratio Experiment Calculated for axes ratio Experiment Calculated for mean
axes ratio 0.125

Mean
0.15

Min
0.1

Max
0.3

Mean
0.3

Min
0.2

Max
0.63

2D
random

3D
random

C11 257 271 271 272 188 174 176 173 120 119 122
C22 200 203 199 208 195 187 182 192 124 125 122
C33 203 203 199 208 191 187 182 192 112 125 125
C23 79 87 86 88 80 79 78 80 57 61 60
C13 65 81 80 82 78 77 77 76 56 59 60
C12 90 81 80 82 84 77 77 76 62 59 60
C44 62 58 56 59 57 54 52 55 30 32 31
C55 74 65 61 67 55 50 51 50 32 30 31
C66 65 65 61 67 55 50 51 50 33 30 31
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Fig. 6. Variation of the elastic constant C33 with ceramic volume fraction corresponding to sample B. Effect of the aspect ratio of the inclusions on the elastic constant is
shown.  The right hand side plot shows a zoomed in view of the plot for ceramic contents relevant to the actual sample.

isotropic. However, due to the finite domain size and non-random
domain distribution in the 2–3 plane of the actual sample, stiff-
ness along directions 2 and 3 differ marginally. Comparison of the
experimental results with the results from numerical modelling
with mean half-axes ratio shows very good match for the lon-
gitudinal elastic constants C22 and C33. However, for the elastic
constant C11, the numerical prediction is approximately 5% more
than the experimental value. This can be attributed to the fact that
for numerical modelling the microstructure was assumed to remain
unchanged along the freezing direction. However, as has already
been shown in Ref. [23], the real microstructure was  more com-
plex and consisted of irregularities like inclined lamella orientation,
discontinuity along the freezing direction, etc. These irregularities
reduce the stiffness of the real microstructure along the freezing
direction.

Good match is also obtained for remaining main diagonal ele-
ments of the stiffness matrix.

Because of the mostly random distribution of the reinforcement,
the sample B behaves almost as an isotropic material. In sample B,
C11 is marginally less than C22 and C33. This results from preform
pressing prior to sintering along direction 1 [24]. Apart from the
elastic constant C11, for all other elements of the stiffness matrix
very good match is obtained between experiment and numerical
modelling. The experimentally determined C11 is about 5% higher
than the numerical prediction. In the theoretical model the distri-
bution of the ceramic particles has been assumed to be random in
the 2–3 plane, with the direction 1 being transverse to this plane.
Although preform pressing prior to sintering introduces preferred
orientation of the particles in the 2–3 plane, due to the interpen-
etrating structure, stiffness along direction 1 would be enhanced
significantly in comparison to a complete in plane particle distri-
bution.

In sample C the assumption of a complete in-plane distri-
bution of fibres in the 2–3 plane contradicts the experimental
results. In such a case the elastic constants C22 and C33 should be
similar. However, the experimental results show approximately
10% deviation between them. In fact, the experimentally deter-
mined values of C11 and C22 are similar. Table 8 shows that
the numerical predictions from both 2D random and 3D ran-
dom assumptions are similar, however, when all the elements

of the stiffness matrix are considered, the assumption of 3D
random distribution gives marginally better match with experi-
ment. These results show that short fibres are not perpendicular
to the direction 1 but they are partially inclined to this direc-
tion.

Lemprier [53] have generalized the thermodynamic constraints
on the values of the engineering elastic constants of an orthotropic
material. These conditions are further summarised in Ref. [54]. Fol-
lowing conditions must be fulfilled:

(i) The sum of the work done by all the stresses must be positive
in order to avoid generation of energy. As work done is deter-
mined by the diagonal elements of the stiffness matrix, these
elements must be positive. In other sense:

C11, C22, C33, C44, C55, C66 > 0

(ii) For the stiffness matrix to be positive definite, the determinant
of the matrix must be positive.

(iii) The Poisson’s ratios and the Young’s moduli must fulfil the
condition:


ij

Eii
= 
ji

Ejj

Table 6 shows that the above-mentioned first condition is ful-
filled in all three MMC  samples. Conditions (ii) and (iii) for the
three MMC  samples are summarised in Table 9. It clearly shows
that in all three samples the determinants of the stiffness matrices
are positive. Additionally, the correlation between Poisson’s ratios
and Young’s moduli also hold within slight uncertainties.

In case of sample A, Young’s modulus along the three main
directions follow the relationship E11 > E33 > E22, and accord-
ingly, from the above mentioned condition (iii) the Poisson’s
ratios should follow the relations 
12 > 
21, 
13 > 
31 and 
32 > 
23,
respectively. Table 7 shows that these conditions are indeed
fulfilled. In each of the two samples B and C the Young’s
moduli along the three principal directions are close to each
other and hence the Poisson’s ratios are also similar to each
other.

Table 9
The condition of orthotropy in the three MMC  samples.

Sample Determinant of stiffness matrix 
12
E11


21
E22


13
E11


31
E33


23
E22


32
E33

A 2.167 × 1012 1.81 × 10−3 1.803 × 10−3 8.104 × 10−4 8.095 × 10−4 1.98 × 10−3 1.988 × 10−3

B 7.437 × 1011 2.27 × 10−3 2.27 × 10−3 1.96 × 10−3 1.97 × 10−3 1.97 × 10−3 1.97 × 10−3

C 2.703 × 1010 4.41 × 10−3 4.39 × 10−3 4.01 × 10−3 4.01 × 10−3 3.94 × 10−3 3.96 × 10−3
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5. Conclusions

Complete stiffness matrices of three different composite
samples with complex interpenetrating microstructures were
determined non-destructively by combining ultrasound phase
spectroscopy and resonant ultrasound spectroscopy. The compos-
ites had similar matrix and reinforcement, but the reinforcement
architecture differed. The three longitudinal and the three shear
elastic constants of the samples were first determined using ultra-
sound phase spectroscopy. These measured elastic constants were
further used to determine the complete stiffness matrix of each
sample using resonant ultrasound spectroscopy and assuming
orthotropic symmetry. Six of the nine elastic constants were pre-
determined by ultrasound phase spectroscopy and used as initial
guess input for resonant ultrasound spectroscopy analysis, mak-
ing the final results of all nine elastic constants more reliable.
Although all three composite samples had only a single principal
axis, due to the limited sample volume the randomness in the trans-
verse plane were compromised to different extent and hence, the
samples exhibited different levels of non-symmetric elastic prop-
erties. Determination of the complete stiffness matrix also enabled
to determine the Young’s modulus, shear modulus and Poisson’s
ratio of the samples along all directions. These moduli fulfil the
thermodynamic constraints imposed by the elastic constants of
orthotropic materials. Components of the stiffness matrix obtained
using experimental methods show very good correspondence with
the predictions from micromechanical models.
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